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ABSTRACT

It is well known that the tunneling density of states has anomalies (cusps, algebraic sup-
pressions, and pseudogaps) at the Fermi energy in a wide variety of low-dimensional and
strongly correlated electron systems. We propose that the origin of these anomalies is the
infrared catastrophe associated with the sudden introduction of a new electron into a con-
ductor during a tunneling event. A nonperturbative theory of the electron propagator is
developed to correctly account for this infrared catastrophe. The method uses a Hubbard-
Stratonovich transformation to decouple the electron-electron interactions, subsequently rep-
resenting the electron Green’s function as a weighted functional average of noninteracting
Green’s functions in the presence of space- and time-dependent external potentials. The
field configurations responsible for the infrared catastrophes are then treated using methods
developed for the x-ray edge problem.
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CHAPTER 1

OVERVIEW

In the conventional many-body theory treatment of tunneling, the low-temperature tunneling
current between an ordinary metal and a strongly correlated electron system is controlled by
the single-particle density of states (DOS) of the correlated system. Tunneling experiments
are therefore often used as a probe of the DOS. In a wide variety of low dimensional and
strongly correlated electron systems, including all 1D metals, the 2D diffusive metal, the
2D Hall fluid, and the edge of the sharply confined Hall fluid, the DOS exhibits anomalies
such as cusps, algebraic suppressions, and pseudogaps at the Fermi energy. We proposed
that the origin of these anomalies is the infrared catastrophe caused by the response of the
host electron gas to the sudden introduction of a new particle that occurs during a tunneling
event [1]. The infrared catastrophe is a singular screening response of a degenerate Fermi
gas to a localized potential applied abruptly in time.

In the following chapters we will present a plausibility argument establishing the con-
nection between the infrared catastrophe and tunneling into low-dimenstional and strongly
correlated conductors. We then proceed to incorporated infrared catastrophe physics into a
calculation of the tunneling DOS (or more precisely a Green’s function) for a wide variety
of systems. We do this in two stages. After a Hubbard-Stratonovich transformation of the
interacting Green’s function we single out the auxiliary field(s) that are responsible for the
infrared catastrophe. In Chapters 1 and 2 we treat the most important of these fields in an
approximate and exact way, obtaining qualitatively good results. In Chapter 3 we go beyond
this so called “x-ray edge limit” to include a wider set of the Hubbard-Stratonovich field,

obtaining quantitatively correct results.



CHAPTER 2

TUNNELING AND THE INFRARED CATASTROPHE

2.1 INTRODUCTION

The tunneling density of states (DOS) is known to exhibit spectral anomalies such as
cusps, algebraic suppressions, and pseudogaps at the Fermi energy in a wide variety of

low-dimensional and strongly correlated electron systems, including

(i) all 1D metals;[2, 3, 4, 5, 6, 7, §]

(i) the 2D diffusive metal;[9, 10, 11, 12, 13, 14, 15, 16, 17, 18, 19, 20]
(ifi) the 2D Hall fluid;[21, 22, 23, 24, 25, 26, 27, 28, 29, 30]

(iv) the edge of the confined Hall fluid.[31, 32, 33, 34, 35, 36, 37, 38, 39, 40, 41, 42, 43, 44,
45, 46, 47, 48, 49, 50, 51, 52, 53, 54, 55, 56, 57, 58, 59, 60, 61, 62, 63]

In this chapter we propose a unified explanation for these anomalies, develop a nonperturba-
tive functional-integral formalism for calculating the electron propagator that captures the
essential low-energy physics, and apply a simplified approximate version of the method to
cases (i) and (iii).

We claim that the physical origin of the DOS anomalies in the above systems is the
infrared catastrophe of the host electron gas caused by the sudden perturbation produced by
an electron when added to the system during a tunneling event. This infrared catastrophe, a
singular screening response of a conductor to a localized potential turned on abruptly in time
caused by the large number of electron-hole pairs made available by the presence of a sharp

Fermi surface, is known to be responsible for the singular x-ray optical and photoemission
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spectra of metals, [64, 65, 66] Anderson’s related orthogonality catastrophe, [67, 68] and
the Kondo effect [69, 70]. To understand the connection to tunneling, imagine the tunneling
electron being replaced by a negatively charged, distinguishable particle with mass M. In
the M — oo limit, the potential produced by the tunneling particle is identical—up to a
sign—to the abruptly turned-on hole potential of the x-ray edge problem, and an infrared
catastrophe of the host electrons would be expected.

Tunneling of a real, finite-mass electron is different because it recoils, softening the poten-
tial produced. However, in the four cases listed above, there is some dynamical effect that
suppresses recoil and produces a potential similar to that of the infinite-mass limit: In case
(i) the dimensionality of the system makes charge relaxation slow; In case (ii), the disorder
suppresses charge relaxation; In case (iii), the Lorentz force keeps the injected charge local-
ized; and case (iv) is a combination of cases (i) and (iii). It is therefore reasonable to expect
remnants of the infinite-mass behavior.

Our analysis proceeds as follows: We use a Hubbard-Stratonovich transformation to

obtain an exact functional-integral representation for the imaginary-time Green’s function

G(r¢og, ri03,79) = —<T¢(,f (r¢, 70)0, (13, O)>H7 (2.1)

and identify a “dangerous” scalar field configuration ¢, (r,7) that causes an infrared catas-

trophe. Assuming 75 > 0 and an electron-electron interaction potential U(r),
(T, 7) = U[r — R(T)] O(1)O(19 — 7), (2.2)

where R(7) = r; + (*=")7 is the straight-line trajectory connecting r; to ry with velocity

70

(r¢ — r;)/70. For the case of the tunneling DOS at point ry, we have r; = ry = ry and
G (r,7) = U(r —10)O(7)O(70 — 7), (2.3)

which is the potential that would be produced by the added particle in (2.1) if it had an
infinite mass. Fluctuations about ¢,, account for the recoil of the finite-mass tunneling

electron. In this chapter we introduce an approximation where the fluctuations about ¢,



are entirely neglected, which we shall refer to as the extreme x-ray edge limit. We expect
the x-ray edge limit to give qualitatively correct results in the systems (i) through (iv) listed
above; the effect of fluctuations will be addressed in Chapter 4.

The x-ray edge limit of our formalism can be implemented exactly, without further
approximation, only for a few specific models. These include the 1D electron gas and 2D

spin-polarized Hall fluid, both having a short-range interaction of the form
U(r) = Xi(r). (2.4)

Here we will instead carry out an approximate but more generally applicable analysis of the
x-ray edge limit for these two models, by resumming a divergent perturbation series caused
by the infrared catastrophe. The exact implementation of the x-ray edge limit for these cases

will be presented in Chapter 3.

