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ABSTRACT

While much work toward constructing quantum field theories has already been done in
the case of a flat space-time, the discipline is not nearly as well-developed in the case of
a curved space-time. The axioms offered by Wightman provide a mathematically rigorous
system for the construction of a quantum field theory on Minkowski space. I extend this
axiomatic approach in order to develop a model for a free scalar quantum field theory in the
case of a two-dimensional curved space-time by offering a set of axioms for a quantum state
field which can then be used to create a quantum operator field by second quantization using
the Segal field operator. I then demonstrate an example of a mathematically rigorous free
scalar quantum field theory on a curved space-time satisfying these axioms. Finally I use
Wigner’s contraction method to demonstrate that these free quantum fields on the curved

ax + b space-time limit to certain quantum fields on the flat plane, R2.
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Chapter 1

Introduction

The reconciliation of general relativity with quantum mechanics has been one of the greatest
challenges in physics for almost one hundred years. Much work has been done to integrate
the observations of quantum mechanics into a field — a function of time and position —
which can be used to model a changing number of particles. Concurrently much work has
been accomplished in understanding general relativity, especially in the use of differential
geometry to describe curved space-time. However these two physical theories remain distinct
and discordant. This thesis is a mathematical attempt to continue in the physical tradition
of marrying these two ideas.

Physicists traditionally approach the construction of a quantum field theory by considering
operator-valued fields which can be used to study identical particles. However much of their
work is not presented in a mathematically rigorous fashion. By formulating axioms for a
quantum field theory and requiring certain physical properties hold, we can give quantum
field theory a firm mathematical basis.

One such attempt to axiomatize quantum field theory was offered by Wightman. These
axioms offer an elegant framework by which a quantum field theory can be constructed on

(flat) Minkowski space. We hope to extend this axiomatic approach in order to develop a



model for a free scalar quantum field theory in the case of a two-dimensional curved space-
time. The quantum fields throughout this thesis are assumed to be scalar, i.e. they have no
spin. Studying scalar fields allows for a thorough study of quantum field theories without
the added complexity of spin. The lack of interaction between the particles makes this study
simpler physically while maintaining compatibility with special relativity. Mathematically,
by considering a free quantum field theory, we are able to reduce these axioms and then
using these simplified rules adapt them to the curved case.

One test for any such theory is to see how it limits to the flat case as the space-time becomes
less curved. We will equip the curved space-time with a non-negative parameter, p, and study
the effects of the contraction on the space-time and its symmetry group. The contraction
technique demonstrated by Wigner will be invaluable in this respect.

In this introductory chapter, we introduce the necessary background material concerning
the flat and curved space-times as well as the main tools needed throughout this thesis.
In the next chapter, we state a simplified version of the Wightman axioms and offer an
example using these simplified axioms. In chapter three, we demonstrate the extension of
these simplified axioms to the curved case in order to construct a quantum field theory
on a two-dimensional space-time and show how such a field theory limits to the flat case
considered with reduced symmetry. The final chapter discusses future research directions

and unresolved questions.



1.1 The Minkowski Plane, Representations,
and Fock Spaces

The Minkowski space-time is the manifold model most often used to study special relativ-
ity. As this thesis is an attempt to extend to a two-dimensional curved case, the Minkowski

plane, which is defined as M = R'*! with coordinates (¢, z) and the metric

(u,v) = ((ug, u1), (vo,v1)) = Uy — U1y

will serve as an excellent progenitor. This metric can alternatively be written in matrix form:

/"L:
0 -1

This metric induces a causal structure on the Minkowski plane. Two space-time points,
u = (ug,u1) and v = (vg,vy), are said to be light-like separated if (u — v,u —v) = 0,
time-like separated if (u — v, u —v) > 0, and space-like separated if (v —v,u —v) < 0.
Two space-time points can be causally connected only if they are not space-like separated.
Physically this corresponds to space-time points which can be reached from one another

without exceeding the speed of light, which we have set to be unity.

The Lorentz group, £ = O(1,1) is the group of linear isometries of the Minkowski

plane. It can be realized as {G € GLy(R)|G"uG = p}. This group has four connected

components:
4 4 )
cosh(7) sinh(r cosh(r sinh(7
o o s\ o) ) )
sinh(7) cosh(r) —sinh(7) — cosh(7)
’ ¢ 4
—cosh(7) —sinh(7 —cosh(7) —sinh(7
o () DI () A
sinh(7)  cosh(7) —sinh(7) — cosh(r)
\ Vs



Viewing the first component of our space-time point as time, £, = SO(1,1)° is the
subgroup of isometries that preserve the direction of time and the orientation of space, while
elements of £4_ reverse the orientation of space and elements of £_ reverse the direction
of time. For physical reasons, we need only consider the first subgroup. It will be convenient
to refer to elements of this group by the tau argument (A.). We will be interested in orbits
of the Minkowski plane under SO(1,1)°, particularly the points of the mass hyperbolae —
defined to be H ) = {(E,p) € R*|E* — p* = m*, E > 0} for m > 0 — the zero subscript
denotes the spin. Since the mass hyperbola is an orbit under the action of SO(1,1) in the
dual space to the Minkowski plane, for each m > 0 there exists a bijection between H,, o)
and SO(1,1)° given by (E,p) + A where A(m,0) = (F,p). Note that E = /p> +m?.
Thus SO(1,1)° = H,,0) = R since A\(m, 0) — (/p* + m?,p) is a one-to-one map. However

instead of Lebesgue measure, we will employ a measure on H,, o) which is invariant under

dp

S sm

be preserved by the action of this group; we also wish for invariance of measurement under

Lorentz transformations: d{), ) = We require any physical measurement to

translations in M. Hence we consider the identity component of the Poincaré group :
P =R2 x SO(1,1)°

where by abuse of notation R? denotes the translations on R? — ((T, X), 1) will be used to
denote Trans(r x), translation by (7, X). The group operation for the Poincaré group is
given by ((¢,z), A)((t',2'),N) = ((t,x) + A(t', '), AN) and ((¢t,x),A)™' = (=A"' (¢, z),A™).

The Poincaré group acts on the Minkowski plane by:

(T, X),A) - (t,x) = Transir,x) o A(t,x) = A(t,z) + (T, X)

lalso known as the inhomogeneous Lorentz group



With our space-time in place, we now turn our attention to the space of states. The
states of a quantum field can be modeled by points in a separable Hilbert space in which the
inner product corresponds to measurements within the model. Thus to construct a quantum
field in Minkowski space-time, we will require a unitary representation of Pg on the Hilbert

space of states.

Definition 1.1.1. A group representation of a group G on a vector space V' is a group

homomorphism from G into GL(V).
o [f®:G — GL(V) is a representation, then ®(g-h) = ®(g) - P(h) for all g,h € G.

o A representation is called (algebraically) irreducible if the only subspaces of V' which

are 1mvariant under the action of G are the zero-dimensional subspace and V' itself.

In this thesis, we will be primarily concerned with representations on separable Hilbert spaces.

A representation is unitary if it preserves the inner product on 'H

(Dy(v), Py(w)) = (v,w) for every g € G and v,w € H.

o A representation on a Hilbert space which has no invariant closed subspaces except the

zero-dimensional subspace and H itself is said to be irreducible.

Two representations of a group G, &1 on Hi and ®5 on Hs, are equivalent if there
exists an isometric isomorphism v : Hy — Ha such that ®o(g) = yo ®1(g) oy~ for all

geqG.

Finally a strongly continuous representations is one in which for each fived v € H,

the map g — ®4(v) is continuous with respect to the Schwartz topology.



When considering a free field, it is often convenient to regard the Hilbert space H as
the one-particle state space for a boson? and its induced Fock space as the space of finite-
particle states. A Fock space is an infinite-dimensional vector space and is a natural tool for
quantum field theory. This mathematical construction is used to manufacture the quantum
states of a multi-particle system from a single particle system. In order to model the chang-
ing number of particles in a given state, for each space-time point in the Minkowski plane
M we demand operators on the Hilbert space of states that model creation and annihilation
of a particle in a small neighborhood of that point. The creation and annihilation operators
are used to account for the introduction and removal of particles, allowing us to describe a

system with a variable number of particles.

In order to construct a Fock space from the Hilbert space H, we must first construct the
tensor powers of H. The tensor product H ® H describes a system consisting of two identical

3 We then denote the Hilbert space completion of the ordinary

non-interacting particles.
algebraic tensor power by H®H. Similarly we will denote the Hilbert space completion of
the ordinary algebraic m-fold tensor product by H®™.

As this thesis is concerned with particles with spin zero, we need only consider the bosonic
case which corresponds to symmetric tensors.* The symmetric part of a general tensor 7" of
order m can be found by utilizing the Sym operator:

SymT = % Z To L

gESm

where To Loy vgcvm = Tva(1)7va(2)"'va(7‘n)

2for simplicity, we will consider only the neutral pi meson

3In quantum mechanics identical particles are indistinguishable. Thus in a Fock space, all particles must
be identical. In order to consider multiple types of particles, one must take the tensor product of different
Fock spaces - one for each species.

4Recall a symmetric tensor is one that is invariant under any permutation of its vector indices.



For notational convenience, we will denote the Hilbert-space completion of the symmetric

m-~fold tensor products by Sym™(H). We define Fy to be the set of elements of the form

w = (w(O)’¢(1)7w(2)’ A ')

where only finitely many () are non-zero, ¢(® € C, ") € H, and ™ € Sym™(H).

Finally we define the Fock space induced from the Hilbert space ‘H to be:

Fr = Fo =P Sym™(H) = Co H b Sym?(H) & Sym>(H) & - --

m=0

where C has been used to denote the vacuum state.

This Fock space is itself an infinite-dimensional complex Hilbert space with inner product:
(@) =D (™),
m=0

which is in turn defined by the inner product on each of the constituent spaces. The inner
products on C and ‘H are multiplication and the Hilbert space inner product respectively.

The inner product on Sym?(H) is given by:

(0 @ 6210 @ )y = (6P ) (68 |057)

The inner product for higher tensor powers is defined analogously. We require that for all

b € F, I[P = (,4) < o0.

In order to pass from an m-particle state to an (m+1)-particle state, we use the creation

operator ¢ : Sym™(H) — Sym™* ! (H) given by:

VR QUyr—vVm+1Sym(u®@uv & - Qvy)

To pass from an m-particle state to an (m — 1)-particle state, we use the annihilation

operator a” : Sym™(H) — Sym™ '(H) given by:

V1@ @ Uy = /MU, 01)U2 @ -+ @ Uy,

7



The creation operator ¢™ is also denoted (a™*1)T since it is the adjoint to the annihilation
operator a™*!. One other property of these operators that we will find useful is that c,a,
gives the number of particles in the normalized state u. These well-known relations can be
found in a number of physics and mathematical physics texts including [4] and [12]. The root
factors included in these operators are there for physical reasons and are necessary for the
number operator of quantum field theory; they have been included in order to be consistent
with the existing literature but have little bearing upon the mathematics. For each v € H
we create operators C]" and A" on the Fock space which act as the identity on all the
constituent spaces except the m-particle state where they act by ¢ and a]' respectively.
Finally we construct operators €, and A, which act by ¢}’ and a!" respectively for each
m=20,1,2,...

