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ABSTRACT

The logarithmic capacity is a measure of size for sets in C, which has arithmetic con-
sequences. It initially arose in classical potential theory, but occurs in several contexts
(including probability and number theory), and goes under several names, including “Trans-
finite diameter”, “Chebychev constant”, and “exponential of the Robin constant”. If the
logarithmic capacity of a set can be computed, the Fekete-Szego theorem gives a finiteness
criterion/strong existence in arithmetic geometry [8]. Namely, whether the capacity is < 1
or > 1 determines the finiteness (or infiniteness) of the collection of algebraic integers whose
conjugates lie near the set.

In this dissertation, we are concerned with capacities for adelic sets in the positive char-
acteristic projective line. Let K be a function field in one variable over a finite field of
constants, with characteristic p > 0, and let K be its algebraic closure. We prove a “Fekete-
Szegd theorem with splitting conditions” for an adelic set Ex := [, cp, Bo C [I,ep, P'(Cy)
with respect to a finite set of global points X C P'(K). Loosely, the theorem says that if
the capacity of Ex is > 1, and if E, C P!(K,) for each v in a finite set S of places of K,
then for any collection of neighborhoods U, of the E,, there are infinitely many points of
P!(K,) whose conjugates over K lie in the neighborhood U, for all v, are bounded away

from X at all v, and belong to P'(K,) for each v € S. The proof consists of constructing



a rational function f(z) € K(z) whose poles are supported on X, and whose zeros belong
to the neighborhood U, for each v, and also belong to P'(K,) at v € S. This is done by
first constructing local functions f,(z) € K,(z) which have these properties for each v, and
then constructing the global function f(z) € K(z) by sequentially modifying (“patching”)
the Laurent coefficients at the points in S to obtain a single function which locally looks like
fo(2) for each v. There are three key parts in the proof: the construction of the basic local
approximating functions; the local patching process, which preserves the properties of the
roots of the f,(2); and the global patching process, which achieves K-rationality.

Two important difficulties arise in function fields of positive characteristic which do not
occur in the case of number fields. First, in the number field case, even though it is hard
to construct the basic local approximating functions at real archimedean places, there is
considerable freedom in carrying out the patching precess. In positive characteristic, there
are no archimedean places, so the patching process is extremely rigid. The second difficulty
concerns inseparability. In the number field case, as soon as the patching functions are
invariant under the Galois action, they become rational over the base field. However, in the
case of positive characteristic, even though a function may be Galois-invariant, it does not
need to be rational over the base field. To achieve rationality, it is necessary to consider the
expansions of the f,(z) with respect to two sets of basis functions at the same time, one of
which is used to check rationality and the other to determine approximation properties of

the functions.

INDEX WORDS: Fekete-Szego theorem, capacity theory, splitting conditions, projective
line, positive characteristic
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NOTES ON CHAPTERS

I have organized the chapters in the dissertation to motivate definitions of constants and
choices of parameters, focusing on the flow of the proof of the main theorem (the Fekete-Szego
Theorem with Splitting Conditions).

I state the main theorem in Chapter 1, giving a brief history of prior results.

In Chapter 2, I discuss background material. The first section examines some well-known
properties of power series in one variable, including the theory of Newton polygons, Weier-
strass Preparation Theorem, and the Maximum Modulus Principle. The second section intro-
duces the canonical distances related with a uniformizing parameter at a point.

Readers find general notions about Local and Global Capacity Theory in Chapter 3. I
discuss properties of this capacity theory for the canonical distance with respect to a single
point and related objects, including equilibrium distributions, Robin constants, Capacity,
Green’s functions, and Green’s matrices. Part of this theory is classical, and part was devel-
oped by Cantor [6]. Here, as well one find some examples.

In Chapter 4, 1 discuss capacity theory with respect to a finite set X and a probability
vector §, called (X, §)-capacity theory. I establish the facts about this theory which we need.

The proof of the main theorem involves constructing global rational functions G(z) €
K(z) of arbitrary large degree, whose poles are supported on X and whose zeros are the
numbers produced by the theorem. The construction has two parts, a local part and a global
part.

The local part involves first constructing “basic local approximating functions”, rational
functions f,(z) € K,(z) with poles supported on X whose zeros belong to the prespecified
neighborhood U, in the main theorem. These functions are renormalized on the basis of global

considerations, giving “normalized local approximating functions” g¢,(z), and then composed

vi
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with “degree-raising” polynomials to construct “initial local patching functions” Gq(,o)(z).
Lastly, the local part gives a “patching process” which involves sequentially modifying the
Laurent coefficients of the Ggo)(z), from highest to lowest order, while keeping the roots in
U,. There are two cases to deal with, the case of RL-domains and the case of compact sets.

The global part concerns achieving K-rationality, melding the initial patching functions
GS,O)(Z) € K,(z) into a single global function G(z) € K(z). Important aspects include mod-
ifying the leading coefficients to be global Sy-units, adjusting the high-order coefficients to
be all 0, and using the Very Strong Approximation Theorem to choose target values for the
low-order coefficients.

Chapter 5 introduces the notion of regular sequences in O, and their properties. I con-
struct rugular sequences for a compact subset of P!(K,). These are used in constructing the
basic local approximating functions in the case of compact sets.

Chapter 6 constructs the basic local approximating functions for a compact subset of
PL(K,).

In Chapter 7, I state the Gap Principle which plays a key role in the global patching
process. I reduce the main theorem to tractable special case, involving only RIL-domains and
compact sets which are K,-rational. I obtain the final constraints on the integer NV, which is
the degree of the normalized local approximating functions.

I achieve the product formula for the leading coefficients and construct the normalized
local approximating functions in Chapter 8.

In Chapter 9, I prove the Very Strong Approximation Theorem and choose the global
patching parameters ky and n. The number ky makes the break between coefficients deemed
high-order and low-order. The integer n is used to determine the degree of each initial
patching function. It must be sufficiently large and satisfy certain divisibility conditions.

In Chapters 10 and 11, I give the details of the local patching process for RL-domains

and compact sets. This process will preserve the locations of roots of each initial pathcing
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function. In the compact case, the process for low-order coefficients is basically the same as
the one in [25].

I complete the proof of the main theorem in Chapter 12 by arranging the high-order
coefficients to be zero and the low-order coefficients to be global elements using the Very
Strong Approximation Theorem in Chapter 9.

Here is a table of chapter interdependence:

Chapter 1 Chapter 2
Chapter 7 Chapter 3
Chapter 5
Chapter 4
Chapter 8 Chapter 6
Chapter 9
Chapter 10 Chapter 11

\/

Chapter 12
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CHAPTER 1

INTRODUCTION

In 1955, Fekete and Szego proved that if £ C C is a compact set with logarithmic capacity
~v(E) > 1, stable under complex conjugation, then every complex neighborhood of F contains
infinitely many conjugate sets of algebraic integers [8]. In 1964, Raphael Robinson refined
this, showing that if F is a subset of the real line, then every real neighborhood of E contains
infinitely many conjugate sets of totally real algebraic integers [20]. Robinson’s theorem is
the prototype for the “Fekete-Szegod theorem with splitting conditions”, with which we are
concerned in this dissertation.

In 1980, David Cantor developed a theory of capacity for adelic sets in P! over a number
field K [6]. Fix an algebraic closure K of K. Let K, be the completion of K at a place v of K

and denote C, the completion of a fixed algebraic closure of K, at v. Let Ex =[] E, C

vEPK
[T,cp, P'(C,) be an adelic set over K and fix a finite Galois-stable set X C P'(K). Under
appropriate hypotheses on Ex and X, Cantor defined a number ~(E, X), which is called the
capacity of Ex with respect to X. Let S be a finite set of places of K satisfying the following
condition: for each v € S, there is a finite Galois extension K,/K, such that E, C P'(K,).
Cantor formulated a “Fekete-Szegd theorem with splitting conditions”, which asserted that
if 7(E,X) > 1, then for any adelic neighborbhood Ux := [[,cp. U C [l,ep, P'(C,) of
Eg, there are infinitely many points in P*(K) whose conjugates in C, belong to U, for all
v € Py, and lie in P*(KC,) for all v € S. The latter constraints are the “splitting conditions”.
Unfortunately, there was a gap in the proof of the theorem.

Robert Rumely extended Cantor’s theory, including the Fekete-Szego theorem without

splitting conditions, to arbitrary algebraic curves over any global field [22]. In 2000, he
p g ) y alg y g )



established the Fekete-Szego theorem with splitting conditions in the special case where
K =Q and X = {oo}, with E, = [-2r,2r|, and E, = Z, for finitely many primes p [23]. In
2002, he proved the theorem for X = {oo} over an arbitrary number field K, and for general
sets E, [24]. Recently, he generalized the Fekete-Szego theorem with splitting conditions for
any finite set X with a general adelic set Ex on a smooth connected algebraic curve over a
number field [25].

Here, we prove the Fekete-Szego theorem with splitting conditions for any finite set X
with general sets E, in P'(C,) when the base field K is a function field of characteristic
p > 0. Let ¢ be a power of p and F denote the field F,(T") with a transcendental element T'.
Fix a finite extension K of F. Let K, be the completion of the field K at a place v of K and
C, the completion of a fixed algebraic closure of K, at the place v. Our main theorem is as

follows:

Theorem 1.1 (Fekete-Szeg6 Theorem with Splitting Conditions) Let K be a finite
algebraic extension of F 1= F,(T), and let X = {x1, -+ ,x,} C PYK) be finite and stable
under Gal(K/K ). For each place v of K, let E, C P(C,) be stable under Gal.(C,/K,)

(the group of continuous automorphisms of C, over K, ), and put Ex :=[] E,. Suppose

vEPK
that Ex is compatible with X, i.e., each E, is bounded away from X, and for all but finitely
many v, E, is the X-trivial set (consisting of all points in P(C,) which do not specialize
to the points of X mod v). Let S C Pk be a finite (possibly empty) set of places of K
with the property that for each v € S, there ezists a finite Galois extension K, /K, such that
E, C PY(K.). If ¥(Eg, X) > 1, then for any adelic neighborhood Uk := [[,ep, Us of Ex,
there are infinitely many points o € PY(K) such that all of their conjugates over K belong

to U, for all v, and lie in P1(KC,) N U, for each v € S.



CHAPTER 2

PRELIMINARIES

Throughout this dissertation, we will keep the notations in Theorem 1.1: K is a finite
algebraic extension of F' := F,(T"), where ¢ is a power of a prime number p € Z-; K is a
fixed algebraic closure of K; K, is the completion of K at a place v of K, and C, denotes
the completion of a fixed algebraic closure K, of K, at v. It will be useful to regard K
as embedded in C,; for each v, fix such an embedding. Without loss of generality, we can
assume that [, is the exact field of constants of K. Note that every absolute value of K is
nonarchimedean. In particular, K, is a nonarchimedean local field and C, is both complete
and algebraically closed.

Given a place v of K, let O, = {z € K, : |z|, < 1} be the ring of integers of K, and
m, its unique maximal ideal; let @ ={z € C, : |z|, < 1} be the ring of integers of C,
and m, its unique maximal ideal. We will write 7, for a uniformizing element at v, which
means that m, = 7,0,. Let ¢, = #(0,/m,O,) be the order of the residue field of K,; note
that g, = ¢/* for some f, € Z-, while (/9\1; /m, is isomorphic to the algebraic closure Fq of
the field of constants F,. However, m, is not finitely generated. For any x € K, \ {0}, there
where O := O, \ 7,O,. We

is a unique integer n such that x = 7] - u for some u € O

v

denote n by ord,(z) and put ord,(0) := oco. We take | - |, to be the normalized absolute

value on K, given by |z|, = qv rdo(®) \We will also denote by | - |, the unique extension of
this absolute value to C,. The Galois group Gal(K,/K,) respects |- |,, and its action on K,
extends to a continuous action on C,. Conversely, each continuous automorphism of C, /K,

arises from an element of Gal(K,/K,). By Gal.(C,/K,) = Gal(K,/K,), we mean the group

of continuous automorphisms of C,, fixing K,.



Write log, (+) for the logarithm to the base ¢,. Then —log, (|z|,) = ord,(z) for all z € K,.
Let Pk be the set of all places of K. For each z € K* := K \ {0}, the product formula

holds in the form

IT Il =1

ve Pk

Let L be a finite normal extension of K. If w is a place of L lying above v, then |- |, will
denote the normalized absolute value on L,, and the absolute value | - |, on L,, will denote
the unique extension of | - |, on K, to L, induced by any embedding of L,, into C,. Since

|y\LLw:K”] = |Np, /K, ()], for all y € K,, it follows that for any x € L,
2] = [ b5, 2.1)

To see this, let e, /, and f,/, be the ramification index and residue degree of the extension

L/K. Then we have [L,, : K,] = €y * fuw. For any x € K,, since ord,(z) = e,/ ,0rd,()

and g, = qg’“/ Y, it follows that regarding x as an element of L,,,

—ordw(z) _

|$’w = q, Z‘w/v)few/vordv(x)

(¢

(qgordv(x))ew/vfw/v — ‘x’ [L’UJK’U}

That is, for any = € K,

|LLw:KU] _

|z = |2 [NLw/i, (@) o

So, we get two extentions of | - |, on K, to L, defined by

1/[Luw:Ky] 1/[Lw:Ky)

|| or |Np,/k, ()

for all z € L,,. But [4], Lemma 2, p.411 says that there is only one extension of | - |, on K,

to L,,. Thus, for any x € L,

jofo = |2l = [N, () [/, (2:2)
which is equivalent to (2.1). Furthermore, we have |z|, = |Np,/k,(z)|, for all z € L,,. It

follows that absolute values |z|, and |z|, on L,, are invariant under Gal(L,,/K,).



We will denote |LX| the value group of LX. Note that |L| = ¢2U{0} and |CX| = ¢2uU{0}.
We use the following notations for the open and closed balls in C,: for any a € C, and

any positive real number r,

B(a,r)” ={2€C,: |z —al|, <1}
B(a,r)={2€C, : |z —al, <r}.

(2.3)

Let 0B(a,r) := B(a,r) \ B(a,r)” = {z € C, : |z — a|, = r} be the boundary of B(a,r) or
B(a,r)".

2.1 POWER SERIES IN ONE VARIABLE

The Newton polygon of a polynomial g(z) = > ;_,ck2" € C,[z] is defined to be the
lower convex hull of the set of points {(k,ord,(cx))}, with a vertical side above the point
corresponding to the first nonzero coefficient. Let f(z) = > p,cxz® € C,[[z]] be a power
series. Define f,(z) = > }_, cx2" to be the n'" partial sum of f(z). The Newton polygon of
f(2) is then the limit of the Newton polygons of the f,(z).

In the nonarchimedean case, we have the following necessary and sufficient condition for

convergence of a power series, which is not true for archimedean places.

Lemma 2.1 Let f(z) = Y ;o 2™ € C,[[2]] be a power series. Then f(z) converges at

x € C, if and only if limy_.o |cpa®|, = 0.

Proof: Since we are dealing with a nonarchimedean absolute value, a sequence is Cauchy

if and only if the absolute value of the difference between adjacent terms approaches zero.



Noting that C, is complete,

n
Z ezt converges <<= {S, = Z ckxk} converges
k>0 k=0
<~ {S,} is Cauchy

— | —Sn_1lo — 0

— ez, — 0
0

Corollary 2.2 Let r = |b, for some b € C,. Then f(z) converges on B(0,7) if and only if

limy oo ek |7 = 0, or equivalently, limy_. . ord, (cxb*) = .
Proof: For any x € B(0,r), Lemma 2.1 implies that
f(z) converges <= |c,2"|, — 0. (2.4)

Since |z|, < r = |b|, and f(z) converges for all z € B(0,7), the RHS of (2.4) is equivalent

to |cpl,r™ — 0, which is equivalent to ord,(c,b") — oc. O

Lemma 2.3 Suppose r and M belong to |CY|. If f(z) = Y 1o cxz® € C,[z]] is a nonzero

power series converging on B(0,7) with || f|| g, < M, then |cl, < 2 for each k > 0.

Proof: Choose 7 and b in C* such that r = |r|, and M = |b|,,. After replacing f(z) by @,
we can assume that r = M = 1. We must show that |c|, < 1 for each & > 0, whenever
£l B0 < 1.

Suppose that |¢,|, > 1 for some ¢. Since f(z) converges on B(0, 1), we have limg_, o ||, =
0, and so there is the largest index ¢, for which ||, = maxg<q |ck|,. Putting My := |cg, v,
we get Mgy > |¢g|, > 1. Rewriting

f(z) = Z cr® + Z cr2t,

|Ck|v<MO |Ck|v:MO

put



which is a polynomial. We claim that there is a zy € B(0,1) such that |f(z)], = My >
1, which is a contradiction. Letting g(z) = %g(z) and k, = a)/n/ﬁ, g(z) € @[z] is a
monic polynomial with coefficients having absolute value 1, and so g(z) (mod m,) is a monic
polynomial in k,[z], which has only finitely many roots in k,. Choose z, € B(0, 1) so that
2o (mod m,) is not a root of g(z) (mod m,), and hence g(zp) & m,. Thus we have [g(20)], = 1
and so |g(z0)|v = [cgy|o = Mo. Since [ 3,1 -ap ezt < Mo, we get | f(20)|o = |9(20)]s = Mo.
O

Proposition 2.4 Suppose that h(z) = 1+ 1, byz" € C,[[2]] converges on B(0,7) for some
r € |CY|, and that |bg|, - v < 1 for all k > 1. Then the inverse h(z)™* = 14 > 2 bj.2"
converges on B(0,r) as well. Furthermore, |b,|,-r* < 1 for allk > 1 and |h(2)|, = |h(2)71], =

1 for all z € B(0,r).

Proof: Since |by|, - 7% < 1 for all k > 1, we see that | >, byz*|, < 1 for all z € B(0,r). So,

we can expand

1
h(z)™t = =
= 1= P+ (O bz -
k=1 k=1
= 1+ Z b2~
k=1
where b), is a homogeneous polynomial Py (by,--- ,bx) of weight k in by, --- , b, over Z if by, is

assigned weight k. Clearly, we obtain that for all £ > 1,
b} | - 77 < 1. (2.5)

Fix ¢ > 0. Since limy_.o |bg|, - 7¥ = 0, there is ko € Zg such that |b|, - r* < ¢ for all
k > ko. There is also a number § < 1 such that |bg|, - 7* < 6% for k = 1,--- , ky — 1 because
|br|, - 7% < 1 for all k > 1. Let A be a positive integer such that 6 < e. Fix m € Zs
with m > A. If a term a., ... ¢,, b7 -+ - b5 in Py, (by, - - - , by,) contains by, for some k > ko, then

ey e e BT -+ OE 1™ < (|bg]poTF)% < e since Dt ire; = m, |dey e o < 1, and |bi], 1t < 1



for all i > 1. Otherwise, we have |ae, ... ¢, b7 <+ 05|, - 7™ = |y o e lo - T[]y (|bi]o - 7)<
§Limie = g™ < §4 < . Hence, |P(by, - ,bm)|s - 7™ < €. This implies that 1+ > 5, dy2*
converges on B(0,7).

The last assertion immediately follows from the hypothesis on the by and (2.5). O

Definition 2.5 We will call a power series h(z) € C,[[z]] with the properties in Proposition

2.4 a unit power series.

Proposition 2.6 (Weierstrass Preparation Theorem) Let f(z) > 2, cx2" € C,[[2]] be
a nonzero power series converging in B(0,r) where r belongs to |CX|. Then f(z) has a finite
number of roots in B(0,7), there is a largest index m for which |cy,|,r™ is mazimal, and f(2)
can be factored as
f(2) = emg(2) h(2),

where g(z) € C,lz] is a monic polynomial of degree m whose roots are those of f(z) in
B(0,7), and h(z) € C,[[z]] is a unit power series converging in B(0,r). These properties
uniquely determine the factorization of f(z).

Furthermore, if f(z) belongs to Ly|[z]] for some finite extension L, /K,, then ¢, € Ly,

g(z) belongs to Ly [z] and h(z) belongs to L,|[[Z]].

Proof: See [22], Proposition 1.2.7, p.43. O
The following property is immediate from Proposition 2.6:

Corollary 2.7 Let L, be a finite extension of K,. Suppose that f(z) = > oy crz® € Ly[[2]]
is a power series converging on B(0,r) forr € |LS|. If f(z) has exactly one root in B(0,r),

then the root must belong to L,,.

Corollary 2.8 (Refined Maximum Modulus Principle for Power Series) If f(z) =
> im0 k2 € Cy[[2]] is a nonzero power series converging in B(0,7) for r € |C|, then for
any finite set {ay,--- ,a;} C B(0,7), |f(2)|y achieves its mazimum value for z € B(0,r) at

a point of B(0,7) \ U:_;B(a;,r)”.



Proof: After scaling f(z), we can assume that r = 1. By the Weierstrass Preparation The-
orem, there is a factorization f(z) = c - g(2) - h(z) such that g(z) = [[;L,(z — aj) is
a monic polynomial of degree m whose roots are the same as those of f(z) in B(0,1),
h(z) € C,[[z]] is a unit power series in B(0,1), with ~A(0) = 1, and |h(z)|, = 1 for all
z € B(0,1), and ¢ = ¢, where |¢,|, = max{|c|, : & > 0}. Noting that @/n/f, is infi-
nite, we can choose a nonzero element z, € (/Q\U such that 2y # a; and 2y # «; in (/9\U /ﬁl\v
for all ¢ and j. Clearly, |20, = 1, |20 — a;|y = 1, and |zp — oy, = 1 for all ¢ and j.
Hence 2o € B(0,1) \ (Uj_, B(a;, 1)~ UUJL, B(a;,1)7). Given an arbitrary z € B(0,1), since

|h(2)|, =1 and |z — o], < 1= |20 — o,

@ = e gl =l [T 12—yl
j=1

IA

lelo - [T 120 = aslo = le - g(z0) |0 = 1 £(z0) .-
j=1
U

Remark 2.9 Let f(z) € C,[[z]] be a nonzero power series converging in B(0,r), where
r belongs to |CX|. Then f(z) has only finitely many zeros aq,--- , ., in B(0,r) by the
Weierstrass Preparation Theorem. Corollary 2.8 says that we can choose zy € B(0,7) so that

|20 — o], = r for all j.

Corollary 2.10 Let r = |b|, for some b € CX. If f(z) = > pey cxz® € C,[[2]] converges on

B(0,7), then we have

p— pr— k
1flBo.ry = II.f loBcor) I£§3<|Ckb |o-

Proof: The first equality holds by the Refined Maximum Modulus Principle.

For the second equality, replace f(z) by f(z/b) and assume that r = 1. Then maxy>o |ck/.
exists by Corollary 2.1.2. Let m be the largest index for which |¢,,|, = maxg>g |ck|,- By the
Weierstrass Preparation theorem, we can rewrite f(z) = ¢, - g(2) - h(2). Find zy € C, so that

l9(20)lv = 1 = |h(20)]» as in the proof of the Maximum Modulus Principle. Then we have
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|f(20)]o = ¢m. For any z € 9B(0,1), we see that |f(2)], < max>o|crz®], = maxgso|crl, =

|¢m v, Which implies the second equality. O

Lemma 2.11 ([25]) Let f(z) = > po k2™ € C,[[2]] be a nonzero power series converging
in B(0,1). Write f(z) = ¢mg(2)h(2) as in the Weierstrass Preparation Theorem, where
g(z) =ag+arz+ -+ am_12""t+ 2™ € C,[z] is monic, and h(z) = 14> "2, bpz" € C,[[z]]
is a unit power series converging in B(0,1). Then the Newton polygon of ¢, g(z) coincides

with the part of the Newton polygon of f(z) on and to the left of (m,ord,(cy,)).

Proof: After dividing through by ¢,,, we can assume that ¢,, = 1 and that ord,(¢x) > 0 for
all k > 0. Writing h(z)™' = 14 >, b,.2"*, we have that ord,(b}) > 0 for all k¥ > 1. Since
g(z) = f(2) h(z)™!, we see that if J is the smallest index for which c; # 0, then a;, = ¢, = 0
for all k£ < J, while a; = ¢;. Noting that ord,(cx) > 0 for all £ > 0 and ord, (b)) > 0 for all

k > 1, we see that for J < k < m,

ord,(ar) = ord,(cp + cp_1by + -+ + cob),)

> min(ord,(cg), ord,(cg_1),- - ,ord,(c)). (2.6)

If (k, ord,(cx)) is a corner of the Newton polygon of f(z) for some J < k < m, then we
have that ord,(¢x) < ord,(c;) for all j =0,--- ,k — 1 because ord,(cj) > 0 for all £ > 0 and
ord,(¢,,) = 0. Hence (2.6) implies that ord,(ay) = ord,(cx). Since ord,(cx) > 0 for all k£ > 0,
the Newton polygon of g(z) lies on or below the initial part of the Newton polygon of f(z).
Applying the same argument to f(z) = g(z) h(z), we see that the initial part of the Newton

polygon of f(z) lies on or below the Newton polygon of g(z). O

Corollary 2.12 ([25]) Let f(z) = > ry crz" € C,[[2]] have the radius of convergence R > 0.
(a) For each 0 <r < R, f(z) has finitely many zeros in B(0,r). If R belongs to |C)| and
f(2) converges in B(0, R), then f(z) has finitely many zeros in B(0, R).
(b) The zeros of f(z) correspond to the sides of the Newton polygon of f(z) of finite pro-
jection length in the same way as for a polynomial: for each side with slope m and projection

length s, f(z) has exactly s roots o (counted with multiplicity) such that ord,(a) = —m.
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Proof: (a) Without loss of generality, we can assume that r belongs to |C)|. Take 5 € CX
with |3|, = r. After replacing f(z) with f(z/3), we are reduced to the case of Lemma 2.11.

(b) If the Newton polygon has a side of finite length and slope m, then taking r so that
log, (r) = m, choosing 3 as in a), and replacing f(z) with f(z/(3), we are again reduced to

Lemma 2.11. [l

Remark 2.13 Let f(z) = > 2, k2" € C,[[2]] have the radius of convergence 0 < R € |C|.
Then its Newton polygon has a terminal ray of slope log, (R). For any 0 < r < R, there is
a unique line touching the Newton polygon of f(z) with slope log, (7). If (n,ord,(a,)) is the

rightmost point where the line touches the Newton polygon, then f(z) has exactly n roots

in B(0,r).

Corollary 2.14 Let R be the radius of convergence of f(z) = > poycrz® € Cyl[z]], and let
0 <r < R satisfy r = |b|, for some b € C,. Let £ be the unique line touching the Newton

polygon of f(z) with slope log,(r) at the rightmost corner (n,ord,(a,)). Then the y-intercept
of L is —log, (M), where M = || f| B(o.r)-

Proof: Note that the y-intercept of ¢ is log,(r) - (—n) +ord,(a, ), which is equal to n-ord,(b)+
ord,(a,) = ord,(a,b™). For each m # n, since (m, ord,(a,)) is above or on the line ¢, we have
ord,(am,) > log,(r)-(m—n)+ord,(a,), i.e., —log,(r)-m+ord,(a,,) > —log,(r)-n+ord,(a,),
which is ord,(a,,) +m - ord,(b) > ord,(a,) + n - ord,(b). Hence ord,(a,,b™) > ord,(a,b"™) for

all m # n, and so M = |a,b"|, by Corollary 2.10. Thus the y-intercept of ¢ is —log,(M). O

Definition 2.15 We will call a power series f(z) € C,[[z]] a p/r-isometry between B(0,r)
and B(a, p) if the map f : B(0,7) — B(a, p) is a 1 — 1 correspondence, with |f(z) — f(y)|, =

p/r |z —yl|, for all z, y € B(0,r).

Proposition 2.16 Suppose that f(z) = Y ;o ckz® € Ly|[[z]] is a power series converging
on B(0,r) for r € |LX|, which gives an injective map f : B(0,r) — C,. Then there are an

a € L, and p € |L}| such that f defines a p/r-isometry between B(0,r) and B(a,p) and
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f(B(0,r)N Ly) = B(a, p) N Ly,. Furthermore, for any ¢ € B(a, p) N Ly, f(z) = ¢ has exactly

one root in B(0,r) belonging to L.,.

Proof: Clearly, a := f(0) = ¢y € L. For any z,¢t € B(0,r), we see that

@) = f@) = 1) al =) =1 el =),

= |z —tly-ler Fea(z4t) Fes(22+ 2t +12) + -],

Since f is injective on B(0,7), f(z) = a has only one solution in B(0,7) at z = 0. That
is, F(2) = f(2) —a = > o, 2" has only one zero in B(0,r). This means that for all
k > 2, all vertices (k,ord,(cx)) of the Newton polygon of F'(z) lie above the line ¢ : y =
log,(r)(x — 1) + ord,(c1), and so ord,(cx) > log,(r) - (k — 1) + ord,(c1), which implies that
lck]or® ™ < Jei|, for all k > 2. It follows that for all z,¢ € B(0,7) and all k > 2, we have
e (287t + 2P o Y], < ey, Hence we get | f(2) — f()]o = |cilo - |2 = to.

Now, taking t = 0 and letting z range over B(0,7), we have |f(z) — al, = |c1]y - |2]0-
Putting p := |c1], - 7 € | L], it follows that f(B(0,r)) C B(a,p).

Conversely, fix ¢ € B(a,p). Then |¢ — ¢l < |c1]y - 7, or equivalently, ord,(co — ¢) >
—log,(r) + ord,(c;). Hence the point (0, ord,(co — ¢)) lies on or above the line ¢. Putting
Fe(z) == f(z) — ¢, its constant term is ¢y — ¢ and other coefficients of F¢(z) are the same as
those of F'(z). It follows that the Newton polygon of F¢(z) lies on or above the line ¢ and that
(1,0rd,(c1)) is the last vertex on the line because F(z) has only one zero in B(0, 7). Hence
there is a unque solution to f(z) = ¢ in B(0,7). Therefore, we have f(B(0,r)) = B(a,p).
Furthermore, since |f(z) — f(t)|, = p/r-|z—t|, for all z,t € B(0,r), f(z) gives a p/r-isometry
between B(0,r) and B(a, p).

If © € B(0,7) N Ly, then since f(z) is defined over L,,, we have f(x) € B(a,p) N L.
Conversely, if ¢ € B(a, p)N L., then since f is bijective, Corollary 2.7 implies that the unique
root of f(z) = ¢ in B(0,r) must lie in L,,. Thus, we have f(B(0,r)N L) = B(a,p) N L,,. O
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Corollary 2.17 Suppose that g(z) = > 1, cr2¥ € C,[[2]] is a power series converging on
B(0,r) forr € |CY|, which has exactly one zero in B(0,r) at z=0 . If p = |c1|, - 7, then g

induces a p/r-isometry from B(0,r) onto B(a,p).

Proof: In the proof of Proposition 2.16, we only used the fact that f(z) = a has only one
solution in B(0,r) at z = 0. In our case, a = 0 and g(z) has exactly one zero at z = 0 in

B(0,7). Hence the proof follows. O

Definition 2.18 Let B(0,r) and B(a,p) be balls in C,. We will say that a power series
A(z) € C,[[2]] gives a parametrization of B(a,p) by B(0,r) if A(z) converges on B(0,r) and
defines a 1 — 1 correspondence between B(0,7) and B(a,p). We will call A an isometric

parametrization if r = p and |A(2) — A\(x)|, = |z — x|, for all z, x € B(0,r).

Remark 2.19 If A : B(0,7) — B(a, p) is a parametrization, it follows from Proposition 2.16
that for all z, x € B(0,7), |[\(2) — A(z)|, = p/r - |z — z|,. Furthermore, if a € L,,, r € |LJ]

and A\(z) € Lyl[[z]], then we have A\(B(0,7) N L,,) = B(a, p) N Ly,.

We give some examples of isometric parametrizations.

Example 2.20 (i) For any ¢ € @X, the map A : B(0,7) — B(a,r) given by A\(z2) =a+¢cz
is an isometric parametrization of B(a,r) by B(0,r). Thus an arbitrary ball B(a,r) C C, is
isometrically parametrizable.

