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As a part of efforts to realize practical uses of quantum computers, the development of
the technique of controlling spin systems is an essential element. This study focuses on the
issue of optimization for the control of a coupled spin system. Based on the idea of optimal
control for the design of pulse sequences in NMR spectroscopy, a mathematical framework
is presented for the approximation of the coupled spin operators including the controlled-
not(CNOT) operation as an important gate in quantum computing systems. Finally we
suggest an algorithm for the periodic control of coupled qubit systems.
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CHAPTER 1

INTRODUCTION

1.1 (QUANTUM:COMPUTERS AS MORE EFFICIENT ALTERNATIVES TO CLASSICAL COM-

PUTERS

The computer is one of the most innovative and useful inventions created by mankind [10].
It is obvious that the computer has accelerated the progress of civilization. According to
Robertson[10], the full impact of the computer is beyond our comprehension, just as the full
impact of the printing press could not be perceived by people in the 15th century. He contends
that computers are causing greater changes in society than the printing press, having brought
tremendous advances in mathematics and science, and virtually influencing every field of
study. Many new discoveries or advances made today would have been impossible before the
computer age. Indeed, computers allow us to see things that could not be seen before. This
is also reflected in the fact that the wider society depends on computers and this dependence
on computers is greater than ever. Since the world’s first programmable, digital, electronic
computer, Colossus, appeared during World War II, the computer has been developed at an
enormous speed. However, it seems that this speed is never quite fast enough. As one example
of the ever-increasing desire for computational power, researchers in Los Alamos National
Laboratory (LANL) in New Mexico have been conducting various experiments using the
supercomputer nicknamed Blue Mountain, which occupies a 1000 square foot area of the
lab building. Allegedly, Blue Mountain takes about 72 hours to finish the same work as a
regular computer takes 17.8 years, but the researchers, who worked with this state of the
art computer, soon started to complain that it takes too long to see the results. Now LANL

is equipped with a new super computer, called (), which occupies a 4000 square foot area
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and is five times faster than Blue Mountain [2]. Such supercomputers, either Blue Mountain
or Q, are a collection of classical computers that run in parallel to solve a given problem.
These matters of space and cost reveal the limit of conventional approaches to improving
computer efficiency and lead us to consider the alternatives. In addition to the development
of supercomputers for special uses, computer hardware for general and personal computers
has also grown in power at an amazing pace. The growth in the component density on a chip
was described by Gordon Moore in 196. His observation, known as Moore’s Law which states
that the number of components that can be inexpensively placed on an integrated circuit is
increasing exponentially and doubling approximately every two years. Surprisingly, Moore’s
Law has approximately held true since the 1960s. The trend has continued for more than
half a century and is unlikely to stop for another decade at least and perhaps much longer
2, 7]. Moore’s Law also implies a limit to conventional approaches in developing classical
computers. If Moore’s Law continues to hold, the theoretical conclusion is that switches in
computers will be a single atom in size, and quantum effects will become important at that
scale causing difficulties for classical computation methods. Today, performing computations
at the quantum scale is an urgent problem for the computer industry. Fortunately, the idea of
the quantum computer has appeared as an alternative to the classical computer. It may help
solve the technological problem of squeezing more computer components on a chip [2, 4, 7]
and, in some cases, provide more efficient algorithms than is possible on a classical computer.

Considering the theoretical background of the quantum computer, Nielsen and Chuang
pointed out that the idea of a quantum computer is located at the intersection of several
fields such as quantum mechanics, computer science, information theory, and cryptography
[9]. However, the idea of a quantum computer was suggested by Richard Feynman in 1982 and
Paul Benioff as early as 1980 respectively. As a part of his efforts to enhance the operating
speed of computers dramatically, Feynman changed his mindset completely. He considered
quantum phenomena as useful tools that can be used in a new computing system. On the

other hand, Benioff took advantage of the reversibility of quantum mechanics to resolve the



problem of the heat that classical computers generate due to irreversible operations which
increase entropy [7].

Among the range of topics of importance to quantum computation, this study focuses on
the issue of optimization for the control of a coupled spin system. Specifically, a mathematical
framework is presented for the approximation of the controlled-not (CNOT) operation as an
important gate in a quantum computing system as well as other coupled spin operators. It
has been shown that any quantum circuit can be simulated to an arbitrary degree of accuracy
using a combination of CNOT gates and single qubit rotations. Before presenting the methods
and the results of this study, it is natural to discuss the properties of a quantum system and
how a quantum state can be represented mathematically and used for computation. The next
background section touches all the above-mentioned topics making a comparison between
classical computers and quantum computers. In the subsequent section, I will review related

literature.



CHAPTER 2

BACKGROUND

2.1 THE FUNDAMENTAL PROPERTIES OF A QUANTUM STATE: SUPERPOSITION AND

ENTANGLEMENT

In quantum mechanics, quantum refers to a discrete unit that quantum theory assigns to
certain physical quantities such as the energy of an atom. Electrons, protons and neutrons
considered as quantum bits of information (qubits) are quantized for the correct description
of the relationship between quanta and elementary particles. These qubits are realized as
actual physical systems as well as considered as mathematical objects with certain specific
properties. Newtonian laws are not applied to this quantum world. In quantum computing
systems, a qubit is a unit of information that is described by a state vector, and spin half
particles such as electrons, photons, and neutrons may play the role of a qubit. The intrin-
sically spinning states of these particles may be spin-up, spin-down, or a superposition of
both states. The states are not deterministic, and measurement can change the states of
qubits. While a classical bit of information takes the value 0 or 1, a qubit can not only take
the values 0 and 1 but also a superposition of states representing 0 and 1. This is the first
fundamental property of qubits: qubits are represented by linear combinations of two states,
that is, a superposition of up and down. The second property is entanglement. Two objects
can form a single quantity at the quantum level even if they are separated a long distance
away from each other. As the material of sci-fi movies, the idea of quantum teleportation
is closely related to this second quantum property. An attempt to see a single entity as a
combination of two independent objects is theoretically possible under the condition that

the possibility of signal propagation at superluminal speeds is allowed. These two properties
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lie together at the core of quantum parallelism, the possibility of performing a large number

of operations in parallel [6].