2.2 FORMALISM

We consider a D-dimensional interacting electron system, possibly in an external magnetic

field. The grand-canonical Hamiltonian is
H2
Ho= Y [ |5 i) - v
£ A3 [ sl ) U)o 1) o),
where II = p + €A, and where vy(r) is any single-particle potential energy, which may

include a periodic lattice potential or disorder or both. Apart from an additive constant we

can write H as Hy 4+ V', where

=Y Jarrtin) g+ vt = ] ) (25)

and

V=

1
2

/dDr d°r" on(r)U(r — ') on(r'). (2.6)



Hj is the Hamiltonian in the Hartree approximation. The single-particle potential v(r)

includes the Hartree interaction with the self-consistent density ng(r),

v(r) = vo(r) + /dDr’U(r—r’) no(r’),

and the chemical potential has been shifted by —U(0)/2. In a translationally invariant
system the equilibrium density is unaffected by interactions, but in a disordered or inho-
mogeneous system it will be necessary to distinguish between the approximate Hartree and
the exact density distributions. V' is written in terms of the density fluctuation on(r) =
>, Uh () (r) — no(r).

The Euclidean propagator (2.1) can be written in the interaction representation with
respect to Hy as

(T, (rt, 7o), (13, 0) e~ Jo 47 V(D)
<T€7 fOﬁ dTV(T)>0

Y / Duld] g(xio1, Ti03, 70l 9), (27)

G(rfo, rioi, 7-0) = -

where
DpezloUto

" Do e T

Here N = (T exp(— foﬁ drV))y! is a 7o-independent constant, and

Dul¢) and [ Dulo] =1, 2.8)

g(I'fO'f, ri0%, 7_0|¢) = _<T¢0f (I’f, T())J’ai (ri’ O) ol foﬁdT JdPro(r,T) (5n(r,T)> (29)

0

is a correlation function describing noninteracting electrons in the presence of a purely imag-
inary scalar potential —ig(r, 7).
Next we deform the contour of the functional integral by making the substitution ¢ —

idxe + ¢, leading to [71]
G(r¢oy,ri04,T9) = Nez ol b /Du[gb] e~ OU e g(riop, 103, Tolidy + @). (2.10)

This is an exact representation for the interacting Green’s function, where ¢ now describes

the fluctuations of the Hubbard-Stratonovich field about ¢,.



2.3 DOS IN THE X-RAY EDGE LIMIT

As explained above, our method involves identifying a certain field configuration ¢, that
would be the potential produced by the tunneling particle if it had an infinite mass. Apart
from a sign change, this potential is the same as that caused by a localized hole in the
valence band of an optically excited metal. As is well known from work on the x-ray edge
singularities, such fields cause an infrared catastrophe in the screening response. Fluctuations
about ¢, account for the recoil of a real, finite-mass tunneling electron.

In this section we introduce an approximation where these fluctuations are entirely
neglected, which we shall refer to as the extreme x-ray edge limit. The approximation can
itself be implemented in two different ways, perturbatively in the sense of Mahan [64] and
exactly in the sense of Nozieres and De Dominicis [65]. In Sec. 2.6, we apply the perturbative
x-ray edge method to the 1D electron gas, including spin, and to the 2D spin-polarized Hall
fluid. The x-ray edge method will be implemented exactly for these models in Chapter 3 .
In the following analysis we assume 79 > 0.

In the x-ray edge limit, we ignore fluctuations about ¢y, in g(r¢oy, rioi, 7o|i¢x+ ), approx-

imating it by g(r¢o¢, rioy, Toligx) [72]. Then we obtain, from Eq. (2.10),
G(riot, ri03,70) = N g(re0¢, 1303, Tolidx ), (2.11)
where, according to (2.9),
g(re0¢, 1101, Tolidr) = —(Tby, (v, 7o) s, (17, 0) €7/ P20 (2.12)

Egs. (2.11) and (2.12) define the interacting propagator in the x-ray edge limit. The local
tunneling DOS at position ry is obtained by setting r; = r; = rg and oy = o = 09, and

summing over ogyg.



2.4 INFRARED CATASTROPHE AND DIVERGENCE OF PERTURBATION THEORY

To establish the connection between Eqs. (2.11) and (2.12) and the x-ray edge problem, we

first calculate the tunneling DOS at ry by evaluating (2.12) perturbatively in ¢,

9(1‘0007 o0y, To|i¢xr) = GO(rOUOa o0y, To)

+/dD7"1 dm ¢xr<r177—1)GO(rOUO>r10077—O_7—1) Go(rlao,ro(fo,ﬁ)
+ /dDrl dDTQ dTl dTQ gbxr(rla 7-1) gbxr(rQa 7-2)
X lGO(r0007rIUO;TO —Tl)Go(IdUo,I‘zUoﬂ'l —Tz)Go(I'zaml‘oUoﬂ'Q)

- %GO(I‘OUOJ‘OU(),TO) Ho(ry, 10,71 — 70) | + O( ir)? (2.13)

Here Go(ro, 1o’ 7) = —(T9,(r, 7)he (r',0))0 is the mean-field Green’s function associated
with Hj, and

o(r, ', 7) = —(Ton(r,7) on(r',0))o
is the density-density correlation function, given by > Gy(ro,r'o,7) Go(r'o,ro, —7). Now

we use (2.3), and assume the short-range interaction (2.4). Then Eq. (2.13) reduces to

70

9(1“000, r00-077—0|i¢xr) = GO(TOU, roo, 7'0) + )\/ dm, GO(TOUO, r'o0op, To — 7'1) GO(TOUO, o0y, 71)
0

T0
+ /\2/ dry dTp [GO(rOUOa 000,70 — 7'1) Go(rooo, rooo, 71 — 7'2) GO(r0007 Iog0o, 7'2)
0
- %Go(roUo,l‘oaoa 70) Ho(ro, T, 71 — Tz)} + O(A3)~ (2.14)
We evaluate (2.14) for the 1D electron gas and the 2D Hall fluid in the large 7pep limit

using the low-energy propagators of Appendix A. ep is the Fermi energy. In the 1D electron

gas case this leads to

g(ro00, 1000, To|idy) =
Go(roo'o, rogoyp, 7‘0){1 — 2>\N0 111(7‘061:) + )\2Ng 21H2(7'0€F) — 2111(7‘061:) —+ gTOEF:| + .- }’

(2.15)



where we have used the asymptotic results given in Appendix B and have kept only the
corrections through order A2 that diverge in the large 7y limit. Here NN is the noninteracting
DOS per spin component at ep [73]. These divergences are caused by the infrared catastrophe

and the associated breakdown of perturbation theory at low energies. Similarly, for the Hall

fluid we find

, 1—v 1 ,/1-v\
g(roao,I‘oO’Q,T(]’Z¢Xr) = Go(I‘QUo,I'QU(),’TQ){l—)\(W) To+§)\2( - ) Tg+ . }, (216)

where v is the filling factor and /¢ is the magnetic length. The divergence in this case is stronger
because of the infinite compressibility of the fractionally filled Landau level at mean field

level.