(ii) With the same notations as in Proposition 2.16, if |c|, = r/p for some ¢ € C,, then
the map A : B(0,p) — B(a,p) given by A(z) = f(cz) defines an isometric parametrization
of B(a, p) by B(0,p).

Proposition 2.21 (Expansion of algebraic functions) Let B(a,p) be a parametrizable
ball with a parametrization A : B(0,7) — B(a,p). Given f(z) € Cu(2), let aq,--- ,am be
the zeros and poles of f(z) in B(a,p), and let n; be the multiplicity of «; in div(f) for each

i. Let ay,--- ,a, be the points in B(0,r) corresponding to oy, -+, under \. Then there
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exist a constant C' € C,, a rational function g(zx) = [[}~,(x — a;)™ and a unit power series

h(z) € C,[[z]] converging in B(0,r), with

X)) = C-g(x) - h(z)

for all x € B(0,7). These properties uniquely determine C, g(x) and h(z).

It follows that there is a constant Cy € |CX| such that

g
v

| f(2)]o = Co - H|Z— Q;
i=1

for all z € B(a, p). In addition, if \(z) € Ly[[2]], a € Ly, and f(z) belongs to L,,(z) for some

finite extension L,/ K,, then C € Ly, g(x) belongs to L, (x) and h(zx) belongs to Ly[[z]].

Proof: Writing f(z) = fi1(2)/ f2(2) for some fi(2), fa2(2) € C,[z], the fi(A(x)) become power
series over C,. Without loss of generality, we can assume that fi(z) and fy(z) have no
common factors. By Proposition 2.6, there are a constant C; € C,, a monic polynomial
gi(xz) € Cylz] and a unit power series h;(z) € C,[[z]] in B(0,7) such that fi(A(z)) = C; -
gi(z) - hi(x), and f;(A(x)) and g;(z) have the same zeros in B(0,7). Letting C' = C;/Cy,
g(x) = g1(x)/g2(x), and h(z) = hi(x)/hs(x), we have f(A(x)) = C'-g(z) - h(zx). Clearly, h(x)
is a unit power series in B(0, 7). [22], Proposition 1.2.5, p.40 implies that g(x) also has the
form in the proposition. That is, g(z) = [[;-,(z — a;)". The rationality assertion follows
from Proposition 2.6. For the uniqueness, it is clear that C' is unique because the g;(x) are
monic polynomials and the h;(x) are unit power series. Now suppose that C' - g(z) - h(z) =
C-¢'(z)- 1 (x) were two factorizations of f(A(z)) of the form in the proposition. Multiplying
through by ¢2(x) - g4(x), we obtain two Weierstrass factorizations of the same power series.

By the uniqueness assertion in Proposition 2.6, it follows that h(z) = hA/(z) and hence

g(x) = g'(x).
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Finally, for all z € B(a, p), or equivalently, for the unique z € B(0,r) with z = A(z),

since |z — ayl, = A () — A(ay)|, = p/7 | — iy,

’f(z)’v = |f<)‘( ))|v = |C‘v : |g(l’)|v ’ ‘h(x)|v
= [Clo- H\l’ il = 1Cly H(T/ﬂ~!z—%lu)m

=1

= |Cly- (r/p)==m le—az

v

so we can take Cy = |C|, - (r/p)==1"™ € |CX]. O

2.2 THE CANONICAL DISTANCE

The spherical metric on P"(C,) is defined by

maXop<i<j<n |2’in — Zjl’,’|v

(maxogign |zilv) - (maXogign |zilv)

(2.7)

12, %l =

if we write z = (29 :---:2,) and z = (xg : -+ : x,).

Let GL(n + 1,@) be the set of all (n + 1) x (n + 1) matrices with entries in
(/9\1), and having determinant of absolute value 1. The spherical metric on P"(C,) is
invariant under GL(n + 1,(/’)\1,). To see this, fix z, z in P*(C,). After scaling the coef-
ficients in their homogeneous representations, we can assume that maX0§i§n|zi|v
maxXo<;<n |Til, = 1. For any A = (a;;)o<i, j<n € GL(n + 1, (/9:), clearly maxo<;<p |[(Az)il, < 1.
Suppose that maxg<;<, |(A2)il, < 1. Then we have maxg<;<p|(A™'(A42))i], < 1. But
1 = maxXp<i<n |2i|v = maxo<i<n [(A71(A2))i], < 1, which is a contradiction. Hence we must

have maXop<i<n |(Az)z’v = IMaXp<i<n ’(A:U)z’v = 1. We then have

47 Azl = max |(Az)i(A2); - (A=), (Ao,
n n n n
= Osﬂlflg?;n (Zaikzk) : (Zajm$m> - <Z @jm2m> : <Zaik$k>
k=0 m=0 m=0 k= v
= Jax > (i @) (22m — Zm)
0<k<m<n v
< max  |zxTm — ZmTrle = |2, Z||0-

0<k<m<n
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The symmetric argument gives the assertion. Therefore, we have
Az, Axllo = ||z, z[l (2.8)
for all A € GL(n+1, (/9\U)

In this dissertation, we will be only working with P*(C,). Henceforth, to simplify nota-
tions, we will identify P*(C,) with C, U {oo}. Letting z, x € C, correspond to (z : 1), (z : 1)
in P'(C,), we obtain that for all 2,z € C,,

|z — alo

(2.9)

12, zllo = max{1, |z|,} - max{1, |z|,}

while ||z, oo||, = 1/ max{1, |z|,} if z # co. Clearly, for any z € P*(C,), ||z, 2|/, = 0.
We use the following notations for the open and closed balls in P1(C,): for any a € P}(C,)

and any positive real number r,

B(a,r)” ={z € P(C,) : ||z,all, < 7}

B(a,r) = {z € PHC,) : ||z, al, < r}.

Let 0B(a,r) := B(a,r) \ B(a,r)” = {z € PY(C,) : ||z,a|, = r} be the boundary of B(a,r)
or B(a,r)".

We have the following correspondence between the balls in C, and those in P!(C,):

Proposition 2.22 Given a € C, and r > 0,
(i) if lal, <1 and r < 1, then B(a,r) = B(a,r);
(i) if lal, <1 and r > 1, then B(a,r) = B(0,7) = PY(C,) \ B(co,1/r)~;
(iii) if |al, > 1 and r < |a|,, then B(a,r) = B(a,r/|al?);
(w) if |al, > 1 and r > |al,, then B(a,r) = B(0,r) = P'(C,) \ B(oc0,1/r)".

Proof: For the second and last assertions, we have |z —a|, <r < |z], <7 < max{l, |z|,} <
r < 1/max{l,|z|,} > 1/r < ||z, 00]||, > 1/r, so we are done.
For the first assertion, suppose that |al, < 1 and r < 1. If |z — a|, < r, then |z|, < 1,

so ||z,all, = |z — a], < r. Conversely, assume that ||z, all, < r. We claim that |z|, < 1. If
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not, we see that |z — al, = |z|, > 1 and max{1,|z|,} = |z|,. So, ||z,a|l, =1 > r, which is a
contradiction. Hence |z|, < 1. This implies that |z — al, = ||z, a|, < r.

Finally, to prove the third assertion, suppose that |a|, > 1 and r < |a|,. If |z — a|, < 7,
then |z|, = |al,, so ||z, all, = |z —al./|a]? < r/]a|?>. Conversely, assume that ||z, al|, < r/]a|?.
We claim that max{1, |z|,} < |al,. If not, then |a|, < max{1l,|z|,} = |z|., s0 |z — a|, = |2|..
Hence ||z,all, = |z — al,/(max{1,]|z|,} - |a|,) = 1/]a|,, which is a contradiction because
|z, all, < r/la|> < 1/]al,. We thus have max{1, |z|,} < |al,. Since ||z,al, < r/|al?, |z —

al,/ max{1, |z|,} < r/|al,, and hence |z — al, < r-max{1,|z|,}/|al, < r. O

Remark 2.23 By the same argument as Proposition 2.22, if |a|, < 1 and r < 1, then
B(a,r)” =B(a,r)"; if |al, <1 and r > 1, then B(a,r)” = B(0,r)” = PY(C,) \ B(oo, 1/r);
if lal, > 1 and r < lal,, then B(a,r)” = B(a,r/|a)?)”; if |al, > 1 and r > la|,, then

B(a,r)” = B(0,r)” =PYC,) \ B(c0, 1/r).

Definition 2.24 A ball B(a, p) C P!(C,) is said to be parametrized by a power series \(z) €
C,[[z]] if there is an affine patch A! and a ball B(A, R) C C, such that %B(a, p) corresponds
to B(A, R) in that patch, and the map A : B(0,7) — B(A, R) is a parametrization; and \ is

an isometric parametrization if r = R.

Remark 2.25 Proposition 2.22 shows that in appropriate affine coordinates, any ball in
P(C,) corresponds to a ball in C,. It follows from Example 2.20 that any ball B(a, p) C
P!(C,) is isometrically parametrizable.

In fact, for any ball B(a, p) C P}(C,), we necessarily have p < 1 and it is always possible
to choose affine coordinates in which there is an isometric parametrization A : B(0, p) —

B(a, p) defined by A\(z) = a + z (see [22], Corollary 1.2.4, p.39).

The following proposition is an analogue of Proposition 2.21.

Proposition 2.26 (Expansion of algebraic functions) Let ®B(a, p) be a parametrizable

ball with a parametrization \ : B(0,7) — B(a,p). Given f(z) € Cy,(z), let oy, , auy, be
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the zeros and poles of f(z) in B(a, p), and let n; be the multiplicity of «; in div(f) for each
i. Let ay,--- ,an, be the points in B(0,r) corresponding to aq,--- ,q,, under \. Then there
exist a constant C € C,, a rational function g(x) = [[}%,(z — a;)™ and a unit power series

h(z) € C,[[z]] converging in B(0,r), with

fAx)) = C - g(x) - h(z)

for all x € B(0,r). These properties uniquely determine C, g(x) and h(z).

Furthermore, it follows that there is a constant Cy € |CX| such that

ng
v

) = Co- T 12
=1

forall z € B(a, p). In addition, if \(z) € Ly[[z]], a € Ly, and f(z) belongs to L,(z) for some

finite extension L,/ K,, then C € Ly, g(z) belongs to L,(x) and h(zx) belongs to L,[[z]].

Proof: This follows from Proposition 2.21 and the definition of a parametrization. U

Fix a point ¢ € P(C,). We will call any function of the form

12, zl,

1, Cllo - 1, €l

[Z,Z’]C = CC . (210)

with C¢ > 0, a canonical distance on P'(C,) with respect to ¢. This is a distance function
on PY(C,) \ {¢} modelled on the usual distance |z — z|, on C, = P!(C,) \ {occ}. To see
this, choose A € GL(2,@) with A = oo. That is, Az is of the form C"- (z —a)/(z — ()
for an appropriate nonzero constant C’ € C,, so that Az has a singularity at (. A simple

computation shows that for all z, = # (, oo,

|z — 2|,

‘|Z_C|v'|a7_C|v7

|Az — Az, = C" (2.11)

for an appropriate nonzero constant C” € |CX|. Comparing (2.11) with (2.9), one sees that
if C"” = C"-max{1,|¢|,}* € |CY|, then for all z, z # (, oo,

12, [l

|Az — Azx|, = C" - :
1z, Cllo - Nl <l

(2.12)
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Furthermore, it follows from (2.8) that for any B € GL(2, (/9;),
[Bz, Bx|pge = [z, ]¢. (2.13)

Definition 2.27 Given a point ¢ € P!(C,), a function g:(z) € C,(z) is a uniformizing

parameter at ( if it has a simple zero at (.

Lemma 2.28 Given a uniformizing parameter g:(2) € C,(2), there is a constant C' € |C}|

such that ||z, (||, = C - |gc(2)|v for all z sufficiently near ¢.

Proof: Put div(ge) = (¢)+>_,. 2 n;(a;). Without loss of generality, we can assume that ¢ =0
and the a; are not co by choosing an appropriate element A € GLQ(@;) to change coordinates
and using (2.8). Then, we can write go(2) = C"- 2 [],, ,o(# — ;)" for some C" € C,. Choose
r € |CX]| so that r < 1 and r < |a,|, for all i. Then 2B(0,r) = B(0,r) by Proposition 2.22. For
any 2 € B(0,7), |z — ai|l, = |a;|, by the choice of r. Letting C' = |C"], - [, laily" € [C]],

it follows that |go(z)|, = C - |z],. Since |z — 0|, = ||z, 0]|,, we have |go(2)|, = C - ||2,0]],. O

Proposition 2.29 Let L/K be a finite extension and let g.(z) € L(z) be a uniformizing
parameter at ¢ € PY(L). Then, for all but finitely many places v of K, we have |g¢(2)|, =
|z, C|lo for all z € B(¢,1)~.

Proof: Put div(ge) := (¢) + D_,, 4 nia;). Without loss of generality, we can assume that ¢
and the a; are not oco. Otherwise, choose A € GLy(L) so that A¢ and the Aa; are not co.
There is a finite set Sy of places of L such that |det(A)|, # 1, and all the entries of A belong
to O,. Thus for all w & Sy, A € GLy(O,,). Note that A preserves the spherical metric |-, ||,
for all w & Sy by (2.8). Write g¢(2) = C - (2 — () - [[,, (¢ — @)™ Since g¢(z) € L(z), it
follows from Proposition 2.6 that C' belongs to L. Let S’ be the finite set of places w of L
containing Sy and all places w of L, where | — a;|, # 1, |Clw # 1, or ||y > 1. Fix w ¢ 5.
We have ®B((,1)” = B(¢,1)” by Remark 2.23. For all z € 98B((, 1), since | — a;|» = 1, we

see that |z — a;|w = |2 — ( + ( — a@i|w = |¢ — a4]w = 1. Noting that |C|,, = 1, we have

19¢(2)w = 1Clu - 2 = ¢l - [T 12 = ailii = 12 = Clu (2.14)

a; #¢
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Furthermore, |2|, < 1 because (], < 1 and |z — (|, < 1. Now, let S be the set of all places
of K such that for any v € S, there is some w € S’ lying above v. Clearly, S is a finite set.
Noting that |z|, = \x]T[JLw:K“}, I¢]ly <1 and |z|, <1 forall vgS. It follows from (2.14) that

l9c(2)|w = ||z, (|| for all v ¢ S and all z € B((,1)". O

Lemma 2.30 For any uniformizing parameter g.(z) € C,(z) at ¢ and any choice of a

canonical distance [z, ], there is a constant C' > 0 such that
lim [z, 2]¢ - [ge(2)lo = C.

Proof: We are given a canonical distance

|2, [l
1z, €l - M2, Cllo”

for some constant C; > 0. Given a uniformizing parameter g.(z), there is a constant C’ € |C|

[2,2]¢ = Cc -

such that ||z, (||, = C" - |g¢(2)|» for all z sufficiently near ¢ by Lemma 2.28. For any = # (,
letting z — (,

|2, [l 1 Ce Nzl Ce

1z, Cllo - |z, Cllo o 12, ¢llo = o EXqp — el =:C.

[z, 2]¢ - ge(2)] = Cc -

O
Frequently, it will be important to normalize the canonical distance, fixing a choice of Cf;

this is most naturally done by fixing a uniformizing parameter g¢(z) € C,(z) and requiring

that for all x # (,
lim [2,4]c - [gc(2)]o = 1 (2.15)

From now on, whenever we encounter the canonical distance [z, x|, we will assume that
it has been normalized as in (2.15), with respect to a chosen uniformizing parameter g¢(z) €
C,(z) at ¢. We will call this canonical distance the (normalized) canonical distance on P*(C,)
with respect to (. As a special case, if ( = oo and g¢(z) = 1/z, then we can easily see that

(2.15) yields

(2, T]oo = |2 — .
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The canonical distance has the following properties.

Proposition 2.31 Fiz ¢ € P}(C,).

(i) (Factorization) Suppose that f(z) € C,(z) has nonzero divisor div(f) = > n;(a;).
There is a constant C € |C| such that [f(2)], = C - [1,, [z al¢" for all z # C, which are
not poles of f(z).

(ii) (Galois Invariance) If ¢ € PY(K,), then for all z, [0(2),0(z)]; = [z,z]¢ for all o €
Galo(Cy/Ky).

(iii) (Continuity) [z, z]¢ is jointly continuous in z and z, for all z,x € P}(C,) \ {C}.

(v) [z,x]¢c has a singularity at ¢ and for all x, x' # (,

lim % g
z—=( [Zaxl]C

Proof: In [22], Theorem 2.1.1, p.57, the properties (i), (ii) and (iii) are proved for the canonical
distance on curves of arbitrary genus. On P!(C,), (ii), (iii) and (iv) are elementary, and (i)
follows from a simple computation. Indeed, write f(2) = C"[],. ... (¢ —a;)" for some nonzero
constant C’ € C,. First, suppose that ( = oo. Since [z, 2| = |z —z],, we are done. If { # oo,
choose A € GL(2,(/’)\U) with A¢ = oo. Letting g(z) = f(A™'2), its divisor is Y_.(Aa;)™, so
there is a constant C' such that [g(2)|, = C ], .acl2; Aai]’y, for all 2 # AC. Since f(z) =

9(Az), it follows from (2.13) that for all z # (, |f(2)|v = [9(A2)[v = C'[L4a,2ac[A%: Aaily; =

HGHEC K a’]zl O

Lemma 2.32 Let B(a,r) and B(d',r") be disjoint isometrically parametrizable balls in
PY(C,), not containing .

(i) [z, x| is constant on B(a,r) x B(a',r").

(i) If L,/ K, is a finite extension containing a and (, then there is a constant C, € |LX|,

depending only on the point a, such that [z,x]; = C,||z, x|, for all z, x € B(a,r).

Proof: (i) Fix second coordinate x. If an algebraic function f(z) € C,(z) has no zeros

and poles in B(a,r), Proposition 2.26 says that |f(z)|, is constant for all z € B(a,r).
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Considering f(z) = e f(2) has no zeros and poles in B(a, ), and so |f(2)|, = [z, z]¢-

===
max{1, |C|,} 2 is constant for all z € B(a,r). Thus, [z, z]; is constant for all z € B(a,r).

With the symmetric argument, we have the assertion.

(ii) Fix = € B(a,r). Letting f.(z) = (CaTemral fz(z) has only one zero at z and no
poles in B(a, ). By Proposition 2.26, there is a constant B, such that |f(2)|, = B, - ||z, z||»
for all z € B(a,r). It follows that [z, 2], = max{1,[(|,}* - |f(2)], = Ci - ||z, x|l,, where
C, = B, - max{1,[¢|,}?. We claim that C, = C,. Indeed, we see that by symmetry, C, -
lasally = [a 2l = 2,0l = Cu - ll2,all, = Ca - sl

Finally, since f,(z) = —52 7 Is defined over L,,, we have C, € |LX| by Proposition

(z=¢)(a—¢
2.26. U

Remark 2.33 We can express Lemma 2.32 in terms of the absolute value and the balls
in C,. Let B(a,r) and B(a,r") be disjoint isometrically parametrizable balls in C,, not
containing (. We then have the following:

(i) [z, z]¢ is constant on B(a,r) x B(d',1").

(i) If L, /K, is a finite extension containing a and ¢, then there is a constant C, € |LX|,

depending only on the point a, such that [z, z|. = C, - |z — x|, for all z, = € B(a,r).



CHAPTER 3

CAPACITY THEORY

3.1 LocAL CAPACITY THEORY

Let ¢ € P}(C,) be given and fix a uniformizing parameter g:(z) at ¢, which determines
the normalization of the canonical distance as in (2.15).
First, let F, be a compact set in P!(C,), not containing (. Following [22], the Robin

constant and the (local) capacity are defined by

Ve =int [ [ —log, (. alodv(e)dv(a) (3.1)
(Ev)

—j
—Ve(Ey
Ye(By) =qu <.

(3.2)

Here, v runs over all probability measures supported on E,. If v.(E,) > 0, [22], Theorem
4.1.22, p.211 says that there are a unique measure p, called the equilibrium distribution of

FE, with respect to (, and the potential function of E, such that

Vi) = [ [ “lom(lzalduc)dneo) 33)
wlziB) = [ ~log, (2.2l dic(a) 3.)

It follows from [22], Lemma 4.1.9, p.193 that wu,(z; E,) is continuous for z ¢ E, and lower
semicontinuous for all z # (. Moreover, we have the following properties ([22], Theorem 4.1.6
(Maria’s Theorem), p.191 and Theorem 4.1.11 (Frostman’s Theorem), p.195):

(1) uc(25 By) < Vi(E,) for all = € P(C,)\ {¢},

(ii) the equality holds on E,, except possibly a set of capacity 0, which is a union of compact

sets, and

23
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(iii) < holds on P(C,) \ E,.

Remark 3.1 If F, is a compact set, then E, is contained in a finite union of balls B (a;, ;)
and these balls can be chosen with arbitrary small r; € |C)| for each i so that they are
disjoint from each other. Fix two distinct points ¢, (', not contained in F,. Lemma 2.32 says
that [z, z]¢/[2, z]¢ is constant for all z € B(a;,r;) and = € B(a;,r;). Hence —log, ([2, z¢)
and —log,([z,z|c) differ by a constant on B(a;,r;) x B(a;,r;). It follows that V(E,) =
0o & Vi(E,) = oo. Thus, the property that v:(E,) = 0 or 7¢(E,) > 0 is independent of
( € F,, and we can speak without ambiguity of “sets of capacity 07 or “sets of positive

capacity”.

For an arbitrary set H, C P!(C,) \ {¢}, the capacity of H, with respect to ¢ will be

defined by
V(Hy) = sup  (Ey), (3.5)
E,CH,y
E, compact
equivalently,

ViH) = inf  Vi(E,). (3.6)

E, compact
Note that for any two sets H, C H!, since any probability measure on H, is also a probability
measure on H), it follows that Vi (H,) > V:(H)), or equivalently, v¢(H,) < ~:(H,) for all
¢ ¢ H,
We will now define the Green’s functions G(z, ; H,) for arbitrary sets H, C P!(C,), and
for ( ¢ H,, z € P}(C,) \ {¢}. First, assume that H, = E, is compact not containing (. If E,
has positive capacity, then the Green’s function of E, is defined by

Ve(E,) — Ey) if
oG B = ((By) —uc(z Ey) if 2 #(¢ 57)

00 if 2 = (.
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If F, has capacity 0, we put

oo ifz¢ E,
G(z,( Ey) =

0 ifzek,.
If ¢ belongs to E,, we put G(z,(; E,) =0 for all z.
For any subset H, in P!(C,) not containing (, define the Green’s function by
G(z,GHy) = inf  G(z,(Ey). (3.8)

Ey,CH,
E, compact

If there is a compact subset in H, with positive capacity, we say that H, has positive capacity.
In this case, G(z, (; H,) is finite for all z, { € H, with z # (. Otherwise, H, has capacity 0.
In this case, G(z, (; H,) = oo for all z, ( € H,. Note that for any two sets H, C H,, it follows
from [22], Theorem 4.4.1, p.278 and Theorem 4.4.14, p.299 that G(z,(; H,) > G(z,(; H))
and G(z,(; H,) = G(¢, z; Hy) for all z, (.

Suppose that H, is a set in P'(C,), having positive capacity. For any ¢ ¢ H,, there
is a ball B((,r) with B({,r) N H, = 0. Let g:(z) € C,(2) be a uniformizing parameter
at (. For any compact subset F, of H, with positive capacity, if follows from (3.7) that
G(z, G Ey) + uc(z; E,) = Ve(E,) for all z # (. [22], Proposition 4.1.5, p.188 implies that
if r is sufficiently small, then uc(z; E,) = log,(|gc(2)|,) for all z € B(¢,r) \ {¢}. Hence,
G(z, ¢ Ey) +1og,(lgc(2)]y) = Ve(E,) for all z € B((,7) \ {¢}. By (3.8) and (3.6), we see that
for all z € B(¢,r) \ {¢},

Gz, 1) +og,(ac2)) = (- inf  G(2,G B) +log,(lgc(2))

E,CH,
E, compact

= EEH;% t (G(2, ¢ Ey) + log,(|g¢(2)]))
» compac

= E:Iclfl‘{v Ve(Ey) = Ve(H,).
E, compact

Therefore, the Robin constant satisfies

Ve(Hy) = lim(G(z, ¢; Hy) 4 log,(|9¢(2)]0))- (3.9)

z—(
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Remark 3.2 For any set H, C P}(C,) \ {C}, the capacity v.(H,) and the Green’s function
G(z,(; Hy) of H, with respect to ¢ as defined in (3.5) and (3.8) are called the inner capacity

lg(Hv) and the upper Green’s function G(z,(; H,) in [22], respectively.
Definition 3.3 An RL-domain is a subset D, of P*(C,) of the form
D, ={z € P'(C,) : |f(2)]. < R},

for some f(z) € C,(z) and some R € |C}|. If f(z) has poles at only one point, then we call

D, a PL-domain. In particular, if f(z) has poles only at ¢, then we call D, a PL;-domain.

Similarly, we can define the the outer capacity 5.(H,) and the lower Green’s function

G(z,¢; Hy) given by

V(o) = imf (Do),
Dy PL¢-domain
G(z,GH,) = sup  G(z,¢ D).

DyDH,
D, PL¢-domain

Remark 3.4 It can be shown that lg(Hv) < 7.(H,) and G(z,¢(; H,) < G(2,¢; Hy) (see [22],
Proposition 4.4.1, p.278). By [22] Theorems 4.3.3, p.260 and 4.3.4, p.262, if H, is either a
compact set or an RL-domain, then C(H”) =Y (Hy) = ¢ (H,). It follows from [22] Theorem
4.4.4, p.283 that if E, is a compact set, then G(z,(; E,) = G(z,(; E,) = G(z,(; E,) for all
z ¢ B,; if D, is an RL-domain, then G(z,(; D,) = G(z,(;D,) = G(z,(; D,) for all z. In
particular, if D, is a nonempty PL-domain not containing ¢ defined by f(z) of degree n, the

Green’s function of D, is

(

%IOgv(|f(Z)|fu) if 2z¢ D, and z # (

G(2,¢Dy) = 4 o0 if z=¢ (3.10)

0 if z€ D,
\

If ¢ belongs to D,, we put G(z,(; D,) = 0 for all z. We define the potential function of D,

given by

uc(2; Dy) = Ve(Dy) — G(2, ¢ Dy). (3.11)
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Remark 3.5 Let f(z) € C,(2) be a function of degree N, having poles only at ¢ and nor-
malized so that lim,_.¢ | f(2)], - |g¢(2)], = 1, where g;(z) € C,(2) is a uniformizing parameter
of ¢ which determines the choice of [z,z]c. If D, = {z € P}(C,) : |f(2)], < R} for some
R € |CX|, then D, is a PL-domain and hence v:(D,) = RYY (see [22], Proposition 4.3.1,
p.258). Equivalently, V¢(D,) = —= log,(R). Since |C}| = ¢@ U {0}, V¢(D,) belongs to Q.
Moreover, by (3.10), G(z,(; D,) has values in Q for all z # (.

We will now give some examples of Robin constants and Green’s functions for some

simple sets.

Definition 3.6 Let E, be a compact set in P*(C,) \ {¢}. For any probability measure z on
E,, the logarithmic potential function with respect to u is defined by

we(z 1) = / — log, (|2 2)c)du(x).

Example 3.7 Put F, := O, C K,. Since O, is translation invariant under O,, its equilib-
rium distribution x4 must be the normalized additive Haar measure on O,. To see this, note
that p(n™) = 1/¢" and 70X = 77O, \ 7" O,. Since [z, 1]s = |2 — z|,, We see that for any

z € O,,
(2, 1) = /@ —log, (|2 — al,)dpu(z) = /O U—logv<|y|v>du<y>
_ Z/W log, (|72}, )di(y Zn T gH)
= Z_n.(l_i): 1

—q, @ Q-1

Here, we used the fact that x/(1—2)? =3 02 ;n-a™if |x| < 1 because 1/(1—z) = > 77 2™

It follows by [22], Proposition 4.1.23, p.211 that y is the equilibrium distribution of FE, with

respect to 00, U (2; Oy) = Uso(2, 1) and



28

To complete the formula for uy(z; O,), suppose that |z|, > 1. For each z € O,, we see that

|z — 2|, = |2|,. Hence uw(2; O,) = —log,(|z|,). Therefore, we obtain that

Voo (Oy) =1/(qy — 1) if 2z €O,
Uso(2; Oy) =

—log,(|z]») if |z|, > 1.
More generally, if L, /K, is a finite extension with ramification index e,, /v and residue

degree f, /v, then the equilibrium distribution of O,, with respect to oo is the additive Haar

measure v on L,, normalized so that v(O,) = 1 and the potential function of O, is

fu;/v -1
Cww - (@ —1) for z € O,
de(:O.) = ™ )

—log, (|z]») for z ¢ B(0,1).

We can generalize Example 3.7 by using [22], Proposition 4.1.25, p.214.

Example 3.8 Let FE, = a + b0, = B(a,r) N K, be a compact set with a € K, where
r = |bl, € |[K)|. Then the equilibrium distribution of E, with respect to oo is the additive

Haar measure p on K, normalized so that p(F,) = 1 and the potential function of FE, is

qv1—1 —log,(r) for z € E,

Uoo (25 By) =

—log,(|z —al,) for z & B(a,r).
More generally, if L,,/K, is a finite extension with ramification index e,,, and residue
degree fi, /v, and if E,, = B(a,) N Ly, then the equilibrium distribution of E,, with respect
to oo is the additive Haar measure v on L,, normalized so that v(F,) = 1 and the potential

function of E,, is

(ewyo - (qq{w/v - 1))71 —log,(r) for z € E,

—log,(|z — aly) for z & B(a,r).

We have given examples of potential functions of compact sets in K, with respect to oc.
Next, we want to extend these results to compact sets in P'(C,) or P'(K,) with respect to

an arbitrary point (.
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Example 3.9 Let E, = B(a,r) be a ball in P}(C,) and fix ( € E,. For any z € E,,, there
is a constant C, such that [z,a]c = C, - ||z, a|, by Lemma 2.32. It follows that E, = {z €

PY(C,) : [z,a]¢ < C, -1} (see the proof of [22], Theorem 4.2.16, p.252). If the canonical

: : : : — — lI2,allv
distance is normalized so that lim, [z, a]¢ - |g¢(2)]s = 1, then [z,a], = C; - m
for some constant C¢ € |CX|. Put h(z) := C - =¢> where the constant ¢’ € C, satisfies

ICl, = C¢ - %ﬁ“}? Clearly, [z,al; = |h(2)]s. If gc(2) was the uniformizing parameter
determining the normalization of [z, a]¢, then lim, .. |h(2)|, - |9¢(2)], = 1. Since E, = {z €
PYC,) : |h(2)|, < C, - 1}, it follows from Remark 3.5 that V;(E,) = —log,(C, - r) and that
for all z ¢ E,,

|h(2)l0
C,-r

G(2,G; By) = log, ("=t ) = log, [z, al¢) — log, (Ca - 7).

It follows from the definition of u¢(z; £,) for a PL-domain that

—log,(C, -r) for z€ E,
uc(z; Ey) =

—log,([z,al;) for z & E,.
Example 3.10 Let E, = B(a,r) NP (K,) be a compact set with a € K, where r = |b|, €
|K)|. Fix ¢ & B(a,r). Since B(a,r) is isometrically parametrizable and a € K,, we can fix
an isometric parametrization A : B(0,r) — B(a,r) such that A € K,[[z]] and A(0) = a. As
in Example 3.9, B(a,r) = {z € P}(C,) : [z,a]¢ < C, -7} and [z,2]; = C, - ||z, z]|, for all
z, x € B(a,r). Note that if \(«) = z and () = z for z, © € B(a,r), then ||z, x|, = |a—[],.
Since A(bO,) = E,, we claim that the pushforward v of the additive Haar measure p on K,
normalized to give b0, total mass 1, is the equilibrium distribution of E, with respect to (.