2.2 THE QUANTUM COMPUTER AND BASICS FOR A MATHEMATICAL FORMULATION

FOR QUANTUM BITS

Quantum mechanical phenomena such as superposition and entanglement are directly used
in quantum computing systems. Qubits are quantum objects that correspond to the bits of
classical computers. A classical computer has a memory made up of bits. A quantum com-
puter operates on a sequence of qubits. In quantum computers, qubits carry the information
whereas information is coded as a string of bits in classical computers. The main advantage of
quantum computers is the use of quantum parallelism, which allows quantum computations
that are more efficient than classical computations. The following Bloch sphere provides a

good picture of a single qubit state.

Figure 2.1: Bloch sphere representing a qubit state

retrieved from http://en.wikipedia.org/wiki/Bloch- sphere

As the picture shows, the number of possible states of a qubit is infinitely large, the same
as the number of points on the surface of the Bloch sphere. In a mathematical sense, two

states of a qubit such as spin up and spin down, which can also be considered as the excited



state and the ground state of an atom, are represented with the notation of |1) and |0)
respectively. The notations ( | and | ) are called bra and ket respectively, known as Dirac

notation. The meanings are,

Co

W= e | tel= (b by )

and therefore, the bra-ket notation (¢ |¥) = > ¢b; represents the inner product of two
i

states with complex coefficients. |1) and |0) are considered as computational basis states and

each state is a vector in a two-dimensional complex vector space. Thus, [1) and |0) , meaning

|0) = , and |1) = , form an orthonormal basis for this vector space. An
0 1

arbitrary state of a qubit is a linear combination of these two states:

) = a]0) +5[1), a,feC

Quantum mechanics makes predictions about probability distributions depending on the
states of qubits at the instant of the measurement, and the values are connected to the
coefficients of up and down states. These coefficients are complex numbers representing
probability amplitudes, that is, [|a||* + ||8]|* = 1, and ||o|* and ||8]|* indicate probabilities
of measuring spin up and spin down respectively. That is, the state of a single qubit can be
any normalized superposition of the two possible basis states. According to the probabilities
|a||* and ||3]|*, one of two states, such as spin up or down will be measured. For example,

in the Fig 2.1, the state of the given qubit is represented;
) = cosf]0) + e'¥sin 1)

where a = cos @, and 3 = e sinf

i 2 o112 . .
lall® = lleos 0112 1311 = || sin]|” = e lsin8]|* = [lsin 6]

lall* + 181" = llcos 8]|* + ||sin 6]|* = 1.



This quantum state corresponds to the coordinate (z,y,z) in R3, where z = sin20 x
cosp, y = sin20 x sinp, and z = cos26. We represent states of a single qubit in the
manner shown above, as a wavefunction. Wavefunctions can change as time progresses, and
the time dependent Schrédinger Equation, i2 [¢(t)) = H [¢(t)) describes how wavefunc-
tions change in time, playing the corresponding role of Newton’s second law in classical
mechanics. The time evolution of wave functions is reflected in changes in measurement
probabilities of a quantum state over time. Measurement changes the state of a qubit,
when observed, but the final state after measurement is still somewhere on the surface
of the Bloch sphere. Thus, qubits are represented by using self-adjoint operators! while
transformative processes can be represented by unitary linear operators such as rotation or
time evolution as in the Schrodinger Equation. By multiplying a state vector by a uni-
tary matrix, a new state is given marking a new point on the Bloch sphere. Consider [))
as the general state of a two-qubit system. Then the state of the system is any normal-
ized superposition of the four orthogonal states. In the same way, in a quantum computing
system that operates on a 3-qubit register, a total of eight states are possible for three
qubits, [000) ,]001),|010),|011),]100),|101),|110), and |111) . Three-qubit quantum com-
puters can represent a superposition of all eight possible cases at the same time. Thus, the

register is described by the wavefunction:

|¥0) = a [000) + ap [001) + cug [010) + arg [011) + a5 [100) + g [101) + vz [110) + g |111)

1Self-adjoint operators are usually used in functional analysis and quantum mechanics. In
quantum mechanics, they are significant in that physical observables such as position, momentum,
and spin, are represented by them on a Hilbert space.
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This shows that a three-qubit system can be represented by any normalized superposition
of eight orthogonal classical states. In contrast, classical computers that have a three-bit
register can represent only one of these eight cases at one time. A quantum computer that
has a three-qubit register is tantamount to eight classical computers that have a three-bit
register at the same time. 2" classical computers may be thought of as equivalent to an
n-qubit quantum computer. A quantum computer operates by manipulating qubits with a
sequence of quantum logic gates, called a quantum algorithm. The matter of manipulating

qubits will be discussed in section 2.4.

2.3 OPERATORS TO GENERATE THE TIME EVOLUTION OF QUANTUM STATES

Consider the Schridinger equation, i% = H |¢(t)) where H is any constant coefficient
Hermitian matrix. [¢(t)) = e |1 (to)) is the solution of the Schridinger equation and it
represents the state of the system at time t. For the initial state |1)g) , the states of qubits can
be represented by [1(t)) = e~ 1)) . The state of a quantum system is described by a unit
vector in a Hilbert space H. H is Hermitian guarantees that eigenvalues of any Hermitian
matrix are real numbers, which means physical observables have real values. Eigenvectors
of a Hermitian matrix form a complete orthogonal basis of the space of state vectors. That

allows any point on the Bloch sphere, which means any possible state, can be represented

by a linear combination of such a basis with complex coefficients.



Further, The fact that H is Hermitian also supports That e~*# is a unitary matrix.
2 —i Ty =i
I)1* = 1) ) = (e | o)’ (e™* | o)
— (<¢0| eth) (efth |w0>)
= (tho et |1hg) = (Yo | 1ho) = 1
The time-evolution of the state of a closed quantum system is represented by such unitary

operators. For the initial state |¢;) and the final state |i5), there is a unitary operator U

such that [i9) = U [11) [5].

