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This thesis discusses three topics related to the distributions of arithmetic functions. The first
topic is the distribution function of a polynomial of additive functions. Roughly speaking,
the distribution function of an arithmetic function f records how often f lies below a given
value. We show that certain polynomials of additive functions with continuous distribution
functions also have continuous distribution functions.

The second topic is the range of FEuler’s totient function. For an irreducible quadratic
polynomial P, we prove that for almost all n, the equation ¢(m) = P(n) has no solutions.

The final topic is additively unique sets of primes. A set S is additively unique if the
only multiplicative functions possessing a certain invariant on S are f(n) =0 and f(n) = n.

We classify the additively unique sets of primes.
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Chapter 1

Introduction

This thesis focuses on three distinct topics:
1. Distribution functions of arithmetic functions,
2. Polynomials and the range of the totient function,

3. Additively unique sets of integers.

We provide background for each of these topics.

1.1 Distribution functions of arithmetic functions

In a broad sense, a distribution function records how often a set of real numbers lies below

a given value.

Definition. Let X be a random variable in a probability space. The distribution function
of X is the function

FX:R%[O,”

where F'x(z) is the probability that X < z.



Note that Fx is non-decreasing and right-continuous. In addition,

lim Fy(z)=0and lim Fx(x)=1. (1)

T—r—00 T—00

A theorem from probability [8, Theorem 14.1] states that any non-decreasing, right-continuous
function satisfying (1) is the distribution function of some random variable. We restrict our

attention to the distribution function of an arithmetic function f:7Z, — R.

Definition. Let f be a real-valued arithmetic function. For each positive integer N, define

the function Fiy : R — [0, 1] by

_# SN <o)

FN<£L'> N

Suppose that there exists a function F' such that

lim Fy(z)= F(z), (2)

N—o0

whenever F' is continuous at z. If F' is a distribution function, then F' is the distribution

function of f.

Assuming an F' satisfying (2) exists, it must be non-decreasing by definition. However,
it need not be a distribution function. For example, let f be an unbounded non-decreasing
function. Then,

lim Fy(z) =0

N—oo

for all z, which implies that F is identically 0. Therefore, F' is not a distribution function.

For a given arithmetic function f, we may ask two questions:

1. Does f have a distribution function?

2. If f does have a distribution function, is this function continuous?



For certain well-understood arithmetic functions, we may answer these questions. Before

we do so, we write a definition.

Definition. A real-valued function f is additive (resp. multiplicative) if f(mn) = f(m) +

f(n) (resp. f(mn) = f(m)f(n)) for all coprime m, n.
Throughout this thesis, we extensively use the ¢ and o functions, which we define below.

Definition. Fuler’s totient function ¢(n) is the number of m < n which are coprime to n.

The sum-of-divisors function o(n) adds up all of the divisors of n. For n = p{' - - pi* we

have
k k peH—l—].
e;—1 )
= 7t ’L'_la — el
SOR | G IOR | S

One of the first results on distribution functions of arithmetic functions is the following

theorem of Schoenberg [54]:
Theorem 1.1.1. The function ¢(n)/n possesses a continuous distribution function.

A few years later, Davenport proved a related result [14] (which Behrend and Chowla

obtained independently [6], [12]), answering a question Bessel-Hagen had recently posed [7].
Theorem 1.1.2. The function n/o(n) possesses a continuous distribution function.

Let s(n) be the sum of the proper divisors of n (the divisors other than n). We say
a number is abundant if s(n) > n, deficient if s(n) < n, and perfect if s(n) = n (these
definitions go back to the ancient Greek mathematician Nicomachus [47, Book I, Chapter
XIV], circa 100 AD). A notable corollary of Theorem 1.1.2 is that the abundant and deficient
numbers have well-defined densities and that the perfect numbers have density 0 (see [17]
for an alternate, elementary proof of this result). Before Theorem 1.1.2 was known, Behrend

found bounds on the upper and lower densities of the abundant numbers [5]. The current



bounds on the density A of abundant numbers are 0.24761 < A < 0.24766 [39]. Moreover,

Alz)=Az+ 0O (eXp((lowg x)1/3)) ’

where A(z) is the number of abundant numbers < x [40].
In the 1930’s, Erdés proved three results on the distribution of additive functions ([18],
[20], [21], the last of these discusses Schoenberg’s related work in [55]). Note that 1.1.5

superseded 1.1.4, which in turn superseded 1.1.3. In each of the following theorems f is an

additive function.

Theorem 1.1.3. Suppose f satisfies the following conditions:
1. f(n) >0 for all n.
2. For all distinct primes p and q, f(p) # f(q).

3. The sums

converge.
Then, f possesses a distribution function.

Theorem 1.1.4. Even if f only satisfies Conditions (1) and (3), it still possesses a distri-

bution function.

Theorem 1.1.5. If f satisfies Condition (3) and the sum

converges, then f possesses a distribution function. This distribution function is continuous



of and only if the following sum diverges:

>,

s P
In 1939, Erdos and Wintner proved the converse of the first part of Theorem 1.1.5. The
Erd6s-Wintner Theorem [26], one of the founding results of probabilistic number theory,

determines when an additive function has a distribution function and when that distribution

function is continuous.

Theorem 1.1.6. The additive function f has a distribution function if and only if the

following sums converge:

f(p) f)?

)
< P

>

|f(p)[>1

)

D

|7 (p)] lf(p)I<1

Note that for a positive-valued multiplicative function f, the function log f is additive.
Therefore, the Erdés-Winter Theorem is also a statement about multiplicative functions. (It
is straightforward to show that log(x(n)/n) and log(n/o(n)) satisfy the conditions of the
Erd6s-Wintner Theorem, giving us Theorems 1.1.1 and 1.1.2.)

Unfortunately, these results tell us nothing about distribution functions of polynomials
of additive and multiplicative functions. There have been multiple results discussing this

problem in specific cases.

Proposition 1.1.7. If fi,..., fi are additive functions with distribution functions, then
every polynomial in fi,..., fr has a distribution function as well ([56, p.63] covers sums of

additive functions, but similar techniques work for products).

Theorem 1.1.8 (28, Theorem 4.1)). Let f be an additive function and g a positive-valued

multiplicative function. If f and g have distribution functions and at least one of the distri-



bution functions is continuous, then f + g has a continuous distribution function. (See [31]

for a generalization).
In order to state the results of Chapter 2, we first write the following definition.

Definition. We say that an arithmetic function f clusters around the real number w if there

exists some € > 0 such that, for every > 0, the set

{n:[f(n) —ul <4}

has upper density at least €. If f does not cluster around any u, we say that f is nonclustering.

If a nonclustering function f has a distribution function F', then F' is continuous. How-
ever, not all nonclustering functions have distribution functions. One such example is the
identity function f(n) = n. This function does not have a distribution function because it
is unbounded and non-decreasing. However, f is still nonclustering. The author recently
proved the following results with Pollack [42] (the second of which was initially a conjecture

of Luca and Pomerance [43].) In Section 2.1, we discuss these theorems in more detail.

Theorem 1.1.9. Let f1,..., fr be multiplicative functions taking values in the non-zero real

numbers and satisfying the following conditions:

1. f1 is nonclustering,

2. none of f1,..., fr cluster around 0,

3. for alli,j with 1 <i < j <k, the function f;/f; is nonclustering.
Then, every nontrivial linear combination of fi,..., fr is nonclustering.

Corollary 1.1.10. The function (¢(n)—n)/(n—¢(n)) has a continuous distribution function

strictly increasing on [1, 00).



In Section 2.2, we prove the following two results. (Whether we may replace “polynomial”

with “analytic function” in the first theorem is still open.)

Theorem 1.1.11. If fi,..., fr are additive functions for which every nontrivial linear
combination has a continuous distribution function, then every nonconstant polynomial in

fi, -y fx has a continuous distribution function.

Theorem 1.1.12. The product of additive functions with continuous distribution functions

also has a continuous distribution function.

1.2 Polynomials and the range of the totient function

Let V(z) be the number of n < x that lie in the range of Euler’s totient function. In
1929, Pillai showed that almost all numbers lie outside the range of the totient function [48],

namely that

V(z) =0 (W) .

Note that (log2)/e =~ 0.25. This result was improved multiple times ([19], [23], [24], [53],
[44]). We list these results here. (For notational convenience, we let log, x be the result of

taking the logarithm of x k times.)

X

V(z) = Tlog )1 (Erdés, 1935)

V(ir) < lozx exp(C; (loglog z)'/?) (Erdés, Hall, 1973)

V(z) > lozx exp(Cy(logs 7)?) (Erd6s, Hall, 1976)

V(r) < lozx exp(Cs(log, 7)?) (Pomerance, 1986)

V(z) exp((Cy + o(1))(logs z)?) (Maier, Pomerance, 1988).

- log x



Here, C ~ 3.40, Cy ~ 0.36, C5 ~ 1.18, C; ~ 0.82. In 1998, Ford [29] derived a formula for

V(z), up to a constant multiple:

V(x) = lozx exp(Cy(logg x —log, ) + Cslogs v — (Cs + (1/2) — 2Cy) logy z + O(1)),

with C5 =~ 2.18.
For a given function f, we may consider how often f(n) lies in the range of the totient

function. We write a few notable results on this question in the case where f is a polynomial.

Theorem 1.2.1 ([37, Theorem 1]). Let f and g be integer-valued polynomials. Suppose

deg f < deg g and that f factors completely over Q with only simple roots. Then,

#{n <z:3Im s.t. p(f(n)) =g(m)} < W.

Theorem 1.2.2 ([49, Theorems 1, 2]). Fiz an integer k > 1. Conditional on a conjecture

of Pomerance [52], the number of n < x for which p(n) is a kth power is

xXr
L(z)tom’

where

1 1
L(z) = exp (w) -

log,

Unconditionally, the number of n < x for which ¢(n) is squarefull (every prime factor is

repeated) is at most
x

L(z)i+om”
We define

Vi(z) = #{n <z :3Imst. o(m) = f(n)}.



Pollack and Pomerance [51] (improving on [2], [3], [30, Theorem 1.2]) recently showed that

for the function f(z) = 22,

T
(log J]>0'0063 ’

x
V
(log x)2(log log x)? <Vilz) <

Rather than just considering squares, we may broaden our scope to integer-valued poly-
nomials. The main focus of Chapter 3 is the following result. (Though this result only
applies to irreducible quadratic polynomials, it is entirely possible that one can generalize it

to all nonconstant polynomials.)

