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ABSTRACT

This dissertation describes two papers, one published and one in preparation, about the torsion
subgroups of Elliptic Curves. The first chapter gives a brief introduction to elliptic curves and the
history of research on torsion points of elliptic curves. The second chapter establishes a concept of
typical boundedness for the torsion groups of a family of elliptic curves. The third chapter gives a
partial classification for torsion groups of elliptic curves with complex multiplication defined over

Abelian number fields.
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Chapter 1

Introduction to Torsion of Elliptic Curves

This dissertation describes two sets of results on the torsion subgroups of elliptic curves. In the
first part of chapter one we will cover some of the preliminaries on the theory of elliptic curves. In
the second part, we will review some of the major results, both historical and recent, in the study

of torsion points on elliptic curves.

1.1 Preliminaries on Elliptic Curves

Elliptic curves are smooth, projective curves of genus one with at least one rational point. Every

such curve can be defined by a Weierstrass equation of the form
E: Y’Z+aXYZ+a3YZ? = X° + axX°Z + ayXZ* + agZ?,

where if ay, a», as, a4, ag € K for some field K, we say that E is defined over K [Sil86, Section III.1].
If an elliptic curve is defined over some field, we denote it with £/K. Normally, the equation is

given dehomogenized as

E: Y +aixy +asy = X + arx* + asx + ag.



For fields K of characteristic not equal to two or three, the Weierstrass Equation can be further
reduced to the equation

E: yY=x+Ax+B.

We will only consider elliptic curves defined over such number fields. To each Weierstrass equation
of an elliptic curve, we will associate two invariants called the discriminant A, and j-invariant
Je. To define them, we first define some auxiliary variables b,, by, be, bg, c4, ce in terms of the

coeflicients ay, a», as, as, ag of the Weierstrass equation defined above.

b, = a% + 4ay

by =2a4 + ayaz
be = a% + 4ag

bs = (b2bs — b3)/8
cy = by — 24b,

ce = —b3 + 36byb, — 216by

Now we can give the definition of the discriminant and j-invariant as

NG
1728

¢

JE = X



In the case of char(K) # 2,3, with the reduced Weierstrass equation y> = x> + Ax + B, then the

discriminant and j-invariant can also be simplified to

A = —16(4A% + 27B%)
_ —1728(4A)°

Jeg = A
The Weierstrass equation must have discriminant not equal to zero for it to be an elliptic curve.
The j-invariant classifies the isomorphism classes of elliptic curves over the algebraic closure of
the field K. While the study of elliptic curves can be traced back to certain classical Diophan-
tine problems, the modern study of elliptic curves can be attributed to Poincaré. Poincaré proved
that the rational points on an elliptic curve E(Q) form an Abelian group [HP1901] by using the
chord-and-tangent process: given two points on an elliptic curve, the line through them intersects
the elliptic curve at a third rational point, or given a single point, the tangent line to that point
intersects the elliptic curve at a second rational point. We define the addition of two points P, Q
by finding this point of intersection of the line and the elliptic curve, and then reflecting it over the
x-axis. We assign the identity to be the point at infinity, given by projective coordinates [0 : 1 : 0].

Additive inverses are given by reflecting the point across the x-axis.



Figure 1.1: An example of the elliptic curve group law for the elliptic curve y* = x* + 17 where the

points are P = (4,9), 0 = (2,5),R=(-2,-3),and P+ Q = (-2,3)

Morphisms of elliptic curves need not preserve the group law of elliptic curves; therefore, we

need to define maps between elliptic curves that preserve the group structure of elliptic curves.

Definition 1.1. Given two elliptic curves E,, E,, an isogeny of elliptic curves is a morphism that
fixes the identity.
¢ Ey — E, with ¢(0) = O.

We say that two elliptic curves E\, E, are isogenous if there is a nonzero isogeny between E| and

E. The degree of an nonzero isogeny is the size of its kernel i.e. deg(¢) = |¢p~'(O)|.

Isogenies are indeed group homomorphisms on the rational points of elliptic curves [Sil86,
Theorem I11.4.8]. We define scalar multiplication of points as follows: given a point P on an
elliptic curve and n € Z*, then we write that nP = };_, P. Similarly, if n € Z~, then nP = Z'l.'ill —P,

and if n = 0, then nP = 0. This gives us the following class of isogenies described below.



Definition 1.2. Given an integer n, the multiplication-by-n isogeny is defined as follows

[n]: E — E

P+— nP

This leads us to consider our object of study, the points of finite order of elliptic curves, which

we call the forsion points of the elliptic curve.

Definition 1.3. Let E be an elliptic curve and n € Z*. The n-torsion subgroup of E is
E[n] ={P € E :nP = 0}.

The torsion subgroup of E, E[tors] is the set of all points of finite order, i.e. the union of all the

n-torsion subgroups. The set of torsion points in some field K is denoted E(K)[tors].

We will establish preliminary results here. Later, we will introduce more results in chapters II

and III as needed.

Theorem 1.4. For an elliptic curve E defined over a number field K

E[n] Z X Z
nje — x —
nZ nZ
. ) Z Z .
For a proof see [Sil86, Theorem 6.4]. To clarify E[n] = = X = over the algebraic closure C.
n n
For the torsion points of F' O K is a subgroup of E[N], in other words E(F)[N] C E[N]; however,

determining precisely what the subgroup E(K)[N] is for various number fields K, requires more

consideration. This leads us to one of the most important classical theorems of Elliptic curves.

Theorem 1.5 (Mordell-Weil Theorem [Mor1922], [W1929]). For a number field K and elliptic

curve E/K, the set of rational points E(K) is finitely generated.



This implies that E(K) = Z" @ E(K)[tors], where r > 0 is called the rank of the elliptic curve
and E(K)[tors], the torsion subgroup, is finite.

An important auxiliary object of elliptic curves is the endomporphism ring End(E), the set of
isogenies that map E onto itself. Clearly, the set of multiplication-by-n isogenies are all endomor-
phisms, so we can conclude that Z — End(E), i.e. there is an injective homomorphism. Indeed,
somewhat surprisingly, for most elliptic curves defined over a number field, End(E) is isomorphic

to Z.

Theorem 1.6. For a number field F, the endomorphism ring for an elliptic curve E/F is either Z

or an order O in an imaginary quadratic field K.

For a proof of this see [Sil86, Corollary 111.9.4]. We say that elliptic curves E/F such that
End(E) = O have complex multiplication. Elliptic curves with complex multiplication are a spe-
cial class of elliptic curves and often require separate consideration from elliptic curves without
complex multiplication. The theory of elliptic curves with complex multiplication is deeply in-
tertwined with class field theory. We omit here a more thorough treatment of elliptic curves with

complex multiplication; however, we provide more information in chapter III.

1.2 Torsion of Elliptic Curves

Given a number field F and elliptic curve E/F, we have seen that E(F)[tors] is a finite abelian
group. The study of the torsion subgroups of elliptic groups aims to classify these torsion sub-

groups under various criteria. In this pursuit, some questions that have been asked are:
e Given a fixed number field F, what is the set of all torsion subgroups E(F)[tors] for any E/F?

e Given a fixed degree d, what is the set of all torsion subgroups for elliptic curves E/F where

F is any number field such that [F : Q] = d?



e Given a fixed degree d, can we bound the size of the torsion subgroups |E(F)[tors]| for all

elliptic curves E/F where F is any number field of degree d?

e Given a family of elliptic curves ¥, can we say what prime torsion exists, i.e. for what

primes p does there exist a point of order p for some elliptic curve E/F € F?