2.4 MANIPULATING QUBITS AND PAULI MATRICES

Charged particles have magnetic fields and may be described as quantum spins. Nuclear
Magnetic Resonance (NMR), especially MRI (Magnetic Resonance Imaging) is based on
the properties of magnetic particles in a magnetic field. Electrons and protons as spin half
particles are spinning and charged in nature. For instance, the states of protons are described

as superpositions of spin up and down. The following Fig 2.2 explains this.

ol ’
4 I
Sooa ¢
- : ;
. w
- X X

Figure 2.2: Protons that are in different states of superposition

retrieved from http://www.simplyphysics.com/MRI shockwave.html

A magnetic field makes these protons align according to its direction as Fig 2.3 shows.
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Figure 2.3: Protons’ aligning in a magnetic field of the strength B

retrieved from http://www.simplyphysics.com/MRI shockwave.html

When given specially designed pulse sequences to the polarized protons in Fig 2.3, the
states of protons are changed. This is the one way of manipulating qubits. NMR quantum
computing uses the spin states of molecules as qubits. In principle, NMR-like manipulation
techniques are applicable to any spinning particles. NMR spectroscopy is technique that uses
the magnetic properties of nuclei. Among experiments that show or use quantum properties,
the Stern-Gerlach experiment has special significance in quantum mechanics. It can be used
to demonstrate quantum properties that electrons and atoms intrinsically have and how
measurement affects the system being measured [3]. This is seen in the following picture.
Electrons from the furnace are collimated and pass between two poles of the magnet. When
electrons are between two poles, they align their directions in parallel with the magnetic
field direction as in Figure 2.4 and perpendicular to the ray direction. The ray from the
furnace splits into two rays depending on whether the direction of each electron is spin
up or spin down when aligned between the N-pole and the S-pole of the magnet. Pauli
matrices can be used to formulate such phenomena mathematically. Consider a basis of H,

a Hilbert space with |0) and |1) as the basis vectors. As already mentioned, the general state
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Figure 2.4: Stern-Gerlach experiment
retrieved from http://en.wikipedia.org/wiki/Stern-Gerlach-Experiment

of spin % particles, related to the Figure 2.1, is represented by [¢)) = cos @ |0) + €*¢ sin 6 |1)

corresponding to the vector (sin 260 x cos p,sin 26 X sin ¢, cos 20) in the Bloch sphere. See
Section 2.3. The physical properties of qubits can be represented by Hermitian operators in

a two-dimensional complex space, and Pauli matrices are the basis for the operators.

Pauli matrices are Hermitian and unitary and have important properties:
o?=10,0,=10,,0,0, =10,, 0,0, =1i0
i~ o Ya¥y — zyYzVx — yrYyvYz — ‘Y
det(ai) =-1
tT(UZ‘) =0

The Pauli matrices plus the identity matrix generate the Lie Algebra U(2) under the oper-

ation of commutation.
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The commutator on a Hilbert space is important since it is related to how well two
states can be measured simultaneously. Heisenberg’s uncertainty principle, connected to
the Baker-Campbell-Hausdorff formula, is a theorem concerning these commutators. The
probability distribution of a spin can be acquired by computing the spectral decomposition
of the corresponding operator. Consider that the operators e~ *Hotie=iH1t2 eyolve the state
of a particle over three equal time intervals in a certain period. Then by Baker-Campbell

Hausdorff formula;

e—iHotl e—iHth
— e~ H{(boHo+b1 H1)+ba[Ho,H1]+b3[Ho[Ho, H1]]+...}

for real numbers b;.

But all commutators are closed in the Lie algebra U(2) of Pauli matrices with the identity

matrix. Thus, the observed states are finally represented by e_l<f—wvz” am). Operators

corresponding to certain spins do not commute, that is, ede? # efed, and edef # A5,

This is the analog of Heisenberg’s uncertainty principle for quantum spins, which states that

one cannot measure the position and the momentum of a particle at the same time. Complex

Hermitian matrices can be represented as H = Aol + i Aio; with real coefficients A; for
i=1

7 =20,1,2,3. This fact is connected to the Bloch sphere representation of mixed states. The

states

1
0) = and [1) =
0 1

are eigenvectors of o,. For ¢ = < o, 0, O, ) and (sin 26 cos ¢, sin 26 sin ¢, cos 20),

d - (sin 260 cos ¢, sin 260 sin ¢, cos 26)
= 0, -sin20cosp + o, - sin20sin p + o, - cos 20
cos20 e ¥ sin20

€% sin20  — cos 20

The vector [¢) is an eigenvector of the result matrix (%) with eigenvalue 1.
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2.5 CLASSICAL COMPUTERS VS QUANTUM COMPUTERS

The following table summarizes the differences and the similarities between classical com-

puters and quantum computers.

Table 2.1: Classical computers vs. Quantum computers

Classical Computers Quantum Computers
Information units Bit Qubit
Possible states of informa- | Either 0 or 1 Any linear combination of
tion unit two states represented by
|0) and |1)
Gate A set of combined transis- | A mechanism that consists
tors of three elements of input

state, output state, and
time-evolution
An example of a universal | NAND gate (or NOR gate) | Single qubit gates and

set of gates (irreversible) CNOT gate (reversible)
Implementing gates Semiconductor diodes or | Manipulating qubits
transistors

2.6 ALGORITHM FOR OPTIMAL CONTROL OF COUPLED SPIN SYSTEMS

Navin Khaneja et al. introduced an optimal control algorithm for the design of pulse
sequences in NMR spectroscopy [8]. The following subsections from the article provide a

methodological idea for this study.

2.6.1 TRANSFER BETWEEN HERMITIAN OPERATORS IN THE ABSENCE OF RELAXATION

The state of the spin system can be represented by the density operator p(t) derived from
the Liouville-von Neumann equation, p(t) = —i [(Ho + i uk(t)Hk) ,p(t)} , where Hj is
the free evolution Hamiltonian, Hj are the radiofrequenc;:(lrf) Hamiltonians corresponding
to the available control fields and w(t) = (uy(t), ua(t), ..., un(t)) represents the vector of
amplitudes that can be changed and also considered as a control vector. To find the optimal

amplitudes wuy(t) of the rf fields that steer a given initial density operator p(0) = po in a
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certain time T to a density operator p(T") which is maximally overlapped to a desired target
operator C. This overlap is measured by the standard inner product &, = (C' | p(T)) =
tr {CTp(T)} .