Theorem 1.2.3. For an irreducible quadratic polynomial P with integer coefficients,

42) = G )

In general, we do not have a method for obtaining unconditional lower bounds for Vp(z).
However, it is possible to obtain lower bounds if we assume the Bateman-Horn Conjecture

[4], which we write below in a simplified form.

Conjecture 1.2.4. Let fi,..., fi be a set of distinct, primitive, irreducible polynomials. If
there does not exist a prime p which divides fi(n)--- fx(n) for all n, then the number of

n < x for which fi(n),..., fr(n) are simultaneously prime is on the order of

T
(log )+

Using this result, we can prove the following.

Corollary 1.2.5. Assume the Bateman-Horn Conjecture. If P is a polynomial for which



P(x) + 1 is primitive and irreducible, then

% .
plz)> log z

Proof. Let P be a polynomial satisfying these properties. If P(n)+1 is prime, then ¢(P(n)+
1) = P(n). Assuming the conjecture, the number of n < z for which P(n)+1 is prime is on
the order of x/logz. Therefore,

Vp(l’) >

logx’

1.3 Additively unique sets of integers

The final chapter of this thesis focuses on a number-theoretic result that does not relate to

the previous chapters.

Definition. Let S be a set and F a family of functions. If there is exactly one element
f € F satistying f(m +n) = f(m) + f(n) for all m,n € S, then S is an additively unique
set (AU set) for F.

Let F be the set of multiplicative functions that do not vanish on some prime. Spiro
proved that the primes are additively unique [58]. (Here, f is the identity function.)
There have been multiple recent results showing that certain sets are AU or are close to

being AU, some of which we write here.

Theorem 1.3.1 ([15]). Let f be a multiplicative function for which f(1) = 1. If

flp+n*) = f(p) + f(n?)

for all primes p and positive integers n, then f is the identity function.

10



Theorem 1.3.2 ([13]). The triangular and tetrahedral numbers are both AU. (Whether the

k-tetrahedral numbers are AU for all k > 3 is still open.)

Theorem 1.3.3 ([11]). Let f be a multiplicative function that does not vanish on some odd
prime. If f(p) + f(q) = f(p+ q) for all odd primes p and q, then f is the identity function

or

fn) = 1, ifn is odd.

2, if n is even.

In Chapter 4, we strengthen Spiro’s result as follows by classifying the additively unique

sets of primes.

Theorem 1.3.4. A set of primes is AU if and only if it contains every prime that is not

the larger element of a twin prime pair, and at least one element of {5,7}.

11



Chapter 2

Distribution functions of arithmetic

functions

In Section 2.1, we discuss Theorem 1.1.9 and Corollary 1.1.10. In Section 2.2, we prove

Theorems 1.1.11 and 1.1.12.

2.1 Clustering of linear combinations of multiplicative
functions

We restate Theorem 1.1.9 [42], which gives us a criterion for a linear combination of multi-

plicative functions to be nonclustering.

Theorem 2.1.1. Let fi,..., fi be multiplicative arithmetic functions taking values in the

nonzero real numbers and satisfying the following conditions:
1. f1 is nonclustering,
2. none of f1,..., fr cluster around 0,
3. foralli < j withi,j € {1,2,...,k}, the function f;/f; is nonclustering,

12



Then for all nonzero cy, ..., c, € R, the arithmetic function cy fi+- - -+ ck fr is nonclustering.

Recall that if an arithmetic function f possesses a distribution function F', then F' is
continuous precisely when f is nonclustering. It is often the case that one can prove that
F' is well-defined by some general principle, but doing so does not offer any insight into
whether F' is continuous. Theorem 1.1.9 sometimes provides a convenient way of establishing
continuity.

Let s(n) be the sum-of-proper-divisors function, so that s(n) = o(n) —n. Let s,(n) = n—
¢(n) denote the cototient function. In [43], Luca and Pomerance noted that s(n)/s,(n) > 1

for all n > 2 and showed that the sequence {s(n)/s,(n)}>2, is dense in [1, 00).

Corollary 2.1.2. The arithmetic function s(n)/s,(n) possesses a continuous distribution

function Dy/s,. Moreover, D/, (u) is strictly increasing for v > 1.

Corollary 1.1.10 was conjectured at the end of [43, §1]. Using Theorem 1.1.9, the author and

Pollack proved this result [42].

2.2 The distribution function of a polynomial in addi-

tive functions

2.2.1 Introduction

Section 2.2 is mainly devoted to proving Theorems 1.1.11 and 1.1.12, which we restate here.

Theorem 2.2.1. If f1,..., fr are additive functions for which every nontrivial linear combi-
nation has a continuous distribution function, then every nonconstant polynomaial in fi, ..., fr

has a continuous distribution function.

Theorem 2.2.2. The product of additive functions with continuous distribution functions

also has a continuous distribution function.

13



Before we do so, we restate a result related to Theorem 1.1.11, namely Proposition 1.1.7.

Proposition 2.2.3. If fi,..., fi are additive functions with distribution functions, then

every polynomial in fi, ..., fi has a distribution function as well.

Though the principle behind the proof of Proposition 1.1.7 is not new, it is useful to state
the result explicitly. Our proof of Proposition 1.1.7 is arithmetic, but the theorem could also
be established by analytic means, specifically by first using the method of characteristic
functions to show that the vector of arithmetic functions fi, ..., fr possesses a distribution
function.

Theorem 1.1.11 is a continuous analogue of Proposition 1.1.7. It is clear that such a
result will require extra hypotheses. For instance, if F' is a constant polynomial, then the
distribution function of F'(f1,..., fx) is never continuous. There are also less trivial examples
where the distribution function is discontinuous. For instance, let F(x1,z5) = 21 — x9, and
let fi and fy be the same additive function with a continuous distribution function. Then,
F(f1, f2) = 0 has a discontinuous distribution function, even though F' is nonconstant. In
order to obtain a continuous analogue of Proposition 1.1.7, we need to impose conditions on
Jiyooos Jhe

Theorem 1.1.9 states that under certain conditions, the sum of multiplicative functions
with continuous distribution functions also has a continuous distribution function. Theorem
1.1.12, proved using Theorem 1.1.11, is dual to this.

Proposition 1.1.7 already tells us that polynomials in fi,..., fx have distribution func-
tions. In order to prove Theorem 1.1.11, we just need to show these distribution functions
are continuous. We rewrite the definition of a clustering function to pinpoint what remains

to be shown.

Definition. The arithmetic function f clusters around the real number r if there exists an

14



€ > 0 such that for any ¢ > 0, the upper density of positive integers n for which
r—0<f(n)<r+d

is greater than e. In addition, f is nonclustering if it does not cluster around any real

number.

Let f be an arithmetic function with a distribution function. Note that f is nonclustering
if and only if the distribution function of f is continuous. After proving Proposition 1.1.7,
we prove Theorem 1.1.11 by showing that if fi,..., fx are additive functions for which
every nontrivial linear combination is nonclustering, then every nonconstant polynomial in
fi,---, fr is nonclustering as well. We then use Theorem 1.1.11 and a few supplementary
results to prove Theorem 1.1.12. Our approach throughout is heavily influenced by work of
Erdés (Theorems 1.1.3-1.1.5).

Throughout Sections 2.2.3.4 and 2.2.4, we use the following results related to the Erdos-

Wintner Theorem (the second of which is due to Haldsz [32]).

Lemma 2.2.4. An additive function f is clustering if and only if
>,
rimo

converges.

Theorem 2.2.5. Let [ be an additive function. For all a € R, the number of solutions to

the equation f(n) = a with n < x is

~1/2

Lz Z

p<lzx

f(p)#0

SR

15



Proving one direction is straightforward. If the sum converges, then the density of the

set of squarefree numbers n for which f(p) = 0 for all p dividing n is
1 1
[T (1-%) I (1-3)=o
_ p p
f(p)=0 fp)#0

If n is squarefree and f(p) = 0 for all p|n, then f(n) = 0. If the sum converges, then f
clusters around 0. Elliott and Ryavec’s [16, Theorem 7.3] is a stronger statement than the

converse.

2.2.2 Existence of the distribution function for a polynomial in

additive functions

In this section, we discuss distribution functions, but not clustering. In the remaining sec-
tions, we only consider whether or not a function is nonclustering. We explicitly write three

definitions that we mentioned in passing in Section 2.1.3.

Definition. The y-smooth part s,(n) of a number n is the largest divisor of n for which

every prime factor is at most y and that the y-rough part of n is n/s,(n).

Definition. Let S be a set of positive integers. The upper and lower densities of S are

dSthSUP#{n_x nES}a QS:liminf#{n_m nGS}'

T—00 T T—00 €T

In addition, the density of S is

<ux:
dS = lim #{n <z neS}7

T—00 X

when this quantity is well-defined.

16



Definition. The arithmetic function F' is essentially determined by small primes if for all
€ >0,

lim d{n : |F(n) — F(s,(n))| > ¢} = 0.

Y—00

Lemma 2.2.6. The sum and product of any two functions that are essentially determined
by small primes is essentially determined by small primes as well. In addition, any constant
multiple of a function that is essentially determined by small primes is essentially determined

by small primes.

Proof. Let f and g be two functions that are essentially determined by small primes. We
first show that f + ¢ is essentially determined by small primes as well. For all §,¢ > 0,
there exists some Y > 0 such that if y > Y, then the set of numbers n for which either
|f(n) — f(sy(n))| or |g(n) — g(sy(n))| is greater than €/2 has upper density at most 6. Thus,
the set of numbers n for which |(f + ¢g)(n) — (f + g)(sy(n))| > € has upper density at most
0. Hence, f + ¢ is essentially determined by small primes.

We now show that fg is essentially determined by small primes. Fix d,¢ > 0. Because f
and g are essentially determined by small primes, there exists a y; > 0 such that the upper

density of numbers n for which

max(|f(n) = f(sy, ()], lg(n) = g(sy, (n))]) > €

is less than 6/3. For any integer z > 1, the set of numbers with a y;-smooth part that is not

a multiple of any zth power greater than 1 is
(-5)

II(r--).

P<y1 p

which tends to 1 as z goes to infinity. Therefore, there exists a number z for which the set of

numbers with a y;-smooth part that is a multiple of some zth power greater than 1 has an

17



upper density that is less than < §/3. Letting y, be the product of p* over all prime p < y;,
we see that the upper density of numbers with y;-smooth part > y is < §/3.

