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ABSTRACT

Contemporary data sets can be too large or complex for traditional statistical methods to
handle. One approach is to use symbolic data first introduced by Diday (1987). Our interest
is the study of model-based clustering for symbolic data, especially for distributions (i.e.,
observations are not single numerical point values). We will describe symbolic data and
consider differences between symbolic data and classical data. For multivariate data, with
p > 1, we only have the marginal distributions; so we do not know the dependence relation-
ship between random variables. One approach to measure these dependences is that of Vrac
et al. (2012) in which a copula function is used to describe the cumulative joint distribution
function of random variables in a mixture model. We further develop the algorithm from
various perspectives. The model-based clustering algorithm is also implemented in R and

applied to simulated data.
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Chapter 1

Introduction

The focus of our research is to study the method of model-based clustering for symbolic
data, especially for distributions. Figure 1.1 illustrates the difference between clustering al-
gorithms for classical data and distributional data, which is one of the symbolic types of data.
When we have a data set with repeated measurements in each statistical units, the existing
clustering methods can only allow us to take the average of all the measurements in each unit
and then apply the clustering algorithm for all the average values. However, taking average
will lose lots of useful information of the original data, say the within variations. Vrac et
al. (2012) proposed to use the cumulative distribution function as the distributional-data to
represent all the measurements in each unit to keep the original information as much as pos-
sible. When we only have the marginal distributions, it is difficult to define the dependence
relationship between random variables. Vrac et al. (2012) applied the use of a copula func-
tion to describe the cumulative joint distribution function of random variables in a mixture
model. However, Vrac et al. (2012) only considered one simple case example when the joint
distribution is non-differentiable. In addition, for the choices of copula functions, only the
Frank copula is applied in the algorithm. We first extended the algorithms in any possible

cases when the joint distribution is non-differentiable and differentiable. We also developed



the algorithms with six candidate copula functions in one iteration and let the data itself
to pick the best one. In addition, the algorithms were developed for one variable case and
multi-variable case. We finally made our algorithms applicable with the implementation in

R language.

Symbolic data were first introduced by Diday (1987). In Chapter 2, section 2.1 introduces
what are symbolic data and what is the difference between symbolic data and classical data.
Section 2.2 describes the commonly used hierarchical and partitioning methods. In section
2.3 and section 2.4, after reviewing model-based clustering techniques for classical data, we
introduce how to apply copula functions in mixture models to do model-based clustering
for symbolic data. The final mixture models (see equation 2.7) are given for clustering of
distributions. In Chapter 3, we first introduce the dynamic cluster algorithm (Diday and
Simon, 1976) and two commonly used clustering criterions: Log-likelihood criterion and
Log-likelihood classification criterion to estimate the final mixture models. Then, equation
3.2 shows the final likelihood equation to be maximized. By using equation 3.2, section
3.2 introduces empirical density estimation to determine the form of the marginal density
function. Then, section 3.3 shows commonly used copula famlies and their density functions
to be estimated. In Chapter 4, we first summarize the density estimation methods in section
4.1. The methods of copula estimation and corresponding R packages are illustrated in
section 4.2. In Chapter 5, we first introduce the theories that we use to develop the algorithms
of model-based clustering for distributional-data in section 5.1. Section 5.2 shows the detailed
partition algoritms with different estimation methods for differentiable and non-differentiable
joint distributions in one dimensional and multi-dimensional cases. Chapter 6 gives six

different simulation examples by applying the algorithms introduced in Chapter 5.
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Chapter 2

Literature Review

We present a brief introduction to symbolic data in section 2.1 and an overview of the major
clustering methods in Section 2.2. Then we summarize the model-based clustering methods
for classical data in Section 2.3. Section 2.4 is an extension of model-based clustering from

classical data to symbolic data.

2.1 Introduction of Symbolic Data

In contrast to classical observations which are points, symbolic values can be lists, intervals,
histograms and so on. They arise in different ways. Some symbolic data exist in their own
right to keep more information. For example, if the random variable of interest is color and
the population is species of birds, one realization for a given species can take several possible
colors, e.g., a magpie with colors {white, black} is a realization of a symbolic random variable.
An all-black bird is not a magpie. Some other symbolic data may come from aggregating
original data sets to produce collective data based on research interests. For example, a su-
permarket keeps track of the sales of its products. It is not really interested in the sale of any

one item, like Mary’s purchase of bread yesterday, but it is more interested in the variation of



its sales of bread in a given period. Therefore, some observed values of the sales of bread for
a month will be aggregated as symbolic data. In other circumstances, the original data sets
are too large to be analyzed. Reduction of the data sets into a more manageably sized data
set will result in symbolic data. For example, a computer requires more memory to invert a

matrix than is needed to store that matrix; so aggregation of very large data sets is necessary.

Based on the construction, symbolic data on p random variables are p-dimensional hyper-
cubes, or a Cartesian product of p distributions, while classical data on p random variables
are expressed by single points in p-dimensional space RP. Therefore, a classical data value
as a single point is a special case of a symbolic data value. Before we go into more details,
we first need to establish some basic notations. Much of these definitions and examples are

drawn from Billard and Diday (2006).

Notation and Definitions

Notation 2.1.1: Write £ = {w,,u = 1,...,m} as a set of m symbolic concepts/categories.

Notation 2.1.2: For the random variable Y;, 7 = 1,...,p, a classical value or realization on
the individual ¢ = 1,...,n, is denoted by x;; and a symbolic value or realization is denoted

as &;;. Therefore, for a classical variable, Y;(i) = z;;, while for a symbolic variable, Y; (i) = &;;.

If Y, is measured on a category w, € E, then it could be written as Y;(w,) = &,;, and
the complete set as £€=(&,;). If the domain of Y; is Y}, j = 1,...,p, the matrix & takes values
in Y =) x ... x Y, A symbolic observation represents the set of individuals that satisfy

the description of the associated symbolic concept, or category, w,, u = 1,...,m.

Then, we go further to have some formal definitions.



Definition 2.1.1: Let the random variables Yj, j = 1,...,p, have domain & = ) x ... X ).

Then, the point & = (zy,...,x,) in X is called a description vector.

Definition 2.1.2: Let D; C Y; be a subset of );. The p-dimensional subspace D =
(Dy,...,D,) C X is called a description set. If D = D; x ... x D, is the Cartesian product
of the sets D;, the D is called a Cartesian description set.

The combination of description vectors and description sets is called a description d.

Definition 2.1.3: To link specific descriptions to the corresponding random variable, we
define a relation R. It is written as YRd for description vector d, or YRD for the description
set D.

Symbolic objects are generally constructed by observing whether a given relationship is true

or not.

Definition 2.1.4: A symbolic object is s = (a, R, d) where a is a mapping from
Q = {1,..,n} — L depending on the relation R and the description d. If L={0,1}, a
is a binary mapping and s is a Boolean symbolic object. If L=[0,1], then s is a modal sym-

bolic object. A symbolic object is a mathematical model of a concept.

Types of Symbolic Data
Symbolic values can be multi-valued, interval-valued, or modal-valued, among others. Multi-

valued and interval-valued data are the most commonly considered in the literature to date.

Definition 2.1.5: A multi-valued symbolic random variable Y takes one or more values

from the list of values in its domain Y.



Table 2.1: Bird colors.

Wy Bird Major Colors

Wi Magpie {black, white}

wy | Kookaburra | {brown, black, white, blue}
w3 Galah {pink, gray}

wy | Cardinal {red, black}

ws | Goldfinch {black, yellow}

we Quetzal {red, green, white}

Example 2.1: Let us consider the birds example we mentioned at the beginning of this
section. Table 2.1 consists of 8 types of birds and their colors. If the random variable of

interest is “color” (V') and the population is “Species of bird”, we could have

Y (wy = color of magpie) = {black,white}

or

Y (ws = color of goldfinch) = {black, yellow}.

In each case, the actual realization is a subset of possible colors from the domain ) =

{list of colors}.

Definition 2.1.6: An interval-valued symbolic random variable Y takes values in an
interval, which can be closed or open at either end. We usually assume that the interval

observation is uniformly spread within the intervals.

Example 2.2: Suppose we have some demographic information for some patients in a

hospital, like age, weight, race, gender and so on. Suppose we would like to learn about the



ages of the white females in the hospital. Then, the variable Y =age could be:
Y{(agey(white females) = [11,87]

where 11 is the minimum age of white females in the hospital and 87 is the maximum.

Definition 2.1.7: A particular outcome of a random variable Y is modal-valued if it takes
the form Y (w,) = & = {nk, mr; k = 1, ..., s, } for an observation u; where 7y, is a non-negative
measure associated with 7, and where s, is the number of values actually taken from the
domain ). The measures {7} are typically weights, probabilities, relative frequencies, and
the like, corresponding to the respective outcome cluster 7. They are the support of 7 in

Y. The outcome can be a distribution, a histogram, a model, or related stochastic entity.

Example 2.3: Consider again the example of the demographic information of the pa-
tients in Example 2.2. This time we would like to learn about the marriage status of white
males. Then, the modal-valued variable will be:

Y (white males) = {married, 3 single, = }.

3

Modal-values observations could also be specified distributions. They could be models.

Example 2.4: Table 2.2 shows the distribution of different types of energy consumption
for 50 states of USA. (These data are based on rescaled values from US Census Bureau (2004)
at www.census.gov) These distributions could either be empirical distributions (values of
parameters estimated from data) or known distributions with known values of parameters.
Therefore, according to the table, taking petroleum consumption for example, petroleum

could follow the normal distribution with mean p = 76.7 and standard deviation o = 92.5.



Table 2.2: Distribution of energy consumption.

Wy, Type 1 o

w1 Petroleum 76.7 | 92.5
Wo Natural gas 45.9 | 69.5
w3 Coal 47.0 | 43.3
wy | Hydroelectric power | 6.4 | 14.3
W, Nuclear power 254|204

Definition 2.1.8: An outcome of the random variable Y which can take values on a finite
number of non-overlapping intervals {[ag,br),k = 1,2,...} with @, < by is an histogram

interval-valued random variable. It takes the form:

Y(wu) = gu = {[auk7buk)apuka k= ]-7 ST) Su}

where s, is a finite number of intervals forming the support for the outcome Y (w,) for ob-

servation w,, and p,; is the weight for the particular subinterval [a,z,byx) With > 7" | p = 1.

Example 2.5: Suppose in the patients information of Example 2.2, we are interested in
level of cholesterol. Specifically, those whose cholesterol level is 240 or greater are at risk
of heart disease, those with a level between 200 to 239 are borderline at risk, while those
whose level is less than 200 are not at risk. Therefore, our interest is to study the histogram
distribution of cholesterol values over these three intervals. The cholesterol levels for white

males could be:

4 1
Y{chotesteroly (White males) = {[< 200), o (200, 239), —; [> 240), §}

O W~



which means that 4/9 of the white males in the hospital are at the borderline at risk and
1/9 are at risk of heart disease while 4/9 are not at risk.

In symbolic data analysis, histogram interval-valued observations could be specified dis-
tributions. The distributions may come from common distributions such as exponential,
normal, and so on, or from empirical distributions with the parameter values estimated from

the data.

Definition 2.1.9: The values of a modal multi-valued variable are a subset of a multi-
valued random variable Y with domain . Each of the values of the subset is attached with
a non-negative measure. Therefore, a particular observation, for the category w,, takes the

form:

Y(Wu) = gu - {nulapul; "~;nusu7pusu}, u = 1, ...,m,

where {ny1, ..., us, } €Y and Y ;% pup = 1.

Example 2.6: A company wishes to investigate 1000 potential clients’ opinions on a
product. The clients were asked to give an answer from the choices of Strongly Agree,

Agree, Neutral, Disagree, Strongly Disagree. Then, we may have the aggregated results:

Y (Product) = {Strongly Agree,0.3; Agree, 0.4; Neutral,0.15;

Disagree, 0.12; Strongly Disagree,0.03}.

Thus, we have 70% of the 1000 clients Agree or Strongly Agree that they like the product.

Comparison With Classical Data

Since the value of a classical data point is a single point, it is a special case of a sym-
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bolic value. In addition, a symbolic-valued observation is always attached to a category or a
concept w in the sample (or population) E of m concepts. In this way, the classical-valued
observation could be treated as the realization of an individual 7 in the sample (or popu-
lation) €2 of n individuals. Therefore, symbolic data are inherently different from classical
data. We can see that symbolic data have internal variation within each observation and
also variation between observations. In addition, to maintain the integrity of the original
data, sometimes we need to add a rule when aggregating a larger dataset. It is important to

pay attention to the differences between classical and symbolic data.

Example 2.7: Let us consider the credit card dataset of Table 2.3, which is a partial list
of credit card expenditures for different purposes (Food, Social, Travel, Gas and Clothes) of
individuals over a year. However, rather than the information of each expenditure by each
person, a researcher may be more interested in the use of the credit card of individuals in
a specific period, say a month. Therefore, the person’s spending record in a month is the
concept /category according to their interest. For example, the credit card use by Tom in
January for food is [23.28, 30.00], for social is [8.67,18.31], and for travel is [193.53,206.53].
These are interval-valued symbolic data. Instead of using symbolic data analysis technol-
ogy, people usually use the mean or median values of the original observations. Then the
information of credit card use by Tom in January for food will be 26.64, for social will be
13.49, and for travel will be 200.03. This will lose much of the information in the data, for

example, the inner variation of these original observations.

In summary, we typically have three steps in analyzing symbolic data. The first is to
determine the categories and/or concepts of interest in order to build symbolic datasets
according to the research interest at hand. Second, if we have additional related classical or

symbolic valued variables of interest, we need to augment the established dataset. Finally,
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Table 2.3: Credit card dataset.

Name | Month | Food | Social | Travel | Gas | Clothes
Jon | February | 23.65 | 14.56 | 218.02 | 16.79 | 45.61
Leigh May 28.47 | 8.99 | 141.60 | 21.74 | 86.04
Jon April 23.40 | 11.61 | 179.38 | 23.73 | 48.89
Jon | January | 25.94 | 12.38 | 197.90 | 20.06 | 47.09
Tom July 24.14 | 15.97 | 190.40 | 35.71 | 20.02
Tom August | 23.01 | 13.20 | 220.52 | 29.44 | 18.09
Tom July 24.25 | 15.71 | 149.01 | 30.68 | 21.75
Leigh July 30.86 | 9.55 | 193.14 | 24.26 | 95.68

00 O O = W N | .

we should learn knowledge from the symbolic dataset.

2.2 Overview of Major Clustering Methods

There is a saying that - “the cluster solution is not generalizable because it is totally depen-
dent upon the variables used as a basis for the similarity measure”. We know that no single
clustering method is valid for all types of data.

Cluster analysis is an explorative analysis technique that tries to identify structures within
the data set. The purpose of a cluster analysis is to place objects into groups, or clusters,
suggested by the data, such that objects in a given cluster are similar to each other, and
objects in different clusters are dissimilar. Fraley and Raftery (1998) suggest dividing the
clustering methods into two main methods: hierarchical and partitioning methods. Hierar-
chical clustering methods produce a sequence of cluster partitions (e.g., see Figure 2.1 for
an example from Galili, 2016). In contrast, partitioning clustering procedures produce sets

of distinct non-overlapping cluster; (e.g., see Figure 2.2 for a simulated data set).
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2.2.1 Hierarchical Clustering

Hierarchical methods construct the clusters by placing the observations in either a bottom-
up or a top-down direction. We call them agglomerative hierarchical clustering and divisive
hierarchical clustering, respectively. For agglomerative hierarchical clustering, each object
initially represents a cluster of its own. Then clusters are merged until the desired cluster
structure is obtained. For divisive hierarchical clustering, all objects initially belong to one
cluster. Then the cluster is divided into sub-clusters. This process continues until the desired
cluster structure is obtained.

A result of a hierarchical method is a dendrogram, representing the nested grouping of
objects. A final result of clusters is obtained by cutting the dendrogram at the desired
similarity level used in different methods.

The merging or division of clusters is performed according to some criteria which usually
involves similarity measures, chosen so as to optimize some criterion (such as a sum of
squares). Hierarchical clustering methods could be further divided according to the manner
that the similarity measure is calculated.

Agglomerative clustering can be further classified as follows.

(1) Single-linkage clustering defines the distance between two clusters as the minimum
distance between their members. This algorithm only wants separation, and does not care
about compactness or balance.

(2) Complete-linkage clustering defines the distance between clusters as the maximum
distance between their members. This method usually produces more compact clusters.

(3) Average-link clustering occurs when the distance between two clusters A and B
is defined as the mean of all pairwise distances between items contained in A and B. It is a
compromise between the sensitivity of complete-link clustering to outliers and the tendency
of single-link clustering to form long chains. However, it may cause elongated clusters to

split and portions of neighboring elongated clusters to merge.
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(4) Centroid clustering defines the distance between two clusters as the Euclidean
distance between their centroids. The cluster centroid is the middle of a cluster. A centroid
is a vector containing the mean of a variable for the observations in that cluster.

(5) Ward’s minimum variance cluster analysis defines the Ward’s (1963) distance
between two clusters as the difference between the total within cluster sum of squares for
the two clusters separately, and the within cluster sum of squares resulting from merging the
two clusters into cluster AB.

Hastie et al. (2009) has more details.

2.2.2 Partitioning Methods

Partitioning methods relocate observations by moving them from one cluster to another,
starting from an initial partitioning, until some pre-specified criteria are optimally satisfied.
Such methods typically require that the number of clusters will be pre-set. To achieve global
optimality in partitioned-based clustering, an exhaustive enumeration process of all possible
partitions is required. Because this is usually not feasible, certain heuristics are used in
the form of iterative optimization. Namely, a relocation method iteratively relocates points
between the K clusters. There are two broad approaches used.

(1) Error minimization algorithms

Error minimization algorithm methods tend to be computationally less intensive than
other partitioning techniques. They aim at minimizing an error function which varies for
different methods.

The most popular method of error minimization algorithm is the k-means algorithm
(MacQueen, 1967). The main idea is to define K centers, one for each cluster. The better
choice is to place them as much as possible as far away from each other. The next step is
to take each point belonging to a given data set and associate it with the nearest center.

When all the observations have been allocated, the first step is completed and an early group
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allocation is done. At this point, we need to re-calculate the K new centroids as centers of
the clusters resulting from the previous step. After we have these K new centroids, a new
relocation has to be done between the same data set points and the nearest new centers. A
loop has been generated. As a result of this loop, we may notice that the K centers change
their location step by step until no more changes are done or in other words centers do not
move any more. Finally, this algorithm aims at minimizing an objective function known as

squared error function given by:

K CL

R=3"3 "l =l

k=1 u=1
where ||z, — || is the Euclidean distance between x, and the centers ~; , ¢ is the
number of data points in the & cluster, k=1,...,K, with > wck =m; K is the number of
clusters.
(2) Density-based methods
Density-based clustering works by identifying “dense” clusters of points, which allows
the identification of clusters of arbitrary shape and identify outliers in the data. It is based
on nonparametric probability density estimates. In these methods, a dissimilarity measure
is computed between all pairs of objects that are considered adjacent by some criteria. It

has played a vital role in finding non-linear shapes structures based on the density.

We can see more in details from Han et al. (2012).

2.3 Model-based Clustering for Classical Data

The common heuristic clustering methods, such as k-means, decision trees, among others,
have clear steps to finding clusters. However, they are largely exploratory and are not based

on formal models. Model-based clustering is an alternative method.
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2.3.1 Basic ideas of model-based clustering

The basic ideas of model-based clustering are as follows:

(1) Observe data for N p-dimensional objects, {X;;,i =1,...,N,j = 1,...,p}. Observa-
tions arise from a distribution that is a mixture of K components/clusters.

(2) Each component/cluster is described by a density function distributed around its
center observation. Different components have different probabilities of apprearing in the
respective cluster. Therefore, each of them has an associated weight in the mixture.

(3) In principle, any distribution model could be used for the components. However, in
order to manage the inference of unknown parameters, we typically assume that components
follow a known distribution such as a p-dimensional multivariate normal (Gaussian) density.

(4) Thus, a mixture of multivariate normal distributions is the probability model for clus-
tering. This is the model connection between the observations and the cluster memberships
and parameters.

(5) Based on the mixture model, the methods find the values of the parameters that

make the observations most likely to occur.

2.3.2 Model Set-up

We assume that the joint distribution is a mixture of K clusters, each of which is an in-
dependent multivariate normal density with cluster centers {uy, k = 1,..., K}, covariance
matrix {3,k = 1,..., K}, and associated probability of an object belonging to cluster £,

{mk, k=1, ..., K} and density function

1 1
fk(ZEl’U,k, Ek) = |Ek|2 exp{—§(x — uk)TE,gl(x — ’U,k)}, k= 1,.... K.
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The likelihood of the mixture model with K clusters is :

N K
_1 1 _
flelm ) = T D7 mil el # expl{—5 (i = w) 'S¢ (o — wi)}

=1 k=1

where 0 < mp, < 1, f:wkzl.

Data generated gy this mixture of multivariate normal densities are characterized by
groups or clusters centered at the means py, with increased density for points closer to the
center. The corresponding surfaces of constant density are ellipsoidal. The 3 determines
the geometric feature of the k' cluster, k = 1,..., K.

Model-based agglomerative clustering proceeds by successively merging pairs of clusters
corresponding to the greatest increase in the classification likelihood among all possible pairs.
When we do not have any information about the clusters, the procedure starts by treating
each observation as a single cluster. McNicholas (2016) has more details for model-based

clustering for classical data.

2.4 Introduction of Model-Based Clustering for Sym-

bolic Data

2.4.1 Introduction

In classical data analysis, a clustering technique is one of the main vehicles of exploratory
data mining and used in many fields. In some sense, it is well defined. However, the number
of observations and the number of variables can be too large for contemporary computers to
handle. In order to reduce the dataset into a more manageable size and also to retain enough
information of the original dataset, the data are aggregated; thus, we obtain symbolic data.

Therefore, we should establish new computational statistical approaches to group symbolic
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types of data into classes. Here, we will focus on one model-based clustering method for dis-
tributions. This means that the observations in our study are distributions instead of single
numerical values of points (classical data). To illustrate why we need to group distributions

into classes and how these techniques can be used in practice, here is an example.

Consider the weather example of Vrac et al. (2012). The objective is to partition the
weather world into well-defined temperature and humidity regions by latitude and longi-
tude values including estimation of the underlying probability distribution function for each
identified region. The temperature-humidity patterns are developed for every other latitude-
longitude grid point. Hence, m = 16,200. At each of these m grid-points, the temperature
distributions and humidity distributions are calculated from 37 and 24 altitude level values,
respectively. The main idea is that the distributions characterize the variability of the tem-
perature and humidity all along the vertical of the grid-point. This representation of the
data is more informative than many of the classical representations, such as the average.
Distributions can retain the within variation of each observation whereas the average does

not.

We will describe a computational statistical approach of a new methodology to group
distributions into classes. Decomposition of mixture models of probability distributions is
performed to seek partitions, through a function of distributions and multi-dimensional copu-

las. This means we model the data as a mixture of distributions via an application of copulas.

Our objective is to partition this sample of m distributions into K classes. Similarly with
model-based clustering analysis for classical data, we note the following:
(1) Sample observations arise from a distribution that is a mixture of K clusters. Each

component /cluster is described by a density function. Since our observations are distribution
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values, it is necessary to define the distribution function of distribution values.

(2) Different clusters have a different mixture probability. Therefore, each of them has
an associated weight in the mixture.

(3) In model-based clustering analysis for classical data, we usually apply a p-dimensional
multivariate normal (Gaussian) density to describe the joint distribution of p-dimensional
variables. For model-valued symbolic data, we only have the marginal distributions; so, we
apply the concept of copulas to model the dependency between the variables.

(4) Thus, a mixture of copulas is the probability model for clustering. This is the model
connection of the observations and the cluster memberships and parameters.

(5) Based on the mixture model, our goal is to obtain the estimates of the underlying
distributions associated with specific clusters, and the proportions of the observations in

each cluster.

In the following paragraphs of this section, we will illustrate: (1) what is a mixture
decomposition for probability distributions, by introducing two definitions of distribution
functions of distribution values and joint distribution functions of distribution values; (2)
how to model dependent distributions with multi-dimensional copulas; (3) the final model

and the how to estimate it; (4) the plan for the next step.