For a unitary operator U, on H, we can define an operator Uém) on the simple tensors:
il fi = QL Ugf;

We can then induce an action on finite sums of simple tensors and subsequently extend to
the Hilbert-space completion of these sums, HO™. By restricting to the symmetric subspace
Sym™(H), we can produce an operator mapping the Hilbert-space completion of the sym-
metric m-fold tensor product to itself. Finally we can produce an operator U, on F» which,

by abuse of notation, we will write as:

Upf = &5, (21 1) = @5 &y Upf™

1.2 The ax + b group

In order to simplify the study of a quantum field on a curved space-time, we have chosen
to consider such a field in the 1+1-dimensional case. While lower-dimensional analysis is
not directly applicable to the physical 1+3-dimensional space-time, it captures much of the

theory and nuance of the curved case without extra complexity.



The group of affine linear transformations on R is known as the ax + b group due to its
action on the real line: T(,4) : R — R given by T(,4)(z) = az+0b for a > 0 and b € R. In this
paper, we have adapted these coordinates to be (b, ) € R? where o = In(a). This ordering
of the coordinates follows the physical convention of listing the temporal coordinate before
the spatial one. The ax + b group is isomorphic to a two-dimensional subgroup of Pg, the
three-dimensional connected Poincaré group — the inclusion map will be shown presently.

This Lie group follows the group law: (B, A) - (b,a) = (B + eb, A + ). It follows that
(b,a)™! = (—e™®b, —a). By considering the conjugation action, it follows that the subgroup

B = {(b,0) : b € R} is normal. Furthermore we can define a map

¢»:A={(0,0):acR} - Aut(B)

by $0,0)(0,0) = (0,) - (b,0) - (0, )" = (b, 0).

We can therefore identify this non-abelian, simply-connected, two-dimensional, solvable® Lie

group as being isomorphic to R x R.

The azx + b group can be naturally generalized by considering a family of Lie groups
{G, : p > 0} with adapted group law (B, A), - (b,a), = (B + €*b, A + a),. For p > 0,
G, can be seen to be isomorphic to Gy by mapping (b, «), to (b, pa);. Notice that when
p = 0, the group multiplication deteriorates to addition in R?. In Wigner’s terminology, this
corresponds to the contraction of the ax + b group with respect to the B subgroup. This
will be discussed in further detail in Section 3.3. For notational simplicity, we will normally
suppress the p subscript and note it only where confusion might arise. The group will play

two distinct roles in our constructions:
e a two-dimensional space-time R? with a Lorentz metric to be discussed shortly

e the two-dimensional group of symmetries of this space-time

Sthe subnormal series 1 <1 B <I G has abelian factor groups



In order to distinguish when we have used the group as a space-time and when we have
used it as an acting symmetry group, we will denote it as S, and G, respectively. This p
parameter will allow us to control the curvature of the space-time, S,,.
The group G, can be included into the Poincaré group by the map ¢ : G, — P3:
cosh(pa) sinh(pa) /l)(cosh(pa) —1)+b
(b,a) = | sinh(pa) cosh(pa) %sinh(pa) +5b for p> 0
0 0 1
Allowing p — 0 and applying L’Hopital’s rule where necessary, we may extend this
inclusion map to the case where p = 0:
10 b
(b,a)—= 0 1 a+b
00 1
Since the group multiplication is preserved by this map (¢(B, A)-c(b, ) = ¢ ((B, A) - (b, av))),
we conclude that the map is an injective homomorphism.

This inclusion produces an action of GG, on the Minkowski plane M:

For p >0
cosh(pa) sinh(pa) l(cosh(,ooc) —1)+b) [0
L,a)(0,0) = | sinh(pa) cosh(pa) S sinh(pa) +b 0
0 0 1 1
cosh (pa) —1)+b
2 smh (par) +b = (%(cosh(pa) —1)+0, %sinh(pa) +b)
For p =0
10 b 0 b
Lo(0,0)=10 1 a+b| |0l =|a+b]|=(a+b)
0 0 1 1 1

10



Unlike the Minkowski plane which has the same Lorentz metric at each point of the
space-time, the metric for S, varies from point to point. The standard Lorentz metric with

respect to the basis {%, a%} on T.S,, the tangent space to S, at the identity, e = (0,0), is:

0 le] o) 0
% % da b (b o
2.0 9 . 9 0 —1

o da Ba  da 0.0)
In order to calculate the metric at a generic point (b, ) € S,, we translate the tangent space
(T(v,a)S,) at that generic point (b, &) to the tangent space at the identity e using the map

induced by multiplication by the inverse from the left.

(L(b,a)71 )*

x %|(b,a) Ty %}(b,a) x %‘(0,0) Ty a%|(o,0)

(z,y) = (b,a)"H(x,y) = (—e™ b+ ez, —a +y)

Therefore the Lorentz metric at a generic point (b, o) € S, with respect to the basis {%, 8%}

is:

9.0 9.9 ~2pa
_ Ox Ox Oy Ox o € 0
v = =

9.9 98 . 9 0 -1

(b,ar)

This matrix is referred to as the First Fundamental Form (I,) of S,. This matrix corre-
sponds to the metric ds? = e 2°*db*—da?. Since the metric is independent of time coordinate
b, our curved space-time, S,, is a static space-time like its flat cousin the Minkwoski plane.
These space-times are the simplest Lorentzian manifolds as the geometry of these space-times

do not change over time.

Proposition 1.2.1. The Lorentz metric is invariant under the left multiplication action of

the group.

11



Proof. Consider the left multiplication action L 4y on a point (b, ) of the space-time S,:
L(B,A)(bv a) = (B,A)(b,a) = (B + epAb7 A+ a)
Thus the action on the tangent space can be given by the matrix:

© ) 2(B+eb) Z(B+eb) ePd
(B,A))x — =
GA+a)  Z(A+a) 0 1

Thus (L(B,A))* . Te(G) — T(B7A)<G) is given by

erd 0 T weft
(z,y) — =
0 1 Y Y

1 0 x
The Lorentz norm at the identity is:{ 2 =% — 2

0 -1 Y

e~ 24 zerld
while the Lorentz norm at the point (B, A) is: (xeﬂA y) = 2% —y?
0 -1 Y

Hence the Lorentzian norm is preserved by the multiplication from the left.

We can exploit the left-invariance of the Lorentz metric to calculate the effect that right

translation has upon the metric. Consider:
R(B,A) o L(B,A)*l (b, Oé) = (—Be“’A + e_pA(b + €paB), Oé)
Thus (R(B,A) o L(B7A)71)* is given by the matrix

e—PA e_pApepO‘B

0 1

Since (R(B,A) o L(B’A)—l)* : T.(G) — T.(G), we can calculate that

e P4 e B x ze P4 4+ ypBe P4
(z,y) — =
0 1 Y Y

12



The Lorentzian norm of this point is:
$2€—2pA 4 2xypBe‘2pA 4 y2p2B26—2pA o y2

which can also be described by:

e—2rA pBe*2pA T
(= v)
pBe—2pA p2326—2pA -1 Y

Since the left translation by (B, A)~! has no effect on the metric, we conclude that right

translation by (B, A) is responsible for the new Lorentz metric with matrix representation:

6—2pA pBe—QpA

pBe—ZpA pQB2e—2pA -1

Our study will primarily employ the first fundamental form, which can be thought of as the

matrix representation of the “standard” left-invariant Lorentz metric. The first fundamental

E F e~ () _
form = can be used to compute the Gaussian curvature of the

F G 0 -1

surface, S,. Since this parametrization is orthogonal, we may use the simple formula offered

in O’Neill’s Semi-Riemannian Geomelry text:

K = e (0= 2 (—pe ™)) = —er(—pPe ) = ?

Notice that S, has positive curvature for p > 0 and the Minkowski plane (Sp) has zero
curvature, which agrees with our intuition that it is flat.
We note that this formula for Gaussian curvature is similar to the formula offered on

page 60 of Shifrin’s Differential Geometry text [14]:

~1 o [ % o %
K:_Q\/E_G<%<@>+%<\/m)>

13




However since the product EG is negative, it must be adapted from the Riemannian case to
the Lorentzian case, paying special attention to signs.
We can also use the first fundamental form to write the d’Alembert operator following

the algorithm given by Jost on page 110. [6]

_ A 062 92 o )
Uy Aab2+238b6a+caa2+D%+Ea_a
-1 -1

A B £ F e 2P () e 0

where = = —

B C F G 0o -1 0 -1

In order to compute the lower order terms, let

e~2r

d = det(1,) = det — o2

= = (BAVID + Z(BVID) = e (f(eme ) + £(0)) =0

and

0 o (0 0 —pa)) —
EZﬁ(a( C’\/|d>—ep (5(0) 4+ L(—e)) =p
Hence the d’Alembert operator for the space-time S, is given by:

2p00 92 0
U, = e 5 8a2+p8a

Having a firm understanding of the mathematical structure of the ax + b space-time
G, we can now impose physical interpretations. The causal influence of a space-time point
(b, «) is called the forward light cone of (b, «). These are the points in space-time which
can be reached from (b, ) by traveling forward in time without exceeding the speed of
light. Geometrically, the light-like directions for a point (b,«) € S, are given by the

(z,y) € Tip,)(S,) with Lorentz norm equal to zero —i.e. (x,y) such that

e T
(ZL’ y) =e 2pa:L,2 _ y2 =0
0 -1 Y



(T
Thus in the light-like directions, x = +ef*y. It follows that /(< T)) _ +ef?
a y

We now consider two cases, which will turn out to be the two light-like directions.

V(T) _ o oy
e Suppose (1) e’ and O'(T) = 1.

Solving the system of differential equations ¢'(T) = 1 and e’*™a/(T) = 1 and using

the initial condition (b(0), «(0)) = (bg, ), we conclude that b(T") =T + by and

a(T) = %111(,0T+ er*) for T > —%e"ao

v(T) = —e” and ¥ =
(T) dv(T)=1.

Solving the system of differential equations ¥ (7T) = 1 and e**"a/(T) = —1 and using

e Suppose

the initial condition (b(0), «(0)) = (by, o), we conclude that b(T") =T + by and

a(T) = %ln(—pT—F er®) for T < %e"a(’
Thus the forward light cone at a point (bg, ag) can be defined to be the set:
Clonan) = {(b,@) € S, | b= by > L[ere — ero] |

Points on the interior are said to be time-like separated from (b, o), while points on the
boundary (where b — by = %|e”o‘ — eP*|) are said to be light-like separated from (bg, «p).
A backward light cone can be constructed by considering all of the points (b, &) for which
(bo,a0) € Cpay. These are the space-time points which could have causal influence on
(bo, ). If two space-time points are such that neither lies in the forward light cone of the
other( |B —b| < %|e”A — eP?|), they are said to be space-like separated.