For each of these questions, as we will see, we may need to separately consider elliptic curves with
and without complex multiplication. In this section, we provide a survey of the research done on
the torsion subgroups of elliptic curves.

The first major result of the classification of torsion subgroups is due to Mazur, who classified

the torsion subgroups of elliptic curves defined over the rationals.

Theorem 1.7 ((M78]). Let E/Q be an elliptic curve, then

Z/NZ for1 <N <10,N = 12
E(Q)[tors] =
Z/2Z®Z/2NZ for1 <N <4

and each of these cases occur for some elliptic curve E/Q.

Merel proved a uniform boundedness for the order of torsion subgroups as a function of the

degree of the number field they are defined over.

Theorem 1.8 ([Me96]). For every degree d € Z* there exists a bound B(d) € Z* such that for all

elliptic curves E/F with [F : Q] = d, we have |E(F)[tors]| < B(d).

Merel’s theorem unfortunately does not give us a better than exponential bound on the size
of the torsion subgroup. Hindry-Silverman have proven such a better than exponential bound for
elliptic curves with integral j-invariant, which includes the class of ellitpic curves with complex

multiplication [HS99].



Theorem 1.9. [HS99, Thm. 1] Let d > 2. Let K be a degree d number field, and let E/K be
an elliptic curve over K with algebraic integral j-invariant: equivalently, E has potentially good

reduction at all finite places of K. Then #E(K)[tors] < 1977408dlogd.
Furthermore, there is a more recent result by Clark and Pollack that improves on this result.

Theorem 1.10 ([CP2015]). There exists an absolute, effective constant C such that for all number

fields F with [F : Q] > 3 and all elliptic curves E|F with complex multiplication

E(F)[tors] < Cdlog(log(d)).

Indeed, we not only have a bound on the size of the torsion subgroup, but we also have a much
stronger bound on the size of the largest prime power dividing the order of the torsion subgroup.

Merel provided such a bound in his original work, but it was soon afterwards improved by Parent.

Theorem 1.11 ([P99]). Let E/K be an elliptic curve over a number field K of degree d, and let E

have a rational point of order p". Then

12937 - )(3d)® ifp=2
P =965(5¢-1)2d% ifp=3

653 - 1)(2d%)  ifp > 5.

In a series of papers from Kamienny, Kenku and Momose, the classification for quadratic

number fields was completed about fifteen years after the rational case.

Theorem 1.12 (Kamienny-Kenku-Momose [KM88],[K92]). Given a quadratic number field K



and elliptic curve E|K, then

Z|NZ for1 <N <16,N =18
Z2Z®Z|2NZ for1 <N <6

E(K)[tors] =
Z|3Z2®2Z/3NZ for1 <N <2

Z|AZ & Z|AZ.

Each possible group is realized by some quadratic field K and elliptic curve E/K.

For cubic fields, a complete classification has not yet been published; however, there has been
much recent progress. There are recent studies from Daniels, Lozano-Robledo, Najman, and
Sutherland on the compositum of all cubic fields Q(3*), that limits the possible torsion subgroups
to just twenty in addition to providing the Q-isomorphism classes of the elliptic curves in each
class [DLNS2018]. There are some classification results for elliptic curves defined over higher
degree number fields; however, already for quartic and quintic fields there is much work left to be
done.

For elliptic curves with complex multiplication, there have been many recent results. For in-
stance, for number fields of degree 1 < d < 13, all possible torsion subgroups of elliptic curves
with complex multiplication have been found [CCRS2014]. In chapter II, we find that the size of
the torsion subgroups of a large family of elliptic curves is typically bounded. In chapter III, we
continue a classification for all elliptic curves defined over abelian number fields that was started

by Clark in 2015 [C15].



Chapter 2

Typically Bounded Families of Elliptic

Curves

2.1 Introduction

The work in this chapter is a product of currently unpublished collaboration with Pete L. Clark
and Paul Pollack at the University of Georgia [CMP2017]. In this work we define a concept of
typical boundedness of torsion on a family of abelian varieties; however, in this chapter I restrict
my treatment to families of elliptic curves.

We define a family ¥ of elliptic curves to be a set whose elements are pairs Er of an elliptic
curve E and the number field F it is defined over. A natural question in the study of torsion points
of elliptic curves is whether the torsion subgroups of the elements of some family ¥ are uniformly

bounded. Similarly, we can ask when a family of elliptic curves has torsion that is almost bounded.

Definition 2.1. For a subset of the positive integers S C Z*, we define the upper density and lower

10



density respectively as:

6(S) := lim sup

X—00

8(S) = liminf(w)

X—00 X

(#S N [1,x])
x

Taking the set of torsion subgroups of some family of elliptic curves defined over various

number fields F, we will prohibit a set of degrees [F : Q] of arbitrarily small density.

Definition 2.2. A family of elliptic curves F is said to have typically bounded torsion if for all

€ > 0, there is B, € Z" such that the set
S(F,B.) ={d e€Z" | AE)r € F such that [F : Q] = d and #E(F)[tors] > B}

has upper density at most €.

By the work of Bourdon, Clark, and Pollack [BCP17, Theorem 1.1a], we know that the family
of elliptic curves with complex multiplication &, has typically bounded torsion over all number
fields. Therefore, the next question would be whether the family of all elliptic curves has typically
bounded torsion. The following result was communicated to us by Filip Najman from University

of Zagreb.

Theorem 2.3. [CMP2017, Theorem 1.7] Let & be the family of all elliptic curves over all number

fields. For each B € Z*, the set S(E, B) contains all but finitely many positive integers.

Thus, torsion is not typically bounded on the family of all elliptic curves over all number fields.
Therefore, we must restrict our family of elliptic curves to find typically bounded torsion. Our

main results produce such a family of elliptic curves with typically bounded torsion.

Theorem 2.4. Let Fy be a number field with [F : Q] > 3 that does not contain the Hilbert class

field of any imaginary quadratic field. Under the Generalized Riemann Hypothesis, torsion is

11



typically bounded on the family Er, of all elliptic curves E defined over a number field F O F

such that j(E) € F,.

For our next result, we replace the Generalized Riemann Hypothesis with an alternative hypothesis.

For dy € Z*, we introduce a hypothesis SI(d) defined as follows:

SI(dy):  There is prime ¢y = £y(dy) such that for all primes ¢ > £, the modular curve

Xo(€) has no noncuspidal non-CM points of degree d.

When dy = 1, Mazur has shown that SI(1) holds with £, = 37 [M78]. It is conjectured that SI(d,)

holds for all dy € Z*; however, it is currently unproven for all dy > 2.

Theorem 2.5. Let dy € Z*. If SI(dy) holds, then torsion is typically bounded on the family &, of

all elliptic curves Er defined over some number field F, and satisfying [Q(j(E)) : Q] = d.