2.4.2 Mixture Decomposition for Probability Distributions

Let Y = (Y1, ...,Y,) be a p-dimensional random vector taking values in R? and let F7 be the
distribution function associated with Y;,j = 1,...,p. Here, a distribution function is taken
to be a cumulative distribution function. Then, we have a sample ¢ = (F7, ..., F},) of m p-
dimensional distributions, where F, = (F}, ..., FP),u = 1,...,m, are realizations of a random

vector with F7 being the realization of the distribution FV for observation u,u = 1,...,m.

Each F, belongs to Qp = QL x --- x Q2. The (¥, is the set of possible distributions to de-
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scribe the individuals from Qp for the j%* variable and “x” is the product of spaces operator.

Definition 2.4.2.1: Distribution Function of Distribution Values

The distribution function for distribution values is defined by:

G.(r)=P(F(Z) <x),xz € R, (2.1)

where F(Z) is a distibution function with the domain of Z corresponding to the domain of

F and where G, : [0,1] — [0, 1].

Definition 2.4.2.2: Joint Distribution Function of Distribution Values

The joint distribution function for distribution values is defined by:

H.(xy,..x,) = P(F, € ; F(Z1) < a1y, Fy(Z,) < zpyu=1,...,m).

The function G, () is a distribution function of the random variable F'(Z) with the domain of
[0,1]. The H,(x1, ...x,) is an n-dimensional joint distribution function of the random variable
F(Z, ..., Z,) with marginal distributions Gz, (z;). It also has domain of [0,1]. Therefore, the
properties that are defined for classical univariate and multivariate distributions are also

appropriate for G(.) and H(.).

2.4.3 Modeling Dependent Distributions with Copulas

We first need to introduce the definition of copula functions. We first introduce subcopulas
as a certain class of grounded 2-increasing functions with margins; then we will have copulas
as subcopulas with domain I?. Further details can be found in Nelsen (2006).

Definition 2.4.3.1: A two-dimensional subcopula is a function C* with the following prop-
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erties:
1. DomC* = S; x Sy, where S; and S, are subsets of I containing 0 and 1;
2. C* is grounded and 2-increasing (see Definition 2.4.3.2 below);

3. For every u in S; and every v in Sy,

C*(u,1) = u and C*(1,v) = .

For every (u,v) in DomC*, 0 < C*(u,v) < 1, so that RanC* is also a subset of I.
Definition 2.4.3.2: A two-dimensional copula is a 2-subcopula C whose domain is I?.
Equivalently, a copula is a function C from I? to I with the following properties:

1.(Grounded) For every u,v in I,

C(u,0) =0=C(0,v) (2.2)

and

C(u,1) = u and C(1,v) = v. (2.3)

2. (2-Increasing) For every u,, us, vy, vy in I such that u, < us and vy < vy,

C(’LLQ,U2> — C(Ug,l)l) — C(Ul,vg) -+ C’(ul,vl) Z 0.

Sklar’s Theorem
The most important theorem for copulas is Sklar’s Theorem, Sklar (1959). Let H be an
n-dimensional distribution function with unidimensional marginal distribution functions

Fy, ..., F,. Then, there exists a copula C such that, for all x4, ..., z, in R",

H(zy,.yzy) = C(Fi(x1), ... Fp(xy)). (2.4)
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If Fi,..., F,, are continuous, the C' is unique. Conversely, if F}, ..., F, are distribution func-
tions and C' is a copula, the function H defined by the equation 2.4 is an n-dimensional

distribution function with marginal distribution functions F, ..., F},.

Archimedean Copulas

An Archimedean copula is an important class of 2-copula with a multivariate margin with
attractive properties. We will introduce the definition here according to Nelson (2006).
Definition 2.4.3.2: Let ¢ be a continuous, strictly decreasing function from I to [0, 0o]
such that (1) = 0. The pseudo-inverse of ¢ is the function ¢~ with Dome!=1 = [0, oc]
and Ranp[~! =T given by:

©H(1),0 <t < (0),

P (E) = (2.5)

0, ¢(0)<t<co.

Note that ¢!~! is continuous and nonincreasing on [0,0c], and strictly decreasing on

[0, »(0)]. Furthermore, ©[="(¢(u)) = u on I, and

Finally, if ¢(0) = 0o, then @[~ = o1,
Lemma 2.4.3.1: Let ¢ be a continuous, strictly decreasing function from I to [0, co] such
that (1) = 0, and let ¢[=Y be the pseudo-inverse of ¢ defined by equation 2.5. Let C be

the function from I? to I given by

Clp,v) = o pp) + o). (2.6)
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Then C satisfies the boundary condition in equations 2.2 and 2.3 for a copula.

Copulas of the form of equation 2.6 are called Archimedean copulas. The function ¢ is
called a generator of the copula.

Archimedean copulas are often investigated as families, parameterized by one-dimensional
or two-dimensional parameters. The most frequently encountered parameterized families of
Archimedean copula are the Clayton (1978), Frank(1979) and Gumbel (1958) families.

For example, the 2-dimensional Frank family is defined as: For (u,v) € [0, 1],

Clu,viB) = (In )~ In{1 +[(8" — 1)(8” — 1I/(8 — 1})

where § > 0 and 3 # 1.
In order to model the dependencies between marginal distribution functions, we can use
Sklar’s theorem. Let G, ..., Gz, denote the distribution functions at the points 71, ..., Z,,

and let H,, . be the joint distribution function of these distributions. Then, there exists

-----

an n-copula C such that, for all x4, ..., z,, belongs to R™. Then, we can have the following

form:

H., .. (21,..,2,) =C(Gg(x1),.... Gz, (x))

where (' is uniquely determined on RanGy, X --- x RanGy, for continuous G, 1=1,...,n.

2.4.4 Final Model and Estimation

After establishing the mixture models for distribution values and the copula to model de-
pendencies between marginal distributions, we have the final K clusters mixture models for

distributions:

K
H(wr, o @air) = 3 peCrl(GE (01:B8), s GE (5 65): By) (2.7)
k=1
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where 7 is the parameter associated with H(.), B, is the parameter of the copula C(.), and

b, ...,bl are the parameters associated with the marginal distributions G¥ (.),...,G% (.),

respectively. Note that in any case, any one of H(.), Cy(.) and G*(.) can be non-parametric.
Our goal is to seek the best grouping of the m distributions (observations) into K classes

P = (Py,...,Pk). There are many possible clustering criteria, such as the log-likelihood

criterion. In this case, the number of classes K is usually pre-specified.

After we choose the clustering criteria, we need to:

(1) Estimate the parameters b of the marginal distributions GZ_(.), i=1,...,n; k=1,...,K.

(2) Fix the copula models Cy(.), k=1,...,K.

(3) Estimate the associated parameters (3, when parametric copulas are chosen.

We address this process in detail in Chapter 3.
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Chapter 3

Model-Based Clustering for Symbolic

Data

3.1 General Methodology

In Chapter 2, we have introduced copula functions to describe the cumulative joint distri-
bution function of random variables and established the final mixture model equation 2.7
for clustering of distributions. Our goal is to find the best partitions of the m observations
(distributions) into K classes. Therefore, the main task is to estimate the mixture model of
equation 2.7 that best represents the groups of input data. Chapter 3 will introduce how to
estimate the mixture model equation 2.7 and the methods that will be used.

We will apply the partitional clustering method of the dynamic cluster algorithm (Diday
and Simon, 1976). This method optimizes an adequacy criterion which expresses the best
fitting between the clusters and their representation. It aims to obtain both a single partition
of the observations and the identification of a prototype (e.g., center) for each cluster at each
iteration. In our situation, in each iteration, the main job is to estimate the densities in the

current step based on the given criterion.
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There are many possible clustering criteria, W (P, ), where = is the corresponding set
of parameters. We will focus on two commonly used criteria.

Log-likelihood criterion (e.g., Symons, 1981) is:

Zln Zpkhk 7Fu(Zn)77k)
u=1

where hy, k = 1,..., K, is the cumulative density function of F,(Z;),i = 1,...,n, and py, k =
1,..., K, is the mixing probability.

Log-likelihood classification criterion (e.g., Celeux et al., 1989) is

ZZuepk 0 (Fu(Z2), o FulZ0)i )] (3.1)

where v* = (1, k = 1,..., K). Equation 3.1 does not include the mixing probabilities
P,k =1,..., K. It is more useful when we focus on seeking classes than on the whole density
estimation, since it uses the distribution functions hy, k =1, ..., K, directly.

Vrac et al. (2012) has proved that the dynamical clustering algorithm of the log-likelihood
classification criterion converges to a locally optimal solution in a finite number of iterations.

To illustrate, suppose we choose to use the log-likelihood classification criterion of equa-
tion 3.1, and suppose we apply a parametric copula. Then, we need to find the best partitions
to maximize the function 3.1. From the model of equation 2.7 and the optimization criterion

of equation 3.1, the final likelihood equation to be maximized should be:

dG iy o
o ZZ [{ =1 : Z;bf)} Xﬁxl...axn

k=1 uepy

(3.2)
XCi(GY, (21; BY), ..., G, (203 Y ); Br)] -

From equation 3.2, in order to estimate the parameters bf and B, with the proposed
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maximum likelihood based method, it is required to first determine:

(1) the marginal distributions G’%ﬁ_(), i=1,...,n, k=1,...,K. We will apply three
different methods: Empirical Density Estimation, Kernel Density Function and Parametric
Approach to estimate the marginal distribution functions.

(2) the copula models Ck(-), k= 1,..., K. Vrac et al. (2012) has proven that the Frank
(1979) family of copulas is a good choice. We will apply three other frequently encountered
parameterized families of Archimedean copula: Clayton (1978), Gumbel(1958) and Joe(1997)

in Section 3.3.

3.2 Estimation of Marginal Distribution G.(x)

Density estimation builds an estimate, based on an observed data sample, of some un-
observable underlying probability density functions. The unobservable density function is
considered as the density of a large population and the observed data are usually thought of
as a random sample of the population. Density estimation can either be parametric where
the data are from a known family, or nonparametric which is trying to estimate an unknown
distribution. There are many approaches to determining the distribution functions and the
corresponding density function. Here we will only introduce the empirical density estimation

method and the details of some other frequently used methods are illustrated in Chapter 4.

3.2.1 Empirical Density Estimation

By applying the empirical density estimation method, the marginal distribution G, (x) can be
estimated by extending the classical histogram approach to obtain the empirical frequency.
More details can be found in Silverman (1986).

In Chapter 2, we introduced the distribution function of distribution values (Definition

2.4.2.1). In equation 2.1, if Gz(x) is empirically modeled from v, the distribution function
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Figure 3.1: Observed Frequency Distributions

is obtained by

Gy(r) =P(F, e V;F(Z) <z,u=1,..,m)
_card(Fy € ;s Fy(Z) <w,u=1,..,m)
B card(1)) ‘

(3.3)

Figure 3.1 shows an example of m = 5 distributions {F,,u = 1,...,5} from Vrac et al.
(2012). Therefore, in this example, card(i)) = 5. Suppose we want to find the empirical
distribution when z=0.4 (the horizontal dotted line in Figure 3.1). That is, we want to
calculate the percentage of distributions whose values are smaller than or equal to 0.4 at
point Z;. For example, at point Z;, the values of F3(Z), Fy(Z;) and F5(Z;) are all smaller
than 0.4. Therefore, we have Gz (0.4) = 3/5. Similarly, we can have G~,(0.4) = 1/5.
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3.3 Estimation of the Copulas

3.3.1 Choice of Copula Function

We need to determine the form of copula functions Cy(:),k = 1,..., K, in the likelihood
equation 3.2. The simplest one parameter copulas are given first. Then, we focus on four
commonly used parameterized families of Archimedean copulas and two Elliptical copulas.
We first give the 2-dimensional function of copulas and introduce the process of driving the
multi-dimensional case. We also give the form of the derivatives to obtain the density func-

tions in equation 3.2 for 2-dimensional Archimedean copulas.

The Simplest Copulas

The simplest copulas are defined with three parts: M, II, W for the 2-dimensional case as:
M(p,v) = min(p,v), W(p,v)=pv, Wp,v)=maz(p+v—1,0). (3.4)

The form of equation 3.4 is a special case of some commonly used parametric families of

copulas. For example, the Clayton copulas is the special case with:
C,1:W, C():H, COOZM

(The function of Clayton copulas is given by equation 3.6 )
Archimedean Copulas
The Frank (1979) Family of Copulas

The 2-dimensional Frank family of copula is defined as: for (u,v) € [0, 1]",

Clu,vi ) = (Inf)~ In{1 +[(8" — 1)(B" — 1)}/(8 — 1)}) (3.5)
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where 8 > 0 and 8 # 1. The derivative is given by

P*C (8 —1)8"In g

Ondv (B =1)+ (B = 1)(8 = 1)"]
The Clayton (1978) Family of Copulas

The 2-dimension Clayton family of copulas has the form of:

C(p,v; ) = [max(p~" + v~ —1,0)] 7/ (3.6)

where 8 € [-1,0) U (0,00). The derivative is given by

0?C
oudv

=B+ D) (o) (P P 1)

The Joe (1997) Family of Copulas

The 2-dimension Joe family of copulas has the form of

Clp,vif) =1~ (1= + 1 =v)" = (1= p)°(1 = v)")" (3.7)
where 3 € [1,00). The derivative is given by

po  =p’((A-w'-1)a-v’-a-p’-p+1)

opov <<(1 ) 1) (1-v) - _M)/f) (v—1)

(~a—wf =g+ =P + (- w) (10"

X

The Gumbel (1958) Family of Copulas

The 2-dimension Gumbel family of copulas has the form of

O, v; B) = exp[—((—log(n))” + (~ log(v))")"/”] (3.8)
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where 5 € [1,00). The derivative is given by:

Elliptical Copulas

More details of elliptical copulas can be seen from Fang et al. (1987) and Cambanis et al.

(1981).

The Gaussian Copulas

The 2-dimension Gaussian copulas have the form of

283st 4 t2

Hw) ) _
/ / 52)1/2 exp{— W}ds dt (3.9)

where (3 is simply the usual linear correlation coefficeint of the corresponding bivariate nor-

mal distribution.

The t-Copulas

The 2-dimension t-copulas have the form of

=1 (1) . 2
/ ) / ﬂ2)1/2{1+ %}—(V—H)hds dt (3'10)

where (3 is similarly the linear correlation coefficient of the bivariate t-distribution.
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Usually, it is difficult to define high dimension (especially for more than two variables)
copula functions. However, an n-dimensional Archimedean copula, C(vy, ..., v,), is a function

from [0, 1]" to [0,1] satistying

C(vg, .y vp) = O ((vy) + - + d(v)). (3.11)

According to Diday and Vrac (2005), from equation 3.11, C,(vy, ..., v,,) satisfies

Cr(V1, ooy 1) = I (P (Cret (V1 ooy V1)) + () (3.12)

where

Cn-1(V1, .oy Upo1) = ¢n—1[_1}(¢n—1(0n—2(v1, ey Un—2)) + Gn_1(Vn—1))

and so on. Also, 0 < vy,...,v, < 1 and ¢;,7 = 1,...,n, is a continuous strictly decreasing
convex function. Therefore, copulas for n > 2 can be easily generated. In each iteration, ¢, (-)
and ¢,_1(-) can have different values for the parameters. In terms of estimation, suppose
C4(vy,v9; f1) is the link function for variables V; and V5 and Cy(+) is the link function for
Ci(+; 51) and V3, written as

Co(Ch(v1,v2; Br), vs; f2).

We first find the realization of Cy(+; 1) by estimating f3; as

{01(U117 V21, 31)7 ey C'1(1111\17 VanN; 31)}

Then, we estimate Cy(vy, Vg, vs; Bg) by estimating (. By doing this continuously, we can

obtain the estimation of C,(vy, ..., Uy; B) with 8 = (Bl, s Bn,l).
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3.3.2 Estimation of the Copulas

After specifying the copula functions C(.; Bx) in Section 3.3.1, in order to estimate those
parameters (3, it is necessary to maximize the term I (8y) which is given by
an

e(Br) = mck(GZ (215 0Y), .., Gy (3 ) Br)
k_Owk

where wf = G% (2;;0F),i=1,....n.

Some numerical methods will be used, if explicit expressions for Bk cannot be obtained.
We will focus on the Newton-Raphson method. For example, at each iteration s, s = 1,2, ...,
for the 2-dimensional Archimedean copula with B, = (8;,3%), k = 1,..., K, the iterative

relationship will be

V= B+ (B grad(BY), k=1, K,

where the information matrix is

—0°l(By- BY)

1(B) = ( 808!

), i,j=1,2 k=1,.. K,

and the gradient vector is

grad(fy) = = SL
k

=1,2, k=1,.., K.

Then, for n-dimensional copula functions, we can also apply the relationship of equation
3.12. Take w = (wy,...,ws3) with 3 variables Y = (Y7, ...,Y3) for example. Let us define the

copula C(wy,we; B1) as the link function between variables Y7 and Y3 and Cy(.; 53) as the

34



link function between C(.; 8;) and the variable Y3. Then, we have

Co(Ch(wr, wa; Pr), ws; fa).

With respect to estimation, we can first estimate 5, in C(.) and compute realizations of
C4(.), then move forward to estimate (5. With these continuing steps, we can have any

multi-dimension copula functions.
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Chapter 4

Density Estimation and Copula

Estimation

4.1 Density Estimation

Density estimation builds an estimate, based on an observed data sample, of some un-
observable underlying probability density function. The unobservable density function is
considered as the density of a large population and the observed data are usually thought of
as a random sample of the population. Density estimation can either be parametric, where
the data are from a known family of distributions; or nonparametric, which is trying to
estimate an unknown distribution. We will start with a parametric method and then follow
with three commonly used nonparametric estimation methods: histogram method, kernel

density estimation and penalized likelihood approaches.

4.1.1 Parametric Density Estimation

If we have prior knowledge of the underlying distribution of a random variable, then based

on the known form of the distribution function, the density estimation problem turns into a
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parameter estimation problem. The standard method of parameter estimation is maximum
likelihood estimation.

In maximum likelihood estimation, the main idea is to select the most likely parameter
values that achieve the largest likelihood of the observed data. This is also saying that
the method is maximizing the probability of obtaining the sample that has actually been
observed. Suppose the unknown parameters are 8. The parameters are unknown but fixed.

They completely defined the density function with n independent observations as
i=1
Then, the maximum log-likelihood estimator is:
0 = argmaz(In z;|8)) = argmax Inf(x;|0)).
g (Hf(!)) g7 (izl f(:]6))

The family of Gaussian densities parametrized by @ = (u, o) has the form of:

1 _@w?
\/2_6 202 —00 < x < 400,
O

f(x;0) =

and is the most popular parametric function to be used.

Another choice is the Dirichlet’s law. This is a multivariate generalization of the beta

distribution. Therefore, it has the form of, for the multivariate case,

rer1(1 — x)az_l

fz;b0) =
(l' ) fol yo‘171<1 . y)agfldy

, 0< <1,

where b = (ay, ap) are parameters with a; > 0, i = 1, 2. Therefore, the marginal distribution
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can be determined by

G(z;b) = /Ox f(t; b)dt.

In parametric estimation, f(z) is assumed to follow some parametric distribution and
then a frequent approach is to use the maximum likelihood method to estimate the un-
known parameters. The problem is if we do not have adequate knowledge of the appropriate
assumptions for the underlying distribution, when a bad assumption may lead to a totally
different estimation of the true density function. Therefore, various nonparametric methods

are good choices in this case.

4.1.2 Histogram

The histogram (Silverman, 1986) is the oldest and most widely used method of density
estimation. The main advantages are its extreme simplicity and speed of computation. A
histogram is an accurate representation of the distribution of numerical data. It uses a kind
of bar plot to represent the probability distribution of a continuous variable. The total area
under a histogram is normalized to 1. The most important step of constructing a histogram
is to divide the range of the continuous variable into a series of intervals, which are called
bins. Therefore, it is not smooth and can be very sensitive to the choice of bins. For a

random sample with n observations, the histogram estimate has the form as

number of bins

nh

fla) =

where h is the width of the bins.
Scott (1985) proposed a simple improvement to the classic histogram using an average
shifted histogram (ASH). This method takes m shifted histograms with explicit bin intervals
(m—1)h

with width h and origins of 0, & 22 ——=. It estimates the density as the arithmetic

Ym m)?
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mean of these m shifted histograms estimates as

3=

fASH(x) = Zfz(x)
i=1
Another form of weighted average shifted histogram (ASH) is to weight bins closer to the

data more highly and use all bins to estimate the density at each point as

mxn

waeightedASH(x) = % Z W(ll — .T)él(.iE)

i=1

where W is a weighting function, [; is the center of bin ¢, i = 1,...,m X n, and ¢é(z) is the
number of points in the corresponding bin. This provides a bridge between the histogram
and the advanced kernel methods (see Scott, 2009).

The ASH is smoother than the classic histogram and not very sensitive to the choice of
origin. It also has a better visual interpretation, better approximation and still is computa-

tionally efficient.

4.1.3 Kernel Density Estimation

The histogram method is piecewise constant, which is discrete and not smooth. By center-
ing a smooth kernel function at each data point, the kernel density estimation method is
improved. It sums all the smooth kernel functions to estimate the underlying density of a

random variable of size n as

fkernel(x) = n_:l}lZK(x;sz> (41)

where K (.) is the kernel and h is the bandwidth, which is also called the smoothing parameter
(Scott, 1997). According to equation 4.1, the kernel estimator is a mixture of n densities

where each density centers on a data point x;. The bandwidth A is the most important
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feature in kernel estimation. It produces smooth estimates when it is large and can be
overestimated when it is small. The effect of varying the bandwidth is illustrated in Figure
4.1. Three different bandwidths, h = 0.1, h = 0.3, and h = 0.6, are used for kernel estimates

of 200 simulated data from a bimodal density (see Silverman, 1986).
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Figure 4.1: Kernel estimate with bandwidth (a) 0.1 (top); (b) 0.3 (middle); (c¢) 0.6 (bottom).

From the geometric perspective, the kernel function K(.) determines the shape of each
density curve while the bandwidth h determines their width. Figure 4.2 shows the individual

density curve at each sample point and the overall estimate density by adding them up.

One way to select the value of the bandwidth A is by minimizing the average of the

integrated squared-error (IMSE) loss function as

1SE®) = [Uio) — )P = [ fiap =2 [ @)@+ [ i
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Figure 4.2: Kernel Estimate ( from Silverman, 1986).

However, since f(x) is to be estimated, it is not easy to implement this optimization
process. A general way of solving this problem is to use a resampling method, e.g., cross
validation over a pool of candidates. Therefore, this method of selecting the bandwidth is
called least-squares cross-validation. A more advanced way of varying the bandwidths for
different regions of the data according to the local sparseness can be found in Terrell and

Scott (1992). The kernel is a symmetric function which is integrated to one as

/Kzland /szO.

Therefore, any probability density that is square integrable can be select for the kernel. The
Uniform, Gaussian, triangle, and cosine fucntions are some commonly used kernel functions.

For a bivariate probability density function, the kernel estimator has a simple extension
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using K (x,y) as the kernel for size of n observations,

n

¢ hxhy rT—=x; Y—UY
erne ) = K )
Frerner (2, y) = — ; ( R )

where h, and h,, are different smoothing parameters (bandwidth) for each coordinate direc-

tion. More details can be seen in Silverman (1986).

4.1.4 Penalized Likelihood Approaches

The penalized likelihood method was first proposed by Good and Gaskins (1971) and further

developed by Silverman (1982), O’Sullivan (1988), Gu and Qiu (1993), and Gu (1993).
The maximum likelihood method is a standard statistical technique that is widely used in

various problems. The likelthood for a set of independent identically distributed observations

of size n with density function f is defined as

n

L(f| X1, Xn) = H f(X5).

i=1
However, since the likelihood has no finite maximum over the class of all densities, it is not
possible to use the maximum likelihood method directly for density estimation (Silverman,
1986). To illustrate this, suppose fy is the naive density estimate with window width equal
to half of the bandwidth h as %h; then for each i, we have

A

1
n(Xi) > e

and
1

n"rhn

H fh(Xi) >

— 00 as h — 0. (4.2)

Equation 4.2 means the likelihood can be made arbitrarily large by taking densities ap-
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proaching a mixture of m density functions as

m
1 {L’ — uZ
fpenalzzed = E
m —

where the densities are not limited to being centered on the data points (compared to the
kernel denisty estimation). Therefore, a penalized term should be added to restrict the
densities over which the likelihood is to be maximized. One approach is to define a penalized

term as

Here, R(f) is used to describe the roughness of the function f, where f” is the second

derivative of f. Then, by adding the penalty term, the penalized log-likelihood is defined as

n n —+00
= l0gf(X) — aR(f) = 3 logf (X)) - / (")

—0o0

where « is a positive smoothing parameter. The smoothing parameter o controls the amount
of smoothness in the density estimation. There are many available methods of selecting the

smoothing parameter, such as the Akaike Information Criterion (AIC) and cross-validation.