2.5 PERTURBATION SERIES RESUMMATION

A logarithmically divergent perturbation series similar to (2.15) occurs in the x-ray edge
problem, where it is known that qualitatively correct results are obtained by reorganizing
the series into a second-order cumulant expansion. Here we will carry out such a resummation
for both (2.15) and (2.16).

In the electron gas case this leads to

1

[0
9(ro00, To00, Tolitx) = Go(rooo, Tooo, To) (:) €gA2NgT0€Fa (2.17)
0EF

where

a = 2\Ny + 2\*N;. (2.18)

The exponential factor in (2.17), after analytic continuation, produces a negative energy shift.
However, this shift depends sensitively on the short-time regularization and is not reliably

calculated with our method. « is equal to the x-ray absorption/emisssion edge exponent
2(6/m) +2(6/m)?

of Nozieres and De Dominicis [65] (including spin) for a repulsive potential, with § =

arctan(mANy) the phase shift at er, when expanded to order A\2.



In the Hall case

. v—1 v—1)T7
g(rOU()) o0y, 7—0|7/¢)q) ~ W 67( b 0, (219)
where

A
o (2.20)

v

is an interaction strength with dimensions of energy. This time the infrared catastrophe
causes a positive energy shift and no transient relaxation. The energy shift in this case is

predominantly determined by long-time dynamics and #s physically meaningful.

2.6 APPLICATIONS OF THE PERTURBATIVE X-RAY EDGE LIMIT

The tunneling DOS is obtained by analytic continuation. We take the zero of energy to be

the mean-field Fermi energy.

2.6.1 1D ELECTRON GAS

For the 1D electron gas case we find a power-law
N(€) = const x €, (2.21)

where the exponent « is given in (2.18). In (2.21) we have neglected the energy shift appearing
in (2.17).

The power-law DOS we obtain is qualitatively correct, although the value of the exponent
certainly is not. The exponent will be modified by carrying out the x-ray edge limit exactly,
and also presumably by including fluctuations about ¢,,. However, the fact that we recover
the generic algebraic DOS of the Tomonaga-Luttinger liquid phase is at least consistent with
our assertion that the algebraic DOS in 1D metals is caused by the infrared catastrophe.

We note that the x-ray edge approximation actually predicts a power-law DOS in clean
2D and 3D electron systems in zero field as well. However, in those cases there is no reason
to expect the x-ray edge limit to be relevant: In those cases the electron recoil and hence

fluctuations about ¢y, are large.
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2.6.2 2D HALL FLUID
For the 2D Hall fluid we obtain
N(€) = const x 6 (e — [1 — v]y). (2.22)

The lowest Landau level is moved up in energy by an amount

1—v
ome?

(2.23)

The DOS (2.22) is also qualitatively correct, in the following sense: The actual DOS in
this system is thought to be a broadened peak at an energy of about e?/kf, with x the
dielectric constant of the host semiconductor, producing a pseudogap at eg. Of course the
magnetic field dependence of the peak positions are different, but the physical system has a
screened Coulomb interaction, and and here we obtain a hard “gap” of size (2.23) at ep. We
speculate that the cumulant expansion gives the exact x-ray edge result for this model, but

that fluctuations about ¢, will broaden the peak in (2.22).

2.7 DISCUSSION

The results and (2.21) and (2.22) are consistent with our claim that the DOS anomalies in
the 1D electron gas and the 2D spin-polarized Hall fluid are caused by an infrared catas-
trophe, similar to that responsible for the singular x-ray spectra of metals, the orthogonality
catastrophe, and the Kondo effect. Anderson has gone even further and proposed that the
effect we describe causes a complete breakdown of Fermi liquid theory in 2D electron systems,
such as the Hubbard model, in zero field [74, 75, 76]. We are at present unable to address
this question with the methods described here, which assume that the effects of fluctuations
about ¢,, are small.

In addition to providing a common explanation for a variety of tunneling anomalies,
our method may provide a means of calculating the DOS in strongly correlated and low-

dimensional systems, such as at the edge of the sharply confined Hall fluid investigated
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experimentally by Grayson et al., [42] Chang et al., [51] and by Hilke et al., [53] where

existing theoretical methods fail.



CHAPTER 3

EXACT SOLUTIONS OF THE X-RAY EDGE LIMIT

3.1 INTRODUCTION

To obtain quantitatively correct results it will be necessary to go beyond this “perturba-
tive” x-ray edge limit. In Chapter 3 [77] we proposed and investigated a functional cumulant
expansion method that includes field fluctuations away from ¢, (r, 7), and treats field config-
urations close to ¢y (r, 7) perturbatively as in Chapter 1 [1]. Although the improved method
yields the exact DOS exponent for the important Tomonaga-Luttinger model, calculable by
bosonization, we do not expect it to be generally exact in 1D. (Furthermore, the method fails
in the presence of a strong magnetic field because of the ground state degeneracy.) In this
paper we neglect fluctuations about ¢, (r,7) but treat that field configuration exactly (in
the relevant long 75 asymptotic limit). This is accomplished by finding the exact low-energy
solution of the Dyson equation for noninteracting electrons in the presence of ¢y, (r, 7), which
we refer to as the Nozieres-De Dominicis equation. We carry out this analysis for the 1D
electron and 2D Hall fluid, both with short range interaction. To this end we obtain, for the
first time, an exact solution of the Nozieres-De Dominicis equation for the 2D electron gas

in the lowest Landau level.