12



2.2 Two Conditions for Typically Bounded Torsion
For a family of elliptic curves ¥ of elliptic curves over number fields, consider the following two

conditions:

(C1): For all primes p and all positive integers N, there exists an n(p, N) such that for elliptic
curves E,r € ¥, if E(F) has a point of order p”, then pY | [F : Q]. In other words, the order

of p” torsion in E/F is bounded in terms of the power of p dividing [F : Q].

(C2): There exists a positive integer ¢ such that for all prime numbers p and elliptic curves E,r €

¥, if E(F) has a point of order p, then

p—1
c

| [F:Ql.

Where nonzero, rational y, x, y|x if and only if )XC is an integer. For any finite set of prime

numbers p1, pa, .. ., Pn, if we take c to be divisible by n(p,- — 1), then we get that condition
i=1

(C2) holds trivially. Therefore, we can exclude finitely many primes from our consideration.

In other words, condition (C?2) holds if there is a positive integer ¢’ and prime p, such that for

-1
P \iF:al

Cl

all prime numbers p > po and E,r € ¥, if E(F) has a point of order p, then

These conditions are sufficient to determine if a family of elliptic curves has typically bounded

torsion.

Theorem 2.6. Let ¥ be a family of elliptic curves over number fields that satisfies both conditions

(Cl) and (C2), then ¥ has typically bounded torsion.

Proof. The Erdos-Wagstaff Theorem [EW80, Theorem 2] states that for all € > 0, there exists a
constant C. such that the set of positive integers that have a divisor of the form £ — 1 > C, for a
prime number ¢ has an upper density of at most €. As a result, for any fixed ¢ € Z* there exists a

C = C(c, €) such that the set of positive integers d for where there exists a prime £ > C such that

13



-1 | cd has upper density at most €.

By condition (C2), there exists a ¢ € Z* such that for all d € Z*, if F is a number field of degree
dand E/p € F with ¢ | #E(F)[tors], we have £ — 1 | cd. Thus after removing a set of degrees d
of upper density at most €/2, there exists an L € Z* such that if £ | #E(F)[tors] for some E/p € F
with [F : Q] = d, then £ < L. For each £ < L and N € Z*, the set of d, which are divisible by £,
has a density of KLN Therefore, if N is sufficiently large, then the set of positive integers d which
is divisible by ¢V for some ¢ < L has density at most €/2. By condition (C1), there is a positive
integer n such that if £ < L and E,r € ¥ has a point of order ! then €Y | [F : Q]. This gives a
set D, C Z* of upper density at most € such that if £, € ¥ and [F : Q] ¢ D, then the order of
any torsion point of E(F) divides P = [],; ¢". Hence, if we choose that B, = 1 + [],; {", we can

see that the exponent of torsion is typically bounded in 7, in the sense that the set
{d € Z'|AE,r € ¥ such that [F : Q] = d and exp E(F)[tors] > B}

has upper density at most €. Therefore, since #E(F)[tors] | (exp E(F)[tors])?, then we can conclude

that ¥ has typically bounded torsion as well. O

Now that we have established a criterion for typically bounded torsion, we shall show that our
families of elliptic curves satisfy both conditions. By [Me96] the family & of all elliptic curves has
the following property: For all d € Z*, there is a B(d) € Z" such that for all number fields F of

degree d, if Er € & then #E(F')[tors] < B(d).

Theorem 2.7. Let ¥ be a family of elliptic curves over number fields that is closed under base
extension, and let ¥, be the subfamily of ¥ consisting of all elliptic curves Er such that there is a
subfield Fy C F with [Fy : Q] = d and an elliptic curve (Ey),r, such that (Ey),;r = E,p. Then, such

a family F; satisfies Condition (C1).

Proof. Fix a prime number p and a positive integer N. If E,r € F,, then there is a subfield F’ C F

with [F’ : Q] = d such that E has a model over F’. Let P € E(F) have order p" for some n > N.

14



Then F'(P) C F'(E[p"]), so

[F'(P) : F'] [ [F'(E[p"]) : F'] | #GLo(Z/p"Z).

Moreover, for a certain integer ¢ with ged(c, p) = 1, depending only on p (and not on n), we can
write

#GLy(Z/p"Z) = cp®

for some positive integer G. On the other hand, because ¥, has the above property from Merel’s

theorem, when # is sufficiently large compared to N, then

[F'(P): F'] > cp”.

It follows that

PV IIF'(P): F'1I[F:Q]. O

Theorem 2.8. Let dy € Z*. The family &, of all elliptic curves E,p defined over number fields
such that [Q(j(E)) : Q] = d, satisfies Condition (C1).

Proof. Fix p a prime number, N a positive integer, and let n € Z* be such that for every elliptic
curve E,p arising by base extension from a number field of degree d,, such that E(F’) has a point of
order p", we have pV*? | [F : Q].

Let F be any number field, let £,z be an elliptic curve with [Q(j(E)) : Q] = dy, and suppose
that E(F) has a point of order p”. Let Fy = Q(j(E)), let (Ey),r, be any elliptic curve. Then Fyy C F,
and there is I’/ F of degree dividing 12 such that E,z» = (Ey),p-. Then Eo(F’) = E(F’) D E(F) has

a point of order p”, so

PVIIF Q) =[F : FI[F : Q]| 12[F : Q],

15



and thus

ord,[F : Q] > N.

Therefore, by using Theorem 2.7 with Merel’s Theorem we get that the family of elliptic curves

arising by base extension from a number field of degree d, satisfies condition (C1). O

2.3 Divisibility of Torsion Fields

Let E/F be an elliptic curve defined over a number field ' and E(F)[tors] be the torsion subgroup.
Let R € E[p] be a torsion point of exact order prime p and let F(R) = F(x(R), y(R)) be the field
of definition of R. Alvaro Lozano-Robledo [LR13] has shown that, under certain conditions, for

Q-Rational elliptic curves
p—1

[QR):Ql 2 —

We generalize this inequality condition to a class of number fields F and to a divisibility for almost
all primes.

We denote the Mod-p Galois representation of E/F

pep - Gal(F/F) — Aut(E[p]) = GLy(F,)

Let G be image of the pg , the Galois representation. Under the hypotheses of Theorems 2.4 and
2.5 condition (C1) always holds, and we must show that condition (C2) holds as well. We therefore

reduce Theorem 2.4 and Theorem 2.5 to Theorem 2.9, below:
Theorem 2.9.

a) Let dy € Z* be such that SI(dy) holds. The family &, of all elliptic curves defined over

number fields such that [Q(j(E)) : Q] = dy satisfies condition (C2).

b) Let Fy be a number field that does not contain the Hilbert class field of any imaginary

16



quadratic field. If [Fy : Q] > 3 and we assume the Generalized Riemann Hypothesis (GRH),
then the family Ep, of all elliptic curves defined over a number field F O Fy such that

J(E) € F satisfies condition (C2).

The proof of part a)

We begin our proof of 2.9. As previously stated, we know that in the case of complex multiplication
we have typically bounded torsion [BCP17], so we may restrict ourselves to elliptic curves without
complex multiplication. We will first prove part (a) of the theorem and then address part (b) at the
end.