It suffices to verify that the logarithmic potential function u,(z, v) takes the same value for
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all z € E, by [22], Proposition 4.1.23, p.211. For any z € E,,

wlerr) = [ —log((nalo) dvla) = [ log,(Cu- [1all,) dv(o)

— —log,(C)+ [ ~log(lzall) dvla)

v

= —log,(C,) +/ —log, (oo = B[,) dp(z)

bO,
1
= —1 C,) —1 b,
08,(C.) ~ 108, (W) + —
1
= -1 Ca' )

which is a constant. Hence v is the equilibrium distribution of F, with respect to ¢ and
Ve(Ey) = —log,(Cy - 1) + %+1’ For z & B(a,r), since [z, z; is constant for x € E,, one sees

that uc(z,v) = —log,([2, x]¢). We thus have

L —log,(Cy-r) for z€ E,
uc(z; B) =4 ™ '

—log,([z, al¢) for z & B(a,r).
Remark 3.11 Examples 3.9 and 3.10 remain true for any ball B(a,r) C C, \ {¢} with

O0<r<l.

We are going to deal with a compact set E,, which is a finite union of compact sets of
the form B(a;,r;) NPYK,) for a; € K, and r; = |b], € |K|, where the balls B(a;, ;) are
disjoint from each other and do not contain (. To compute the equilibrium distribution and

the potential function of E, with respect to ¢, we need this:

Proposition 3.12 Let E, 1, , E,; be pairwise disjoint compact sets in P*(C,) \ {C}, with
positive capacity, and put E, := Ul_ E,;. Let p and p;, i = 1,--- ,t be the equilibrium
distribution of E, and E,; with respect to (, respectively, and write ¢; = p(E,;) for i =
1,---,t. Suppose that [z, x| is constant for z € E,; and x € E,;, whenever i # j. Then

g; > 0 for each i, and

t t
p= e, ulzE) =Y g uc(z Byy).
=1 =1
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Proof: See [22], Proposition 4.1.27, p.216. O

Proposition 3.13 Let the balls B(a;, ;) C PY(C,)\{C}, i =1,--- ,t, be disjoint from each
other, where a; € K, andr; € |K|, and put E,; := B(a;, ;) NP (K,). Let C; be the constant
such that [z, x]c = C;- ||z, x|, for all z, x € B(a;,r;) given by Lemma 2.32. If E, := U!_|E,,,
then the Robin constant V = V;(E,) belongs to Q; the weights &; > 0 belong to Q; and V'

and the g; are uniquely determined by the t + 1 linear equations

t
0'V+Z€i:1’ and
i=1

1 t
Ve (logv(Cj i) — - 1) + Zei -log,([a;,ail¢c) =0
v i=1

i#]

for each j =1,--- ,t.

Proof: For the first equation, since = 3_1_, i1;, one sees that 1 = u(E,) = S0_, eipi(E,) =
22:1 eipi(Byi) = 22:1 ;. The rest of the equations follow from Example 3.10, upon evalu-
ating uc(z; E,) at aq, - - - , ;. Indeed, for each j =1,--- ¢, if i # j, then [z, 2| = |a;, a;]¢ for

all z € B(a;,r;), v € B(a;,r;) by Lemma 2.32. Since a; € E,,
Vo= oy B = [~ log,((ay.2lo)duta)
t v
= > [ ~togy(laslduo
i=1 Y Ev,i

= Y —loa(layalodi
= Zei(—logv([%az‘]c))+5j(—10gv(0j'7”j)+ : >

-1
i#£j Qv

The equilibrium distribution of E,, with respect to ( is uniquely characterized by its potential
function, which takes a constant value on FE,. Hence, the system of the linear equations in
V' and the g;, with positive ¢;, has a unique solution; in particular, the matrix of the system
is nonsingular. Noting that the Cj, r; and [a;, a;]¢ belong to |CY|, the coefficients of the

equations are rational, and hence V' and the ¢; must be rational as well. U
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Proposition 3.14 Let E, be the compact set in Proposition 3.13. Then V:(E,) € Q and for

each z & Ut_B(a;,r;), G(z,¢( E,) € Q.

Proof: By Proposition 3.13, V¢(E,) € Q. It then follows from Example 3.10, Proposition 3.12

and Proposition 3.13 that for each z & Ul_;B(a;, r;), the value

Gz, G E) = Ve(By) —ue(z Ey)

t
= V(Ey) — Zfiuc(z5 Ey:)
=1

= ‘/((Ev) + Z & logv([Z, ai]C)a

i=1

belongs to Q. O
The conclusions of Proposition 3.14 also hold for RL-domains.

Proposition 3.15 Let D, C P(C,) \ {¢} be an RL-domain. Then V¢(D,) € Q and for all
2 #¢, G(z,GD,) € Q.

Proof: By [22], Theorem 4.2.15, p.252, D,, can be uniquely written in the form D, = N?_, D, ,,
where each D, ; is a PL¢-domains with respect to every point § in its complement, and the
D, ; have pairwise disjoint complements. Hence there is only one j such that ( € D, ;.
Suppose that D is a PL,-domain containing D,. Since ¢ ¢ D, and ¢ € D, ;, DN D,; is a
PL-domain by [22], Corollary 4.2.13, p.251. Clearly, (D N D, ;) N Niw;Dvi = Dy. 1t follows
from the uniqueness of the expression D, = N, D, ; that DN D,; = D, ;, so D,; C D. By

Remark 3.4 and the monotonicities of capacities and Green’s functions,

%D) = inf (D) = (D),
D PL¢-domain
G(z,¢D,) = sup  G(2,¢ D) = G(2,¢ Do)
D>D,

D PL¢-domain

This completes the proof by Remark 3.5.
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3.2 GLOBAL CAPACITY THEORY

Definition 3.16 A set X C P!(K) is called K-symmetric if it is stable under Gal(K/K).
Suppose that X = {z1,--- ,2,,} is a finite K-symmetric set. An m-dimensional real vector
S = (s1,+,8y) is a probability vector if sy, -+ .8, > 0 and > " s; = 1. We define an
action of Gal(K/K) on § so that each o € Gal(K/K) permutes the coordinates of 5 in the
same way that it permutes the elements of X, and write o(s) for this action; § is called

K-symmetric if 0(5) = 5 for all o € Gal(K/K).

Let X = {21, ,2,,} C P}(K) be a finite K-symmetric set and 5= (s1,--- ,8,,) € R™
be a K-symmetric probability vector. Suppose that we are given a set E, C P(C,) for
each place v of K, with E, stable under Gal.(C,/K,) and bounded away from X under the
spherical metric ||z, z|,. We want to define the global capacity v(Ex,X) of the adelic set
Ex = Hve P E, with respect to X. Let L be the normal closure of K containing X. For
each place w|v of L, fix an embedding of L,, in C, and choose an topological isomorphism of
C, with C,. Pulling back F, to a set F, C ]P’l((Cw), FE,, is independent of the isomorphism

chosen since F, is Galois-stable. Put Ey := [] E,. We can identify P!(C,) with P*(C,,)

we Pr,
by the chosen isomorphism. Since |z|,, = |:E|LL’“:K“] for any x € L,,, we see that log,,(|x],) =

Cw/v - 10g,(|2|y), Where e, /, is the ramification index. It follows that Vi (E.,) = €y Ve(Ey)
and G(z,(; Ey) = €w0G(2,(; Ey) for all z, ( € E,. We then obtain that for all z, ( € E,,

Ve(EBw)log(qw) = [Luw : Ku|Ve(E,) log(qy),

G (2, Ew)log(qu) = [Luw 1 K)G(2, C; Ey) log(qu). (3.12)
The local Green’s matrix at w is defined by

‘/fcl(Ew) G(xhx%Ew) G(ZL’l,CL’m;Ew)

GJ?,ZL’;EU, ‘/:(:2 Ew GI’,ZL’m;Ew
I(E,, X) = (2.1 ) <_ ) . (2_ ) (3.13)

G<~rm7x1;Ew) G(xmaxl;Ew) vxm(Ew>
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and, provided that the sum makes sense, the global Green’s matrix over L is

D(EL, %) = Y T(Ey, X)log(qu). (3.14)

we Py,

Then, the local and global Green’s matrices over K are defined by

[(E,, X)log(q,) =

ZF E,, %) log(qw),

w|v

I'(Ep, X). (3.15)

[L

1
[L: K]

F(EKv %> =

We will now give a condition on the set Ex which makes the sum (3.14) finite, in which
case I'(Er, X) and I'(Eg, X) are certainly well-defined. Fix K-rational system of homogeneous

coordinates on P!/ K, thus determining a model of P! /Spec(O,), for each place v of K.

Definition 3.17 A set E, C P!(C,) is said to be X-trivial if the points of X specialize to

distinct points (mod v) and E, is of the form P'(C,) \ U,,cxB(x;, 1)~

Remark 3.18 Fix a uniformizing parameter g,,(z) € L(z) for each x;. Then, for all but
finitely many v, we have ||z, z;|l, = |gs,(2)]» for all z sufficiently near x; by Proposition 2.29.

For such v, I'(E,, X) is the zero matrix if E, is X-trivial ([22], Proposition 5.1.2, p.324).

Definition 3.19 An adelic set Ex = HUGPK E, is said to be compatible with X if each E, is
bounded away from X, and for all but finitely many v, F, is the X-trivial set. Note that the

property of compatibility is independent of the choice of homogeneous coordinates.

If the adelic set Ex =[], p. Ev is compatible with X, then the definition of the global
matrices ['(Eg, X) and I'(Er, X) makes sense. We define the (global) Robin constant V (Eg, X)

to be the value of I'(E, X) given by

val(I'(Egx, X maxmstl (Ex, X);; = maxran:sZ (Ex,%);; - tj,  (3.16)

where § and ¢ range over all m-dimensional real probability vectors, and define the global

capacity of Ex with respect to X by
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Remark 3.20 If f(2) € K(z) has degree 1, then y(f ' (Eg), f~1(X)) = 7(Eg, X) by [22],
Theorem 5.1.14, p.333. Hence we can assume that co ¢ X by taking f(z) = Az for an

appropriate A € GLy(Ok).

Sometimes, we are not interested in the exact value of v(E, X), but only whether it is

greater than or less than 1. For this, we have:

Proposition 3.21 y(Eg,X) > 1 if and only if I'(Ek, X) is negative-definite, or equivalently,
(—=1)F - det(T®) > 0 for k = 1,--- ,m, where T'® is the k x k submatriz in the upper left

corner of I'(Eg, X).

Proof: See [22], Proposition 5.1.8, p. 331. O

Proposition 3.22 If y(Ek,X) > 1, then there is a unique K-symmetric real probability
vector § with all its entries s; > 0, such that ['(Ex,X)-5§ < 0 and I'(Eg, X)-5= V(Eg, X)-1,,,

where 1,, is the vector of size m whose entries are all 1’s.

Proof: See [22], Theorem 5.1.6, p. 328. O

Corollary 3.23 With the notations in Proposition 3.22, if there is a real number 3 # 0
such that each entry of the matriz I'(Ex,X) belongs to B - Q, then V(Ex,X) € f-Q and

5eQm.

Proof: Proposition 3.21 implies that the matrix ['(Eg,X) is nonsingular. It follows that
§=V(Eg,X) T'(Eg,X)"! -1, Since each entry of the matrix I'(Eg, X) belongs to 3 - Q,
[(Eg,X)"! - 1, belongs to 871 - Q™. Let T'(Eg,X)™ -1, = 871 Hay, - ,a,,) = 74
a € 1. Q™. By Proposition 3.22, 37! -a = V(Eg, X)5. Since § is a probability vector
with all entries positive and V(Eg,X) < 0, each 7'a; < 0, so 871> a; < 0, and
in particular, 7" «; # 0. It follows that 1 = > s, = V(Eg,X) - 871 3" a, so
V(Eg,X) =3/ ", oy, which belongs to 3 - Q. Moreover, § = V(Eg, %) - 57! - & belongs to
Q™. O
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Remark 3.24 Let Ex = [] E, be an adelic set compatible with X. Suppose further

vePxk
that if F, is not X-trivial, then F, is either an RL-domain or a compact set of the form
Ut_,B(a;, ;) NPYK,) for a; € K, and r; € |K|, where the balls B(a;,r;) are disjoint
from each other and from X. By Propositions 3.14 and 3.15, if E, is not X-trivial, then
each entry of the matrix I'(E,, X) belongs to Q. Now, assume that E, is X-trivial; then
E, =PYC,) \ Uz, exB(z;,1)". It follows from the proof of [22], Proposition 5.1.2, p.324 that
each P'(C,) \ B(z;,1)” is a PL,,-domain. Since E, = Ngex(P'(C,) \ B(z;,1)7), B, is an
RL-domain by [22], Corollary 4.2.14, p.251. Remark 3.18 and Proposition 3.15 imply that the
matrix ['(E,, X) either is the zero matrix or has entries in Q. Thus, each entry of the matrix
['(Eg, X) belongs to log(p) - Q by the definition of I'(Ef, X). It follows from Corollary 3.23
that if y(Eg, X) > 1, then V(Eg, X) € log(p) - Q and the probability vector § in Proposition

3.22, satistying I'(Ex, X) - § = V(Eg, X) - 1,,, belongs to Q7.



CHAPTER 4

(X, 5)-CapPACITY THEORY

In the previous chapter, we examined the classical capacity theory as developed in [22]
for the canonical distance [z, z]|; with respect to a single point ¢, considering equilibrium
distributions, Robin constants, potential functions, Green’s functions, and basic facts such
as Maria’s Theorem and Frostman’s Theorem. For the proof of the Main Theorem, we will
need to extend the classical capacity theory to a theory of capacity with respect to a finite
set X and a probability vector s. The resulting theory is completely analogous to the classical
theory. Furthermore, most of the objects in the (X, §)-capacity theory can be expressed in
terms of objects in the classical theory. We will establish the relations which we need; for
more details, see the manuscript [25].

Fix a place v of K, and a finite K-symmetric set X = {zy,--- ,2,,} C P}(K). For each
x; € X, fix a uniformizing parameter g;(z) € C,(z) at xz;, and let the canonical distance

[z, x];, be normalized so that for each = # z;,

fim [zl - 9.(2)], = 1. (1)
Let 5= (s1,---,5m) € Q% be a probability vector. Define the (X, 5)-canonical distance

m
[, Z‘]gﬁg - H (2, I]Z

i=1
Let B, C P}(C,) \ X be a compact set. We define the (X, §)-Robin constant Vx z(E,) and

(X, 3)-capacity vxs(E,) by

_VI{,E’ Ey

Vxﬁg(Ev):infl,// —log,([z, ] x5)dv(z)dv(x),
v X By
Yas(Bu) = g0 55,

37
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where v runs over all probability measures on FE,,.

Remark 4.1 Since [z, 7]x 7 is a weighted product of the [z, z],,, Lemma 2.32 remains true

with respect to [z, z|x s on balls in P*(C,) disjoint from X.

Proposition 4.2 If E, C P}(C,) \ X be a compact set of positive capacity, then there is a
unique probability measure g = puxz on E,, called the (X, §)-equilibrium distribution of E,,,

such that

Veo(E,) = / /  —log, [z, 7lxdun (o).

Furthermore, the (X, §)-potential function of E,

wxslz Ey) = / ~1og, (7. 2] dpolx)

satisfies ux s(z; E,) < Vxg(E,) for all z € PYC,) \ X, with ux(z; E,) < Vxz(E,) for all

z € PY(C,) \ E, and ux3(z; E,) = Vxs(E,) for all z € E, except possibly a set of capacity 0.

Proof: The proofs are the basically same as those for [z, 2|z z in [22], Theorems 4.1.11, p.195,

and 4.1.22, p.211, with minor modifications, using Remark 4.1. 0

In general, for any probability measure v on E,, put

uxs(2,v) 32/ —log, ([z, #]x5)dv ().

For each x; € X, let p; be the equilibrium distribution of F, with respect to x;. We defined

the Green’s function of F, with respect to x; by
G<27 Ti; Ev) = ‘/;62<Ev) - uxl(za Ev)
Likewise, we define the Green’s function Gxz(z; E,) of E, with respect to (X, 5) given by

Gxs(z Ey) = Veg(Ey) — uxz(z; Ey).
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Proposition 4.3 If E, C P(C,) \ X is a compact set of positive capacity, then

= Z Sifli, (4'2)
i=1

G%,é'(z; Ev) = Z SiG(Za Xi; EU>7 (43)
=1
VesB) = 3 sy / / ~logy [z, 2l s (=) dpa (). (4.4)
i,j,k=1 v X By

Proof: (See [25]) Choose decreasing sequences {r,} and {e,} of positive numbers such
that lim, ..o, = lim, &, = 0. For each n, put E, := {z € PYC,) : ||z, z|, <
rp, for some z € E,}. Then the E,, form a decreasing sequence of neighborhoods of FE, with
N>, E, = E,. Let g;(z) € C,(z) be the uniformizing parameter at each x; which deter-
mines the normalization of [z, z],,. For each i and n, [22], Proposition 4.1.5, p.188 provides

a function fi(n (z) € Cy(z), with poles only at z; and all zeros in E,,, normalized so that

lim [ £ (2)], - |gi(2) V"], = 1 (4.5)

Z2—T;

such that for all z € P}(C,) \ (E, U {x;}),

1
Uy, (2, Ey) — (— N < &, (4.6)

(RO

where N, = deg( fz(n)(z)) By raising the fi(n)(z) to appropriate powers, we can assume

without loss of generality that for each n, they have the same degree N,. Let the zeros
of f(2) be alP, ... Ozz%) , listed with multiplicities. It follows from Proposition 2.31 (i)
that for all z, |fi(n)( )Mo = Ciy, - H 1z, at] ]mz, so by (4.5) and the normalization of [z, z|,,,
1 =0, - limz_)xi]_[l_" ([z atj ]x lgi(z )|v) = C},. Hence, for each 7 and n, |f< (z)|v =
H 11z, agb)]x Let u ) be the probability measure which gives weight 1 /N, to each ag ).

Then we have

unlz) = [ “log (el )l )

= Yo ton (0 k)
— 1o, (™)), (4.7)

Ny,
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In particular, it follows from (4.6) that for each z € E, U {z;},

1
) = lim ——=log, (| ()] = e, (23 B). (48)

lim wu,, (2,
n—oo

Now, we claim that the ,ugn) converge weakly to p;. Let p be any weak limit of a subse-
quence {4\™} of the (™. Then for each z & E, U {z;}, s, (2, ) = limy_oo iy, (z, u{™) =
limy, o0 Uy, (2, /Lz ) It follows from (4.8) that for all z ¢ E, U {z;}, us, (2, 1) = ug,(2; E,) =
Uy, (2, it;). By the proof of [22], Lemma 4.1.3, p.187 and Corollary 4.1.4, p.187, the measure
p can be recovered from the restriction of u,,(z, 1) to P1(C,) \ (E, U {x;}). Hence, u = p;.

Let D be a common denominator for the s; and for each n, put

F(2) = Hf(” (2)P, (4.9)

=1

which has degree DN,,. Let the zeros and poles of f™(z) be oz("), 6(") j=1,---,DN,,
listed with multiplicities; of course, these are the a ) and the x;. Consider HDJ\{" [z, ag-n)]x 7

there is a constant C’ € |C}|, depending only on the choice of [z, z|,,, X, the 04 ) and N,

such that

S
7
S

Ny

—
B
L
3
"
oy
I
’,:] 3
3

j=1 j=1 ’L:1
_ ’ - _ )
= C H|Z_x DNps; H‘Z ;o
i=1 t|v j=1

After looking at the zeros and poles of f(™(z), one sees that there is a constant C,, € |CX|

such that for all z,

DN,
(@) =Co [T 2204 2s (4.10)
j=1
Let v(™ be the probability measure which gives weight 57— to each a . Since there are

Ds; copies of each oztj in the set {ozj :j=1,--- ,DN,} and ,ul (at] ) = 1/N,,, we have

v = Z Si - ,ugn). (4.11)
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Combining (4.7), (4.9) and (4.10), it follows that

wxs(z, M) = / ~logy([2 2]s)dv™ (2)

DNy,

N B (my_ y. 1
- Z( IOgv([Z7aj ]%73) DNn
J=1
1 DN,
_ (n)y
- Danog“<le[z’a] )
= L ion(C) = = tog, (1F™ (2)])
DN, °° DN, ™"
1 - 1
-~ (= (n)
= Danogv(CnH;sA anogv(|fl (2)]v))
1 m
B (n)
- 7 log, (C) + Y 8 - ta, (2, ™). (4.12)

1

K2

Put v:= 3", s; - . Since the ,ugn) converge weakly to the y;, the v(™ converge weakly to
v by (4.11). Hence, for all z ¢ E,,,

lim uxs(z, ™) = uxs(z,v). (4.13)

n—oo

Combining (4.8), (4.12) and (4.13), it follows that for all z € E,,

uxs(z,v) = lm uxz(z, V(”))
1 @ n
=l g 108 (Cn) 2w (244
= C+ Z Si - Uy, (23 Ey), (4.14)
i=1
IOgv(C’“«)

where C' = lim,, . =gy~ exists because the potential functions uxz(z,v) and uy,(z; E,)
are finite for all z ¢ F, U X.

It follows from [22], Theorem 4.1.11, p.195 that for each i, there is a set ¢; C E, of
capacity 0 such that u,,(z; E,) = V,,(E,) for all z € E, \ ¢;. Since u,,(z; E,) < V,,(E,) for

all z and wu,,(z; E,) is lower semicontinuous for all z # x;, u,,(z; E,) is continuous at each

z € B, \ ¢;. Put e := U ¢;. By the (X, §)-analogue of [22], Lemma 4.1.9, p.193, it follows
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from (4.14) that for all z € E, \ ¢,
uxs(z,v) = liminfuzz(z,v)
2gB,

= ligcnjglf(o + Z Si* Uz, (23 Ey))
=1

€ E,

i=1

(4.15)

which is a constant. Noting that ¢ has capacity 0 by [22], Corollary 4.1.15, p.199, the (X, §)-
analogue of [22], Proposition 4.1.23, p.211 shows that v is the (X, §)-equilibrium distribution
pxs of Ey, 80 fg := pxz = Y iy i+ fti- Moreover, uxz(z; E,) = uxs(z,v) and Vyz(E,) =
CH+>" s Vi (Ey).

Finally, to complete the proof, we compute Gz 3(2; E,) and Vx z(E,):

G%,é’(zv Ev) = V%,g(Ev) - u%,g(za E’U)

_ o+§:si-V%(Ev)—(C+§:si~u$i(2;Ev))
= isz v) — Ug, (23 Ey))
= zm: G(z,z:; Ey);
VasB) = [ [ o, (ol dm(2)dgo(a)
= // . —1ogv f[ )d,uo )dpio ()
— ZSZ//ME,J log, ( zx]ml)d<jzlsj ,u]) (;Sk ,uk>
=Y s s | o (a2 o).

i,j,k=1
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Now let B(ap, 1), for h = 1,--- /¢, be isometrically parametrizable balls, disjoint from
each other and from X. Fix a set E,;, C B(ap,r,) of positive capacity for each h and
put E, := Ul _ E,n. Let ppo = pxzn be the (X, 8)-equilibrium distribution of E, ) and

uxz(z; Eyp) = va’h —log, ([z, z]x.5)dpno(x) be the (X, 5)-potential function of E,, .

Proposition 4.4 Let E, := U,_,E, be as above. For each S, there are weights r, > 0

(depending on §) with ", _, ki, = 1 such that
t
Hxs = Z Kh Hh,0, (4.16)

uxs(z; Ey) Z/ﬁh uxs(2; Eyp). (4.17)

Proof: Put ky, := puxz(Ey ), which depends on §. Since E, j, has positive capacity, it follows
from [22], Lemma 4.1.7, p.193 that xj, > 0. The same arguments as in Proposition 3.12 yield

(4.16) and (4.17). Finally, 1 = po(E) = Y3y s pino(Eo) = Yjy 5 o (Bon) = 32 fin-
O

Remark 4.5 If p; is the equilibrium distribution of £, with respect to xz;, and if kp; =

wi(Eyp), it follows from (4.2) that k, = >

j=15j Khj-

We will now give an example analogous to Example 3.10. Let ®B(a, ) be an isometrically
parametrizable ball disjoint from X for some a € P'(K,) and r = |b|, € |K)| and put
E, := B(a,r) N P}(K,). Suppose that § is a rational probability vector. Then there is a
constant C,, 3 € |CX| such that [z,z]xs = Cu5 |2, x|, for all z, z € B(a,r) by Remark 4.1.
Since a € P}(K,), we can fix a K,-rational isometric parametrization of B(a,r) by B(0,r)

by [22]. As before, the equilibrium distribution of B(0,r) N K, = bO, with respect to oo is

the additive Haar measure, normalized to give O, total mass 1.

Example 4.6 Let E, := B(a,r) NP}(K,) be as above. Just as in Example 3.10, the (X, 3)-

equilibrium distribution of F, is the pushforward of the additive Haar measure on K,,
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normalized to give F, total mass 1, and the (X, §)-potential function of E, satisfies

QU—I logv(C’mg- 7”) for z € E,

ux (2 By) = (4.18)

- logv([za a]x,g) for z ¢ %(CL,’/‘)-
Until further notice, we will assume that E, is a compact set in P'(K,) of the form
E, = U';l:l E,p, where E,, = B(ap,ry,) NPHK,) for each h = 1,--- |t and the B(ap, )

are disjoint from each other and from X, with a; € PY(K,) and rj, = |bs|, € | K|

Proposition 4.7 Let j1p = pxz be the (X, 5)-equilibrium distribution of E, and let C, z be
the constant such that [z,z|xz = Chz- ||z, x|, for all z, © € B(ap, ). Then the (X, 5)-Robin
constant V' 1= Vx 3(E,) belongs to Q; the weights kj, = po(E, ) belong to Qso, satisfying

Mo = ZZ=1 Knino; and V' and the ky, are uniquely determined by the t + 1 linear equations

t
O~V+th:1, and
1
Vit (Iogv(cj,s?' r5) - 1) +Z“h (log, ([a;, an]xz)) =0
h#]

for each j =1,--- t.

Proof: The first equation and py = ZZ=1 Knitho follow from Proposition 4.4. The rest of the
equations follows from Example 4.6, upon evaluating ux s(z; E,) at a1, - - - , a;. See the proof

of Proposition 3.13. 0

Remark 4.8 For ecach h = 1,--- t, since Voo(Eyp) = V(b O,) = qv%l — log,(rn) by

Example 3.8, Proposition 4.7 implies that

VaelB) = (= 1ogu(Cheo i) + —— ) + Z@ — 10g, ([an, a;]x.))
J#h

= ( log,(Chz) + Vo (Ey ) —l—ZFaJ — log, ( ah,aj]ggs))
j?éh



CHAPTER 5

REGULAR SEQUENCES

Fix a uniformizing element 7, at v and let ¢, be the order of the residue field of O,.
Let 5,(k) be a set of representatives for O,/m,0, with 3,(0) = 0 for k = 0,--- ,q, — 1.
For k > q,, writing k = Y. di(k)¢’, where N = [log, (k)| and 0 < di(k) < ¢, — 1,
put G,(k) = Zij\io By(d;(k))ml, € O,. Then for each n, {5,(k)}o<k<qn is a system of coset
representatives for O, /mO,. We call {5,(k) }o<k<oo the basic well-distributed sequence in
O,.

Define val,, (k) to be the smallest i so that d;(k) # 0 and put val,, (0) := oo; then for all
k>0,

ord, (Bu(k)) = valg, (k) < [log, (k)] (5.1)
and for all 0 < k #£ { < n,

ord, (8,(k) — B,(£)) = valy, (

k—¢]) < [log,(n)]. (5.2)

Moreover, if |log,(n)] < log,(n), then ord,(5,(k) — 5,(¢)) < log,(n); if |log,(n)]| = log,(n),
then [log,(n —1)] < log,(n), so ord,(6,(k) — B,(£)) = val, (Jk — ¢]) < val,(n—1) <
|log,(n —1)] <log,(n). Thus, for all 0 < k # ¢ < n,

ord, (8y(k) — Bu(£)) < log,(n). (5-3)

Definition 5.1 A basic reqular sequence of length n in O, is a sequence {ay}o<k<n C O,

such that for each k, ord,(ay, — 5,(k)) > log,(n).

45
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Suppose {ax }o<k<n is a basic regular sequence of length n in O,. For all 0 < k # ¢ < n,

it follows from (5.1), (5.2), and (5.3) that

ord,(ay) = ord,(ax — B,(k) + B,(k)) = ord,(B,(k)) = valy, (k),
ord,(ay, — ay) = ord, (B, (k) — Bu(€)) < [log,(n)],

ord, (o — ay) < log,(n).

Remark 5.2 Let {ay}o<k<n be a basic regular sequence of length n in O,. Fix z € O,.
Since {ﬁv(k)}ogk<qv Llog, ()] 1S & system of coset representatives for O,/ m&log“(n” O,, there is a
0 < J < n such that z € B,(J) + 7™ O,. Thus ord,(z — 8,(J)) > |log,(n)]. It follows

from the definition of a basic regular sequence that ord,(z — ay) > |log,(n)].

Lemma 5.3 Let {ay}o<k<n be a basic reqular sequence of length n in O,. For some 0 <
J < n, there is a point z € O, with ord,(z — ay) = |log,(n)] such that ord,(z — ;) =

maxo<k<n 0rdy (2 — o).

Proof: First, suppose that |log,(n)| = log,(n). Fix any J, 0 < J < gie ™ = and
choose z € B,(J) + wi® O, with ord,(z — 3,(J)) = |log,(n)]. For each k # J, it follows
that ord,(z — 8,(k)) < |log,(n)| since z & By(k) + =™ O, Hence ord,(z — 8,(J)) =
|log, (n) | = maxo<g<n ord,(z—G,(k)). By the definition of a basic regular sequence, it follows
that ord,(z — ay) > ord,(z — B,(J)) = |log,(n)] and ord,(z — ay) = ord,(z — B,(k)) <
|log, (n)]. Thus ord,(z — ay) = maxp<g<n ord,(z — ag).

Now, suppose that |log,(n)] < log,(n), so |log,(n)] < log,(n) < [log,(n)] + 1. Since
n < ¢§® ™M we can choose z € O, such that 2 ¢ upzs (6,,(]{) + nglog”(")ﬁl(%). Then
ord,(z — B,(k)) < [log,(n)| + 1 for each k = 0,--- ,n — 1. But there is 0 < J < gioe )
such that z € B,(J) + 7i® O, It follows that ord,(z — B,(J)) > [log,(n)]. Hence
ord,(z — B,(J)) = |log,(n)] = maxo<g<n ord,(z — B,(k)). By the same argument as above

using |log,(n)| < log,(n), we have ord,(z — ay) = [log,(n)] = maxo<p<,ord,(z —ay). O

Now, fix a € K, and r = |b|, € |K)|. Recall that {£,(k)}o<k<co is the basic well-

distributed sequence in O,.
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Definition 5.4 Let I = {ig,i9 + 1,--- ,ip +n — 1} be a sequence of n consecutive non-
negative integers. A regular sequence of length n in a + bO, attached to I is a sequence
{oj}jer € a+ 0O, for which there is a r-isometry A : B(0,1) — B(a,r) defined by a

K ,-rational power series taking O, to a + bQ,,, such that for each j € I,

ordy (e = A(Bu(7))) = ord,(b) + log, (n).

We will often simply speak of a “regular sequence of length n in a + bQ,” if I and \ are
understood from context. Let {c;};e; be a regular sequence of length n in a + bO,.. For each

j # kin I, we have

Ordv(aj - ak) = Ordv(aj - )‘(ﬁv(j)) + )‘(ﬁfu(])) - (ak - )‘(ﬁv(k)) + A(ﬁv(]))))

= ord,(b) + valy, (|k — ¢|) < ord,(b) + [log,(n)] (5.4)
since ord, (A(8,(7)) — A(Bu(k))) = —log, (1) +ord,(5,(j) — Bu(k)) = ord,(b) +val,, (|k —{|) <
ord,(b) + log,(n) by (5.3). Moreover, it follows from (5.3) that

ord,(a; — ay) < ord,(b) + log,(n). (5.5)

Lemma 5.5 For any regular sequence {c;};er of length n in O, and z € O,, there exists

J € I such that ord,(z — ay) > [log,(n)].