Since the ax + b space-time is homogeneous, understanding the light cone at any point
allows us to understand the light cone at any other point. Furthermore since the space-time
is simply connected, these geodesics are all complete. Note that the light cone does not
look symmetric with “Euclidean eyes,” but this is unsurprising as we are regarding a curved
space-time with a Lorentz metric on a flat page in our Riemannian world. The light cone

seems to flatten out as o decreases. This is due to the dependence of the metric on a.

15
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The light-like directions in the tangent space to S, at (b, ) = (0, 0) form the typical light
cone of flat space-time, | 2| = |2 |. However the light-like directions in the tangent space at
(b, ) = (0,1) form a steeper light cone, |&| = e?|-Z|, while the light-like directions in the
tangent space at (b, ) = (0, —1) form a shallower light cone, | 2| = e~*|Z|. Since the metric

is independent of b, the light-like directions are unaffected by changes in the b coordinate.
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Figure 1.1: Light Cones in Different Tangent Spaces
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1.3 The Wightman Axioms

Quantum field theory developed in the early twentieth century as an attempt to amalga-
mate quantum mechanics and special relativity using the classical models for electromagnetic
fields. The founders of quantum field theory — namely Heisenberg, Pauli, and Dirac — encoun-
tered many mathematical difficulties in developing such theories and the fields themselves
were left only vaguely defined. Physicists of the 1940’s established systematic perturbation
theory. The resulting calculations agreed strongly with experimental verification suggesting
that there were sound mathematical models within quantum field theory. This prompted
Garding and Wightman to devise a definition of a “quantum field” by suggesting a set
of mathematical properties which they contended every quantum field theory should have.
These properties are called the Wightman axioms. The axioms provide a mathematical
construction of a quantum field — or what we will call a quantum operator field®— on (flat)
Minkowski space by providing precise mathematical requirements corresponding to physical
properties desired of such a quantum field.

A quantum field theory in this context can be described by a quadruple {®, U, H, D}
where H is a separable Hilbert space with dense linear subspace D, U is a unitary repre-
sentation of Py on H, and & is an operator-valued distribution on the Minkowski plane M.
That is to say that ® is a map from the smooth, compactly-supported functions on M —

denoted C°

cpt

(M) — to the endomorphisms of D. Since C2°

cpt

(M) C (M), the Schwartz space

of function on M, we can place a topology on C2°,(M) by restricting the Schwartz topology.

cpt
Recall [15] that in the Schwartz topology, a sequence {f,,} C .7 (M) converges to f € /(M)
if for each 7, s € Z>o,

lim Y > supla*D'(f, — (@) =0

kl<r fi1<s “€M

6The use of the extra qualifier “operator” will be made clear in the next chapter
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For a quantum operator field theory, we require that the quadruple {®, U, H, D} satisfy

the following axioms [18, 12]:

1: (Regularity) For f € Cg, (M), f — (¥, ®( f)¥) is a continuous C-linear functional for

C

each 1,1 € D, using the Schwartz topology restricted to C'

cpt

(M).

2: (Vacuum Cyclicity) There is a unique (up to scalar multiple) U-invariant vector 2 € D
with [|Q|] = 1 such that the linear span of vectors of the form ®(f;)--- ®(f,)S2 for

fi € Cop(M) is dense in H.

3: (Symmetry) (¢, ®(f)e) = (B(f)ib, ) for all f € C(M) and 4,4 € D.

4: (Equivariance) U((T7X),A)<D(f)U&%7X)7A) = ®(f o (T, X),A)7") for all f e Cg,(M) and
(T, X),A) € Ps.

5: (Causality) [®(f), ®(g)] = 0 if the supports of f,g € Coy (M) are space-like separated.

6: (Spectral Condition) The infinitesimal generator of U((t,0),1), the time translation

subgroup, has non-negative spectrum.

Regularity requires that ® be a tempered distribution, which makes the mathematics
far more manageable. The other axioms correspond to physical properties desired of the
quantum field theory. The second axiom allows us to generate particles from the vacuum by
exchanging energy with mass in order to produce any state with a finite number of particles.
Furthermore, the density restriction ensures that the Fock space is not “too large” to be
described by a single field. The symmetry axiom asserts control over the spectrum of the
operators generated by ®; in particular, if f is real-valued, then ®(f) = ®(f) and ®(f)
must have a real spectrum and thus can describe an observable. The equivariance condi-
tion guarantees that transformations of space-time are consistent with transformations of

measurements of states. Places of space-time that cannot communicate without exceeding
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the speed of light should not affect measurements in one another’s regions. This is axioma-
tized by the causality stipulation. Finally the spectral condition asserts that the energy of

a configuration of states must be bounded below.

1.4 The Mackey Machine

The Mackey Machine is an algorithm that can be used to discover irreducible unitary repre-
sentations of a group by using representations of a normal subgroup. This is best developed
in the case of semi-direct products (which the Poincaré group and the ax + b group are). For
a summary of these methods, see Mackey [8]; for a detailed treatment also see chapter 17 of
Barut and Raczka [1].

Let G = N %, H with N an abelian normal subgroup of G, a locally compact group.
The action of H on N (¢ : H — Aut(N)) induces an action of H on the (one-dimensional)
characters of N, (% H — Aut(N ) where N is the group of continuous homomorphisms from
N to the units in the complex plane. A typical element of N has the form Xz(n) = €™, Since
N is abelian, each irreducible representation must be one-dimensional; hence N contains all
of the irreducible representations of N. In order to construct an irreducible representation

of G from an irreducible representation of H, we use the following method:
(1) Consider the orbits {&;} of N under the action of H

(2) Choose a representative element from an orbit y; € 0;

(3) Let L; = Staby(x;) = {h € H|dn(x;) = x;}

This is often referred to as Wigner’s Little Group

(4) Fix an irreducible unitary representation of L;
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(5) Form the semi-direct product ¢, = N x L,

(6) Define a representation of ¢;, M’ : ¢, — % (H), by M(jn,h) = x;(n)VI(h)
e this coincides with V¥ =1-V7 on {e} x L;
e this coincides with x; = x; - L on N x {e}

(7) The representation UM = IndS of G induced from M7 is the desired irreducible

unitary representation. An induced representation can take one of two related forms:

o UM can be a representation on the induced representation space
{f: G —H|f(hg) = MI(h)f(g) and f € L*(G, Haar)}
on which G acts by right translation: ¢ - f(x) — f(zg)

e Alternatively, U M’ can be a representation on the induced representation space
{f: G — H|f(gh) = MI(h){(g) and f € L*(G, Haar)}
on which G acts by left translation by the inverse: g - f(z) — f(g 'z).

The former is the more common construction and will be used in chapter three; the latter
will be employed in chapter two.

Mackey showed that every irreducible representation of G can be obtained in this manner
and that two representations are equivalent if and only if they come from the same orbit
and use unitarily equivalent representations V7 and VJ. If H is also abelian, then the
irreducible representations V7 are well-known and a complete description of the irreducible

representations of G can be given.
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Chapter 2

Simplification of the Wightman

Axioms

In this chapter, we present a set of axioms for a quantum state field which can be used to
create a free quantum field theory which satisfies the Wightman axioms. This is accomplished
with the aid of the Segal field operator. We then consider an example of a quantum state

field on the Minkowski plane.

2.1 Axioms for a Quantum State Field

The Wightman axioms depict a general quantum field theory. One goal of this thesis is to
modify these axioms in the simplified case of a free quantum field theory for particles of
mass m > 0 and spin zero. We begin by taking a step backwards. Instead of describing an
operator-valued distribution (®), we will consider a Hilbert-space-valued distribution on M,

which we will refer to as a quantum state field:

. C®

cpt

(M) —H
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The proposed axioms for the quantum state field characterized by the Hilbert-space-valued
distribution ¥ on the space-time (M, u) with values in the dense subspace D of ‘H and

(strongly continuous) unitary representation! U of P§ in H are:

0: W satisfies the Klein-Gordon equation — the equation of a free quantum scalar field:
(O+m?*)¥ =023

1: For f € Cop(M), f (1, ¥(f)) is a continuous (with respect to the Schwartz topol-

C

ogy) C-linear functional for each ¢ € H.

2: The image of C2°

cpt

(M) under V¥ is dense in H.
3: ( this space is intentionally left blank in order to have axiom numbers align )

4: Uqrx)ymy¥(f) = Y(f o ((T, X),A)™1) for all fe C’Olft(M) and ((T,X),A) € Ps.

C

5. If f,g € Cgy (M) are two real-valued functions whose supports are space-like sepa-

rated, then Im(¥(f), ¥(g))» = 0.

6: The infinitesimal generator of the time translation subgroup, ¢ dU((1,0),0), has non-

negative spectrum.

As in the case of the Wightman axioms we may describe this quantum state field theory as a
quadruple {¥, U, H, D}. We will call a quantum state field irreducible if the representation

U is irreducible.

ITo avoid trivialities, we do not allow a one-dimensional Hilbert space with a trivial group action.
*More precisely (O 4 m?)¥(f) is the zero vector in H for all f € CZ5(M).

3This additional axiom determines the mass of the particle under consideration.
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2.2 Connection of Quantum State Field
to the Quantum Operator Field

One powerful tool for constructing a quantum operator field from a quantum state field is
second quantization which describes the many-particle system using a basis that expresses
the number of particles occupying each state. One such operator is the Segal field operator
[12] which maps from a Hilbert space to the self-adjoint operators on its induced Fock space.
Letting the separable Hilbert space H denote the single-particle states and F; denote a dense

linear subspace of the induced Fock space F3, the Segal field operator
O, : H — End(Fy)
is given by:
O (u) = \%(Au +C,) forue™

where A, and C, are the operators defined on page 8.

We can define the quantum operator field ® : Co5 (M) — End(F,) by
O(f) = @.(V(f1)) +i®:(V(f2)) = ®(f1) +i®(f2)
= 75 (Awi) + Cugpy + 14w +iCu(p))

where f = f; +ifs for fi and fy are real-valued. ® is C-linear by construction.

Notice however
O(f) # 2:(V( +if2)) = 2u(P(f1) +10(f2)) = J5 (v v + Coigysinn)
= L (Aup) — iAu(gmy + Cuny + iCup)

This is due to the fact that while the creation operator C, is C-linear in u, the annihilation

operator A, is C-anti-linear in u.* Hence ®, is R-linear, but not C-linear.

4The operators C,, and A, are C-linear over F for all u € H
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The Segal field operator has many interesting properties, many of which are shown in
Theorem X.41 of Reed and Simon [12]. One of the most useful to us is:

For each v € Fy and u,v € H

[@s(u), @s(0)]t) = P (u)Ps(v)t) — s (v)Ps(u)yp = 7 I (u, v)31).

We can now construct a free scalar quantum operator field satisfying the Wightman

axioms from the quantum state field in the Minkowski plane using the Segal field operator.