For simplicity, consider that the selected time period T is divided into N inter-
vals and for each time interval, the control amplitudes w; are constant. Then U; =
exp {—z’At (Hg + i uk(j)Hk)} represents the time-evolution of the spin system for the
4t time interval. Tkhzlis, the final density operator at time T is p(T) = Uy - - - UypoU] - - - U},
and the performance function &, = <C’ ) Un--- UlpoUlT e UJTV>, is expected to be maxi-
mized as desired. This performance function can be rewritten, by the definition of inner
product and the fact that the trace of a product is fixed by cyclic permutations of the

factors,

Py = <U;+1 : "U]TVCUN"'UJ'H U; Uy poUT - ..UJT>
= (N | pj)
where p; is the density operator p(t) at time ¢ = jAt and A, is the backward propagated
target operator C at the same time t = jAt. While the control amplitudes wug(j) are
perturbed to ug(j) + dug(j) perturbed, the value of the performance ®, changes.
6U; = —iAtduy(j) HyU; with HyAt = OAt U,;(t)H,U,(1)dr and
U; = exp{—iT <H0 + f: uk(j)Hk> } 2

k=1
-1

If At is small, that is, At < , then H, ~ Hj. From the above

Hy + Y () Hy
k=1

g and §U; = —iAtduy(j) HyU;, we have 532’&) = — (N | iAt [Hy, pj])
for the first order in At. As we choose wuy(j) — ux(j) + ségf&)

for the small , we increase the performance function ®.
N. Khaneja et al. suggests that this provides the new way of the gradient ascent pulse
engineering (GRAPE) algorithm. The algorithm is given in [8] as follows:

1. Guess initial controls wu(j)

.. . 1 _
2This is derived from the standard formula %eA*'B:C e—0 = €4 fo eAT Be=ATdr.
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2. Starting from the initial pg, calculate p; = U; - - - Ulngf e UJT forall j <N

3. Starting from Ay = C, calculate \; = U}LH e U]TVCUN ~-Ujyq forall j <N

4. Evaluate 5;{)0 and update the m x n control amplitudes uy(5)

ug ()

6P
ou(5)

5. With these as the new controls, go to the second step. The starting value of wug(j) is

according to u(j) — ug(j) +¢

random and the algorithm ends up when ®; becomes smaller than a selected initial value.

2.6.2 SYNTHESIS OF UNITARY TRANSFORMATIONS

This problem is for creating a desired unitary operator in a given time T. For a closed

quantum system, the motion equation is U = —i (Ho + > uk(t)Hk) U.
k=1

At the initial value for the system is represented as U(0) = 1.
For the desired operator Up, uy(t) is given to minimize the value of ||Up — U(T)||> =
IUF|I” = 2Re (Ur | U(T)) + |U(T)II".

This is equivalent to the maximization of Re (Up | U(T)) .

Thus, the performance index is given as,

®; = Re <UF | U(T)>
:RQ<UF|UNU1>
:Re<UT+1-~UjVUF ‘ Uj~--U1>

J

= Re (P} | Xj)

The actual application of this idea is to approximate the target operator Up up to an

arbitrary phase factor ¢ and HU r— €U (T)”2 is to be minimized for some ¢. Since
2

|Ur — eU(T)||* = |Ug|* = 2Re (U | €#U(T)) + |U(T)|)*, minimizing ||Up — ¢¢U(T)||

is equivalent to maximizing ®, = |[(Up | U(T))]?



CHAPTER 3

METHODS

Attempts to find a better approximation and control the coupled qubit systems are described
through five steps in this chapter. The technique we use throughout this chapter is based
on the GRAPE algorithm introduced in section 2.4 with the help of the computing tool,
MATLAB.

3.1 PAULI TWO COMPONENT FORMALISM AND EULER ROTATIONS FROM CLASSICAL

MECHANICS

The ideas for this first step are drawn from the book, Modern Quantum Mechanics by J. J.
Sakurai (1994). First , we summarize the fundamental ideas from that book [9].

We discussed in section 2.6 that Pauli matrices can be used as the means to describe how

to manipulate the state kets in spin % systems. As the matrix representation of the rotation

C+

operator exp (%b) , acts on a two-component x. The column matrix y = can
c_
. . 1 .
be referred to as a two-component state with the elements of spin up, y. = and spin
0
0 2 2 : - :
down, y_ = where ¢i +cZ =1.Thatis, x = cyx4++c_x- For 7, aunit vector
1

in a certain direction, we can write

2

exp (252¢) = [1- O () + () - i m g - SR () ]

= [ cos (%) — 40 - nsin (%)

16
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0 1 0 —i
Since o -n = opnE  Wwhere o; = o9 = ,and o3 =
k=1,2,3 10 t 0
1 0 o oS (%) — ingsin (%) (—iny — ngy)sin (%)
, we have exp (%’w) =
0 -1 (—iny +no)sin (£)  cos (£) + ingsin (2)
—i0 -

That is, x changes as exp (T) x by the rotation specified with n and ¢ . As

—i0-No

we discussed in the section 2.3, the rotation operator exp( 5 ) is unitary. Uf(a,b) =

a b
is unitary where |a|* 4+ [b|> = 1 for complex numbers a and b since
—b* a*
a* —b a b
Ul(a,b)'U(a,b) = =1.
b* a —b* a*
a b

By comparing the corresponding entities of exp (*’gn‘b) and U(a,b) =

Re(a) = cos (%) , Im(a) = —ngsin (%)

Re(b) = —nj sin (‘g) Tm(b) = —ny sin (g)

—i0 N

5 ) is unitary. Conversely, the general unitary unimodular

it is immediate that eXp(

matrix, U(a,b) can be considered as a rotation and forms a subgroup of U(2) . That is, in

, a b
two dimensional space, U = " forms a unitary group where |a|’ + [b|° =1

—b* a*
v = % It is well known from classical mechanics that Euler rotations accomplish an

arbitrary rotation of a rigid body in three steps. Figure 3.1 describes this. For the notation,

R.(a) means the z-axis rotation by angle o, R(e, 3,7) = Rz(7)Ry(8)R.(a) .