3.2 FORMALISM
In the x-ray edge limit, we ignore fluctuations about ¢,,, in which case

G(rior, 103, 70) = N g(ri0o¢, 1507, 70|idse).- (3.1)

12
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Eq. (3.1) defines the interacting propagator in the x-ray edge limit. The local tunneling DOS
at position ry is obtained by setting r; = ry = rg and 0; = or = 09, and summing over 0. In
the remainder of this paper we will evaluate (3.1) for the 1D electron gas and the 2D Hall

fluid, with a short-range interaction of the form

U(r) = \(x). (3.2)

3.3 X-RAY GREEN’S FUNCTION

The quantity g(r¢oy, rioi, To|ix) required in (3.1) is related to the Euclidean propagator,

(Tto (1, )by (x', 7" ) e ] Sx0m) g

Gy (ror,v'o'7) = — ,
( oT o T) <T€*f ¢xr5n>0

according to
g(r:04, 1303, Tolidhr) = G (Te0¢70, 11030) Zie (T0), (3.3)
with
Zo(10) = (Te™ [P dr [ dPr gy (x,7) 5n(r,7’)>0‘ (3.4)

We refer to Gy (ro7,r'o’t’) as the x-ray Green’s function which describes noninteracting

electrons in the presence of a real-valued potential ¢, (r, 7). It satisfies the Dyson equation
Gy (ror,v'or") = Go(vo,v'o, 7 — 7') + /dDT d7 Go(ro,T0,7 — T) ¢xr(T, T) G (To T, ¥'07").
(3.5)

Here we have used that fact that the x-ray Green’s function is diagonal in spin. For a

calculation of the DOS we use the form (?7), in which case (3.5) becomes
70
G (ror,v'or’) = Go(ro,v'o, 7 —7') + )\/ dt Go(ro,roo, 7 — t) G (root, v'ot’), (3.6)
0

where we have assumed the short-range interaction (3.2).
By using the linked cluster expansion and coupling-constant integration, Z,, can be shown

to be related to the x-ray Green’s function by [65]

Zualr) = €70 4 50 G uer o (3.7
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where G, (ro,r'o7’) is the solution of (3.6) with scaled coupling constant EX.
There is no ry dependence in the DOS for the translationally invariant models considered

here and we can take roy = 0.

3.4 1D ELECTRON GAS

G« (007,007") was calculated exactly in the large 79, asymptotic limit for the 3D electron
gas in zero field by Noziéres and De Dominicis [65]. Their result is actually valid for arbitrary
spatial dimension D if the appropriate noninteracting DOS is used.

We take the asymptotic form of the noninteracting propagator as

N 1
Go(t) ~ —P 70 with No=——. (3.8)

Ny is the noninteracting DOS per spin component at e, and P denotes the principal part.
The solution of (3.6) for this model with r =1’ =0 is

cos(dy)

T0

a

+ 7rsin(5,\)5(7'0)} (—)%w, (3.9)

T0

G (10) = —Ny cos(0)) {P
and

a 2(8x/7)°
Zxr(7—0> = (_) 5 (310)

7o

where ) is the scattering phase shift of the electrons caused by the potential ¢,, given by
dy = arctan(NymA) (3.11)

and a is a short time cut-off on the order of the Fermi energy.

Thus
1 1426 /7+2(8x /7)>
G(10) = g(Tolidx) ~ (T—O) (3.12)
which gives a DOS in the x-ray edge limit as
N(e) ~ €20/m+2(05 /™) (3.13)

By expanding the exponent in (3.13) in powers of the coupling paramenter A one recovers

the perturbative x-ray result of Chapter 1 [1].
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3.5 2D HALL FLUID

Unlike the low-energy Dyson equation for the 1D electron gas, which is solvable by Hilbert
transform techniques, there are no standard methods available to solve the corresponding
integral equation for the Hall fluid. We were able to guess the exact analytic solution, aided
by perturbation theory and by numerical studies carried out by expansion in a plane-wave
basis followed by matrix inversion.

We assume the system to be spin-polarized and spin labels are suppressed. In the Landau

gauge A = Bre,, the noninteracting propagator in the |7| > w_ ! limit is
Go(r, IJ? T) = F(I‘, I'/> [V - @(T>]7 (314>

where v is the filling factor satisfying 0 < v <1, and

1 ! - / !
[(r,r) = o o lr— /48 —i(ata’)(y—y")/20% (3.15)

First consider the case where r; = ry = ro. We can let ry = 0 without loss of generality

and at the origin (3.6) reduces to

Gy (07,07) = # + 7/ dt [v — O(1 — t)] Gk (0t,07"), (3.16)
™ 0
where
A

is an interaction strength with dimensions of energy.
The time arguments of Gy (07,07") on the left side of Eq. (3.16) can assume the 12
possible orderings £ = 1,2,---,12 defined in Fig. 3.1; the right side produces terms with

two or more different orderings &/, k", - --. We therefore seek a solution of the form
Grr(07,07') = > A Wi(r, 7)) fil7), (3.18)
k

where Wy (7,7') is unity if 7 and 7’ have ordering k and zero otherwise; an explicit form

for Wy (7, 7') is given in Appendix C. The functions f(7) are chosen to reflect the fact that
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1 7 |
TT 0 T T 0 T T
2 8 |
TT 0 T T 0 T, T
3 9
0 T 1 T T 0 T T
4 10
0 T T T 0 T T, T
5 11
0 T, T'T T 0 T T
6 12
0 T TT 0 T T T

Figure 3.1: The 12 possible time orderings k = 1,2,---,12 of G (07,07"). 79 is assumed to
be nonnegative.
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an electron accumulates an additional phase v A7 while in the presence of ¢, for a time
AT, whereas a hole acquires a phase —y A7. The 12 unknown coefficients A, (which depend
parametrically on 75 and 7’) are obtained by solving the 12 linearly independent equations
resulting from the decomposition of (3.16) into distinct time orderings k = 1,2, -+ ,12. The

result is

1 1
A
Cra(07,07) = 272 (1 —v+ V@’YTO)

X {(y - 1) (Wl + W5) + ve 7 (W2 + WG) + (v — 1)6_7(7_7l) W5

+ve T, 4 (v — 1) Wr + (v — 1)e ™ Wy + ve Y07 11
+ (v — 1)677(7077,) Wio +v Wi +ve 7" Wia. (3.19)

As a side note, the solution for general r; and r; is obtained using the same method and

when both 7 and 7’ are in the interval (0, 7), the result is

G(rr,v'7") = [v—0(7 — )] [[(r,r') — 27> T(r,0) (0, r')]
v—1)0(t—7")+re ™ O(r — 7')]

1—v+ve

+ 270 T(r,0)T(0,1') [( e =) (3.20)

the other cases follow similarly. At the origin (3.20) reduces to

1

v—10F—-1)4+ve m™O( —7)]
G (07,07") = 2M2{ —— e T, (3.21)
Finally
G (070, 00) = — -1 v 3.22
xr( 70, ) — 27_‘_€2 11—, TRp— e . ( . )
Using Eq. (3.7) we obtain
Zyw =71 — v+ ve "), (3.23)
therefore
. v—1 v—1)T7
9(r000, 1900, To| i) = 502 eV =hm, (3.24)

This is identical to what we obtained in Chapter 1 [1]. The tunneling DOS is therefore

N(€) = const xd(e — [1 — v]y). (3.25)



18

3.6 DISCUSSION

In this chapter, we have carried out an exact treatment of the x-ray edge limit introduced
in Chapter 1 [1], for the same models considered there. Whereas the 1D electron gas result
(3.13) would be expected, the DOS of the 2D Hall fluid remains gapped as in Chapter 1 [1].
A generalization of our method that accounts for fluctuations about ¢,,, and that can be

used in a magnetic field, will be needed to recover the actual pseudogap of the Hall fluid

21, 22, 23, 24, 25, 26, 27, 28, 29, 30].