2.3 An Example: A Free Scalar Quantum Field Theory
on Minkowski Space

In order to verify the consistency of the axioms of section 2.1, we now construct an example
of an irreducible quantum state field. The necessary “ingredients” for a free quantum field

theory are:

Space-time with a Lorentz metric (M, )

— we will use (R 1) where the flat metric u has signature (+, —)

A connected Lie group of symmetries of the space-time M, G C Isom(M,~)

— we will use the connected Poincaré group, P9 = R x SO(1,1)°

A one-particle Hilbert space 'H

A (strongly continuous) unitary representation of G on H
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We use the Mackey Machine to construct an irreducible representation of P3.
The action of SO(1,1)° on R is given by ¢ (t,2) = A7L(t, x)

This induces an action quS of SO(1,1)° on the characters R given by

@X(X(E,p))) (t,2) = Xa-1(5p) (t, 7) = AT B (0) = (ilBp)Ae)

Since d€)(, o) is invariant under the action of the Lorentz group, the inner product is preserved

and gives the last equality.

(1) The families of orbits of R under SO(1,1)° are:

(a) E? —p?>=m? with E > 0 for each m > 0
(b) E? — p* =m? with E < 0 for each m > 0
(c) E? —p*=0with E =0

(d) E? —p*=0with E>0,p>0

(e) B2 —p*=0with E>0,p<0

(f) E2— p> =0 with E <0, p >0

(g) E*—p*=0with E<0,p<0

(h) E? — p* = —m? for each m > 0, p > 0
(i) E? —p? = —m? for each m > 0, p < 0

Since we are interested in the physical case in which there is positive mass and positive

energy, the first family of orbits is the only one of interest.
(2) For fixed m > 0, we choose X(g,) = X(m.,0) as the representative of the orbit &,,, = H(,, o)
(3) Ly, = Stabso(,1ye(X(m0)) = {1}
(4) Let V™ be the trivial representation of L,, on C
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(5) %, =R x L, =R"* x1

(6) M™ = X(mo) ¥ V™ : %, — %(C) given by M, ,, 1)(2) = X(m0)(t, 2)V™(1)(2) = "2

Figure 2.1: Generic Orbits of R+ under SO(1,1)°

We are now ready to construct the induced representation of Py
U = indl? (M™)
on a Hilbert space
W ={F:P; = CIF(((t,2), V(T, X),1)) = M"((T, X), 1) F((t,z), \),

F' is measurable, and / |F(0,0,A)|* dv < oo}

P8 /%m
e The modulus of functions is fixed on the left cosets of ¥,,, in Pg:

[F(((t,2), V((T, X), 1)) | = [M™((T, X), 1) F((t, ), )|
= Xm0 (T, X))V E((t, 2), )| =[O EHE((E 2), N)] = [F((t, 2), V)]

e Thus the right action of ¥, does not affect the norm of the function.
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e We may therefore define an (right) invariant Haar measure v on P§/9,,
R acts trivially on Pg/%,,, while ¢ € SO(1,1)° sends ¢4 — ¢'g%.

Hence v is also left-invariant.

e The measure dv can be explicitly described using the correspondence (F,p) < A if
A(m,0) = (E,p) and the associated measure correspondence dv(A) < d€(m o)
We desire the measure to be invariant under Lorentz transformations

— i.e. the measure should not be affected by the action (T, X, A) - (E,p) = A(E,p)
(0,0,\;)(m,0) = (mcosh(r), msinh(7))
dp

N/

Substituting in the expressions for the transformed p,

which corresponds to the measure d€}(,, 0 =

d(msinh(1)) _ mecosh(r)dr

= =dr
\/m2 sinh?(7) + m?2 m cosh(r)

we conclude the correct measure to use is dr.

We then define U : Py — Aut(W) to be:
Urx)mF((82),A) = F (T, X), M) ((F, 2), 1)

We stop to verify that Uz x)a) does in fact map W to itself.
Let F e W.

U((T,X),A)F(((tﬂ l’), )‘)) = F(((Ta X)’ A)il((u $), )‘)) = F(Ail(tv ZE) - Ail(Tv X)’ Ail)‘)
= F((A~Y(t,2), A" )N (=A"N(T, X), 1)) T2Y emimOA TX) pA-1(¢, 2), AT N)

U(r,x),a)F has the same norm as F' over Pg/%,.
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Left multiplication commutes with right multiplication; therefore the transformation law
is also preserved. Since F' satisfies the transformation and integrability properties of W, so

does Ur,x),a)F and we conclude Ut x) ) maps W to itself.

In their second volume on Methods of Modern Mathematical Physics, Reed and Simon
offer the following unitary representation of the Poincaré group on L*(H .0y, dQ(m,0))
— see page 4 to recall the definition of the mass hyperbola H,, ) and the Lorentz invariant

measure d€), o).

Virxym f(E,p) = e ET=X) f(AZY(E, p))

This representation is equivalent to the one offered above. As mentioned in the first chapter,
the action of the Poincaré group on the mass hyperbola (((7, X),A) - (E,p) = A(E,p)) gives

a correspondence between Hi,, oy and SO(1,1):
(E,p) < A for A\(m,0) = (£, p)

Let f be a function on L?(H 0y, dQm,0))-
Define a function f on {(0,0)} x SO(1,1)° by f(0,0,\) = f(E,p)

A simple computation shows that f satisfies the integrability condition.

/ Wdu:/ FON2 dv(y) /|f Pdr—/\pr Qe (1) <
pg/gm SO(1,1)°

Using the transformation law of W, we can define f on all of the Poincaré group:

b, 0) = f((0,0,)(A!(t,2), 1)) = e mOAT 0 (0,0, )
=m0 £(0,0,A) = e~ BP0 £(0,0,0)

where the second equality utilizes the preservation of the Lorentz inner product under the

action of the Lorentz transformation A € SO(1,1)°.
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Using this correspondence we see that:

Virxny () (B, p) = Uzxa f(0,0,0) = f (T, X, A)71(0,0,\))
= ]E(_A_I(T> X)7 A_l)(O’ Oa )‘)) = f(_A_l(Tv X)a A_IA)

= (0,0, AN (=AH(T, X), 1)) = e " mOATX) F(0,0, A1)
_ e—iA(m,O)'(T,X)f<O’ O, A_l)\) — e—i(E,P)'(T,X)]E(O’ 0’ A—l)\)
= e~ (EP-(T.X) f(A-1(E, p))

The last equality follows since A~'\(m,0) = A=}(FE,p) and thus A\ — A~Y(E,p).

Hence the representation V' on L*(H(y0), dQ(m0)) offered by Reed and Simon can be
derived from our representation U on W presented above using the transformation property
of elements of W.

With our representation defined and analyzed, we may now use it and the other components

to construct a quantum state field.

Proposition 2.3.1. Let ¥ = ﬁ|Hm be the Fourier transform restricted to the mass hy-
perboloid and .7 (Hm0)) be the Schwartz functions on the mass hyperbola. The quadruple
{W,V, L*(Hmm0),dQ), S (Hmp)} satisfies the quantum state field axioms. When composed

with the Segal field operator in the prescribed way, a quantum field theory is produced.

C

Proof. Let f € Cg,(M).
(@ +m)0) () = 9( (G — & +m?)f)
Recall that under the Fourier transform, differentiation on the space side (<) corresponds
to multiplication by £ on the frequency side.
Hence Of & ((B)* = (ip)")f = (=B +p*)f = —m*f.
Therefore (04 m?)W)(f) =0 for all f € C55,(M).

The Fourier transform is a continuous complex-linear functional [12]. Hence quantum

state field axiom 1 follows immediately.
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The smooth, compactly-supported functions on the Minkowski plane form a dense subset
of the Schwartz functions on the Minkowski plane. Since the Fourier transform is a linear
isomorphism — and therefore a continuous surjection — from .(M) to . (M*), the image of
C (M) under the Fourier transform is dense in .’(M*) which is in turn dense in L*(M*).
By restricting to H,,0) C M*, we may conclude that the image of Cgy, (M) under W is dense
in L?(H ), d2). Hence quantum state field axiom 2 is satisfied.

In order to show equivariance, we must compare

‘/((T,X),A)\I](f)(Evp) and \Il(f © ((T’X)w/\)il)(Eap) for (Eap) € H(m,O)

. Vi . R
Flt, )~ | f(t2)e ERGn) gp gy Y o—iBT-pX) [ £(3 g)em AT ER)00) gt gy
R2 2

R rx -1
flto) T ANt -Toa - X)) e [ fATN(E = Tox — X))e " ER0) Gt dy

R2
Using the change of variables (1,¢) = A~'(t — T,z — X), this last integral becomes °:
/ (7, e BTN r g — 5T [ | flr e EDACD dr g

R2

— e—i(ET—pX f(T 5) —iA~Y(E,p)-(1,€) dr df

We conclude Vi x)mY(f)(E,p) = ¥(fo ((T,X),A)*l)(E,p) for (E,p) € Hinyoy and the
equivariance condition holds.
Let f,g € cpt(M ) be real-valued and have space-like separated supports. We compute

(w(f), W(Q))LQ(H(mﬁo),dQ)

- / ( f(t, l')@i(Etpz)dtdl'> (/ g(t/’ x’)ei(Et’p:c’)dt/dx/) do
Hm,0) R? R2

= / f(t,2)g(t', ) ErrCte=2) qrdpdt! dz’ dS
H(m 0) R4

Thus 2i Im{¥(f), W(g))w = (¥(f), ¥(g)) — (¥(9), ¥(/))

/ f t LE) ( )(ei(E,p)(tft’,xfz/) . ei(E,p)-(t’ft,x’fz)) dtdxdt dx’ d9
mO) R4

5Since A has determinant equal to one, dt dx = dr d¢
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Showing this integral to be zero for space-like separated supports is non-trivial and requires
use of the two-point function A, (x, m?). A full discussion of this result can be seen in Reed
and Simon [12], specifically Theorem IX.48 on page 106 and Theorem X.42 on page 214.
Fortunately the corresponding axiom in Chapter 3 of this thesis requires no such outside
machinery.
Since Vir,x)a) f(E,p) = e " ET=PX) f(A~Y(E, p)), it follows that i dV{(10)0)f = E - f.

Since E > 0, i dV|(1,0),0) has non-negative spectrum.

The transmogrification from the quantum state axioms to the quantum field theory using

the Segal field operator is treated thoroughly in Section X.7 of Reed and Simon[12]. [
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Chapter 3

Extension of Axioms

to the Curved Space-time S5,

In this chapter we present a synopsis of our free quantum theoretic results on the curved az+b
space-time. We begin by using the Mackey machine to generate an irreducible representation
of the symmetry group for our two-dimensional curved space-time and then show how this
representation can be related to one offered by Wigner and Inonii. Next we adapt the
quantum state field construction from the previous chapter to the curved case and offer an
example. In fact, we construct a family of quantum state fields ¥, depending on a positive
parameter 7. Finally we utilize Wigner’s contraction method to study how the proposed
quantum fields in a curved space-time limit to a quantum field in a flat space-time. We will

see that the flat case limit concerns a lesser-known field theory due to reduced symmetry.
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3.1 Setting up an Example on Curved Space-time:
Ingredients

We now repeat the process presented in chapter two for the curved space-time, S, for p > 0.