If the y;-smooth part of n is less than ys, then there exists a constant C' such that
| f(Sy,(n))],]9(sy, (n))] < C because sy, (n) only has a finite number of possible values. Ap-

plying our definition of y; gives us

d{n :max(|f(n)],lg(n)]) > C + e} < 25/3.

Let n > 0. If y is sufficiently large in terms of ¢ and 7, then the upper density of n
for which |f(n) — f(sy(n))| or |g(n) — g(s,(n))| is greater than 7 is less than §/3. We may

assume that

[f(n) = f(sy(n))l; lg(n) — g(sy(n))| <n

and

[f(n)];lg(n)] < C +€

because the upper density of inputs n not satisfying both of these properties is less than §.

We now have

[f(n)g(n) = fsy(n)g(sy(n)| = [f(n)(g(n) = g(sy(1))) + g(sy(1))(f(n) = f(sy(n)))|
< |F()llg(n) = glsy(m)] + lg(sy(n))[|f(n) = f(sy(n)))]
< n([f ()] +lg(sy(m))])
< n([f ()] +lg(n)| +¢€)

< n(2C + 3e).

Choosing 7 to satisfy n(2C + 3¢) < ¢, we see that for all large enough y, depending on &

and €, the density of n for which |f(n)g(n) — f(sy(n))g(sy(n))| is greater than e is less than

18



0. Thus, fg is essentially determined by small primes.
Let ¢ be a constant. For any function f that is essentially determined by small primes,
we may apply the result for products with one of the functions being the constant function

g(n) =c. O

In order to show that polynomials in fi,..., fr have distribution functions, we use a
theorem of Tenenbaum [59, Theorem II1.2.2] and a result of Erdés and Wintner [26, p.

719-720].

Theorem 2.2.7. Let [ be an arithmetic function. Suppose that for all € > 0, there exists a

function a. : Z. — Z, with the following properties:
(i) lime_olimsupp . d{n:a.(n) > T} =0,
(it) limesod{n : [f(n) = f(ac(n))| > €} =0,
(iii) for each a > 1, d{n : a.(n) = a} exists.
Then, f has a distribution function.

Theorem 2.2.8. An additive function f possesses a distribution function if and only if f is

essentially determined by small primes.

Proposition 2.2.9. Let f1, ..., fr be additive functions each possessing a distribution func-

tion. Then, every polynomial in fi,..., fi has a distribution function as well.

Proof. By Theorem 2.2.8, fi,..., fi are all essentially determined by small primes. Now
Lemma 2.2.6 implies that any polynomial F'(f,..., fr) is also essentially determined by
small primes.

We now argue, using Theorem 2.2.7, that any arithmetic function essentially determined
by small primes has a distribution function. Let g be such a function. For each € > 0, we can

choose y = y. such that the set of n with |g(n) — s,(n)| > € form a set of upper density < e.
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Take a. = s,. Condition (i) follows from an argument seen already in the proof of Lemma

2.2.6 (in fact, the inner limsup is always 0), (ii) holds by our choose of a, and (iii) is easy:

the density of n with y-smooth part s is

s]11a—@/p).

p<y

2.2.3 Nonclustering polynomials of additive functions

2.2.3.1.0 Forward shift operators

Definition. Let F' be a function in the variables zq,...,z;. For any ay,..

define the forward shift operator ¥ by

Voo F(x, .o oyo) = F(oy +aq, .o 2 + o).

Lo € R we

Definition. Let F' € R[zq,...,x,]. F is a polynomial of essentially r variables if there

exists some polynomial G € R[(y,...,¢,| with

F(Il,...,l'n):G(fl,...,gr)

where each ¢; is a linear form in xy,...,x, and there does not exist such a polynomial in

fewer than r variables.

Proposition 2.2.10. Let F' € Rlxy,...,z,]|. If there exist distinct n-tuples a, ..., a, and

By..... B, with
\Ijaly---aanF = \Dﬁlr--w@nF’

then I has fewer than n essential variables.

Proof. Let v = (ayq,...,a,) and w = (f1,...,08,). Let x = (z1,...,x,) be an arbitrary
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vector in R". By assumption,

Fx+v)=F(x+w).

We replace x with x — w to obtain

F(x)=F(x+ (v—w)).

We may take this equation and replace x with x 4+ (v — w) as many times as we like so that

Fx)=Fx+(v-w)=Fx+2(v—-w))=--=Fx+nlv—w))=---

Define the polynomial

We have that Py (t) = 0 identically as a polynomial in ¢ because it is a one variable polynomial

that vanishes at all of the integers. So letting u = v — w we have that for all A € R,

F(x) = F(x + \u). (2.1)

Because u # 0, u has a nonzero component. We may assume without loss of generality that

the last component is not zero. We scale u so that its last component is 1 and express u as

u=(ug,...,U1,1).
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We plug A = —xz,, into (1) to rewrite F(z1,...,x,) as

F(zy,...,2,) = F((z1,...,2,) — 250)
= F(zy — zpuy, ..., Tp1 — Tply_1,0) (2.2)

= G(xl — TpUl, .-, Tp—1 — xnun—l)a

where

G(tl, [N ,tnfl) - F(tl, e ,tnfl,O)

is a polynomial in Rty ..., ¢, 1]. Note that (2) is a polynomial identity because it holds for

all z1,...,x, € R". It follows that F' has fewer than n essential variables. m

Lemma 2.2.11. Let F(z1,...,x;) be a polynomial with r essential variables. Then, any
polynomial G € R[(y, ..., £, ] satisfying F(z1,...,z,) = G({1,..., L) has the same degree as
F.

Proof. There exist linear forms £, 1, ..., such that {{1,..., 4} is an R-basis for & | R x;.

For each x;, there exist constants ¢;1,...,¢;; such that

T = ¢l + -+ Ciply

We can replace each z; in F(xy,...,z,) with the corresponding linear combination of

¢;’s. Consider an arbitrary monomial term

$§1 s l’;k = (Cl,lgl +---+ CLkgk)el s (Ck,lgl + e+ Ckykgk)ek

Both sides have the same degree, namely e; + - - - +e,. When we go from F' to G, each term’s
degree stays the same. Therefore, the degree of the entire polynomial cannot increase. In

other words, deg F' > deg G. We may apply a similar argument by switching ¢; back to x;.
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We obtain deg F' < deg G. Hence, deg G = d. [

Throughout the rest of Section 2.2.3, we focus on additive functions f1,..., fx with the
property that any linear combination of fi,..., fx is nonclustering. In order to manipulate

the linear combinations of fi,..., fix, we need the following lemma.

Lemma 2.2.12. Let fi,..., fr be additive functions with the property that any nontrivial
linear combination of fi,..., fx is nonclustering. Let ¢1,..., ¢, be linearly independent ele-
ments of ¥ ; R x;. Then, every nontrivial linear combination of /1 (f1, ..., fx), .-, - (f1,- -+, fr)

is nonclustering as well.

Proof. For notational convenience, we let ; = Ci(f1,..., fr). Suppose that some nontrivial

linear combination of 571, ..., L. is clustering. Since (1, ..., ¥, are R-linearly independent, any
nontrivial linear combination of f1,...,¢, is a nontrivial linear combination of fiseoos fr
The only clustering linear combination of fi,..., fi is 0. So, there exist constants cy, ..., ¢,

not all zero such that

Clgl‘i‘""i‘crgr:()-

The /; are linearly independent functions of fi, ..., fx. Therefore, any nontrivial linear
combination of them is still a nontrivial linear combination of fi,..., fx. Hence, every
nontrivial linear combination of Zl, e ,577, is nonclustering. O

2.2.3.2.0 The main result

Theorem 2.2.13. Let fi,..., fr be additive functions. If every nontrivial linear combination
of fi,..., fx is nonclustering, then every nonconstant polynomial in fi, ..., fr is noncluster-

g as well.

Suppose the theorem is false. Then, there exist additive functions fi,..., fx for which

every nontrivial linear combination is nonclustering and a nonconstant polynomial F &
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Rlxy,...,zx] such that F(fi,..., fx) is clustering. Pick F, f1,..., fr so that d := deg F is

minimal.

Suppose F' does not depend essentially on k variables. Then we can rewrite F'(z1, ..., xx)
as a polynomial G(¢y,...,¢,), where £q,... (. are linear forms in xy,..., 2z, and r < k. We
assume that r is minimal, so that G depends essentially on r variables. Thus, /4, ..., ¢, are

linearly independent. By Lemma 2.2.11, F' and G have the same degree. By Lemma 2.2.12,
every nontrivial linear combination of ¢1(f1,..., fx),...,4-(f1,..., fx) is nonclustering. If
F(fi1,..., fx) is clustering, then G(¢1(f1,..., fx)s-- -, Ce(f1, ..., fr)) is clustering. Because we
can replace F' with G and fi,..., fr with ¢.(f1, ..., fe),-- -, &-(f1, ..., fr), we may assume
without loss of generality that I’ depends essentially on k variables.

Note that d > 1 because nontrivial linear combinations of f,..., fx are nonclustering by
assumption. For any v € R and € € R, we show that there exists some § € R, such that

the upper density of n satisfying

w—38<F(filn),..., fln)) <u-+d (2.3)

is less than 3e.

Let Y > 2 be a large real number, which we will specify more precisely later. Let n = st,
where s is the Y-smooth part of n. There exists a Zy := Zy(€) such that if Y > 2 and
Z > Zy, then the upper density of numbers with Y-smooth part larger than Y is less than
€ [34, Theorem 07]. Let Z > Z; be another large real number, which we will also specify
more precisely later. We assume that s < YZ at the cost of discarding a set of upper density
< €.

Let S be the set of n satisfying |F(fi(n),..., fe(n)) —u| < § with s < YZ. In the

definitions below, n and n’ have Y-smooth parts s and s, respectively. We split S into two
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pieces &1 and S,, where

Si={neS:3In €S withn/s=n'/s and fi(s) # fi(s') for some i},

Sy = S\S1.

2.2.3.3.0 The upper density of S;

Theorem 2.2.14. Let F, f1,..., fx,u, 0,6, Y, Z, and & = Si(F, f1,..., [x,u,0,6,Y, Z) be

defined as above. Then, there exists some 6 > 0 such that dS; < e.