Proof: Note that since O, = 0+1-O,, the r-isometry in Definition 5.4 is actually an isometry
in this case. Write 2 = >_ .. bj(2)m], where the b;(2) belong to the set {3,(0),-- -, 8,(¢,—1)}

of representatives for O, /m,0,, and put ¢ := |log,(n)]. Let
¢
7= bi(x)m €0,
=0

Since A~1(2) € O,, there exists an integer J, with 0 < Jy < ¢, such that ord,(8,(.Jy) —
A71(2)) > ¢ by Remark 5.2. Noting that ¢,* < n, there exists J € I such that J = J (mod
¢"). If J = Jy, then ord,(3,(J) — A"1(Z)) > ¢. Since X is an isometry, ord,(A(3,(J)) — 2) =
ordy (A(B, (7)) = M () = ordy (3, (7)) — A1(3) > £. Hence, we have ord,(ay — 2) > ¢
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because ord,(z —2z) > ¢ and ord,(a; — A(B,(J))) > log,(n) > €. If J # Jy, then ord,(5,(J) —
By(Jo)) = val,, (|J — Jo|) > ¢, since J = Jy (mod ¢,°). Hence we get ord, (8,(J) —A"1(2)) > /.

With the same argument, we have ord,(a; — z) > £. O

Corollary 5.6 For any reqular sequence {a;}jer of length n in a + bO, and z € a+ bO,,

there is an index J € I such that ord,(z — ay) > ord,(b) + |log,(n)].

Proof: Let J be an index for which ord,(z — a;) is maximal. If z € O, corresponds to z
by A, then Lemma 5.5 implies that there is j € I so that ord,(z — 8,(j)) > |log,(n)].
Then we have ord,(z — ay) > ordy(z — a;) = ordy(z — A(Bu(j)) — (a5 — A(Bs(4)))) =
ord, (A(#) = A(Bu(5)) — (= A(Bu(5)))) = ord, () + [log,(n) | because ord, (A(z) = A(B,(4))) =
ord, (b) + ord,(z — Bu()) = ordy(b) + [log,(n)] and ord,(e; — A(Bu(j))) = ord.(b) +log,(n).
0

Lemma 5.7 For any regular sequence {c;};er of length n in a + b0, and z € a + bO,, let

J € I be an index for which ord,(z — ay) is mazimal. Then for each j # J, we have
ord,(z — a;) = ord,(ay — ;).

Proof: If ord,(z — ;) < ord,(z — ay), then ord,(ay — ;) = ord, (2 — o — (2 — ay)) =
ord,(z — ;).
Now, suppose that ord,(z — ;) = ord,(z — ay). It follows from Corollary 5.6 and the

maximality of ord,(z — ay) that ord,(z — ay) > ord,(b) + |log,(n)]|. By (5.4), we have

ord,(b) + [log,(n)] < ord,(z —ay) = ord,(z — ;) < ordy(z — aj — (2 — ay))

= ord,(ay — ;) < ord,(b) + [log,(n)].

Hence ord,(a; — a;) = ord,(z — «;). O
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Now, for each n € Zsg, write n = Y ,o diq," = > ;50 di(n)g," with 0 < d; < g,. Since

there are exactly {%L’“J numbers j in the range 1 < j < n for which valy, (j) > k, we have

ord, ( TI(500) - m’))) = > ord,(Aln) ~ )

7=0

”Z val = i valg, ()
j j=1

k

n
Z\‘WJ :(d1+dQQU+d3qv2+)+(d2—|—d3qv—|—)+

Gv — 1 _1 QU3_1
=d d d
" —1 " 261 —1 T —1 "
_d0+d1qv+d2qv "_d0+d1+d2+"’
a o — 1 qo — 1
= d;(n 5.6
v — 1 q—lg (56)

Lemma 5.8 Given an integer n > 1, fir k, 1 < k < n, and write k =Y, di(k)q,". Then
we have
> di(k) < (qo — 1)[log,(n)],

i>0

r+1

and the equality holds only when n = ¢, and k =n — 1 for some r € Z>.

Proof: Suppose that ¢/ < k < ¢/ for some r € Zso and write k = Y _._ d;(k)g," with

d,(k) # 0. It follows that

1< Zd —1)(r+1). (5.7)

The second equality holds only when each d;(k) = g, —1,1.e., k= (¢, —1)(1+¢q,+---+¢) =

r+1

¢’ — 1. In this situation, we have n > ¢"', so

[log,(n)] >r+1. (5.8)

If we have Y. di(k) = (g — 1)[log,(n)], it follows from (5.7) and (5.8) that r + 1 <

[log, (n)] < [log,(n)] <r+1,s0 [log,(n)| = [log,(n)] = log,(n) = r + 1. Hence n = g;*!
UJ
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Proposition 5.9 Fiz the normalization [z, ] = |2 — |y, so that Vi (a + 00,) = qv%l +
ord,(b) (see Example 3.8). For each n > 1, let {o;},er be a regular sequence of length n in
a+ b0O,.
(i) For each J € I,
nVao(a + bO,) — 2log, (n) — ord,(b) — 2 < ord, ( [T - aj)) < nVio(a + bO,) — ord,(b).
2
(i) Put f(2) :== [l;c;(z — a;). For each z € a +b0,, if J € I is an index for which

ord,(z — ay) is mazximal, then we have

nVy(a + 00,) —log,(n) — 3 < ord,(f(2)) < nVy(a+ bO,) — ord,(b) + ord,(z — ay).
In particular, we see that || f||lapso, < g, Vo 0O Hlog,(M)+3

Proof: (i) By (5.4) and (5.6),

ord, ( [[(es - aj)) = ordy(ay — ay)

jel jel
J#JT J#EJ
= (ordy(b) + valy, (|7 — j)))
jel
7
io+n—1
= (n—1)ord,(b) + Zvalqv Z valy, (j — J)
J=to Jj=J+1
J—ig to+n—J—1
= (n—1)ord,(b) + Z val,, (j Z valy, (7)
j=1
:(n—l)ordv(b)+qn1_zazod( )+XE;>0 1<ZO+n J 1)+1.

We claim that 0 < A(n, J) := 3o dj(J—io)+) ;50 dj(io+n—J—1)+1 < 2(g,—1)[log, (n)].
Clearly, A(n,J) > 0. If J =iy or J =iy +n — 1, it follows from Lemma 5.8 that A(n,J) =
5 m0di(n—1)+1 < (g, —1)[log, (n)] +1 < 2(q, 1) log, (n)] because (g, 1) log, (n)] > 1.
Now, suppose J, ig < J < ig+n—1. Since J—ig <n—1and ip+n—J—1 <n—1, Lemma 5.8

implies that ijo d;j(J—1p) < (gv—1)[log,(n)] and Zg>0 i(ip+n—J—1) < (g,—1)[log,(n)]
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and hence A(n,J) < 2(g, — 1)[log,(n)]. This verifies the claim. Thus, we have

nVy(a+ 00,) — 2log,(n) — ord,(b) — 2 < ord, ( H(aJ - 04]-)) < nVx(a+ 00,) — ord,(b).
el
i
(ii) For z € O,, if follows from Lemma 5.7 that
ord,(f(z)) = ord, ( H(z — aj)) +ord,(z — ay)
jel
J#J
= ord, ( H(aJ — aj)> +ord,(z — ay).
jel
J#J
Since ord, (z—ay) > ord,(b)+|log,(n)| > ord,(b)+log,(n)—1 by Corollary 5.6, the assertion

follows from (i). O

Corollary 5.10 Let f(z) be as above. For each z € a + b(/O:,, if 0 < J < nis an index for

which ord,(z — ay) is mazimal, then we have
ord,(f(z)) < nV(a+ bO,) — ord,(b) + ord,(z — ay).

Proof: Since ord,(z — o) < ord,(z — ay) for each k € I, it follows that ord,(ay — ag) =

ord,(z — ay — (2 — ay)) > min{ord,(z — ax), ord,(z — ay)} = ord,(z — a). We then have

ord,(f(2)) = ord, ( H(z — O[j)) + ord,(z — avy)
2
ord, ( H(ou — aj)> + ord,(z — ay)
i
< nVo(O,) — ord,(b) + ord,(z — ay).

IN

O

For a nonzero b € C,, put (,(j) := b5,(j) for each j > 0. Since {3,(j)};>0 is the basic
well-distributed sequence in O,, we call {(,(j)};>0 the basic well-distributed sequence in bO,.

For each n € Z~, let

n—1

Snwn(2) = [[(2 = G() (5.9)

j=0

be the Stirling polynomial of degree n for bQ,.
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Proposition 5.11 ([25]) Suppose f(z) € C,[[z]] is a nonzero power series converging in
B(0,7) and having ezactly one zero in B(0,1"), for some 0 < r' < r. Assume without loss
of generality that the zero is at z = 0, and expand f(z) = > oo, cx2®. Assume also that
r" = la|, for some a € CX. Put b = cya, and let p = |bl, = |c1], 7. Then the part of the
Newton polygon of (Spwp o f)(2) corresponding to roots in B(0,1") is given by the Newton
polygon of S,.(2), translated upward by the line y = ord,(c1)x. That is, for 0 < k < n,
if (k,ord,(ag)) is a corner of the Newton polygon of Sy .u(2), then (k,ord,(ax) + kord,(c1))
is a corner of the Newton polygon of (Syn.wp0 f)(2), and all segments of the Newton polygon
of (Snwp o f)(2) to the right of x = n have slope > log,(r"). For each j = 0,--- ,n — 1,

if we put ZU(]) = [7Y¢())), then the same assertion holds for the Newton polygon of

(Snwpo f)(z+ @(;)) and the Newton polygon of Sp.vp(z + Co(J))-

Proof: Fix j with 0 < j < n and consider the expansion of S, ,;(Z) about (,(j) and of f(z)
about (,(j). Let these be

n

Snws(Z) = aii(Z = G())',

=1

+Zcz] v

By Corollary 2.17, f(z) defines an p/r’-isometry from B(0,7") onto B(0, p). Hence ay; # 0
since S, 5(Z) has distinct roots, and ¢1; # 0 since f(z) is 1-1 on B(0,r’). Let the expansion
of (Sy.wpo f)(2) abut Co(5) be

( nvbof Zdz] v

Note that dyj = ayjer; # 0. For each 2 € B(0,1), |£(2) — () = 1F(2) = FG()l =
ol -1z = Gl = lerle |2 = Gl and 50 [esy + s is(z = 0] = lerl. Taking
2 = G(j), we get lc1jlv = |ci|o. Hence (1,0rd,(aq;)) and (1,o0rd,(as;) + ord,(c1)) are the
initial vertices of the Newton polygons of S, ,;(Z) and (S,up © f)(2), respectively.

The zeros of Sy.pp(Z + ((j)) in B(0, p) are the ¢,(j) — ¢, (j) for each j, and the zeros of
(Snwpo )z + C,(4)) in B(0,r") are the (,(j) — Cu(j) for each j. The slopes of the sides of
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the initial part of the Newton polygon of S, ,; o f are determined by its zeros in B(0,7”).
For cach ¢ # j, —ordy(Cy(£) — Co(§)) = —ordy(Co(€) — () + ord,(cy), because f(z) is an
p/r’-isometry. Thus the part of the Newton polygon of (S, .50 f)(z + a}( 7)) corresponding
to the roots in B(0,7’) has the same shape as the Newton polygon of S, ,(Z + (,(j)), but
the slope of each segment has been increased by ord,(c;). Note that the Z";( j) are the only
zeros of (Spupo f)(z+ (7)) in B(0,7'), so all the other sides of the Newton polygon have

slopes geater than log, (r'). O

Now, fix a finite K-symmetric set X = {x1,--- ,2,,} C P}(K) and a K-symmetric prob-
ability vector § = (s1, -+ ,8,) € Q™. Consider a compact set of the form E, = Uzzl E,p
bounded away from X, where E,; = B(ap,r,) N PY(K,) for some a, € P'(K,) and some
rn = |buly € |K)|. By the ultrametric inequality, we can assume that the balls B(ay, )
are disjoint from each other and from X. Let pxz be the (X, §)-equilibrium distribution of
E,. We want to construct the basic well-distributed sequence in F, with respect to (X, ) to
assign elements to each E,j in proportion to its weight px z(E, ). This can be done with

the following lemma due to Balinski and Young ([3], Theorem 3, p.714).

Lemma 5.12 Let kq,--- , K be positive real numbers such that 22:1 kn = 1. Then there is
a1 —1 correspondence ® : Zxo — ZL defined by ®(n) = (®1(n), -, P¢(n)) such that

(i) for each h, ®,(0) =0 and ®,(n) is non-decreasing with n ;

(i) for each n, 325 _ ®u(n) =n ;
(111) for each n and h, |kpn] < ®p(n) < [kyn].

In particular, |Pp(n) — kpn| < 1 and if kKpn € Zsq, then ®p(n) = Kpn.

For each n € Zsg, there is exactly one index h for which ®,(n + 1) = ®,(n) + 1 and
®;(n+1) = ®;(n) for all j # h, because for each k, ®y(n+1) > ®4(n) and > ;" | Pp(n+1) =
n+1=>%", ®(n)+ 1. We will write h(n) for this h.

Fix the K,-rational isometric parametrization A, : B(0,7,) — B(ap,r), which is

obtained by z — aj + z in appropriate affine coordinates. Consider the pushforward of the
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basic well-distributed sequence {3,(k)} in O, to each E,; given by B, (k) := A (bnBu(k)).

Let kp, = pxs(Ey ). It follows from Proposition 4.7 that s, > 0 and 22:1 kn = 1.

Definition 5.13 The basic well-distributed sequence in FE, with respect to (X,5) is the

sequence {Ax (k) }o<k<oo defined by

Ax5(k) = Bonk) (Puie) (k) = Nngiy (bnry - Bo( P (K))).

Note that the kth element of the sequence is assigned to E, (1), and the elements assigned
to B, , fill out E, j, like the basic well-distributed sequence in O,,. To simplify notation, when
X and § are fixed, we will write A\,(k) for Ax (k). There are exactly ®,(n) elements in the

set {A\, (k) }o<k<n belonging to E, .



CHAPTER 6

CONSTRUCTION OF THE BASIC LOCAL APPROXIMATING FUNCTIONS

FOR A COMPACT SET IN P}(K,)

Let v be a place of K. Fix a finite K-symmetric set X = {x1,--- ,2,,} C K and a
K-symmetric probability vector §= (s, ,s,,) € Q7. Let E, be a compact set in P*(K,)

of the form E, = U,_,E,, where each E,; = B(ay, ) NPYK,) for some a5 € K, and
some 1, = |bn|, € |K|, and the B(ay,r) are disjoint from each other and from X. Put
L := K(X) and let M be the separable closure of K in L, i.e., M = K*P N L. Then M/K is
a Galois extension and L/M is a purely inseparable extension of degree [L : K|,. Note that

for any o € L, alFHl

€ M. If u is a place of M lying above v, then there is only one place
w of L lying above w. It follows that [L,, : M,] = [L, : K,], = [L : K],, so ol%¥l ¢ M, for
any a € Ly,.

Let X,4, a = 1,--- ,m!, be the Galois orbits in X under Gal.(C,/K,). For each orbit
X,.4, fix a representative z; € X, ,. Fix a uniformizing parameter g;(z) € K(z;)(z) at z; and
let [z,2],, = C; - % be the canonical distance normalized so that lim,_.,, [z, 2],
|gi(2)]» = 1. By Lemma 2.28, there is a constant C! € |CX| such that ||z, z;||, = C! - |g:(2)|»
for all z sufficiently near x;. Let p be a place of K (x;) lying above v. Considering z € K(x;),
since ||z, z;||, and |g;(2)|, are in the value group of K (z;) with respect to u, C! also belongs
to the value group of K(z;) with respect to u. Hence it follows from the proof of Lemma
2.30 that C; belongs to the value group of K (z;) with respect to p as well, say C; = |G o),

for some (;,, € K(x;). For other elements z; in the orbit X,,, if o(z;) = x; for some

o € Gal(C,/K,), then put g;(z) := 0(¢;)(#), which is independent of the choice of o because
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9i(2) € K(z;)(2). Then we have C; = |(jo|o(u), Where (o = 0((0) € K(z;). In this way,
the set {Cip, -+ Gnwt I8 K,-symmetric.

Let Ng be the least common denominator for sq,--- ,s,,. Proposition 4.7 implies that
Vez(Ey) € Q and kp, = pxz(Eypn) € Qo with 22:1 kn = 1. Let N, , be the denominator of

Vx,s:(E,) and Ny, be the least common denominator for kq,--- , k.. Put
N, := NyN, ,N,,[L : K],. (6.1)

Recall that {\,(k)}o<k<co is the basic well-distributed sequence in E, as constructed in
Definition 5.13 together with the fixed K,-rational isometric parametrization A, : B(0,7,) —
B(ay,ry) for each h = 1,--- ¢, which was defined by z — a;, + z in appropriate affine
coordinates. Let N be a sufficiently large integer divisible by N, so that each £, receives
points from {\,(k)}o<k<n. Since kN is a positive integer, ®,(N) = kN for each h. Put
N;:= Ns; foreachi=1,--- ,m.

Definition 6.1 Let E be any field. An E-rational (X, §)-function is a function f(z) € E(z)
whose poles are supported on X, and such that if n = deg(f), then ns; is the order of the

pole of f at x;.

The following theorem provides the basic local approximating functions for a compact

set in P'(K,).

Theorem 6.2 Let E, be a compact set, with the same notations as above. In particular, N
is divisible by N,. Then there is a K,-rational (X, 3)-function f,(z) of degree N such that
the zeros of f,(z) are distinct and form a basic well-distributed sequence of length N in E,,

and f,(z) satisfies the following properties:

(i) If 01, - -+ , Oy are the zeros of f,(2) in E,, then there are a number R with RN € | K|
and RN < qv_ﬂog“(NHﬂ, and numbers py,--- , pn belonging to |K)|, with p; < 1 for each

j =1,---,N, such that the balls B(0;,p;) are pairwise disjoint and f,(z) : B(6;,p;) —
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B(0, RIN) is an RN [ pj-isometry satisfying

N ¢
U= £,1(B(0,RM)) U 8;,p;) U B(ap, ),
j=1 h=1
N
B = £ (B, RY) 0 K.) = | J(B(6;,0,) 1 K,) € B
=0

(i) For all z ¢ UZ:1 B(ap,rn),

1
Nlogv(]fv(zﬂv) Gxs(z; Ey) ZG z, 0 E

Recall that by Remark 4.1, there is a constant C’h s such that [z, z]x s = Chz- ||z, x|, for
all z,x € B(ap,m); and [z, 2] x 5 = [an, ag]z s for all z € B(ay, re) and z € B(ay, 7¢) whenever

h # ¢. Consider the “pseudo-rational function”
N-1

fo(z) = T [z Ae(k)]xs

k=0
For each z € B(ay,ry), write z = A\ (by() for some ¢ € B(0,1): if A\, (k) € B(apn, 1), then

[z, \o(F)]xs = Chs - |2, Ao(K) |l = Chyz - b — bpBu(Pr(k))|o = Chz - 7h - | — Bo(Pu(k))|o; if
Ao(k) € B(ag,rg) for h # £, then [z, \,(k)|xs = [an, ar]x s Since each E, ) contains exactly
¢, (N) points from the set {\,(k)}o<k<ny and since ®,(N) = kN for all h = 1,--- ¢, it

follows from Corollary 5.10 that

®p(N)-1
—log,(fo(2)) = Z —log,(Chs-1hn[¢ = Bu(k)|v)
k=0
+ Z —®y(N) - log,([an, arxz)
i
By (N)—1
= —®p(N) - log,(Chs - 1) + Z ord, (¢ — Bu(k))
k=0
+Z —®y(N) - log,([an, aelx ) (6.2)
é;éh
< 0 (V) log (Cre i) + ) or ¢ - ()
+ ) —®(N) - log,([an, arxs)
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= 00(V) (108 (Cue 1) 4 ) +ordu (6 = 1)

+ Z —®(N) - log,([an, aelx,5)
iZh

= kN - <— log,(Chz-rn) +

L) ol = ()

Qv

t
+ Z —teN - log,([an, aelx,3)
Zh

1
= N(Iih <— 1Ogy(0h,§' . Th) +

qv_]-

t
) + Z re(—log, ([an, ae]x,g)))
=1
#h
— log, (1€ = Bu(Jn)l0)-
Here, 0 < Jp < ®4(N) is an index for which ord,(¢ — 8,(J,)) is maximal. Since A, is an
isometry, || An(b1C), An(bnBu(Jp)|lv = 10nC = brnBu(JIn)|o = |bnlv - |C — Bo(Jn)]w, s0 —log,(|¢ —

Bo(In)lw) = —log, (IAn(0rC), Au(brBu(u))llw) +log,(rn) = —log, (llz, Au(Ja)]lu) + log, (rs)-
It follows from Remark 4.8 that for all z € |J;,_, B(an, 1),

—log,(fo(2)) < NVaxs(Ey) —log,([|2, Au(J)]ls) + log,(r),

where r = maxj<p<; 7. Here, 0 < J < N is an index for which ||z, \,(J)||, is minimal.
Now, consider z & |J!_, B(an,4). Since z & B(ap,rs) for each h, if A\ (k) € B(an,rs),
then [z, A\,(k)]xs = [2,an]xs by Remark 4.1. It follows from Proposition 4.4 and Example

4.6 that
N-1

—log,(fo(2)) = Z—logv([zaAv(k)]x,§)

= Z Z —log,([z, an)x3)
h=1 k=0
- ZCI)h u%s Z Evh)

= NZ kpuxs(2; By p) = Nuxs(z; Ey).

h=1
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Hence, we have

1

N log,(fo(2)) = uxs(z; By) = Vas(E,) — Gxa(2; Ey)

for all z & U, _, B(an, 1)

Thus, we have the following proposition.
Proposition 6.3 Let fo(2) = [[1g [z, Ao (k)]xs- Then for all z € J,_, B(an, 1),

—log,(fo(2)) < NVxs(Ey) —log,([|2, Au(J)]ls) + log,(r),

where 1 = maxi<p<; Tp and 0 < J < N is an index for which ||z, \,(J)|, is minimal; for all
z ¢ U;’L::l SB(ahv Th)f

1
—y l08,(fo(2)) = uxslz Ev) = Vas(Bo) — Grslz Bo).
Now, we want to construct a rational function fi(z) for this pseudo-rational function
fo(2), satistying | fi(2)|, = fo(z) for all z. To do so, we need to express fy(z) in terms of the
absolute value | - |,. If A (k) € E,p, then ||\, (k), zi|l, = ||an, x:]|, because z; ¢ E,. Noting

that Y7, s; = 1 and >/ _, ®4(N) = N,

N-—1 N—1 m

fo(z) = [z, (k)] x5 = [z, Ao (K5
k=0 k=0 =1
N

-1 m
H Ao (K|35
CSZ . HZ7 ( )Hv
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1 1
" Tm N—1 s TTm N—1
Hi:1 szo |2, 2|7 Hi:1 szo [ Ao (K), z;
Since N; = Ns; and ", s; = 1,

s; "
v

1
I Nz @il

12
v

m N-1
folz) = T1CY - TT 1 AR -
i=1 k=0
1
| szl H)\U(k)eEmh [ Ao (F), 2|2




60

Next, since ||\, (k), zi|lo = ||lan, zi|v,

m N-1

, — M (K) |y
“TIe” - 11 2 = Ao (F)]
pale - max{l, [z], } max{1, [A,(K)[o}
ﬁ max{1, |z]v}Ni max{1, \:v,-|v}Ni 1
) N; @, (N)s;
i—1 |z = zilo [T 1Hh L lan, @il n()

T [T IZ Au (K)o
T

H Z max{1,|2|v}N- r—o max{L, [Au(k)],}
cmax{1, |z],}" - [T, max{1, |a, }"

H?;l |Z — X ij)vl
1’-”[ li[ (max{l, |ap|,} max{1, yxi\v})‘bhmsl‘
. |ah - xi|v
_ ﬁcNi ) H |Z Ao (K)o ) [T, max{l, |z}, }"
_ : u v
i=1 Hk 0 max{l, Mv(k’”v} Hi:l |Z — Tijv
. m . @5, (N) m ‘ B (N) s
[Ty (T ma{L Janlu} ) - TI (T masc{, fal, o))
[T T lan — i, ™

Finally, since > /" 's; = 1 and 22:1 o, (N) =N,

HCN o 2= By TTE max{, ], 3
i=1 k 0 max{l A (K)o} H:il |z — i
[T—y max{1, Janl,}**™ - T2, max{1, |zi|,}"
| szl Hzn; |an — xi|vq>h(N)
_ H:il Cz'Ni : H:il max{1, |xi|v}2Ni ' HZ:l max{1, |ah|v}¢h(N)
H;V:f max {1, [Ay (k)|o} - [Ty [Ty lan — afo ™
LS 12 = ARl
H1:1 |z — 2 .

N;
v

Put

¢ = HZL Cz‘Ni ’ Hlnzl max{1, ’xi‘v}mvi : HZ 1 max{1, |ap|, }(Dh(N)
T N-— o, (N :
szzol maX{lv |)‘v(k)|v} : H2:1 HZ 1 |ah - $z| n(N)si

We claim that € belongs to |KC|. Since [L : K], divides Nj, C i€ M and 22N € M, so
[T, ON - TT, max{1, |z;|,}*Vi belongs to | K| because X and the set {14, ,Cmo} are
K,-symmetric. Clearly, []},_, max{1, |as|,}**®™ and [],_, max{1, |\, (k)|,} belong to |K|

because a;, € K, and A\, (k) € K,. For each h = 1,--- ,t, since ®,(N)s; = Nrps;, [L : K],
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divides ®,(N)s;, so (ay — x;)**™V)% belongs to M, and hence the K,-symmetry of X implies

that ", |an — z; 2% pelongs to |KX|. Thus, € belongs to |K|. Likewise, [T L

i=1 (z—a3)Vi
belongs to K(z). Clearly, HkN:_Ol(z — A\p(k)) belongs to K,(z). Let C € K, be such that
|C], = € and put

f1(Z) =C . Hﬁl(z—%)]v" .

We have the following proposition:

Proposition 6.4 The function fi(z) is an (X, S)-function of degree N and rational over
K,, having poles supported on X and zeros in E, which form a basic well-distributed
sequence {A,(k)}o<k<n of length N in E,. Furthermore, fo(z) = |fi(2)], and for all
z ¢ U2:1 B(an, h),

108, ((2).) = wxalz: B) = Vel ) — Gxsl Bn). (6.5)

N

Note that {\,(k)}o<k<n is the set of all zeros of fi(z) and X is the set of all poles of
fi(z). Fix J, 0 < J < N and let \,(J) € E,,, C B(ap, ) for some h = 1,--- ,t. Then
the ultrametric inequality implies that B(an,7,) = B(A,(J), 7). We had the K,-rational
isometric parametrization Ay, : B(0,7,) — B(ap, ) obtained by z — a; + z in appropriate
affine coordinates. Note that A,(J) = A (bp8,(Px(J))). Pulling the affine coordinates back
by the map Z — Z + b,03,(®1(J)), we have the K,-rational isometric parametrization A ; :
B(0,7r,) — B(ap,ry) defined by Ay j(Z) = M(Z + bpB,(Pr(J))). Clearly, 0 corresponds to
M) by Ms(2).

Remark 6.5 For each x € X, if X corresponds to z by the new affine coordinates, then we

can expand 1/(Z — X)) as a power series about Z = 0:

7 - X X
1
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which converges on {Z € C, : |Z/X|, < 1}, or equivalently on B(0,|X|,)”. Since X ¢
B(0,ry), we have | X|, > rp, so B(0,r,) C B(0,|X],)”. Thus, we can expand fi(Z) as a
power series about Z = 0 converging on B(0,ry). Since N; is divisible by [L : K],, every
coefficient in the expansion of 1/(Z — X)"i belongs to M,. It follows from the K-symmetry
of X and § that the power series f1(Z) = > po,crZ" is rational over K,. Clearly, ¢g = 0
because fi(Z) has a zero at Z = 0. Since {\, (k) }o<k<n N E, 5 is the basic well-distributed
sequence of length ®,(N) in E, 4, let {7 }o<k<a,(n) be the corresponding regular sequence
of length ®,(N) in B(0,r,) N K, = b,O, by Ay j. Of course, {74 }o<k<a,n) is the set of all
zeros of f1(Z) in B(0,7ryp).

Now, consider the coefficients ¢, of fi(Z).
Proposition 6.6 The coefficients ci, of [1(Z) = o, cxZ* satisfy the following:
ord,(c1) < NVxz(E,) + log,(74) (6.6)
and for each k > 2,
ord,(c) > ordy(c1) — (k — 1)(log, (N) — log, (r4)). (6.7)

Proof: 1t follows from the Weierstrass Preparation Theorem that there are a constant ¢ € K,

and functions

@), (N)~1 ()
G(Z): H —Tk Z CLkaEK ]
k=0
H(Z)=1+) diZ" € K,[[Z])
k>1

such that f1(Z) = c¢-G(Z) - H(Z), G(Z) has the same zeros as fi(Z) in B(0,7,), and H(Z)
is a unit power series on B(0,ry,). Letting a, = 0 for all £ > ®,(N) and dy = 1, it follows that
1 =c-ay and ¢ = ¢ (agdy + ag—1dy + - - - + ardy_1) for each k > 2. If 74, = 0 corresponds

to Ay(J) by An.s, then we have

@y, (N)—1

== H Th — Tho)

k;éko
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and for each 2 < k < &, (N),

ap = *aq Z L

‘ - Tii — Tho ) (Tj, — Thy)
e T ) (s — )
each j;#ko

Now, fix an element Zy = b,(y € b,O, and let 0 < J < ®,(N) be an index for which
ord, (o — By ()) is maximal. If A(n,J) =3, ,d;(J)+>2;50dj(n—J—1)+1 as in the proof
of Proposition 5.9, then 335" ord, (¢o — B, (k) = ©(N)Vae(0,) — 222D 1 o1, (¢ —

Bu(J)). If 29 € E,, corresponds to Zy € b,O, by As 7, Remark 4.8 and (6.2) imply that

A(q)h(N)u J)

~log, (fo(zo)) = NVas(By) = = =

+ Ordv(CD - ﬁv(‘]))

On the other hand, Proposition 2.26 and the proof of Proposition 5.9 imply that

“tog,(Uo(z0)) = —logy(1fi(ole) = —og,(Icl - lo(Zo)l - [1(Zo)L)
= —log,(|c|,) —log,(lg(Z0)|,) — log,(1)
= —log,(|clv) + Pn(N) Voo (brOy) — ordy (br) — %

+Ordv(C0 - 61)(‘])) + Ordv(bh)

= ord () + UV 1,0,) = LT on - ()
Hence it follows that
OI‘dU(C> = NV};g(Ev) - (I)h<N)VOO<bhOv) (68)

On the other hand, since ®,(N) = Nk, for each h = 1,--- , ¢, Proposition 5.9 and (5.5)

imply that
ord,(a;) < ®p(N)Ve (0,0,) — ord,(by),
and for each 2 < k < @, (N),

ord,(ag) > ord,(a;) — (k — 1)(log,(Pr(N)) — log,(rn)).
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As H(Z) is a unit power series in B(0,7y), it follows from the definition of a unit power
seires that |dg|, < 1/rF, i.e., ord,(dy) > k-log,(rp). For each 1 < j < ®,(N) and each k > j,

we have

ord,(a;dx_;) = ord,(a;)+ ord,(di—;)

> ordy(ar) — (5 — 1)(log, (®n(N)) —log, (1)) + (k — 7)log, ()
= ord,(a1) + (k —1)log,(rn) — (j — 1) log,(Pr(N))
> ordy(ar) — (k = 1)(log, (®r(N)) —log, (r4))-

Thus it follows that
ord,(¢;) = ord,(c)+ ord,(a;)
< NVxg(E,)+ log, (1)
and for each k£ > 2,
ord,(c;) = ord,(c) + ord,(ardo + ar_1dy + - -+ + ardi_1)
> ordy(c) +ordy(a1) — (k = 1)(log, (®n(N)) — log, (r4))
> ordy(cr) = (k = 1)(log,(N) — log,(rn))-
U

Lemma 6.7 There is a number ro € |K)| such that gy VVertE s (N2

g Ve alBo)Hlog,(N)) - ) g for each x € B(0,rq), the Newton polygon of fi(Z) = x has a

break at k = 1.