Let dy € Z* be such that SI(dj) holds: that for all primes ¢ > ¢, the modular curve Xy(¢) has
no noncuspidal non-CM points of degree dy. For E/r € &), let Fo = Q(j(E)) and let (Ey),r, be
an elliptic curve with j(E() = j(E), so Fy C F. Since E has no CM, there is a quadratic extension
F’/F such that £, = (Ey),p. Since [F’ : Q] = 2[F : Q], if the family G,, of all elliptic curves
E,r that arise by base extension from (Ey) q (&, With [Q(j(E))) : Q] = d satisfies condition (C2)
for some ¢ € Z*, then the family &, satisfies (C2) for 2c¢. So we may work with G, .

Let Fy be a number field of degree d,, and let (Ey),r, be an elliptic curve with Q(j(E)) = Fj.

Let p be a prime number, let

op: 8r, = GL(Eo[p])

be the mod p Galois representation attached to (Ey),r,, let G = p,(gr,) be its image, and let G beits
projective image, i.e., the image of G under the homomorphism GL(Ey[p]) — PGL(Ey[p]). The
degrees of extensions F'/F( such that Ey(F) has a point of order p are the multiples of the sizes of
the orbits of G on Ey[p] \ {0}. Thus it is sufficient to show that there is ¢ = ¢(d,) such that for all

(Eo),F, as above and for all nonzero P € Ey[p], we have

~1
| 1Fup): QL.

17



Recall that detp,: gr, — (Z/pZ)* is the mod p cyclotomic character y,. Let

i(p) = (Z/ pZ)* : xp(8F,)]-

Then i(p) depends on F;, and not just dy; however, since x,(3g) = (Z/pZ)*, we have i(p) | dy. In

particular, we have in all cases that

p—1|p—1

#G.
do " i(p) |

A choice of F,-basis e, e, for Ey[p] induces an isomorphism GL(Ey[p]) > GL,(F,), thus G may
be viewed as a subgroup of GL,(F,), well-defined up to conjugacy.
By Serre’s classification of maximal subgroups of GL,(F,) [S72][Section 2], we know that

there are five cases for image of the Galois representation G.

1. The subgroup G contains SL,(Ey[p]).
2. G is contained in the normalizer of a split Cartan subgroup of GL,(Ey[p]).
3. G is contained in the normalizer of a non-split Cartan subgroup of GL,(Ey[p]).

4. The projective image G in PGL,(E,[p]), G, is isomorphic to one of three exceptional sub-

groups Ay, S 4, Or As.

5. G is contained in a Borel subgroup of GL,(Ey[p]).

Case 1

Suppose G = p,(ar,) contains SL,(Ey[p]). Then

[GL2(Eo[p]) : G] | i(p) | do.

18



Since GL(Ey[p]) acts transitively on Ey[p] \ {0}, the size of any orbit of G on Ey[p] \ {0} is divisible

by
#Eolp]\{0)  (p+D(p-1
dy B do ’

Thus pd—_ol | [Fo(P) : Fol,so p—1][Fo(P):Q]: we may take ¢ = 1.

Case 2

Definition 2.10. The split Cartan subgroup of GL,(F,) is the subgroup

We can see that the normalizer of a split Cartan in GL,(F),) is

a 0] 10 ¢
Ct = , a,b,c,d €F,

" llo ) e o
If G is contained in a split Cartan, then it is contained in a Borel subgroup, namely the set of
matrices m € GL,(Ey[p]) that fix a single line L, which we leave for case 5. So suppose that G is
contained in C ;rp but not contained in Cy,. Let F' O Fy be a number field such that E(F) has a point
P of order p. Then pp|gF has image contained in Cg, and also fixes P and thus the one-dimensional

subspace L = (P), so the following result applies with H = p,(gF).

Lemma 2.11. ([LRI3, Lemma 6.6]) Let H be a non-trivial subgroup of C;, that fixes each element

in an one-dimensional F ,-subspace V of Ff,. Then, there are three possible cases for H.

10
(i) H < beF, tandV =((1,0)).
0 b
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a 0
(ii) H < aeP; and V = {(0, 1)).
0 1
1 0 0 ¢
(iii) H = , for some c in F and V = {(c, 1)).
0 1) 1lct 0
a
Proof. The diagonal matrix has eigenvectors (1,0), (0,1) with eigenvalues a,b respectively.
0 b
. . . 0 C . . . .
The anti-diagonal matrix has characteristic polynomial 4> — cd. Thus 1; = —1,. Knowing
d 0

1

that one of the eigenvalues must be 1, the other must be —1, and thus d = ¢™". m]

Proposition 2.12. Let E/F be an elliptic curve with a torsion point R € E[p] of exact order prime
p, where F is any number field. Suppose that there is an F,-basis of E[p] such that G is a subgroup

of C3,, but G £ Cyp. Let F(R) be minimal field of definition for the point R. For all primes,

~1
= r® - FL

Proof. First suppose that we are in case (iii) of our above Lemma 2.11, then |H| = 2. By case 1,

we have that (p — 1) | |G|. Thus, we can deduce that

p—1,1Gl _ )
—— ﬁ_[F(R).F].

Now, suppose that we are in case (i) (case (ii) is identical). We can consider

where J is a subgroup of F,. We can see that |H| = |J|. Let g be a generator of the multiplicative
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group F, with order %, and M, € G C C;, such that det(M,) = g. We have two sub-cases, either

a 0 0 ¢
M, = ,or M, = .
0 b d 0

If M, is a diagonal matrix, then we have that det(M,) = ab. Thus, we have that ab = g. Since,

G € Cyp, there exists an anti-diagonal matrix in G. Thus,

0 d'|la Ol[0 ¢ b 0
eG

b0 )10 bJld 0O 0 a

Then we can see that
a Ollpb O ab 0 g 0

= = eG
0 bJI0 a 0 ab 0 g
a
By taking power of this diagonal matrix, we get that € G for all a € F,,. We can construct a
0 a
subgroup J of G that contains H = J as follows
. a 011 O
J<J= VaeF;,beJ <G
0 a)lO b

Thus since |J] = (p — 1)|J], we can conclude that (p — 1)|% = [F(R) : F]. Now suppose that M, is

the anti-diagonal matrix. We get that det(M,) = —cd, so cd = —g. We get that

0 ¢ cd 0O - 0
M; = = _|® eG

d 0 0 cd 0 -g

Once again, we have two cases. Suppose that p = 1(mod 4), in which case —g is a generator for F,
in which case we can replicate our previous argument to get that (p — 1)|[F(R) : F]. Now suppose

that p = 3(mod 4), i.e. —g is not a generator of . In this case since —g has order (p — 1)/2, by
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taking powers of M2, we can generate the group of diagonal matrices

t 0 )
1 € (F})
0 ¢

We can construct a subgroup J of G that contains H = J as follows

N t OlI1 O )
J<J= Vie (F,)belJ  <G.
0 )0 b
Since |J| = % -|J|, we can conclude that pT_l % = [F(R) : F]. O

Case 3

Definition 2.13. Let p > 3 prime. The non-split Cartan Subgroup of GL,(F,) is

a e€b
Chs = (a,b) € (F,)*/{(0,0)}
b a

where € is fixed quadratic non-residue F,.