4.2 Copula Estimation

4.2.1 General Methods for the Estimation of Copula Functions

The empirical estimation of copulas is a hard and tricky task. Referring to the introduction
of copula functions in Chapter 2, we have learned that copulas include two main compo-
nents: a multivariate cumulative joint distribution function and the marginal cumulative
distribution function. One of the problems is that every marginal distribution of the un-

derlying random variables should be evaluated and considered together with an estimated
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multivariate joint distribution. Fermanian and Scaillet (2005) provided a discussion about
the unexpected effects with respect to the estimating procedure for copulas. Therefore, it is
important first to specify how to estimate separately the marginal distributions and the joint
distribution. Same as for univariate density estimation, with different assumptions, the esti-
mation of copula functions can be parametrically, semi-parametrically or non-parametrically
determined. It is obvious that a known marginal distribution is so much more helpful on
improving the results. However, if the marginal distributions are misspecified, the final esti-
mated probabilities will be underestimated, especially in the tails (Charpentier and Segers,
2006).

It turns out that the main job of estimating copula functions is to set up the framework for
the marginal cumulative distribution function (CDF) and the joint cumulative distribution
function (JCDF). Let us consider the estimation of a p-dimensional copula C, which is

C(u) = F(F (uy), ..., F_l(up))

p

where F' denotes the JCDF and F';, j = 1,...,p, denotes all the marginal CDF’s. Then, for

each marginal distribution F, we have

F~(z) = inf{z|F(2) > x}.

Suppose the observed sample for the p-dimensional random vector X = (Xi,..., X},) is
(X4),u =1,...,m. Then, for each marginal CDF, we can apply any one of the univariate
density estimation methods, such as the empirical density estimation, kernel density, para-
metric model estimation and so on. In the same way, the JCDF can be also modeled using

either of the methods for the multivariate case. For example, by using the kernel method,
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we have

where the p-dimensional kernel K(.) is such that

- [ T

for every © = (z1,...,x,) € RP. For the parametric method, it is assumed that the JCDF
follows a well-defined multivariate distribution indexed by a set of parameters 3. Therefore,
without any prior knowledge of the parametric assumptions, there is no obvious discriminant
between all these methods. However, from a different perspective, each estimation method
has its own strengths and weakness. When any of the marginal CDFs or the JCDF are
estimated empirically, it is difficult to have a nice visualization of the copula due to the
discontinuous feature common to an empirical CDF. What is more, the inverse function of
the marginal distribution does not have a unique solution. As long as there is one CDF
estimated empirically, the associated copula density cannot be derived because of the non-
differentiable copula function.

The kernel estimator largely depends on a smoothing parameter (e.g., the bandwidth
h). This estimator also has worse performance when the dimension of the variables becomes
larger in terms of convergence rates. When we have small dimensionality and a large sample
size, it has a better performance. What is more, it is more intuitive to describe the un-
derlying parametric distribution of the sample. Fermanian and Scaillet (2003) has detailed
information about the theory when both the marginal distributions and the joint distribution
are estimated by the kernel method.

For parametric model estimation, it is usual to have a parametric assumption for the
marginal distribution. People are free to choose a parametric family for the joint cumulative

distribution function (JCDF) and other marginal parametric families for each of the random
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vector. It is not necessary for all the parametric families to be related to each other and
they can be free of constraints. This is a way of the estimation procedure which is called
semi-parametric: the copula is a function of some parameter v = (3, by, ..., b,). It is known
that we can obtain the copula density c,, by taking the derivative of the copula function C,

with respect to each of its arguments as

where ¢, is the copula density with a set of parameters «v. The estimator of - can be given

by maximizing the log-likelihood

A

D log ey (Fi(@ur), ooy Fp(2up))-

u=1

4.2.2 Estimation of the Copula Density

After we have the estimated the distribution function C, of the copula, an estimate of the

copula density function can be obtained by

for every u € [0,1]P. However, this is only possible when the distribution function C is
differentiable. This is true if the marginal distrbutions and the JCDFs are estimated para-
metrically. Unfortunately, if either of them is estimated empirically or by some other non-
parametric ways of estimation, the final copula distribution is not differentiable. In this
case, the nonparametric estimation procedures for the density of a copula function should be
applied. Behnen et al. (1985) and Gijbels and Mielniczuk (1990) have proposed related theo-

ries. These theories depend on symmetric kernels and are not consistent with the boundaries
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of [0,1]7. Due to different sizes of the bandwidth h, the boundary bias can be significant.
Charpentier and Segers (2006) proposed some solutions to deal with such issues.

Let us take a kernel-based estimator of 2-dimensional copulas ¢(u,r) as an example.
The density is based on pseudo-observations (Fx,(X1;), Fx,(X2;)) where Fy, ,Fx, are the

empirical distribution functions

n n

Z]I(Xh < z) and Fy,(z

i=1 =1

1

Fy, (@) = n+1

< 1)

where Fy, (X1;) and Fx,(Xy;) are the ranks of the X ;s and the X,;s divided by n + 1, which

1 2 n
n+1'n+1’ n+1]"°

Instead of using n, the use of n+ 1 allows the avoidance of boundary problems (Charpentier

are

and Segers, 2006). With diagonal bandwidths, the standard kernel-based estimators of the

copula density ¢(u, ) based on pseudo-observations have the form

o) = o S g TN v Pl (4.3)

i=1
for a bivariate kernel K(.): R* — R, [ K(.) = 1. The variance of the estimator 4.3 is

asymptotically normal at every point (u,v) € (0, 1), i.e

&, v) — E(éu, v)) N0, 1).
Va?”(é(,u; V))

It is well known that the kernel estimation technique has a boundary bias which is under-
estimated around the boundaries. Charpentier and Segers (2006) shows the “ilI” underesti-
mation with a benchmark using the theoretical density of a Frank copula and the standard

Gaussian kernel estimator based on pseudo-observations. Figure 4.3 is the plot of a Frank
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copula with a Kendal tau equal to 0.5 and Figure 4.4 is the plot of the estimation density
based on 1000 observations drawn from a Frank copula using a Gaussian kernel estimator. It
is obvious to see the underestimation from the kernel density estimator when compared with
the real Frank copula density. A more detailed theoretical explanation of this phenomenon
is provided by Charpentier and Segers(2006).

For estimation in the univariate case, several techniques have been proposed to have a
better performance on the borders estimation issue: mirror image modification, see Schuster
(1985), Deheuvels and Hominal (1979); transformed kernels, (see Devroye and Gyorfi (1985),
Wand et al. (1991); and boundary kernels, see Gasser and Muller (1979), Rice (1984), Muller
(1991).

Figure 4.3: Density of Frank coplua (from Charpentier and Segers, 2006).

4.2.3 An Introduction of the R package copula

We have introduced general methods of density estimation for copula functions. It is impor-

tant to apply an appropriate copula function to describe the dependence structure between
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Figure 4.4: Estimation of copula density (from Charpentier and Segers, 2006).

the marginal distributions and to represent the joint distribution correctly. In this section,
we will introduce a good open-source implementation of copulas, which is the R package
copula. The R package copula is designed using the object-oriented features of the S lan-
guage (Chambers, 1998). It is publicly available at the Comprehensive R Archive Network
(CRSN, http:// CRAN.R-project.org/). The package provides an awesome designed and

easily applicable platform for multivariate modeling with copulas in R. (Yan, 2007)

Classes

There are two main classes defined in the package: copula and mvdc. The copula class
is used to define copulas and the mvdc class is used to define multivariate distributions via
copula.

The copula Class
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The two most frequently used copula families are Elliptical copulas and Archimedean copu-

las. Both Elliptical copulas and Archimedean copulas are defined in the packages.

An elliptical copula is a copula corresponding to an elliptical distribution by the Sklar’s
theorem. Fang et al. (1990) have a detailed discussion about elliptical distributions. In the
copula package, the normal copula (normalCopula) and the t-copula (tCopula) are imple-
mented for elliptical copula classes. They are specified by multivariate normal and multi-
variate t distributions. The dispersion structures are also well defined with different options:
autoregressive of order 1 (arl), exchangeable (ex), Toeplitz (toep) and unstructured (un).

For example, in the case of three variables with p=3 | the corresponding dispersion matrices

are:
L p1 pi L pi pm
pr 1 pi > pr 1 pif>
pi op1 1 propr 1
L p1 p2 L p1 p2

pm 1 p |, and pr 1 ps

p2 p1 1 p2 ps 1

where p;s are dispersion parameteres.
As we introduced in Chapter 2, an Archimedean copula is constructed with a generator
@ as
Clur, e up) = ¢~ H{p(wr) + - + p(ur)}

!'is the inverse of the generator. Nelsen (2006) provides the details of genera-

where ¢~
tors for various Archimedean copulas, summarized in Chapter 2. In the copula package,
one-parameter families, the Clayton copula, the Frank copula and the Gumbel copula are

implemented. The functions implemented in R for distribution and density of a copula

20



object are pcopula and dcopula.

The muvde Class

With given marginal distributions, the mvdc class is defined to build multivariate distribu-
tions from those marginal distributions. It has three major components: copula, margins,
and paramM argins, which specifies the copula function, the marginal distributions, and
the list of parameter values, respectively. The common distributions designed with basic
R functions can be used to specify the marginal distributions. Similarly, as for the object

copula, the R functions for distribution and density for mvdc are pmvdc and dmvdc.

Fit a Copula Model

In this package, the functions fitCopula and fitMvdc provide the estimation of copula
functions using three different methods: maximum likelihood estimate, inference functions
for marginal distributions and a canonical maximum likelihood method. All of these methods
are based on maximum likelihood estimates, which are used to select the candidate copulas

that have the highest likelihood (Frees and Wang, 2005).

Maximum Likelihood Estimate

With the help of functions loglikCopula and loglikMvdc implemented in the package,
the log-likelihood of the data under the specified copula functions can be evaluated. For
a p-dimensional copula function C with density function ¢ and marginal distributions Gj,

density function g;,j = 1, ..., P, the log-likelihood function is

Zzlog c{G1(Xi1;b1), ..., G,(X;p; bp); }+Zzlog g;(Xi;; b

=1 =1 j5=1
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where v = (3, b) is the parameter vector to be estimated. The maximum likelihood estimator
of v is

Yz = argmaz ()
~YEY

where Y is the parameter space. To obtain 4,,;, the estimation of the marginal parameters
separately for each margin will be used as an initial search for the starting values. Then,

the evaluated log-likelihood will be optimized using the optimization routine optim in R base.

Inference Functions of Margins (Joe and Xu, 1996))

The inference functions for margins (IFM) method is a two-stage estimation method. It is
called the IFM method because the optimality criteria are imposed on the functions instead
of the estimators in the estimating equations. It is known that the number of parameters
increases when the dimension increases. Therefore, the IFM method first estimates the

marginal parameters by maximum likelihood estimation for each marginal distribution as
n
birrm = argmaleog 9;(Xij3b5), 5=1,...,p,
J i=1

and then, in the second step, it estimates the parameters for the copula functions with the

estimated parameters in the first step as

BIFM = arggwx Z log C(Gl (Xil; BIFM); --'Gp(Xip; BIFM); 5)-

i=1

By using a two-stage approach, the number of parameters to be estimated is much smaller
in each maximization step. Each estimating equation is a score function from the marginal
distributions, which is the partial derivative of a log-likelihood function. This method is also

implemented with the fitCopula function in the package.
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Canonical Maximum Likelihood

The canonical maximum likelihood (CML) method is used when the marginal distributions
cannot be specified and a consistent estimation of the copula parameter 3 is important.
Instead of using parametric estimation, the CML method transforms the sample observa-
tions into uniform variates using a nonparametric estimation of the CDF of the marginal
distributions. This transformation is closely related to the empirical CDF. The transformed
data are used as if they had uniform marginal distributions. Therefore, we call them pseudo-

observations. Then, the parameter 3 is estimated by maximum likelihood as

Bonr = arggmelog (Ui, ..., Uip; B)

=1

where U;;,7 = 1,...,p, are the uniform marginal distributions. This CML method is also

defined with the fitCopula in the package.

Other Functions Defined in the Package
Random Number Generator

According to Sklar’s Theorem, random numbers of a copula function can be generated by
transforming each marginal distribution of a multivariate distribution with its probability
integral transformation. A general way of generating variables from a copula function is
to use a iterative conditioning method (Bouye et al., 2000). When the dimension becomes
larger with p > 2, Marshall and Olkin (1988) and Frees and Valdez (1998) proposed fast
algorithms for some commonly used Archimedean copulas. It is used when the inverse gen-
erator function ¢! is known to be the Laplace transform of some positive random variable.
The Copula package applies the R base function for a gamma variable generator and the
Fortran implementation of Nolan (2006) to generate positive stable variables. When p = 2,

negative association is allowed for Archimedean copulas, while only positive association is
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defined when p > 2. The function defined for the random number generator in the package

is rcopula for a copula and rmvdc for an mvdc object.

Graphics

Visualization is very important for presenting the results of copula functions. The package
scatterplot3d can be used to create the 3D scatter plot. The functions persp and contour

are defined in the copula package to describe density functions and distribution functions.
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Chapter 5

Algorithms of Model Based

Clustering for Distributional Data

5.1 Algorithms and Theories

We set out the basic theory and principles of the algorithms for model-based clustering for dis-
tributional data. Then, the algorithms are used in an extensive simulation study in Chapter
6. In Chapter 2 and Chapter 3, we established the model function for mixture decomposition
with the application of copulas. The description of the set of units F = {wy,...,wny} C Q
is the distributional data base {Fi, ..., Fx}. The {F},..., Fiy} is a sample of N observations
from a random variable Y such that Y (w)eF for w € €. The p-dimensional joint distribution
function is defined as H (z,4). The mixture decomposition problem of distribution functions
of distrbutions becomes: given the number of clusters K, find a partition P = (P, ..., Px) of
the distributional-data {F1, ..., Fiy } and the value of the coresponding parameters (v, ..., ¥5)

and the mixture ratios (pi, ..., px ), such that
K
H = Zpka(X/Yk)

k=1
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where Zszl pr = 1. The parameters v, = (bg, Bx) where by, is the set of paramters of the
chosen distribution family for the marginal distribution Gy (.) and By is the set of paramters

of the chosen copula family model Ck(.).

In order to estimate the paramteres, such that each class follows a joint distribution func-
tion Hy(.,7;), we need to obtain the density function hy(., k), with b = >, pehw(X, &)
where Zle pr = 1. However, there are many possibilities for the joint distribution func-
tion H. We should study carefully each possible combination of marginal distributions and
copula functions. If the joint distribution function H is differentiable, h(X) = H' (X) and
likewise, for k =1, ..., K,

he(X, ) = Hy (X, k)

If H is not differentiable, we should find the approximation of the density function. We will

illustrate the two cases separately in detail.

5.1.1 Joint Distribution Function When H is Not Differentiable

We know that the joint dstribution function of distributions H consists of two parts: the
copula function C(.) and the marginal distributions G(.), see equation 2.7. Therefore, if one
of them is non-differentiable, then the joint distritbuion function can not be differentiable.
Here, we introduce the method of finding an approximation of the joint density function. It
will be used when either the copula function or the marginal distribution is not differentiable

or both of them are not differentiable.

Approximation of the joint density function

Following Vrac (2005), we define a mapping a which measures the fit between a distribution

Y(w) = F,, and a given 2-dimensional joint distribution function of distribution Hy, ;, =

o6



C(Gy,, Gy,) € RT, by setting a variable a :  x [0,1]* — RT with
a(w,e) = [Y(w)R(e)C(Gy,, Gr,)] € RT
where € = (€1, 5) is a threshold. Here, z; = F(¢;) and R(e) are defined by
FLR(e)Hy, 1, = Vi, ,, (a, ),
with a = (x1 — 1,21 + €1) and b = (23 — &9, 22 + &2). Then, we have

F,R(e)C(Gyy, Gi,) =C(Gy (z1 + €1), Gy (22 + €2)) — C(Gyy (x1 + €1), Gy (12 — £2))
— C(Gy (71 — €1), Gp, (12 + €2)) + C(Gy (71 — €1), Gp, (22 — €2)).
(5.1)

From Definition 2.4.3.2, Gy, and Gy, are increasing; so we have
Gti (IEZ -+ 52‘) Z th(l'l — Ei).

Proposition (Vrac, 2005)

Let h be the density function of the random variable Y = (Y;,,Y:,). Let a(w,e) € [0,1]. If
Je = 4e1€9, then h.(x) = a(w,e)/0¢e is an approximation of h(z1,z2) and h.(x) — h(x) a.s.

when de — 0. (See Vrac, 2005 for a detailed proof.)

Then, we have
hi( X5 ¥ €x) Ok = ar(w; i, ex) = [V (W) R(ek)Cr(GY, (X1; bry ), G, (Xa; bry), B)]

where X = (X1, Xs) = (FL(t1), Fu(t2)), Fl = Y(w), v, = (by, B;) with by = (by,, b, , €5 =
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(€1, €9x) and Oep = 4eyegr. Therefore, in the non-differentiable case, the mixture decom-

position model becomes

h(X) = Zpkhk<X: Vir Ek)-

k=1
5.1.2 Joint Distribution Function When H is Differentiable

When the joint distribution function H is differentiable, the marginal distribution G(.) and

the copula function C(.) are both differentiable. Then, we have

OH(X)

OH (X5 i)
9X,..0X,

hX) = 0X,...0X,

and hk(X, ’yk) =
where v, = (bg, 8;). The mixture decompsition density equation becomes

h(X) = hi(z, 7).

In the case of one variable, we have

Hry,.1, (X, ) = ZmC’“ (G5, (X, b)), ..., Gh, (X, BE): By),

k=1

and the associated density function becomes

Z O"H, Z OG%, X b’f)
hT ~~~~~ Tn X ’Y pkalul au {
T k=1
o o
5 a4 X:b7), ... X:b%):
X 8#18[},n0k(GT1< ! 1)’ 7GTn< ) n)a/Bk:)

where n is the pre-defined dimension of T, yu; = G7,(X),i = 1,...,n. In the case of n = 2,

Gr = (Gn,Gr,) and Hr, 1, = C(Gr). Then, the derivative of the joint disribution function
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of distributions H is the derivative of C(Gr). This gives us

, O2Hrpy 1y (X)  02C(Cry(X), Gy (X
h(X) = Hy, g, (x) = ZHnn 2] TCEn 5, GnX)

_0Gn(X)  0Gr,(X)  0°C(Gr(X),Gr,(X))
= X X

where 1 = Gr,(X) and ps = Gp, (X).

In the case of more than one variable, suppose we have P variables {Y!, ..., Y} and n-

dimensional values 77, ..., TP, p=1,...,P. For each w € Q, and for each F, = (F}, ..., F),

we have
K
Higp . qp)(XF) = > RCH(GE (XP),..,Gh (X7)), p=1,..., P,
k=1
where, for each p =1, ..., P,

o H?

(Tlp ----- T’VIZ

(T7,...,TP?) for the variable Y?;

) is an n-dimensional joint distribution function of distributions at the point

e p is the k™ mixture ratio for the variable Y?, k =1, ..., K;
e (7 is the copula model of the cluster k for the variable Y? k =1, ..., K.

From each unit w;, i = 1, ..., N, we obtain a total of N pairs of P-dimensional probability

values of the distributions (H}

(T T&)(Xl), .., HP (XF)). Then, a mixture decompo-

(TF,... 1Y)
sition of distributions by copulas should be applied on this new database again to obtain the

final results in the case of more than one variable.
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5.2 Algorithms for Solving the Symbolic Mixture De-
composition Problem

We will first illustrate the whole struture of the symbolic mixture decomposition process,
which is the general partition steps of dynamic clusters (more details are given by Diday,
et. al., 1974). Then, we will move forward to introduce the detailed partition process for
each situation for one variable and then for more than one variable, and then when H is not
differentiable and differentiable.

The general partition process is defined in two steps with the input of a set of units
described by distributions, a given partition (P, ..., Px), a parametric or non-parametric
copula family and optionally a parametric distribution family. The output is a partition
and a copula model C' = (CY,...,Ck), k =1, ..., K, with estimated parameters for each class
and optionally a distribution model G with estimated parameters for each class at each
T;,j = 1,...,n. The criteria to be maximized is the log-likelihood classification criterion
(Celeux et al., 1989) given in equation 3.1. This criterion does not include the mixing prob-

ability term and uses the distribution functions hg, k& =1, ..., K, directly.

The partition process is formed as follows:
Step 1:
Initialize the parition as P° = (P, ..., PY).
Step 2:
Define the partition after the i iteration as P! = (P}, ..., P%). Then, the allocation step
consists of two steps:
Step 2 (a):
Estimate the parameters (v, ..., ¥x) by maximizing the chosen criterion based on P®, and

obtain P,EiH) and 'y,(fﬂ) for each cluster; and
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Step 2 (b):

Obtain the new partition {P,g”l)7 k=1,.., K}, where P,g“ﬂ) is

P = {Fy pi D b (Fus AVTY) = pH D by (Fus A YY) forall v # kv =1,.., K},

v

Step 3 :
When |[W (PU+D ~i+1) — W(PW ~%)| < ¢ for some predefined small value of €, the process

stops.

It can be shown that the algorithm converges when the criterion is bounded. Then, in
the following section of Chapter 5, we will illustrate in details for different situations by

applying different methods.

5.2.1 Partition Algorithm with Non-differentiable C(.) in the Case

of One Variable

When the copula function is non-differentiable, the joint density function of distributions
will be approximated. The marginal distribution G(.) can be estimated with an empirical
distribution or a parametric density esimation. The detailed partition process is described
as follows:

Step 1:

Initialize the parition as P° = (P, ..., PY) where the number of clusters K is pre-defined.
Step 2:

Define the partition after the ' iteration as P' = (P}, ..., PL). Then, the allocation step
consists of:

Step 2 (a):
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Obtain the cumulative distribution function of the marginal distributions by an empirical
distribution or a parametric density estimation. In the non-parametric case, this is estimated
with

Gy (x) = PUF € B |F(Ty) <z}), k=1,..K, j=1..n

Step 2 (b):
Estimate the parameters (3, ...0) of the copula functions Ck(.; B;), k = 1, ..., K, by maxi-
mizing

Zpkzth’)’k

= wePk

When n = 2, where T' = (T}, T»), the approximation of the density function is defined as

hie(X,v) =Ce((Gh, (m1 + 1), GF, (22 + €2)): By) — Cu((G, (21 + €1), G, (32 — £2)); By,)

— Ce((Gh, (21 — 1), GF, (22 4 €2)); Br) + Cu((GF, (21 — €1), G, (22 — €2)); By

where ¢; = (Maz Gk (F(T5)) — Min GE (F L (F'(T;)))/N. Therefore, in order to maximize

H(X,~), it suffices to find 8, which maximizes

Zpk Z hi (X, vy) Zpk Z Ce((G7, (71 +€1), G%(l‘z +€2)); Br)

k=1 wePy k=1 wePy

— Co((Gh, (1 + 1), Gl (22 — €2)), By) — Cul((G, (1 — €1), G, (32 + £2)); By,)

+ Ck((Gl%l (xl - 51)7 Glic“g(xQ - 52))7 IBk)
(5.2)

Step 2 (c¢):
Obtain the density function values hfzi (X,~) for each unit w;,7 = 1,..., N, under a certain
cluster k=1, ..., K.

Step 2 (d):
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Allocate each unit to the cluster with the largest density value and obtain the new partition
(P k=1,.. K}

Step 3 :

When |W (PU+D ~i+h) — W(PW ~1)| < ¢ for some predefined small value of €, the process

stops.

5.2.2 Partition Algorithm with Differentiable H in the Case of

One Variable

In the case of one variable, when both the marginal distributions Gi(.) and the copula func-
tion Cy(.) are differentiable for each cluster, the Hy, is differentiable. Here, we introduce the
detailed steps of the partition algorithm with a differentiable parametric copula function.
Step 1:

Initialize the parition as P° = (P}, ..., P)) where the number of clusters K is pre-defined.
Step 2:

Define the partition after the i iteration as P' = (P}, ..., Pi). Then, the allocation step
consists of:

Step 2 (a):

Define T values and obtain y;; = F;(1j),i =1,...,m,j = 1,...,n, where each F},i =1,...,m,
is a distributional-data unit represented by an empirical cumulative distribution. Figure
5.2.2 illustrates an example with 10 distributional-data units and 2-dimensional T values.
Then, the probability values y;;,7 = 1,...,m,j =1, ...,n, form a m x n matrix, which will be
used as the marginal distribution probability values for the next step.