CHAPTER 4

BEYOND THE X-RAY EDGE LIMIT

4.1 INTRODUCTION

In the previous chapters we introduced an exact functional-integral representation for the
interacting propagator, and developed a nonperturbative technique for calculating it by
identifying a “dangerous” scalar field configuration of the form (2.2), and then treating this
special field configuration by using methods developed for the x-ray edge problem. All other
field configurations were ignored, thereby reducing the tunneling problem to an x-ray edge
problem. Nonetheless, qualitatively correct results were obtained for the 1D electron gas and
the 2D Hall fluid using this approach. In this chapter we attempt to go beyond this so-called
x-ray edge limit by including fluctuations about ¢,,. We find that by including fluctuations
through the use of a simple functional cumulant expansion, a qualitatively correct DOS is
obtained for electrons with short-range interaction and no disorder in one, two, and three
dimensions. We also show that and when applied to the solvable Tomonaga-Luttinger model,

the low-energy fixed-point Hamiltonian for most 1D metals, the exact DOS is obtained.

4.2 GENERAL FORMALISM AND CUMULANT EXPANSION METHOD

Following Chapter 1 [1], we use a Hubbard-Stratonovich transformation to write the exact

Euclidean propagator

G(rog, 1704, 7)) = —<T¢Uf (v, 70) Yo, (13, 0)>H, (4.1)

in the form
:NfD(be*iM’U_lqsg(rfo,I‘iUi,TOW)

[Doe b 2

G(rfo,I“iUi,To)

19



20

where
g(¢) = _<Tw0'f (rf7 7—0)77501 (ri7 0) ei Jlem)dnir,r) >0 (43)

is a noninteracting correlation function in the presence of a purely imaginary scalar potential
ig(r,7), and N = (T exp(— foﬁ dr V))y! is a constant, independent of 7. Eq. (4.2) is an exact
expression for the interacting Green’s function.

The region of function space that contributes to the functional integrals in (4.2) is con-
trolled by the width of the Gaussian, which in the small U limit becomes strongly local-
ized around ¢ = 0. By expanding (4.3) in powers of ¢ and doing the functional integrals
term by term, one simply recovers the standard perturbative expansion for G(r¢oy, rioi, 7o)
in powers of U. Therefore, it will be necessary to go beyond a perturbative expansion for
g(riop, vioy, To|¢). We evaluate g(r¢og, rio;, 70|¢) approximately, using a second-order func-
tional cumulant expansion. Such an expansion amounts to a resummation of the most diver-
gent terms in the perturbation series when ¢ = ¢,, and the infrared catastrophe occurs.
Indeed, one can view our resulting expression for g(r¢o¢, rio;, 70|¢) as a functional general-
ization of Mahan’s “perturbative” result for a similar correlation function.[64] Furthermore,
for field configurations far from ¢,,, the cumulant expansion will yield a result that is, by

construction, exact through second order in U. After carrying this out we obtain

g(¢) ~ Go(rfo, 103, To)ef Ci(r7) d)(r,T)—i—f Co(rr,r'1") ¢(r,7) d)(r”r/)’ (44)

where

g1(r7)
Ci(rr) = 4.5
1( ) Go(Pfo,TiUi,To) ( )
and
go(r7,r'7") g1(r7) g1 (x'7")

C. ') = — ) 4.6
2(r7,r'7) Go(rios, rioi, 10) 2 [Go(reot, rioy, 1)) (4.6)

Here

G (L1710, T Th) = — ;—n' <T¢Uf (r¢, 70) 0o, (15, 0) On(1177) - - - (5n(rn7'n)>0 (4.7)
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is the coefficient of ¢™ appearing in the perturbative expansion of (4.3), as in

g(rroy, 1103, 70| ¢) = Go(ri07, Ti03, T0) + Z/gn<r17_la T Tn) (11, ) e AT, ). (48)
n=1

The cumulants C; and Cs in terms of G are

) Go(riog,ro, 10 — 7) Go(ro, rioy, T)
_ 4
Cl(rT) ' Z Go(rfCTf, rioj, To) ( 9)

o

and (suppressing spin for clarity)

(A 1 / / .
02(1‘7,1”) = m{[GU(r7r77__7—)G0(rf7r177_0)

— Go(r,r;, 7)Go(rs, v’ 70 — T)][r = 1/, 7 = T’]} (4.10)

The functional integral in (4.2) can now be done exactly, leading to

G(rioy, rio;, 70) = A(70) Go(rios, rio;, 1) e 5(0) (4.11)
where
[ D¢ e—3 /U —2C2)¢ B 1
A=N [ Do 3T = N[det (1 —2CU)] 2, (4.12)
and
1 B
S = 5/ dr dT'/dDr d°r'p(r, 7) Ueg (x7, 2'7") p(x', 7). (4.13)
0
Here
4 Go(riog,ro, 79 — 7) Go(ro, rio;, )
= _ - _ 4.14
p(r, ) i Cy(r7) Z(,: Go(rror. 1300, 70) ) ( )
and
Ue(r7,v'7") = [U N (r —1')0(7 — 7') — 2Co(r7, x'7")] - (4.15)

is a screened interaction.
Because spin-orbit coupling has been neglected in H, the noninteracting Green’s function
is diagonal in spin, and

Go(reos, roy, 70 — 7) Go(roy, rioy, T)

p(r,7) = — o (4.16)

GO(rfUiariUiaTO)

Eq. (4.11) is the principal result of this work.
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4.3 CHARGE SPREADING INTERPRETATION

We interpret (4.11) as follows: S is the Euclidean action [78] for a time-dependent charge
distribution p(r, 7). We shall show that p(r,7) acts like a charge density associated with an
electron being inserted at r; at 7=0 and removed at r; at 75. This charge density interacts
via an effective interaction Udg(r7,r'7") that accounts for the modification of the electron-
electron interaction by dynamic screening [79]. Our result can therefore be regarded as a
variant of the intuitive but phenomenological “charge spreading” picture of Spivak [80] and
of Levitov and Shytov [15]. However, here the dynamics of p(r, 7) is completely determined
by the mean-field Hamiltonian, and has the dynamics of essentially noninteracting electrons.