Proof. For notational convenience, we define F*(n) as F(fi(n),..., fr(n)). Recall that S is
the set of n satisfying |F*(n) —u| < § with s < Y%. We show that dS; < e for § sufficiently
small.

Let n € &1, and write n = st, where s is the Y-smooth part of n. By assumption, there
is an n’ € § with n’ = §'t, n’ # n, where s’ is the Y-smooth part of n’. By fixing s and s/,
we may rewrite F*(n) — F*(n’) as a function of ¢. For all i < k, let z; = fi(t), oy = fi(s),

and §; = fi(s'). We view «; and ; as constants with respect to ¢. Note that

Fr(n) = F*(n') = F(fi(s) + f1(t), -, fi(s) + fu(@)) = F(f1(s) + fu(t), -, ful(s)) + fil?))
= (\1’011 ,,,,, akF)(fl(t)>"'vfk(t))_(\I],Bl ..... ,BkF)<f1(t)?>fk(t))

By Proposition 2.2.10, P := W, s, I 1s not identically zero. Recall that

..........

|F*(n) — u| and |F*(n') — u| are both less than ¢ because n and n’ are both elements of S.

By the Triangle Inequality,

[P(fi(8), - fu(@)] = [F*(n) = F*(n)] < 26.

If P is a nonzero constant, then this is impossible for § sufficiently small. Suppose P
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has positive degree. Since deg P < d, the minimality of d implies that P(fi,..., fx) is

nonclustering. The solutions n to

[P, - fr(®)] < 6

form a set of upper density < ¢, for sufficiently small §. For each pair s, s, there exists a
constant 05 ¢ such that if § < 0, then the upper density of n € &; with Y-smooth part s
for which there exists some n’ € S; with the same Y-rough part as n and Y-smooth part s is
less than €/ Y22, Let § < min, ¢ 05 . Every n € S; corresponds to some pair s, s’. Because

there are at most Y24 such pairs, S; has upper density less than . O

2.2.3.4.0 The upper density of S,

Let So = So(fi, ..., fr, F\0,u,Y, Z). We now estimate the upper density of S,.

Let = be a large real number. For each pair of nonnegative integers U, V', define
Sy(U,V)={neS,:ne (x/2V z/2Y],t € (x/2UDHV z/2V+V]}
We have the following equality in which the right-hand union is disjoint:

Szﬂ[l,f] = U SQ(U,V)

U, V>0

If n € S3(U,V), then

2V < s=n/t <2V

Every n € S, satisfies s < YZ. If YZ < 2V71 then Sy(U,V) is empty. Suppose YZ >
2V=1 We may bound #8,(U, V). Fix the Y-rough component ¢ and count the number of

corresponding n. Call these n; = s;t for all ¢ < J, where J is the number of distinct elements

26



of & with Y-rough part ¢. Since n ¢ S, then for all 1 <i <k,

fi(s1) = fi(s2) = -+ = fi(sy).

In particular, every n € Sy(U, V) corresponding to this particular ¢ has fi(s) = d for a
fixed d. In order to bound the number of possible n, we use Theorem 2.2.5. The number of

positive integers S < 2V for which f,(S) = d is < 2V+1/\/E(2V+!) where

E(T)= ) }9.

p<T
fi(p)#0

Note that E(T) diverges as T — oo by Lemma 2.2.4.

Hence, for every p > 0, there exists a positive integer Vy = V(p) such that whenever
V' >V, the number of S < 2V*! satisfying f1(S) = d is at most 2V 1p, uniformly in d. Let
p be a real number less than 1. Later on, we will fix p more precisely. For a fixed ¢, the
number of corresponding n € Sy(U, V) is < 2V+1p when V > V4. Otherwise, it is still at
most 2"+,

In addition, t < x/2Y"V is Y-rough. The number of possible values of ¢ is

x 1 x
< 1-—= 0¥ < ———— 1+ 02Y).
< g 1L (1-}) +01) < gy 00

We can combine these upper bounds into

TZ_ 4+ 02V, ifV <V,
#S,(U, V) < { 28y 27 ’

S L 002V, itV > 1.

2UlogY

We sum over U and V. Let S;(U) = |y, S2(U, V). As explained above, we only need to
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consider V satisfying 2" ~! < Y#. Thus,

#SU) <Y (%—FO(QV-&-Y)) Ly (%Jr()@vw))

o<V<VWy V>
v<1°i§§>+1 V<‘°i§§22>+1
2V T T
— 4+ (4p2) == + O(2YY ?).
(o) 3o + 02155 +0CY?)

We sum this over U < logz/log2 to complete the proof, obtaining

4
#SN[lz] < <lo;/(;/ + 8,0Z> r+002YYZlog ).

The upper density of S, is at most the coefficient of x, giving us

4Vo

ds, <
2 = logY

+ 8pZ.

Fix Z > Zy and p = €/(16Z). This allows us to fix Vi = Vj(p). Having done so, we choose
Y so that 4V;/log Y < €/8. Selecting these parameters ensures that the upper density of Sy
is less than e. Given Y and Z, we may choose § sufficiently small so that the upper density
of §; and the upper density of solutions of (3) that do not belong to S are both less than e.

Therefore, the upper density of n satisfying (3) is less than 3e.

2.2.4 Products of additive functions

We deduce the following result from Theorem 1.1.11.
Theorem 2.2.15. Fvery product of nonclustering additive functions is nonclustering.

Proof. Let fi,..., fr be nonclustering additive functions. If every nontrivial linear com-

bination of fi,..., fx is nonclustering, then we are done by Theorem 1.1.11. Let F(n) =
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fi(n)--- fr(n) and v € R. We show that for all € > 0, there exists a § > 0 such that
d{n:|F(n)—u| <§} <e

We assume that some nontrivial linear combination of fi,..., fx is clustering. Let m be
the largest integer for which there exists a set of m distinct numbers iy, ..., 1%, such that
every linear combination of f;,,..., f;  is nonclustering. Without loss of generality, let these

functions be fi,..., fn. Then, for all 7 > m, there exist constants c, 1, ..., ¢, such that

fr - (Cr,lfl +...+ Cr,mfm)

is clustering. Let P, be the set of all primes p with f.(p) # c.1f1(p) + -+ + crm fin(D)-
Lemma 2.2.4 states that if f is a clustering additive function, then the sum of 1/p for

all p for which f(p) # 0 converges. For any r > m, the sum of 1/p over all p € P, is finite.

Because P is the union of the P,’s, the sum of 1/p over all p € P is finite. Therefore, there

exists a number N; such that

1
> o<
p>N1 p
peEP

1 m

Except on a set of upper density < €/4, the Nj-rough part of any integer is not a multiple
of any element of P.

There exists a number Ny such that

1
Zﬁ<

p>N2

R

because the sums of the reciprocals of the squares converges. The set of numbers with an
No-rough part that is not squarefree has upper density less than €¢/4. Let N = max(Ny, N»)

and n = st, where s is the N-smooth part of n. Except on a set of upper density less than
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€/2, t is squarefree and no prime dividing ¢ belongs to P. If p|t, then

f?“(p> = Cr,lfl(p) +eet Cr,mfm(p)'

Because t is squarefree and each f; is additive,

fr(t) = Cr,lfl(t) +eeet Cr,mfm(t>'

Therefore,

fin) - fi(n) = fi(n)- - fm(n) fnia(n) - - fiu(n)
= (fi(8) + f1(0) - (fn(8) + () (fins2(8) + Fnga () - - (frls) + fi(t))
= (fils) + [1@) -+ (fin(5) + Fn(?))
(fm41(8) + Cmpr1 i) + - + emprmfm(E)) -

(fr(s) + crpfi(t) + -+ crmfm(t))-

We can write

fl(n) o fk(n) = Fs(fl(t)’ SR >fm(t))a

where
m k
Fu(wy, .. xm) = [J() +a) T] (fo(8) + crnmn 4+ + crmm).
r=1 r=m+1

For each r € [m + 1,k], there is some index ¢ with ¢.; # 0, and so F; is a nonconstant
polynomial in xq,...,x,,. By assumption, every nontrivial linear combination of fi,..., f
is nonclustering. Therefore, Fi(f1,..., fm) is nonclustering by Theorem 1.1.11.

By repeating an argument from the proof of Lemma 2.2.6, we see that there exists a

positive integer z such that the upper density of numbers with N-smooth part > M :=
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HpgN p® is < €/4. We assume that s < M. Because Fy(fi,..., fm) is nonclustering, for any
s < M, there exists a 65 such that the upper density of numbers n with N-smooth part s
and |F(n) — u| < s is less than €/(4M) for all s < M. Letting § = ming.j; ds, we see that
the upper density of solutions to |F(n) —u| < § for which the N-smooth part is less than M
and the N-rough part is squarefree and not a multiple of any element of P is less than €/4.
Therefore, the upper density of solutions to |F(n) — u| < § is less than € for ¢ sufficiently

small, which implies that F' is nonclustering. O

31



Chapter 3

Polynomials and the range of the

totient function

The central goal of this chapter is to prove Theorem 1.2.3, which we restate here.

Theorem 3.0.1. For an irreducible quadratic polynomial P with integer coefficients,

42) = g )

For the rest of this chapter, we let P(x) = ax® + bz + c.

3.1 Background results

3.1.1 Outline

Suppose P(n) lies in the range of the p-function. Let p be the largest prime number for
which there exists a number m such that p|m and ¢(m) = P(n). By definition, p — 1|P(n).
We write P(n) = (p — 1)v. We choose a number 7' = o(x), which we will optimize later.

There are three cases:
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1. p>4dax,
2. T < p<Aax,
3. p<T.

For a given number k, let p(k) be the number of solutions to the congruence P(n) =
0 mod k. Note that p is a multiplicative function. Let D be the discriminant of P(z). If a

prime ¢ does not divide 2a, then the solutions to P(z) = 0 mod ¢ are

assuming D is a quadratic residue mod ¢. If D is a non-residue, then there are no solutions.

Hence, for a given ¢ 1 2aD,

)
—
=
|
SIS

For all but finitely many ¢, ¢ 1 2aD. In order to determine the density of primes which
split, ramify, or are inert in @[\/ﬁ], we must write a special case of the Chebotarev Density

Theorem [10]. In order to write this result, we need a definition.