Figure 3.1: Euler rotation

retrieved from http://en.wikipedia.org/wiki/ Euler-rotations

We can rewrite R(«, 3,7) = Rz(7)Ry()R.(a) by substituting the following

Ry (B) = R.(a)Ry(B)R;*(a)
Rz(7) = Ry (B)R-(7) By (8)
That is,
Rz(7)Ry (B)R.(a) = Ry (8)R.(7) Ry (8) Ry (B)R.(a)
= R.(a)R,(B) R (a) R.(7) R(a)

Since the rotation for the same axis is commutative,

R.(a) Ry (B) R (a) R.(v) R.(c)
= R.(a)Ry(B)R-(7)

18
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We switch this representation with the matrix representation. That is,

R.(0)Ry(B)R.(7) = exp (=52 exp (Z527) exp (=527
e 0 cos (g) —sin (g) e7i3 ()
0 €% sin (g) oS (g) 0 ¢z
_ e_l(zﬂ) cos (g) —e_l((;_w sin (g)
e@ sin (g) ew cos (g)

Based on this idea, we try to find an approximation to the target operator with rotation

in three steps by varying the rotation angles. As we discussed earlier in Section 2.3 and 2.4, a

target operator D in a single qubit system is represented as a unitary matrix. Thus, D = e
a b . . . . .

where C = is Hermitian matrix, that is, a and ¢ are real numbers, and
b* ¢

b and 0" are complex conjugates. We want to minimize the difference between D and
U(T) = e iheiBl2e=idls for a good approximation, U(T) for each time interval ¢,

in the time evolution operator |¢(t)) = e~ |¢)y) . Thus, for C(T) = |D - U®)|* =
tr[(D—U(T))"(D—U(T))] , this amounts to an optimization problem for finding the minimum
of C(T) . The criterion function C(T") informs us how close U(T") is to the target, and the
function M P(t) = e~te=iBl2e=i4ls a5 the product of unitary matrices provides U(T) as

its output for a time variable t.

3.1.1 THE RESULT FOR THE TEST OF THE IDEA OF EULER ROTATION

C(T) = Re{tr(D—MPt))"-(D—MP(t))} and MP(t) = e~*AleBl2e=iAls were computed
for random initial values of ¢; and random entries of Hermitian matrices of A, B, and C. For
the random values of entries in matrices and fixed value ¢; = 1, the following table shows
the smallest errors between D and U(7") and the number of computing times of C(T")

and MP(T) for each smallest error. For instance, in the first row, 10 means C(7") and
MP(T) were generated and computed 10 times with random entities of Hermitian matrices,

and 0.0065 is the smallest error among them.
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Table 3.1: Errors based on the number of optimizing searches (SU(2))

The number of optimizing searches | The smallest error between D and U(T)
10 0.0065

50 8.1223e-004

200 1.0679e-005

2000 7.4931e-010

For instance, the following figure shows all errors from the fifty trials. Among them the

smallest error was 8.1223¢e-004.

35 T T T T

25

Errors

05

0 10 20 30 40 50

Mumber of optimizing searches

Figure 3.2: The smallest error for each optimizing search (Euler rotation Test)

Obviously the bigger the number of times of computation is the smaller the minimum
error is. The approximation, 7.4931e-010 is good enough to check that the ideas work. We
move on to the next step in which we attempt to control a more realistic single qubit system

where the experimentalist can control a parameter in the Hamiltonian.
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3.2 CONTROLLING POSSIBLE REAL QUANTUM STATES

In this second step, we set the experiment to control a single qubit system. In reality, it is
unlikely that an experimentalist will be able to control all the parameters in the function
of MP(T) . So we attempt to control some of parameters in the Hermitian matrices in the
function of M P(T) . The time variable served as the independent variable corresponding

to rotation angle in the previous step, but in this second step, we fix the time interval

and vary values of the parameters to find U(T) . That is, MP(T) = > e %t where
j=1

1 s(g) +2i
o = and s(j) s are randomly given initially but At = 0.01 .
s(j) — 21 2
We start with the same number of rotations as in the previous section and increase it to ten

times in this experiment. That is, U(T') is determined by n-time rotation from the function

MP(T) where n=3 or n=10.

3.2.1 RESULTS FROM THE SECOND STEP

The same C(T) = Re{tr[D — MP(T)]" - [D — MP(T)]} is also used to evaluate how

good approximations are. However, the matrix production function in this step M P(T)

1 s(j) + 2i _
e where o0; = and s(j)' s are randomly

1 s(g) —2i 2
given but At = 0.01 as fixed. We expect to see randomly generated s(j)' s would make

—i0j At

-

is MP(T) =

J

the difference, yet good results. For the random values of entities in matrices and fixed value
At = 0.01 , the following table shows the smallest errors between D and MP(T') and the
number of optimizing searches of C(7") and MP(T') for each smallest error.

The above results also show that the bigger the number of optimizing searches is the
smaller the minimum error is. However, the approximations are not good compared to the
previous step. The following two figures show the difference. They also show all errors from

the fifty trials for each of three rotations and 10 rotations. Among them the smallest errors
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Table 3.2: Errors based on the number of optimizing searches (SU(2))

The number of optimizing
searches

The smallest error between
D and U(T) for three times
rotation

The smallest error between
D and U(T) for ten times
rotation

10 0.3745 0.3689
20 0.0192 0.1165
200 0.0490 0.0018
2000 0.0016 1.4590e-004

were 0.0016 at the 42" and 0.1165 at the

ten time rotations.