First consider the integrated charge,

Q(T) = /dDT p(ro) _ _de’r‘ GO(I‘f,I’,TO — T)Go(r7ri77-)'

Go(rf,ri,To)

(4.17)

Using exact eigenfunction expansions for the Green’s functions we obtain

Qr) = — | > Bu(r) Da(r)e 0 np(eq — ) = 1| D Bl (re) Dy (i)

x {[nr(ea — 1) = 1°0(10 — 7)O(7) + i (ea — ) [nr(€a — 1) = 1 [O(=7) + O(7 — 70)] }
(4.18)

where ng is the Fermi distribution function and the ®,, are the single-particle eigenfunctions

of Hy. In the zero temperature limit

Q1) =
D @5 (r)@a(r)e T {(Ny = 1)°0 (79 — 7)O(7) + No(Na — 1) [B(=7) + O(7 — 7)] }

07

)

Z ®* (1) P (ry)e” e (N, — 1)

(4.19)

where N, is the ground-state occupation number of state «, which in the absence of ground

state degeneracy takes the value of 0 or 1. In this case (4.19) reduces to

Q1) = O(1y — 7)O(7). (4.20)
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When the sum rule (4.20) holds, the net added charge, as described by p(r, 7), is unity (in
units of the electron charge) for times between 0 and 7y, and zero otherwise. This behavior
correctly mimics the action of the field operators in (4.1).

At short times, 7 < 79, the charge density is approximately
p(r,7) ~ —=Gy(r,r;, 7) (4.21)

which is localized around r = r;. As time evolves this distribution relaxes. Then as 7

approaches 7y the charge density again becomes localized around r = ry,
p(r,7) ~ =Go(re, r, 70 — 7). (4.22)

A plot of p(r,7) for the 1D electron gas is given in Fig. 4.1.

The dynamics of p(r,7) can be shown to be governed by the equation of motion
[0, + Ho(r)] p(r,7) = =d(rs —1)0(10 — ') + 6(r — 17)d(7). (4.23)
This can be seen by noting that the noninteracting Green’s function satisfies
[0, + Ho(r)] Go(r, ¥’ 7,7") = =6(r — ¥')d(7 — 7). (4.24)

Then, using the definition (4.14) one can obtain (4.23). Again, we stress that p(r,7) is
describing the dynamics of noninteracting electrons, governed by the mean-field Hamiltonian
Hy.

Although p(r,7) has many properties that make it reasonable to interpret as the charge
density associated with the added and subsequently removed electron in the Green’s function
(4.1), one should not take this interpretation too literally. For instance, the sum rule (4.20)
only holds in the zero temperature limit and in the absence of ground state degeneracy. Also,

as will be seen below in Sec. 4.4.3, p(r, 7) may even be complex valued.

4.4  APPLICATIONS OF THE CUMULANT METHOD

In the following examples we will assume electrons with a short-range interaction U, no

disorder, and no magnetic field. In Sec. 4.4.1 we show that our method correctly predicts a
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constant DOS near the Fermi energy in 2D and 3D, and in Sec. 4.4.2 we obtain a power-law
DOS in 1D, in qualitative agreement with Luttinger liquid theory.[2, 3, 4, 5, 6, 7, 8] Finally,
in Sec. 4.4.3 we use our method to calculate the DOS for the solvable Tomonaga-Luttinger

model, obtaining the exact DOS exponent.

4.4.1 2D AND 3D ELECTRON GAS: RECOVERY OF THE FERMI LIQUID PHASE

The sum rule (4.20) allows one to determine the energy dependence of the DOS in D dimen-
sions, asymptotically in the low-energy limit, as follows: In the absence of disorder, a droplet
of charge injected into a degenerate Fermi gas with velocity vg will relax to a size of order
¢ ~ vpT after a time 7. Approximating p(r, 7) to be of uniform magnitude in a region of size
¢ and vanishing elsewhere, the sum rule then requires the magnitude or p to vary as 7.

The interaction energy of such a charge distribution (assuming a short-range interaction) is

o % / 4Pr [p(r)]2 ~ z% (4.25)

which varies with time as 7=”. The action accumulated up to time 7, therefore scales as

SN% if D>2 (4.26)
To
or
S~Ulnr, if D=1. (4.27)

The cases (4.26) and (4.27) are dramatically different: In 2D and 3D the action vanishes
a long times, and the propagator (4.11) is therefore not appreciably affected by interactions.
The resulting DOS is energy independent at low energies, and the expected Fermi liquid

behavior is recovered. In 1D, however, the action diverges logarithmically, leading to an

algebraic DOS.



25

4.4.2 1D ELECTRON GAS: RECOVERY OF THE LUTTINGER LIQUID PHASE

The scaling argument of the previous section showed that the DOS in the 1D electron gas with
short-range interaction is algebraic, as expected. In this section we calculate the associated
exponent.

We proceed in two stages. Initially we keep only the first cumulant C', and then afterwards
we discuss the effect of Cy. In 1D it is possible to calculate the action (4.13) exactly in the
long-time asymptotic limit at the first-cumulant level. Setting x; = x; = 0, we have [see
(4.11)]

G(79) = const x Go(mp) e, (4.28)

Considering a local interaction of the form U(z — 2') = UpAdé(x — 2’) the action is

S(70) _ U /dT/ dz [p(z,7)]". (4.29)

By linearizing the spectrum around the Fermi energy, the zero-temperature propagator at

low energies is

1 ikpx ink _ k
Golw.7) = Im e - _ sinkpx UF27' cos kpx (4.30)
T T + pT (22 4+ vET?)
The charge density (4.14) in this case is
p(w7) = vpTo o sinkpx — vp(79 — T) cos kpx x sin kpx — vpT cos kpx (4.31)

T 2 4+ v (T — 79)? x2 + vir?
Fig. (4.1) shows the charge density p(z,7) as it spreads in time from its initially localized

position. By a lengthy but straightforward calculation it can be shown that
3 UpA
S(ro) = =~ 1n (@> (4.32)

where a is a microscopic cutoff. This leads to a power-law decay of the interacting propagator

as

G(r) ~ —, (4.33)

where

a=-—+1 (4.34)
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! oo pkTy
:: - p(X’T2>T1)

| | |
-20 -15 -10 -5 0 5 10 15 20

Figure 4.1: Charge density p(z,7) for the 1D electron gas at two times, showing Friedel
oscillations and gradual spreading.
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is the propagator exponent. The DOS exponent 9, defined as

N(€) = const x €, (4.35)
is given in this case by
3 UpA
0=—-——-: 4.36
8 VT ( )

The effects of the second cumulant C5 are now straightforward to understand: In addition
to introducing a slowly varying prefactor A, whose only 7y dependence comes from the time
dependence of the screening in (4.15), the second cumulant screens the bare interaction
and does not prevent the logarithmic divergence of the action, but it does modify the DOS
exponent. It is interesting, however, that in the large U limit, the effective interaction becomes
independent of U, a clear indication of nonperturbative behavior.