We first outline our “ingredients.”
e Space-time with a Lorentz metric (M, )

— S, = (R?,~) where v is the left-invariant Lorentz metric with matrix:

e~2r ()
0 —1

with respect to the basis {2, 2}
e A connected Lie group of symmetries of the space-time M
— the group G, - i.e. R? acting by group multiplication from the right.
R ay(b, o) = (b,a)(B,A) = (b+ e B, + A)
e A one-particle Hilbert space H
e A unitary representation U of the symmetry group on ‘H

As before, we can use the Mackey Machine to produce an irreducible unitary representa-
tion of G, = B x4 A =2 R xR for p > 0, where the action of A on B is given by ¢,(b) = e”*b.

This induces an action qg of Aon B given by (Q/b;(Xa:)) (B) = Yepay(b) = €@
(1) The orbits of B under A are {R* R, {0}}

(2) We choose x1 € O, as the representative from the orbit &, = R*

(3) Ly = Staba(x1) = {0}
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(4) Let V* be the trivial representation.
(5) 9. =B x L, =B x{0}
(6) M* %, — 2(C) given by M (2) = xa()V*(0)(z) = x1(0)2 = ez
The representation induced by the Mackey machine will act on the Hilbert space:
H,={F:G,— C|F((B,0)(b,a)) = x1(B)F (b, o) = e’ F(b, ),

F' is measurable, and / |F(0,a)*da < oo}
R

G\G, = (Bx{OP\(B x 4) = (R x {0})\(R x R) =R

For any F' € 'H,, we may write

F(b,a) = F((b,0)(0,a)) = x1(b)F(0,a) = e*F(0, a)

The modulus of functions is fixed on the right cosets of ¢,

Thus the left action of ¢, does not affect the norm of the function.

We may therefore define an invariant measure do on 4,\G, = R
Define U = Uy’ (M*) : G, — Aut(H,) by (Up.aF) (b,a) = F ((b,a)(B, A))

e Since the action of G, from the left commutes with the action of G, from the right,

the transformation law will be preserved.

o (Up.aym.aF) (b,a) = F((ba)(B,A)(B, A))
= (UaF ((b,2)(B,A)) = (Us,a) (Usp.anF) (b,a) = (UpayUms anF) (b, )
Therefore U is in fact a group action.
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The Mackey machine guarantees that the representation U of G, is irreducible. However

we must verify that it is also unitary.

/|U(B7A)F(O, a)|2 da = / |F(€”0‘B,Oz+A)|2 do
R R

:/|eiemBF(o,a+A)|2 da:/|F(O,a+A)|2 da:/\F(o,o/)P do/
R R R

This additionally shows that integrability is preserved. Since the transformation law and

integrability are respected by the representation, we conclude that U maps H, to itself.

Using the non-negative variable x = e”*, we define an associated function

Note that we have passed from the additive group (R, +) to the multiplicative group (RT, x)

and hence we pass from the invariant measure da on R to the invariant Haar measure df on

R*. Thus I € L*(R*, %) whenever F € H,.

We then define a related representation U on L*(R™, 42):
Uip.a F (@) = Uip F(0,  In(@)) = F ((0, L n(2))(B, 4))
= F(Bx, A+ % In(z)) = eB*F(0, A + % In(z)) = e'P* F(erAz)

First we verify that the representation is unitary.

- ~ dx n o~ dx
¢ F) 2 / 'LBxF PA N2 ¥
[ 1 (snF) @F 5 = [ e Feta? S

d —rAd d
Letting y = e?4z, © = e ?1y and dx = e 4dy. Hence @t " J_ y‘
x e Py Y

.y - dx ~ dx ~ dy
Ut F 2 — I pA 2 :/ I 2
[ 1 @saf)@F F = [ (Petor = [ Fmr Y

We have therefore produced a unitary representation U’ on L?(R*, ),

Therefore

35



The representation U’ on L*(RT, %) is equivalent to the representation U on H,,.

Consider ¢ : H, — L*(RT, %) given by F(b,a) — \%F(O, a) = \/LEF(O, s In(x)) = \/%513(:6)

We first verify that the inner product is preserved.

()o@ = [ —=r (05m) 6 (0.7 ) &

Using o = %ln(:c), it follows that x = e** and dx = pe”“do. Hence

(O(F). 0@z = & [ FOIG(0.0)p da = (F.Gw,

Since the inner product is preserved, it follows that ¢ preserves the norm as well.

Furthermore ¢ intertwines the two representations.

¢
F(b,a) — \%F(O, %ln(x))
U(BVA)J ~(iB,A)l
e BF(b,a + A) \/LﬁeiBIF(O, %ln(x) + A)
¢
g(b7 Oé) - \/Lﬁg(()? % ln(x))

Alternatively we can employ standard Lebesgue measure dz on L*(R™).

We define another related representation U? on L?*(R*, dz) by:
(~](‘IB7A)F(x) = e%U(BA)F(O, % In(z)) = e%F(Bx, A+ % In(x))
= %5 eiBTR(0, A+ S In(x)) = e’ eiBe [(ePAy)

The extra factor of % (sometimes called a density factor) ensures that the represen-

tation is unitary for Lebesgue measure.

[ (0 F) @) de= [ et Rertap o
R+ R+

= / P F(erAa)|? do = / e F(era) | da
R+ R+
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Letting y = e”4x, we see that

/R+ [ (Ot 4 F) @) dw = /R+ [F(y)* dy

The aforementioned density factor accounts for the dilation of measure under the group
action. The Lebesgue measure is said not to be invariant under the group action. In essence
for each g € G, we produce a new measure p, on ¢4,\G, by the left action of g on ¢, from
the Lebesgue measure p by defining p1,(F) = p(g 1 F) for each measurable set E C 4. Two

measures that can be obtained from one another by:

pg(E) = [E o(s) du(s) <= /E o, e P dp(r) = e‘pAu(E))

are said to belong to the same class. Since p, and Lebesgue measure are of the same class
for all g € G, Lebesgue measure is said to be quasi-invariant under the action of U?. [§]

~ dx
There was no need for a density factor in the previous representation U* as the measure —
x

is invariant under the action of U®.

The representations U? on L2(R*, dz) and U’ on L*(R™, dr) are also equivalent.
Consider ¢ : L*(R*,dz) — L*(R", %) given by F(x) — F(x)\/x

We verify that the inner product is preserved by this map.

(0(F), (@)

I~y

s = / e F(2)v/zeG(2) vz & — / F(z)G(z)ee® do = (F,G)an
D\G)p D\G)p

Since the inner product is preserved, it follows that ¢ preserves the norm as well.
All that remains to be shown is that ¢ intertwines the two representations U? and U,

Fix (B, A) € G, and F € L*(R*, dx)

Ui (6(0)) () = € Bo(F)(e0a) = £ F(era) Vers
¢ (Uf.()) (@) = Uty (F(2)V/T) = " B F(erha)erla
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Hence we conclude that ¢ is the intertwining isomorphism between (L*(R*,dz),U%) and
(L*(RT, 42), U"). Hence we have produced three equivalent irreducible, unitary representa-

tions of the generalized ax + b group G :

e U on H, given by (U .aF) (b,a) = F((b,a)(B,A))

e U’ on L2(R*,4) given by <U€B7A)ﬁ> (7) = ePrF(errz)

e U on L*(R*, dx) given by <U("B7A)F> (z) = % eBTF (ePAy)

Choosing the R~ orbit in the Mackey machine produces a family of non-equivalent rep-
resentations which can derived from the above family by using the outer-automorphism
B +— —B. For each s € R, there is a unitary finite-dimensional representation of the G,
on C given by: Tip 4 (2) = 4. 2 for (B, A) € G, and z € C. Choosing the zero-orbit in
the Mackey machine produces these one-dimensional representations. Thus the collection of
equivalence classes of representations of GG, consists of two infinite-dimensional representa-

tions (stars) and a continuum of one-dimensional representations:

In their 1953 paper, Wigner and Inénti [20] offered the following representation of the

az + b group on L*(RT, dz):
O 0(z) = 2 P (er) for (B, A) € G and ¥(z) € L*(R", dz)
This representation is U? as defined above! with p = 1 (the ax + b group corresponds to G1).

AL iBr 7 ~
U(‘IBA)F(x) = e2 "B F(efn) = O a F(2)

lsee page 36
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3.2 An Example: A Free Scalar Quantum Field Theory
on a Two-Dimensional Curved Space-time

With all of our components now defined, we commence with an example.

Fix 77 > 0 and define a Hilbert-space valued distribution on S,:

v, O

cpt

(S,) — H,
given by:
U()(ba) = ¢ [ (5. 5 = g fa)
R

Notice that ¥, and g,(«) are dependent upon 7. ¥, is the Fourier transform of f(, a) with
respect to the § variable evaluated at n with a modulation factor e. Since f € Cg5,(S,),
U, can be evaluated for sharply defined #; if f was simply an element of the larger space

L*(S,), this would not be the case.

We must first verify the integrability of W, (f) for f € Cg,(S,).

19,0l = [ 19,00 da

2
2
dag/R/R\f(ﬁ,aﬂ dfda < oo

for f € Coi(Sy)

Next we must check that U, (f) satisfies the transformation property of H,.
Wy (f)((B,0)(b, @) = Wy (f)(B + b, )

= ¢/(BH) / f(B,a)e™ P dp = e elb/ F(B,a)e ™ df = P W, (f)(b, @)
R

Since ¥, (f) satisfies the transformation law and ¥(f) € L*(R,), we conclude ¥, (f) € H,

for f € CF,(5,).

39



Notice however that different values of n produce different quantum state fields as the
frequency term varies with 7. We will offer a discussion of the interpretation of the 7
parameter in Section 3.3.

We hope to impose the same axioms for a quantum state field to the curved case as we
did to the flat case. The proposed axioms for the quantum state field characterized by the
Hilbert-space-valued distribution ¥, for n > 0 on the space-time (.S,,y) for p > 0 with values

in the dense subspace D of H, and unitary representation U of G, in 'H, are:

1: For f € Cx(S,), fr (¥, V,(f)) is a continuous (with respect to the Schwartz topol-

ogy) C-linear functional for ¢ € H,,.

2: The image of C2°,

cpt

(S,) under ¥, is dense in H,,.
3: ( this space is intentionally left blank in order to have axiom numbers align )

4: U(B7A)\I/77(f) = \I/n(f o R(B,A)) for all f € C;’;t(Sp) and (B,A) S Gp

where R(p, 4y denotes right multiplication by (B, A).

5. If f,g € CF,(Sp) are two real-valued functions whose supports are space-like sepa-

rated, then Im(V(f),¥(g))x, = 0.

P

6: The infinitesimal generator of the time translation subgroup?, %dU (1,0), has non-

negative spectrum.

Again we will refer to a quantum state field quadruple {¥, U, H, D} as being irreducible if

the representation U is irreducible.

’In the flat case, the corresponding axiom used generator i dU(1,0); this disparity can be reconciled
by altering the transformation property or by redefining the correspondence between H,, o) and SO(1,1)°
introduced on page 4 or by using the (outer) automorphism (7', X) — (-T, X).
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Proposition 3.2.1. The irreducible quantum state field quadruple {9, U, H,, ¥, (Ces(S,))}

satisfies these quantum state field axioms.