351

Errors

37" optimizing search for each of three time and

351

3F

257

Erors 2

141

1_

05

D 1 L L 1 1 L L
o5 10 15 AW B A B

Mumber of optimizing searches

1 1 D 1
045 50 05

m 1B 0 AB D X 40 & @

Number of optimizing searches

Figure 3.3: The smallest error for each optimizing search (Test for realistic control system)

To this end, we set the experiment with the different number of operators that are

multiplied in the matrix product function, M P(T) which means varying the number of

rotation operators to approach to the target. In the next step, we also consider a coupled

spin system instead of a single qubit system.
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3.3 VARYING THE NUMBER OF ROTATION OPERATORS IN A COUPLED SPIN SYSTEM: THE

CASE OF SU(4)

The third step considers controlling a coupled spin system. Thus, we need a different dimen-

sion of rotation operator. We keep the notation ¢ to represent Hermitian matrices, which

. . . 1 s(J) +2
substitute the matrices A, B and C in step 1. In step 2, 0; =

s(j) — 2i 2
and s(j)'s that is, MP(t) = e "18temio2At | o=ionAt where random initial s(j)'s and

At = 0.01 . Now we use 4 x 4 unitary matrices as operators for a coupled spin system. That

1 s(j)+i  1+1is(y) i
. s(j) —i -1 2+is(j)  s(j) +si
is, 0; = r
1—is(j) 2—is(j) 3 —s(j) +i
i s(j)—2 —s(j)—i 2
MP(T) = Y e @i® where At = 0.01 as fixed. The locations for the parameter
j=1

were arbitrary. We also vary the number of allowed rotation operators that are multiplied
in MP(T) . This is another difference from the previous steps. This approach turned out
to require more time to compute providing bigger errors compared to previous steps. The

results are as follows.

3.3.1 RESULT FROM THE THIRD STEP

Table 3.3: Errors based on different number of rotations (SU(4))

The number of optimizing | The number of rotations The smallest error between
searches D and U(T)

10 20 0.2496

10 40 0.0158

10 50 6.5235e-004

10 100 3.0993e-04

50 10 2.0727

200 10 0.6509
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From the table 3.3, at least 50 rotation operators were necessary for a relatively small

value of error. Figures below support the fact.

Errors

| 7 | | | | |
0 5 T 0 o n w4 @ @ 0 o#w wYyim

Number of rotstions Numer of otafions

Figure 3.4:
The smallest errors: 6.5235e-004 (left) and 3.0993e-04 (right)

Figure 3.5: Errors and number of rotations for a fixed time interval

The conditions given in this section required much time to find a good approximation.
Thus, in the following section, we vary the time variable as well as the number of rotation

operators for both a single qubit system and a coupled qubit system.

3.4 VARIED TIME PARAMETERS FOR BOTH A SINGLE QUBIT AND A COUPLED QUBIT

SYSTEM

As an attempt to find a better approximation at an efficient pace, in this section, we also vary
the time values as inputs. First of all, we started with varying the range of the sizes of time
intervals in order to see if the size of time intervals to manipulate coupled qubits influences
the size of errors between target operators and their approximations. The following is the

result for the errors between target operators and their approximations and for corresponding
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time values to manipulate. In the table below, T} represents the time parameter for the i

interval and errors are found by manipulating coupled qubits 15 times.

Table 3.4: Errors based on different ranges of time interval (SU(4))

Time interval range 0.2 interval range 4 interval range 68
T 0.0689 0.7291 43.5302
T 0.1809 0.1554 59.6608
T 0.0404 2.3222 16.4271
T, 0.0817 3.8056 61.7564
Ts 0.0432 0.5854 42.9882
T 0.1752 0.5456 8.4126
T, 0.0075 0.3523 0.5619
Tg 0.0381 0.2921 0.0953
Ty 0.0015 1.7881 39.6906
To 0.0775 1.5494 5.6572
Ty 0.1977 1.5706 25.2371
Ty 0.0707 0.0261 26.8472
T3 0.0051 1.2984 67.9465
Ty 0.0832 2.6000 11.7821
Tis 0.1884 0.2122 34.0199

Error 9.5252 9.9878e-010 9.9255

The result show us time parameters in the second column gave the smallest error, and this

informs that what initial input time value for optimizing searches produces the best result.

We used this finding to optimize approximation and could find good approximations for a

single qubit system by rotating four or five times. However, coupled qubit systems required
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about 15 rotations to guarantee small errors. The following table and figures illustrate the

results.

Table 3.5: Errors between target operators and their approximations in both single qubit

and coupled quit systems varying number of rotations without fixing the value of the time

variable
The number of rotations single qubit system, SU(2) | coupled  qubit  system,
SU(4)
5 1.1319e-009 0.1215
10 2.2770e-010 1.1868e — 013
15 3.7920e-010 1.3635e-012
25 3.2129e-010 2.7259e-014

Figures and tables below show the results for cases of both a single qubit system and a

coupled qubit system.

parameter

parameter

Figure 3.6: Parameters as a function of time
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Table 3.6: Time evolution of a qubit

A single qubit system
The number of rotation times | Time | Parameter

1 0.4575 | -1.0120
0.9625 1.7143
1.5031 | -2.2834
1.8399 4.0722
2.0976 | -1.8015

Y | W

Table 3.7: Time evolution of two qubits

A coupled qubit system
The number of rotation times | Time | Parameter

1 0.6379 -2.4716
2 1.2462 0.4776
3 1.2529 -1.8176
4 1.9914 -1.6674
5 3.4533 -1.2557
6 4.3917 0.9005
7 5.4425 3.0838
8 6.1682 -1.6987
9 8.2198 0.5540
10 8.2676 -0.3165
11 8.3329 -0.5514
12 10.3142 | -1.1481
13 10.4648 | -0.8697
14 11.5158 0.2435
15 12.3178 | -0.8810

We move on to the last section in which we test the idea of periodic control of coupled

qubits system by fixing the number of rotation operators as 15 times.
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3.5 PERIODIC CONTROL FOR COUPLED QUBIT SYSTEMS

In this section, we seek periodic control of coupled systems. We found 15 rotations produced
a good approximation in the previous section, so we fixed the number of rotation operators.
Instead of finding the errors between target operators and their approximations, first, we find
the approximations for the 50" root both of a target operator D. By taking 50" power to
both D# and A% which means the approximation for Dso , we find the approximation
of the actual target operator and the error between them. The following table shows the

results acquired by periodically controlling a coupled qubit system.