It is illustrative to compare (4.36) to the prediction of the perturbative x-ray edge limit
of Chapter 2, where one neglects all field configurations in (4.2) except ¢y,. There we found

(for this same short-range interaction model),

5 — o U0 (4.37)

URT
to leading order in U. The DOS exponents (4.36) and (4.37) are in qualitative agreement,
but the inclusion of fluctuations about ¢y, in (4.36) softens the exponent by almost a factor
of four, as one might expect.

The exact DOS exponent is not known for this model. In the next section we apply the
cumulant method to the Tomonaga-Luttinger model, for which the exact propagator can be

calculated using bosonization.

4.4.3 TOMONAGA-LUTTINGER MODEL

We consider the spinless or U(1) Tomonaga-Luttinger model. The noninteracting spectrum
1s

€ = i+ vp(Ek — kp), (4.38)
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where the upper sign refers to the right branch and the lower to the left one. The interaction

18

1
V = §/dx oni(x) Uiy onj(x), (4.39)
ne(x) = (lllir(l) Wi (x+ a)e(x):, (4.40)

where the normal ordering is with respect to the noninteracting ground state. The matrix U

has the form

U, U
u=| " 7* . (4.41)
Uy, U,
We want to calculate
Go(aemp, aim) = =N Ty (g, 1) (1, 1) e L VY, (4.42)

Make a Hubbard-Stratonovich transformation of the form

[ Dp_ Do, ez 4l b5 gif éomi

e~ 3 JoniUijon; _ - — , (4.43)
[ Do Do, ¢ HIo07%
which leads to
Do_ D —3 U6 i P—
Gi(l‘fo,IiTi) :Nf ¢ gb-‘r (& ,?:‘:(wfiflaleqs 7¢+)7 (444)
[ D¢ D¢, el olie
where
7 i 8 i(x,7)on;(x,7
e (ere, 7| by, =) = —(Top (we7e) b (wymy) €' Jo 47 dwdilem)onice, Ne- (4.45)
The correlation function (4.45) can also be written as
gi(Ifo, Ii7'1|¢+7 (/5—) = gj:(fffoa $i7'1|</5i) : Z:F[ﬁbzp]a (4-46)
where
7 8 T T x,7)ont(x,7
Zilps] = (Te'lo dr ] droslenine(en)y | (4.47)
and
- 8
g1 (ze71, 2171 |0s) = —(Ts (were)hs (i) €' o 47 dwo=(em) Mi(m’ﬂ%i' (4.48)



Next we cumulant expand both (4.47) and (4.48) to second order. For (4.47)

Zi [¢i] ~ 6% Jdrdr [ dzda’ Mt (z—a' ,7—7")p+ Pl

Where I is the noninteracting density-density correlation function

M (x,7) = —(Ton(w,7) 5n=(0)), ..

which can be written as
Oi(z,7) = Gos(x,7) Gox(—x,—T).

The noninteracting chiral propagator is
1 e:l:ik:pz

G s = Zl:— e —
0:+(2,7) 211 x £ wpT

For (4.48)

gi(ﬂffo, l"iTiWi) ~ Go,i(-??fﬂf, 93171|¢i)€fdxdTCl’minxdx/deT/ 09l
where
o) i(l" T) _ _Z.Go,i(l'faﬂfﬁo - 7') Go,i(%%ﬁ%

’ ’ GO,i('];ﬁ Xy, 7_0)

and Cy 1 for this model reduces to
/ / 1 / /
Cos(z—a',7—7)= §Hi(:v—$,7—7').
Now we solve for U, defined by
/dx”dT”Ue_ﬁl(x —2" 7= 1" Ueg(2" — 2/, 7" —7') = §(x — 2")o (7 — 7)1,

where

1

Ui (z,7) = [Ug' (2, 7) = T (x, 7) 85 654 — T (2, 7)0i- 0|

29

(4.49)

(4.50)

(4.51)

(4.52)

(4.53)

(4.54)

(4.55)

(4.56)

(4.57)

and 1 is a 2 x 2 identity matrix. To achieve this we Fourier transform (4.56). This reduces

(4.56) to a matrix equation which gives

U, U T, (K, w 0
Ui (o) — 4 Us B +(k,w)

U2 U4 0 H:F(kaw)

(4.58)



The ++4 or —— component is

U, — (U2 — U4 (k, w)

Uetr (k, w) = 1 — Uylly(k,w) + (U — UHI, (k, w)T_(k,w)

where
1 k2

Mi(k,w) =4 (k,w) +_(k,w) = R P —aE

The effective interaction for right movers is (with vp = 1)

(w + ik)(w — tuk)

Ug(k,w) =U. , —
a(k,w) = Vs 0 ) @ = iok)
where
2 2
w=1+ (Uy/2m) (Uy/2m)
(Uy/2m)
and
U\>  [(U\°
= 1+— ] - == .
v \/( + 27r) <27r)
The action can be written as
1 [ dkdw
S = 5| 97 om p+(—k, —w) Uea (k,w) p+(k,w).

The chiral tunneling charge density is

_ Goul(zr, 2,10 —7) Gou (2,23, 7)

p=le,T) = Go+ (¢, x5, 70)
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(4.59)

(4.60)

(4.61)

(4.62)

(4.63)

(4.64)

(4.65)

We now specialize to the DOS case where x; = 2y = 0 and assuming right movers we set

p+ = p. The tunneling charge density is

( ) VETO 1
r,T)= ,
PAT 21 (2 + ivpT)[z + ivp(T — 70)]

which satisfies
/dw plz,7) =0O(1)O(10 — 7).
Fourier transforming, we find that

1

plk,w) = ook

(£ — 1) (k) + (6™ — e*m)a(—k)]

(4.66)

(4.67)

(4.68)
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m |:(1 . ezwme—km + 6—k7'0 o e—zwm)@(kj) + (1 — w0 + 6k37’0 o e—zw706k7'0>@(_k):| )

(4.69)