Proof: Put R := [NVxz(E,)+log,(N)+ 1] and let rq := |7f|,. If = € B(0,rq), then
ord,(z) > R > NVx3z(E,) + log,(N), and hence it follows from (6.6) and (6.7) that for
each k > 2,

ord,(c1) —ord,(z) < log,(ry) — log,(N)

(ordy(c1) — (k — 1)(log,(N) — log, (ra))) — ordy(c1)
k—1

ord,(cx) — ord,(cq)
- k—1 '
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Thus the Newton polygon of fi(Z) = = has a break at k = 1. O

Proposition 6.8 There are numbers p; € |K)}|, J =0,---,N — 1, such that for each J,

f1: BN\ (J),ps) — B(0,70) is an ro/ps-isometry, and

F (B0, 70)) = | BOW). ).

N-1

FHBO0, 1) N K) = | (BO(), ps) NPHE,)).
J=0
Furthermore, for each z ¢ U2=1 Blap,rp),
08 (E)0) = ~VeslB) + Gxslsi By, (6.9

Proof: Fix J. Lemma 6.7 implies that for each = € B(0,7¢), f1(Z) = « has a unique solution

oy, with

_ordy(c1) — ordy ()
1-0

ord, (o) = = ord,(z) — ord,(c1) > R — ord,(cy). (6.10)

Choose a € K, so that ord,(a) = R — ord,(¢;) and let p; = |a|,. Clearly, s, € B(0, ps) by
(6.10). It follows from (6.6) that

- 10gv<pJ> =R- OI‘dv(Cl) > logv(N) - IOgU(’f’h) - - IOgU(Th/N),

so pj < rp/N < ry/P,(N) < 1, which implies that the balls B(7, pr), k =0, , ®p(N) —
1, are disjoint from each other because ord,(r; — 7)) < —log,(ry) + log,(®n(N)) =
—log, (rp/®r(N)). Futhermore, since the balls B(ap,r,) are disjoint from each other,
the balls B(\,(J),ps), J = 0,---,N — 1, are disjoint from each other as well by
the isometric parametrizations A, ;. Since 179 = |c1]yps, it follows from Proposition
2.16 that f; : B(0,p;) — B(0,79) is an ro/ps-isometry. Pulling this map back to
B(A,(J), ps), we can regard fi(z) as an r9/py-isometry from B(\,(J),ps) to B(0,70)
with fi(BO(]), p) NPLE,)) = B(0,70) N K.
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Furthermore, note that f;(z) has degree N and fi(z) = x has only one zero in each ball

B(Ay(J), ps) for each 0 < J < N — 1 and each = € B(0,rg). It follows that

fl 07“0 U%

(B0, 10) N K,) = U Ao( ), p) NPYE)).

For each z ¢ J,_, B(an,3), since —log,(fo(2)) = uxs(2) = Vas(E,) — Gxs(z; B,) by
(6.5),

108,11 (2)) = ~Vasl ) + sl B,

Now, we are ready to prove Theorem 6.2.
Proof of Theorem 6.2: Since N - Vxz(E,) is an integer, put f,(z) = m, SV Vra(E) - fi(2).

We can do the same argument as in Proposition 6.6 with the same a;’s, d;’s, after replacing

—N Vx #(Ev) —N-Vx 5(Ev)

¢ by ¢ -c and ¢ by ¢, ==, - c. It follows that

ord,(c}) < log,(rs),

ord,(c}) = ordy(cy) — (k — 1)(log,(N) — log, (r1)).

Put A, := [log,(N) + 1] and fix R, € |CX| with RN € |K| so that —log,(RN) > A,, i.e.,
RN < g4, Choose an element b, € K so that |b,|, = RV, i.e., ord,(b,) = — log,(R™) >
A,. We can do the same argument as in Lemma 6.7 and Proposition 6.8. For each y €
B(0, RN), the Newton polygon of f,(z) = y has a break at & = 1 and there is a unique
solution a, to f,(z) =y such that

ordy(c}) — ordy(y)

170 > ord,(b,) — ord,(c}) > log, (N) — log, (7).

ord,(a,) = —

Choose ¢’ € K, so that ord,(a’) = ord,(b,) — ord,(c}) and let o/, = |d/|,. Clearly, a,, €

B(0, p;). It follows that

- logv(p{]) > 1Ogv(N) - IOgU(Th) = - 1Ogv(rh/N)7
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so p'; <rp/N < rp/Pp(N) < 1, which implies that the balls B(\,(J), p;), J=0,--- / N—1,
are disjoint from each other. Replacing p/; with p;, we can regard f,(z) as an R/ /ps-isometry
from B(\,(J), ps) — B(0, RN). Since each ball B(\,(J),ps) is contained in B(ay,ry) for
some h =1,--- ,t, we then obtain that

N-1

£1(BO, BN)) = ([ B, p0) € | Blan ),

£ BO, RN N E) = | (BO(), ps) N K) C E,.

J=0

Furthermore, for each z & |J;_, B(an, 1), it follows from (6.9) and Proposition 4.3 that

1 o 1 —N-Vx 5(Eyv)
Nlogv(lfv(z)’v) = Nlogv( Tv - fi2)])
1
= V- Ve B) +log, (|f1(2)].)
= Gxs(z;B,) = Zm:G(ZJ?z‘; E,)si



CHAPTER 7

GLOBAL PATCcHING ARGUMENT I

Let F' denote the field F,(7') and K be a fixed finite extension of F. Let X =
{21,--+ ,2m} C PYK) be a finite K-symmetric set. Without loss of generality, we can
assume that X does not contain co after changing the coordinates by an element in
GL(2,0k). The resulting set is K-symmetric as well. Put L := K(X). For each o €
Gal(L/K), we will sometimes write o(i¢) = j if o(z;) = ;. Let X,, a = 1,--- ,m be the
distinct orbits of X under the action of Gal(L/K). For each z; € X, let g;(z) € K(z;)(z) be
the uniformizing parameter at x; as constructed in Chapter 6 and let [z, x],, be the canonical
distance normalized so that lim, .., [z, 2., - |g:(2)]s = 1. Let M be the separable closure
of K in L, i.e., M = LN K*P. Then L is purely inseparable over M of degree [L : K],.
For each z; € X, let ¢; be the least nonnegative integer such that z¥ " € M. Note that for

e

each i, K(x;) "M = K(z") and {2 : ¢ = 0,--- ,p% — 1} is a basis for K (z;)/K(2""). If
e = maxi<;<m €;, then [L : K], = p°. Let u, w, v, u be the places of M, L, K(xfei), K(x;)
lying above each place v of K, repectively.

Let oo be the place of I defined by 1/T; for any f(T) € F, |f(T)|e = p). Let Px
be the set of all places of K and Pk , be the set of all places of K lying above the place oo
of F. Put Pk := Pk \ Pk . Let G be a finite set of places of K containing Pk . Denote
Ke={r e K:|z|, <1 for all v & &} the set of all G-integers in K and K the set of all
G-units in K. Let pg be the set of all roots of unity in K.

We will need some well-known facts related to the Dirichlet’s Unit theorem, which we

recall without proof. For details, see [5], p.72 and [9], p.43.

68
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Remark 7.1 Let Ax and Jx denote the adele ring and idele group of K, respectively. For
any element o = (o )yep, € Ak, define the size function
lall =TT lewlo-
vEPK

K> can be considered as a subset in Jx on the diagonal and then is a discrete subgroup of
Jr. Put Jk :={a € Ji : ||| = 1}. Tt is well known that Jk /K> is compact. Note that ux
is a finite set. The Dirichlet’s Unit theorem says that K g is the direct sum of the finite cyclic
group i and a free abelian group of rank #(6)—1. Let Jx g = {a € Jk : |ay|, =1 Vo & G}
and put Ji o = Jx,e NJk. Let us remove one place from & and denote the resulting subset
of & by &'. The proof of the Unit Theorem implies that the map A : J}{,G — R#(%) given
by A(a) = (log(|ay|y))vee takes KE onto a lattice in R#(S). Hence there are constants
0 < ¢; < ¢y with the following property : for any collection {0 < b, € R : v € &'}, there is

an G-unit u € K* such that ¢; < b, - |ul, < ¢ for all v € &'.

We will write Of for the set of all P -integers in K. That is, Ox = Kp, . In particular,

Op = F,[T] is the polynomial ring over FF,.

Proposition 7.2 Let A be a finitely generated domain over a field k. For a finite extension
E of the field of fractions of A, let B be the integral closure of A in E. Then B is a finitely

generated A-module and a finitely generated domain over k.

Proof: See [4], Theorem V.3.2, p.348. O

Remark 7.3 In our case, take A = Op. Note that O and Oj, are the integral closures
of Or in K and L, repectively, and they are Dedekind domains (see [29], Theorem V.19,
p.281). The above proposition implies that Ok is a finitely generated Op-module and Oy, is

a finitely generated Ox-module.

Recall that L is a purely inseparable extension of M with degree p°. Let {8, : j =

1,-++,p°} be abasis for L/M. For any place u of M, there is a unique place w of L lying above
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u. Note that L ®pr M, = ®yjulw (see [22], p.321), so L@y M, = L,,. Since L = @§11M~6j,
it follows that L,, = @?;Mu - B;. Hence {f; : j =1,--- ,p°} is a basis for L,,/M,.

Proposition 7.4 For any basis {31, , By} for L/M, we have Oy = Oy[B1, -+ -, Bpe| for

all but finitely many u € Pyy.

Proof: The above remark implies that Op = Oylys, - -+, ye] for some yq, - -+, yp in Op. Write
y; = ?; a;j3; for a;; € M. Then there is a finite set & C Py such that for all u € &,
aij € O, and 3; € O,, if w|u. Note that if u ¢ & and w|u, then the y; belong to O,,. Let OF;
be the localization of Oy, at &, inverting each prime in &. Recall that for each v € Py, there
is only one place w € P, lying above u. It follows that OF = OS,[y1, -+, v, 1, ,ye €
OS5 1B, Bpe], and By, -+, Bpe € OF. Hence OF[B1,- -+, Bpe] = OS5y, ,ye) = OF.

Thus, for any u € &, O, = OF ®0,, Ou = O5[B1,-+ , Bpe] @0y, Ouw = OulB1,- -+, Bpe]. O

Proposition 7.5 Let B = {§; : j = 1,--- ,p°} be a basis for L/M. If wlu are places of
L/M, then there exists a constant T := T, 5 > 1, depending only on w and B, such that for
any A € Ly, if A =31 ;B for Aj € My, then |Ajl, < T - |Aly.

Proof: Put M = @?;Ou - 3. Noting that O,, is integral over O, and is a free O,-module of
rank p°, there is an integral basis {ay, : k= 1,--- ,p°} for O, /O,. Writing oy, = Z?; a3
for ay; € M,, choose A € O, with ord,(A) = max{0, max{—ord,(ay;) : k,j =1,--- ,p°}}.
It follows that Aoy, € O, for all k, j, so Aoy, € M for all k. Since O, = ®&'_,0, - o,
AO, =& ,0, - Aoy, C M.

For any A € L, there is n € Z such that |77, < |Al, < |77],. Then we get
m,"A € O,, and so Ar,;"A € M. Writing Ar;"A = Z?; d;3; with each §; € O,, we have
Aj = A28y € M. Since |2l = [0+ - 17 o < (Al - 7y and 5l = |52 < 1

we see that
|Aj|w = |A_17735j|w < |A_1|w ’ ’71—1:1|w : |A|w-

Take T = |A7 Y, - |7 w > 1. O
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7.1 BASIS FUNCTIONS

Fix a K-symmetric probability vector § = (s1,---,s,) € QZ, and let Ny be the least
common denominator for s1,--- ,s,,. For each N € Z-, divisible by N([L : K|,, put N; =
Ns;. Since N; is divisible by [L : K],, we have n; := N;/p% € Z-o. Consider the divisor
D = 3" Ni(z;). Note that £(D) = {f € K(z) : div(f) > —D} is a finite dimensional
K-vector space and let £(D) denote its dimension. The Riemann-Roch Theorem says that
since deg(D) = N > 0, {(D) = deg(D) +1 = N + 1. Since 2" € M for each i, D is rational
over M. Hence L(D) has a basis consisting of functions rational over M, so every function
in £(D), rational over M, can be written as a linear combination of these basis funtions over

M (see [16], Theorem 5, p.174). In fact, £(D) has an M-basis

Y4
{1’(2—2217 , M, 6207 apei_lﬁ ]:17 ’ni}’ (71)

z — x;)I P

and an L-basis

1
{Lmii_la‘“amk_la"WNi}' (7.2)

Note that 1 is a common element of the M-basis and L-basis, and each other M-basis
function can be expressed in terms of the L-basis, having no constant term and vice versa:

foreach ¢, k=1,--- p% — 1,
¢

2 __@—xrhmf_E: AV
(Z — xi)Pei - (Z _ xi)pei - k 7 (Z _ xi)peiika

k=0
1 B (Z _ mi)pei—k B pezi—:k péi — k (_m)pei_k_é P
z—m)  (—mp l ' (z — )"

Hence any (X, 5)-function f(z) € M(z) of degree N can written in terms of the M-basis and
L-basis: for convenience, changing the superscripts for the L-basis from top to bottom, we

can write

m n; p%i—1

f(z) = ZZ Z bijz(z_iw-l—bo

i=1 j=1 ¢=0
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with b0 € M, ci, € L, and by = ¢y € M.

Let v be a place of K and K’ be any intermediate field of the extension L/K. We
know that L ®@x K, = @®,|yL. as topological algebras. The algebra K' @ K, = @, K,
can be embedded in L ® K, in such a way that @©,,2, € @K, is sent to the element
BuwloYw € PuwjoLw, Where y,, = z,, for all w|u. Each o € Gal(L/K) acts on L @ K, through
its action on L. Explicitly, Gal(L/K) acts on L&k K, by c({@k) = o({) ® k. Thus o induces
a permutation of the places w|v and gives rise to a canonical isomorphism 7., : Ly — Lo (w)
for each wlv.

Now, we make explicit the action of Gal(L/K) on @y L. For each o € Gal(L/K), the
action of o on @, Ly, is given by applying 7., to the w-coordinate for each w|v, followed

by the permutation induced by o. That is, 0(Dujwtw) = Po(w)oTow(@w)-

Remark 7.6 Suppose that f(z) is a K-rational (X, s)-function. For each o € Gal(L/K) =
Gal(M/K), since o(f) = f, applying o to the above expansion gives us o(bije) = bo(;),j¢ and
o(bp) = by. Hence the b;j, are K-symmetric relative to the action of Gal(L/K) on the z;,
and by € K because by € M. For any element ¢ € Gal(L/K (x;)) = Gal(M/K(2"")), since

o(1) =1, 0(bije) = bsi)je = bije, so each by, must belong to K(:Uf) because b, € M.

For each wlu|v, if ¢,,(2) € Ly, (2) is an (X, §)-function of degree N, then we can write

m N;—1
1 1
9u(z) = DD Cua T vmE + Cwo
i=1 k=0 ¢
AN peiilb 2 b 7.3
= 22 2 ey +buo (7.3)
i=1 j=1 ¢=0

with by 0 € Ly, Cwik € Ly, and byg = cypo € Ly. If g,(2) € M,(2), then the b, and

by = cu,0 belong to M,,. Put b;jp := @uwpwbuije and by := Dyjvbuo-

Lemma 7.7 With the notation above, if o(by) = by for all 0 € Gal(L/K) = Gal(M/K),

then there is b,y € K, such that b,y = b, for all u|v.

Proof Note that M is Galois over K and there is only one place of L lying above each

place of M. Fix a place u of M with u|v. Then the decomposition group D, of u in M/K
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is isomorphic to Gal(M,/K,). For each o € D,, since o(u) = u, we see that 7, ,(bu.0) = buo
because o(by) = by. That is, b, is fixed by D,, so it belongs to K,. Now, let oq,--- ,0,
be coset representatives for Gal(M/K)/D,. For each h = 1,--- /g and any o € o,D,, if
on(u) = up, then o € 0,D,, < o(u) = up. Hence 7, 4,(byo) = by, 0 since o(by) = by. But, since
buo € K, and 7,,|k, is the identity, 7,,(by0) = buo. Thus, by, o = by forall h =1,--- g,

i.e., all the b, o are the same and belong to K. O

Proposition 7.8 For each wlu|v, let g,(z) € L,(z) be a function of degree N, having poles
only in X, such that for each orbit, the poles of g,,(z) at the points z; € X, have the same
order N, = N;, where N; is divisible by p®, say, N; = p“n;. With the notation above, the
following are equivalent:
(i) There is an f,(z) € K,(z) such that g,(z) = f,(z) for all w|v;
(ii) Fach g,(z) € M,(z), and for the natural action of Gal(L/K )= Gal(M/K) on L(z) @k
Ky =y Lw(2), Owpgw(2) is invariant under Gal(L/K );
(111) If each g,(z) is expanded as in (7.3), with the by ;e and b,o in L., then in fact, the
by,ije and by belong to M, and:

(a) for each i, j, £, each wlu|v, and each o € Gal(L/K ), Ty .w(buije) = bo(u)eq) e and

(b) there is b, € K, such that b, = b, for all u|v.
Under these equivalent conditions, for each i, if p is a place of K(x;) lying above v, then

BuwloCuw,ik belongs to @K (x;),, embedded in L @k K, for each k =0,--- ,N; — 1.

Proof The equivalence of (i) and (ii) follows from the definition of the action of Gal(L/K)
because ¢,,(z) € M,(z). For the equivalence of (ii) and (iii), writing

m n; pfi—1

DuwlwGuw(z ZZ Z bmf i + bo, (7.4)

=1 j=1 ¢=0

we have
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Since 0(bijr) = 0(DBuwjpbuije) = Bo(w)oTow(buije); Puwpgw(z) is invariant under Gal(L/K) if
and only if o (bije) = bo(s),je and o(by) = by for all o € Gal(L/K) and all 7, j, ¢, which in turn
helds if and only if 7,..(buije) = bo(u)0(),je for all 0,4, 7, ¢ and there is b,y € K, such that
by = by for all ulv by Lemma 7.7.

For the last assertion, Remark 7.6 implies that b, ;;, must belong to K, (a} ez‘). Since each
Cw,ik 1S @ combination of the b, ;;, and the mf for ¢ =0,---,p% — 1, ¢y belongs to K, (x;).

Hence the assertion follows because K, (z;) C K(z;), for all u|v. O

Lemma 7.9 (Gap Principle) For any (X, 5)-function f,(z) € K,(z) of degree N, where

p%i|N;|N, write

N;—1
1

boik " % T buos

gk e
with by x € Ly, If the leading coefficient by o s 0 for some x; € X,, then b, = 0 for all
x; € Xg and all k=0,--- ,p% — 1, so f,(z) actually has a pole of order at most N; — p® at

each x; € X,.

Proof: Write f,(z) in terms of the M-basis:

m n;—1p%—1

l
fv(’z) = Z Z Z Qv ije * (Z _ J;‘S(ni_j)pei + Ay,0,

i=1 j=0 (=0

with a, ;¢ € M,. After rewriting this expression using the L-basis, we get 0 = b, =

5:0_1 Gyi0 - 2L Since {2f: € =0,---,p% — 1} is a basis for K(z;),/K(z?™), and a, ;0 €
K(xfei),,, we must have a, 0, = 0forall £ =0,---,p*—1. Noting that X is Galois-invariant,
all the b, ;0 = 0 for all x; € X, so a,i0¢ = 0forall z; € X, and all £ =0, --- ,p* — 1. Hence
f»(2) has a pole of order < N; — p% at each z; € X,, so b, = 0 for all z; € X, and all

kE=0,---,p% -1 U

7.2 PRELIMINARY REDUCTIONS

Recall the main theorem:
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Theorem 7.10 (Fekete-Szeg6 Theorem with Splitting Conditions) Let K be a
finite algebraic extension of F := F (T), and let X = {x1,-++ ,2,,} C PY(K) be a finite
K -symmetric set. Let E, C PY(C,) be stable under Gal.(C,/K,), and put B := HUGPK E,.
Suppose that By is compatible with X. Let S C Pk be a finite (possibly empty) set of places
of K with the property that for each v € S, there ezists a finite Galois extension K, /K,
such that E, C PY(KC,). If v(Ex, X) > 1, then for any adelic neighborhood Uy := [l,ep, Us

of Ex, there are infinitely many points o € PY(K) such that all of their conjugates over K
belong to U, for all v, and lie in PY(K,) NU, for each v € S.

Without loss of generality, we can assume that X does not contain oo after changing
the coordinates by an element in GL(2, Ok). The resulting set is K-symmetric as well. We

will make some preliminary adjustments to the sets Ex := ]| E, and Ug =] U

vE Pk vE P v

By assumption, each F, is stable under Gal.(C,/K,) and each U, is open. In addition, we
will arrange that each F), is closed and has a simple form; and that each U, is stable under
Gal.(C,/K,). Since the theorem concerns the existence of points a € P'(K) with conjugates

in Uk, the conclusions remain valid as long as we do not enlarge the sets U,.

Remark 7.11 For any function f(z) € L(z), there is a finite set of places of L outside of

which f(z) has good reduction (see [27], Proposition 24, p.107).

Let Sk be the finite set of all places of K where any of the following conditions holds:

i) ves;

ii) the points in X don’t specialize to distinct points (mod v);

iv) ||z, zi|lo # |gi(2)]» for some z with ||z, z;|l, < 1 (see Proposition 2.29);

)
)
iii) £, is not X-trivial;
)
v) for each z; € X, {zf : £ =0,--- ,p% — 1} does not satisfy O, = O, [1,x;,--- ,a¥ T
plv|v of K(z;)/K(2"™)/K (see Proposition 7.4);

vi) any of the functions 1/(z — x;), i = 1,--- ,m has bad reduction (mod v) (see Remark

7.11).
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Let §L be the set of places of L lying above §K For each v ¢ §K, if w|v, the local Green’s

matrices I'(E,, X) and I'(E,, X) are the zero matrix by Remark 3.18.

Reduction 1. For each v € S, we claim that F, can be reduced to a compact set. Fix a

place w|v of L. Recall that
[(Ep,X) = [L : KD (Eg, X). (7.6)

If w ¢ S;, then ['(Ey, X) is the zero matrix. Hence I'(Er, X) = > g T'(EWy, X)log(qw).
Since T'(E,, X) is negative definite and #(5,) is finite, there exists & > 0 such that for any
collection of symmetric matrices I',, € M,,,(R) whose entries satisfy |I'y;; — I'(Ew, X)ij| < ¢
for all w € §L and all 7, j, the matrix
r= Z [y log(gw)
weSy,
is also negative definite by the continuity of the determinants in their coefficients. The

definition of Green’s functions says that

Gz, a5 E,) = inf G(z,2;; B)
Cly
compact

Vo(E) = inf V,(E).
compact

Choose a compact set E, C E, so that |G(x;, x5 Ey) — G(xi,:vj;Evﬂ < ¢/|L : K] for all
i # 4, and |V, (B,) — Vi, (E,)| < ¢/[L : K] for all i. Note that E, C E, C P}(K,). Put

E,, = UpeGal(ka/K,)0 (Ey).

Since FE, is Galois-stable, we obtain that EU C E/ C FE,. Clearly, E! is compact and
stable under Gal(C,/K,). The monotonicity properties of Green’s functions imply that
|G (2,25, By) — G(ag, 255 E))| < |Gy, 255 Ey) — G(xi,xj;f?vﬂ < ¢/[L : K] for all i # j.
Similarly, [V, (E,) — Vo, (EL)| < Ve, (By) — Vi, (E,)| < e/]L : K] for all i. By (7.6), we sce
that |[['(Ey, X);; — (£, X);;| < e for all w e S. and all i, j. Replacing E, by E/, the new

matrix I'(Ez, X) is also negative definite.
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Reduction 2. For each v € S, we claim that U, can be a union of finite balls B(a;, 1;),
which is stable under Gal.(C,/K,) and disjoint from X; furthermore, each r; belongs to | K|
and E, = U, NPYK,).

Fix a € E,. Since E, C P'(K,) is Galois-stable and U, is an open set containing E,,, there
exists r, > 0 such that B(o(a),r,) C U, for all 0 € Gal(K,/K,) and B(a,1,) is disjoint
from X. After shrinking r,, we can take r, belonging to |K|. Note that F, is compact by
Reduction 1. We can select r € |K | so that r replaces all the r, for all a € E,. Also, we
can choose a union of finite balls B(«;,r), a € E,, which covers E,. Replacing U, by the
union, U, becomes Galois-stable.

Now, enlarge E, by replacing it with U, N P(KC,). Since P!(K,) is compact, the new E,
remains compact. Obviously, F, is Galois-stable because P'(K,) and U, are Galois-stable.

By the same argument as on Reduction 1, I'(Ej, X) remains negative definite.

Reduction 3. For each v € S Kk \ S, we claim that F, can be replaced by a union of
finite balls B(a;, ;) C U,, where each r; belongs to |K<|. Hence E, is a PL-domain (see [22],
Theorem 4.2.16, p.252). Since such an F, is open, we can then shrink U, and take U, = E,.

Let € be as in Reduction 1, and fix v € Sk \ S. Put ¢’ := ¢/2. There is a compact set
E, C E, such that |G (i, xj; Ey) — G(xl-,xj;E\m < e'/[L : K] for all ¢ # j, and |V, (E,) —
‘/;1(EU)| < & /[L : K] for all i. For each z € E,, since E, is Galois-stable, o(z) € E, for all
o € Gal.(C,/K,). Since U, is open, there is r > 0 such that B(o(x),r)” C U,. Put

Ty :=  sup .
B(o(x),r)CUsy

Clearly, B(o(z),7,)~ C U,. Define a map
¢, Gal.(C,/K,) — Ryg

given by ¢.(0) = r,. For each 7 € Gal.(C,/K,), if o(z) € B(r(x),r,)”, then r, = r;
because B(7(z),r,)” = B(o(z),r;)”. Hence ¢, is locally constant, so it is continuous.

Since Gal.(C,/K,) is compact, there is an r, > 0 such that B(o(x),r,) C U, for all o €
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Gal.(C,/K,). Without loss of generality, we can take r, € |K| small enough that B(z,r,)
is disjoint from X. For any fixed y € P'(K,) NB(x,r,), since Gal.(C,/K,) preserves | - |,
B(o(x),r:) = B(o(y),r,) for all o € Gal.(C,/K,). Noting that y has only finitely many
conjugates, there are only finitely many distinct balls B (o (z),r,) and they are disjoint from
X because X is Galois-stable and B(x,r,) is disjoint from X. Since E, is compact, we can
cover it with finitely many such balls B(z,7,). Let U, be the union of these balls and
their conjugates. Then U] is open and contained in U,. Obviously, U, is Galois-stable and
contains E,. Replace E, and U, by U,. By the same argument as in Reduction 1, I'(E, X)
remains negative definite. Moreover, the ultrametric inequality implies that we can write

E, =U, = U] as a finite union of pairwise disjoint balls.

Reduction 4. For each v ¢ S K, E, is the X-trivial set. After shrinking U,,, we can assume

that E, = U, as well.

Reduction 5. For each v € S, we claim that we can assume that £, = K,. We are
given a finite Galois extension K, /K, with E, C P}(K,) for each v € S. Let D be the least
common multiple of the degrees [, : K,|] and put m, := D/[K, : K,]. Since K,/K, is
Galois, we can choose m,, distinct non-conjugate primitive elements «,, ; for IC,, over K. Let

fvj(2) € K,[2] be the minimal polynomial for «,, ; over K,, and put

1) =TT fuslo)

The degree of f,(z) is D and it has distinct roots. Hence f,(z) is separable. Let ¢, be the
minimal distance between the roots of f,(z) in C,. By the weak approximation theorem, we
can find a monic separable polynomial f(z) € K|[z]| of degree D, which approximates each
fo(2) so closely at each v € S that for each root §y of f(2), there is a unique root oy of f,(2)
with |8, — ay|, < €,. Moreover, we can arrange that f(z) is irreducible by requiring it to be
an Kisenstein polynomial at some fixed vy & Sk. Note that C, is algebraically closed. By

Krasner’s lemma, the roots of f,(z) and f(z) generate the same subfield of C,. Let K’ be the
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splitting field of f(z) over K. Then K'/K is a finite Galois extension satisfying K/, = K, at
each u/|v for each v € S because each root of f,(z) in C, is a primitive element for /C,/K,.

We now make a base change from K to K'. Pull back Ex to Ex and Uy to Ugs. According
to the previous reductions, U, became Galois-stable for every v € Px and hence Uy is well-
defined. By the functorial properties of the global capacity (see [22], Theorem 5.1.13, p.333),
we see that v(Ex/, X) > 1. We claim that if the main theorem holds for Ex» and Uy over
K', then it holds for Ex and Uy over K. Note that K = K’ (see [15], Theorem 2.8, p.233).
If a € PY(K) = PY(K’) has all its K'-conjugates in Ug, then it has all its K-conjugates in
Ug because Ug is the pullback of Ug. For each v € S, suppose that all the K’-conjugates
of a belong to PY(K!,) = P}(K,) for all «/|v. Since Gal(K'/K) permutes the places u’|v, all

the K-conjugate of a belong to P'(KC,). Hence we can replace K by K.

After these reductions, we can assume the following:
(i) v(Ex, X) > 1;
(ii) Each U, is stable under Gal.(C,/K,) and bounded away from X;
(iii) For each v € S, E, = U, NP!(K,) is the union of a finite number of disjoint compact
sets, where U, = U _ B (ap, rp,) for some a;, € P(K,) and |by|, = r, € | K[
(iv) For each v € Sk \ S, U, is the union of a finite number of pairwise disjoint balls in
P!(C,) with radii in |K|; in particular, £, = U, is a PL-domain;

(v) For each v & S ik, B, = U, is the X-trivial set, which is an RL-domain by Remark 3.24.

7.3 CHOICES OF §, LOCAL PATCHING PARAMETERS AND N

The preliminary reductions and Remark 3.24 imply that there is a K-symmetric proba-
bility vector § € Q2 such that ['(Ex,X) - § = V(Eg, X) - 1,,. Let N, be the least common
denominator for sy, --- , s,,. Recall that for each v € S, Vx3(E,) € Q and k), = pxs(Evn) €
Q+o with Zfzh kn = 1 by Proposition 4.7. For each v € S, let N,, be the denominator
of Vx#(E,) and N, , be the least common denominator for sy, - , k. Let N, be the least

common multiple of the IV, ,,, v € S and N, be the least common multiple of the N, ,, v € S.
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Now, fix an additional place vy & S, i, which will be used to obtain the product formula

for leading coefficients in Section 7.5. Put
Sk = Sk U {up}. (7.7)

Let S be the set of places of L lying above Sk. By Remark 3.24, V(Eg, X) belongs to
log(p) - Q. Since y(Eg,X) > 1, V(Ek,X) < 0, and we can write V(Eg,X) = —V log(qy,)
for some V € Q-¢. The condition y(Eg, X) > 1, i.e., V(Eg,X) < 0, will play a crucial role
in obtaining the product formula for the leading coefficients in Section 7.5. Let N, be the

denominator of V' and put
Ny := N;N,.N,N,y[L : KJ,. (7.8)

Note that Ny is divisible by N, for each v € S.