Proof. Let f € C,, F € H,, (b,a) € S,, and (B,A) € G,

cpt )

1: Continuity of this linear functional can be shown by showing that the map ¥, from

Coi(S,) to H,, is continuous - i.e. for {f;} C Cos(S,) if f; 2,0, then U(f;) .

cpt

Let {f;} be such a sequence. Notice that f; — 0 pointwise as well.

ek, - [ \ [ .0

(S,) C.#(S,) and f; 50,

2
dov < / 1£,(6, a)> dBda
RQ

Since f; € Cg,

lim sup|5°f; +26%a%f; + o’ fi] = lim sup(5* + ®)*| 5] = 0

I z€8, CzeS,

Thus there exists an M such that for all j, sup (3 + o?)?|f;| < M.

x€S),

Similarly there exists an M, such that for all j, sup|f;| < M.

z€S)

Let A be the unit disc and x4 be the characteristic function of A. For all j,

MXAC
|fil = [fixal + | fixae| < ( + Myxa

Notice that

M
/ @+ XA) +MOXAdﬁdOz—/ / —rdrd9+7rM0<oo
RQ

M 4
(#+a?)?

Applying the Lebesgue Dominated Convergence Theorem, we can conclude that

Hence ————— + Myxa is in L*(R?).

H\pnfjH%p < /R? |f](ﬁ7 a)‘Q dfdo — 0

Therefore the map ¥, from C

oi(Sp) to H, is continuous and axiom 1 is satisfied.
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2: It has been shown above that ¥, maps Cg;,

ot (Sp) into H,. Since U is an irreducible

representation and W, is not the zero map, ¥, (C5,(S,)) = H,

Hence the density requirement of axiom 2 is fulfilled.

4: Recall the action of G, on H,, is given by:
Uip,a)(F) (b, o) = F((b, ) (B, A)) = F(b+ e" B, + A)
= F ((e**B,0)(b,a + A)) = " BF(b,a + A)

We verify that the output for f € Cg,(S,) of U(QBA) oW, and W, o R(p 4y are the same.

vy,

fho) 2 ﬁéﬂ@@fmma

R<B,A>l U(B’A)l

ﬂM«W&a+m—ﬁbewwﬂ/?w@+Aw“Mw
R

5: Let supp(f) & supp(g) be space-like separated for f, g € Coy(S,)r.

In Minkowski space-time two points (¢, x) and (T, X) are space-like separated if:

In two-dimensional curved space-time two points (b, «) and (B, A) are space-like

separated if:

b— B < L(erlAl — 1)

This follows directly from the light-cone calculation. 3

3see page 16
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(W () ¥0(9)) 2R o) =

/R (b /R 15, a)e—wndﬁ) (b /R g(ﬁ’,a)e‘w/”dﬁ’) do
(Lo

f(B,a)g(B',a) #0 < (B,a) € supp(f) and (8, ) € supp(g)

Since the supports of f and g are space-like separated, we conclude that

if f(B,a)g9(0,a) #0, then |5 — 7| < %(e"(o‘_o‘) — 1) = 0, which is impossible.
Therefore we conclude that f(b, a)g(8, ) = 0.
Hence (¥, (f),V,(g)) = 0 if the supports of the real-valued functions f and g are

space-like separated.

6: UpaF(b,a)=F(b+eB,a+ A)=c“"PF(ba+ A)
Thus & [Uwo)F (b, @)],_, = & [e“""F(b,a)],_, = ie”F(b, )

t=0 ot

It follows that the operator %dU (1,0) has positive spectrum.
O

As before we can use the Segal field operator (®;) from Section 2.2 to extend from the

one-particle Hilbert space to the Fock space.

Note that given an irreducible representation, it seems superficially trivial that there
could not exist any invariant vector in the higher symmetric tensor product spaces if there is
no invariant vector in the “basic” Hilbert space. However such invariant vectors could exist

in higher symmetric spaces.
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Consider the alternating representation of Sy = {e,7} on C

The alternating representation is irreducible and the only complex number fixed by the

action of 7 is zero. We then build Sym?(C) = C ® C = C. However
C

72
WRZ—— —wWR —2=wRZ2

for any w, z € C. Hence the symmetric 2-tensor space has invariant vectors. A similar issue
occurs in the second symmetric tensor powers of the spin-1 representation of SU(2).

Therefore we conclude that the invariance condition in the second Wightman axiom is a
strong requirement. Fortunately we have chosen a representation that does indeed satisfy

this stringent imperative that the vacuum be unique up to scalar multiples.

Proposition 3.2.2. The quantum operator field quadruple {® = &, 0 W, U, Fy,, Fo} sal-

isfies the Wightman azioms * for a free quantum operator field.

Proof. Let f = fi+ifo € C(S,). Fixp, ¥ € Fyand write ¢ = (@, M @) . ™ 0,0,...

Wightman Axiom 1:

£ (D) = 5 (0, Av, ) + (0, Co ) + 5 (6 Avyy) + (6, Cu 1))

Since A, and C,, are continuous and R-linear in u , f +— (¢, ®(f)1) is a continuous C-linear

functional for each ¥, ¢ € Fy

Wightman Axiom 2:
= (1,0,0,...) plays the role of the vacuum and is invariant under the action of U since it

acts trivially on C by definition.

‘appropriately modified from those on page 18 for the curved spacetime S, for p > 0 with symmetry
group G, in place of the Minkowski plane M with symmetry group P3
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Next we must show the uniqueness of the vacuum.
Suppose there exists ¢ € Fy, which is invariant under ¢/. Each component #™ must

therefore be invariant under U, Recall how Uém) acts on the simple tensors:
S = DU f;™

Thus

( )
(B 0) B
QP f Q&P fim

_ eiBm ?Ll f(m)

We can then induce an action on finite sums of simple tensors — which will preserve the
correspondence between U((B 0) and multiplication by €™, Subsequently extending to the
Hilbert-space completion of these sums H®™ and restricting to the symmetric subspace

Sym™(H) does not affect this correspondence. For any m > 0 and F™ € Sym™(H,), there

exists a B so that ePmF(™ £ (™) We conclude that there can not exist any vector F(™
for m > 1 such that U(g% Fm) = F) for all B. Therefore the vacuum is unique.
Next we show that the linear span of vectors of the form ®(f;) - - - ®(f,,)Q for f; € Coy (M)

is dense in Fy,.
The span of €2 is all of C.

Since the image of CZ,

(S,) under ¥, is dense in H,, the image of C2,

ot (Sp) under cf, ) is
dense in H,,.

Thus we conclude that the linear span of the image of C'Z,

(S,) under @ is dense in H,.
We now proceed by induction.

Suppose that the linear span of vectors of the form ®(fy) --- ®(f,)2 for f; € C,

cpt

(S,) is dense
inCoH,d-- -@H?m; in particular the linear span of vectors of the form ®(fy) --- ®(f,,)2 for
fi € Ci(S,) is dense in H, and Hf}’m. We can tensor these two constituent spaces to create
Hf?m“. Taking linear combinations of the images of the dense sets, we can conclude that
the linear span of vectors of the form ®(fy)--- ®(f,)Q for f; € C,(S,) is dense in Hg@m*l.

By projecting onto the symmetric tensors, we conclude that the linear span of vectors of the
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form ®(fy)--- ®(f,) for f; € C,(S,) is dense in Sym™**(H,). Since this argument holds
for all m > 1, we conclude that the linear span of vectors of the form ®(f;)--- ®(f,)S? for
fi € Coi(S,) is dense in Fy and hence dense in Fy, .

Wightman Axiom 3:
We compute (1, D(f)1)) = (1, Dy (W, (/1)) + i(1h, B (W f2))))

= (@y(Wy (/1)) 10, 0) + H(@u(Ty(f2)) 00, )

= 5 (w0 + G186, 9) + 84(Awy ) + Cty )10,

= 5 ({(Cuyr) + Auy (1), 0) + 1(Cuy (1) + Ay (1)),
= (Do (W (/1)) ) + i( Do (W (f2)) 0, D) = (D (W, (f1)), ) — (i (W, (f2))2,
= (Pa(Wy (1) = i (W (f2), ) = ((B(F),

Wightman Axiom 4:

We first consider the action of ¢ on the annihilation operator.

<u(B7A)A‘I’n(f)u(_B1,A)> () = (U(B,A)A‘I/n(f)u(B’A)fl) (@;’0:0 ®I_, 1/;5”))
= > U(n) n U(n) n (n) _ U n o7 (n)
n=0 (B,A)allln(f) (B,A)~1 Qi1 % EBn oY (B, A) ( )®i:1 (B,A)—lwi
neoU 54y (W (f), Utp,ay-1801 ) @iy Ui ay-11;
In order to compute the inner product coefficient, we consider a generic ¢ € 'H

<\I/n(f)7 U(B,A)*1¢> = <\Il77<f)a U(E;I,A)QS) = <\Iln(f)> U(TB7A)¢> = <U(B,A)\Pn<f)a ¢>
where the second equality follows from U being a unitary operator.

Thus (Z/{(B,A)Aq,n(f)u(;AJ (Zb) = @?:OU((;;?A)(U(B,A)\I]W(]C% ¢§H)> ®?:2 U(B,A)*”/Jz(n)

= 2o (Uip.a)Un(£), UV U ) 1 Uiyt

= B (Ui Ty (f), v5") @7y 01 = @200, (1) Rty ¥ = Auqu, (¥

46



Similarly,

Ui, 1) O (Up a0 = BrloUl,a)Sym(f @ Up ay-11) = Bl Sym(U f © ) = Cuw, ()Y

Hence for real-valued f,

UD(/IU = UL, (U = F5U(Aw, () + Co,))U

= 5 (Auw, ) + Cow, i) = 2:(U 0 Wy(£)
Applying the quantum state equivariance axiom,
U@ (U 4y = Ps(Uip,ay 0 Wy(f)) = @5(Ty(f 0 Rpa)) = O(f o Rp,a))
For general f = f1 + ifs,
U1+ if2)U 4y = Uy (Ps(Py(f1)) +iPs(Ty(f2))) Ui, 4

- U(B7A)q)(f1)u(791,,4) + Zu(ByA)CD(fﬂu(}l,A) = O(fio Rpa)) +i®(f20 Rip.a)) =
O((f1 +if2) o Rip.a)

Wightman Axiom 5:

Let the supports of f = f; +if; and g = g1 + 192 be space-like separated.

[©(f), 2(9)] = [2s(V(f1)) + i (U (f2)), Ds(W(g1)) + iDs(¥(g2))]

= [®(f1), ®(g0)] + 1[®(f1), D(g2)] +i[(f2), D(g1)] — [(f2), D(g2)]
Recall® that for ¢ € Fy and u,v € H, [®,(u), P,(v)] = i Im(u, v)x1). Hence
[@(f), ®(9)] = ilm (W (f1), U(g1))—Tm (U (f1), U(g2))—Im(¥(f2), ¥(g1)) — ilm(¥(f2), ¥(g2))

Since supp(f) and supp(g) are space-like separated, so are supp(f;) and supp(g;)
for the real-valued functions fi, fo, g1, and go. Applying axiom 5 for quantum state fields for

real-valued functions with space-like separated support, we conclude [®(f), ®(g)] = 0.