The action therefore is

B dk dw (w + ik)(w — iuk) U,
S(r) =3 / 27 27 (w + ivk)(w — ivk) (w + ik)2

% [(1 . eiwme—km + e—kTo . e—iwq’g)@(k) + <1 o eiwm + ekm . e—iwroek’ro)@(_k)} )
(4.70)

The action can be written as S = Ss + S. where

w — tuk) 4 ‘
dk d 1 — ¢wmo —k1o —k1o _ _—twTo 4.71
8%2/ / “ (w + ivk) w—wk)(w—l—ik:)( e e ‘ > (471)

and

w — iuk) : b i
dk d 1 o W70 T0 __ wWTO TO . 4‘ 2
T 82 / / “ (w+ k) w—wk)(w+ik)( e c ‘ ) (4.72)

S~ = S. under change of coordinates k — —k and w — —w, so S = 25.. To proceed we

need the large-19 asymptotic result

oo e*k’l‘()
I(m) = / dk T —Inmy (4.73)
0

+
where the additive constant, not shown explicitly, is cutoff dependent. These lead, in the

large 7y limit, to

_ U 2l+uw)  u+tw a
T d4n [(1 To)d—0v) o(l- U)] In(7o) (4.74)
Uy | v—u
T in [v(l + v)] (7). (4.75)

Finally, we obtain

S =dlnT+ const + O(1/7) (4.76)
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and
N (€) = const x €, (4.77)
where
U — —v)(1 -
5 - Vs v—u _ (u—0)(1—v) (4.78)
4 v(l—l—v) 2v(1+u)
_ \/ 1o Us )2 (L2 )2
_ 27ry 27rvp (zva) ' (479)
2\/ 1 + 2rop 27rv - (27er)
This is in exact agreement with the bosonization result
-1
s=979 (4.80)
2
with
+ 2U4F B 2U2F
_ v U 4.81
TN sy

Why does the cumulant method give the exact result for this model? The answer is that
a second order cumulant expansion of the form used here is exact for free bosons, which are

the exact eigenstates of the Tomonaga-Luttinger model [81].

4.5 DISCUSSION

Our principal result (4.11) suggests that the dominant effect of interaction on the low-
energy DOS in a variety of strongly correlated electron systems is to add a semiclassical
time-dependent charging energy contribution to the total potential barrier seen by a tun-
neling electron, as in Ref. [15]. The energy is computed according to classical electrostatics
with a dynamically screened two-particle interaction. In 2D and 3D the added charge is
accommodated efficiently and reaches a zero-action state at long times. In 1D the added
charge leads to diverging action, and hence suppressed tunneling.

The robustness of our method has not been fully explored, although it is known to fail
qualitatively in systems with ground state degeneracy, such as in the quantum Hall fluid.
We believe the cause of this failure to be the non-satisfiability of the sum rule (4.20) in such

situations.
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APPENDIX A

LOW-ENGERGY NONINTERACTING PROPAGATOR

For a noninteracting electron system with single-particle states ¢,(r) and spectrum ¢,, the

imaginary-time Green’s function defined in Eq. (4.1) is given by
Go(ro,v'0",7) = 6500 Y ¢a(r)¢2(r')6_(6“_“)T<[nF(Ea — ) = 1] O(7) + ne(ea — p) @(—7))

(A.1)
where ng(e) = (e%+1) ! is the Fermi distribution function. In this appendix we shall evaluate

the diagonal elements Gy(ro, ro, 7) for two models in the large ||, asymptotic limit.

A.1 1D ELECTRON GAS

The first model is a translationally invariant electron gas at zero temperature in 1D (the

derivation we give is actually valid for any dimension D). In the limit of large ep|7| we obtain

Go(ro,ro, 1) — —%, (A.2)

-
where Nj is the noninteracting DOS per spin component at the Fermi energy ep [73]. It will be
necessary to regularize the unphysical short-time behavior in Eq. (A.2). The precise method
of regularization will not affect our final results of interest, such as exponents, which are
determined by the long-time behavior. We will take the regularized asymptotic propagator

to be

No
T+i/ep
When possible, we will let the short-time cutoff in (A.3) approach zero, in which case (A.3)

Go(ro,ro,7) =~ —Re (A.3)

simplifies to
N,
Golro,ro,7) ~ — P =2, (A.4)

T
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where P denotes the principal part. The results (A.3) and (A.4) are valid for any spatial

dimension D; the only D dependence appears in the value of Ny for a given ep.

A.2 2D HALL FLUID

The second model we consider is a 2D spin-polarized electron gas in the lowest Landau level

at zero temperature with filling factor v. In the gauge A = Bze,,
Gie(T) = Cpp €™ 72 @R B (10— i), (A.5)

where ¢, = (2"nlw2(L)"z. Here £ = \/Tic/eB is the magnetic length and L is the system
size in the y direction. The spectrum is €, = hw.(n + 1), with w, = eB/m*c the cyclotron

frequency (m* is the band mass). In the lowest Landau level 0 < v < 1,
¢k — (W%KL)fé eiiky efé(x/gfke)z. (A6)

At long times 7 > w_ ! we find

v—0(1)

G()(I',I',T) - 27T£2



APPENDIX B

ASYMPTOTIC EVALUATION OF TIME INTEGRALS

Here we note the asymptotics used to obtain (2.15):

7o 1 1 2
/ dr Re(—,) Re(—,) ~ — In(7oer), (B.1)
0 To— T +i/ep T+i/ep To

oo 1 1 1 2
A dr dr Re(m) Re(m)f{e(m> ~ T—Oln (7'06];‘), (B2)

and

0 1 > r
/ dr dr’ lRe(—)} R 5 Toer — 2 In(7per). (B.3)
0

T—7 +1i/ep
In these expressions we have retained all terms, including subdominant contributions, that

diverge in the e — oo limit.
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APPENDIX C

TIME ORDERING FUNCTIONS

Let

Wi(r, ) = O(—7)0(—7")O(r — 1)
Wy(r, 7)) = O(—7)0(=7")O(r —71)
Ws(r, 7)) = W) W(r)e(r—1)
Wy(r, ") = W(r)W(")e(r —r1)
Ws(r,7) = O(r—10)0(t'— 1) O(r — 1)
Ws(r,7) = O(r—10)0(7"—10)O(r" = 7)
Wa(r, 7)) = W(r)O(-1)
Ws(r,7') = O(r —79) O(—7")
Wo(r,7) = O(—7)W(r)

Wio(r,7") = O(1 — 70) W(7')

Wi(r,7") = O(—71)0(r" —n)

Wia(r, ') = W(r)O(r' — ),

where O(t) is the Heaviside step function and W (with no subscripts) is the a window

function, defined as

W =0(r —71)0(7). (C.1)
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