The normalizer of a non-split Cartan Subgroup in GL,(F)) is

a eb c ed
Cy = , (a,b),(c,d) € (F,)*/{(0,0)}
b a -d —c

Lemma 2.14. ([LR13, Lemma 7.4]) Let H be a non-trivial subgroup of C}; that fixes each element
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in an one-dimensional F,-subspace V of F%, Then,

1 0 c ed
0 1) |\-d -c

for some c,d € F, with ¢* — ed* = 1, where € is a fixed quadratic non-residue of F,,.

a e€b
Proof. We need to consider matrices of both forms in C}. A matrix of the form € C;, has
b a
eigenvalues a + b Ve e E. For this matrix to fix a non-trivial vector of F>, ¢ = 1 and b = 0, i.e.
1 0
identity matrix .
01
‘ c ed _
A matrix of the form has a eigenvalues +4 of the form 4> = ¢ — ed®>. One of the
-d -c

eigenvalues being 1 means that ¢? — ed? = 1. The corresponding eigenvectors to such a matrix are
multiples of (—ed,c — 1) if ¢ # 1, else it is a multiple of (1,0) with ¢ = 1 and d = 0. Suppose you

have two matrices

c ed ¢ ed
-d —c -d -
with the same eigenvector and eigenvalue 1. This is true if and only if (—ed, ¢ — 1) is in the kernel

of

c ed ¢ ed c—c¢ ed-d

-d -c -d - -d+d —-c+c
Thus, the determinant of the above matrix must be 0, i.e. —(c — ¢’)* + e(d — d’)*> = 0. Since €
is a quadratic non-residue, then in fact ¢ = ¢’, d = d’. Thus, any such matrices are equivalent in

GL,(F,), so such a matrix is unique. O

23



Therefore for a nonzero P € Ey[P], we have

p—-1 p-1 o )
27 | S [ [G : H] = [Fo(P) : Fol,

SO pT_l | [Fo(P) : Q] and we may take ¢ = 2.

Case 4

We have the following result from Etropolski to address the case (4) of the exceptional subgroups.

Proposition 2.15 ([Et16, Prop. 2.6]). Let E k, be an elliptic curve defined over a number field K of

degree dy. For a prime number p, let G be the projective image of the mod p Galois representation.
a) If G = Ay, then p < 9d, + 1.
b) IfG =S4, then p < 12dy + 1.
c) If G = As, then p < 15d, + 1.

So this case can occur only if p < 15d, + 1; therefore we can omit these primes.

Case 5

The subgroup G is contained in a Borel subgroup if and only if E admits an Fj-rational p-isogeny.
By our assumption SI(dy) is exactly that the set of primes p, for which a non-CM elliptic curve
defined over a number field of degree d, is finite. Therefore, by the above remark we can omit
these primes.

This completes the proof of part (a) of 2.9.
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The proof of part b)

The hypothesis SI(dy) was only used in Case 5, so only Case 5 needs to be revised under the
hypotheses of part b): suppose that Fy does not contain the Hilbert class field of any imaginary
quadratic field. This precisely prohibits having an elliptic curve E,r, for which the CM is Fj-

rationally defined. Then the following result of Larson-Vaintrob gives Case 5 under (GRH).

Lemma 2.16. [LVIi4, Corollary 2] Under GRH, the degrees of the prime degree isogenies of
elliptic curves over F are bounded uniformly if and only if F does not contain the Hilbert class
field of an imaginary quadratic field K (i.e. if and only if there are no elliptic curves with CM
defined over K).

Finally, suppose moreover that [F, : Q] = 2. Then the hypothesis on F, becomes that F is
not itself an imaginary quadratic field of class number 1. Under this hypothesis, Momose showed
[Mo095] that the set of primes p such that an elliptic curve E,r, admits an F-rational p-isogeny is

finite. This completes the proof of Case 5 and thus the proof of Theorem 2.9(b).
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Chapter 3

Torsion of CM-Elliptic Curves over Abelian

Number Fields

This chapter is joint work still in progress with Pete Clark and Michael Chou. Clark [C15] showed
that exists a uniform bound on the size of the torsion subgroup of a CM-elliptic curve defined
over Q™ i.e, there exists a T € Z* such that for every CM elliptic curve E/Q%®, #E(Q™)[tors] <
T. Furthermore, under the Generalized Riemann Hypothesis, Voight classified the 101 possible
discriminants of Hilbert class fields of imaginary quadratic fields that are abelian over Q [Vo07],
which due to the fundamental connection between class fields and CM-elliptic curves, we will
use to restrict the possible torsion of CM-elliptic curves over abelian number fields. We partially

classify the torsion groups of such CM elliptic curves defined over Q.

3.1 Preliminaries

Let E/Q® be an elliptic curve with CM-field K, Ok be the maximal order of K, and K~ be the ray
class field for the ideal I of Ok. The 3-torsion kernel is denoted as E[J]. To continue, we need to

mention the following fundamental theorem of complex multiplication.
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Theorem 3.1. [Sil94][Theorem 5.] Let E;c be an Ox-CM elliptic curve, and let W : E — P! be a
Weber function, and let 3 C Ok be a nonzero ideal. Then, we have an equality between the field
given by adjoining the values of the Weber-function on the J-torsion kernel I and the ray class

fields associated to 3:

K(j(E), W(EI)) = K°

Given a torsion point P of E, define ({(P)) to be the Og submodule generated by P which is a subset

of E(C). Next let us consider the following theorem.

Theorem 3.2. [BC16][Theorem 2.6] Let E/C be an Og-CM elliptic curve, and let M C E(C) be a

finite Ok-submodule. Then M = E[ann M| = O/ann M, and thus #M = |lann M)|.

By the above theorem, we can say that ((P)) = E[ann ({(P))]. Thus, for the Weber function
field for a torsion point K(j(E), W({{P)))) over which all torsion is rational for maximal orders Ok,
we will get a class-field theoretic containment. Whether or not these corresponding ray class fields

are abelian over Q, will determine whether the torsion subgroup is abelian.

3.2 Initial Bounds

Let m € Z* be a conductor of an order O in an imaginary quadratic field K, with maximal order Og
and discriminant A. Then, i(A) is the class number of an order O with discriminant A. By [Cox,

Cor 7.28], we know that
h(Am A\ 1

It follows that




where wg denotes the number of units in Ok and ¢ is the Euler-totient function.

Now, applying this as in [C15], we obtain a bound on the degree [K™ F° : F¥] where F is

K(j(Ok)). Recall that we are considering only abelian number fields, and so F¢ = Q%¢.

[K™Q¥ : @) > [Km)Q™ : @]
_ [K(m): Q]
[Kom) N Q> : Q]

To bound the numerator we have that

[K(m) : Q] > 2h(m*A)

> 4@<p(m).
Wk

We define the Picard group of the order O as Pic = Aut(K(j(C/O)/K). To bound the denom-
inator, we recall that the maximal abelian subextension of K(m)/Q has degree equal to the order
of the abelianization of Pic O,, = Z/27Z, i.e., to 2#(Pic O,,)[2] [C15]. Now, we have various lower
bounds on #(Pic O,,[2]) depending on congruence conditions on D = m?*A from [Cox, Prop 3.11].