Let N > 1 be any positive integer. Since #(Sx) = #(Sk)—1, Remark 7.1 implies that the
map A : Jj g — R#(5%) takes K §, onto a lattice in R#(5%) and hence there are constants
0 < Cy < Oy with the following property : for any collection {0 < b, € R: v € S K}, there is

an Sk-unit u € K* such that C} < b,-|ul|, < Cy forallv € §K. Set P, := log,(Cs) —log,(CY)

and put
g, (ITyes, 457")
B(N) := #(8) 4+ 2 VoK v 7.9
() = (8 4 o s (7.9
Note that B(N) - log, (N)/N — 0 as N — oo. Put
hyy = ql‘gﬂ > 1, (7.10)

and choose a number h, with 0 < h, < 1 for each v € S i so that

I h>1 (7.11)

vESK
If w is a place of L lying above v, then we put h,, := Rl ],

Let N be a sufficiently large positive integer divisible by Ny such that

NV >2- B(N) - log,, (N), (7.12)



81
and

h’l]}V < q;2/(qv*1) < qvfl/(qvfl)' (713)

The conditions (7.12) and (7.13) for N will play a significant role in modifying the defining
constants of the sets F, in Chapter 8 and in acquiring appropriate conditions for the local
patching parameters h, in Chapter 9. We will prove the main theorem by constructing basic
local approximating functions of degree N, and then use them to construct a rational function
defined over K after raising them to appropriate powers. Since k; N is a positive integer,
&, (N) = kN for each h. Put N; := Ns; for each i = 1,--- ,m. Since N is divisible by
L : K],, we have n; := N;/p® € Z~q, where p® = [K(x;) : K|,. Note that for each Galois
orbit X,, a =1,--- ,m/, the numbers N;, n; and e; are independent of x; € X,, so there are

numbers N,, n, and e, such that for each z; € X,, we have N; = N,, n; = n,, €; = €,.



CHAPTER 8

ACHIEVING THE PRODUCT FORMULA FOR THE LEADING COEFFICIENTS AND

CONSTRUCTION OF THE NORMALIZED LOCAL APPROXIMATING FUNCTIONS

In this chapter, we modify the functions f,(z) described in (8.1), (8.2), (8.4), and (8.6)
so that their leading coefficients satisfies the product formula, which is used to patch the
leading coefficients to common global Sp-units. Moreover, the modified functions give us
freedom to select local patching parameters.

Assuming the preliminary reductions of Section 7.2, we have the finite set S x C Pg
containing S. Note that Sk = S k U{vp}. Let § be the K-symmetric probability vector in
QZ, and N be a sufficiently large positive integer divisible by Ny such that NV > 2. B(N) -
log,, (V) as in Section 7.3.

We have already chosen the constants 0 < C; < Cy with the following property (see
Section 7.3): for any collection {0 < a, € R : v € Sk}, there is an Sg-unit u € K* such
that Cy < ay - [ul, < Cy for all v € Sk. It follows that log,(Cy) — log,(a,) < log,(|ul,) <

log,(Cy) —log,(a,). Put P, := log,(C2) — log,(Ch).

Lemma 8.1 There is an Si-unit u € K* such that qv_ﬂog”(N)H]_P“ <Jul;' < qv_nog”(NHﬂ

N)log,, (N

forve S: ¢ <|ul;t <1 forve Sk \S;: and qu_OB( ) < |y, < 1.

Proof: Take a, so that —log,(a,) = [log,(N) + 1] — log,(C}) for v € S and —log,(a,) =

—log, (C}) for v € Sk \ S. It follows that there is an Sg-unit u € K* such that

qllogU(N)+1] < Jul, < qz[logv(N)HHPv, Yu e S,

1< July <q, Vo e Sk \ S.

82
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That is,
qv—[logU(N)—l—l]—Pv < |u|;1 < qv—nogv(zv)m, Yo € S,

g, < Jul;t <1, Yo e Sk \ S.

Note that |ul,, = [],cg, [ul,' because u is an Sk-unit. Since B(N) - log, (N) = #(S) -

log,, (N) +log,, (IT,cs, ¢2t") by (7.9), it follows from the above inequalities that

fuloy > JJa e T 6™

veS veSK\S
*B(N)log (N)
lOgv +2 Pu+2 v0
> Il L e = >
vES veSK\S

and

veS

O

Fix the Sk-unit u € K* in Lemma 8.1 through this chapter. To specify basic approxi-
mating functions for v € §K, put b, :==u! forv € S and b, := 1 for v € Sk \ S. Letting
= |b, |1/ NtorvesS K, we have the following basic approximationg functions:

For each v € S, Theorem 6.2 implies that there is an (X, §)-function f,(z) € K,(z) of

degree N such that

EY := {2z e PYC,) : f,(2) € b,0,} C E,,, (8.1)

UY = {2 € PY(C,) : |fo(2)], < RN} C U, (8.2)

Here, U? is the union of N disjoint balls B(6;, p;), where each 6; € K, and each p; € |K|.

Furthermore, for each z ¢ U,,

FIB (L) =Y Gl B) s (83)
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For each v € Sk \ S, [22], Theorem 4.5.4, p.316 says that there is an (¥, §)-function
fo(2) € Ky(z) of degree N such that

E, = U, = {z € PY(C,) : [fuo(2)] < R}, (8.4)

and such that for all z € F,,

m

1

~ logu(Ifuo(2)]o) = Y G(z25E,) - 53 (8.5)
i=1

For the additional place vy, since £, is X-trivial, it follows from Remark 3.24 that

E,, is an RL-domain, so [22], Theorem 4.5.4, p.316 says that there is an (X, 3)-function

fuo(2) € Ky (2) of degree N such that
Eyy = Uy, = {z € PY(Cyy) : | fon(2)]uy < 1}, (8.6)
and such that for all z € E,,,

1
ﬁlogv | fuo (2 ZG 2,245 Fy) - 8. (8.7)

Definition 8.2 An G-subunit is an element (o, )yce € HveGK: for which some power o

is a global G-unit o € K§ for all v € &. Here, A is independent of all v € &.

Lemma 8.3 Let & = {vy,--- ,v,} be a finite set of places of K. Given any (¢;)i1<i<n €

[T, Ko, such that T[;_ |cilo; = 1, there is an &-subunit (o;)1<i<n € H?:lfz_ such that

|Cilo; = |tily, for eachi=1,--- n.

Proof: If & is empty, then there is nothing to do. If & is a singleton, say {v;}, then take
o] = 1.
Now, suppose that & contains at least two places of K. Fix v; € & and for each i =

2,--+,n, choose a {vy,v;}-unit 3; € K* so that r; := ord,,(3;) > 0 (such an element

exists by the unit theorem). So, we have |3, = |}

|5z“v1 = ‘@'

A = r;a; for some a; € Z- and put a = [[I_, 5™ € K*. Clearly, « is a global G-unit in

v;- The product formula implies that

oL Let |¢

v = | Ty, for some m; € Z and put A := lem{r; : i = 2,--- ,n}. Write
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K. Let a; = a4 € K: be an A-th root to the equation 24 = « for each i = 1,--- ,n. It

follows that for j =2,--- n,

s, = IDﬂWWA B/ = | a7 = |, [ = [yl

Hence, the product formula implies that

oo, = H\Bz“’mlm H 1Bilu m’/“—Hm vsz/”—H\Cz\v 1]

Thus, we have |a;,, = |cilo, and af = a for alli=1,--- n. ]

For each z; € X, the logarithmic leading coefficient of f,(z) at x; with respect to v is

Alfurz) = lim (< dog, (£u(2)].) + silo, (lai(2)L) ).

In fact, if ¢, 0 := fo(2)gi(2)"V*

.=z, 18 the leading coefficient of f,(2) at z;, then A(f,,z;) =
< log, (|cuiolv). Since V,, (E,) = lim,_,,(G(z, x5 Ey) + log,(|gi(2)].), it follows from (8.3),
(8.5) and (8.7) that

é(xi,xj; E,) - sj, (8.8)

M:

A(fw xl) =

1

J

where

. Vi, (By) ifi=j
G(.ﬁEi, l'j; Ev) =

Also, the definition of T'(F,, X) implies that for each i = 1,--- ;m,

Z F(EU, %)U . S]' = A(fv7 513'7,)
Jj=1
Thus, we obtain that
1 m
NmmMmz;max ZG%%, 55,
J:
and hence
Z 10g, (|s.iolv) - 10g(gs) = (T(Ex, %) - 5); = V(Eg, X) < 0. (8.9)

UESK
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On the other hand, since '(E,,, X) = 0, G(a, 23 Eyy) = 0,50 %108, (|Cugiolvg) = A fugr i) =
0 for all x; € X by (8.8). Hence |cy i0]v, = 1. Noting that V(Ex, X) = —V log(g,,) is negative
and NV € Zsy, it follows that by, := m, NV € K,,. Put R, := ]bvolql,éN. Replacing f,,(2) b

bvofvo (Z) and Cu,i0 by byocvo,io, we have
By = Uy = {2 € PY(Cyy) : | fuo ()]s, < R} (8.10)

Thus, we achieve the product formula for the leading coefficients of the f,(z) by (8.9):

— Z 10g, (| ¢v.i0lv) - log(g,) = 0. (8.11)

’UESK

Recall (8.2), (8.4) and (8.10);
]bv]ql/N forve S

R, = 1 for ve Sk \ S

bt

\

Note that RN € |K)| for all v € Sg. We call them the defining constants of the sets E,.
We need to rescale the basic local approximating functions f,(z) for v € Sk to simplify the

defining constants.

For each v € Sk, put

9u(2) = ufol2). (8.12)

We call them the normalized local approximating functions. Since N was chosen so that
NV > 2B(N)log, (), the leading coefficient uc,, ;o of wf,,(2) at x; satisfies

—B(N)log,, (N)+NV

1< qNV/2 < Quo < |Ucvo,i0‘vo - ‘Ubv0|v0 < |bv0|vo - R;J(Y (813)

The defining constants become
luby|o/¥ =1 forve S
R, =< \u]ql/Nzl forvegK\S

1/N

|ubyg vy > 1.
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Furthermore, for each z; € X, the leading coefficients ¢, ;, of the g,(z), v € Sk, continue to

satisfy the product formula. Indeed, it follows that

1
N Z logv(|ci),i0|v) +log(qv)

veESK
1 1
— < D Tog, (Jucwiol.) - 108(a) + 1084, (1o |oy) 108 (3,
v€§K
1 1 1
=% > log, (Jul) - log(q,) + ~ > log, (|ev.ol) - log(qu) + 5 1080, (1buo o) 108(duo)
vESK vESK
by (8.9),

1
= Z log, (|uly) - log(q,) + V(Eg, X) 4+ V log(qu,),

vESK

since |ul, =1 for all v € Sk and V(Eg,X) = —V log(qy,),

= & 3 tog,(Jul.) - Tog(,) + V(Ex, %) ~ V(Ex, ),

UEPK

by the product formula,

= %10g< H |u|v> = 0.

ve Pk
For notational simplicity, replace the leading coefficient ¢, ;, of g,(2) at x; by ¢, 0. Note

V/2

that RY € |K| for all v € Sk and [] R, > 1. In particular, since h,, = quy , it follows

vESK

from (8.13) that that
1 < hyy < Ryy < g, (8.14)

We now summarize the choices of the integer N, the defining constants R,, and the

normalized local approximating functions g,(2).

Theorem 8.4 Let Ny be the integer as in (7.8). For any sufficiently large positive integer N
divisible by Ny and satisfying (7.12) and (7.13), there are an (X,5)-function g,(z) € K,(z)
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of degree N for each v € Sk and constants R, € |CX| with RY € |K)| such that R, =1 for
eachv € S, R, > 1 for each v € Sk \'S, and 1 < qq‘,/o/2 < R, < q}fo, having the following
properties:

For each v € S,

EY = {z € P(C,) : g,(2) € O,} C E,, (8.15)

U% = {z € P(C,) : |gs(2)|s < RY} C U, (8.16)

and UL is the union of N pairwise disjoint balls B(0y, p;) with each 0; € K, and p; € |K*|;
For each v € Sk \ S,

U =FE,=U,={2€P(C,) :|9.(2)|, < RY}. (8.17)

Furthermore, for each x; € X, the leading coefficients ¢, o of the g,(z), v € Sk, satisfy
the product formula
= Z 10g, ([¢y.0lw) - 10g(gy) = 0. (8.18)
’UGSK
Remark 8.5 The choice of local patching parameters h, for each v € Sk in Section 7.3
makes sense. That is, it follows from Theorem 8.4 that if h,, = qv0 , then one can choose
h,’s for each v € 5 i with the following properties:

i)0<hv<1§vaoreaChv€§K;

iii) [T,es, oo > 1.

(

(i) 1 < hyy < Ryy;

(

(iv) for each v € S, hY < ¢, >/ @™V < ¢,/ @~ by (7.13).

Remark 8.6 In the case of compact sets, Theorem 6.2 implies that the basic local approx-
imating function f,(z) for each v € S has distinct zeros 6;,--- ,0y in EX C E, with the

following properties: for the number R! € |C| chosen above, there are numbers py,--- , py
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belonging to |K |, with p; < 1 for each j = 1,---, N, such that the balls B(6;, p,;) are

pairwise disjoint and f,(z) : B(0;, p;) — B(0, R/N) is an RN /p;-isometry satisfying

N t
£HBO,RY)) = | B85, 05) € | Blai, ),
j=1 i=1
N
£ (BORY)NK,) = U (6;,p;) N K,) C E,.

Since |ul, = 1/R™ and g¢,(z) = uf,(z), it follows that for each v € S, the normalized
local approximating function g,(z) has the same zeros in E? C E, as f,(z), and defines a

1/pj-isometry g,(z) : B(0;, p;) — B(0, 1) satisfying

N t
U =g, (B(0,1)) = | JB(0;.p)) < | B(ai,m),
j=1 i=1
N
E° = ¢ Y(B(0,1) N K,) = U (6, p5) N Ky) C B

Corollary 8.7 For each w|v, if we put R, := RE5l gnd 9w (2) == fu(2), then the leading

coeffocients c, ;0 of the g, (2) at each x; € X satisfy the product formula

Z Ing(’cw,iO‘w) ) IOg(Qw) =0. (8'19)

wEST,

LLwZKv] for all T € Lw and [Lw : KU] —_ ew/vfw/v7 lt fOHOWS that

Proof: Since |z|, = |z

10gw<|cw,i0|w) = 1Ogu(|cw,i0|v>[Lw:KU}/ log, (qw) = Cw/v " 10gv(|cv7i0|v))' Hence we have

> log,(lewiolw) - 108(qw) = > ewpw 108, (|coioln)) - 108(q) - furo

weST, wEeST,
= Z Z[Lw : K] log,([cviolv)) - log(qu)
veSK wlv
= [L:K] ) log,(lcols)) - log(g,) = 0.

vESK
O
The following proposition provides us global Sy-units to patch the leading coefficients of

guw(2) for all w € Sp.
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Proposition 8.8 We are given the (X, 5)-functions g,,(z) € K,(z) of degree N for all w €
St whose leading coefficients ¢y, ;0 € L, satisfy the product formula (8.19). For any collection
of numbers §,, > 0 for w € Sy, there is a positive integer A divisible by [L : K], satisfying
the following: if n € Zq is divisible by A, then there is a global Sp-unit u; € M for each

r; € X such that

Uy

n
w,t0

—1| <6, (8.20)

C

w

L such that

weSy ~w

Proof: Lemma 8.3 implies that there is an Sp-subunit (wy;)wes, € ][]
|Cw.iolw = |twilw- By the definition of Sp-subunits, there exist A" € Z., and a global Sp-

unit u, € L* such that uf‘u/l = u} for all w € Sp, and each i. Without loss of generality,

A

we can assume that A’ is divisible by [L : K]; and hence u;,

:Z- = u, belongs to M*. Since
Ui/ Cwiolw = 1, Uwi/Cwio € OF for all i, i.e., uy;/cwio is not zero in O, /m,,, which is
finite. Hence there exists A, ; € Zq such that (uy;/cyi0)* =1 in O, /m,,. Letting A” :=
lem({Ay;:w € Sp, i=1,--- ,m}U{A'}), since A" is divisible by [L : K];, u] := ufy; € M*

AN
w,t W

is a global Sp-unit, independent of all w € Sy. Note that |u|, = |u = |citiolw for all
w € Sp. Since (Uw,z‘/Cw,Z‘o)AN —1em,, |(uw7i/cw,i0)A” — 1], < 1. For any sufficiently small
8w > 0, there is A, € Zwg 50 that |(wy/Cuio)PA — 1|, < &, for any B € Zg. Let Ay be
the least common multiple of the A,, for w € Sp. Put A := A" Ay. For any n € Z divisible

by A, if we put u; := (u?)*4", it follows that

Uy Ui "
7 1 w, i 1
Cn . ‘ ‘ (C 1 )
w,t0 w w,i0

O

Remark 8.9 Put A} := Z— — 1. Since n is divisible by [L : K],, ¢}, ;, belongs to M, so

’ w,i0

AER)t € M,. Note that o(u;) = ue(; for any o € Gal(L/K).




CHAPTER 9

GLOBAL PATCHING ARGUMENT 11

In Chapter 8, we have constructed the normalized local approximating functions g,(z) €
K,(z) and defining constants R, with RY € |K| of the sets E,, v € Sy for any sufficiently
large N € Z- divisible by Ny with the conditions (7.12) and (7.13). For each v € Sk, if w is

= R Denote the leading

a place of L lying above v, then put g,(2) := f,(z) and R, :
coefficients of g,(z) and g,(2) by ¢,.0 and ¢, 0, respectively. In fact, they are the same and
belong to L,,. In particular, they satisfy the product formulas (8.18) and (8.19).

We will construct the local patching functions defined over K, for each v € Sk in the
local patching processes. In the final step of the global patching process, we need to meld

the local patching functions into a global function defined over K, which also defines the

sets F,. To do this, we will need the following strong approximation theorem.

9.1 THE VERY STRONG APPROXIMATION THEOREM

For this section only, let K be an arbitrary function field over a finite field F,, i.e.,
K is a finite extension of F' := (7). For any finite extension L of K, let M be the
separable closure of K in L. If oo is the place of F' defined by 1/T, then Pk, is the
set of all places of L lying above oo and Pgo = Pk \ Pk Let Sk be any finite set of
places of K containing Pk, and Sz, be the set of all places of L lying above Sg. Write
Kg, ={zx € K : |z|], <1 forall v & Sk} for the set of all Sk-integers in K. Recall the

finiteness of the class number of Kg, :

91
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Proposition 9.1 ([21], Theorem 14.5, p.247) Under the hypotheses above, Kg, is a
Dedekind domain and there is a 1 — 1 correspondence between the nonzero prime ideals of

Kg,. and Pk \ Sk. Moreover, CU(Ks,.) is finite.

Since Ox = Kp, ., Ok is a Dedekind domain and the class number hg of K is finite.

Note that Op = Fy[T] and On = F,[[7]].

Lemma 9.2 Consider the canonical embedding ¢ : K — K®p Fy. Then (K ®p Fy)/¢(Ok)

18 compact.

Proof: Let n = [K : F] and let {by,---,b,} be a basis for Ok over Op. Then {by,--- ,b,} is
also a basis for K over F', and hence {¢(by),- -, ¢(b,)} form a basis for K ®p Fi, over Fj,.

Note that

P :m((%)) — F,[T] +{Z%’; Ly € Fq} = Op + Da,

where D, = {Zk21 & :ay, € Fy} C O. After identifying ¢(K) with K, write b; for ¢(b;).
For any a € K ®p F,, write a = Z?Zl a;b; with each «; € F. Then «o; = 3; + ; for
some 3; € Op and v; € Do, s0 a = Y 0, Bibi + > vibi. Clearly, > | B;b; € Ok.
Put D := {>°7 ,0;b; : 0; € Dy }. Then D is compact and K ®p Fy, = Ok + D. Hence

(K ®F F)/Ok is compact. O

Corollary 9.3 For any nonzero ideal A of Ok, (K ®p Fx)/o(A) is compact.

Proof: Ok is the integral closure of Op and A C Ok, so each o € U satisfies an integral
equation. Hence any Op-basis for 2 is an F-basis for K. Since Op = F,[T] is a PID, 2 is a
free Op-module of rank n. With the same argument as in the previous lemma, we are done.

OJ

Lemma 9.4 There is a constant Cx > 0 depending only on K with the following property:
For any a € Jx with ||a|| > Ck, and any § € Ak, there is an x € K such that |z — By, <

|ty |y for all v € P.
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Proof: Let h = hy be the class number of K and {2, -+ ,2,} be a set of representatives
of the ideal class group of Ok. If ¢ : K — K ®p F,, is the canonical embedding, then
(K ®F Fy) /2 is compact for each 4, if we identify ¢(2(;) with ;. Noting that K ®p F, =

Dvepy . Ko, fix a constant 0 < a; € R such that

{y - (y’U)UEPK’OO e K RF Foo : |yv|v <aq You € PK,oo}

contains a fundamental domain for each 2; for all i =1,--- | h.

Fix a place vg € Pk and set Sy := Pk \ {vo}. Remark 7.1 implies that the map
A J}(,Px,w — R#(50) takes O} onto a lattice in R#(50) Hence there are constants 0 < ay <
1 < a3 with the following property : for any collection {0 < a, € R : v € Sy}, there is a unit
p € OF such that as < a, - ||, < as for all v € Sy. Note that for any B > 0, there is a unit
up € O such that |ugl|, > B for all v € Sy. Choose B > 0 large enough that a; < Bay and
put By := max{|ugl|, : v € Sp}. Replacing ag by Bpas and p by upp, we see that there is a
constant 0 < a4 with the following property : for any collection {0 < a, € R: v € Sy}, there
is a unit u € Oy such that a; < a, - |}, < a4 for all v € Sy. Choose ap > 1 large enough

that ag-a; > a4 and ag - a1 > 1. Put
Cx = (ag - ap)#*FKo),
Given a € Jg, put
V(a) =10 € Ak : |0y]v < ||y Yo € Pk}.

To prove the assertion, we need to show that K + V() = Ag provided that ||| > Ck. Let
Voo (@) be the part of V(«) supported on Pk o and let Vy(a) be the part supported on the
complement of Pk . Then V(a) = Vi (a) x Vo(a). Let mp : V() — Vo(a) be the natural
projection. Let i(«) be the ideal in Ok associated to my(«). For each y € K*, we easily see

that yV () = V(ya), so

Yy K+ V(o) =yK+yV(a) = K+ V(ya).
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Hence K + V(a) = Ax & K + V(ya) = Ak for each y € K*. After replacing o by ya for
an appropriate y € K, we can assume that i(a) = 2; for some i = 1,--- , h. We choose a
unit p € O such that a; < |pa,|, < a4 for all v € S;. Without loss of generality, replace a
by pa and assume that

a; < ||y < ay

for all v € 5.

1

We are assuming that ||a| > Cx = (ag - a1)* %), Since |af| = ] lelo = Ny -

vePxK
HvePK,oo |a|, and N(i(a)) > 1, it follows that HvePK,oo ||y > HvePK,oo(ao - ay). Since
||y < ag < ag-ay for all v € Sy, necessarily |, |y, > ao-a1 > a; and hence V. («) contains
a fundamental domain for ;. Fix § € Ag. There is a finite set S; C Py such that 3, € K,
for each v € S and (3, € O, for each v € S;. Since a € J, there is a finite set Sy C Pk such
that a,, € K* for each v € Sy and «,, € O for each v € Sy. Put S3 := (S; U Ss) \ {vo} and
put & := min{1, ||, : v € S3}. The Strong Approximation Theorem ([5], Theorem, p.67)
says that there exists y € K such that

|y — Buls < & for all v € S3
(9.1)

lyl, <1, e,y € O, for all v € S3 and v # vy.
Recall that vy € Pk . For any v € Pk, if v € S, then |y — B,], < € < |ay|o; if v € S5,
then y € O,, B, € O,, and a, € OF s0 |y — Bulo < 1 = |ayly. Thus |y — Byl < |y, for
all v € Pkyo. Replacing 8 by y — 3, we can assume that (3,)vep,, € Vo(a). Since V(o)
contains a fundamental domain for 2;, there exists x € 2; such that (z— 3,),c Proo € V().
Recalling that ; = i(«), we see that |z], < |ay|, for all v € P g 50 (7)vep,, € Vo(a), which
implies that (z — By)vepy, € Vo() by the ultrametric inequality. Therefore, x — 3 belongs
to V(). O

Corollary 9.5 Let Sk be a finite set of places of K. There is a constant C(K,Sk) > 0
depending only on K and Sk with the following property : For any collection {0 < C, € R :

v € Sk} with || C, > C(K, Sk) and for any collection {8, € K, : v € Sk}, there exists

vESK
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x € K such that

|z — By|, < C, for each v € Sk
|z, <1 for allv & Sk.

Proof: Let C'x be the constant from the previous lemma and put

C(K7 SK) = CK H v,

vESK
where g, is the residue degree at v. Suppose [],.q C» > C(K, Sk) with 0 < C, € R. For

each v € Sk, there exists a,, € K, such that

C
— S ‘Oév’v S Cv-

Letting a, = 1 for each v € Sk, we have o = (a)vep, € Jx and

c, _ C(K,S
]| > H —ZM:CK-
vESK Qv H’UGSK Qv

Given a collection {3, € K, : v € Sk}, let 5, = 0 for each v &€ Sk. By the previous lemma,

there exists © € K such that |x — 3,], < |y, for all v € Pg. O

For any place v of K, if w is a place of L lying above v, there are two natural absolute
values on L,,. We will write |- |, for the absolute value on L,, uniquely extending the one on
K,, and | - |, for the canonically normalized absolute value on L,,. Thus, for any = € L,

|[E|w = #(Ow/ﬂ'wow)*ordw(m) and |x|w _ |CL’|£,LWZKU}'

Remark 9.6 If L/K is a finite normal extension, then the separable closure M of K in L
is a Galois extension and L is purely inseparable over M. Hence there is only one place w
lying above each place u of M. It has the residue degree f,,/, = 1 and so the degree [L : M]
is equal to the ramification index e, /,, which is the local degree (L, : M,]. Tt is well-known
that for each place v of K and for all u|v of M, the ramification indices are the same, and
the residue are the same. Since all of the quantities are transitive, it follows that for all w|v

of L, the ramification indices are the same, and the residue degrees are the same.
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Remark 9.7 By [17], Proposition X.1.9, p.343, every finite extension of F' is simple, and
hence there are only finitely many intermediate fields between K and L by the Primitive
Element Theorem. If K/F' is not separable, then there is an element y € K such that
K =F(y) =F,(T)(y) and K is a separable extension over F,(y) by [17], Corollary X.1.10 ,
p.344.

Remark 9.8 In general, for field extensions of transcendence degree > 2, there may be
infinitely many intermediate fields for a finite extension. Let k be a field of characteristic
p > 0 and L = k(x,y) the field of rational functions in two variables. Put K := k(a?,y?).
Since [L : k(z,y?)] = p and [k(z,y?) : K] = p, we have [L : K] = p?. We will show that there
are infinitely many intermediate fields for the finite extension L/K.

Consider a field K,, := K (2™ +y) for each n € Z~. Clearly, every K, is contained in L.
First, we claim that "7 4y does not belong to K. If """ +y € K, then 2" 4y € K(y),
so 2"t € K(y). Since 27 € K C K(y), 2" € K(y), and hence x € K(y). This implies
that L = K(x,y) = K(y) = k(zF,y), so [L : K] = [k(2P,y) : k(zP,y?)] = p, which is a
contradiction. Thus, every K, properly contains K.

Now, we need to show that they are distinct. Suppose that K,, = K, for some m < n.
Since 2"t 4y € K,,, we see that (z""*! +y) — (2P + y) = w(z™P (2P — 1)) € K.
Since 2P € K C K,,, 2™ (z™™? — 1) belongs to K,,, and hence z € K,,, so y € K,,.
Thus, L C K,,, which implies that [K,, : K] = [L : K] = p?. Noting that (z™*1 4 y)? =
PPt P ¢ K we get [K,, : K| = p. We have a contradiction. Therefore, the K,,, n € Z+y,

are distinct intermediate fields between K and L.

The following theorem is an extension of Corollary 9.5 and will be used to approximate
the low-order coefficients of the initial patching functions to global elements in certain ranges

in the global patching process.

Theorem 9.9 (Very Strong Approximation Theorem) Let L/K be a finite normal

extension. There is a constant C(L/K,Sk) > 0 with the following property : Let {0 <
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D, € R:w € St} be any collection of numbers with [[,cq, Dw > C(L/K,Sk). Fiz an
intermediate field K C K' C L, and suppose that for each u € Sk, the D,, coincide for all
wlu. Then for any collection of local field elements {3, € K! : u € Sk}, there is a global

eld element x € K’ such that
fi

|x — Bulw < Dy for each w € Sp,
(9.3)

|z <1 for allw & Sy.
Proof: For each intermediate field K C K' C L, let C'(K’, Sk+) be the constant in Corollary

9.5. By Remark 9.7, there are only finitely many such fields K’, so we can set

C(L/K,Sk) = max C(K' Si)EE (9.4)

KCK'CL

Fix an intermediate field K’, and let the collection {0 < D,, € R : w € Sp} satisfy the
conditions of the theorem. For each u € Sk, since L/K’ is also normal, the degrees [L,, : K]
are the same for all w|u of L by Remark 9.6. Since the D,, coincide for all w|u, put

D, = DW .
Regarding y € K/ as an element of L, since |y|, = ]y|LLw:KU, it follows that |y|, < D, if

and only if |y|, < D,,. Noting that [L: K'| =) . [Ly : K], we see that

wlu
1 1
H D, = H <HD1[ULU,:K1’L]) #{weSwlu}
u€S s wESKr  wlu
= H D1[UL:K/] Z C(L/K, SK)T;{/]
weSy,
> C(K',Sg)

Applying the previous corollary, there exists x € K’ such that

|z — Bulu < D, for each u € Sk

|z], <1 for all u & Sk .
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For each w|u, since |y, = |y|LLw:K’/L] for all y € L,,, we have

|x — Bulw < Dy, for each w € Sp,

|z], <1 forall w & Sy.

9.2 CHOICES OF THE LOCAL/GLOBAL PATCHING PARAMETERS

In this section, we will choose the global patching parameter ky € Z-y and the local
patching parameters 6, > 0, v € Sk. The integer ky will determine the break point between
the coefficients deemed “high-order” and “low-order” in the local/global patching process,
and will play a significant role in the choice of n € Z-g, which will be used to raise the
degree of the normalized local approximating functions. Recall that N, the common degree
of the normalized local approximating functions g,(z), is a fixed integer divisible by Ny and
subject to the conditions (7.12) and (7.13).

Fix a place v € Sk. Let w be a place of L, and u be a place of M, with w|u|v. For each
z; € X, let u be a place of K(z;), and v be a place of K (z7"), with w|u|v|v. Let T,; > 1
be the constant corresponding to the basis {zf: £ =0,--- ,p% — 1} for K(z;)/K(2"") as in

Proposition 7.5. Set T,,; = TF[L’Li“J:K(%)“] > 1 and put

Ty :=max{T,, >1:i=1,--- ,m},

T, == max{T,, : w|v}.

We have constructed the normalized local approximating functions g¢,,(z) with leading

coefficients ¢, ;o for each z; € X. Put

Cv = maX{|Cw?i0|fU 1= 17 e ,m},

Cw = CLL”:K“].

Thus it follows that Cy, = max{|cyiolw :7=1,---,m}.
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Recall that N; = Ns; = n;p® and that D = > " | N;(z;) is an M-rational divisor. Noting
that {1, 2*/(z — ;)" :i=1,---,m, £=0,--- ,p% —1, j=1,--- ,n;} is the M-basis for
L(D), put

B, := max{1, ||2"/(z — x;)"*"

Ev:izlv'”umvg:(L 7p _1 jzlv'”7ni}7

B, = Bl

It follows that B,, = max{1, |2*/(z —2;)"""|, on U:i=1,--- m, £=0,--- p%—1, j=
1,0 m}

We have chosen the numbers h, so that 0 < h, < 1 < R, for each v € S kand 1 < h,, =
al? < R,, (see Theorem 8.4).