Definition. Let L be a finite abelian extension of the number field K with Galois group G.
Let Ok be the ring of algebraic integers of K. For a prime p C O which is unramified in

L, let the Artin symbol A(p) be the unique element of Gal(L/K) with

A(p)(a) = o™ mod pO,,

for all « € Oy,.
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Theorem 3.1.1 (Chebotarev Density Theorem for abelian extensions, with error term).
Let K, L, and G satisfy the properties of the previous definition and let C' be an element of
Gal(L/K). Then,

e,

#{p €Ok : N(p) <z, A(p) € C} = e (102:;5) +0 ((10;)2) ,

where N(p) is the norm of p in Ok.

Chebotarev showed that the lefthand side is asymptotic to the main term of the righthand
side and Artin later found the error term [1, Satz 4]. For a set of primes S C Ok, we define

the density of S as
_ o #{p €S (Ok/p) < a}
U= L € Onc: (/o) <o)

assuming this limit exists. One corollary of the Chebotarev Density Theorem is that
d({p € Ok : N(p) <z, A(p) € C}) = #C/#G.

If L/Q is a quadratic extension of discriminant D, then

for all pt D, if we identify Gal(L/ Q) with {£1}. We only need to the Chebotarev Density

Theorem to make the following observations. The sets

o (2)- (-

both have density 1/2 in the set of primes. More specifically, the sets

e (8) -1 fse-(8) -
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have size

%w(a:) +0 (@> :

Using partial summation, we can show that

1 #C
Z —— = ——loglogz + O(1).
Norea N0) - #G

A(p)eC

We repeatedly use this estimate to bound products such as

where D is a constant.

3.1.2 A lower bound for ¢(n)

We write a lower bound for ¢(n).

Theorem 3.1.2 ([36, Theorem 328]). We have

log1
lim g P loglogn
n—00 n

where v = 0.577 is the Fuler-Mascheroni constant.

The specific value on the righthand side of the equation is irrelevant for our purposes.
We only need the fact that it is a positive constant. Throughout this chapter, we use the

following corollary.

Corollary 3.1.3. We have



3.1.3 The normal orders of w(n) and Q(n)

This subsection deals with the “typical” sizes of arithmetic functions. Even though certain
arithmetic functions vary wildly, they are almost always close to simple functions.

Recall that for a set of integers S, we define the density of S as

4(S) = lim 7§£{7’L§:1::7165'}7

T—r00 T

when this quantity exists.

Definition. Let f be an arithmetic function. The function ¢ is a normal order of f if for

every € > 0,

(1=€)g(n) < f(n) < (1+€)g(n)
holds for almost all n (a set of density 1 in the integers).
The normal order theorems in this chapter all pertain to the following functions.

Definition. Let w(n) be the number of distinct prime of factors of n and £2(n) be the number
of (not necessarily distinct) prime factors of n. In addition, for a given y, we let w,(n) and

2,(n) be the numbers of such prime factors which are <.

For a number n,

wy(n) = Z 1, Qyn) = Z €p-

pln p°P|In
p<y p<y

The first major result on normal orders of arithmetic functions was the Hardy-Ramanujan

Theorem ([35], see [61] for an elementary proof.)

Theorem 3.1.4 (Hardy-Ramanujan Theorem). The function loglogn is a normal order of

both w(n) and Q(n).
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A similar argument shows that if P is an irreducible polynomial, then loglogn is also a
normal order of w(P(n)) and Q(P(n)). The Erdés-Kac Theorem [25] is a generalization of
the Hardy-Ramanujan Theorem. These results tell us how often w and €2 are close to the

mean. We close this section with two results about how often they are far from the mean.

Theorem 3.1.5 ([34, Chapter 0]). Fiz e > 0 and o € [1,2 — €]. The number of n < x with

Q(n) > aloglogn is O.(z(logz)~%)) with Q(a) = a(loga) — a + 1.

For the next theorem, we let M be the class of non-negative multiplicative functions

satisfying the following conditions:

1. there exists a positive constant A such that f(p") < A" for all prime p and n € Z,

2. for all € > 0, there exists a positive constant B = B(¢) such that f(n) < Bn€ for all

n€Z+

Theorem 3.1.6 ([46]). Let f € M, let P be an irreducible polynomial with no fized prime

divisors, and o, 6 € (0,1). For all xz,y > 2 with z* <y < x,

p(p) f(p)p(p)
S r(Pm) <y ]] (1 - 7) exp (Z T) ,

z—y<n<z p<lz p<lz

provided that x > c||P||°, where ¢ is a constant depending only on deg P, «, &, and B, and

|| P|| is the largest absolute value of a coefficient of P.

Fix z > 1. We show that f(n) = 2*(" € M. Note that f(n) = z“™ is a non-negative
multiplicative function. In addition, f(p) is 1 or z for all p and £. We observe that f(n) < n¢
for all € > 0:

f(n) = () & Jlogn/loglogn _ plogz/loglogn o e

w(n)

Hence, the previous theorem provides a bound on the sum of z over all n < x. To give

the reader an idea of why such an estimate is useful to us, note that we could use this result
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to bound how often w(n) is large. For any C, we have

#n<z:whn)>C}< Ziczzw(n)‘

n<x

We use an argument of this kind in the proof of Lemma 3.3.3, with w(n) replaced with

wr(P(n)).

3.1.4 Brun’s Sieve

Brun created his sieve in 1915 as a way of approaching the Goldbach and Twin Prime
Conjectures [9]. Rather than write Brun’s Sieve in full generality [35, Theorem 2.1], we

instead write a simplified version.

Theorem 3.1.7 (Brun’s Sieve). Fiz A > 0 and k € Z,. To each prime p < z*, associate
k, < k residue classes mod p. The number of positive integers n < x that do not lie in any

of these residue classes is

k
<<k’AxH (1—%).

p<zA
We highlight an application of Brun’s Sieve that will be useful later in this chapter.
Let P be a fixed primitive irreducible polynomial (“primitive” means that the ged of the
coefficients is 1). For each prime g, P(n) takes p(q) possible values mod ¢ as n ranges over

the integers. A notable corollary of Brun’s Sieve [35, Theorem 2.6] states that

. . P(Q))
P ——= .
#{n < x:P(n) is prime} < x q|<x| < .
pla)#q

In our case, P is quadratic, which allows us to use the formula for p(q) in Section 1. We
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deduce that

2
: P(n) is pri 1—=.
#{n < x:P(n) is prime} <« x qll < q>

(5)=

3.2 A large factor of the form p — 1

Let V; be the number of n < x for which p > 4ax.

Theorem 3.2.1. We have

B z(loglog x)?
i=0 ((log .Qj)lf(e(IOgZ)/Z) ’

Proof. We write ¢(m) = P(n) with p|m for some p > 4ax. We first bound m. Note
that P(n) = an® + bn + ¢ < 2an? < 2az? for z sufficiently large. By Corollary 3.1.3,
m < z?loglog .

Using dyadic intervals, we can show that the number of m < 22 loglog z with a divisor
of the form p? with p > 4ax is O(xloglog x/logx). Hence, we may assume that p? does not
divide m. We write m = pr with p{r. So, p(m) = P(n) = (p — 1)v with ¢(r) = v. Because
p > 4dax and P(n) < 2ax?, v < x/2 as well.

We write

n=ty,...,tyw) mod v,
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with 0 <¢; < v for all i < p(v). Fix i and let t = ¢;. Let n = uv +t. We have

P
v
P t
_ Plw+t
v
t)?+b t
_ a(uv +t)* + b(uv + )—I—c+1

v
at®> + bt + ¢ )
—+4+1).

= avu® + (2at + b)u + (
v

So, we can recast the problem in terms of u. Given v and a, we look for the number of values
of u for which the quadratic expression above is prime, then sum over all v and a. In other

words, we want to bound the size of
M=M,; ={u<z/v:R(u) is prime},

where

t* + bt
R(u) = avu® + (2at + b)u + <u + 1) :
v

The discriminant of R is D — 4av. If R is reducible, then D — 4av is a square. The
number of v for which D — 4av is non-negative is Op(1). For each value of v, the number of
corresponding n is also Op(1). Because there are O(1) values of n for which R is reducible,

we assume that R is irreducible. Brun’s Sieve gives us

#M<<% 11 (1_PR(Q)>’

g<z/v q
pr(9)#q

where pr(q) the number of solutions to R(u) = 0 mod ¢ for a given prime q.
The number of possible n is the sum of #M over all possible v and ¢. In addition, v lies

in the range of Euler’s function. For notational convenience, we let ' have the condition

40



that D — 4av is not a square. We have

Vi < Z’ Z % H (1_PR(Q)>‘

v<z/2 0<i<v 2<g<x /v q
vep(Zy) PO=0(v)  pr(q)#q

We now bound

s Zine)eren o)

v<z/2 0<t<v g<z/v v<z/2 2<g<z /v
vep(Z4) P(O=0(v)  pr(g)#q vEP(Zy) gfav(D—4av)
( D—q4av ):1

For the product, we multiply by a similar product over the ¢ dividing 2av(D — 4av) in order

to make it easier to manipulate:

s )y

v<z/2 g<z/v 2<g<z/v
vEP(Z4) (M):l glav(D—4av)
q (D74av):1
q

We simplify the second product as follows:

(3 = I ()

g<z/v glv(D—4av)

qlav(D—4av)
B v(D —4av) \°
N e(v|D — 4av|)

(D—q4av):1
< (loglog(v|D — 4av]))?

< (loglogv)®.

We now have

Vi<r Y p(v)(loglog v)* 0 (1_2)‘

v<x/2 q<z/v 1

UELP(Z+) <D7q4a'u):1
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For small v it is not difficult to show that D —4awv is a quadratic residue mod ¢ for about

half of all ¢ < z/v. Unfortunately, v may be large enough relative to x that this is not always

true. We bound the product from above:

AL (1-2) - O (-1(+("5™) I (1_%)_1

2<g<z/v 2<g<z /v
(D7q4a'u):1 q\D—4av
D—4 1 1/D—-4

< i 1L (15) T (-0 (%))
90(| - aUD 2<g<z/v q 2<g<z/v q q
log 1 1/D—-4

< log ogw H (1__( av))‘
0g(2/v) , e, q q

Therefore,

o oy Mol () LDt

vlog(z/v)

v<wz/2 2<g<z/v q q
vEP(Z+)
1/D—-4
o ey 3 2L (11 (2o
v<z/2 v Og(l’/U) 2<g<x/v q q
vEP(Z+)

We combine Lemmas 6 and 8 of [51] into one result, which we apply to the Kronecker

symbol.