Step 2 (b):

Select and estimate the parameters =4, ..., v by maximizing the log-likelihood function of
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The Distributions

1.0

prob

Ye2 = F(i(T').)

00 02 04 06 038

Figure 5.1: Example of distributional-data with 10 units and 2 dimensional T as F;(7}),i =
1,..,10,j =1,2.

the n dimensional candidate copula functions based on observations y;;,7 = 1,...,m,j =
1, ...,n, for each cluster.

Step 2 (c):

Fit the selected copula model from Step 2(b) and obtain density values h,.(X,7),i =
1,....N, k=1, .., K, for each unit under each copula function of a certain cluster k. Allocate
each unit to the cluster with the largest density value and obtain the (i+ 1) partition result
(P k=1, K}

Step 3 :

When |W (PU+D ~i+1) — W(PW ~%)| < ¢ for some predefined small value of €, the process

stops.
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5.2.3 Partition Algorithm with Differentiable H in the Case of

More Than One Variable

Since the joint distribution function H is differentiable, the estimation process of the para-
metric copula function is similar to the one variable case. However, in the case of more than
one variable, the copula function should be applied twice to represent the joint distribution
function of distributions. Suppose we have P-dimension variables X!, ..., X*. The detailed
partition process is as follows:

Step 1:

Initialize the parition as P° = (P, ..., PY) where the number of clusters K is pre-defined.
Step 2:

Define the partition after the i iteration as P' = (P}, ..., Pi). Then, the allocation step
consists of:

Step 2 (a):

Define n-dimensional T values for each variable X? and obtain yfj =F/(T;),i=1,..,m,j =
1,..,n,p=1,..., P, where each F',i =1,...,m, is a distributional-data unit represented by
an empirical cumulative distribution. Then, we have in total P m x n matrices of the prob-
ability values yfj,i =1,...m,5 = 1,...,n, which will be used as the marginal distribution
probability values for the next step.

Step 2 (b):

Select and estimate the parameters {7/, ..., 4%} by maximizing the log-likelihood function
of n dimensional candidate copula functions based on yfj,i =1,....m,7 = 1,...,n, of each
cluster for each variable.

Step 2 (c):

Fit the selected copula models for each variable from Step 2(b) and obtain the P-dimensional
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probability values as:

(Gl(yil’Tllv "'7yi1,T,.1L)7 ceny Gp<y’i[:)T1P7 ""yfo)’ = 1, 7N) (53)

for each unit under the copula function of a certain cluster.

Step 2 (d):

Select and estimate {74, ..., Y5 } by maximizing the log-likelihood function of the P-dimensional
candidate copula functions based on probability values obtained from Step 2(c) (equation
5.3) for each cluster. Fit the selected copula models for each cluster and obtain density val-
ues hwf(X,'y),i =1,...,N,k=1,..., K, for each unit under the copula function of a certain
cluster.

Step 2 (e):

Allocate each unit to the cluster with the largest density value and obtain the (i + 1)
partition result {Péiﬂ), k=1,.. K}.

Step 3 :

When |W (PO+D ~i+h) — W(PW ~%)| < ¢ for some predefined small value of €, the process

stops.

The R code is available for each algorithm in the appendix. In the next Chapter 6, we

will apply these algorithms for a variety of data sets to further illustrate the details.
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Chapter 6

Simulation Study and Applications

In this chapter, we first present some simulation results for one-dimensional data X; with
mixed clusters in section 6.1 and two-dimensional data X, X5 in section 6.2. Then, in section
6.3, we consider the general multi-dimensional case X, ..., Xp. In each case, we will apply

the respective algorithms described in Chapter 5.

6.1 Simulation Example: Mixture Decomposition for
One Dimensional Data X;

For one-dimensional data, we first introduce a simulation example when the copula function
C'(.) is non-differentiable and the marginal distribution G(.) is estimated with an empirical
distribution (with mixed clusters in section 6.1.1 and with one outlier cluster in section 6.1.2)
and by the parametric method (in section 6.1.3). Then, we consider the parametric copula

estimation algorithm for one-dimensional data in section 6.1.4.
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6.1.1 Example 1: G(.) and C(.) are both non-differentiable for

mixed clusters

In this example, we will show how to do the mixture decomposition for one-dimensional data
with mixed clusters when the marginal distribution G(.) and the copula function C(.) are

both non-differentiable.

Data Simulation

We first simulate the random sample from two normal distributions as follows:

a) Generate 300 data points randomly from a normal distribution with mean = 2, and
variance = 16.

b) Generate 200 data points randomly from a normal distribution with mean = 10 and
variance = 9.

c) Combine the two data sets and obtain the final data set.

Figure 6.1 shows how the data look like; the x-axis represents the observation number and
the y-axis gives the observation value. The overlap in cluster values is evident. Our goal is to
partition this simulated data set into two clusters with the symbolic mixture decomposition

with the algorithm described in section 5.2.1.

The Symbolic Mixture Decomposition

The set of 500 classical observations was subdivided into five sets of 100 observations each,
taking observations 1,...,100 for set 1 (wy),..., and observations 401,...,500 for set 5 (ws). Sup-
pose the symbolic data set is defined by five units w;, each one described by a distribution
F;, which is the cumulative distribution of every 100 single value of points. The five distri-
butions are displayed in Figure 6.2. From equation 2.7, we have the final K = 2 clusters

mixture models for distributions. We want to estimate the mixture models and seek the best
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Figure 6.1: Scatter Plot of Simulated Data.
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Figure 6.2: The Five Distributions.
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grouping of the five units into K = 2 classes.
We use the family of the simplest copulas’ parametric model (given in equation 3.4) with

one parameter § as (more details are given by Nelsen, 2006)

min(/% V)) ifg=1,
Ck’(,ua V) =
max(p + v +1,0), if 5=0.

From Figure 6.2, we can see the cumulative distribution curves of the five distributional
data. In order to partition these five units into two clusters, we need an extra axis T to
describe the behavior of each unit and also their relationship to find the best grouping of
them. After defining the dimension n of T to be n = 2, in this example as T' = (T}, T»), we
need to choose the values of each T. Intuitively, a good choice of T is to represent distinct
cumulative values of F;(T'),i = 1,...,5, in order to have a more clear separation based on
these values. What is more, it is better to let different T’s describe different areas of the units
to cover more properties of each unit. For example, the two vertical dotted lines in Figure
6.2 show the locations of selected T values for this example, where T} = 0 and T5 = 10. Both
of them show clear distinct classes of representing the cumulative values of the five units and
they are separate from each other with some distance to describe the lower value and also

higher values, respectively.

The marginal distributions of F;(7}),7 = 1,...,5,j = 1,2, are derived by their empirical
distribution using equation 3.3. Here, we assume there will be two clusters for the simulated
data with P = (P, P,), Py is the k'™ cluster in the partition and p, is the associated
probability and «y, is the parameter of the density hx(.) with £ = 1,2 (as shown in equation

6.1),
2

2
Wy, woy) = > helwn, w257) = > prei(GE (15 0Y), G5, (22:85); 8,)  (6.1)
k=1

k=1
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where ~, = (b, 3,.). In this case, H is not differentiable and so we estimate the copula pa-
rameters by maximizing equation 5.2, where e = (1 —0.5)/5 =0.1 and g5 = (1 —1/3)/5 =~
0.1.

Suppose the initial partition is given as P = (wy,ws) and Py = (w3, wy, ws).
Step 1: By maximizing the criterion of equation 5.2, we first need to calculate the values of
hi(X,~), k= 1,2, for each cluster under different values of 5 = 0 and 5 = 1 and then select
the parameter for each cluster with the highest value of hy(X,~). Since we only have the
parameter for the copula function and there is no parameter for the marginal distributions by
using empirical distritbuions, hy(X, ) equals hi(X, 5). This means 3 is the only parameter
that we need to estimate in this case. For example, for the first cluster P = (w;,ws), when

£ =0, we have:

UJiEPlO

= Y max(Gy, (zi +&1) + Gp, (w32 + £2) + 1,0)

w;,t=1,2
— maX(G}ul (xil + 81) + G%b (l’ig — 52) + 1, O)
— max(G%l (x,-l — 81) + G%wz (.Clﬁig + 62) -+ 1, O)

+ maX(G%pl (33“ — 51) + G%WQ (.TZ'Q — 62) + 1, O) =1

where X; = (i1, 2ia), 215 = Fi(T}),i = 1,2, for the first cluster and G%, (v) = PT(F?JTG,I;%), k=
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1, for the first cluster. Similarly, when 3 = 1, for the first cluster P{ = (wy,ws), we have:

wrgEP{)
= Z mlIl(G%ﬂl (ZL’ﬂ + 51), G%Q (JJZ'Q —+ 62)) — mlH(G%ﬂl (xil + 81), G%B (xiQ — 62))
w;,t=1,2

— min(Gr}1 (xp — 1), G%pz(a:ig +e9)) + rnin(GlT1 (xn — 1), G1T2 (T2 — €2)) = 1.

For the second cluster Py = (ws,wy,ws) and 8 = 0, we have:

ha(X,7) = Y hi(X,8=0)

wj EP20

= Z IIIEELX(G%«2 (.CE“ + 51) + G%z(xiz + 82) + 1, 0)

Wi i=3,4,5
— max(GH, (zi + 1) + Gh,(zi2 — €2) + 1,0)
— max(G?pl (ZL’ﬂ - 51) + G%2 (IZ'Q + 52) + 1, O)

+ maX(G% (.Tﬂ — 61) + G%Q (l’ig — 82) + 1, O) = 2/3

Finally, when 8 = 1, we have:

wiGPg

= Z m1n(G2T1 («Iil + 61), G%Q (l’ig + 52)) — mln(G% (ZL‘il + 81), G%B (I’ig — 62))
w;,i=3,4,5

— mln(G?pl ($i1 — 51), G%Q ($i2 + €2)> -+ mln(G% ($i1 — 51), G%Q (l’ig — 82)) =1.

Table 6.1 summarizes these results.

In order to maximize the likelihood of the mixture model with the associated probability
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Table 6.1: Induction of the copulas from the initial partition.

Class Copula | hi(X,7)
PP:(wl,wg) 6:0 1
B=1 1
Pz():(ngw47w5) 6:0 2/3
B=1 1

for each cluster, we need to further calculate the likelihood

L(X,v) = Z Pl (X, v,) = Z pehi(X, B)

k=1,2 k=1,2

for different combinations of 5. For example, when § = 0 for the first cluster and 5 = 0 for

the second cluster, we have:
L(X,v)=p1 X hi(;8=0)+pa x ho(.;8=0) = (2/5) x 1+ (3/5) x (2/3) =4/5

where p; = 2/5 and p, = 3/5. These values for p; and py are because we assume the initial
partition is P = (w1, ws) and Py = (w3, wy,ws). Likewise, we can calculate this likelihood
L(X,~) for other combination of 5 values. The results are shown in Table 6.2. From
these results, we see that hy(X,5 =0) and heo(X, 8 =1) or hy(X,8 =1) and he(X,5 =1)
achieve the best performance with the largest likelihood L(X,-y), which means for the initial

partition, they are the best parameters.

Step 2: After estimating the parameters, each unit w;,i = 1,...,5, will be evaluated
under each estimated cluster model. Then, a unit will be allocated into the cluster for

which the unit achieves the best performance (largest value of the density function).This
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Table 6.2: Likelihood L(X,~) for different combinations of Jj.

First Cluster : 8 =0 First Cluster : § =1
Second Cluster : 5 =0 | 1%(2/5)+(2/3)*(3/5)=4/5 | 1*(2/5)+(2/3)*(3/5)=4/5
Second Cluster : § =1 1*(2/5)+1*%(3/5)=1 1*(2/5)+1*(3/5)=1

involves looking at combinations of values for 3 in each cluster. For this step, we only
illustrate the calculation for the case that hy(X,5 = 1) and ho(X, 3 = 1); the cases that

hi(X,B8 =0) and he(X, 5 = 1) are done similarly.

When hy (X, 5 =1) and ho(X, 8 = 1), Ci(.) = Ca(.) = min(p, v), hy, (X, ) is evaluated

under a certain cluster k, k = 1,2, for each w;,i =1, ...,5, as

he (X, ) =C((G}, (z1 + €1), G, (w2 + £2))) — C((GF, (1 + 1), Gy, (2 — €2)))
— C((Gh (21 — 1), Gf, (22 + €2))) + C((GR, (1 — £1), Gy (2 — £2))) (62)
= mln(Glfpl (1‘1 + 81), G%(mz + 82)) — mln(G% ([L’1 + 61), G]';b (1‘2 — 62)) .

—min(GY, (v1 — €1), Gi, (22 + €2)) + min(GY, (z1 — £1), Gy (22 — €2)).

Table 6.3 shows all these results of Al (X, ) for the five units w;,i = 1,...,5, under the
two clusters, & = 1,2. The last column of the table shows the membership of class with
the highest h(’fji (X, 7). For example, the third unit ws has a larger density value under the
first cluster (with hy(X,~) = 1/2) than under the second cluster (where hy(X,v) = 1/3).
Therefore, the unit ws is allocated to the first cluster. Remember the unit ws is assumed to
be in the second cluster with a wrong label in our initial partition and it is now placed into
its true cluster by our algorithm.

Then, the new partition is updated to P} = (F, Fy, F3) and P} = (Fy, Fy).
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Table 6.3: Allocation of each unit to the best fit class.

Unit | h,, (X,7) | b, (X,v) | Class membership
w1 1/2 0 P1
W 1/2 1/3 P,
ws 1/2 1/3 P,
e 0 1/3 P,
Ws 0 2/3 P2

Step 3: Repeat Step 1 and Step 2 under the updated partition and calculate the h,, (X, ~)
for each unit ¢ = 1, ..., 5. The results show that there are no more reallocations and therefore
the final partition should be P} = (w;,ws,w3) and Py = (w4, ws). This is exactly the true sim-

ulated partition, which demonstrates the success of our algorithm introduced in section 5.2.1.

6.1.2 Example 2: G(.) and C(.) are both non-differentiable for one

outlier cluster

In this example, we will show how to do the mixture decomposition for one-dimensional data
when one cluster is an outlier with non-differentiable marginal distribution G(.) and copula

function C(.).

Data Simulation

We first simulate the random sample from two normal distributions as follows:
a) Generate 700 data points randomly from a normal distribution with mean = 2, and
variance = 16.

b) Generate 300 data points randomly from a normal distribution with mean = 30 and
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Figure 6.3: Scatter Plot of Simulated Data.

variance = 9.

c) Combine the two data sets and obtain the final data set.

Figure 6.3 shows how the data look like; the x-axis represents the observation number and
the y-axis gives the observation value. It is obvious that the two clusters are separate from
each other with some distance. Our goal is to see if we first assign some of the observations
from the first cluster (the blue one in Figure 6.3) to the second cluster (the pink one in
Figure 6.3), will the algorithm described in section 5.2.1 can re-allocate them back to the

right cluster.

The Symbolic Mixture Decomposition

The set of 1000 classical observations was subdivided into twenty sets of 50 observations

each, taking observations 1,...,50 for set 1 (wy),..., and observations 951,...,1000 for set 20
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(wap) as summarized in Table 6.4. Suppose the symbolic data set is defined by twenty units
w;, each one described by a distribution Fj, which is the cumulative distribution of every 50
single value of points. The twenty distributions are displayed in Figure 6.4. From equation
2.7, we have the final K = 2 clusters mixture models for distributional-data. We want to
estimate the mixture models and seek the best grouping of the twenty units into K = 2
classes.

We also use the family of the simplest copulas’ parametric model (given in equation 3.4)

with one parameter  as (more details are given by Nelsen, 2006)

min(“’? V)> 1fﬁ =1,
Ck(ru’a V) =
max(u + v+ 1,0), if 5 =0.

From Figure 6.4, we can see the cumulative distribution curves of the twenty units (dis-
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Table 6.4: Simulated Data for Non-parametric Estimation of One Dimension Case Xj.

Class | # sample (single value of points) | Distribution | #original observations | # units

1 700 Normal(2,4) 50 14

2 300 Normal(30, 3) 50 6

tributional data). In order to represent the properties of the units, we need an extra axis T
to describe the behavior of each unit and also their relationship to find the best grouping of
them. After defining the dimension n of T to be n = 2, in this example as T' = (T}, T»), we
need to choose the values of each T. Intuitively, a good choice of T is to represent distinct
cumulative values of F;(T'),7 = 1,...,20, in order to have a more clear separation based on
these values. What is more, it is better to let different T’s describe different areas of the units
to cover more properties of each unit. For example, the two vertical dotted lines in Figure
6.4 shows the locations of selected T values for this example, where T} =5 and T; = 25.
Both of them show clear distinct classes of representing the cumulative values of the twenty
units and they are separate from each other with some distance to describe the lower value

and also higher values, respectively.

The marginal distributions of F;(7}),i =1, ...,20,j = 1,2, are derived by their empirical
distribution using equation 3.3. Here, we assume there will be two clusters for the simulated
data with P = (P, P,), P, is the k" cluster in the partition and p, is the associated
probability and 4, is the parameter of the density hx(.) with & = 1,2 (as shown in equation
6.3),

2

2
h($1,$2;’)’) = Z hk(xly IQ;’Yk) = Zpkck(Ggl (151; blf)y GZ (xz; bg)? /Bk) (6-3)
k=1

k=1

where 7, = (bk, B:)- In this case, H is not differentiable and so we estimate the copula pa-
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Table 6.5: Assignment of Starting Partition.

Class | True Partition | Starting Partition
1 Pl — (w17"'7w14) Pl(): (Wl,...7w10)

2 Py = (wip, ...y wg) | Py = (w1, .., wao)

rameters by maximizing equation 5.2, where ey = (1—0.1)/10 = 0.09 and 5 = (1—0.2)/10 =
0.08.

Suppose the initial partition is given as P = (wy,...,w1p) and Py = (wiy, ..., wa). We
assign (w11, ..., w14) to the wrong cluster and hope to see they will be re-allocated to the right

cluster as summarized in Table 6.5.

Step 1: By maximizing the criterion of equation 5.2, we first need to calculate the
values of hy(X,7), k = 1,2, for each cluster under different values of § = 0 and § = 1
and then select the parameter for each cluster with the highest value of hy(X,~). Since we
only have the parameter for the copula function and there is no parameter for the marginal
distributions by using empirical distritbuions, hy(X, ) equals hy(X, ). This means 3 is
the only parameter that we need to estimate in this case. For example, for the first cluster

P = (wy,...,w1p), when = 0, we have:
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m(X,7) = > hi(X,8=0)

wiEP{)
= Z HlaX(G%vl (331‘1 + 81) -+ G:lle (1’12 -+ 52) + 1, 0)
w;i=1,...10

— max(Gy, (zin + 1) + G (22 — €2) +1,0)
— maX(GlTl (xil — 51) + G%b (l’ig + 52) + 1, 0)

+ maX(GlTl(xﬂ —e1) + G},Z (ri0 —e9) +1,0) = 6.8

where X; = (21, 2:2), xi; = F;(1}),i =1, ..., 10, for the first cluster and G’% () = Pr(F‘("ﬁ_I;Qz), k=

1, for the first cluster. Similarly, when 8 = 1, for the first cluster P} = (wy, ..., w10), we have:

wl‘EP{)

= Z mln(G%«l (xil + 61), G%vg (CL’Z‘Q + 52)) — mln(G%«l (ZEil + 81), G%Q (ZL’@Q — 62))
w;,i=1,...10

— mm(Gflpl (iL‘il — 81), GlewQ (l’ig -+ 52)) + mm(Gclpl (wil — €1>, G%b (.’171'2 — EQ)) =6.8.

For the second cluster Py = (wyy, ..., wy) and 3 = 0, we have:

ho(X,7) = Z hi(X, 8 =0)

wiEPS
= Z maX(G?FQ ($il + 51) + G%Q (.’131'2 + 62) + 1, O)
w;,i=11,...20

— max(G7, (za +&1) + Gh(zi2 — €2) +1,0)
— HlaX(C;'%1 (C(Iﬂ — 61) + G%Q(I'ig + 82) + 1, 0)

+ maX(G2T1 (Iil — 51) + G%«Q (ZL‘Z'Q - 62) + ]_, 0) =1.2.
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Table 6.6: Induction of the copulas from the initial partition.

Class Copula | hi(X,7)
P{):(wl,...,ww) 5:0 6.8
B=1 6.8
PQOZ (wn,...,wgo) 5:0 1.2
B=1 4.4
Finally, when § = 1, we have:
wiEPQO
= Z mm(G% (Zl'il -+ 81), G%ﬂz (Q?ig + 82)) — mln(G%l (xil -+ 81), G%2 (l’ig — 82))
w;,i=11,...,20

— m1n(G2T1 (xil — 61)7 G%Q (l’ig -+ 82)) + HllIl(G%«l (xil — 51), G%«Q (l’ig — 52)) =44.

Table 6.6 summarizes these results.
In order to maximize the likelihood of the mixture model with the associated probability

for each cluster, we need to further calculate the likelihood

LX) = > peha(X,vi) = Y puhu(X, B)

k=1,2 k=1,2

for different combinations of 3. For example, when § = 0 for the first cluster and g = 0 for

the second cluster, we have:
LX,v)=p1 X h(58=0)+psx ho(;86=0)=(1/2) x6.84(1/2) x 1.2 =141

where p; = ps = 1/2. These values for p; and ps are because we assume the initial parti-

tion is P = (w1, ...,wig) and PY = (w1, ...,wy). Likewise, we can calculate this likelihood
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Table 6.7: Likelihood L(X,~) for different combinations of Jj.

First Cluster : § =0 First Cluster : =1
Second Cluster : f =0 | 6.8%(1/2)+1.2%(1/2)=4 | 6.8%(1/2)+1.2%(1/2)=4
Second Cluster : f =1 | 6.8%(1/2)+4.4%(1/2)=5.6 | 6.8%(1/2)+4.4%(1/2)=5.6

L(X,~) for other combination of /5 values. The results are shown in Table 6.7. From these
results, we see that hy (X, 5 =0) and hao(X, 8 =1) or hy(X, 5 =1) and hy(X, 8 = 1) achieve
the best performance with the largest likelihood L(X,~y), which means for the initial parti-

tion, they are the best parameters.

Step 2: After estimating the parameters, each unit w;,7 = 1,...,20, will be evaluated
under each estimated cluster model. Then, a unit will be allocated into the cluster for
which the unit achieves the best performance (largest value of the density function).This
involves looking at combinations of values for 3 in each cluster. For this step, we only
illustrate the calculation for the case that hy(X,5 =1) and ho(X, 3 = 1); the cases that

hi(X, 3 =0) and ho(X, 8 = 1) are done similarly.

When hy (X, 5 =1) and ho(X, 5 =1), Ci(.) = Ca(.) = min(u, v), hy, (X,7) is evaluated

under a certain cluster k, k = 1,2, for each w;,i =1, ..., 20, as

he (X, ) =C((G}, (w1 + €1), G, (w2 + £2))) — C((GF, (1 + 1), G, (2 — €2)))
— C((Gh, (21 — 1), Gh, (22 + €2))) + C((GY, (1 — £1), G, (2 — £2))) (6.4)
= min(G%, (z1 + &1), G, (22 + €2)) — min(Gh, (21 + &1), G, (22 — €2)) |

— min(G, (21 — €1), Gi, (22 + €2)) + min(GY, (z1 — £1), Gy (22 — €2)).
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Table 6.8: Allocation of each unit to the best fit class.

Unit | h,, (X,7) | b, (X,v) | Class membership
W11 0.6 0.1 P1
W12 0.4 0.3 Pl
w13 0.7 0.3 P
W14 0.4 0.3 P

Table 6.8 shows the results of hii (X, ~) for the four units w;, i = 11, ..., 14, that are incorrectly
assigned under the two clusters, k = 1,2. The last column of the table shows the membership
of class with the highest hii (X,7). We can see that all the four units have a larger density
value under the first cluster than under the second cluster. Therefore, the unit wq1,...w4
are allocated to the first cluster. Remember these four units are assumed to be in the second
cluster with a wrong label in our initial partition and it is now placed into its true cluster
by our algorithm.