For each v € Sk \ S, choose k, € Z~q so that for all k£ > k,,

. 9.7
T B, (9.7)
Since T, < T, < TiL”:K”], if follows that for all w|v and all k& > k,,
RkN
kN w
W 9.8
B < 98)

Fix v € S. We have hY < go /0™ o V@D 1o Remark 8.5. Note that for given a, b
with 0 < a < b < 1, a® = b®*! has only one zero at x = In(b)/In(a/b). Let k; be the least
positive integer such that (h¥)* < (go ™ Y)&+1 for all k > ky. Since k + 1 grows much
faster than log,(k + 1) does, there is a ky € Z~( such that (k+1)/(q, — 1) > log,(k + 1)
and hence ¢, ~(k+D)/ (@) gy % kH) for all k > ky. It follows that (v(Ml)/(qFl))2 <

go FTD/@m )8 (D o1 all k> ky. Letting ks = max{ki, ko}, if k > ks, then (h¥)F <

q;(k+1)/(q”_1)_log”(k+l). Let k, € Z~( be the smallest integer such that for all £ > k,,

L log, (k+1 -~ —log, (k
hkNT B < q/U (11;—1 g'u( + ) < qv qu—1 g'u( )‘ (9‘9)

1/ [Lw: o]

Note that for all w|v and all k € Z~, since Ty < T, <T,, it follows that

(RENT, By )V B < pPNT B, (9.10)
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Now, put ky := max{k, : v € Sk}. Let C(K, Sk) and C(L/K, Sk) be the constants from

the strong approximation theorem. Put x,, := max{|z{|, :i=1,--- ., m, £=0,--- ,p% —1}
and set x, = XLL”:K“] for all w|v. For our chosen N € Z-, choose the least positive integer
ks so that [[,cq, hn* > C(K,Sk).

We define ky = max{ky, ks} to be the global patching parameter. Thus, for any k > ko,

Nk
" > C(K, Sk). (9.11)
SK UXU

ve
In addition, the choice of the constant C'(L/K, Sk) implies that for all w|v and all k& > ko,
Nk

1T fu > C(L/K, Sk). (9.12)
wes, LwXw

We now summarize the properties of k.

Proposition 9.10 Let C(K, Sk) be the constant from the Very Strong Approximation The-
orem. For any N € Z~ divisible by Ny and which satisfies (7.12) and (7.13), let h,, v € Sk,
be the local patching parameters constructed in Section 7.3. Then there is an positive integer

ko such that for all k > kg,

LN RkN
hi™ < —— for eachv € Sk \ S,
v T,UB,U f K\
—k+1—lvk’+1 _k_lvk
WNT,B, < q, ™7 o8 (41 <q ™! o8 () for each v € S,

and

hNk
1T T > OK Sic).

vESK

9.3 CHOICES OF THE LOCAL PATCHING PARAMETES 0, AND n AND PRELIMINARIES OF

LocAL/GLOBAL PATCHING PROCESS FOR HIGH-ORDER COEFFICIENTS

Fix a number € € | K| such that the balls B (z;, €) are disjoint from each other and from
U,. Without loss of generality, we can assume that € < 1. Since every zero of g,,(z) belongs to

U? C Uy, guw(2) has no zeros and only one pole at z; in B(z;,¢). Clearly, ¢ < ||a;, z;]|, for all
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J # 1, because the balls B(x;,¢) are disjoint from each other. Let n; : B(0,¢) — B(x;,¢) be
an isometric parametrization with 7;(0) = z;, defined by 7;(z) = x; + z in appropriate affine
coordinates. After pulling B(x;,¢) back to B(0,¢), we can expand 1/(z —z;) in a geometric
series about x;, converging on B(z;, €) (see Remark 6.5). Let () be the least common multiple

of the g, for all v € Sk, and let r € Z-( be large enough that
pT > koN

Let a € Z~( be the least integer such that

‘e
1 hﬁ} N €2k0N

_< T s
Q> ~ OB BE ThN

oy - min {lcw,iolw, |cﬁ(1i_()1 w i i=1-- m}. (9.13)
w

There is a unique «, € Z-q such that ¢¢ = Q® for each v € Sk. Put

pT() = QOépT"

For each v € Sk, fix a number 0 < §, < 1 small enough that

W N hoN
ST O BY TN kN (5-14)
Putting 0, := 51[,L“’:K“] for all w|v, it follows that §, < o g%T;iE?VN v - This choice of the 4,
w w w X’LU

will play a role in patching the leading coefficients of the “initial local patching functions”
to global units in the global patching process.
Let Ty > 0 be the least integer such that for all £ > Tj,

ko _10gv (TL)

RNT, B, < g, ™" (9.15)

Since AY < ¢, /™Y e, log, (hY) < =1/(g,— 1) and B INT, B, > ¢, 7o~/ (@D -losu(m),

. 10gU(Bv/h11;V)+logv(n)
it follows that Tj < “log, (hN) 11/ (qu1)) "

Let A be the positive integer in Proposition 8.8. For the moment, let n € Z-q be any
sufficiently large integer divisible by Ap™ such that n > Ty > p" (later other conditions
will be imposed). Write n = p" - ng for some ng € Z~o. This choice of n allows the leading

coefficients to be patched, and will also arrange the high-order coefficients determined by kg
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to be zero for the RL-domains and to have very small absolute values for the compact sets
in the local/global patching process. In the local/global patching processes, we will patch
the initial patching functions (g, (2))™ (for RL-domains) and S, (g,(z)) (for compact sets).

In the RL-domain case, since the characteristic of K is p, we can expand

gu(2)" = (gu(2)")""
m nolN;—1 1 po
= bwi bw
<zz:; per S F(z — g )roNh i ’O)
m ngoN;—1
70 1 0

In the expansion, its leading coefficient at each x; is b” o

w.ios Which is ¢} ;o and the next nonzero

term occurs at the order n/N; — p™, which means that there are no terms of orders niN; —
1,---,nN; —p™© + 1 at each z;.

In the compact set case, consider the function S, (g,(z)). We want to arrange the high-
order coefficients to be very small.

First, consider S,,(z) := Sy.v1(2). Note that there are ¢i* cosets in O, modulo 7% and

every element in each coset is the same modulo 75*. It follows that

n—1 qgyv—1
Su(2) = [[e-s0G) = [[ =607 mod aj
§=0 J=0
a1
= J[ @ =806y)" mod
=0
= 2"+ay 2" +--- mod 7.

Writing S, (2) = 2"+ >_,_, az" " with a; € O,, it follows that for each £ =1,--- | p" — 1,
|acl, < g, =Q". (9.16)

Now, we consider the high-order coefficients of S, (g, (2)). Since g, (2) - (z — ;)" has no

zeros and poles in B(x;,¢), we can write

gu(2) - (2 = 2)N = cuio+ Y Cun - (2 — ).

k>1
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The theory of the Newton polygons implies that the Newton polygon of g, (2)-(z—z;)"* has no
breaks and the unique line touching the Newton polygon with slope log, () at (0, ord, (cy,i0))
has the y-intercept — log, (”gw('z) ) (Z - xi)NiHB(:m,s))a that is, ng<2) ’ (Z - mZ‘)NiHB(mi,s)
|Cwioly- By Lemma 2.3, it follows that |c,ir|s < |Cw.iolo - €7F for all k> 1. Rewrite
gu(2) - (z = 2,) = Cw,i0 <1 + Z bu,its - (2 — $z)k>>
k>1

with by ik]s < e=* for each k > 1. Note that for any d € Z,, if we write
(gw(Z)(Z—J}Z)N> _CwZO(l—i_Zbi(fzé >’

the coefficients bq(jl}i[ satisfy |b§j)w|v < ¢7* for each £ > 1 by homogeneity. Since S,(z) =

S o ez with ag = 1, we have
p'—1 n
Su(9w(2)) = gu()"+ D e gu(2)" D ar- gu(2)
=1 €=pr

= (z—x;) ™V {(gw(z) (z— :BZ)N’>n +

Z Qg - <gw(z) (z— xi)m)”—f (2 — )t

=1
+ higher terms}

= (z—x;)™N. Wo[(Hwaw ¢ ) )

7j>1

ZN (nﬁ
E ag - cmoz—xl ( E bu.in (2 — ;) )

h>1

+ higher terms} ) (9.17)

where “higher terms” are the terms in (z — ;)" for h > p"N;. We have already arranged that

bgfz-j = (0 in the range 1 < 7 < p" by the choice of n, and |bfj‘,[,f)|v < e7h for each h > 1 and

each / =1,--- ,p" — 1. Note that ¢, 0 is determined by g,(z) foreach £ =1,--- | p" — 1.
Since gy, : B(0,, p1) N K, — O, is bijective, the preimage 3,(k) := g3'(3,(k)) belongs to

B0, pr) N K, for all t = 1,--- | N, so every zero of S,(g.(z)) belongs to E? C K,,. Hence
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Sn(gw(2)) - (z — )™V - ¢l has no zeros and poles in B(z;,¢). By the same argument as
above, we can write
Sulgul2)) = (2 — z) "™ - (1 +> Bz - xiy) , (9.18)
e>1
with [BY),[, < ¢ for all £ > 1.

Foreache=1,--- ,n—1, put

n—1
Se(z) =11z =5.0))
j=e
Similarly, we can rewrite
Selgul2) = (5 = ) % (143 B (2 — 1)) (9.19)

>1
with |Bf2€\v < e ! for each £ > 1.
But we need more delicate bound condition for Bfﬁ 16 to carry out the global patching

process, when £ =1,---  kgN; — 1.

Proposition 9.11 For each ¢ =1,---  kgN; — 1

he "N ckoN

| ww’w = P B TN\ FoN (9.20)

Proof: Comparing the coefficients in (9.17) and (9.18), it follows that for each k = 1,--- , kg
and each ¢ = (k — 1)N;,--- kN; — 1,

(0) (n) a] n—j)
wzﬁ_bwz€+§ : bwzﬁ N

sz

Whereb 0—1 Note that p™ > p" > kgN, bww—()forjzl, -, p" — 1 and |b" d)|v

e~h for each h > 1 and each d = 1,---,p" — 1. Since max{|cuwiolz!, -, |Cwiolu’ "} -

min{|cuiolw, | lw} < 1 for each k = 2,--- ko, the properties (9.13) and (9.16) imply

w,10
that for each £ =1,--- [ kgN; — 1

he "N ckoN

| wzf’w — Cp Bp TkoN koN



CHAPTER 10

LocAL PATCHING PROCESS FOR RL-DOMAINS

Let N be the positive integer divisible by Ny satisfying (7.12) and (7.13) chosen in Section
7.3.

In Theorem 8.4, we have constructed a normalized local approximating function g,(z) €
K,(z) for each v € Sk \ S. Recall that g,(z) is an (X, §)-function of degree N with the

following properties: there are numbers R, > 1, v # vy and R, > 1 such that
U, =E,=U,={zeP(C,) : |f,(2)l, <R}

Recall that an RL-domain is of the form D, = {z € P(C,) : |h(2)

» < R} defined by a
function h(z) € C,(z), for some R € |C|. The boundary of D,, relative to h(z), is defined

to be 9D, = {z € P1(C,) : |h(2)|, = R}.

Proposition 10.1 (Maximum Modulus Principle) Let D, C PY(C,) be an RL-domain
as above. If f(z) € C,(z) has no poles in D,, then |f(z)|, achieves its mazimum value on

D, at a point of 0D,.

Proof: See [22], Theorem 1.4.2, p.51. O

The following lemma will be used in the patching process described below. It says that

the set U? is preserved by the patching precess.

Lemma 10.2 Let E = {z € P}(C,) : |h(2)|, < R}, where h(z) € C,(2) is nonconstant and
0 < R€|CX|. Put E¢:=PYC,)\ E. If p(2) € C,(2) has the following properties:
(1) lp(2)le < R forall z € E;

105
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(i1) {poles of ¢(2)} C {poles of h(z)} C E°; and
(i1i) for each pole x of h(z), the order of h(z) at = is greater than or equal to the order of

p(z2) at x,
then E = {z € P1(C,) : |h(2) + ¢(2)], < R}.
Proof: Let D = {z € PY(C,) : |h(2)], > R} = {z € PY(C,) : |1/h(2)|, < 1/R}. Then D is
an RL-domain and 0F = 0D = {z € P}(C,) : |h(z)|, = R}. Set H(z) := ig; and suppose

that H(z) has a pole in D. It follows from (iii) that h(z) has a zero in D, say h(zy) = 0 for
some zy € D. Since |h(z9)], = |0, = 0 < R, we see that zy ¢ D, which is a contradiction.
Hence H(z) has no poles in D. On 0F = 0D, |H(z)|, = % < £ = 1. By the Maximum

Modulus Principle, |[H(2)|, < 1 on D, i.e.,
lo(2)]y < |h(2)]s on D.

The ultrametric inequality implies that |h(z) + ¢(z)], = |h(2)|, > R on D. We then obtain
that |h(2) + @(2)|, = |h(2)]y = R on OF = 9D and |h(z) + ¢(2)|, = |h(2)], > R on E°.
Now, since h(z) and ¢(z) have no poles in E by (ii), h(z)+¢(z) has no poles in E. Again,

the Maximum Modulus Principle implies that |h(z) + ¢(z)], < R on E. Thus, we have
E={zePYC,) : |h(z) + ¢(2)], < R}.

O

Fix v € Sk \ S. For each w|v, let ¢,(2) = ¢,(2) € K,(z) be the normalized local
approximating function constructed in Theorem 8.4. Let kg € Z-o be the global patching

parameter as in Proposition 9.10. Recall that for all k£ > ko,

LN RkN
hoV < —2—. 10.1
v ST g (10.1)
We have chosen the number 0 < §,, < 1 (see (9.14)) so that
BN ko N
w_© (10.2)

<
w — i " rrkoN | koN *
05; Bﬁ) Ty Xwo



107

For any sufficiently large integer n divisible by Ap™ (see Section 9.2), we first construct

the initial local patching function Gg,))(z) by composing g, (z) with 2". Put

GO(2) = gu(2)™ (10.3)
By the choice of n, since p™ > p" > kqN;, Gq(f,))(z) has no terms of orders nN; — 1,--- | (n —

ko)N; + 1 at each x;. We will patch the coefficients of GSB)(Z) with numbers A, ;s € Ly,
and Ay € L, for all w|v, all ¢ = 1,--- ;m, and all ¢ = 0,--- ,nN; — 1, while preserving
the property that its roots belong to U’. The A, ; will be subject only to the following
conditions:
(i
(ii

) [Ayiolw < 0y for all w and all i;
)
(ii) [Auwielw < b if (k—1)N; <L < EkN; — 1, foreach k=ko+1,--- ,n
)
)
)

Ay =0for all w, all i, and £ =1,---  kgN; — 1;

(1V ‘ wO‘w ShnN

w,10

(v) S SNt e A, MW € K,(z) is independent of w|v;

(vi) > IZ’ZN(k 11 wigm € K,(z) is independent of w|v, for each k = ko +
1, ,n

(vii) A, p is independent of w|v.

The conditions (i) and (v) are used in patching the leading coefficients. By the choice of n

and the condition (ii), we will do nothing to patch the coefficients in the high-order blocks.

The conditions (iii) and (vi) are used in patching the coefficients in the low-order blocks, and

the conditions (iv) and (vii) are used in patching including the constant term. The numbers

Ay and Ay, o satisfying these conditions will be provided by the global patching process.

10.1 PATCHING THE LEADING COEFFICIENTS

We first patch the leading coefficients, i.e., the coefficients of 1/(z — ;)™ for each x;.

Given the number A, ;o for each 7, put

m
7 1
E w,i0 w 20 TN,
mi)p 7

=1
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By (i) and (v), ¢\ (2) € K,(z) is independent of w|v. In particular, it follows from (10.2)

that
()l < €2 -6, - BY < BN, (10.4)
Define
GP(2) = G () + 0 (2) - gu(2)" " (10.5)
The leading coefficient of GY(z) at each ; is Croio T & 00 " Do - CZ;-ST = ¢y o1+ Ayio)

and G (2) € K,(z) is independent of w|v. Note that GV’ (z) has the same constant term as
GV (2). Tt follows from (10.4) that ||¢%(2) - Guw(2)" P o < REN - (PN« RN We then
have U? = {z € P}(C,) : G (2)|w < R™ 1 by Lemma 10.2.

10.2 PATCHING THE HIGH-ORDER COEFFICIENTS

When k = 1, we patch the coefficients in the block nN; —1,--- ,nN; — N; + 1 by setting
goz(,}l)( ) := 0. Define G ( )= G(O)( ).

For each k = 2, - - | ko, we patch the coefficients in the block nN; — (k—1)N;, -+, nN; —
kN; + 1 by setting @P(;;) := 0. Define Ggf)(z) = Ggf_l)(z).

Clearly, each G )(z), k=1,--- ko, is rational over K, and independent of w|v. Further-
more, we have U? = {z € P1(C,) : |G¥(2)|» < R} by Lemma 10.2.

10.3 PATCHING THE LOW-ORDER COEFFICIENTS

For each k = ko + 1, -+ ,n, we inductively patch the coefficients in the block nNV; — (k —
1)N;, -+ ,nN; — kN; + 1. Suppose that we have constructed functions Ggf_l)(z) € K,(z),
independent of w|v, such that U® = {z € P(C,) : |G¥ "V (2)|, < R™ }. Given the numbers
A i (k—1)Ns -+ > D kv, —1 for each 7, put

m kN;—1

Z Z A“”" )kN "

=1 ¢{=(k—1)N
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By (vi), goq(]f)(z) € K,(z) is independent of w|v. Since T,, > 1, it follows that

%) (2)lug < WEN - By < BEY - T, - By, (10.6)
Define
G (2) == GUV(2) + o0 (2) - gu(2)" . (10.7)

Then fo)(z) € K,(z) is independent of w|v and has the same constant term as G&?)(z). It

follows from (10.1) and (10.6) that

RkN
[6%(2) - gu(2)" Hllog < WY - Ty - By - RGN < 2T, B, - RGN = Ry,

We then have U° = {z € P(C,) : |G¥ ()], < R"™™} by Lemma 10.2.

Finally, at stage k = n+ 1, we patch the constant term. Given A, o € Ly, with |Ay ol <
hN for each wlv, define GgLJrl)(z) = Gi(,?)(z) + Ay . Then GglJrl)(z) is rational over K, and
independent of w|v by (vi). Furthermore, since |A, ol < k™Y, we have U? = {z € P}(C,) :

IGE™(2)], < RN} by Lemma 10.2.



CHAPTER 11

LocAL PATCHING PROCESS FOR COMPACT SETS

Let N be the positive integer divisible by Ny satisfying (7.12) and (7.13) chosen in Section
7.3.

In Theorem 8.4 and Remark 8.6, we have constructed a normalized local approximating
function g,(z) for each v € S. Recall that g,(z) is an (X, §)-function of degree N with
distinct zeros 0y,--- ,0x in EY C E,, having the following properties: there are numbers
p1, 0, pN € | KX with 0 < p, < 1, for each t = 1,--- , N, such that the balls B(6,, p;) are

disjoint from each other and such that

Uy =g,

v

B(0:, pr), (11.1)

||Cz

E) =g,'(0,) =

v

B(0r, pr) N Ky). (11.2)

||Cz

Furthermore, for each ¢, the map g, : B(0;, p;) — B(0,1) defines a K,-rational 1/p;-isometry,

that is, g, is a 1 — 1 correspondence such that for all z, y € B(6;, p;),

1
190(2) — 9u(y)]o = p—!z—wlv- (11.3)

t
For any sufficiently large integer n divisible by Ap™ (see Section 9.2), let {8,(k)}o<k<n

be the basic well-distributed sequence of length n in O, (see Chapter 5). Let

n—1

Sn(2) = Snwa(z) = H(Z — Bu(k))

k=0
be the Stirling polynomial of degree n for the ring O, and put

n—1

GY(2) = Su(gu(2)) = [ [(90(2) = Bu(R)), (11.4)

k=0
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which has leading coefficient ¢ ;5 at each x; € X.

For each zero 6, of g,(z), since 0, € K,, there is a K,-rational isometric parametrization
N B(0,p;) — B(6;, pr) with Xt(()) = 0,, defined by z — 6, + z in appropriate affine
coordinates. Choose d; € K with p; = |d;|, and define \; : B(0,1) — B(0:, pr) by \(Z) =
Ne(de Z). Tt follows that [|A(Z2), Ae(Y)|lo = [|IN(deZ), Me(dY) |0 = |de(Z =Y )|y = pi-|Z = Y]
We then have a K-isometry & : B(0,1) — B(6;, p1) — B(0, 1) defined by &(2) = g,(M(2)).
Since &(0) = g(A(0)) = go(6:) = 0, we can expand &(Z) = _,-, cxZ" € K,[[2]] as a power
series converging in B(0,1) (see Remark 6.5). Since ||&|/p,1) = 1, Lemma 2.3 shows that
lckls < 1 for all & > 1. Hence &(Z) belongs to O,[[Z]]. Clearly, &(0O,) C O,. For each
x € B(0,1), there is only one solution Z, € B(0,1) to &(Z) = z. If x € K, then Z; € K,
by Corollary 2.7, and so Zy € O, . Thus we obtain &(O,) = O,.

Moreover, since &(Z) has only one root at 0 in B(0, 1), there is a unique line ¢ with
slope log, (1) touching the Newton polygon of &(Z) at the corner (1,ord,(¢;)) and at no
other points, that is, £ : Y = log,(1)(Z — 1) 4+ ord,(c1). Noting that by Corollary 2.14, the Y-
intercept of £ is equal to —log, (||&||B(0o,1)), we have ord,(c;) = —log, (1) = 0 and so |¢; |, = 1.
For each k > 2, the points (k, ord,(cx)) are above the line ¢, and hence ord,(cx) > ord,(c;),
that is, |ckly < |c1], = 1.

Let 7(2) = Y451 brz" € Cy[2]] be the formal inverse of &(Z). For each z € B(0,1),
since &(7(2)) = z, if we write &(7(2)) = > p, axz®, then ay is a Z-linear combination of
monomials in {¢1, -+, g, by, -+, b }. In fact, ar, = ¢1-bi+ a linear combination of monomials
in {cy, - ,cp, b1, - be1}, where z = &((z)) = 3,5, axr®. Clearly, 1 = ¢by. Since
cp € O, for all £ > 1 and |cg|, < |e1], = 1 for each & > 2 it follows by induction that
b € O, and |bg|, < |b1|, = 1 for each k > 2. Hence 7(z) € O,[[2]] converges on B(0,1) by
Lemma 2.1. As above, 7,(O,) = O,.

After multiplying d; by a unit in O, if necessary, we can assume that ¢; = b; = 1 because

|Cllv =1 and Clbl =1.
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There is a 1—1 correspondence between the zeros 0;; of S,,(g,(2)) in B(0;, p;) and the zeros
ayj of S, (&(Z)) in B(0,1). The zeros of S,(z) are the (3,(j), so we can index the ay; in such
a way that & (ay;) = 5,(j). Since 5,(j) € Oy, auj = 1(5u(j)) € O, and 0;; = \(;) € K,. In
particular, {a; }o<j<n is a regular sequence of length n in O,. For each pair 0 < j # k < n,
ord, (ay; — au) = ordy (& (a;) — &low)) = ordy(8,(j) — Bu(k)) = valy, (|7 — k[) < [log,(n)]

because &; preserves distances.

By the discussion above, &(Z) = Z + Y 77, e Z*. Put

&(Z) = 8.(6(2)). (11.5)

Proposition 5.11 says that the part of the Newton polygon of f,f,?t)(Z ) corresponding to the
roots of fq(]?t)(Z) in B(0,1) is the same as that of S,(Z). By the Weierstrass Preparation
Theorem, we can write 51(,?2 (Z)=a H;:Ol (Z—ou;)H(Z) for some a € K, and unit power series
Hi{(Z) € K,[[Z]]. If we expand 51(,?2(2) = Y 1 er2® € K,[[Z]], it follows from Lemma 2.11
that the Newton polygon of a H?;Ol (Z — ay;) coincides with the part of the Newton polygon
of fé?t)(Z) up to the corner (n,ord,(e,)). Hence the Newton polygon of a]_[;.:ol(Z — ayj)
is the same as that of S,(Z) and so we have (n,ord,(e,)) = (n,ord,(1)) after comparing
their leading coefficients. Thus ord,(a) = 1, i.e., |a|], = 1. For each Z € B(0,1), since
&), < Land [8,()l < L &(2) = Bu(i)l. < 1 and s0 [€0(Z) 50 < L. By Remark
2.9, there exists an element Z, € B(0, 1) with |Zy — ay;|, = 1 for all j and hence |§7(J?2(ZO)|U =

lalo TT} 20 |1Z = ouslol Hi(Zo)]o = 1. Tt follows that ||€7(Z)]| s, = 1.

Remark 11.1 For any subset I’ C I = {0,--- ,n — 1} consisting of consecutive integers, it
follows by the same argument above that the roots {au;}jer of [[;c;(&(2) — 8,(j)) form a

regular sequence of length #(I') in O, and || [[;c;(§(Z) — B.(5))B0.1) = 1.

Lemma 11.2 ([25], Basic Patching Lemma) Let f(z) € K,[[z]] be a power series con-
verging on B(0,1), with || f(2)| o) = 1. Suppose that f(z) has exactly d > 1 roots in B(0,1)

and that these roots form a regular sequence {c}jer of length d in O,. Take D > log,(d).
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Then for any power series A(z) € K,[[z]] converging on B(0,1), with

— d J—
1AlBo1) < qp @ T b

the roots o of f*(z) = f(2) + A(2) in B(0,1) again form a regular sequence of length d in

O,, and can be uniquely labeled in such a way that
ord,(a — az) > D

for each j € 1.

Proof: Writing f(z) = 3,0 bx2", Lemma 2.3 implies that |bx], < 1 (that is, ord,(by) > 0)
for all £ > 0, and that |bg|, = 1 for some k. Since f(z) converges on B(0,1), we have
limy oo [bk|o = 0, i.e., limy_.o ord,(by) = 0o, and so the theory of Newton polygons shows
that d is the largest index for which ord,(bg) = 0. Likewise, writing A(z) = >, 02", we
have ord, (dx) > # + D >0 for all k > 0. Now, writing f*(2) = f(2) + A(z) = D50 2"
we have ¢ = by + 05, and so ord,(cx) > 0 for all k£ > 0. Furthermore, ord,(cq) = ord,(bs) =0
and ord,(c;) > 0 for all £ > d. Hence the theory of Newton polygons shows that f*(z) has
exactly d roots in B(0, 1).

On the other hand, writing f(z) = b-g(2)-h(z) by the Weierstrass Preparation Theorem,
we have b € K, and g(z) = [[;c;(¢ — ;), and h(z) € K,[[2]] is a unit power series. By the
proof of the Weierstrass Preparation Theorem, since d is the largest index for which |bg4|, is
maximal, we have b = by, and hence ord,(b) = 0, i.e., |b|, = 1.

Now, fix a root ay, and expand f(z) and A(z) as power series about a:

F2) =Y "0z — an)h,

k>1

A(z) =0 (z = ap)h.

k>0
By Lemma 2.11, since ord, (b) = 0, the initial part of the Newton polygon of f(z) expanded

about a; coincides with that of bg(z) and the slopes of its other segments are greater than
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equal to log,(1) = 0. Rewriting

d

J
9(2) = [[((z = an) = (05 =) = D0z — )",
jEI k=1
we find that up to sign, the coefficients a,(cj) are elementary symmetric polynomials in the

a; — avy. It then follows that

o = £]] (e — as).

jel
iAd
() _ 4 1
s “ 2 (aj, —ay)-- (., —ay)

J1<<gk—1in I
each j;#J

for each k =2,--- . d.

Proposition 5.9 says that
d

Qv — 1
Since ord,(a; — ay) = val,, (|7 — J|) < log,(d) for each j # J by (5.5), we get

ord, (ag‘])) <

ordv(a,(c‘])) > ordv(ag‘])) — (k—1)log,(d).

Comparing the Newton polygons of f(z) and bg(z), since ord,(b) = 0, we find that
d

Qv — 1

ord, (by") > ord,(al”) — (k — 1) log,(d) = ord, (b)) — (k — 1) log,(d),

ordv(bg‘])) = ordv(ag‘])) < and

for each 2 < k < d. For each k > d,

ord, (b)) > ord, (b)) > ord,(6\") — (d — 1) log,(d)

> ord, (B)) — (k — 1) log, (d).

By the hypothesis on A(z) and Lemma 2.3, we have ordv(é,gj)) > % + D for each k > 0.

For each k > 0, since D > log,(d) > 0,

ordv(é,iJ)) +D > ordv(bg‘])) + log,(d)

v

qv — 1
> ord, (b)) = (k — 1) log, (d).
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Now, writing f*(2) = > .5 c,iJ)(z — ay)k, we have c,gj) = b;‘]) + (5,(;]) for all k£ > 0. By the

estimates for b,(f‘]) and 5,5;1), and the fact that bé‘]) =0,

d
ord,(c{”) = ord, (8{") > — D,

ordv(cg‘])) = ordv(bg‘])) < and

Qv — 17
ord, (")) > ord, (b)) — (k — 1)log,(d), for cach k > 2.
Since D > log,(d), the Newton polygon of f*(z) has a break at k = 1, and its initial segment
has slope ordv(cg‘])) - 01“dv(c((]‘]))7 which is less than —D. Hence f*(z) has a unique root o
satisfying
ord,(ay —ay) > D.

Noting that ord,(a% — ay) > D > log,(d) > 0 and oy € B(0,1) N K, = O,, it follows that
o’ € B(ay,1) = B(0,1). Hence we get oy € B(0,1) N K, = O, by Corollary 2.7.

Moreover, if o = aj; for some J # H in I, then ord,(ay — apy) = ord,(ay — o + aj; —
ay) > D >log,(d). But ord,(ay —ag) = valy, (| — H|) < log,(d). Thus the o are distinct.
By the ultrametric inequality, since {a}jer is a regular sequence of length d, {a}}e; is also

a regular sequence of length d in O,,. O

Fix v € S. For each w|v, let g,(2) = ¢,(2) € K,(z) be the normalized local approximating
function constructed in Theorem 8.4. For each w|v, put G (2) := G (z) and 5(0)( ) =
51(,02( ). In patching the coefficients of e ( ), we are going to deal with the zeros of the
fwo)t( ) = Sn(&(2)) because the zeros {ay;} of Sg)%(z) form a regular sequence of length n in
O,. Let ky € Z~o be the global patching parameter as in Proposition 9.10. Recall that for
all k> ko,

L _log, (k k k
BN T, By < gyt BT o), (11.6)

We have choosen the number 0 < d,, < 1 (see (9.14)) small enough that

BN ghoN
0w < O B TR (g (11.7)
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We will now show how to patch the coefficients of the initial local patching function
Gg,))(z) with numbers A, ;s € L, and A,y € L, for all wjv, all i = 1,--- ,m, and all
¢=0,---,nN; —1, while preserving the property that its roots belong to K,. The A,, ;, will
be subject only to the following conditions:

(i
(ii

) 1Auw,iolw < 6y for all w and all ¢
)
(iii) |Awielw < BENif (K —1)N; <€ < kN; —1foreach k=ko+1,---,n
)
)
)

|Ayicle < %,for all w, all i, and £ =1, koN; — 1

(iv) |Auolw < AV

(v) >0, szAw 0 G T )prN € K,(z) is independent of w|v;

(vi) > 1Zka llN wrzko MW € K,(z) is independent of w|v, for each k =
1, ko

(vil) D27 (1 + Ayio) ifivg,;_ll)Ni AW{W € K,(z) is independent of w|v, for each
k=ky+1,---.,n

(vili) A, is independent of w|v.

The conditions (i), (i), (v) and (vi) are used in patching the leading coefficients and the

coefficients in the high-order blocks. The conditions (iii) and (vii) are used in patching the

coefficients in the low-order blocks, and the conditions (iv) and (viii) are used in patching

including the constant term. As in the RL-domain case, the numbers A, ;, and A,, o satisfying

these conditions will ultimately be provided by the global patching process.

11.1 PATCHING THE LEADING COEFFICIENTS

We first patch the leading coefficients, i.e., those of order nN;, for each z;. Given the

number A, ;o for each 7, put

m

=2 1
w,10 w 740 .',Ui)pTNi .