Lemma 3.2.2. For every € > 0, every squarefree integer d, and every real number y,

AL (1-3(5)) -ou

In addition, the number of (not necessarily squarefree) d < z for which

I1 (1 1 <g>) < (loglog [3d])?

2<q<y q
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does not hold for some y is O(x°).

If ¢4 D — 4av and d is the squarefree part of D — 4av (the result of dividing D — 4av by

its largest square divisor), then

22 (2)

When d is the squarefree part of D — 4aw,

T (5) = I (5(0)

2<q<y )
gtD—4av
1 -1 1
- I 0-5(0) I(-5(5)
2<q<y 4 \4 2<¢<y 4 \1q
q|D—4av
0\ ! 1
< I (-5) I(0-5(5)
2<qy q 2<q<y 4\
q|D—4av
D — 4av < 1 (d))
pu— ——eee 1—_ p—
sO(\D—4avD2<1;[§y q \q
1/d
< (loglog|3(D — 4av))) H (1—5(5))

2<q<y

For a given squarefree number d, the number of numbers < x with squarefree part d is

O(x/2). For all but O(x(1/2%€) numbers v < 2/2,

11 (1 1 (M» < (loglog [3(D — 4av)|)®.

2<q<y q q

Let S(k) be the squarefree part of k. We split our sum into two parts.
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Suppose S(D — 4av) ¢ D:

> s T (1
v<z/2 UlOg([l?/U) 2<q<z/v
vEP(Z4)

We bound this sum using dyadic intervals:

Z p(v)
oy log(x/v)
vEP(Z4)

1 (/D-— 4av>) s p(v)
- | — ] ) < (loglog ) _ 7
q ( q UZ;Q vlog(z/v)
vEP(Zy)
-y Yy A
i<logz/log2 2t < g /v< 2t v 10g($/1))
veP(Z+)
2i
< Z i Z p(v)
, xlog(2) _
i<log z/log 2 i<y fp<2it]
vEP(Zy)
1 1
< > =) Y s
A i \z/2 ,
i<logz/log2 v<a /2
vEP(Z4)

We bound the sum of the p(v) terms using Holder’s Inequality. Let A, B > 1 satisfy

(1/A) 4+ (1/B) = 1. Recall that V(z) is the number of n < z in the range of . For the

following equation, we use the fact that V(z) < z/(logx)'~¢ for all € > 0. We have

> o) <

v<z /2
vEP(Z4)

<

<

A /B
> pw)? > 18
v<a /2 v<z /2t
vEP(Z4)

1/A
et (V(x/2))VP
v<z/2?

1/A ‘ s

i

Z p(U)A ( x/ i 1—e> )
> (o2t /)

In order to bound the sum of p(v)#, we use the first of the following two upper bounds on

partial sums of nonnegative multiplicative functions (the £ = 1, y = x cases of [57], [50]).
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We use the second bound in Section 3.3.1.

Theorem 3.2.3. Let f € M, as used in Theorem 3.1.6.

(a) We have

S ) < ep(zf )

(b) In addition,

Zf —1<< ep(zf >

We show that p € M. For a given prime p, let p?||D. It is well-known (see [46, Theorem
53]) that if some coefficient of P(z) is not a multiple of p, then p(p") < p(p****1). Suppose
P(x) = p”Q(x) where o9 is maximal, i.e. some coefficient of Q)(z) is not a multiple of p. For
all 7 > a9, p(p") = po(p"~7?) because each solution to the congruence Q(z) = 0 mod p"~ 2

lifts to a solution of P(x) =0 mod p". (If r < g9, then p(p") = p" < p®?). So,

p(P") = pa(p" =) < po(p*' 7 )

because the discriminant of Q(z) is D/p?*2. For all r,

p(pr) < maX(pQQ?Q(Ul_QUQ—H),pUQ).

For all but finitely many p, o1 < 2. Thus, p(p") is bounded by a constant C, giving us (1).
We have

p(n) < Crw(n) < Clogn/ loglogn __ O(ng)

for all € > 0, implying (2).
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Therefore,

I A P

— €
log(/2) ¥\ &,

ZE/QZ qA 2A

« |l Y 2

log(x/2) q|2aD 1 q<az/2! 1
qt2aD

(51

x/2! 24
< ™| 2w

g<z /2
(2)=1

5’3/2i A-1 i
< Wexp(? log log(z/2"))
< (x/2)(log(x/2)*" L.

Plugging this into our earlier inequality gives us

T r\\ LA+ T 2\ -1+ %)
> o) < () (s () = (5) (o2 (5)) -
v<z /2
vEP(Zy)

The minimum value of (24/(2A4)) — 1 is ((elog2)/2) — 1 < 0, which occurs at A = 1/log 2.

Hence,

2i
> o) < 7 —
(log(x/QZ))l ((elog2)/2)—(1—log2)e
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giving us

Z p(v)
oyl log(x/v)
vEP(Z4)

S|

>

i<logz/log?2

() 5 o

v<z /2
vEP(Z+)

1
< Z (10g<l’/22)) ((elog2)/2)—

i<logz/log?2

(1-log2)e"”
For notational convenience, we replace € with (1 — log2)e. We may now finish off our
dyadic interval. In order to bound this sum, we split it into two cases: ¢+ > K and ¢ < K,

with K = (log2)°W:

1 log K

1
(e(log2)/2)—e < Z (lOg(.T/QK)) (e(log2)/2)—e (10g(.§(:/2K))

(e(log2)/2)—e

ZZ i(log(x/2%))'

1 1 log x
e R T 2 RS

Setting the two sums equal to each other suggests choosing K = (log x)°(°82)/2_ This yields

Z Z#M“ < (log z)1— elog2)/2 e

v<z/2
S(D—4av)¢D

— 4av) € D. Let U be a function of = chosen with U = O(z) for all e.

(-3 (5)

By Lemma 3.2.2, the product above is O(v°) for any € > 0. In addition, log(z/v) > logz

Suppose S(D

Suppose v < U. We want to bound

(loglog z)® Z, ﬁgﬁ/v) 11

v<U g<z/v
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because v < U. We already established that p(v) < v¢. Putting this together, we have

r p(v) 1 (D —4av 1 U2
R 1— - =—— .

v<U g<z/v v<U

Now, we consider the case where S(D — 4av) € D and U < v < /2. We have

S (2 e Y

U<v<z/2 g<z/v U<v<z/2
S(D—4av)eD S(D—4av)eD

Because v < x/2, log(x/v) > 1. At this point, we use dyadic intervals:

1 1
Z pl—2e < Z Z pl—2e

U<v<z/2 i 2 <<ty
S(D—4av)eD S(D—4av)eD

1 1

( v< 21y
S(D—4av)eD

1 (2i+1U)(1/2)+26
< [J1-2e Z 2(1—2¢)i

1

1 1
< U(1/2)—4e Z 2((1/2)—2¢)i
1

< [(1/2) 4

We add our sums for v < U and v > U together:

] 1 /D —4av < U2 . 1
q q logz | U2t

> e 11
v<z/2 ’UlOg(I/U) g<z/v
S(D—4av)eD

We choose U so that

log x U
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Thus,

U = (logz)?
and
! log 1 3 1/D—-4 1 1
> A I (-3(55")) < e mr
v<z/2 q<z/v
S(D—4av)eD
1
(log z)1—8¢
We have obtained the following bound:
_ T z(loglogz)®\ T
Vi= 0 ((log $)lfe(log2)/27e + (log aj)lfSe =0 (log x)lfe(logQ)/Qfe ’ 0

3.3 A factor of the form p — 1 in the interval (T, 4ax)

In this section, we assume that 7' < p < 4az. In addition, fix a number A € (1/2,1). We
define V5 and V3 as the number of n < x for which T' < p < 4ax and Qr(p—1) < AloglogT

and the number of n < x for which T' < p < 4ax and Qp(p — 1) > Aloglog T, respectively.

3.3.1 A bound for V5

Theorem 3.3.1. For all A € (1/2,1), we have

x
Va=0 ((log T)AlogAAJrl) '

Proof. Given p, we can bound the number of n < z for which p — 1 divides P(n). The
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number of n < z for which p — 1|P(n) is

zp(p —1)

P +O(p(p — 1))

In order to bound the number of possible n for any given p satisfying the conditions above,

we sum over all possible p. We obtain

v Y (M Riope-),

—1
T<p<dax p
Qr(p—1)<AloglogT

We have p(p—1) < (1/(4a))zp(p—1)/(p—1). So, we only need to consider the first term

of the sum in order to bound the order of magnitude:

W<k Z m

-1
T<p<dax p
Qr(p—1)<AloglogT

Fix a constant B < 1. Because Qr(p — 1) < Aloglog T,
BQT(Pfl) > BAloglogT _ (lOgT)AlOgB.

For each prime p in our sum,
B (p—-1)

(log T)AlogB > 1.

Multiplying every term in our sum by this quantity will increase the sum. Hence,

-1 -1 BSr(p—1)
Z P(p_ : ) < Z P(p_ : ) ((10 T)AlogB)
T<p<dax p T<p<dax p g
Qr(p—1)<AloglogT Qr(p—1)<AloglogT

1 Z BQT(p_l)p<p — 1)
(log T)Als B p—1

T<p<dax

20



Let k =log2. In order to evaluate this sum, we break it into dyadic intervals:

BQT(p_l)p(p — 1)

B~ Vp(p — 1)

o R D
T<p<dazx 0<i<klog(4ax/T)+1 2 T<p<2i+1iT
1
: B~ p(p — 1),
S DR D ) plp—1)
0<i<klog(4azx/T)+1 21T <p<2t+H1T
By Theorem 3.2.3,
B 2i+1T BQT(p)p p 1
S pmenp-n) < paee | S SRS
2T<p<2iH1T og( ) p<2it1T p pezir P
< DTN .
log 2ZT P
p\2aD %<T T<p<21+1T
(;):1 2)=1
< g R >exp(loglog(2’+1T) loglog(2'T) — (1 —
0
2T
< exp(—(1 — B)loglogT)
2T
i(logT)' =B
Hence,
BSr=1)p(p —1 1 log log
Y I e Y s < s
T<p<daz i<klog(4ax/T)+1

Putting all this together shows us that

T
T)AlogB—B—l—l :

Vo <

(log

o1

2

B)loglogT)



We fix A and let B = A to make Alog B — B + 1 as large as possible. Hence,

x
Va=0 ((log T)AlogAAH) ' U

Note that Alog A — A + 1 is positive for all A € (1/2,1).