Let r denote the number of odd primes dividing D. If D = 1 mod 4, then #(Pic O,,[2]) = 2.

If D = 0 mod 4, we have that D = —4n for some n > 0, and we obtain the following table of values

of #(Pic O,,[2]):
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n #(Pic 0,,[2])
n =3 mod 4 2r-1
n=1,2mod4 2"
n =4 mod 8 27
n=0mod 8 2+l

Therefore,

22" =2  ifm*A=1mod4
[K(m) N Q%° : Q] = 2#(Pic O0,,[2]) <

22" =22 if m®A = 0 mod 4.

Putting these estimates together, we get

h(A)p(m) : 20 —
[K(m) : Q] Sn  fm"A=1mod4
K(m) RASEN Q) >[K cye . QY] = >
T = me e [K(m) N Q% : QI | wiayeom

if m2A = 0 mod 4.

2'wg

3.3 Specialized Bounds

We now consider the above inequality for the case of composite m divisible only by ramified or

inert primes in K. As we will see later in Section 3.4, for split primes p # 2, the fields K" are

never abelian over Q, and so we can ignore split primes in our considerations. This allows us to

obtain finer bounds on m so that K™ is abelian, in particular, it allows us to remove the dependence

on ¢(m) in our inequalities.
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Suppose 2 fm. Then

(K(m) : Q] > 2h(m?A) > 2™ 1—[(1 B (é)
[O} : O*] plm p
h(A)m A\ 1
=S T10-(0)5)
h(A)ym A\ 1 A\ 1
=4 1-=]- 1-(=2]=
o TG T (-6
p inert p ramifies
24h(A)m
Wk

Suppose 2|m. Then

(K(m) : Q] > 2h(mPA) > 2™ I (1 ~ (é) 1)

05 : 07| plp
h(A)m A\ 1 A\ 1
=4 1-(=]= 1=[=]=
WK ( (2)2)1;,,[( (p)p)
p#2
S -GR T E-G)0) T (-())
=4 I1-{=]= 1-(=|- 1-12]2

(i (3)

Wk

Altogether we have

WA&m £ 2 splits in K

WK

[K(m) : Q] > 4}’&% if 2 ramifies in K or 2 fm

6h(A)m
Wk

if 2 is inert in K.

The lower bounds on the denominator do not change. If we put these estimates together, we get
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the bounds below. Recall that 7 is the number of odd primes dividing the discriminant m?A in this

case.

Ah(Aym/wg

4h(A)m

2}’

4h(A)m/wk

2r=2y, K

h(A)m

or+2

[K(m) : Q] > ) 4nd)ym/wi

2"wg

h(A)m

[K(m) : K(m) N Qcyc] = [K(m) N Qcyc : Q] - or+2

6h(AN)m/wg

2"wg

3h(A)m

or+2

2h(AN)m/wg

2r+l Wk

h(A)m

Qr+2

3.4 Inert and Split Cases

- 2r+lWK

2 fm,d # 0 mod(4)

2 fm,d = 0mod(4)

2lm,(5) =0
2m, () = -1
2m,(5) =1

Suppose p is inert in O, i.e. (AP—K) = —1, and let @ € Z*. Then there is a prime ideal (p) = pOk of

Ok. Then, E[p“] = Ok/(p)*. The Ok-submodules of E[p“] are thus all of the form (p)” for b € Z

such that 0 < b < a, where

(P)’/(p)* =0, Ox/(p)*™" =2 Z/p* "2 & Z/p**Z

Then if a torsion point P of E has order p“, then ((P)) = E[p“] and thus

K(J(E), W((Py))) = K¥".

Now suppose K?" is abelian over Q. Then we have that

K(p*) c KP" c Q.
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Therefore, K(p®) = K(j(C/0)), where O is the ring class field of conductor p“. Voight provides
all possible imaginary quadratic orders with Picard group whose exponent divides two. Since
Aut(K(m)/Q) = Pic O = Z/2Z, then ring class field is abelian if and only if Pic O,, has an exponent
dividing two. Therefore, using Voight’s tables (see Appendix Tables), we get that p* < 8, and so

a < 3 and p < 7. For even torsion, see the section below on even torsion.

Ak

Suppose p is a prime which splits in Ok, i.e. (7) = 1. Then there is a prime ideal p of Ok

such that

pOx = pp where p # .

Then, for prime powers

POk = p*7".

Thus,

E[p“] =0, Og/vD" = Ok /7" ® Ok /7"

Therefore, the Og-submodules of Ok /p*p” are of the form p"ﬁd /p°p" where c,d € Zand 0 < ¢,d <

a. Then, we have that
PP /() 2o, Ok /1" ® Ok /1™ =, Z/p*“Z & Z/ p*Z.

We have either E[p] D E[p] or E[p] D E[p"]. Then, by the fundamental theorem of complex

multiplication, we get that either
K((E), W({({P)))) > K* or K*

However, if complex conjugation does not fix K* or K, it is not a Galois extension of Q and so it

is certainly not abelian. If the two fields are equal, i.e. K¥ = K?, then K* is an abelian extension of
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K containing the Hilbert class field K'. By definition, K* = K” has no primes that simultaneously
ramify outside of p and p; however, p # p, therefore K* = K!. Thus, since [K* : K!] = ”T_l =1,
there is no odd prime torsion in the split case except for possibly when the j-invariant is O or 1728.

For the case of even torsion, see the section below on even torsion.

3.5 Ramified Case

Suppose p is ramified in Ok, i.e. (%K) = 0, and let a € Z*. Then there exists a unique prime ideal

p of Ok with |p| = p and (p) = p*. Then, for the p® torsion, we have that

E[p] = Ok/(p)* = OK/P2a~

The Ok submodules of E[p“] are of the form p” for b € Z such that 0 < b < 2a. The exponent of
Og/ v is the largest power of p° C p’. Since (p)¢ = p*, the exponent is p'2', and #Ox /p® = p’, we
see that

O /v =2 Z/p 2 Z/p'Z

Thus, we get that if a torsion point P of E has order p®, then ((P)) > E[p**~!], and
K((E), h(((PY) = K* 5 K"

Again by [C15], in order for K(p®~') to be abelian over Q, we must have that Pic p*~'O has expo-
nent dividing 2. In particular, p>“ DA must appear on Voight’s tables. Under the condition that
a > 1, we can get the bound that p“‘1 < 8,and so a < 4 and p < 8. In particular, if a = 3,4 then

p=2.1fa=2then p=3or5. Ifa=4,then K(»*) = K(p?) C Q% and so p = 2 and

Ox/v* =Z/2*Z®7/2*Z.
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If a = 3, then K(p) ¢ K(p*) c Q” and so p = 2,3,5,7 and

Ok/v’ =Z/pZ®Z/p*Z.

Hence, what is left is to check when K* is abelian over Q.

Theorem 3.3. Let p > 2 be an odd prime in Z and K be an imaginary quadratic field with
Ax # =3, —4 with its Hilbert class field K' abelian over Q. If p is ramified in K, so that (p) = v?,
then K* = K(£,), the compositum of the Hilbert class field with the p-cyclotomic field, which is

itself abelian over Q.