Then, the new partition is updated to P} = (wy, ...,w14) and P} = (wys, ..., ws)-

Step 3: Repeat Step 1 and Step 2 under the updated partition and calculate the h, (X, )
for each unit ¢ = 1,...,20. The results show that there are no more reallocations and there-
fore the final partition should be P} = (wq, ...,wi4) and Py = (w5, ...,wso). This is exactly
the true simulated partition, which demonstrates the success of our algorithm introduced in

section 5.2.1.
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6.1.3 Example 3: G(.) is differentiable and C(.) is not differentiable

When the marginal distribution G(.) is differentiable and C(.) is not differentiable, the
joint distribution function of distributions H is also non-differentiable. We will still use
the approximation of the joint density function to model h(X,~) as in equation 5.1. The
marginal distribution G(.) will be estimated with a parametric approach. The algorithm
that we use in this example is also the one described in section 5.2.1 (same as in example
1). The main difference is the parametric estimation of the marginal distribution, while we

use the empirical distribution as in example 1.

Data Simulation

In this example, we simulate the random sample from three normal distributions as below:
a) Generate 700 data points randomly from a normal distribution with mean = 2, and
variance = 16.

b) Generate 300 data points randomly from a normal distribution with mean = 10 and
variance = 9.

¢) Generate 500 data points randomly from a normal distribution with mean = 15 and
variance = 25.

d) Combine the two data sets and obtain the final data set.

Figure 6.5 shows how the data look. The z-axis is the index from 1 to 1500 and the y-axis
represents the values of the simulated data. It is obvious to see that group 2 and group 3
have a large area of overlapped data points in the direction of the y-axis. Our goal is to
partition this simulated data set into three clusters with the symbolic mixture decomposition

algortihm.
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The Symbolic Mixture Decomposition

The set of 1500 classical observations were subdivided into fifteen sets of 100 observations
each. Suppose the symbolic data set is defined by 15 units w;,7 = 1, ..., 15, each one described
by a distribution Fj,i = 1,..., 15, which is the cumulative distribution of every succesive 100
single values points. The distributions are given in Figure 6.5. In order to partition these
fifteen units into three clusters, we also need an extra axis T as for example 1. After defining
the dimension n of T, where n = 2 in this example as T' = (T}, T»), we need to choose the
values of each T. Here, we define 77 = 5 and T5 = 15 to represent distinct cumulative values
of F;(T),i=1,...,15, in order to have a more clear separation. The two vertical dotted lines
in Figure 6.6 show the locations of selected T values for this example, specifically, 77 = 5
and Ty = 15. Both of them show clear distinct classes of representing the cumulative values
of the fifteen units and they are separate from each other by some distance to describe the
lower value and also the higher values, respectively.

We first assume that the marginal distribution G*7(.,by) follows a normal distrbution
with mean s and variance o7, with b, = (i, 03) for each cluster P of the partition at a
given T. The paramters are estimated by maximum likelihood estimation based on the value
of the points obtained by F;(1j), i =1,...,15, j = 1,2, for each given T}.

We also use the family of copula parametric models with one parameter 5 (from equation

3.4) as:

min(p,v), if g =1,
Cu,v) =
max(pu + v +1,0), if 5=0.

Since the copula function is non-differentiable, we still use the approximation of the
density function by using equation 5.1. We start the partition as P = {wy,...,ws}, Py =
{wr,...,wi1} and PY = {wya, ...,wi5}. Note the true partition is P/™¢ = {wy, ..., wr }, Pi™e =

{ws, ...,wio} and Py = {wy, ..., w5}, which means our main purpose is to see whether we
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can move units w; and wy; back to the right place.

Step 1: The marginal distribution is assumed to follow a nomal distribution with b, =
(pr, 02) for each cluster By, We first estimate the marginal parameters by using the maximum
likelihood estimation method. Then, by maximizing the criterion of equation (5.2), where
Xi = (va,xi2),xy; = F;(1)),i = 1,...,15, for each w; and Sy, we compute hy(X,~), k =
1,2, 3, for each cluster under different values of § = 0 and § = 1. Then, we will select the
parameter with the highest value of hy(X, ). For example, when 5 = 0, for the first cluster,

we have:

wi €P}
— Z max(G%pl(xﬂ —|—€1,b1> +G21112(1Ei2+52,b1) + 1,0)
w;,i=1,...,6

— maX(GlTl (xil + €1, bl) + G;Q(l’ig — &9, bl) + 1, 0)
— maX(GlTl (xil — &1, b1> + G/}'b(ng + £9, bl) + 1, 0)

+ max(G%,,l(xﬂ — &1, bl) + GITQ(IiQ — &9, b1> + 1, 0) =5.134

where G%Fj(x; by), are the normally distributed marginal distributions estimated based on

F(T;),i=1,...,6. Similarly, when 8 = 1, for the first cluster P{ = (wy, ...,ws) , we have:

h(X, )= Y hi(X, (b, =1))

OJ»L'EPI
= Z InlIl(G%wl (Iil + €1, b1>, G%“z (.TZ'Q + €9, bl))
w;,i=1,...,6

— min(Gy, (zi1 + €1, b1), Gp,, (22 — €2, b1))
— min(Gglrl(flfil —e1,b1), Gclp2 (i + €2,b1))

-+ mln(G%pl (l'il — &1, b1>, G%WQ (:UZ'Q — &9, bl)) = 5.134.
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Table 6.9: Induction of the copulas from the initial partition.

Class Copula | he(X,7y)
P10:<CU17...,CL)6) 5: 5.134
8= 5.134
P20 = ((,U7, ...,CL)ll) ﬁ = 0.674
B=1 | 0011
P30 = (W127 ...,(,4)15) ﬁ = 3.434
B=1| 3434

hZ(X77) = Z hl(X7 (b2>ﬁ = ))
= Z maX(G2T1 (.flj'il —+ €1, bz) —+ G%z (xiQ —+ £9, bg) -+ 1, O)

— maX(G% (mil —+ €1, bg) + G2T2 (Iig — &9, b1> + 1, 0)
— maX(G% (lL‘il — &1, bg) + G%Q (I’ig + Eg, b2> + 1, 0)

+ maX(G% (Zlfil — €1, bg) + G%Z (ZL‘Z‘Q — &9, bz) + 1, O) =5.134

where G?pj(., by), are the normally distributed marginal distributions estimated based on
F;(T}),1 =7,...,11. The other results of hj(X,~) are calculated by similar methods and are

summarized in Table 6.9.
Based on the assumed initial partition, we have the initial probability to be p; = 6/15 =

2/5, po =5/15 =1/3, ps = 4/15. Based on these probabilities, we need to further calculate

88



the likelihood of the mixture model as:

L(X,7) =Y peh(Xv,) = Y pehu(X, (b, Br)

k=1 k=1,2

for different choices of 5. For example, when 5 = 0 for all the three clusters, we have:

L(X,v) =p1 X hi(;8=0) 4+ p2 X hao(;; 8 =0) + p3 X h3(; 8 =0)

= (2/5) x 5.134 + (1/3) x (0.674) + (4/15) x 3.434 = 3.194.

From Table 6.9, we can see that hy(X,~) has the same values when f = 0 and § = 1 for
the first cluster and third cluster. This indicates that to achieve the best likelihood we only
need to decide the § for the second cluster. It is obvious that hy(X, 5 = 0) > he(X, 8 =1).
Therefore, as long as 5 = 0 for the second cluster, we will have the best likelihood no matter

which value we choose for the [ in the first cluster and third cluster.

Step 2: For this step, we will show the allocation process when g = 0 for all the three
clusters. When 8 = 0, h,, (X, ~) is evaluated under a certain cluster for k = 1,2,3, w;,i =

1,...,15, as

hi, (X, ) = C((Gh, (w1 + 1, b), Gy (22 + €2, b1))) — C((GF, (1 + €1, by), G, (22 — €2, b))
— C((Gh, (21 — 1, by), G, (22 + €2, by))) + C((GF, (11 — £1, bi), G, (w2 — €2, b))
= maX(GZ}1 (x1 4+ ¢€1,bg) + Gl}z(xg +e9,bi) + 1,0)
— max(G¥, (21 + 1, by) + G5, (22 — €2, by,) + 1,0)
— max(Gh, (z1 — &1, by) + G, (22 + €2, by,) + 1,0)

-+ maX(G% (;Ul — &1, bk) + G’%Q (132 — &9, bk) + 1, 0)
where G’zﬁj (., bx), are the normally distributed marginal distributions estimated by maximum
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Table 6.10: Allocation of each unit to the best fit class.

Unit | h,, (X,7) | ho,(X,v) | k) (X,5) | Class membership
wy 0.899 0 0 P

ws 0 0.229 0 1)

Wy 0 0.226 0 P

W10 0 0.219 0 PQ

w11 0 0 0.957 P3

likelihood estimation. Since we are only interested in how to allocate units w; and wy1, Table

6.10 shows the results of hy(X,7), k= 1,2,3, for wy, ..., wi;.
Then, from Table 6.10, it is obvous that we should move w; from the second class Py

to the first class P and move wy; from the second calss P to the thrid class PJ, which is

exactly the true partition.

Step 3: Repeat Step 1 and Step 2 under the updated partitions and calculate the hy, (X, )

for each unit. The results show that there are no more reallocations to be made and therefore

the final partition is P = {w; ...,wr}, P3¢ = {ws, ..., w0} and Py = {wyy, ..., w5}

6.1.4 Example 4: Parametric Estimation

In this simulation study, we will apply parametric estimation of the parameters when the
joint distribution function of distributions H is differentiable. Further, unlike the copula of
equation 3.4 used in example 1 and example 2, in this example, we use four Archimedean
copulas (the Frank copula given by equation 3.5, the Clayton copula given by 3.6, the Joe
copula given by equation 3.7 and the Gumbel copula given by 3.8 ) and one Elliptical copula
(the Gaussian copula given by equation 3.9) introduced in section 3.3. Here, all the copula

functions have one paramter  in the two-dimensional copula C'(u, v; ).
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Data Simulation

The sample data are simulated from three clusters with each coming from a Beta distribution
Beta(a, 5) as described in Table 6.11. Figure 6.7 shows the three clusters from left to the
right. The x-axis is the index from 1 to 15000 and the y-axis represents the values of the
simulated data. There is a large overlapped area between the first cluster and the second
cluster and the second cluster is slightly overlapped with the third one in the y-axis direction.
Our goal is to partition this simulated dataset into three clusters with parametric estimation

for the symbolic mixture decomposition algorithm introduced in section 5.2.2.

The Symbolic Mixture Decomposition

Based on the simulated classical data points (original data), we segment them into 150 units
as our symbolic dataset each consisting of 100 successive points. Each unit is described by
a cumulative distribution function Fj,i = 1,...,150, over 100 single values of points. The
cumulative distributions are shown in Figure 6.8. We use the similar way as in example
1 and example 2 of defining T values with dimension n equals 2. The two vertical dotted
lines in Figure 6.8 indicate the values of 77 = 0.45 and 75 = 0.65. They represent distinct
cumulative values of Fj;,i = 1,...,150. They are also separate from each other with some
distance to describe the lower value and the higher values, respectively. From Figure 6.8, we
can see an obvious separation of these three clusters described by distributional data. Table
6.12 describes the details of each of the three symbolic clusters. According to Table 6.12,
the first 70 distributional data (wy, ..., w7p) come from the first cluster (i.e., from a Beta(2,2)
distritbuion), the next 30 distributional data (w71, ...,wig0) come from the second cluster
(i.e., from a Beta(1,3) distritbuion) and the rest of data come from the third cluster (i.e.,
from a Beta(5,1) distritbuion). To examine the effectiveness of our algorithm, we first set
up the starting partition as P} = (wy, ..., wso), Py = (ws1, .., wi10) and Py = (wi11, ..., Wis0)-

This means that we assign some of the distributional data into a wrong cluster (as shown
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in Table 6.13). We hope to see that the algorithm relocates the observations to their right

cluster.

Step 1: Obtain the Fj(Tj),i = 1,...,150, j = 1,2, values. After having calculated the
150 cumulative distribution functions, with the pre-defined 77 and T5, it is easy to obtain
the F;(T;) values to be estimated for the marginal distributions. We define y;; = F;(1}),i =

1,..,150,5 = 1,2.

Step 2: For the first iteration P°, calculate the log-likelihood and AIC values for
each candidate copula function with y;; and select the copula function with the largest
log-likelihood value and smallest AIC for each cluster. The first cluster has the obser-
vations y;; = F;(1}),7 = 1,...,80,7 = 1,2; the second cluster has the obserations y,;; =
F,(Tj),i = 81,...,110,j = 1,2; and the third cluster has the observations y;; = F;(1}),i =
111,...,150,57 = 1,2. For each cluster, we use five candidate copulas, specifically, the
Gaussian copula, the Gumbel copula, the Joe copula, the Frank copula and the Clayton
copula. For each copula, we calculate the log-likelihood value and AIC value based on

vij, for w; € PY,j = 1,2,k =1,2,3, with equation 6.5 and 6.6, specifically, as

InLpo(X,v) = > In{clyn, vialvi)} (6.5)
WZEP}?
AICpo = =2 Z In{c(yi, Yialvy)} + 21 (6.6)
wiEPIS

where ¢(.) is the density function of the candidate copula function given in section 3.3 and
[ is the number of parameters. In this example, [ = 1. The associated parameters are esi-
mated by using the R function fitCopula which was introduced in section 4.2.3. Under the

assumption of the starting partitions, Tables 6.14 - 6.16 summarize the estimated parameters
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and corresponding log-likelihood and AIC values for each candidate copula function of each

cluster, k = 1,2, 3, respectively.

Table 6.14 shows results for the estimation of the candidate copula functions along with
the log-likelihood and AIC values for the first cluster £ = 1. From Table 6.14, the Joe
copula function (with estimated parameter § = 2.88) has the largest log-likelihood value at
InL(.) = 33.74 and the smallest AIC at AIC = -65.48. Therefore, this Joe copula is selected
as the final copula model for the first cluster. Figure 6.9 is the visualization of the density
function (left plot) and the probability function (right plot) for the Joe copula with this

estimated paramter 5 = 2.88.

For the second cluster £ = 2, Table 6.15 shows the estimated parameters and correspond-
ing log-likelihood and AIC values for the five candidate copula functions. We see that the
Clayton copula (with estimated parameter § = 2.668) achieves the best performance with the
InL(.) = 15.83 and AIC = -29.66. The density plot (left plot) and the probability plot (right

plot) for the Clayton copula with the estimated paramter 8 = 2.667 are shown in Figure 6.10.

For the third cluster, k = 3, Table 6.16 summarizes the estimation for the five candidate
copula functions. The Clayton copula also achieves the best performance for the third cluster
with estimated parameter 5 = 0.479, InL(.) = 1.673 and AIC = -1.34. The visualization of
the density function plot (left plot) and probability plot (right plot) for the Clayton copula

with esimated parameter § = 0.48 are shown in Figure 6.11.

Step 3: Fit the final selected copula models from Step 2 for each cluster and obtain
the density values hf% (X,v),i =1,...,150, for all the units w;,7 = 1, ..., 150 (distributional-

data), under the certain cluster P{ by the R function dCopula introduced in section 4.2.3.
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Table 6.11: Simulated Data for Parametric Estimation of One Dimension Case X;.

Class | # sample (single value of points) | Distribution
1 7000 Beta(2,2)
2 3000 Beta(1,3)
3 5000 Beta(5,1)

cluster

simulated

10000

15000

Figure 6.7: Scatter Plot of Simulated Data.

Table 6.12: Summary Table of Simulated Symbolic clusters.

Class | #sample (distributional data) | #original data (created from)
1 70 100
2 30 100
3 50 100

Table 6.13: Assignment of Starting Partition.

Class True Partition Starting Partition
1 Pl = (wl, ...,LU70) Plo = (wl, ...,(,Ugo)
2 PQ = (W71,...,(A)100) P2O = (wgl,...,wno)
3 P3 = (wwl, ...,W150) Pg = (wlu, ...,w150)
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Figure 6.8: The Cumulative Distrbution Functions F;,7 = 1,2, ..., 150.

Table 6.14: Estimation of Candidate Copula Functions: First Iteration and First Cluster.
(Fit based on 80 observations (F;(71), F;(T»)),i = 1,...,80)

Copula Function | Estimated Parameter S | Log-likelihood | AIC
Gaussian 0.696 23.75 -45.51
Gumbel 2.133 31.38 -60.76

Joe 2.880 33.74 -65.48
Frank 5.593 23.00 -44.00
Clayton 1.032 12.57 -23.14

Table 6.15: Estimation of Candidate Copula Functions: First Iteration and Second Clus-
ter.(Fit based on 30 observations (F;(T1), F;(13)),7 = 81, ...,110)

Copula Function | Estimated Parameter § | Log-likelihood | AIC
Gaussian 0.826 14.68 -27.36
Gumbel 2.158 10.57 -19.14

Joe 2.270 6.70 -11.41
Frank 8.300 14.76 -27.52
Clayton 2.668 15.83 -29.66
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Table 6.16: Estimation of Candidate Copula Functions: First Iteration and Third cluster.(Fit
based on 40 observations (F;(7h), Fi(T3)),i = 111, ..., 150)

Copula Function | Estimated Parameter S | Log-likelihood | AIC
Gaussian 0.285 1.06 -0.11
Gumbel 1.158 0.59 0.82

Joe 1.154 0.24 1.53
Frank 1.306 0.78 0.44
Clayton 0.479 1.67 1.34

Table 6.17 shows part of the results. The second to the fourth colunms show the values
of hﬁi(X ,7Y),k =1,2,3, for each unit 7 evaluated under a certain cluster. The last colunm
shows the allocation results of the assigned cluster with the highest hf (X, ) value. We
can see that most of the units are allocated into the right cluster. For those units that
are assigned with a wrong label under the starting partition assumption, the majority of
them are successfully relocated to the right places, except for one unit. For example, units
wr1, ..., wgo are simulated from the second cluster and assigned to the first cluster in the start-
ing partitions. Fortunately, they are all correctly relocated to the second cluster after the
first iteration. Units w1, ..., w110 are simulated from the third cluster which are assigned to
the second cluster for the starting partitions. The majority of them are correctly relocated
to the true class except for one unit (wio7). This unit has the highest h¥ (X, ~) = 2.425

when k& = 1; it is re-allocated to the first cluster.

Step 4: Repeat Step 1 to Step 3 under the updated partition labels. There are no more
re-allocations. Therefore, we stop and the partition result is as summarized in Figure 6.12.
From Figure 6.12, we can see that for the first cluster, 61 units out of 70 units are correctly

allocated with an accuracy equal to 87%. The second cluster has the same accuracy of 87%
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Figure 6.9: Visualization of final selected copula model for the first cluster: Density plot

(left) and Copula plot (right) of the Joe copula with parameter 2.88.
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Figure 6.10: Visualization of final selected copula model for the second cluster: Density plot
(left) and Copula plot (right) of the Clayton Copula with parameter 2.667.
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Figure 6.11: Visualization of final selected copula model for the third cluster: Density plot
(left) and Copula plot (right) of the Clayton copula with parameter 0.48.
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Figure 6.12: Summary Results of Clustering with Parametric Estimation with One Variable

98



Table 6.17: Allocation of each unit to the best fit class.

Unit | h,, (X,7) | ho,(X,v) | k) (X,5) | Class membership
w1 1.006 0.728 0.618 P,
Wo 0.992 0.715 0.705 P,
w3 1.025 0.859 0.751 P
w1 1.014 0.706 0.499 P,
w11 1.038 0.939 0.847 =
W13 0.998 00.840 0.914 P,
W14 1.029 1.002 0.966 P
W15 1.049 1.069 0.972 P
w16 1.025 0.859 0.751 P
Weo 1.054 0.919 0.666 P
w70 1.057 1.028 0.859 Py
w71 1.345 2.221 0.198 I
W7o 1.291 1.975 1.330 P
Wr3 1.323 2.179 1.851 Py
W14 1.336 2.207 0.713 Py
w19 1.305 2.328 1.009 Py
wso 1.350 2.328 1.009 I
wes | 1.299 2.023 1.508 P,
Wsg 1.366 2.488 2.663 Py
weo | 1.332 2.199 1.059 P,
wio | 1.377 2,539 1.123 P,
w101 1.684 0.322 2.089 P
w102 2.277 0.484 2.319 P
w103 1.536 0.088 2.058 Py
wios | 1.677 0.029 2,202 Py
w106 2.116 0.966 2.255 P
w107 2.425 1.919 2.338 P
W148 2.110 0.343 2.275 Py
w149 2.116 0.966 2.255 Ps
w150 1.535 0.088 2.058 Py
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with 26 units out of 30 units correctly assigned. The accuracy rate is a little bit lower for
the third cluster, which is 84% with 42 units out of 50 units correctly assigned. Therefore,
the overall accuracy rate is 86%, which means 86% of the observations are predicted with

the correct cluster labels.

6.2 Simulation Example: Mixture Decomposition for

Two Dimensional Data (X3, X»)

In section 6.1, we conducted simulations for symbolic clustering with both non-parametric
and parametric estimation methods in the one-dimensional case, which means we only have
one variable X;. In this section, we will extend the simulation examples into two-dimensional
data (X, X2) and focus on the parametric estimation method by using the algorithm de-
scribed in section 5.2.3. In this example, we also use four Archimedean copulas (the Frank
copula given by equation 3.5, the Clayton copula given by 3.6, the Joe copula given by
equation 3.7 and the Gumbel copula given by 3.8 ) and two Elliptical copula (the Gaussian
copula given by equation 3.9 and the t-copula given by equation 3.10) introduced in section

3.3. Thus, all the copula functions have one parameter 5 in the two-dimensiona copula

Cp,v; B).

6.2.1 Data Simulation

In this example, we consider the simulation of two-dimensional data (X, X3) with two clus-
ters k = 2. Each cluster contains observations from a different bivariate normal distribution,

which is described in Table 6.18, i.e., for the first cluster of the first 7000 observations are
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Table 6.18: Simulated Data for Parametric Estimation of Two-Dimension Case.

Class | # sample (single value of points) Distribution
3 1 0
1 7000 N(y)slg 1)

2 3000 N( <i> : <(2) 2))

from the bivariate normal disribution with

3
(X1>X2) NN( ) ) (6-7)
0 0 1

and the second cluster contains the last 3000 observations from the bivariate normal distri-

bution with

4 20
(X1, X32) ~ N( , ). (6.8)
4 0 2

Figure 6.13 is the scatter plot of the simulated data, where now the axes correspond to the
X7 and X, values, respectively. This plot shows that the two groups of data have some
overlapped observations in the middle. Our goal is to partition this simulated dataset into

two clusters using the parametric estimation method for symbolic mixture decompositions.

6.2.2 The Symbolic Mixture Decomposition

Similarly, as in all the previous examples, we first need to segment the original single values
of points into symbolic units, which are the distributional data. In this example, we also use
every successive 100 observations as a segment to define the distributional data. However,

in the two-dimensional case (X, X3), each classical observation is a vector of two single

101



cluster

x 1

simulated.y

x 2

simulated.x

Figure 6.13: Scatter Plot of Simulated Data (Two Dimension).

values of points. To create the distributional units, the segmentation should be applied
to each dimension for the same segment of classical observations. This means that each
2-dimensional distributional unit is created by a cumulative distribution function of 100
original single values of points for every dimension and in total we have 100 units for each
dimension as: w; = (F}, F?),i =1,...,100. Table 6.19 describes the relationship between the
100 units and the symbolic clusters. The first 70 units (wy, ..., wro) = ((F}, F2), ..., (Fly, F2))
come from the first cluster, and the last 30 units (w71, ..., wi00) = ((F, F2), ..y (Flyo, Fioo))
come from the second cluster. To examine the effectiveness of our algorithm, we set up the
starting partition as P = (wy,...,we0) = ((F}, F?), ..., (Fay, F%)) and P = (we1, ..., wi00) =
(Fgy, FZ), ..., (Fiyo, F20)). This means that we assign some units into a wrong cluster (see
Table 6.20). We hope to see that the algorithm could relocate the observations to the right

cluster.
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Step 1: Consider first the first dimension X;. Define T values and obtain F}'(T}),i =
1,...,100, 5 = 1,2, for the first dimension. Figure 6.14 is the visualization of 100 distributional-
data for the first dimension X;. To set up the values of T, as before we use the dimension of
Ttoben=2asT" = (T}, Ty) with T} = 3, Ty = 4 (as indicated by the vertical dotted lines
in Figure 6.14). From Figure 6.14, we can see that the reason for defining these two values of
T is to represent distinct cumulative values of F}' (le),i =1,...,100,j = 1,2. After defining
the T values, we evaluate the 100 cumulative distrbution functions for the first dimension

Xy as F',i = 1,...,100; we can write y; = F(T}),i=1,...,100,j = 1,2.