3.3.2 A bound for Vj

Theorem 3.3.2. We have

X
Vo=0 ((10g T)(A+(1/2))10g(A+(1/2))A+(1/2)) .

To prove this theorem, we must show two preliminary results. Suppose P(n) = (p—1)(¢—
1)v with p,q > T and Qr(p — 1), Qr(q¢ — 1) > AloglogT. Then, Qr(P(n)) > 2AloglogT.

We bound the number of such n with the following results.

Lemma 3.3.3. For all € > 0, the number of n < x for which wr(P(n)) > (1 +¢)loglogT is

Zz
0 ((10g T)(1+e) log(l—f—e)—s) ’

Proof. Fix z > 1. We bound the sum of z~7((),

By Theorem 3.1.6,

wr(P(n M ZWT(q)p((D
Zz (())<<:L'H(1— . )exp(Z—q )

nw q<z q<z
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We have

2 2
n<z T q q|2aD q q<T q T<q<lzx
R
1
< 7 <—) exp(loglogz + (2 — 1) loglog T'))
log x

= x(logT)" .

2
q

()

Let M be the number of n < x for which wr(P(n)) > (1 + €)loglogT. Then,

Z ZwT(P(n)) > Z(l—l—e) loglogTM _ (log T)(1+e) logzM.

n<x

Combining our two bounds gives us
M < m(logT)zf(H%)(logz)fl

We can choose z to minimize the exponent. At the minimum, z = 1 + ¢, giving us

T
M< (10g T)(l—l—e) log(1+€)—e" =

Theorem 3.3.4. For all C,§ > 0, the number of n < x for which P(n) has a square divisor

greater than (logT)C is

X
© (<1og T><16>C/2) '

Proof. Suppose r2|P(n) with 72 > (log T)¢. Assume r? < 227¢ for a fixed € > 0. The number

of possible n < z is

> (T op).

r:(logT)C <r2<z2-¢
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For all € > 0, p(r?) < r°. Therefore,

zp(r?) T T
Z 2 < Z 123 " (log T)1-9)C/2

(log T)C <r2<a?=¢ r>(log T)C/2

and

Z p(r?) < Z P < g2,

(log T)C <r2<a?— r<al=(c/2)
If € > 26, then the second sum is smaller than a constant multiple of the first one.

We may assume that r2 > 227¢. If r has a divisor d € ((logT)/?, 2'=(¢/?)], then P(n)
has a square divisor in the range ((log7T)%, x?~¢], which we have already discussed. Sup-
pose otherwise. Let p be a prime factor of r. If p € (22 217(/2) /(1og T)¢/?], then r/p €
((log T)¢/2, 2'=(/2)]. We may assume that if p|r, then p < 2% or p > 2!=(/2) /(log T)“/2. 1f
every prime factor is < /2, then r has a divisor in the range ((log7T)¢/2, 2'~(¢/?)]. There-
fore, the largest prime factor of r is greater than 2'~(¢/2) /(log T)¢/2. There exists some prime

p > 272 /(log T)°/? such that p?|P(n). The number of n with this property is

> (T ouu).

z2=¢/(log T)C <p? < x? p

We have already established that the first sum is sufficiently small. In addition,

2 x
. 0
> ") < ooz

x2-¢/(log T)C <p2<kx?

Corollary 3.3.5. For all e < 1.75, the number of n < z for which Q7 (P(n)) > (1+¢€) loglog T

is

10 x
(log T')(1+(e/2)) log(1+(e/2))=(e/2) |~

Proof. Let n < x. If Qp(P(n)) > (1 + ¢€)loglog T, then there are two possibilities:
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1. wp(P(n)) > (1+ (¢/2))loglog T,
2. Qr(P(n)) —wr(P(n)) > (¢/2)loglogT.

By Lemma 3.3.3, the number of n satisfying the first condition is

O z
(log T')(1+(e/2)) log(1+(c/2))=(¢/2) |~

Suppose Qr(P(n)) — wr(P(n)) > (¢/2)loglogT. Then, P(n) has a square factor greater
than 2(¢/2)leglos™ — (]og T)<(°82)/2 By the previous theorem, the number of n satisfying the

second condition is

x
(o)
For all € < 1.75,

(1+ (e/2)) log(1 + (¢/2)) — (¢/2) < e(log 2) /4.

Therefore, the number of n < z for which Qr(P(n)) > (1 + €)loglogT is

x
© ((log T)(1+(6/2))10g(1+(e/2))—(e/2)) : O

For the rest of this section, we will let € < 1.75. Suppose there exist p, ¢ € (T, 4az) with
Qr(p—1),Qr(¢g—1) > AloglogT and (p—1)(¢—1)|P(n). Then Qp(P(n)) > 2AloglogT >
(14 ¢€)loglogT for e < 2A — 1, which we have handled with the previous theorem.

The other possibility is that m = pr, where r is T-smooth and Qp(p(r)) < AloglogT.
If r is T-smooth, then v = (r) is T-smooth as well. Therefore, P(n) = (p — 1)v with v
T-smooth. Hence,

P(n) = (p— 1)v < 4axTHo8leT

If TAIOglOgT < ml_é for some 5 > 07 then P(n) = O($2_6)’ Wthh Would lmply that n =
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O(z'~0/2)). We find a value of T for which T4¢!eT is very close to z'~°. We have

AlogT'loglogT = (1 —9)logz.

An approximate solution is

T ex 1—9 log x
— P4 loglogz ) )~

For such T (for all § > 0),

T x
Vs=0 ((10g T)(1+(6/2))10g(1+(6/2))(6/2)) =0 ((log T)(A+(1/2))log(A+(1/2))A+(1/2)5> ’
Note that V] is independent of T, whereas V; and V5 decrease as T  increases. In order to let

T be as large as possible, we use the formula for 7" above for the rest of the chapter.

3.4 The number p is small

Suppose that if p(m) = P(n), then m is T-smooth. We use an argument similar to the
one at the end of the previous section to show that the number of such n is negligible. By
Theorem 3.3.4, we may assume that Qr(P(n)) < AloglogT. In addition, P(n) is T-smooth

because m is T-smooth. Hence,
P(n) < TAlelosT — o(g).

So, we may assume that n = o(x'/?). We may ignore such n.
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3.5 Optimizing parameters

Here are the bounds we obtained (for all § > 0):

T
Vi=0 ((log x)l—e(log?)/?—d) ’

x
V2 =0 ((log T)AlogAAJrl) ’

T
Vs=0 ((1og T)(A+(1/2))10g(A+(1/2))_A+(1/2)_6) .

The previous section states that if ¢(m) = P(n), then we may assume that m is not T-
smooth. Therefore, Vp(z) is at most the sum of our upper bounds for V;, V5, and V5.
We now optimize our bounds for V5 and V3. As A increases, V5 increases and V3 decreases.

We set V5 and V3 approximately equal:

T X

(log T)Alos A=A+1 — (Jog T')(A+(1/2)) log(A+(1/2))=A+(1/2)

which implies that
AlogA—A+1=(A+(1/2))log(A+ (1/2)) — A+ (1/2).
The solution is A ~ 0.76. Plugging in this value shows that
x
[ERAERS (log T)003126"

Recall that T' = exp(((1 — 9)/A)(log 2/ loglog x)). Therefore,

4142 =0 (o)
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Chapter 4

Additively unique sets of prime

numbers

Recall from the introduction that a set S is additively unique (AU) if the only multiplicative
function f for which f(m+n) = f(m)+ f(n) for all m,n € S is the identity function. Spiro

proved the following notable result [58].
Theorem 4.0.1. The primes are AU.

In this chapter, we refine the previous theorem to prove Theorem 1.3.4, which we restate

here.

Theorem 4.0.2. A set of primes is AU if and only if it contains every prime that is not

the larger element of a twin prime pair, and at least one element of {5,7}.

Our proof of this result is very similar to Spiro’s proof of Theorem 4.0.1.

4.1 Preliminary results

To start the proof, we show that the primes listed in Theorem 1.3.4 are necessary. From

here on, S will refer to a set of primes.
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Lemma 4.1.1. If S is AU, then S contains every prime that is not the larger element of a

twin prime pair.

Proof. Let py be a prime that is not the larger element of a twin prime pair. Suppose py ¢ S.

Consider the function

f(n) _ 17 if n € {17p0}7

0, otherwise.

It is clear that f is multiplicative. Let p,q € S. Then, p and ¢ are primes that are not
equal to pg. If pg = 2, then p+ g > py. Otherwise, pg is odd. If p + ¢ = pg, then p or ¢
must be 2. But, this is impossible because py is not the larger element of a twin prime pair.
Hence, p + q # po. So, f(p+q) = f(p) + f(q) = 0. Thus, f € F even though f is not the
identity function. If py ¢ S, then S is not AU. O

The next lemma would still hold if we replaced 5 and 7 with any twin prime pair p, p+ 2,

but this would not give us any new information.
Lemma 4.1.2. If S is AU, then S contains 5 or 7.

Proof. Suppose 5,7 ¢ S. Consider the function

1, ifne{1,7},
f(n) =
0, otherwise.
Once again, f is multiplicative. Let p,q € S. Then, p,q,p + q # 7 because the only way

to express 7 as the sum of two primes is 2+ 5. So, f € F. Because f is not the identity

function, S is not AU. m

Now that we have the necessity of the primes in Theorem 1.3.4, we may spend the rest

of this chapter establishing their sufficiency. Over the next few lemmas, we show that if
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f(m+n) = f(m)+ f(n) for all m,n in an additively unique set S, then f(n) = n for all

n < 23.
Lemma 4.1.3. If f(p)+ f(¢) = f(p+q) for all p,q € S, then f(2) =2 and f(3) = 3.

Proof. Suppose f(2) # 2. Let pg be a prime that is not the larger element of a twin prime

pair. We see that
f(2)f(po) = f(2po) = f(po) + f(po) = 2f (o).

Hence, (f(2) — 2)f(po) = 0. However, f(2) # 2. Thus, f(py) = 0.

Suppose 5 € S. Then, f(4) = f(2) + f(2) = 2f(2) and f(5) = f(2) + f(3) = f(2). In
addition,

2f(2)? = F(4)£(5) = F(20) = F(3) + F(1T) = 0+0 = 0.