Proof. If p # 2 € Z ramifies in K, then (p) = p? for some prime ideal p of Ok of norm p. We wish

to consider when the ray class field K* is contained in Q®°. Consider the following diagram:

K®

First we prove the dashed inclusion above: Q({,) € K*. Indeed, suppose that {, ¢ K*. Then

K* ¢ K*(¢,) € K'?. However, this would imply that

[K*(Zp) : KP] = [Q(Z)) : Q(Zp) N K]
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with the left hand side dividing p and the right hand side dividing p — 1. Thus, ¢, € K*.

In fact, K* = K(Z,). We count the degree of each extension.

[K* : Q] = (p — DA(K),

while
[K": QIQ,) : Q1 2h(K)(p - 1)
()] . — P -
[K(Zp) - Q] = TORIA > :
since K" N Q) =Q ( \/(—l)pzlp). Therefore, we can conclude that K* = K(Z,). m

Hence, we have that K(J(E), h({{(P})))) = K(Z,). Therefore, this result implies that for an
elliptic curve E with complex multiplication by a maximal order Ok, we have p-torsion in the

ramified case.

3.6 0Odd Ramified Composites

Theorem 3.4. Let K be a quadratic field with discriminant A = —pq for odd primes p,q € Z. Then
K ramifies precisely at the odd primes p, g, but not at 2. Let p, q be prime ideals of K such that

p? = (p) and 6* = (q). Then, K*/Q is not abelian over Q.

Proof. Suppose that K*/Q is abelian over Q. Now, consider the following field diagram.
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qu

el Q4
HK) 7N H(K)
qg-1 KD p-1
Q&) Q&)

h(K)

K

p—1 q-—1

2

Q

By the conductor theorem [J73, Theorem 12.7 and Chapter V, §6] we know that a prime ram-
ifies if and only if it divides the conductor f = f(K*/Q). The only primes of Q that ramify
in K% are the ramified primes p, g. Therefore, by the Kronecker-Weber Theorem, we know that
K* c Q({y) the only primes that divide N are p, g since N = f(K"/Q). Therefore N = pq*.
Thus we know that |Q(4y) : Q. 4,)| = p~'q*™" and [K™ : K’K"] = 2but 2 [pr~'g*~". Thus,

no such composite ray class field K** that is abelian over Q.

Note that this does not rule out the case of when the quadratic field K has a discriminant of three

primes, Ax = pqr. However, we have strong computational evidence that there is no composite

prime ramified torsion over abelian numberfields.
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K@ abelian | K¥> abelian | K™ abelian
3 3
4 4 4
7 7
8 8
15 15
24 24
40 40
88 88
120 120
168 168
232 232
280 280
312 312
408 408
520 520
760 760
840 840
1320 1320
1848 1848

Table 3.1: Fundamental discriminants Ag that have two-powered ray-class fields abelian over Q

3.7 Even Case

If 2 ramifies in K, there exists a unique prime p, such that p> = (2). Given that the Hilbert class
field K' is abelian over Q, we have computed that the K? Hilbert class field must also be abelian;
therefore, all elliptic curves have 2-torsion. We also compute when the two powered ray class fields
K"> are abelian over the rationals. The following table shows which fundamental discriminant Ag
have K*/Q abelian for n > 3. We computed that K* and K® are never abelian. This table shows

us precisely what E(Q®)[2*] is, according to the work in Clark’s initial paper [C15]:
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K®/Q abelian = 2 powered torsion is of the form Z/27Z X Z/2Z 3.1
K" /Q abelian = 2 powered torsion is of the form Z/27Z x Z/4Z 3.2)

K%/Q abelian = 2 powered torsion is of the form Z/4Z X Z/4Z 3.3)

3.8 Conclusions and Future Work

Given an imaginary quadratic field K with discriminant Ax we have shown that, conditional under
GRH, for ramified primes p such that p> = (p), the ray class fields K* are abelian over Q. We
have shown that K” is never abelian over Q for odd split primes, and that the composite ray class
field K* for odd ramified primes p, g is also never abelian over Q for quadratic fields K with
discriminants of the form Ax = —pg where p, g are both primes in Z. For two-powered ray class
fields, we have computed the cases where K P2 is abelian over Q, where p, is the prime ideal of K
such that pJ = (2). We still need to show that the ray-class fields corresponding to composite even
ideals K*2 are abelian over Q, and we need to finish the proof for odd composite ramified torsion.
Our current computational approaches fail for ray-class fields of large degree. We have also only
considered elliptic curves with complex multiplication by maximal orders Ok, and have not yet
addressed the case of non-maximal orders O. The following recent result from Bourdon and Clark
relates the torsion fields of elliptic curves with complex multiplication by a non-maximal order to

an elliptic curve with complex multiplication by the corresponding maximal order.

Theorem 3.5. (Isogeny Torsion Theorem)[BC16, Theorem 1.7] Let O be an order in an imaginary
quadratic field K, of conductor §, and let §' be a positive integer dividing §. Let F O K be a number

field, and let E;r be an O-CM elliptic curve. Let v : E — Ey be the F-rational isogeny to an
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elliptic curve Ey with CM by the order in K of conductor {', then we have

#E(F)[tors] | #Ew (F)[tors].

If we take " = 1, we see that #E(F)[tors] is bounded by #E (F)[tors], where (E}),r is an elliptic
curve with CM by the maximal order in K. Therefore, with a classification in the case of maximal

orders complete, we should be able to compute the case of non-maximal orders.
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3.9 Appendix

3.9.1 Tables

The following tables come from Voight’s appendix [Vo07]. The tables are captioned by the type of
the class groups, e.g. if the class group is of type (2,2,2) then there must be an embedding of the

class group into (Z/27Z).

dl _f IDI| 1dl_f DI
31 3[/8 1 8
32 12011 1 11
3 327,19 1 19
41 443 1 43
4 2 16|67 1 67
7 1 7 /163 1 163
7 2 28

Table 3.2: Orders of Quadratic Fields with Class Groups of Type (1) [VoO7][Table 7, p. 27]

dl f IDI[ldl f IDI||dl f ID|
3 4 48|15 1 15115 1 115
35 75|15 2 60123 1 123
3 7 147120 1 20|148 1 148
4 3 36|24 1 24|187 1 187
4 4 64 |35 1 35(232 1 232
4 5 100140 1 400|235 1 235
7 4 112151 1 51|267 1 267
8 2 3252 1 52[403 1 403
8 3 72 |88 1 88427 1 427
11 3 99 |91 1 91

Table 3.3: Orders of Quadratic Fields with Class Groups of Type (2) [VoO7][Table 8, p. 27]
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dl f IDI|ld f IDI| |4 f ID|
3 8 1927168 1 168| 520 1 520
7 8 448|195 1 195|532 1 532
8 6 288|228 1 228 | 555 1 555
15 4 240(232 2 928|595 1 595
20 3 180|280 1 280 627 1 627
242 96 (312 1 312| 708 1 708
35 3 315,340 1 340 715 1 715
40 2 160|372 1 372|760 1 760
84 1 84 408 1 408 | 795 1 795
88 2 3521435 1 4351012 1 1012
120 1 120483 1 4831435 1 1435
132 1 132

Table 3.4: Orders of Quadratic Fields with Class Groups of Type (2,2) [VoO7][Table 10, p. 28]

dl f DI | 1 f DI

I5 8 960 | 1092 1 1092
120 2 480 | 1155 1 1155
168 2 672 | 1320 1 1320
280 2 1120|1380 1 1380
312 2 1248|1428 1 1428
408 2 1632|1540 1 1540
420 1 420 | 1848 1 1848
520 2 2080|1995 1 1995
660 1 660 [3003 1 3003
760 2 3040|3315 1 3315
840 1 840

Table 3.5: Orders of Quadratic Fields with Class Groups of Type (2,2,2) [VoO7][Table 12, p. 29]

| f D
840 2 3360
1320 2 5280
1848 2 7392
5460 1 5460

Table 3.6: Orders of Quadratic Fields with Class Groups of Type (2,2,2,2) [VoO7][Table 14, p.
30]
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3.9.2 Code

The following Magma code checks if the class field is abelian for inert primes.