Ssee page 24 or Reed and Simon’s Theorem X.41
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Wightman Axiom 6:
By quantum state field axiom 6, % dU(1,0) has non-negative spectrum.

In other words, for all F' in the domain of + dU(1,0),
(1 dU(1,0)F,F) >0

Hence on simple m-tensors (F(™) in the domain of  dU(1,0),

(3 dU(1,0)F ™) F(m)

= <% dU(l,O)Fl(m)’Fl(m)Ml dU(l,O)FQ(m),FQ(m)> o <% dU(1’O>FT(er),F7£Lm)> >0

i

Taking linear combinations and closure ©

preserves this non-negative spectral condition,
as does restricting to the symmetric subspace. Since the spectral condition holds on each
component in the direct sum, it holds on Fy and thus on Fy,.

We conclude 1 di/(1,0) has non-negative spectrum.

3.3 Wigner Contraction to
the Two-Dimensional Minkowski Space-time

Classical mechanics is the limiting case of relativistic mechanics. Hence the
group of the former, the Galilei group, must be in some sense a limiting case of
the relativistic mechanics’ group [the Poincaré group]|, the representations of the
former must be limiting cases of the latter’s representations [by taking ¢~ — 0].
...[T]he inhomogeneous Lorentz group must be, in the same sense, a limiting
case of the deSitter groups [by taking the limit of zero curvature in the space-

time|. ...[T]he representation up to a factor of the Galilei group, embodied in the

Swhich is all of H®™ since the domain of 1.dU(1,0) is dense in H,
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Schrodinger equation, appears as a limit of a representation of the inhomogeneous

Lorentz group. [20]

The symmetry group for the two-dimensional (flat) Minkowski plane is the three-dimensional

group Py = R % SO(1,1)%; while the symmetry group for the two-dimensional curved
space-time S, is the two-dimensional subgroup G, = R x R C Pg. This is due to the flat
space-time having additional symmetry. One goal of this thesis is to study the difference of
these two cases and to model the metamorphosis of one into the other. Most of the current
literature attempts to perturb or deform the special flat case into the general curved case.
In this thesis, we use a kind of inverse to the mathematical notion of a deformation of Lie
groups and algebras by contracting from the general curved case to the special flat case.

A contraction is a deformation of a group into another group using a series of non-
singular coordinate transformations whose limit is a singular transformation. Intuitively, a
contraction is performed by neglecting symmetries. Contraction is defined for a Lie group
by using its Lie algebra. The structure constants of the Lie algebra are altered in a manner
to be discussed below. The contracted Lie algebra is uniquely determined in terms of the
original algebra. This change in structure constants results in a change in the Lie group
after utilizing the diffeomorphism between the algebra and the group. Essentially all of the
calculations are performed in the algebra[l3]. This transformation can be used to model
the limiting behavior of one group by affecting the structure of the group. A contraction is

carried out with respect to a subgroup; this subgroup remains unchanged by the contraction.

We will begin our study by considering the Lie algebra of G,. A Lie algebra L is a vector
space (for our purposes, over C) with an operation L x L — L, denoted (z,y) — [z,v]
satisfying bilinearity, anti-commutativity, and the Jacobi identity ([z,[y, z]] + [y, [z, z]] +
[z, [x,y]] = 0) for all x,y,z € L. [3] A Lie algebra can be described by giving a basis and a

set, of relations.
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Definition 3.3.1. Given a basis {x;}\-, for a Lie algebra g, the relations are given by
[z, x;] = Z Clay
k=1
These ij are known as the structure constants of g.
Since the Lie algebra bracket satisfies anti-commutativity, it follows that C}; = —C7; for all
1,7, k.
Example 3.3.1. In order to discover the Lie algebra g, of G,, we consider a matriz repre-

sentation of G,

e’ b
T:G, — GLy(R) given by (b, a) —
0 1
e’ 0 0
o We define A= 2X(0,0) = ’ _ |7
0 0 0 0
(0,0)
01 01
e and B := 95(0,0) = =
0 0 0 0
(0,0)

o {A B} serves as a basis for the tangent space to G, at the identity and g, has the

relation

p 0 0 1 0 1 p 0
[A,B] = AB— BA = : - : = pB
00 00 00 00

o Thus the only non-zero structure constant for g, is C’fi B=2Pp

e This set {A, B} together with the relation [A, B] = pB satisfies bilinearity, anti-

commutativity, and the Jacobi identity. Thus g, is a Lie algebra.

o The derived series for g is: g =g, gV = [g,9] = B, g@ = [g),gM] = [B, B] = 0.

Hence g is a solvable Lie Algebra.
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e However g is not nilpotent since its descending central series is:

g°=9,9"'=[g.9/=B,¢°=[g,0'] =[9,B] = B.

We may contract a Lie algebra g with respect to any of its subalgebras by altering the
structure constants. For a fixed subalgebra s construct a basis {z)}. Now extend this basis
to a basis for g: {zx} U {z,}. Take ¢ to be the span of {z,}. (Notice that ¢ is not usually a
subalgebra of g.) We can now write g as a vector space direct sum: g =s @ ¢

In their 1953 paper, Wigner and Inonii presented a contraction process which we will
follow here. Let roman indices refer to basis elements which span s and greek indices refer
to basis elements which span ¢. After contraction of the Lie algebra with respect to the

subalgebra s, the new “contracted” structure constants, cfj are given by:

ij = ij The structure constants of the subalgebra are not affected.

CZ- = C’Z-“j =0 Since s is a subalgebra, these were zero in the uncontracted algebra.
cfu =0 This makes ¢ into an ideal.

e, = Ch,

cﬁy = cﬁy = 0 | This has the effect of abelianizing c.

Alternatively, we can demonstrate how the bracket between two arbitrary elements of g
is affected by contraction with respect to s. Let [-,-]° denote the contracted Lie algebra
relations and the unadorned bracket denote the original Lie algebra relations. Fix arbitrary

s,t €sand y,z € .

[s,t]° = [s, 1] The structure constants of the subalgebra are not affected.
[s,y]° = proje[s,y] | These structure constants contract to the projection of the bracket
onto its component in ¢

[y,2]°=0 After contraction ¢ is abelian.
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Proposition 3.3.1. Let g be a Lie algebra with subalgebra s.
The Lie algebra produced by contracting g with respect to s can be realized as a semi-direct

product of Lie algebras.
We offer two proofs — the first is by brute force.

Proof. Bi-linearity and anti-commutativity are immediately inherited from the original Lie
algebra.
The Jacobi Identity [x[yz]°]° + [y[zx]°]° + [z[zy]°]° = 0 must be verified.

We can separate each bracket into its s and ¢ components & write:

[z[yz]s]s + [z[yz]e]s + [zly2]sle + [zly2]ele + [y[zx]s]s + [y[2z]e]s

+lylzalde + [ylzale + [2lzylsls + [2lzylels + [2[zyls)e + [2[zyld)e = 0
Thus it must be shown that
[2[y2208 + [ly2]2)2 + [ylz])S + [yleal2)? + [2ley]2S + [2[2y)2s = 0
and that
[2[yz]C]2 + [wly2]202 + [ylz=]C]2 + [ylz2]212 + [2lay]C]e + [2[zy]2) = 0

Case 1: If x € s and y, z € ¢, then [yz]° =0, [zy]? = 0, [22]2 =0

S

Hence the first expression simplifies to:

Lely2f31S + [ely=A2S + [uleatlI + [ylzall]S + L2leyiSTT + [2[zy]C)s = 0

and the second simplifies to:

2ly=A307 + [y 227 + [ylzatST + [y[2al2]0 + [2let]T + [2[zyl2] = 0
Each of the remaining brackets is the bracket of elements in ¢ which is abelian after contrac-

tion and thus these brackets equal zero. Hence the Jacobi Identity is satisfied.
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Case 2: If x,y € s and z € ¢, then [zy]° =0, [22]2 =0, [y2z]2 =0

S

Hence the first expression simplifies to:

ely2A5T + [y 21208 + [yl SIS + [ylzall]S + [2[zylS]S + [2leyie]d = 0
and the second simplifies to:

ely=AS17 + [y 21200 + [ylzatfSIT + [ylzal2]C + [2[zylS]e + [2leyie]? = 0

Since [yz]%,[zx]? € ¢, [z[yz]2]? = 0 and [y[zz]°]2 = 0. [z[zy]] € ¢ implies that [z[zy]?]? = 0.
Hence the first expression equals zero.

In order to dispense with the second expression,

[2ly=1202 + lylz2]2]e + [=lzy]dle
we use the fact that the Jacobi Identity was satisfied in the original Lie algebra.

Separating the expression as before ...

[zly2lsle + [zlyzlele + [ylzo]sle + ylzalele + [zlayls]e + [2lzyle = 0

Since x,y, [yz]s, [zx]s € 8, the first, third, and last term are zero.

Thus [z[yz].). + [y[27]c)e + [2[zy]s]. = 0 and the proof is complete. O
We now consider a more elegant abstract approach.

Proof. Consider the vector space direct sum decomposition:
g = s @ ¢ where ¢ is defined as it was previously.

Define the map ¢ : s — End,s(g) where ¢5(x) = [s,z| for s € s and = € g.

This map gives an action of s on the vector space g which maps the subalgebra s to itself.
Hence there is a vector space action of s on the quotient vector space a =g / 5. We can
consider this vector space a as an abelian Lie algebra. Notice that ¢ = a as vector spaces.

We now have a Lie algebra a and a Lie algebra action of s on this Lie algebra a.
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Since a vector space endomorphism on an abelian Lie algebra is automatically a Lie
algebra endomorphism, we may form the Lie algebra semi-direct product g, := s x a. This
new object is isomorphic to g as a vector space and has the desired structure constant

changes. O]

Example 3.3.2. The Lie algebra for the generalized ax + b group is two-dimensional with

basis {A, B} and relation [AB] = pB

e The contraction with respect to the subalgebra spanned by { A} has no effect upon the
Lie algebra structure since [A, B] = pB which lies in the abelian ideal a

(spanned by B) as required.

e However the contraction with respect to the subalgebra spanned by {B} abelianizes the
algebra since [A, B]° must lie in the abelian ideal spanned by {A}.
Thus after contraction with respect to the subalgebra spanned by {B}, the Lie algebra

for the generalized ax + b group becomes abelian.

We now turn our attention to the effect this contraction has first on the representation and
then on the quantum fields. With the variable parameter p in hand, we have a simple,
intuitive model for the concept of a group contraction. By allowing p — 0, the axz + b group
can be contracted to R? with its usual abelian group structure. Since it has been shown that
G, = G, for all p > 0, we expect a dramatic change at p = 0.