Then, we calculate the log-likelihood and AIC values from equation 6.5 and equation 6.6
for each of the five candidate copulas function with y;; = F}(T}) for w; € P, j = 1,2,k =
1,2, and select the copula function with the largest log-likelihood value and smallest AIC
value for each cluster from equation 6.5 and 6.6, respectively. The associated parameters are
esimated by using the R function fitCopula which is introduced in section 4.2.3. Under the
assumption of the starting partition, Table 6.21 and 6.22 summarize the estimated param-
eters and corresponding log-likelihood and AIC values for each candidate copula function
of the first cluster and the second cluster, respectively. For example, for the first cluster of
dimension X, Table 6.21 shows that the Joe copula with estimated parameter g = 1.435 has
the largest InL(.) = 4.15 and the smallest AIC = -6.31. For the second cluster of dimension
X1, Table 6.22 shows that the Joe copula with estimated parameter § = 3.802 has the largest

InL(.) = 23.94 and the smallest AIC = -45.88.

For the second dimension X5, we repeat the same procedure that is applied to the first
dimension X;. Figure 6.15 describes the 100 distributional-data we obtained in this case.

The T values are defined as T = 0.8 and T7 = 2 (indicated by the vertical dotted lines in
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Table 6.19: Summary Table of Simulated Symbolic clusters.

Class | #units | #original observations
1 70 100
2 30 100

Figure 6.15). Then, yfj = Ff(]?),i =1,...,100,j = 1,2, are calculated. Table 6.23 and 6.24
show the log-likelihood and AIC values for the candidate copula models for each cluster. For
example, for the first cluster of dimension X5, Table 6.23 shows that the Gaussian copula
with estimated parameter § = 0.277 has the largest (nL(.) = 1.70 and the smallest AIC =
-1.40. For the second cluster of dimension X5, Table 6.24 shows that the Gumbel copula with

estimated parameter 5 = 2.385 has the largest InL(.) = 17.62 and the smallest AIC = -33.24.

The final selected models and the corresponding estimated parameters are summarized
in Table 6.25 for the two clusters of each dimension X; and X,. Figure 6.16 - Figure 6.19
are visualizations of the density function and probability function of all the selected copula
models. Figure 6.16 shows the density function plot and probability plot for the Joe copula
for X of the first cluster k£ = 1. Figure 6.17 shows the density function plot and probability
plot for the Joe copula for X; of the second cluster £ = 2. Figure 6.18 shows the density
function plot and probability plot for the Gaussian copula for X5 of the first cluster & = 1.
Figure 6.19 shows the density function plot and probability plot for the Joe copula for X,

of the second cluster k£ = 2.

Step 2: Evaluate each unit under a certain cluster by the copula functions selected

from Step 1 to obtain the marginal probability values (G! (yiTll,yl ), Gz(szf’yiTg))’i =

i, T4

1,...,100. For example, G1<yi1,T11=yiT21)ﬂi = 1,...,60, is obtained by using the R function
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Table 6.20: Assignment of Starting Partition.

Class True Partition Starting Partition
1 ((?117F212>77(FI107F723>) P{): ((}1?117F212>77<F(13107F62g>)
2 ((F717F71>7---7(F100’F100)) P20: ((F617F61)7'“7(F100>F100))

Probability

4
T (First Dimension)

Figure 6.14: The Cumulative Distribution Functions F},i = 1,...,100, for the First Dimen-
sion X;.

Table 6.21: Estimation of Candidate Copula Functions: First Iteration and First Dimension
X and First cluster k¥ = 1. ( Fit based on 60 observations (y};,v5) = (FHT}), FNT3)),i =
1,...,60)

Copula Function | Estimated Parameter g | Log-likelihood | AIC
Gaussian 0.283 1.94 -1.88
Gumbel 1.249 3.28 -4.65

Joe 1.435 4.15 -6.31
Frank 1.259 1.13 -0.25
Clayton 0.278 0.319 1.363
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Table 6.22: Estimation of Candidate Copula Functions: First Iteration and First Dimension
X and Second Cluster k = 2 (Fit based on 40 observations (y};,y5) = (F(T}), FNTY)),i =
61, ..., 100)

Copula Function | Estimated Parameter S | Log-likelihood | AIC
Gaussian 0.841 21.83 -41.66
Gumbel 2.722 23.57 -45.14

Joe 3.802 23.94 -45.88
Frank 8.632 21.13 -40.26
Clayton 4.306 -7.40 16.81

Probability

T (Second Dimension)

Figure 6.15: The Cumulative Distribution Functions F}!,i = 1, ..., 100 for the Second Dimen-
sion Xs.
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Table 6.23: Estimation of Candidate Copula Functions: First Iteration and Second Di-
mension X, and First Cluster ¥ = 1. (Fit based on 60 observations (y3,y%) =
(FZ(TD), FA(T3)),i = 1, ..., 60)

Copula Function | Estimated Parameter § | Log-likelihood | AIC
Gaussian 0.277 1.70 -1.40
Gumbel 1.157 1.01 -0.01

Joe 1.195 0.61 0.77
Frank 1.266 1.24 -0.49
Clayton 0.394 1.37 -0.76

Table 6.24: Estimation of Candidate Copula Functions: First Iteration and Second Di-
mension X, and Second Cluster & = 2. (Fit based on 40 observations (y3,y3) =
(FZ(T1), F(T3)),i = 61,...,100)

Copula Function | Estimated Parameter § | Log-likelihood | AIC
Gaussian 0.784 15.92 -29.84
Gumbel 2.385 17.62 -33.24

Joe 3.222 18 -34
Frank 7.071 15.88 -29.76
Clayton 1.39 9.00 -16.004

Table 6.25: Final Selection of Copula Function and Estimated Parameter

Dimension cluster Copula Function | Estimated Parameter 8
First Dimension X; First Cluster &k =1 Joe 1.435
First Dimension X; Second Cluster &k = 2 Joe 3.802
Second Dimension X5 First Cluster £ =1 Gaussian 0.277
Second Dimension X5 Second Cluster k = 2 Joe 3.222
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Figure 6.16: Visualization of final selected copula model (First Dimension X; and First
Cluster k = 1): Density plot (left) and Copula plot (right) of the Joe Copula with parameter

1.435.
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Figure 6.17: Visualization of final selected copula model (First Dimension X; and Second
Cluster k£ = 2): Density plot (left) and Copula plot (right) of the Joe Copula with parameter

3.802.
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Figure 6.18: Visualization of final selected copula model (Second Dimension X, and First

Cluster k£ = 1): Density plot (left) and Copula plot (right) of the Gaussian Copula with
parameter 0.277.
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Figure 6.19: Visualization of final selected copula model (Second Dimension X and Second

Cluster k = 2): Density plot (left) and Copula plot (right) of the Joe Copula with parameter
3.222.
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pCopula with the Joe copula with an estimated parameter § = 1.435 based on yilj,z' =
1,..,60,5 = 1,2, for the observations in P. Likewise, for the observations in PY, i =
61,...,100, G* (yil’Tll,yil,Tzl) is obtained by using the R function pCopula with the Joe copula
with estimated parameter § = 3.802 based on yilj,i = 61,...,100,5 = 1,2. Then, based on
(Gl(yiTll,yiTg),GQ(szf,yiTg)),i = 1,...,100, we need to model the joint relationship be-

tween for the two dimensional units.

By using the same methods of calculating the log-likelihood and AIC values for the can-
diate copula functions, we select and estimate the copula function for each cluster. Table
6.26 and Table 6.27 summarize the log-likelihood values and AIC values for all the candidate
copula models. We should note that the ¢-copula function is also considered for the first
cluster. This is because all the five candidate copula models that we considered previously
have low log-likelihood value. Although the t-copula achieves a large improvement according
to the InL(.) = 2.829, while the others are all less than 1, the final clustering accuracy is just
improved a little bit. We select the t-copula here for the first cluster to make it a possible
choice for future analysis. Table 6.26 shows that the Joe copula achieves the best perfor-
mance with the largest log likelihood value at InL(.) = 14.84 and smallest AIC = -27.68 for
the second cluster (with an estimated parameter 8 = 2.731). Figure 6.20 shows the density
function and the probability distribution plots for the t-copua for the cluster £ = 1. Figure
6.21 shows the density function and the probability distribution plots for the Joe copula for

the cluster k = 2.

Step 3: Fit the final selected copula models from Step 2 under a certain cluster with
the marginal probability values (G! (yilT11 , yilT%), GQ(y§T2, yiQT;)),z' =1,...,100, and obtain the
’ ) st )

density values hf) (X,7),i=1,...,100, k = 1,2, for all the units w;,7 = 1,..., 100, under each

cluster. Table 6.28 records part of these results. The majority of the units are allocated to
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Table 6.26: Estimation of Candidate Copula Functions for Joint Distribution of
Two Dimensions: First Iteration and First cluster. (Fit based on 60 observations

<G1<yi17T117yiTQI)7G2(yi2,T127yiT22))ai = 17 76())

Copula Function | Estimated Parameter S | Log-likelihood | AIC
Gaussian -0.082 0.16 1.69
Gumbel 1.000 —4.13%107° | 2.00

Joe 1.00 —4.45%107% | 2.00
Frank 0.146 0.01 1.97
Clayton 0.053 -0.015 2.03
t-Copula 0.091 2.829 -1.658

Table 6.27: Estimation of Candidate Copula Functions for Joint Distribution of Two
Dimensions:  First Iteration and Second cluster. (Fit based on 40 observations

(Gl(y37TfayiT21)a G2(yz27T127y127T22)),Z - 61, ceey ]_00)

Copula Function | Estimated Parameter 8 | Log-likelihood | AIC
Gaussian 0.716 11.74 -21.48
Gumbel 2.076 13.81 -25.62

Joe 2.731 14.84 -27.68
Frank 5.701 11.57 -21.14
Clayton 1.073 5.78 -9.55
t-Copula 0.7172 11.79 -21.58
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Figure 6.20: Visualization of final selected copula model (Joint Distribution for First Clus-
ter): Density plot (left) and Copula plot (right) of the ¢-Copula with parameter 2.829.

Figure 6.21: Visualization of final selected copula model (Joint Distribution for Second
Cluster): Density plot (left) and Copula plot (right) of the Joe Copula with parameter

2.731.
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the right cluster. For those units that are assigned with a wrong label under the starting par-
tition assumption, wey, ..., wro, 80% of them are successfully reallocated to the right cluster.
There are several units whose density values are both equal to 0 when evaluated under each
cluster. This produces some uncertain units that our model can not tell from which cluster
they come. The reason for having density values of 0 is because of the T values defined in the
first step. Remember, we have (yilj, yfj) = (FMTy), FA(Ty)),i = 1,...,100, 5 = 1, 2. Therefore,
it is quite possible to have probability values y}; = Oory;; = 0,i=1,...,100,j = 1,2. We will

discuss the choices of T further in section 6.4.

Step 4: Repeat Step 1 to Step 3 under the updated partition labels. There is no obvious
change in estimated density values and no more re-allocation. Therefore, we stop. Figure
6.22 summarizes the partition result. The overall accuracy is 84% with 91% for the first
cluster and 67% for the second cluster. The reason that the accuracy of the first cluster is
much higher than that for the second cluster is because of the unbalanced data as the first

cluster has 70 units and the second cluster has only 30 units.

6.3 Simulation Example: Mixture Decomposition for
Multidimension Data

In section 6.2, we conducted a simulation for a mixture decomposition model with the para-
metric estimation method when the observations are two-dimensional as (X, Xs). In this
section, we will apply the similar algorithm for multidimensional data p = 3 as (X, X5, X3)
and also focus on the parametric estimation method. The allocation process is essentially
the same as the 2-dimensional case. However, this example is a more general illustration
for any multi-dimensional case. In this example, we also use four Archimedean copulas (the

Frank copula given by equation 3.5, the Clayton copula given by 3.6, the Joe copula given by
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Table 6.28: Allocation of each unit to the best fit class.

Unit | A, (X,7) | k2, (X,~) | Class membership
Wa 1.060 0.982 P
w3 1.052 0.791 P
Wy 1.041 0.686 Py
W12 0.994 0.531 P1
w13 1.069 1.095 P2
W14 1.027 0.724 P1
W15 0.996 0.541 Pl
Wi 1.018 0.639 P
We9 1.049 0.811 P1
W7o 1.072 1.178 P2
wr1 0.716 2.021 Py
[o%0) 0.846 2.019 Pg
w73 0.592 1.852 Py
Wr4 0.607 1.629 P2
Wry 0.000 0.000 Py
wso 0.924 1.981 P2
ws1 0.000 0.000 Py
wWs2 0.600 1.788 Py
ws3 0.000 0.000 P2
Wog 0.532 1.869 PQ
w100 0.715 1.945 P2
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True Class Assignment
Cl Q2
64 10
2 6 20
Accuracy 091 0.67
Overall Accuracy: 0.84

Predicted
Class

Figure 6.22: Clustering Results and Accuracy Table

equation 3.7 and the Gumbel copula given by 3.8 ) and one Elliptical copula (the Gaussian

copula given by equation 3.9) introduced in section 3.3.

6.3.1 Data Simulation

In this example, we consider the simulation of p-dimensional data with two clusters for
observations (X7, Xs, X3). Each of the clusters is distributed from a multivariate normal
distribution with p = 3. The first cluster contains the first 7000 observations simulated from

a multivariate normal distribution as

1.5 100
(X1, X0, X3) ~N(| 1 |,l0o 1 0])
0 00 1
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Table 6.29: Simulated Data for Parametric Estimation in Three Dimension Case.

Class | # sample (single value of points) Distribution
1.5 1 00

1 7000 N1 [o1 o]
0 0 0 1
4 2 00

2 3000 N([3].{o 2 o]
3 0 0 2

and the last 3000 observations form the second cluster simulated from a multivariate normal

distribution as
4 2 00

(X1, X0, X3) ~N(|3].]10 2 0])
3 00 2

Table 6.29 summarizes the details. Figure 6.23 shows the 3-D scatter plot in the direction
of X (the top left one), in the direction of X5 (the top right one) and in the direction of X3
(the bottom plot), respectively. We can see there is an obvious overlapped area between the
two clusters. Our goal is to partition this simulated sample dataset into two clusters with

parametric estimation for the symbolic mixture model decomposition.

6.3.2 The Symbolic Mixture Decomposition

To prepare for the symbolic data, which is the distributional data in our case, the original
simulated single-valued dataset should be segmented into symbolic units. In this example,
we use the cumulative distribution to represent over 50 original observations for each dimen-
sion. In the multivariate case, each observation is a vector of p—single-valued data points.

The segmentation process will be applied to each dimension for the same segment of obser-
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Figure 6.23: 3D Scatter Plot of Simulated Data from the direction of X (the top left one)
and X5 (the top right one) and from the direction of X3 (the bottom one) (Three Dimensional
Case p = 3).
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Table 6.30: Summary Table of Simulated Symbolic clusters.

Class | #units | #original observations (created from)
1 140 20
2 60 20

Table 6.31: Assignment of Starting Partition (p = 3).

Class True Partition Starting Partition
1 ((Fllv"'7F{2)7"'7(F1140""7Ff40)) PIOZ ((F117-~-7F1p)7"'7(F11207"'7Ff20))
2 ((F1141a~--7Ff41)7“'7(F21007""FSOO)) PQOZ ((F11217"'7F1p21>7"'v(F2100’"'7F2p()0))

vations. In this example, in total we have 200 units as: (F}, ..., FF),i = 1,...,100,p = 3.
Table 6.30 describes the details of creating the distributional units. The first 140 units
(FL, .o FP) o (Flyo, o, FPo)),p = 3, come from the first cluster, and the last 60 units

(Flgs s FP), oy (Fagg, oy Foo)), p = 3, come from the second cluster. Similarly as before,

we set up the starting partition with some wrong labels as:

PIO = ((Fll» e Ff)), e (F11207 e Ff)Qo)) and P20 = ((F11217 e Ff21)7 ey (F2100> e Fépoo)%p = 3.

This means that we assign about 20 units into a wrong cluster (as shown in Table 6.31). We
hope to see that the algorithm could keep those correctly allocated in their right cluster and
re-allocate the wrong ones into their right cluster.

Step 1: Define T values and obtain (F(T}), ..., F(T})),i = 1,...,200,j = 1,2,p = 3.
Figure 6.24 - Figure 6.26 are the visualizations of the 200 distributional-data for the first
dimension X7, the second dimension X, and the third dimension X3, respectively. The
T values are defined as summarized in Table 6.32. Thus, we have that for the X; vari-

able, T} = 1.8, )} = 2.6; for the X, variable, T# = 1.0,7¢ = 2.0; and for the X3 vari-
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able, T} = 0.9, 75 = 2.3. After defining the T values, we can determine (yilj,...,y%) =
1 1 1 s . o . .
(FNTY), ... F(T})),i = 1,...,200,5 = 1,2,p = 3. Then, the log-likelihood and AIC values

are evaluated under a certain cluster for each dimension.

Consider the first dimension X;. We define T values as T" = (T}, T3 ) = (1.8, 2.6) (as indi-
cated by the vertical dotted lines in Figure 6.24). After evaluating the 100 cumulative distri-
bution functions at the given T values, we obtain (y};,vh) = (FHT}), FHT3)),i = 1, ..., 200,
for the first dimension X;. Based on (y}, y},) where w; € P, we calculate the log-likelihood
and AIC values for each cluster with all candidate copula functions that we listed at the be-
ginning of this section. Table 6.33 and Table 6.34 summarize the results for the first cluster
k =1 and the second cluster k = 2, respectively. From Table 6.33, we can see that the Clay-
ton copula has the largest log-ikelihood value at inL = 14.77 and the smallest value of AIC
= -27.52 with the estimated parameter 5 = 0.774 for the first cluster of X;. For the second
cluster of X, we can see from Table 6.34 that the Joe copula has the largest log-likelihood
value at Inl, = 47.48 and the smallest value of AIC = -92.96 with the estimated parameter
£ = 3.766. Figure 6.27 shows the visualization of the density plot and the probability plot of
the Clayton copula for the first dimension X; and the first cluster £ = 1. Figure 6.28 shows
the visualizations of the density plot and the probability plot of the Joe copula for the first

dimension X; and the second cluster & = 2.

For the second dimension X5, we define the T values as T? = (T2, T3) = (1.0,2.0) (as indi-
cated by the vertical dotted lines in Figure 6.25). After evaluating the 100 cumulative distri-
bution functions at the given T values, we obtain (y3,y5%) = (FA(T?), FA(T3)),i = 1, ..., 200,
for the second dimension X,. Based on (y2,y%) where w; € P, we calculate the log-
likelihood and AIC values for each cluster with all candidate copula functions. Table 6.35

and Table 6.36 summarize the results for the first cluster ¥ = 1 and the second cluster
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k = 2, respectively. From Table 6.35, we can see that the Clayton copula has the largest
log-ikelihood value at InL = 16.31 and the smallest value of AIC = -30.62 with the estimated
parameter [ = 0.863 for the first cluster of X5. From Table 6.36, we can see that for the
second cluster of X5, the Gumbel copula has the largest log-likelihood value at InL = 41.02
and the smallest value of AIC = -80.04 with the estimated parameter § = 2.496. Figure
6.29 shows the visualization of the density plot (right) and the probability plot (left) of the
Clayton copula for the second dimension Xs and the first cluster £ = 1. Figure 6.30 shows
the visualizations of the density plot (right) and the probability plot (left) of the Gumbel

copula for the second dimension X5 and the second cluster k£ = 2.

For the third dimension X3, we define the T values as T° = (T3, T5) = (0.9,2.3) (as indi-
cated by the vertical dotted lines in Figure 6.26). After evaluating the 100 cumulative distri-
bution functions at the given T values, we obtain (y3, y%) = (F2(T?), F}(T3)),i = 1, ..., 200,
for the third dimension X3. Based on (y3, y3,) where w; € Py, we calculate the log-likelihood
and AIC values for each cluster for all candidate copula functions that were listed at the
beginning of this example. Table 6.37 and Table 6.38 summarize the results for the first
cluster £ = 1 and the second cluster £ = 2, respectively. From Table 6.37, we can see that
the Gaussian copula has the largest log-likelihood value at InL = 30.72 and the smallest
value of AIC = -59.44 with the estimated parameter § = 0.661 for the first cluster of Xj.
From Table 6.38, for the second cluster of X3, the Frank copula has the largest log-likelihood
value at InL = 67.25 and the smallest value of AIC = -132.50 with the estimated parameter
B = 13.72. Figure 6.31 shows the visualization of the density plot and the probability plot
of the Gaussian copula for the third dimension X3 and the first cluster £ = 1. Figure 6.32
shows the visualizations of the density plot and the probability plot of the Frank copula for

the third dimension X3 and the second cluster £ = 2.
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Figure 6.24: The Cumulative Distribution Functions F},i = 1, ..., 200, for the First Dimen-
sion X;. (The vertical dotted lines represent T}' = 1.8 and T = 2.6)

Table 6.39 summarizes the final selected copula functions for all the three dimensions

(X17 X27 X3)

Step 2: Evaluate each unit under a certain cluster by the copula function selected from
Step 1 and obtain the marginal probability values (Gl(yiTll,yl.l’T%), ...,G”(yz T{,,yﬁTQP)),z’ =
1,...,200,p = 3, for all three variables (X, X5, X3). Then, select and estimate the copula
function to model the multivariate joint relationship between the marginal distributions for

each cluster. Take X; for example, G'(y! ., ¥} 1), = 1,...,120, is obtained by using the
31

i, T3
R function pCopula with the Clayton copula with estimated paramter 5 = 0.774 based
on (Yh,yh).1 = 1,..,120. For ¢ = 121,...,200, G*(y 1, Y} ;1) is obtained by using the
)

i, T
R function pCopula with the Joe copula with estimated paramter § = 3.766 based on
(yh,y3%), i =121,...,200. Similarly, we can obtain Gz(szIQ, yZZTQQ) and G3(y2Tl3, yfTé“)
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Figure 6.25: The Cumulative Distribution Functions F?,i = 1, ..., 200, for the Second Di-
mension X,. (The vertical dotted lines represent 77 = 1.0 and T3 = 2.0)
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Figure 6.26: The Cumulative Distribution Functions F?,i = 1, ..., 200, for the Third Dimen-
sion X3. (The vertical dotted lines represent 77 = 0.9 and T3 = 2.3)
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Table 6.32: Choices of T Values for Each Dimension.

Dimension | 17 | T5
X 1.8 2.6
X5 1.0 2.0
X3 09123

Table 6.33: Estimation of Candidate Copula Functions: First Iteration and First Dimension
X and First Cluster & = 1. (Fit based on 120 observations (y},y5),7 = 1, ...,120)

Copula Function | Estimated Parameter § | Log-likelihood | AIC
Gaussian 0.451 11.83 -21.66
Gumbel 1.286 6.15 -10.31

Joe 1.264 2.24 -2.47
Frank 2.525 9.647 -17.29
Clayton 0.774 14.77 -27.52

Table 6.34: FEstimation of Candidate Copula Functions: First Iteration and First
DimensionX; and Second Cluster k = 2. (Fit based on 80 observations (y};,v5),i =
121, ..., 200)

Copula Function | Estimated Parameter 8 | Log-likelihood | AIC

Gaussian 0.783 34.52 -67.04

Gumbel 1.597 43.55 -85.10

Joe 3.766 47.48 -92.96

Frank 7.812 36.16 -70.32

Clayton 1/203 16.26 -30.52

Table 6.35: Estimation of Candidate Copula Functions: First Iteration and Second Dimen-
sion Xy and First Cluster £ = 1 (Fit based on 120 observations (y2,43%),i = 1, ..., 120)

Copula Function | Estimated Parameter S | Log-likelihood | AIC
Gaussian 0.506 15.54 -29.08
Gumbel 1.387 11.39 -20.78

Joe 31.443 7.28 -12.55
Frank 2.925 12.15 -22.30
Clayton 0.863 16.31 -30.62
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Table 6.36: Estimation of Candidate Copula Functions: First Iteration and Second Dimen-
sion X, and Second Cluster k£ = 2. (Fit based on 80 observations (y3,y3),1 = 121, ..., 200)

Copula Function | Estimated Parameter S | Log-likelihood | AIC
Gaussian 0.797 36.53 -71.06
Gumbel 2.496 41.02 -80.04

Joe 3.298 40.17 -78.34
Frank 8.312 38.77 -75.54
Clayton 1.361 19.70 -37.40

Table 6.37: Estimation of Candidate Copula Functions: First Iteration and Third Dimension
X3 and First Cluster k£ = 1. (Fit based on 120 observations (v, y5),7 = 1,...,120)

Copula Function | Estimated Parameter 8 | Log-likelihood | AIC
Gaussian 0.661 30.72 -59.44
Gumbel 1.802 29.61 -57.22

Joe 2.024 22.61 -43.22
Frank 4.987 28.33 -54.66
Clayton 1.374 30.02 -58.04

Table 6.38: Estimation of Candidate Copula Functions: First Iteration and Third Dimension
X3 and Second Cluster k = 2. (Fit based on 80 observations (y3,y%),i = 121, ..., 200)

Copula Function | Estimated Parameter S | Log-likelihood | AIC
Gaussian 0.899 60.97 -119.94
Gumbel 3.417 62.61 -123.22

Joe 4.684 58.66 -115.32
Frank 13.72 67.25 -132.50
Clayton 8.658 55.71 -109.42
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Figure 6.27: Visualization of final selected copula model (First Dimension X; and First

Cluster k& = 1): Density plot (left) and Copula plot (right) of the Clayton Copula with
parameter 0.774.