P<x>:=PolynomialRing(Rationals());
load "~/cm/vlists";
AbInerts:=[* *];

for i:=1 to #InertPrimes do
d:=InertPrimes[i][1];

d;

K:=NumberField(x*2+d);
0:=Integers(K);

Inerts:=[];

for p in InertPrimes[i][2] do
G,m:=RayClassGroup(p*0);
A:=AbelianExtension(m);
AA:=NumberField(A);
Kp:=AbsoluteField(AA);

if IsAbelian(Kp) then
Append(~Inerts,p);

end if;

end for;

if #Inerts gt ® then
Append(~AbInerts, [*d,Inerts*]);
end if;

end for;

print AbInerts;
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The following code checks if K" is abelian for composite n of p,q.

function CheckComp(p,q,d)

P<x>:=PolynomialRing(Rationals());

K<a>:=NumberField(x*2+d);
0:=Integers(K);
H<b>:=HilbertClassField(K);

H:=AbsoluteField(H);

fp:=x*2-p*pm(p) ;
fq:=x*2-q*pm(q) ;
K2 :=NumberField([fp, fql);

frakp:=Factorization(p*0)[1]1[1];

frakqg:=Factorization(q*0)[1][1];

Gpq, mpq := RayClassGroup(frakp*frakq);
Apg := AbelianExtension(mpq) ;
AApq:=NumberField(Apq);

Kpg:=AbsoluteField(AApq);

return Kpq;

end function;

//meant for input of list "PossiblePrimePowers"
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function SmallRamifiedPrimesCheck(list)
discriminants:=[* *];
for i:=1 to #list do
divs:=PrimeDivisors(list[i][1]);
Append(~discriminants, [*1list[i][1], divs*]);
end for;
for i:=1 to #discriminants do
print discriminants[i];
pairlist:=[];
//make all pairs of small primes
if #discriminants[i][2] gt 1 then
for j:=1 to #discriminants[i][2] do
for k:=1 to #discriminants[i][2] do
if j 1t k then
pair:=[discriminants[i][2][j],discriminants[i][2][k]];
Append(~pairlist,pair);
end if;
end for;
end for;
end if;
validcomposites:=[* *];
print pairlist;
for j:=1 to #pairlist do
//remove pairs with primes too large
if Maximum(pairlist[j]) 1t 10 then

//check if Kpq is abelian, if it is, add it to the list of possible composites
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//if the degree is too large to check, then just give it the tag "999"
C:=CheckComp(pairlist[j][1],pairlist[j][2],-discriminants[i][1]);
if Degree(C) 1t 80 then

if IsAbelian(C) then
Append(~validcomposites, [*pairlist[j], 1%]);
end if;
else
Append(~validcomposites, [*pairlist[j], 999%*]1);
end if;
end if;
end for;
Append(~discriminants[i], validcomposites);
end for;
return discriminants;

end function;

The following code checks if there is K*: is abelian.

load "~/cm/checkklabelian";

load "~/cm/v1ists";

P<x>:=PolynomialRing(Rationals());

function pm(p)

if (p mod 4) eq 1 then

return 1;
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else
return -1;
end if;

end function;

Kfrak22ab:=[];
Kfrak23ab:=[];

Kfrak24ab:=[];

Possible2:=[];

Possibled4:=[];

for entry in MaximalDs do
if 2A2*entry in DTMaster then
Append(~Possible2,entry);
end if;
if 442*%entry in DTMaster then
Append(~Possible4,entry) ;
end if;

end for;

//check if KA(2) is abelian
for d in Possible2 do
if IsAbelian(RayClassField(-d,2)) then

Append (~Kfrak22ab, d);
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end if;
end for;
//check if KA(frak2+3) is abelian
for d in Possible2 do
if d mod 2 eq ® then
K<a>:=NumberField(xA2+d);
0:=Integers(K);
frak2:=Factorization(2*0)[1][1];
G2, m2:=RayClassGroup(frak2+3);

A2 :

AbelianExtension(m2);

AA2:

NumberField(A2);
K2:=AbsoluteField(AA2);
if IsAbelian(K2) then
Append(~Kfrak23ab, d);
end if;
end if;
end for;
//check if KA(4) is abelian
for d in Possible4 do
if IsAbelian(RayClassField(-d,4)) then
Append (~Kfrak24ab, d);
end if;

end for;
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The following code checks if K*2% is abelian.

print "loaded function: pe(2composite(d, largestpower, ramifiedprime)";
print "Note: d should be negative, largest prime is the highest power of frak2";
print "loaded function: all2composites(MaximalD_facts_frak2bound)";

load "~/cm/v1ists";

function p2composite(d, largestpower, ramifiedprime)

P<x>:=PolynomialRing(Rationals());

K:=NumberField(x*2-d);

0:=Integers(K);

p:=ramifiedprime;

if d mod 2 eq ® then
frak2:=Factorization(2*0)[1][1];
a:=largestpower;

else
frak2:=2%0;
a:= largestpower div 2;

end if;

if d mod p eq 0 then
frakp:=Factorization(p*0)[1][1];
G, map:=RayClassGroup(frakp*frak2+a);
A:=AbelianExtension(map) ;
K1:=AbsoluteField(NumberField(A));

Degree (K1) ;

return IsAbelian(K1l);
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else
print "prime is not ramified";
return "prime is not ramified";
end if;

end function;

function all2composites(list);
newlist:=[* *];
for i:=1 to #list do
d:= list[i][1];
print "Discriminant: ", -d;
dplist:=[ 1;
for j:=1 to #list[i][2] do
if 1ist[i][2][j1[1] ne 2 then
p:=list[i][2][jI[1];
print "prime: ", p;
if p 1t 80 then
notyet:=true;
N:=1list[i][3];
a:=0;
while notyet do
a:=a+l;
if a 1t N+1 then
notyet:=p2composite(-d,a,p);
else

notyet:=false;
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end if;
end while;
Append(~dplist, [p, a-1]);
else
print "prime too large";
end if;
end if;
end for;
print dplist;
Append(~newlist, [*-d, dplist*]);
end for;
return newlist;
end function;

all2composites(MaximalD_facts_frak2bound) ;
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