Table 3.8: Results from periodic controlling a coupled qubit system by rotating 15 times

The number of optimizing | Error between Ds and | Error between D and A

1

searches Ao
10 6.2329¢-013 9.9878e-010
10 7.1377e-013 1.2176e-009

. .. . . 1 1
We used optimizing searches to find the approximation As of D3 where and 15
rotation operators were used per period. The results were from a few those trials.
3.5.1 A TEST RESULT FROM PERIODIC CONTROLLING COUPLED QUBIT SYSTEMS

From the first case in the above table, the following graph and table specifically show param-

eters for time evolution of a coupled qubit system by periodically control.



parameter

Figure 3.7: Parameters according to time

Table 3.9: Time evolution of periodic control for a coupled qubit system

The number of rotation times | Time | Parameter
1 0.7291 -0.1397
2 0.8845 -0.0056
3 3.2067 -1.6144
4 7.0123 3.2662
5 7.5977 -2.0154
6 8.1433 -0.7795
7 8.4956 2.2324
8 8.7877 -1.2022
9 10.5758 -1.4782
10 12.1252 -1.8717
11 13.6958 0.3673
12 13.7219 -0.1433
13 15.0203 -0.738
14 17.6203 0.4026
15 17.8325 -1.2164

29



3.5.2 FINDING AN APPROXIMATION OF THE C-NOT OPERATOR

30

Finally, we periodically controlled a coupled qubit system to find an approximation of the

CNOT operation, that is, the CNOT gate.

0

0

o o O

1

0

From a total of three attempts, the errors between the CNOT operator and its approxi-

mations were 1.3398e-009, 1.8433e-009, and 9.6140e-010. The following graph and table show

the process of time evolution of a coupled qubit system to approximate the CNOT operation.

parameter
=
T

Figure 3.8: The time evolution parameters for the CNOT gate



31

Table 3.10: Control parameters for a coupled qubit system approximating the CNOT oper-

ation
The number of rotation times | Time | Parameter
1 0.2703 0.5462
2 1.4711 -0.6974
3 2.3962 1.5683
4 3.2765 0.5502
> 5.7227 0.1340
6 5.7396 0.8408
7 7.2085 0.2574
8 7.2989 -0.2366
9 8.8857 -1.4776
10 9.2085 -0.7189
11 10.6000 | -0.2225
12 11.4783 1.2303
13 11.6661 0.0201
14 12.1661 0.1010
15 13.8166 | -0.0840




CHAPTER 4

CONCLUSION

In this study, we sought ways to control a coupled qubit system for the approximation of
arbitrary SU(2) and SU(4) operations. We increased the complexity of the operators in five
steps. Findings from each step informed us how to move forward to the next step. In the last
step, we found good approximations of any target operator including the CNOT operator
by periodically controlling the qubit system.

Specifically we tested the idea of Euler rotation in the first step. We found the smallest
error between a target operator and its approximations was 8.1223e-010 from 2000 optimizing
searches.

In the second step we tested realistic qubit control systems, and the smallest errors
between targets and their approximations were 0.0016 and 1.4590e-004 from three time
rotations and from ten time rotations respectively. The result showed that the number of
rotations matters.

Hence, we tested the role of the number of rotations fixing the time variable in the third
step. What we found is more than 50 rotation operators are needed under the condition of
the fixed time parameters to find a good approximation. We also needed to vary the time
parameter to find better approximations.

In the fourth step, we varied time parameters and the number of rotations at the same
time. This idea worked very well producing good approximations. However, we found the
range of time intervals is the critical element to guarantee a good result. Either too small or
too big time intervals couldn’t provide good results. Within the range 4 of time, about 1.2

for the average time values guaranteed good approximations. As to the number of rotations,

32
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at least five time rotations for a single qubit system and fifteen time rotations for a coupled
qubit system guaranteed good approximations respectively.

In the last step, good approximations were acquired by applying the findings from the
fourth step, which are the 15 time rotation and varying time variables, and by using the idea
of periodically controlling qubit systems for both general qubit operators and the CNOT
operator.

In conclusion, we needed to limit values of time variable within a certain range and use
at least fifteen rotation operators with time and experimental control parameters, which
means manipulating qubits at least fifteen times, in order to efficiently control a coupled

qubit system.



APPENDIX A

MATLAB CODES

A.1 MATLAB CODES IN SECTION 3.1

10

11

12

13

14

16

17

18

19

function [y, z]=loop2o0pt (x)
global A; global B; global D;
k=zeros ([x,1]);

l=zeros ([x,31);

for j=1l:x

a = randn(l);

¢ = randn(l);

b = randn(l) + i * randn(1l);
A= [a b; b' c];

a = randn (1l);

c = randn(1l);

b = randn(l) + i x randn(l);
B = [a b; b'" c];

a = randn(l);

¢ = randn(l);

b = randn(l) + i * randn(1l);
C = [a b; b'" c];

D = expm(—1i % C);

t0 = [1 2 3];

34
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20 options = optimset ('maxIter', le7, 'TolFun',6le—12);
21 1(j,:) = fminunc(Qcritsu2, tO0);

22 k(j)=critsu2(1(3j,:));

23 matprodsu2 (1(j,:));

24 end

25 [m,n]=min (k) ;

6 y = k;

27 z=1(n, :);

1 function out = critsu2(t)

2 global D;

3 out = real(trace((D — matprodsu2(t))' * (D — matprodsu2(t))));

1 function out = matprodsuZ (t)
2 global A; global Bj;

3 out = expm(—i « A « t (1))

x expm(—i x B * t(2))

*x expm(—i x* A * t(3))

A.2 MATLAB CODES IN SECTION 3.2

1 [y,z]=loopstep2opt (x)
2 D;

3 k=zeros ([x,1]);

4 l=zeros([x,10]);

5 for J=1l:x

6 a = randn (1) ;




10

11

12

13

14

15

16

17

18

19

20

21

22

c = randn(1l);

b = randn(l) + i * randn(l);

C = [ab; b'cl;

D = expm(—1i % C);

e = randn (1l);

f = randn (1) ;

g = randn(1l);

s0 [e fgl231231];

options = optimset ('maxIter', le7, 'TolFun',le—12);
1(j,:) = fminunc(@critstep2, s0);

k(j)=critstep2 (1 (3, :));

matprostep2 (1(J,:));

end

[m,n]=min (k) ;