Hence, f(2) = 0. If po is the larger element of a twin prime pair, then

f(po) = f(2) + f(po —2) =0,

implying that f vanishes on all primes.

Suppose 7 € S. Then,

F@)F(7) = F(14) = (3) + f(11) = 040 = 0.

At least one of f(2), f(7) is zero. Once again, f(4) = 2f(2) and f(5) = f(2). Note that

f(20) = f(7) + f(13) = f(7)

and
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So, f(2) = 0 if and only if f(7) = 0. Hence, f(2) = f(7) = 0. This implies that f vanishes
on the primes, which is impossible. Thus, f(2) = 2.

We split the proof of f(3) = 3 into two cases, depending on whether 5 € S or 7€ S. In
both parts, we write f(n) in terms of f(3) for multiple values of n, then use these values to

solve for f(3). In addition, we note that f(4) =2f(2) =4 and f(5) = f(3) + 2.

1. Suppose 5 € S. We have

f(22) = f(2)f(11) = 2f(3) + 16,
f(22) = f(5) + f(17) = 4f(3) + 10,
A£(3) 4+ 10 = 2£(3) + 16,

£(3)=3.

2. Suppose 7 € S. We have
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f(4) = F(2)£(7) =2f(3) +38,
f(A1) = f(14) — f(3) = f(3) +38,
f(A3) = f(2) + f(11) = f(3) + 10,
f(26) = f(2)f(13) = 2f(3) + 20,
£(23) = f(26) — f(3) = f(3) +20,

f(20) = f(4)f(5) = 4f(3) +8,
FO7) = f(20) — f(3) = 3f(3) +38,
f(34) = f(2)f(17) = 6(3) + 16,

f(34) = f(11) + f(23) = 2f(3) + 28,
6/(3) + 16 = 2f(3) + 28,
f3)=3. O
We extend this lemma a little further.

Lemma 4.1.4. Using the same conditions as before, f(n) = n for all n < 23.

Proof. We proceed by induction starting from the fact that f(n) = n for all n < 5. If n is
not a prime power, then n = ab, with ged(a,b) = 1 and a,b > 1. So, f(n) = f(a)f(b) = n.
We only need to check that f(n) = n when n is a prime power. The only possibilities
are n = 4,5,7,8,9,11,13,16,17,19,23. In both cases of the previous proof, f(4) = 2f(2),
f) = fB)+2, f(7) = f(3)+4, f(11) = f(3) + 8, and f(17) = 3f(3) + 8. Therefore,

f(n) =nfor all n € {5,7,11,17}. Here are the other primes:

fA3) = f(11) + f(2) = 13,
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F19) = FO7) + f(2) = 19,
F(23) = £(26) — £(3) = F(2)£(13) — £(3) = 23.

The only remaining cases are n = 8,9,16. If 5 € S, then

f@®)=f(5)+/fB3) =8,

f(16) = f(11) + f(5) = 16,
f@45) fé49)+ A1) f@Fan) +1

f9) = 6 = = - = 9.
If 7€ S, then
_ 1Y _ 0D+ A7) _
e T
£(9) = £(7) + £(2) =9,
fe) = FU8) _ FED LAY | (FU0) = F@) 1L fB)(S) 48
3

f3) 3 3

In addition to proving that the primes are AU unconditionally, Spiro also found a shorter

proof conditional on Goldbach’s Conjecture. Similarly, we may prove Theorem 1.3.4 using

a variant of Goldbach’s Conjecture, which we write here.

Conjecture 4.1.5. If n is a composite prime power other than 4, 8, 9, 49, and 64, then 2n

is the sum of two primes that are not the larger elements of a twin prime pair.

Theorem 4.1.6. Assuming the conclusion of Conjecture 4.1.5 for all numbers 2n with n <

M, f(n)=mn for alln < M.

Proof. We already know that f(n) = n for all n < 23. We proceed by induction. Suppose

f(n) = n for all n < m with 23 < m < M. We show that f(m) = m. If m is not a prime
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power, then m = ab for some relatively prime a, b with a,b > 1. Therefore,

If m is the larger element of a twin prime pair, then
fm)=f2)+ flm—2)=2+(m —2) =m.

Suppose m is a prime for which m — 2 is not prime. Then, m + ¢ = 2 mod 4 for some
q € {3,17}. In this case, (m + ¢)/2 is an odd number. Because (m + ¢)/2 < m, we have

o) = f7 (5 0) =2 (22 <t

which implies that
f(m) = f(m+q)— flq) =m.

Suppose m is a prime power other than 49 and 64. If m is a power of 2, then m = p+ ¢
for some prime p,q with p — 2,¢ — 2 not prime. By our inductive assumption, f(m) = m.
Suppose m is an odd prime power. Then, 2m = p+ ¢ with p—2, ¢ — 2 not prime. Let p < q.
Then, p < m < g < 2m. We know that f(p) = p, so it suffices to show that f(q) = ¢q. There

exists an r € {3,17,23,29} such that ¢ +r =4 mod 8. Thus,

F@) + Fr) = Flg+7) = F(4)f (QZT) gt

We obtain f(q) = ¢ and f(m) = m.

Finally, we consider n =49 and n = 64:

£(49) = F(196) _ f(179) + f(17) _ (f(182) = f(3)) + 17 _ f(2)f(7)f(13) + 14
f(4) 4 4 A

64



fon — F09) _ F08D +F6) _ FOVFAD +6) _ .

f(3) 3 3

4.2 An unconditional proof

Computational tests show that Conjecture 4.1.5 holds for all prime powers less than 1016,
Therefore, f(n) = n for all n < 10'°. Our goal for the rest of this chapter is to show that
f(n) =n for all n. First, we show that f(n) =n on a specific set H containing the primes.
Then, we show that if n is the smallest number satisfying f(n) # n, then there exists a
number m with ged(m,n) = 1 and mn = p + ¢ with p, ¢ prime and p — 2, ¢ — 2 prime. This

will imply that f(n) = n by induction.

Theorem 4.2.1. Let
H={n:v,(n) <1ifp>1000; p™* < 10° if p < 1000}.

Then, f(n) =n for alln € H.

The following lemma is a variant of [58, Lemma 5]. Throughout the proof of the lemma,

we use my(x) to refer to the number of twin prime pairs with smaller element at most .

Lemma 4.2.2. For every prime p > 10, there is an odd prime ¢ < p with ¢ — 2 not prime

such that p+q € H.

Proof. Let p > 106 be prime and N(p) be the number of primes ¢ < p such that p+¢ € H.

In the proof of [58, Lemma 10}, Spiro showed that if p > 10'°, then

p—1
N(p) > 03—
») log(p — 1)
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We may put upper bounds on my(x). Using Brun’s Sieve, we have

i
(log )2

() <

A special case of the Bateman-Horn Conjecture [7] states that

i () T o

p>2

(The twin prime constant is the product above.) Even if we could prove the Bateman-Horn
Conjecture, this result would be insufficient as we would not know how quickly the lefthand
side of the equation approaches 0.66. We use an explicit result. Suppose p > 10'. By [38,

Theorem 5.14],
p

< 7.68———.
malp) < (log p)?

Because p > 10%, logp > 36.8, implying that

p

< 0.21 .
ma(p) <0 log p

For p > 106,

—1 -1 1 1o 1
P (P) _<1——)i>1——>1—10—16.
log(p — 1) \logp p) log(p—1) p

Therefore,
p—1 —16)y P p
N(p) > 03— > 0.3(1 — 10 > 0.29 ,
) log(p — 1) ( )1ogp log p
which gives us
N(p) — ma(p) > 0.08—L— >0 08— _917.10
- . . =zl -
P 2P logp — log(1016)
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Because this difference is greater than 1, there exists an odd prime ¢ < p with ¢ — 2 not

prime such that p+q € H. O]
We can now prove Theorem 4.2.1.

Proof of Theorem 4.2.1. We proceed by induction on H. Let m € H with m > 10'°. Assume
that f(n) = n for all n € H with n < m. Assume that m is not a prime power. Then,
f(m) = f(a)f(b) with ged(a,b) =1 and a,b > 1. Note that a,b € H because the exponents
of their prime factors are at most as large as they are in m.

Suppose m is a prime power. Then, m = p® for some prime p. If p < 1000, then p* < 10°,
which is impossible. Thus, p > 1000. In this case, = 1. Hence, m is prime. If m — 2 is
prime, then f(m —2) = m—2 because m —2 € H. Therefore, f(m) = f(m—2)+ f(2) =m.

Suppose m — 2 is composite. There exists an odd prime ¢ < m with ¢ — 2 not prime such
that m + g € H. Clearly, m + ¢ is even. However, m + ¢ is not a power of 2 because every
power of 2 in H is less than 10°. We may write m + ¢ = 2¥r with r odd and r € H. Because

r<m,

fm) = fim+q)— flq) = F)f(r) = flg) =2"r —q= (m+q) —qg=m. O

Now that we know that f(n) = n for all n € H, we may show that f(n) = n for all n.

Proof of Theorem 1.3.4. We prove the statement for all n ¢ H. Suppose n is not a multiple
of 3. Then, the set of even elements r € H for which » = 1 mod 3 and ged(r,n) = 1
has positive density [41, §174] because H contains all squarefree numbers. Almost all even
numbers m can be expressed as a sum of two primes [27]. However, it is also almost always

the case that m — 2, m — 3, and m — 5 are composite. Therefore, almost all even numbers
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can be expressed as the sum of two primes greater than 5. We have

m=p+q

with p, ¢ primes greater than 5 for some r. Because rn = 1 mod 3, we have p,q = 2 mod 3.

This implies that p and ¢ are not the larger elements of twin prime pairs. Hence,

f(r)f(n) = f(rn) = f(p+q) = f(p) + f(q).

Because p,q,r € H, f(p) =p, f(q) = q, and f(r) = r. Therefore, f(n) = n.

Since f is multiplicative, we only need to show that f(n) = n for all powers of 3 to finish
the proof. Let n = 3%. Let p be a prime congruent to 1 mod 3 that is not the larger element
of a twin prime pair (such as 37). By Dirichlet’s Theorem, there exists a prime ¢ satisfying
3| p+ gq. Then, p+ q = 3% with 31r. In addition, p and ¢ are not the larger elements of

twin prime pairs. Hence, f(3%) = 3%. Therefore, f is the identity function. O
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