Figure 6.28: Visualization of final selected copula model (First Dimension X; and Second

Cluster k = 2): Density plot (left) and Copula plot (right) of the Joe Copula with parameter
3.766.
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5

Cluster k£ = 1)

Figure 6.29: Visualization of final selected copula model (Second Dimension X, and First
parameter 0.863.

Density plot (left) and Copula plot (right) of the Clayton Copula with

parameter 2.496.

Figure 6.30: Visualization of final selected copula model (Second Dimension X5 and Second
Cluster £ = 2): Density plot (left) and Copula plot (right) of the Gumbel Copula with
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Figure 6.31: Visualization of final selected copula model (Third Dimension X3 and First
Cluster £ = 1): Density plot (left) and Copula plot (right) of the Gaussian Copula with
parameter 0.661.

Figure 6.32: Visualization of final selected copula model (Third Dimension X3 and Sec-
ond Cluster k£ = 2): Density plot (left) and Copula plot (right) of the Frank Copula with
parameter 13.720.
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Table 6.39: Final Selected Copula Models and Estimated Parameters

Dimension and Cluster | Copula Function | Estimated Parameter 3
X1 and ] Clayton 0.774
X1 and Cq Joe 3.766
X, and C} Clayton 0.863
X5 and (5 Gumbel 2.496
X3 and C} Gaussian 0.661
X3 and (5 Frank 13.720

Then, based on the three-dimensional data

Gyl gyt )

we calculate the log-likelihood values and AIC value for each cluster of all the candidate
copula functions. Table 6.40 summarizes the log-likelihood and AIC values for candidate
copula models in the 3-dimensional case with (X, X5, X3) for the first cluster £ = 1. Table

6.41 summarizes the log-likelihood and AIC values for the candidate copula models in the

i TP

S GP(Y, o, Y w)), 1 = 1,...,200,p = 3,

3-dimensional case with (X3, Xy, X3) for the second cluster k = 2.

In section 4.2.3, we introduced the four different dispersion matrices in the case of p = 3.

Here, in this example, we choose to use the candidate copula models with one parameter [,

which is the dispersion parameter of exchangeable dispersion structure as

L B B
pr 1 B
pi B 1
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Table 6.40: Estimation of Candidate Copula Function for Joint Cumulative Distribution:
First Iteration and First cluster.

(Fit based on 120 observations (Gl(yilyTll,yiT%), s GP(Y g Y gw)) i = 1,120, p = 3)

Copula Function | Estimated Parameter S | Log-likelihood | AIC
Gaussian 0.090 1.198 -0.396
Gumbel 1.043 0.901 0.198

Joe 1.047 0.639 0.722
Frank 0.393 0.746 0.507
Clayton Copula 0.107 1.194 -0.388

Table 6.41: Estimation of Candidate Copula Function for Joint Cumulative Distribution:
First Iteration and Second cluster.
(Fit based on 80 observations <G1(yi1,T117yi1,T21)’ o Gp(yf,T{”yf,Tg’))?i =121,...,200,p = 3)

Copula Function | Estimated Parameter S | Log-likelihood | AIC
Gaussian 0.539 28.32 -54.64
Gumbel 1.539 34.67 -67.34

Joe 1.926 40.19 -78.38
Frank 3.267 28.38 -54.76
Clayton 0.486 9.503 -17.00

Table 6.40 shows that the Gaussian copula achieves the best performance with the largest
log-likelihood at InL = 1.198 and smallest AIC = -0.396 for the first cluster £ = 1. For the
second cluster k = 2, the best one is the Joe copula model with the largest log-likelihood at

InL = 40.19 and smallest AIC = -78.38 with estimated parameter 5 = 1.926.

Step 3: Fit the final selected copula models from Step 2 under a certain cluster with
the marginal probability values (Gl(yiTll, yiTg), o Gp(yﬁTlp, yﬁTé,)),i =1,...,200,p = 3, and
obtain the density values hf) (X,7),k = 1,2, for all the units w;,i = 1, ...,200. The value of

hiji (X,7),i =1,...,200,k = 1,2, is calculated by using the R function dCopula based on
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values of (Gl(yiTll,yiT%), ...,Gp(sz{,,yiTg)),i =1,...,200,p = 3, with the Gaussian copula
with S = 0.09 for the first cluster £ = 1 and the Joe copula with § = 40.19 for the second
cluster £k = 2. Table 6.42 shows part of the density values evaluated under each cluster
k = 1,2 and the corresponding allocation result for the first iteration. All the units that
come from the second cluster (w141, ..., wa00) stay in the right place, except three units whose
density values equal to 0. However, only 43 out of 140, which is about one third of the
units are correctly predicted into the first cluster. Therefore, the total accuracy is 51.5%.

This is low compared with the first iteration result in the previous examples. Let us see the

performance of the second iteration.

Step 4: Conduct the second iteration by repeating Step 1 to Step 3 with the updated
allocation labels from the first iteration. Table 6.43 shows the final prediction results with
the comparison of the first iteration. We can see that most of the units that were incorrectly
predicted as the second class have now been relocated to the first cluster. The total accuracy
is improved to 77%. There are no more re-allocations for the next iteration. Therefore, we

stop the process and have the final predicted label as shown in Table 6.43.

6.4 Conclusion and Discussion

We have illustrated different algorithms for a non-differentiable joint distribution function
H and for a differentiable joint distribution function H in the one-dimensional case X, the
two-dimensional case (X;, X»), and the multi-dimensional case (Xj, ..., X,) with different

simulation data.

In the one-dimensional case X;, when the number of symbolic units is small (e.g., N=5

and N=15), the application of the non-differentiable joint distribution function H estimated
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Table 6.42: Allocation of each unit to the best fit class (Simulation Example 6.3 First
Iteration ).

Unit | hy(X,7) | he(X,7) | Class membership
w1 0.998 1.208 Py
Wy 0.996 0.932 P
ws 0.989 0.910 P
Wy 0.998 1.168 Py
W12 0.999 1.185 P2
w13 1.004 1.202 Py
W14 1.006 0.778 P
W15 1.003 1.128 P2
W16 1.025 1.266 Py
w120 1.009 0.434 P1
w121 1.037 1.446 Py
w122 1.047 1.454 Py
w123 1.057 1.804 P2
w124 1.033 1.056 P2
w125 1.018 1.348 P2
W13s 1.009 0.951 P
W13g 1.037 1.339 Py
w140 1.052 1.295 P2
w141 2.213 3.269 Py
w142 1.742 3.099 P2
w143 2.036 3.249 P2
Wi44 2.309 3.384 Py
w198 2.159 3.279 Py
w199 1.846 3.148 P2
w200 2.106 3.304 P2

131



Table 6.43: Allocation of each unit to the best fit class (Simulation Example 6.3 Second

Iteration).

Unit | hy(X,7) | he(X,7) | Class membership in Second Iteration | Class in First Iteration
w1 1.568 1.275 P Py
wy | 1.664 1.314 P, P,
Ws 1.414 1.239 P1 P1
W4 1.804 1.503 P1 P2
W12 1.081 1.246 PQ P2
wis | 1.269 1.374 P, P,
W14 2.561 1.587 P P
W1s 2.265 1.587 P1 P2
W16 1.826 1.373 P1 P2
w120 11.091 5.746 P1 P1
wior | 10.248 4.028 P, Py
w122 14.166 8.854 PQ PQ
w123 15.575 10.381 P2 PQ
w124 13.471 8.081 P2 P2
w138 16.979 12.868 P1 P1
wizg | 16.493 12.821 P Py
wigo | 13.566 8.464 Py Py
W196 0.664 1.117 P2 PQ
w197 0.887 1.039 P2 Pg
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by the empirical distribution has excellent results of 100% accuracy. However, when the
joint distribution function H is non-differentiable, the calculation of the approximation of
the joint density function is complicated and time-consuming. We recommend using a para-
metric copula function with a parametric marginal distribution when the number of symbolic
units is large (e.g., N=150). For the differentiable joint distribution function H, we have
considered a total of six parametric copulas (the Frank copula given by equation 3.5, the
Clayton copula given by 3.6, the Joe copula given by equation 3.7, the Gumbel copula given
by 3.8, the Gaussian copula given by equation 3.9 and the t-copula given by equation 3.10).
Based on our simulation examples, these six candidate copula models are good enough to
represent the simulated data with at least 77% clustering accuracy. Therefore, in practice,
for any kind of data set, we recommend first fitting the model with these six copula models.
If none of them can have a good result of clustering accuracy, other parametric copula fam-
ilies could be used with our algorithms (e.g., Survival Clayton, Survival Gumbel, Survival

Joe and so on).

According to all the simulation examples, we learn that the choices of the dimension n of
T and the exact T values are very important. We chose to use n = 2 for all the simulation
examples, which is efficiently adequate to represent distinct values of the distributional-data
(cumulative values of F(T)). Therefore, it can be used for general practical cases to have
a clear separation of the clusters. We also let the two different T values describe different
areas of the units to cover as much as possible properties of each unit (as shown in Figure
6.2). When T is very small or very large, we may have F(T) = 0 or F(T) = 1. This is
the reason that we have the final estimated density values of 0 in the simulation example
of Section 6.2. However, some small values of T represent more clear separations of the
distributional-data. Therefore, this is a trade-off when selecting the values of T. In practice,

like many other machine learning algorithms, we can first select several T values or define a
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range of possible T values and see which T values have the best performance of clustering

accuracy. This is a way of letting the data themselves to tell the users which choice is the best.

For all the simulation examples, we first need to segment the original classical data into
distributional-data and then apply the model-based clustering algorithms. We have aggre-
gated every 100 original classical data into one unit of distributional-data in most of the
simulation examples, except the case in Section 6.3 where we use each unit aggregated by 50
classical observations. The reason that we do not give an exact criterion of how to aggregate
the original data is that the most important advantage of our algorithm is to solve the clus-
tering problems for grouped data that the classical clustering algorithm cannot make. This
means that for so many practical problems, the original data set has its own segmentation
according to the underlying research interest. Therefore, in such cases, we just need to use its
own segmentation. In some other cases, our algorithms can also be applied to an extremely
large dataset to reduce the sample size to a more manageable size. In this situation, we can
aggregate the original data according to the requirement of a manageable sample size and

for a more meaningful scientific goal.

We all know that in classical regression problems, the mixed effect model is particu-
larly useful for repeated measurements in the same statistical unit. Our algorithm can
be applied by representing the repeated measurements using a cumulative distribution for
each statistical unit. Then, the model-based clustering algorithm can be used to group the

distributional-data into clusters.
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Chapter 7

Future Work

As we discussed in Section 6.4, the choices of the dimension n of T and the exact T values
are very important. Although n = 2 is efficient to obtain good clustering results based on
the simulation examples, it is worth to further study the relationship between the dimension
n and the final clustering performance (accuracy). Vrac (2002) and Diday and Vrac (2005)
have proposed a triangle method which is helpful to select the values of T. However, a general

criterion of the best choices of T is also a question for further development.

On the other hand, more diverse data structures can be considered with our algorithms.
For example, since our algorithm has an advantage of representing the inner variation of
each observation, it is interesting to see if it can separate two groups of data with the same
centroid into different clusters. What is more, if one of the clusters is far away from the
others and the initial assumption mixes them together, can our algorithm finally re-allocate

them into the right cluster?

In a different direction, as we state in Section 6.4., our algorithm can be applied to some

of the repeated measurements clustering problems. It is because we can represent the re-

135



peated measurements with a cumulative distribution for each statistical unit. However, in
the case of a longitudinal study (panel study), how to appropriately describe each unit over

time also needs to be undertaken.

Finally, making all the algorithms into a well-defined R package is also a remaining work.
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Chapter 8

Appendix

R code:

Algorithms for model-based clustering of distributional-data

usePackage <— function(p)

{
if (!is.element(p, installed.packages()[,1]))
install .packages(p, dep = TRUE)
require (p, character.only = TRUE)

¥

usePackage (” ggplot2”)

b}

usePackage (" reshape2”)

77 S77 )

usePackage

R

usePackage (” copula™)

7

usePackage (” plotly”)

2

usePackage (” VineCopula”)

(
(
(
(
usePackage (" rlist”)
(
(
(

b

usePackage (" mixtools”)
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# @mydata: is a vector for one variable;

# is a matrix for multi—variables

# @c: number of original observation in each unit;

# it can be a number or a vector

# @nk: the vector of number of observations in each cluster
# @K: number of clusters

# @mydata: a vector

# @P0: a vector of starting partition, every two numbers
#are the starting number of the unit and the ending

# number of the unit in cluster

# @QTvalues: a 2%P matrix

HHHEscatter plot function
scatter_plotlD=function (mydata K, nk){
#one variable

classTrue=as. factor (rep(c(1:K),nk|[1:K]))
N=length (mydata)
mydata_class=data.frame(simulated=mydata, cluster=classTrue)
ggplot (mydata_class, aes(x=1:n,y=simulated ,

color=cluster))

+geom_point ()+labs (x="Index”)

scatter_plot2D=function (mydata ,K,nk){
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#two variable

classTrue=as. factor (rep(c(1:K),nk[1:K]))

N=dim (mydata ) [1]
mydata_class=data.frame(simulated .x=mydata[ 1]
,simulated .y=mydata[,2], cluster=classTrue)
ggplot (mydata_class , aes(x=simulated.x,
y=simulated .y, color=cluster))

+geom_point (size=1.5, shape=4)

}

scatter_plot3D=function (mydata ,K,nk){
#three variable
classTrue=as. factor (rep(c(1:K),nk[1:K]))
N=dim (mydata ) [1]
mydata_class=data.frame(simulated .x=mydata[,1],
simulated .y=mydata| 2],
simulated .z=mydata[,3], cluster=classTrue)
##HD scatter plor
plot_ly (mydata_class, x = “simulated.x, y = “simulated .y,
z = ~simulated.z, color = "cluster ,
symbols=c (4 ,4),sizes = 0.3,
colors = c('#BF382A° | "#0C4B8E’)) %%
add_markers () %%
layout (scene = list (xaxis = list (title = 'X"),
yaxis = list (title = ’Y’),

zaxis = list (title = "Z7)))
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##+function of getting cumulative distributions
#(distributional data)
cdf_list=function (mydata, c){##mydata is a vector
cdf=list ()
N=length (mydata)
for(i in 1:(N/c)){
currentData=mydata [((i—1)xc+1):(i%c)]
cdf.cur=ecdf(currentData)

cdf=c(cdf ,cdf.cur)
}

return (cdf)

####Hfunction of creating plot of distributional data

cdf_plot1D=function (mydata,c ,K,nk){
cdf_list=function (mydata , c){##mydata is a vector
cdf=list ()
N=length (mydata)
for (i in 1:(N/c)){
currentData=mydata [((i—1)xc+1):(ixc)]
cdf.cur=ecdf(currentData)

cdf=c(cdf , cdf.cur)
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return (cdf)
}
N=lenght (mydata)
m=N/c

myFs=cdf_list (mydata,c)

R=range (mydata)
T=seq (min(R) ,max(R),0.1)
classTrue=as. factor (rep(c(1:K),nk[1:K]))

mydata_class=data.frame(simulated=mydata, cluster=classTrue)

cdf_values=NULL
for (i in 1:m){

cdf_values=cbind (cdf_values ,myFs[[i]](T))
}
cdf_data=cbind (T, cdf_values)
cdf_data=as.data.frame(cdf_data)
data_long <— melt(cdf_data, id="T")

data_long$cluster=

as. factor (rep(c(1:K),(nk/c)*xdim(cdf_values)[1]))

ggplot (data=data_long ,

aes (x=T, y=value, colour=cluster))

cdf_plot .TID=function (mydata,c,K,nk, Tvalues){
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#add vertical dotted lines of T values
# @Tvalues: is a vector of T values
cdf_list=function (mydata, c){##mydata is a vector
cdf=list ()
N=length (mydata)
for (i in 1:(N/c)){
currentData=mydata [((i—1)xc+1):(ix%c)]
cdf.cur=ecdf(currentData)
cdf=c(cdf , cdf.cur)
}

return (cdf)

N=lenght (mydata)
m=N/c

myFs=cdf_list (mydata,c)

R=range (mydata)
T=seq (min(R) ,max(R),0.1)
classTrue=as. factor (rep(c(1:K),nk[1:K]))

mydata_class=data.frame (simulated=mydata, cluster=classTrue)
cdf_values=NULL

for (i in 1:m){
cdf_values=cbind (cdf_values ,myFs[[i]](T))
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cdf_data=cbind (T, cdf_values)

cdf_data=as.data.frame(cdf_data)

data_long <— melt(cdf_data, id="T")
data_long$cluster=

as. factor (rep(c(1:K),(nk/c)*dim(cdf_values)[1]))

ggplot (data=data_long ,
aes (x=T, y=value, colour=cluster)) +
geom_line()+ geom_vline(xintercept=Tvalues[1l], color=1,1ty=3)

+geom _vline (xintercept=Tvalues[2], color=1,lty=3)

cdf_plot.multiD=function (mydata,c,K,nk){
cdf_list=function (mydata,c){##mydata is a vector
cdf=list ()
N=length (mydata)
for(i in 1:(N/c)){
currentData=mydata[((i—1)xc+1):(i%c)]
cdf.cur=ecdf(currentData)

cdf=c(cdf, cdf.cur)
}

return (cdf)

}

#creat cdf plots for each variable

N=dim (mydata ) [1]
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P=dim (mydata ) [2]
m=N/c

for (p in 1:P){

myFs=cdf_list (mydata[,p],c)

R=range (mydata|,p])

T=seq (min(R) ,max(R),0.1)

classTrue=as. factor (rep(c(1:K),nk[1:K]))
mydata_class=data.frame(simulated=mydata[,p],

cluster=classTrue)

cdf_values=NULL
for (i in 1:m){

cdf_values=cbind (cdf_values ,myFs|[[i]](T))}
cdf_data=cbind (T, cdf_values)
cdf_data=as.data.frame(cdf_data)
data_long <— melt(cdf_data, id="T")

data_long3$cluster=as.factor(rep(c(1:K),(nk/c)*dim(cdf_values)[1]))

ggplot (data=data_long ,
aes (x=T, y=value, colour=cluster))

+geom_line()+1labs (x=paste ("T(varaible” ;p,”)”), yv = "Probability”)

}

cdf_plot.TmultiD=function (mydata,c,K,nk, Tvalues){
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cdf_list=function (mydata,c){##mydata is a vector

cdf=list ()

N=length (mydata)

for (i in 1:(N/c)){
currentData=mydata [((i—1)xc+1):(i*c)]
cdf.cur=ecdf(currentData)
cdf=c(cdf , cdf.cur)

}

return (cdf)

}

#Tvalues is a 2xP matrix
#(pth colunm is the T values for the pth variable)
#creat cdf plots for each variable

N=dim (mydata ) [1]

P=dim (mydata ) [2]

m=N/c

for (p in 1:P){

myFs=cdf_list (mydata[,p],c)

R=range (mydata[,p])

T=seq (min(R) ,max(R),0.1)
classTrue=as. factor (rep(c(1:K),nk[1:K]))

mydata_class=data.frame(simulated=mydata|,p], cluster=classTrue)

cdf_values=NULL

for (i in 1:m){
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cdf_values=cbind (cdf_values ,myFs|[[i]](T))}

cdf_data=cbind (T, cdf_values)

cdf_data=as.data.frame(cdf_data)

data_long <— melt(cdf_data, id="T")

data_long$cluster=as. factor (rep(c(1:K),
(nk/c)*dim(cdf_values)[1]))

ggplot (data=data_long ,

aes (x=T, y=value, colour=cluster))

+geom_line ()+labs (x=paste ("T(varaible” ,p,”)”),
y = "Probability”)

+geom_line ()

+ geom_vline (xintercept=Tvalues[1l,p],color=1,1ty=3)

+geom_vline (xintercept=Tvalues[2,p], color=1,1ty=3)

}

A 1gorithms when H is differentiable
#H###Hfunction of select the best copula model

multiCopulaSelect=function (my_dim, pobs. matrix){
test_target = c(quote(normalCopula(dim = my_dim)),
quote (claytonCopula (dim = my_dim)),

quote (gumbelCopula(dim = my_dim)),

quote (frankCopula (dim = my_dim)),
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quote (joeCopula(dim = my.-dim)))
# browser ()
result = lapply(test_target , function(test_target ,
data = pobs.matrix ){
result = summary(fitCopula(eval(test_target),
data = pobs.matrix))
return(c(loglik = result$loglik , result$coefficients[1]))

1)
# browser ()

result = as.data.frame(do.call (rbind, result))
#cat (pasteO(test_target [idx], ' with Log likelihood ' |,
result$loglik [idx],’ and parameter ’,result$V2[idx]))

copula_models=list (normalCopula(par=result [1,2],dim=my_dim),
claytonCopula (par = result [2,2],dim=my_dim),
gumbelCopula(par = result [3,2],dim=my_dim),

frankCopula (par = result [4,2],dim=my_dim),

joeCopula(par = result [5,2],dim=my_dim)

)

idx = which .max(result$loglik)

# browser ()

finalmodel=copula_models [[idx ]|

return (list (estimate=result ,modelselect=finalmodel))

}

##model—based clustering for ditributional data with one variable
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mbc.sym1D . para=function (mydata,c,P0,K, Tvalues){

# @c: number of original observation

# in each unit(distributional data);

# it can be a number or a vector

# @nk: the vector of number of observations in each cluster

# @K: number of clusters

# @mydata: a vector

# @P0: a vector of starting partition, every two numbers are the
# starting number of the original observation and the ending

# number of the orginal obervation

cdf_list=function (mydata, c){##mydata is a vector
cdf=list ()

N=length (mydata)

for (i in 1:(N/c)){

currentData=mydata [((1i—1)xc+1):(ix*c)]
cdf.cur=ecdf(currentData)

cdf=c(cdf,cdf.cur)
}

return (cdf)

}

multiCopulaSelect=function (my_dim, pobs. matrix){
test_target = c(quote(normalCopula(dim = my_dim)),
quote (claytonCopula (dim = my.dim)),

quote (gumbelCopula (dim = my_dim)),
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quote (frankCopula (dim = my_dim)) ,
quote (joeCopula (dim = my_dim)))
# browser ()
result = lapply(test_target , function(test_target ,
data = pobs.matrix ){

result = summary(fitCopula(eval(test_target),

data = pobs.matrix))
return(c(loglik = result$loglik , result$coefficients[1]))
1)
# browser ()
result = as.data.frame(do.call(rbind, result))
#cat (paste0 (test_target [idx], ' with Log likelihood ’ |
# result$loglik [idx],”’
#and parameter ' result$V2[idx]))
copula_models=list (normalCopula(par=result [1,2],dim=my_dim)
claytonCopula (par = result [2,2],dim=my_dim) ,
gumbelCopula(par = result [3,2],dim=my_dim),
frankCopula (par = result [4,2],dim=my_dim),
joeCopula(par = result [5,2],dim=my_dim)
)
idx = which . max(result$loglik)
# browser ()
finalmodel=copula_models [[idx |]

return (list (estimate=result ,modelselect=finalmodel))