36

function out = critstep2(s)
global D;
out = real (trace((D — matprostep2(s))"'

* (D — matprostep2(s))));

function out = matprostep2(s)

N 0.01;

out = eye(2);

for i = l:size(s, 2)

sig = [[1 complex (s (i), 2)]; [complex (s
out = out+*expm(—complex (0,1)*sig*at);

(1),




7 end;
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A.3 MATLAB CODES IN SECTION 3.3

1 function [y, z] = loopdopt (x, dim)

2 global D;

3 k = zeros([x, 11);

4 1 = zeros([x, dim]);

5 for J = 1:x

6 sO = 50 » randn([1l, dim]);

7 options optimset ('maxIter', le7,

8 1(j,:) = fminunc(@critsu3, s0);
9 k(j) = critsu3(1(j,:));

10 end

u [m, n] = min(k);

12y = m;

13 z = 1(n,:);

'TolFun', le—12);

1 function out = critsu3(t)

2 global D;

3 out = real (trace((D — matprod(t))' * (D — matprod(t))));
1 function out = matprod(s)
2 At = 1;

3 out = eye([4, 4]);




4 for i = l:size (s, 2)

5 sig = [[1 complex(s(i),1l) complex(l,s(i)) complex(0,1)];

6 [complex(s(i),1)' —1 complex(2,s(i)) complex(s(i), 2)1;

7 [complex(l, s(i))' complex (2, s(i))' 3 complex(—s (i), 1)1;
s [complex(0,1)' complex(s (i), 2)' complex(—s (i), 1)' 211;

9 out = out * expm(—complex (0,1) = sig * at);

10 end;
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A.4 MATLAB CODES IN SECTION 3.4

analysis.m

1 global D;

2 a = randn (1l);
3 ¢ = randn(l) + complex(0,1) % randn(1l);
4 b = randn(l) + complex(0,1) * randn(l);

5 d = randn(l) + complex(0,1) % randn(l);

6 e = randn (1) ;

7 £ = randn(l) + complex(0,1) % randn(l);

s g = randn(l) + complex(0,1) % randn(l);

9 h = randn(1l);

10 1 = randn(l) + complex(0,1) x randn(l);

11 j = randn(1l);

12 C=[abcd; b'" e f g; ¢c'" f'" h i; d' g' 1i' 3J]1;

13 D = expm(—complex(0,1) * C);

14 z = zeros([10 1071);
15 count = 1;
16 for i = 1:10




17

18

19

warning off all;

[y(count); z(1 : i; count)] = loopdopt (10, 1i);

warning on all;
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20 count = count + 1;

21 end;

1 function [y, z] = loopdopt (x, dim)
2 global Dj;

s k = zeros([x, 11);

4 1 = zeros([x, dim]);

for j = 1:x

6 sO = randn([1, dim]);

7 options = optimset ('maxIter', 1le7, 'TolFun', le—12);
s 1(j,:) = fminunc (@critsu3, s0);

9 k(j) = critsu3(1(j,:));

10 end

11 [m, n] = min(k);

12y = m;

13 z = 1(n,:);

1 function out = critsu3(t)

2 global D;

3 out = real (trace((D — matprod(t))' * (D — matprod(t))));
1 function out = matprod(s)




3 out = eye([4, 4]);

4 for i = 1:2: size(s, 2)—1

5 sig = [[1 complex(s(i),1l) complex(l,s(i)) complex(0,1)];

6 [complex(s(i),1l)' —1 complex(2,s(i)) complex(s (i), 2)1;

7 [complex(l, s(i))' complex(2, s(i))' 3 complex(—s (i), 1)1;
s [complex(0,1)' complex(s (i), 2)' complex(—s (i), 1)' 211;

9 out = out * expm(—complex(0,1) x sig * abs(s(i+l1l)));

10 end;

A.5 MATLAB CODES IN SECTION 3.5

analysis.m

1 global D; global C; global E;

2 a = randn (1l);

3 ¢ = randn(l) + complex(0,1) % randn(l);
4 b = randn(l) + complex(0,1) * randn(l);
5 d = randn(l) + complex(0,1) % randn(l);
6 e = randn (1) ;

7 £ = randn(l) + complex(0,1) % randn(l);
s g = randn(l) + complex(0,1) % randn(1l);
9 h = randn(1l);

10 1 = randn(l) + complex(0,1) x randn(l);
11 J = randn(1l);

12 C=[abcd; b'" e £fg; ¢c'" £f'" h i; d' g'" 1i' 3]1;

13 D = expm(—complex(0,1) * C);
1u [v; 1] = eig(D);

15 E = vx1°{1/50}*xv"{-1};




16

18

19

20

21

22

z = zeros([1 30]);

[y; z] = loopdopt (10; 30) ;

w = matprod(z);

p = wb0;
g = E50;
z

real (trace ((p—q) "* (p—q)))
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ot

function [y, z] = loopdopt (x, dim)
k = zeros([x 11);
1l = zeros([x dim]);

for 7 = 1:10

sO = randn([1, dim]);
options = optimset ('maxIter', 1le7,
1(j,:) = fminunc(@critsu3, s0);

k(j) = critsu3(1(3,:));

'TolFun', le—12);

9 end

10 [m, n] = min(k);

11y = m;

12 z = 1(n,:);

1 function out = critsu3(t)

global D, global E;

out = real (trace((E — matprod(t))'

*

(E — matprod(t))));

function out = matprod(s)




out = eye([4, 4]1);

for i = 1:2:size (s,

sig = [[1 complex(s(i),1)

[complex (s (i),1)"

[complex (1, s(i))"

2)—1

—1 complex(2,s (1))

complex (2, s(i))"

complex (1,s(i))

complex (s (i),

complex (0,1)1;

2)1;

3 complex(—s(i), 1)1;

[complex (0,1)"' complex(s (i), 2)' complex(—s(i), 1)'

out = out * expm(—complex(0,1)

end;

* sig x abs (s (i+1l)));

211;
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