In their paper, Wigner and Inonii presented a representation for the ax + b group and
then discussed the contraction process. In order to carry out the contraction process they
introduced an e-factor — which will play the same role as our p — and allowed this factor to

decrease to zero.
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Following Wigner and Inonii [20] we work with the Lie algebra first. In order to discover
the representation of the Lie algebra g, for p > 0, we differentiate the representation of
the Lie group. We introduce the p-factor by considering ®p ,4) where p > 0 and ® is
the Wigner-Inénii representation” on L2(R™, dx). Unfortunately simply letting p go to zero

makes the action of A trivial.

U(iB?A)ﬁ’(x) = B[ (erAy) — BT (1)

Ulp 4y F(z) = 5 eiBrF(ePAz) — B ()
Thus the representation of g, on L*(R*, ¢) becomes
o ' = 74l00) (U(iB,A)w) (2) = gxlooe P P(erts) = prLy(r) — 0
o 77 = g5l00) ([7{3,,4)1/1> () = Flooe P P(erts) = iz(x)

and the representation of g, on L?(R*,dz) which is Wigner and Inonii’s representation

becomes

o = Ailow (Ts.a) (0) = ZloneF e u(eta) = () + prib(z) — 0

* 7 = 35l00) (U(qB,A)w) () = g5lwoe? e (erts) = ivy(x)

We overcome this obstacle as Wigner and Inonii did, by considering a representation
equivalent to ®p ,4):

M, 8.4 = My o ®p a0 M °

)

if ()
where M is multiplication by e »  for a fixed non-constant, real-valued, differentiable
P
function f(z). Mis is an operator which maps L*(R*,dx) to itself isomorphically. Thus
P

11, (B,4) is an irreducible representation of G, on L*(RT, dz) equivalent to DB pa).-

“see page 38
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We now wish to see the effect of the contraction p — 0 on the representation.

Hp,(B,A) = M%l e} (I)(B,pA) o M%
= M 0 ®(p,pa) 0 M
) p

Let ¢ € L2(R*, da)

(Hp,(B,A)w) (x) = M&l o D(p a0 Mg@b) (x)

—if(x) —if@) pA .
=e » (‘I)(B,pA) o Mﬁ@D) () =e » eTHbe (M%Qﬂ) (erAx)
P
—if(z) o if(ePAa) P (ePAn)—f(x) 4
—e o B HBT T (erAy) = o 0 efF By (erdn)

We can extend this group representation to R? by considering lir% (pr( B, A)w) (x)
p—

f(ePAa)—f(x) .
hl% (pr(B,A)zb) () = hn% ¢ ? e%e”ﬁw(e”%)
p— p—

= lim eif,(epr)epAAxe%einiﬂ(epAa:) = @ixf’(x)A@iB:cgb(x)

p—0

We can therefore define a representation Iy of R?* on L*(R™) by:

(Ho,(B,A)O¢) (1) = eixf/(x)AeiBmiﬂ(x)'

Note however that this representation is no longer irreducible — for example,

R = {¢ € L*(R", dz)|supp(v)) C [0,1]} is invariant under the action of II.
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We compute the representation of g, on L?(R*, dx)

A 9 im PA iBxy pA
* 7 = paloo o) (@) = gxlone” 7 ez e (e )

F(ePAD)—f() § ,
=", if'(epAw)eprp e eBry(efa)

fePAD)—f(@) A .
+e e’z £ eBry(erdy)

F(ePAz)—f(x) .
LT e eiBr. Y (ePAz)ePAzpl| 0,0

= L' (@)zpp(z) + §v(x) + zpy'(2) = (inf'(x) + p(5 + 7)) (=)

B ) 9 A1) pA p. pA -
o 1) = 55100 (Lomay) (@) = gplone” » €2 ePP(erla) = ix(x)

Notice that this operator is independent of p
Thus the basis for the operators in the representation of g, on L*(R*, dz) for p > 0 is:

o m = (ixf"(x) +p(z + o))

B _ ;.
o T, =ir

A

Notice that for p > 0, the operators 7,

and ﬂf do not commute and that these operators
are not bounded on L*(R*,dx). In order to discover the effect after contraction, we send

p — 0 and now use the basis:
o ot =ixf!(z)-
o Ty =1iT-

Notice that after contracting, the operators 73 and 7 now commute, but remain unbounded

on L*(R*,dz).
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The alternate approach offered in this thesis uses the representation U on H, and con-
siders the effect of p — 0. This task will be simplier as the p parameter is already part of

our construction. The representation
UpaF(b,a)=F((ba)(B,A)=F0b+eB,a+ A)
= BP0, 0 + A) = e BF(0,a + A)
becomes for p = 0 becomes the representation,
UpanF(b,a)=F((b,a)(B,A))=F(b+ B,a+ A) = t*BF(0,a + A)

on the Hilbert space Hy. After contraction, notice that the representation remains faithful

— but becomes reducible, as we will soon discuss.

As before, we study the effect the contraction p — 0 has on the representation of g, on 'H,

o 7' = 74l0o (UsaF) (0,a) = 75l0nd PF(b,a+ A) = L F(b,a) — 52 F(b,a)

o w0 = 00 (UsnF) (ba) = Fleoe PF(b,a+ A) = ieF(b,a) — i F(b,a)

These unbounded operators do not commute for p > 0. However after contraction (p — 0),
the unbounded operators corresponding to the infinitesimal translation in the o variable
(mg") and to the Fourier variable F = 1 (7f) commute.

This simpler calculation highlights another advantage of our alternate representation
over the one offered by Wigner and Inénii. The drastic difference between these representa-
tions after contraction does not contradict our earlier equivalences between U and the other
representations U’ and U¢ as those equivalences only hold for p > 0.

The above limiting procedure corresponds to contracting the Lie group with respect to
the B = {(b,0) : b € R} subgroup; the contraction of the Lie group with respect to the

A = {(0,a) : a € R} subgroup has no effect on the group [20] and thus no effect on
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the representation. After contraction, the symmetry group G, becomes a two-dimensional
abelian subgroup Gy = R C Pg and the limiting space-time R? has more symmetry —
namely the Poincaré group Pg now acts isometrically on R? = S;. We have presented the
contracting family of groups G, as directly and abstractly as possible and have observed
that the contraction can be constructed within the Poincaré group using the inclusion map
offered in Section 1.2.

Consider the map ¢ : Hy — L*(R,da) given by F(b,a) = ¢®F(0,a) — F(0,a) = ()
This map is bijective and allows us to conclude that Hy = e L?(R, da) = L*(R, da). That

is, for p = 0, the Hilbert space decomposes as:
®
H() = LQ(R, doz) = / (C(l,p) dp
R
We can then define a representation u of Gy on L*(R, da):
upa(a) =eBla+ A) = xa,0)(B, A)Rap() for ¢ € L*(R, da)

This representation is compatible with the representation U on H,

F(b,a) —_— e F(0, ) — ()
U(B,A)J/ “(BVA)l
Fb+ B a+A) —— eBePF(0,a + A) —2— eBy(a + A)

We observe that u is equal to the character x(i) composed with the (right) translation
operator R.

The regular representation of R on L?(R, da) decomposes as:

+ &
Ry < / Xp(A) dp :/ e dp
R R

Thus

(&)
U(B,A) < / X(1p)(B,A) dp
R
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The unitary representation U is the direct integral of the characters x(,,) of Go = R?

(&)
Uip,a) = /R X(np) (B, A) dp

where the energy parameter 7 is fixed and X, (b, o) = i) (b.e)

Notice that W, is independent of p while H, is independent of . The “formula” for
U is independent of both p and 7, although we must be careful to remember that U is a
representation of H, and therefore depends on p.

We see that when p =0, W, : C2%(So) — Ho = €” /}: Cqp) dp.

Hence VU, (f)(b, o) can be expressed as a direct integral:

(&) &) R
,(f)(b, @) =€“’/R Aei“péf(ﬁ,a)eiﬁ"dﬁda dp:e“’/R f(n,p) dp

Since the Fourier transform is an isomorphism, we may simplify this process by considering

this process on the transform side, in which case:

~

(B, p) 2 e, p)

Thus we have constructed two different fields — the first the “standard” field with full Poincaré
symmetry and the second with reduced G symmetry. The former uses the Fourier transform
restricted to the mass hyperbola (H(,,)); the latter uses the Fourier transform restricted to

the line £ = n with an additional “twisting” factor e® which is essential for equivariance.

1 E axis

3 P R Ui 1 2 paxis 3 P 5 1 0 1 2 paxis 3
’ S X i o

)
=1 e 1 a4t
~

(a) Fourier transform on H,, o) (b) Fourier transform on E = 7 twisted by e®
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Chapter 4

Remarks and Questions

The topic of quantum field theory is nearly one hundred years old and there exists a wealth of
literature on the subject. The present work is certainly not the first to address constructing a
quantum field theory in curved space-time — for example see Wald [17] or Zee [21]. What we
have offered here is an axiomatic approach similar to Wightman in the hopes that this will
place us one step closer to the physical goal of harmonizing general relativity with quantum
field theory. Much work remains to be done in this endeavor.

As is often the case in scientific inquiry, new answers present new questions. Much of
the work presented here might be extended and may serve as a root for future research. We
now discuss several of the questions raised by the results of this thesis.

(1) In the quantum state field axioms for flat space-time presented in chapter two, we
introduced a zeroth axiom using the d’Alembert operator which was used to model the free
quantum scalar field on the Minkowski plane. Unfortunately, we were unable to formulate
such an axiom in the curved case. It is our hope that such an axiom could be introduced
and that this axiom could similarly help to define an analogue to the mass of the particle

under consideration.
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(2) Another aspect left unexplored in this thesis is an axiomatic consideration for the action
of the reduced symmetry group Gy = R? on the Minkowski plane and how the quantum state
fields for that group should be related to the quantum state fields for the Poincaré group.
(3) We may also ask how the free quantum field theories presented here are related to general
quantization methods for static and stationary space-times.

(4) Several of our simplifying assumptions about the space-time might be discarded in future
work. Our space-times (both the Minkowski plane and G,) are simply connected and all
time-like geodesics are complete. This does not hold for a general space-time. Note that
many familiar spaces in Riemannian geometry do not seem to be suitable space-times. For
example, S? does not admit a Lorentz metric and S* x S' might contain closed time-like
geodesics. Many of the arguments presented here might be also generalized to space-times
of higher dimension in order to more accurately represent physical models.

(5) A comprehensive study of Wigner’s contraction process should be conducted for other
Lie groups — particularly tracing the effects of a contraction on the quantum state fields and
thus on the quantum field theories.

(6) Following in the tradition of Kéllen and Lehmann, we can consider a “smearing” together
of the quantum state fields by considering an interval of positive n’s in order to create a
generalized free quantum state field.

(7) Our study has also been confined to particles of spin zero. However the work done
here might be extended to include positive-integer-spin particles and considerations of Yang-
Mills gauge fields. Half-integer spin particles are fermions and require a study of the anti-
symmetric Fock space versus the symmetric Fock space discussed here.

(8) In this thesis we have restricted our focus to the free case which does not account for the
interactions between particles; consideration of these interactions is a necessary part of any
final theory. This might be accomplished by considering perturbations of the free quantum

field theories presented here or might require an entirely different approach.
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