}
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N=lenght (mydata)
m=N/c

myFs=cdf_list (mydata,c)

v _t 1=NULL

for (i in 1:m){
yi=myFs[[i]]( Tvalues[1])
y_tl=c(y_tl,yi)

}

y_t2=NULL

for (i in 1:m){

yi=myFs [[1]]( Tvalues[2])
y-t2=c(y-t2,yi)

}

y=cbind (y_t1 ,y_t2)

ite=1

ytl_list=list ()
yt2_list=list ()
pob_list=list ()
result_list=list ()
finalmodel _list=list ()
h_matrix=NULL
h_list=list ()

accuracy=NULL
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for (k in 1:K){

i=2xk—1

partition=P0[j]:PO[j+1]

for (i in partition){

ytl=y_t1l[partition |

yt2=y_t2 [partition |

pob=pobs(as.matrix (cbind (ytl ,yt2)))

}

model . estimate=multiCopulaSelect (2,pob)

finalmodel _list=list .append(finalmodel_list ,model.estimate [[2]])

result_list=list .append(result_list ,model.estimate [[1]])

yt1l_list= list.append(ytl_list ,ytl)
yt2_list= list .append(yt2_list ,yt2)
pob_list=list .append(pob_list ,pob)
h=dCopula(copula=model. estimate [[2]] ,
as . matrix (cbind (y-t1l,y_t2)))
h_matrix=cbind (h_matrix ,h)
h_matrix=cbind (h_matrix ,apply (h_matrix ,1,which.max),
rep(c(1:K),nk[1:K]/c))
h_list=list .append(h_list ;h_matrix)
cluster=rep (¢ (1:K),nk[1:K]/c)

accuracy=c (accuracy ,sum(diag(table (h_matrix [ ,K4+1],cluster)))/m)
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#iteration >1

while (h_list [[ite]]!=h_list [[ite —1]]){
ite=ite+1

yt1l_list=list ()

yt2_list=list ()

pob_list=list ()

result _list=list ()

finalmodel _list=list ()

for (k in 1:K){

j=2xk—1

partition=which (h _list [[ite —1]][ ,K+1]==k)
for (i in partition){

ytl=y_t1l[partition |

yt2=y_t2 [partition |

pob=pobs (as.matrix (cbind (ytl ,yt2)))

}

model . estimate=multiCopulaSelect (2,pob)
finalmodel_list=list .append(finalmodel_list ,model.estimate [[2]])

result_list=list .append(result_list ,model.estimate [[1]])

yt1l_list= list.append(ytl_list ,ytl)
yt2_list= list .append(yt2_list ,yt2)
pob_list=list .append(pob_list ,pob)

h=dCopula(copula=model. estimate [[2]] , as.matrix(cbind(y_-tl,y_t2)))
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h_matrix=cbind (h_matrix ,h)

}

h_matrix=cbind (h_matrix , apply (h_matrix ,1,which.max),
rep(c(1:K),nk[1:K]/c))

h_list=list .append(h_list ,h_matrix)

cluster=rep (c(1:K),nk[1:K]/c)

accuracy=c (accuracy ,sum(diag(table(h_matrix [ ,K+1],cluster)))/m)

}

¥

¥

mbc.sym. multiD . para=function (mydata,c,P0,K, Tvalues){
cdf_list=function (mydata, c){##mydata is a vector
cdf=list ()

N=length (mydata)

for (i in 1:(N/c)){

currentData=mydata [((i—1)xc+1):(ix*c)]
cdf.cur=ecdf(currentData)

cdf=c(cdf ,cdf.cur)
}

return (cdf)

}

multiCopulaSelect=function (my_dim, pobs. matrix){

test_target = c(quote(normalCopula(dim = my_dim)),
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quote (claytonCopula (dim = my.-dim)),

(
quote (gumbelCopula(dim = my_dim)) ,
quote (frankCopula (dim = my._dim)),
quote (joeCopula(dim = my.-dim)))
# browser ()
result = lapply(test_target , function(test_target ,

data = pobs.matrix ){
result = summary(fitCopula(eval(test_target),

data = pobs.matrix))

return(c(loglik = result$loglik , result$coefficients[1]))
1)
# browser ()
result = as.data.frame(do.call (rbind, result))
#cat (paste0 (test_target [idx], ' with Log likelihood ’ |
#result$loglik [idx],’
#and parameter ' result$V2[idx]))
copula_models=list (normalCopula(par=result [1,2],dim=my_dim)
claytonCopula (par = result [2,2],dim=my_dim),
gumbelCopula (par = result [3,2],dim=my_dim),
frankCopula (par = result [4,2],dim=my_dim),
joeCopula(par = result [5,2],dim=my_dim)
)
idx = which .max(result$loglik)
# browser ()

finalmodel=copula_models [[idx |]

return(list (estimate=result ,modelselect=finalmodel))
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}

# @c: number of original observation in

#each unit(distributional data);

#it can be a number or a vector

# @nk: the vector of number of observations in each cluster
# @QK: number of clusters

# @Qmydata: a vector

# @QP0: a vector of starting partition, every two numbers
# are the starting number of the original observation
# and the ending number of the orginal obervation

# @Tvalues: a 2xP matrix

N=dim (mydata ) [1]

P=dim (mydata ) [2]

m=N/c

#first estimate the copula model for each variable
p_matrix=NULL #the result of pCopula for each variable
# p_list=list ()

#fisrt obtain the p_matrix with each colunm

# is the probability of selected

#copula models for each variable

ite=1

for(p in 1:P){

myFs=cdf_list (mydata[,p],c)

y_t1=NULL

for (i in 1:m){
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yi=myFs|[[i]]( Tvalues|[1,p])
y_tl=c(y_tl, yi)

}

v _t2=NULL

for (i in 1:m){
yi=myFs[[i]]( Tvalues|[2,p])
y_t2=c(y_t2,yi)

}

y=cbind (y_t1 ,y_t2)

yt1l_list=list ()
yt2_list=list ()
pob_list=list ()
result_list=list ()
finalmodel _list=list ()
p=NULL

for (k in 1:K){
j=2xk—1
partition=P0[j]:PO[j+1]
for (i in partition){
ytl=y_t1l[partition |
yt2=y_t2 [partition |
pob=pobs(as.matrix (cbind (ytl ,yt2)))

}

model . estimate=multiCopulaSelect (2 ,pob)
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finalmodel_list=list .append(finalmodel_list ,model.estimate [[2]])

result_list=list .append(result_list ,model.estimate [[1]])

yt1l_list= list.append(ytl_list ,ytl)
yt2_list= list .append(yt2_list ,yt2)
pob_list=list .append(pob_list ,pob)
p_k=pCopula(copula=model. estimate [[2]] ,

as.matrix (cbind (ytl,yt2)))

p=c(p,p-k)

}

p_-matrix=cbind (p_matrix ,p)
}

#Then estimate copula model based on p_matrix
# ytl_list=list ()

# yt2_list=list ()

pob_list=list ()

result_list=list ()

finalmodel_list=list ()

h_matrix=NULL

h_list=list ()

accuracy=NULL

for (k in 1:K){
j=2xk—1
partition=P0[j ]:PO[j+1]
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for (i in partition){

pob=pobs (p_matrix [partition ,])

}

model . estimate=multiCopulaSelect (P, pob)

finalmodel _list=list .append(finalmodel _list ,
model . estimate [[2]])

result_list=list .append(result_list ,model.estimate [[1]])

# yt1l_list= list .append(ytl_list ,ytl)

# yt2_list= list .append(yt2_list ,yt2)

pob_list=list .append(pob_list ,pob)

h=dCopula(copula=model . estimate [[2]] , p_matrix)

h_matrix=cbind (h_matrix ,h)

h_matrix=cbind (h_matrix ,apply (h_matrix ,1,which.max),
rep(c(1:K),nk[1:K]/c))

h_list=list .append(h_list ,h_matrix)

cluster=rep (c(1:K) ,nk[1:K]/c)

accuracy=c (accuracy ,sum(diag(table (h_matrix [ ,K+1],cluster)))/m)}

while (h_list [[ite]]!="h_list [[ite —1]]){
ite=ite+1
for(p in 1:P){

myFs=cdf_list (mydata|,p],c)

yv_t 1=NULL
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for (i in 1:m){
yi=myFs|[[i]]( Tvalues|[1,p])
y_tl=c(y_tl,yi)

}

y_t 2=NULL
for (i in 1:m){
yi=myFs|[[i]]( Tvalues|[2,p])
y_t2=c(y_t2,yi)

}

y=cbind (y_t1 ,y_t2)

yt1l_list=list ()

yt2_list=list ()

pob_list=list ()

result_list=list ()

finalmodel _list=list ()

p=NULL

for (k in 1:K){

j=2¢k—1

partition=which (h_list [[ite —1]][ ,K+1]==k)
for (i in partition){
ytl=y_t1l[partition |

yt2=y_t2 [partition |

pob=pobs (as.matrix (cbind (ytl,yt2)))

}
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model . estimate=multiCopulaSelect (2,pob)
finalmodel_list=list .append(finalmodel_list ,model.estimate [[2]])

result_list=list .append(result_list ,model.estimate [[1]])

ytl_list= list .append(ytl_list ,ytl)
yt2_list= list .append(yt2_list ,yt2)
pob_list=list .append(pob_list ,pob)
p_k=pCopula(copula=model. estimate [[2]] ,

as.matrix (cbind (yt1,yt2)))

p=c(p,p-k)

}

p_matrix=cbind (p_matrix ,p)
}

#Then estimate copula model based on p_matrix
# ytl_list=list ()

# yt2_list=list ()

pob_list=list ()

result_list=list ()

finalmodel _list=list ()

h_matrix=NULL

h_list=list ()

accuracy=NULL

for (k in 1:K){
j=2%k—1
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partition=which (h_list [[ite —1]][ ,K+1]==k)

for (i in partition){

pob=pobs (p_matrix [partition ,]|)

}

model . estimate=multiCopulaSelect (P, pob)

finalmodel_list=list .append(finalmodel_list ,model.estimate [[2]])

result_list=list .append(result_list ,model.estimate [[1]])

# yt1l_list= list .append(ytl_list ,ytl)

# yt2_list= list .append(yt2_list ,yt2)

pob_list=list .append(pob_list ,pob)

h=dCopula(copula=model . estimate [[2]] , p_matrix)

h_matrix=cbind (h_matrix ,h)

h_matrix=cbind (h_matrix ,apply (h_matrix ,1,which.max),
rep(c(1:K),nk[1:K]/c))

h_list=list .append(h_list ,h_matrix)

cluster=rep (c(1:K) ,nk[1:K]/c)

accuracy=c (accuracy ,sum(diag(table (h_matrix [ ,K+1],cluster)))/m)

38

HHHHHHEHHEEEN | gorithms when H is non—differentiable

mbc.sym.emp =function (Tvalues K, m_vector ,mydata,c){
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cdf_list=function (mydata, c){##mydata is a vector
cdf=list ()

N=length (mydata)

for (i in 1:(N/c)){

currentData=mydata [((1—1)xc+1):(i%c)]
cdf.cur=ecdf(currentData)

cdf=c(cdf ,cdf.cur)

}

return (cdf)

}

myFs=cdf_list (mydata,c)

#QTvalues is a vector of T values

#Qm _vector is a vector of every two numbers are the
#starting number of the unit and the ending number
#of the unit each cluster

n=length (Tvalues)

##obtain y matrix, each colunm is F(T)
y_matrix=NULL

for (j in 1:n){

y_t=NULL

for (i in 1:m){

yi=myFs|[[i]]( Tvalues|[j])

y-t=c(y-t,yi)

}

y_matrix=cbind (y_matrix ,y_t)
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#Step 1: Assume the initial partition is Pl1=(F1, F.ml),
# P2=(F_(ml+1),..,Fm)

# Find G(F(T)) and calculate epsl, eps2

#G(y)=#ys less than y

K=2 ##mumber of clusters

m_vector=c (1 ,ml,ml+1,m) #the length is 2xK (1,2,3,5)

G_list=list () ## lists

for (k in 1:K){

j=2xk—1

G _t=NULL

partition=m_vector[j]: m_vector [j+1]

for (i in partition){

g=sum (y_matrix [ partition ,k|]<=y_matrix[i,k])/length(partition)
G_t=c(G_t,g)

}

G_list=list .append ( G_list ,G_t)

}

epson=NULL
for (i in 1:K){
eps=(max( G_list [[1]]) —min( G_list [[i]]))/m

epson=c (epson , eps)
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##Calculate equation 5.8 for each unit

#first define the function when beta=0 and beta=1
#when beta=0

e1234_W=function (x1p,x2p,xlm,x2m){
out=max (x1p+x2p—1,0) —max (x1p+x2m—1,0)—

max (x1m+x2p —1,0)+max (xlm+x2m—1,0)

return (out)

}

#when beta=1
e1234_M=function (x1p,x2p,xlm,x2m){

out=min (x1p,x2p)—min(x1p ,x2m)—min (x1lm, x2p)+min (x1m,x2m)

return (out)

}

#obtain the omega_matrix for each unit

w_list=list () #this is a 2%2 matrix with values: G_tl(xl+epsonl),
# G_t2(x24+epson2), G_tl(xl—epsonl), G_t2(x2—epson2)

for (k in 1:K){

j=2+k—1

partition=m_vector[j]: m_vector[j+1]

for (i in partition){
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w_matrix=matrix (0,2 ,2)

w_matrix[1,1]=sum(y_matrix [partition ,1]<=(y_matrix[i, 1]
+epson[1]))/length(partition)

w_matrix[2,1]=sum(y_matrix [ partition ,2]<=(y_matrix [i, 2]
+epson[1]))/length(partition)

w_matrix[1,2]=sum(y-matrix [ partition ,1]<=(y_-matrix[i,1]
—epson [2]))/length(partition)

w_matrix [2,2]=sum(y-matrix [ partition ,2]<=(y_-matrix[i,2]

—epson [2]))/length(partition)

w_list=list .append (w_list , w_matrix)

}
}

#Then apply el1234.W and el234_.M to each unit

#define beta.w as a 2#«m matrix, each colunm is the h.w

#for beta=0 and beta=1

beta_w=matrix (0,2 ,m)

for (i in 1:m){

beta_w[l,i]=e1234 W (w_list [[1]][1,1],w_list [[i]][2,1],
w_list [[1]][1,2],w_list [[i]][2,2])

beta_w[2,i]=el1234 M (w_list [[i]][1,1],w_list [[i]][2,1],
wolist [[1]][1,2], wlist [[1]][2,2])

}

#get the h_k for each k=1,... K
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betaO=NULL #the vector of h_k when beta=0
betal=NULL #the vector of h_k when beta=1
for (k in 1:K){

j=2%k—1

partition=m_vector[j]: m_vector[j+1]
bO0=sum (beta_w |1, partition|)

bl=sum (beta_w[2, partition |)

betaO=c (betal ,b0)

betal=c(betal ,bl)

}

##calculate p_k for each cluster

# (the associate probability for each cluster k)
p=NULL

for (k in 1:K){

j=2xk—1

partition=m_vector[j]: m_vector [j+1]
p=c(p,length(partition)/m)

}

#calculate the Likelihood

L_matrix=matrix (c(sum(pxbetal),

sum (px*c(beta0[1],betal [2])) ,sum(p*c(betal[2],betal [1])),
sum(pxbetal)) ,2,2)

beta.option=list (c(0,0),c(0,1),c(1,0),c(1,1))

beta.estimate=beta.option [[ which.max(L_matrix)]]
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#evaluate each unit under the other partition

w_list2=list ()

k=1

j=2xk—1

partition=m_vector[j]: m_vector [j+1]

k=k+1

j=2xk—1

partition.evaluate=m_vector[j]: m_vector[j+1]

for (i in partition){

w_matrix=matrix (0,2 ,2)

w_matrix[1,1]=sum(y._-matrix [partition.evaluate
+epson[1]))/length(partition.evaluate)

w_matrix[2,1]=sum(y_-matrix [ partition.evaluate
+epson[1]))/length(partition.evaluate)

w_matrix[1,2]=sum(y_matrix [partition.evaluate
—epson [2]))/length(partition.evaluate)

w_matrix[2,2]=sum(y_matrix [partition.evaluate

—epson [2]))/length (partition.evaluate)

w_list2=list .append(w_list2 , w_matrix)

}
k=2
j=2xk—1

partition=m_vector[j]: m_vector[j+1]
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k=k—1

j=2xk—1

partition.evaluate=m_vector[j]|: m_vector[j+1]

for (i in partition){

w_matrix=matrix (0,2 ,2)

w_matrix[1,1]=sum(y-matrix [partition.evaluate ,l]<=(y_-matrix[i, 1]
+epson[1]))/length(partition.evaluate)

w_matrix [2,1]=sum(y_-matrix [partition.evaluate 2] <=(y_matrix[i, 2]
+epson [1]))/length (partition.evaluate)

w_matrix[1,2]=sum(y_matrix[partition.evaluate,l]<=(y_matrix[i, 1]
—epson [2]))/length (partition.evaluate)

w_matrix [2,2]=sum(y-matrix [ partition.evaluate ,2]<=(y_matrix[i, 2]

—epson [2]))/length(partition.evaluate)

w_list2=list .append (w_list2 , w_matrix)

}

if (all(beta.estimate=—c(0,0))){

hl=beta_w [l ,m_vector [1]: m_vector [2]]

for (i in m_vector [3]: m_vector [4]){

h w=e1234 W (w_list2 [[i]][1,1],w_list2[[i]][2,1],
w_list2 [[1]][1,2],w_list2[[i]][2,2])

hl=c(h,h_w)

}

h2=beta_w [l ,m_vector [3]: m_vector [4]]

for (i in m_vector [1]: m_vector[2]){
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how=e1234 W (w_list2 [[1]][1,1], w_list2 [[i]][2,

w_list2 [[1]][1,2], w_list2 [[i]][2,2])
h2=c (h2,h_w)

1} else if (beta.estimate=c(1,1)){
hl=beta_w [2,m_vector [1]: m_vector [2]]

for (i in m_vector [3]: m_vector [4]){

how=e1234 M (w_list2 [[i]][1.1], w_list2 [[i]][2,

w_list2 [[1]][1,2],w_list2[[1]]][2,2])
hi=c(h,hw)
}
h2=beta_w [2 ,m_vector [3]: m_vector [4]]

for (i in m_vector [1]: m_vector[2]){

how=e1234 M (w_list2 [[i]][1.1], w_list2 [[i]][2,

wolist2 [[i]][1,2], w_list2 [[i]][2,2])
h2=c (h2 , h_w)

1} else if (beta.estimate=—c(0,1)){
hl=beta_w[1,m_vector [1]: m_vector [2]]

for (i in m_vector [3]: m_vector [4]){

how=e1234 W (w_list2 [[i]][1,1],w_list2[[i]][2,

w_list2 [[1]][1,2],w_list2[[1]][2,2])
hl=c (h,h_w)
}
h2=beta_w [2 ,m_vector [3]: m_vector [4]]

for (i in m_vector [1]: m_vector[2]){

how=e1234 M (w_list2 [[1]][1,1], w_list2 [[i]][2,

w_list2 [[1]][1,2], w_list2 [[i]][2,2])
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h2=c (h2,h_w)
1} else {
hl=beta_w |2, m_vector [1]: m_vector [2]]
for (i in m_vector [3]: m_vector[4]){
how=el1234 M (w_list2 [[i]][1,1],w_list2[[i]][2,1],
w_list2 [[1]][1,2],w_list2[[1]][2,2])
hl=c (h,h_w)
}
h2=beta_w |1 ,m_vector [3]: m_vector [4]]
for (i in m_vector [1]: m_vector[2]){
h w=el1234 W (w_list2 [[i]][1,1],w_list2[[i]][2,1],
w_list2 [[1]]][1,2],w_list2[[i]][2,2])
h2=c (h2,h_w)
1
h_matrix=cbind (hl,h2)
h_matrix=cbind (h_matrix ,apply (h_matrix ,1,which.max),
rep(c(1:K),nk[1:K]/c))
cluster=rep (c(1:K) ,nk[1:K]/c)
accuracy=sum(diag (table (h_matrix [ ,K+1],cluster)))/m
result=list (h.matrix ,accuracy)

return (result)

}

HHHHHAEHSimulation Example When H is non—differentiable

# with one variable

HHHHEHHEHHH S Section 6.1: Example 1
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set.seed (5)

pl=rnorm (300, 2, 4)
p2=rnorm (200,10,3)
mydata=c (pl,p2)

K=2

nk=c (300,200)

c=100

m_vector=c(1,2,3,5)
scatter_plot1D (mydata,K, nk)
cdf_plot1D (mydata,c K, nk)
Tvalues=c (0,10)

cdf_plot.TID(mydata,c ,K,nk, Tvalues)

mbc. sym.emp ( Tvalues ,K, m_vector ,mydata,c)

HHHHEHEHHHEHE Section 6.1: Example 2
set .seed (31)

nl=700
n2=300

=c(nl,n2)
c=50
pl=rnorm(nl, 2, 4)
p2=rnorm (n2,30,3)
mydata=c (pl,p2)
K=2

m_vector=c(1,10,11,20)
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scatter_plot1D (mydata,K, nk)
cdf_plot1D (mydata,c,K,nk)

Tvalues=c (5,25)
cdf_plot.TID(mydata,c ,K,nk, Tvalues)

mbc.sym.emp( Tvalues ,K, m_vector ,mydata,c)

HHHHAEHHHHHE Section 6.1: Example 3
set .seed (3)

n1=700

n2=300

n3=500

nk=c(nl,n2,n3)

c=100

pl=rnorm(nl, 2, 4)

p2=rnorm (n2,10,3)

p3=rnorm (n3,15,5)

mydata=c (pl,p2,p3)

K=3

nk=c(nl,n2,n3)
m_vector=c(1,6,7,11,12,15)
scatter_plot1D (mydata K, nk)
cdf_plot1D (mydata,c K, nk)
Tvalues=c (5,15)
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cdf_plot .TID(mydata,c ,K,nk, Tvalues)

mbc.sym. para_margin ( Tvalues ;,K, m_vector ,mydata,c)

AR S imulation Examples When H is differentiable
#H#HSimulation Example for 1 variables with parametric estimation
H#HH#3 classes

set .seed (33)

nl=7000

n2=3000

n3=5000

c=100

pl=rbeta(nl,2,2 ncp=0)

p2=rbeta(n2, 1, 3, ncp = 0)

p3=rbeta(n3, 5 , ncp = 0)

mydata=c (pl,p2,p3)

K=3

nk=c (nl,n2,n3)
PO=c(1,80,81,110,111,150)
scatter_plot1D (mydata,K, nk)
cdf_plot1D (mydata,c,K,nk)
Tvalues=c(0.45,0.65)

cdf_plot .TID(mydata,c ,K,nk, Tvalues)

mbc.symlD . para (mydata,c,P0,K, Tvalues)

##Simulation Example for 1 variables with parametric estimation
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H#HH3 classes
nl1=7000

n2=3000

set .seed (2014)
sigmal=diag (2)
xl=mvrnorm(nl,c(3,0),sigmal)##results A
set .seed (2015)
sigma2=2xdiag (2)
x2=mvrnorm (n2,c (4 ,4),sigma2)
n=nl4n2

c=100

mydata=rbind (x1,x2)

nk=c (nl,n2)

K=2

PO=c (1,60,61,100)

scatter_plot2D (mydata,K, nk)
cdf_plot.multiD (mydata, ¢ ,K, nk)
Tvalues=matrix(c(3,4,0.8,2),2,2)
cdf_plot.TmultiD (mydata, ¢ ,K,nk, Tvalues)

mbc.sym . multiD . para (mydata,c,P0,K, Tvalues)

###Simulation Example for 3 variables with parametric estimation

H#HH2 classes
nl=7000

n2=3000
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set .seed (333)

sigmal=diag (3)
xl=mvrnorm(nl,c(1.5,1,0),sigmal)##results A
set .seed (33)

sigma2=2xdiag (3)
x2=mvrnorm(n2,c(4,3,3),sigma?2)
mydata=rbind (x1,x2)

c=50

nk=c (nl+n2)

K=2

PO=c(1,120,121,200)

scatter_plot3D (mydata,K, nk)
cdf_plot.multiD (mydata, ¢ ,K, nk)
Tvalues=matrix(c¢(1.8,2.6,1,2,0.5,2,3),2,3)
cdf_plot.TmultiD (mydata, ¢ ,K,nk, Tvalues)

mbc.sym . multiD . para (mydata,c,P0,K, Tvalues)
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