By (v), ¢\ (2) € K,(z) is independent of wlv. In particular, it follows from (11.7) that

e (2)lvg < C -6, - Bl < WY, (11.8)
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Put I :={0,---,n — 1} and let Ip,» = {0, -+ ,p, — 1} C I be the subset consisting of the
first p” consecutive integers in I. Put
Qr(2) = ]I (9u(2) = 3u5)- (11.9)
FENIg pr

Define

G (z) =GP () +0)(2) - Qpr (2). (11.10)

Note that CAJSS)(Z) = (Spr(gu(2)) + o ( )) - Qp (z). The leading coefficient of @ﬁ)(z) at each
T is ¢ o + cfmo Ao - cZ);O = ¢y i0(1 + Ay o) and GV (z2) € K,(z) is independent of wlv.
Put €y, := 1+ Ay 4. Since 0, < 1, €, is a unit. Note that @El?)(z) has the same constant
term as Gy )(z). The magnitude of the high-order coefficients of G )(z) will be discussed in

Section 11.2.

11.2 PATCHING THE HIGH-ORDER COEFFICIENTS

Step 1. The Patching Process for k=1, --- kg
Adjusting the coefficients causes movement of the roots. For the high-order coefficients,
we absorb that movement in the subsequence Iy, of the roots of length p", preserving the

remaining roots.

When k = 1, we patch the coefficients in the block nN; —1,--- . nN; — N; + 1. Given the

numbers Ay 1, -+, Ay in;—1 for each 7, put
m N;—1
) =YY & Ay gt
zO Auw,i o PN~
i=1 (=1 (2 — @)™

By (v) and (vi), gpg)(z) € K,(z) is independent of w|v. Since T, > 1, it follows that
pTN

—w B =pN < PN T B, (11.11)
C Bp w w w

lol (lley < €2 -

Define

GO (2) := GO (2) + P (2) - Qpr (2). (11.12)
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Then Gg)(z) € K,(z) is independent of w|v and has the same constant term as Gq(l?)(z).
For each k = 2,--- ko, we inductively patch the coefficients in the block nN; — (k —

1)N;, -+ ,nN; — kN; + 1. We continue to absorb the movement of the roots with the same

sequence of roots of length p". Suppose that we have constructed functions G\ 71)(2) €

K,(z), independent of all w|v, having the same constant term as Gy )(z). Given the numbers

Ai(k=1)Ni» D kn—1 for each i, put
CoioBwit T~y
=1 : k 1) (Z xl)p
By (vi), o )(z) € K,(z) is independent of w|v. In particular, it follows that
(k) p" h;’lL)UTN p" p"N p"N

e’ (2 )HUO ch m'Bw =hl <hb " -T, - B,. (11.13)

Define
GP(2) = G V() + o0 (2) - Qpr(2). (11.14)

Then G (2) € K,(z) is independent of w|v and has the same constant term as G\ (z).

At the end of stage ko, we have functions G4 (2) € K,(z), independent of wlv, such that
GO (2) = GV (2) + S "(z) - épr(Z). The leading coefficient of G4 (2) at each x; is
Cryio€w,i and G (z) has the same constant term as Gq(l?)(z). Since Hgogl)(z)H o < heN-T,-B,
for each h = 0,--- , ko, it follows that || 35 ol (= Moo < &N T, - B, < 1. Note that

k
Gu?(2) = Sulgu(2)) + Lo 90 (2) - Qpr(2) = (Spr (9 (2)) + Ejo 27 (2)) - Qpr (2). Pt

QU(2) = Sy (gul2) + 3 o (2). (11.15)

Then ng 0) (2) is independent of w|v and has a pole of order p"N; at each z; € X, with leading
coefficient ) (1 + Ay0). Moreover, [|Q4°(2)[[ys < 1 since [|g.(2)[lvs < 1 and 5,(j) € O,
for all j. Note that Zh 0 ng )( ) can be expanded as a power series about ¢; converging on
B (6, pr) (see Remark 6.5).
. . (ko) (ko) (ko) (ko)
Now, to apply the basic patching lemma to Q"' (z), let &, % (2 ) $wt (2),Aw”’(2) be the

power series converging on B(0,1) gotten by composing G (2),Q o (2), Zh 0 o ( ) with
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A, respectively. It follows that §(k°)(z) = (S, r(ft(z))%—Aq(fO)(z))-g(k())(z) and HAQ(]]CO)(Z)HB (01) <
' NT, B, < q[pr/(q“ D=loes(?) Tt follows from Remark 11.1 that the roots {ou;}jery,» of
Spr(&(2)) form a regular sequence of length p” in O,. By Remark 11.1 and Lemma 11.2, the
roots {aj; }jer, - of ng‘))(z) = Spr(&(2)) + Aq(fO)(z) form a regular sequence of length p” in
O,, with ord,(af; — ay;) > log, (p") for each j € In,r. Put 0f; := A\i(ay;). Since ); is defined
over K,, we have 0;; € K,,.

Hence the roots {6}, O : j € Iopr,k € I\ Ippr} of Gg,m)(z) in B(6;, p;) belong to

tjs
B(6;, pr) N K, C E) and for each ¢, the roots {aj;, au : j € Iopr, k € 1\ Iopr} of fgfg)(z) in
B(0,1) are a union of a regular sequence of length p” in O, and a regular sequence of length

n—p"in O,.

Step 2. Verifying that the High-order Coefficients Remain Small

We previously described our patching method for the high-order coefficients. In order
for the global patching process to succeed, it is necessary that all these coefficients remain
small. In this step, we examine these coefficients to determine their size. This allows the

global inductive process of determining the A, ;; to continue.

Proposition 11.3 For each { =1,---  koN; — 1, the coefficient of order nN; — € of G%(2)
pP N ckoN—t
CE BY (Twxw)*oN

and each ¢ = 1,--- ,kgN; — 1, the coefficient of order nN; — £ of GSf)(z) has absolute value

for each x; € X has absolute value bounded by ‘|ew iolw- Foreachk =1,--- ko

7‘

bounded by

n
P Bp ¢ Cw,io‘w'

Proof: First, we consider the function @g))(z) Since @5,9)(2) = GS;))(Z) + <p§?)(z) : @pr(z), we

rewrite G\ (z) with the notations (9.18) and (9.19):

@g?)(z) = (z—my) ™" wzo(1+ZB (z — ;) >

>1
+(— )N Jzo( ot 3 002 — ) )
h>p" N;
(2 — )TN Conr i (1—1—231(5”)2'—@ > (11.16)

ji>1
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The coefficient ¢ A{ e of (2 — i)t in (2 — )™ - e - GWV(2) is Bw i T o thng)e b

w,10

where B\)y = BY) =1, 60)) = Ao and 61}, = 0 for h = 1,--- ,p'N; — 1. It follows that
~(u?)10 = £y, and ~(u?)w = Bffig + A, zon g for £ =1,--+ koN; — 1. Since |Awiolw < 0y <
o g:r];kS?vN o~ the property (9.20) implies that for each £ =1,---  kyN; — 1

Xl

(11.17)

1 hpTN koN—¢
| wzﬂw gmax{\wa]w, 5“’ f} < Op Bp Tng koN *

For the function G4 (z), we rewrite G4’ (z) with the notations (9.18) and (9.19):

~

V() = GP(2) +el(z) - Qp(2)

R R O BGRACEEDY
>0

N;—1
e (3 At a3 ol )

h>p"N;

) (Z - xi)_(n_pT.)Ni CZ;,ZS <]‘ + Z Bw i Z - xz )

j>1
: n ~0 ¢ 1)
of (Z - ZL'Z'>£ n (Z - xZ) i w7,0 G( )( ) Cw,)ié + Zh 051(1)th1(51)£ h>
Odwzd Ayigford=1,---, N-—l,andéfvl; =0 for h = Z,---,pTN-—l

In particular, Ef,i)io = Aﬁ)zo 5501)1031” :()) = Aff)zo = gy . Since |Ay gy <

The coefficient ¢V

wzf

where 5§

w,i0

- for d =

CP
1,--+, N; — 1, the property (11.17) implies that for each ¢ = 1,--- [ koN; —

he N
[l < T BT
For each k = 1,--- kg — 1, suppose inductively that for each ¢ = 1,--- [ kgN; — 1, the
coefficients E(ulf)w of (z— ;)" in (2 — )™M ) - G (z) satisfy |Aci]2€|w < C{;}’L‘%Bg’“af' Rewrite

Gq(fﬂ)(z) with the notations (9.18) and (9.19):

Gut(z) = GP() + el () - Qp(2)

= (z—ax) ™ < fo (z — x@)£>

w,i0 wzf
>0
(k+1)N;—1
—p"N; | T (k+1 h
+ (z—a;)7? sz( E Ayia(z E Owin (2= Ti) )
d=kN; h>p” N;

) (Z - xi)f(nfpr)Ni Zzg (1 + Z Bw 7 )

7j>1
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The coefficient E(Hl) of (z— ;)" in (2 — ;)" - el Gq(1]1€+1)( ) is g + Zh —0 wk;f ffi,)g_h,
where (LfI)l _ 5$Z+;N =0, 5wkj; = Ayqford = kN, - - - (/f+1)Ni—1 and 5w,ih -0

(k1) ") _ ~(k)

w,i0 w,i0 — sz

for h = (k+1)N. -+, p"'N; — 1. In particular, %50 = &) 4 ¢

s Cop 0 = £y, Dince

| A id|w < YA = ford = kEN;, -+, (k+1)N; — 1, it follows that for each ¢ = 1,--- ko N; — 1,

kD h, ™

wz@ |w— Cp Bp 0"

11.3 PATCHING THE LOW-ORDER COEFFICIENTS

In the first two stages, we patched the high-order coefficients, i.e., those for powers of
1/(z — x;) in the range nN;,--- ,nN; — koN; + 1. In the next stage, we are patching the
low-order coefficients for each k = kg + 1,--- ,n. This will be done differently, in several
sub-ranges. Let Ty € Z-o be the integer with Ty > p” (see Section 9.2) such that for all
k > Ty,

KN T, . B, < g k/(av=1)log, (), (11.18)

Choosing this integer T guarantees that for k > Tj, the basic patching lemma preserves
the position of roots within balls of size ¢, &1 so that ord,(a;; — ay;) > log,(n) in the
subsequent patching steps. Thus we must take particular care in patching the blocks for

k=ko+1,-- Ty Since BY < ¢z /™ ie. log,(hY) < =1/(gu—1) and AS* VN T,. B, >

—(To—1)/(qu—1)—log, (n log, (T By)+log, (n) .
o " , it follows that Ty < (1<g)gv(h{,v)+1/(irl)) + 1. Hence there is a constant

Ay > 0 such that
Without loss of generality, we can assume that n is large enough that

n > Ailog,(n) +2 > Tp. (11.20)

Step 1. The Patching Process for k =ky+ 1,--- 7T
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We use a separate subsequence of roots to absorb the movement, for each block of coef-
ficients in the range &k = ko + 1,---,7T). For notational convenience, set I, := Iy, and
Q) (2) = Qur(2). For each k = kg+1,--- , Ty, put iy := (ko+ 1)+ (ko +2)+-- -+ (k—1) =
(k* —k — k3 —ko)/2 and let I = {p" +i, - ,p" +ir+ (k— 1)} be the subset of I consisting
of the k consecutive integers after I,_;. This is the subsequence of roots that will be used to
absorb movement for changes of the coefficients in the £** block. Put

QP = [  (u(z) = B.0)) (11.21)
JENUE o In
We will call these factors CNQ%C )(z) the complementary parts of each patching process for
k=ko, -, To.

For each k = ko + 1,--- , T, we inductively patch the coefficients in the block (n — (k —

1)Ni, -+, (n—k)N; + 1 for each z; € X. Suppose that we have constructed

H Q(h k 1)( )

h=ko

so that G~ 1)( ) € K,(z) is independent of all w|v. Here, ng())(z) has a pole of order p"N;
at each z; € X with leading coefficient cﬁrioém, satisfying |‘Q§50)(Z)||U0 <1 and le)(z), h =
ko +1,--- ,k — 1, has a pole of order hNN; at each z; € X with leading coefficient ¢, ;;,
satisfying HQw (2)|lve < 1. Moreover, if QW (z) is the power series gotten by composing
QW (z) with A, for h = kg,--- ,k — 1, then the roots {ai;}jern, of 9 (2) form a regular
sequence of length h in O,, with ord,(aj; — ay;) > log,(h) for each j € I,. Given the

numbers Ay ; k—1)n,; > Dwikn,—1 for each ¢, put

kN;—1

1
k
9050)(2) Z Z Aw w ;) RN
=1
(k)

By (vii), vw’(2) € K,(2) is independent of w|v. In particular, it follows from (iii) that

%) (2)lug < WY - By < BEY - T, - B, (11.22)
Define
k—1 _
GW(2) = GY V(=) + P (2) - [T QP (2) - QW (). (11.23)
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Then Gq(f)(z) € K,(z) is independent of w|v and has the same constant term as Gq(l?)(z).
Rewrite GI(2) = [Ti}, QU(2) - ( TTyer, (9u(2) = Bu(7)) + ¢ (2)) - Q1 (2) and put
QY (2) = [ (gu(2) = B.05)) + 8 (2)- (11.24)
Jjely
Then ng)(z) € K,(z) is independent of w|v and has a pole of order kN; at each x; € X, with

leading coefficient c¥ .,. Moreover, ||QgC ) oo < 1 and goq(f )(z) can be expanded as a power

w,i0"
series about ¢, converging on B(6;, p;) (see Remark 6.5).

Now, to apply the basic patching lemma to Qq(ff)(z) let §(k)(z) Q(k) (2), ﬁgi(z), Ag[fl(z) be
the power series gotten by composing G\ )(z) QEU (2), Qw (2), gpw ( ) with A, respectively.
It follows that £,7)(2) = TThoy, Qui(z) - Qui(2) - Qui(2) and [AGYE) sy < PN -T,- B, <
g "/~ D78 B Note that the roots {ay; }jer, of [Les, (6:(2)=Bu(4)) form a regular sequence
of length k in O,. By Remark 11.1 and Lemma 11.2, the roots {aj;}jer, of Qfﬁ(z) form a
regular sequence of length & in O,, with ord,(«af; — ay;) > log, (k) for each j € I;. Letting
QZ} correspond to ay; for j € Iy, since \; is defined over K, we have «9;; c K,.

Hence the roots {6;;, 0y : j € Up_ In, £ € I\ (Uj_ In)} of GW(2) in B (6, p;) belong to
B(0:, pr) VK, C EY and for each 4, the set of roots {of;, e 1 j € Up_y In, €€ I\ (Uf_y In)}

of 51(,]k2(z) in B(0,1) is a disjoint union of a collection of regular sequences of lengths p",

ko+1,--- ,kin O,, and a regular sequence of length n — (p" + (ko +1) +--- + k) in O,.

Step 2. Moving the patched roots apart

In Step 1, while the patching process kept the roots in O,,, and preserved their position in
the short regular sequences of length k for k = kg +1,--- ,Tj, the moved roots from different
subsequences may have come very near to each other or to other non-moved roots. In order
for later steps in the patching process to succeed, we need to have the roots separated from
each other by a certain distance. Therefore, in this step, we show how to move the roots
apart, while keeping the high-order coefficients unchanged. This is done by absorbing the

movement with another subsequence of roots.
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We need two lemmas in this step. They are used to recover the high-order coefficients of
GgUTO)(z) after moving the patched roots apart in a certain distance. The first lemma will be
used to tell how much change to the coefficients a given movement in the roots will produce.
It will be applied to the Laurent expansions at the points x; € X, and relies on the fact that
the balls B(z;, €) are disjoint from U, to control the coefficient change. The G(z) will be the
function G4 (2). The H(z) in the lemma will be a rational function which, when multiplied

by GSUTO)(z), will replace the patched roots of GSUTO)(z) with new roots.

Lemma 11.4 Let G(2) = boz= + > 72 bz~ 4% € C,((2)) converge in B(0,¢)\ {0} having
no zeros there, with by # 0. Suppose that H(z) =Y -, hip2t is a power series converging in
B(0,¢), and that there is a number 0 < 3 < 1 such that |H(z) — 1|, < 8 for all z € B(0,¢).
If we write the product H(z)G(z) = Z;.iogjz‘/‘*j, then

< Blboly

v Ej

b —b,

for each 7 > 0.

Proof: Multiplying through by 24, we obtain a power series 2G(z) converging in B(0,r),
satisfying the same conditions as G(z), and having no zeros in B(0,7). By the theory of the
Newton polygons, (ord,(b;)—ord,(by))/(j—0) > log,(¢) and so |b;], < |bo|,/e’ for each j > 1.
Likewise, since |H(z) — 1], < g for all z € B(0, ¢), Lemma 2.3 implies that |hy— 1|, < [ and
|hil, < B/e” for each k > 1. In the product H(2)G(z), we have gj =7 hibj_ for each j.

Hence it follows that

b; = bjle = |(ho — 1)bj + habj_y + -+ + hybol,

IN

maX(|h0 - 1|v|bj|vv |h1’v|bj—1|vv T ’hj|v|bO‘v)
< max(f3 - |bolu/e’, B/e - |bolo/ 7, -+, B/ - |bols)

B |boly/e”.

O
The next lemma is used to tell how much we can adjust a single coefficient in the range
niN;, -+ ,(n — To)N; + 1 for each i = 1,--- ;m. The function G(z) will be the function

va,To (z), which will be the complementary part used in patching Gl(UTO)(z).
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Lemma 11.5 Let G(z) = bz 4+>_ 2, bz~ € C,((2)) converge in B(0,£)\{0} having no
zeros there. Fix J > 1 and put co := by. Then there is a unique set of constants cy,--- ,cj_1 €
C,, with each |c;|, < 1/&7 such that f;(z) = 277 + Z L c;27 satisfies

f1(2)G(2) = oz 4 Z Bz~ At

j=1

In other words, f;(2)G(z) has no terms z~A9) in its expansion for j = J — 1,--- 1.
Moreover, if there is a finite extension L.,/ K, such that the ¢;(2) and G(z) belong to L, ((z)),

then each c; belongs to L., as well.

Proof: As in the previous lemma, the theory of the Newton polygons shows that |b,], <

|bol,/€" for each £. For each j > 1, we can write

_]G Z ng A+]
Then it follows that

Z_JG(Z) o CoZ_(A+J) _ Zbkz_(A+J)+k-

k=1
Putting ¢; := —by/by € C,,, we see that |ci], < % Furthermore, it follows that
(277 + 127V "NG(2) = oz A
= (277G(2) — oz~ W) £ 127 UDG(2)

_ Z bk+clbk 1 (A+J)+k
k=2

—. Z (5(2 —(A+0)+

where 67 = by, + ¢1be_y for k > 2. Note that [6.”], < max{|bxls, |c1lo|br_ilo} < |Bols/c" for
each k.
Inductively, suppose that for some ¢ < J — 1, we have found ¢y, -+ ,¢,1 € C, such that

lcjl, < 1/¢7 for each j and

o 4 clz*("*” S ce,lz*(J*(ﬁfl)))G(z) _ CO[(AH)

E —(A+J)+
;

/—\
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with |(5,(f)]1, < |bo|y/e" for each k > (. Put ¢, := —5?)/60 € C,. It follows that ||, < 1/&*
and

(7 ez o UG (2) — o@D

(o)

_ Z (5;E;£)+Cebkfe>27(A+J)+k
k=¢+1

—. Z 5](€€+1)Z—(A+J)+k7
k=0+1

where ,Ef

= 5,&5) + ¢cobg—¢ for k > ¢+ 1. Noting that \(5,(CE+1)|U < maX{I(S,(f)]v, |Colo|br—e]v} <
|bol, /" for each k, the inductive process can continue.

The final assertion concerning L,-rationality follows from the recursive formulas for the

Cj. [l

We now return to the main argument.
We have patched Gf,?)(z) for & = 1,---,T, and gotten the resulting (X, S)-function
G(2) € K,(2) of degree nN, which is independent of all w|v. In this step, we are

moving the patched roots apart in a certain distance. Recall that Ty, < A;log,(n) and

n > A;log,(n) + 2. Put
ITo) = Iopr U lpgir U--- U Ip,
and
I° =1\ I[T}).

Let B be the least positive integer satisfying condition (11.33) below, which assures that
the change in the coefficients between GgUTO)(z) and F&TD)(z) is small enough to be dealt
with by Lemma 11.5, and for which B > [log,(n)]. For each t = 1,---, N, each coset of
O, /7 O, contains at most one element from each of {au}eepo, {f;}jer, - and {af;}jer, for
k=ky+1,--- Ty because each set is a regular sequence of length less than n. Since there

are Ty — ko + 2 partitions for I, let D be the smallest positive integer satisfying the condition
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B+ D < Azlog,(n), as will be seen as (11.34), for which ¢? > T, — ko + 3. After dividing

# e O, for each

each coset of O,/7P0, into g7 cosets, for each t we can choose numbers oy

J € I[Ty] with the following properties:

(i) a?f and a;; belong to the same coset of O, /77 0,;

(ii) ozf; and o, belong to different cosets of O, /7B+PQ, for £ # j in I[Ty); and

(iii) O%j and oy belong to different cosets of O,/78+P0O, for ¢ € I°.

Hence we get the following:

(a) ord (at] aj;) 2 B;

(b) ordv(atj —af)) < B+ D for each £ # j in I[Ty); and

(c) ord,(ef; — aw) < B+ D for each £ € I°.

Since {aj;}jer,,~ is a regular sequence of length p" in O, and {aj;}jer, is a regular
sequence of length k£ in O, for k = kg + 1,--- , Ty, it follows from (a) and the fact that B >
[log,(n)] that {aﬁ }ier,,» 18 a regular sequence of length p” in O, and {af; }ier, is a regular
sequence of length k in O, for each k = kq+1,- -+ ,Tj. In particular, ord, (ozf§ —ozf;) < log,(p")
for j # ¢ in I, and ordv(aﬁ —af)) < log,(k) for j # € in I, for each k = ko +1,--- , Tp.

Put Gf = )\t(@t]) Then 6# € B(b;,p;) N K, C EY and

167, 0551l = I\elaf), Melai)llo = pe - o — ajjl
< pegy " (11.25)
Now, put
S PIE
t=1 jeI[Ty t] t,j Z T 92(]

Clearly, h(z) is rational over K, and independent of all w|v. Put
F&TO)(Z) = h(z) - G(TO)(Z’).

In passing from GSUTO)(z) to Fl(UTO)(z), we move the zeros {6};} of G4 (z) to the zeros {0 -} of

FngO)(Z). Furthermore, F5'®(z) has the same constant term as G (2) since lim, o h(z) =
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1. On the other hand, the Laurent coefficients of Gq(UTO)(z) have changed. We now discuss how
to restore the high-order Laurent coefficients to their previous values. Since g, (z) has a pole

of order N; at each z; € X, we can expand

m nN;—1
- 1
i=1 k=0 ¢
m nN;—1 1
FT)(2) = Z Awﬂ-km + Ay, (11.27)
i=1 k=0 ¢

with Qo ik Aw,ik: S K(IZ)“ Clearly, Au,i0 = cl (1 + Aw,i(]) and Aw,iO = Q50 * g(l’z) for each

w,i0
z; € X.

We have chosen € € |K | so that the balls ®B(z;, ) are disjoint from each other and from
Uy,. Let m; : B(0,e) — B(z;,e) be an isometric parametrization with 7;(0) = x;, defined
by Z +— x; + Z in appropriate affine coordinates. If @fﬁ and ©j; correspond to Gf; and 0}

#

) Ay . .
under the affine coordinate Z, then o—gi* can be expanded as a power series about 0, which
tj

converges when |®%‘” <1 & |Z], < |0, It follows that h(Z) can be expanded as a
power series about 0 converging on M ;B(0,[05;],)~. Since 6;; € E}) and B(z;,e) N U, = 0,
|©;]u > € and so M;;B(0,[0;],)~ D B(0,¢). Thus h(Z) can be expanded as a power series
about 0 converging on B(0, ). Similarly, if X}, corresponds to x;, under the affine coordinate
7, we can expand ﬁ as a power series about 0 converging on B(0,¢) for all h # i,
because the balls are disjoint from each other. This implies that F&TO)(Z ) can be expanded
as a Laurent series about 0 converging on B(0,¢) \ {0}.

Letting 6 := ¢,” %M1 < 1, we have ¢, < 0. Put B := UYL, Ujerm (B(O};,0p:)~ U

B(@f;,épt)*) and put B = ud, Ujer[m] (B(@;‘j,épt) U B(@#

tj

opt)). Clearly, B(©j;,6p;) =
B(@f;,épt) by (11.25). A priori, they might have different boundaries. However, in fact
0B(O;;,0p) = 0B(O};,8p:) because |0] — O], < pr - ¢ % < dp,. Now [22], Theorem
4.2.16, p.252 implies that B is an RL-domain and so 98¢ is also an RL-domain. Clearly, h(Z)
has poles only at the ©F; € B and it has no poles on B¢. The Maximum Modulus Principle
implies that |h(Z)|, and |h(Z) — 1], achieve their maximum value for Z € B¢ at a point of
0B = 0%B°. Fix Z, € 0B = 0%B°. It follows that |7, — @fﬁh > 0py and |Zy — O3], > 6p; for
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all t, j, and so for all pairs (t, j), since \@f; — O}l < pr-qu™" < dpy by (11.25),

‘@*‘ _ @#. '
— < l.
CHEN
On the other hand,
Zy — OF L+ ey — o
h(ZO> — *J — *J J
- 1+ 2 :J)
NES=

*—6#
= 1+Z Zo— ;Z Zy — O, 'Z]:f—@;zu

From (11.28), we see that

h(Zo)] =1,
\h(Zo) — 1), < Ol @ﬁ cfor all ¢, 5
0 » < max ZO_@UU orallt, jp.
s _o# _
Since %vg%:qv
¢ P
|h(Z) -1}, < ”5 <1

Now, we want to recover the high-order coefficients in the range n/V;, - - -

(11.28)

(11.29)

, (n—To)N;+1 of

GSUTO)(Z) from F5™®(z). After pulling B (z;,¢) back to B(0,¢) by 7;, we see that each element

m of the L-basis converges on B(0,¢) \ {0}, having no zeros there. The same is true for

GSUTO)(Z). To apply Lemma 11.4, we rewrite

ToN;—1

= X iy

+ higher terms in (z —z;)" for h > —nN; + T,N;,

ToN;—1

Z Aw 1-7 _ )nN i—J

+ higher terms in (z — ;)" for h > —nN; + Ty N;.
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It follows from Lemma 11.4 that for 0 < j < TyN; — 1,

q'JB : |a'w,i0|v

o (11.30)

|, ij — Awijle <

To recover the high-order coefficients of G (z) from those of FS™ (2), we need a regular
subsequence {G; : ¢ € I\ I[Ty]} of length Ty for which ordv(ozf; — ayy) < log,(n) for all ¢, all

j € I[Ty], and all ¢ in the regular subsequence of length Tj. Put
' ={tel’: ordv(af; — ay) > log,(n) for some t =1,--- N and some j € I[Tp]}.
If I# = I°\ I*, then
#*={cl: ordv(af; —ay) <log,(n) forallt=1,--- N and all j € I[T]},

These are the indices which are “safe” to use for the patching process. Without loss of

generality, we can assume that n > 1. Hence there is a constant Ay > 0 such that

#(I[To]) < Az(log,(n))*.

If ord, (aj; — aue) > [log,(n)] and ord,(aj; — aun) > [log,(n)] for £ # hin I°, then ord, (cu —
aun) > [log,(n)], but ord,(aw — au) < log,(n — #(I[Te])) < log,(n) because {au}er is
a regular sequence of length n — #(I[Ty]) < n. Hence for each “patched” root «fj, there
is at most one “unpatched” root as such that ord,(af; — aw) > [log,(n)]. It follows that
#(I*) < N-#(I[Ty]) < N-As(log,(n))?, and in turn that #(I[To]UT*) < (N+1)-As(log,(n))>.

Without loss of generality, we can assume that n is large enough that
n > [(N +1)- As(log,(n))* + 1] - [A; log,(n) + 1]. (11.31)

The pigeon-hole principle implies that there is a subsequence of consecutive integers in I
of length at least A; -log,(n)+1 > Tp. Let If be the largest sequence of consecutive integers

in I#. Let I*[Ty] be the subset of I# consisting of the first T}, consecutive integers in I7*. Set

QY™(z) =TI (9u(2) = 5.0))

JEI#(To)

QU™ (=)= [I (9u(2)-5.0).

JEIO\I¥[To]
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Put
Quy () = h(z) - QG (2) - QLY (2),
Quir(2) = Quy (2) - Q0™ (2).
Note that Q. 1,(2) has only zeros at each 02?. Since QU (2), -+, Q4" (2) are rational over

Ky, Qumn(z) is a K,-rational (X,5)-function of degree (n — #(I*[Ty]))N = (n — Ty)N,

independent of w|v. Furthermore, Q,1,(z) has a pole of order (n—Ty)N; at ;, with leading

n—"To

coefficient B, ;0 := Cwio’ Ewis and a pole of order (n — To)N, at z, # x;. After pulling

B(z;,¢) back to B(0,¢) by 7;, we know that Q.7 (z) converges on B(0,¢) \ {0}, having no
zeros there. For each 1 < J < TyN;, taking A = (n — Ty)N;, Lemma 11.5 implies that there

is a unique K, rational function

1
w,i =77 bJ)"—"
g ,J(Z) (Z N xi)J + = w,t] (Z . xi)Jij

independent of all w|v, with |b L for j=1,---,J — 1 such that

wzg’v —

~ 1 1
Guw,is(2) - Quy(2) = By i0 (z —a; )(n To)N;+J + Z Bw ith (2 — xi)(nfTo)NiJrlfh'

h>1

That is, gu.is(2)-Qur,(2) € K,(2) has no terms of orders (n—Tp)Ni+J—1,- - -, (n—Tp) N;+1

in the expansion about z;. Put C; = maX{Bv;€_l}7 which depends only on UB- Since
|25 lloy < Bu, it follows that
J J
ng,z‘J(Z) po < max < CJ

v T o< <1 51

By (11.26) and (11.27), since a0 = Ay, We can write

m ToN;—1 ]
(To) (To) - -
Gy, (z) — F° Zzl: Z Qu ik — wzk)< — )nNik
1
+Z Z it = Awit) SN
i=1 (=T N; (2 — @)

Since GQ(UTO)(z) and FQE,TO)(Z) are K,-rational, > ", ZTON 1(aw,ik - Aw,ik)(

1 .
m is also

K,-rational. Expand Qw,To(2> in terms of the L-basis

_ m (nfT())Ni*l 1
Qun()=3 Y Buii— e B
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Note that gy mn—j(2) - Qu.1,(2) has no terms of orders nN; —j —1,--- , (n — Ty)N; + 1 for

each j =0,---,TyN; — 1. To recover the high-order coefficients, take

O ij — Awij

5w ij =
7] Bw,’iO
It follows that
m ToNi—1 ]
> (Gwit = Awit) v
i=1 k=0 (2 — @)

ToNi—

'MS

6wz] Gw,i, ToN; ]() QwTo()

=1 j=0
m ToN;—1 J—1
1 2 1
{z RSN (RG]
m (TL—T())NZ'—l 1
Z Bw,ih (Z — (L‘i)(n_TO)Ni_h _'_ Bw,o
=1 h=0

Since ay,io = Cy0(1 + Ayio) and By = I (1 + Ay o), it follws from (11.30) that for

w,10

each j =0,--- ,ToN; — 1

sy < B lonall
wyy v = 5 . 5j
Put
m ToN;—1
(p(To Z 5w7ij " Guw,i, ToN;—j (Z)
i=1 j=0

Since Y ", ZTON _1(aw7ik — Aw,ik)m and @WTO(Z) are K,-rational and independent
of w|v, so is P! D)( ). Put Cy = max{|cw7i0]v-C’fVi :i=1,---,m}. Since ¢- Cy > 1, it follows

that

125 (2)

< max {[dwijlo - |9wimon,—(2)llog :i=1,---,m, j=0,--- , THN; = 1}

0" lewiols®  moN—j :
Smax 1)5—]‘71}.0107‘] :Z:l,-..’m7]:0’-..7T0Ni_1
- &

qu
< 1;5 . C2TO‘ (11.32)
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To patch F{™(z), put
T (2) = F{P() + 2V(2) - Quiny (2).

Clearly, Fy 0)( ) is rational over K, and independent of w|v. By the construction, Fy F 0)( )
has coefficients a,, ;. of orders nN;,--- ,(n —Ty)N; + 1 for each i = 1,--- ,m, which are the
same as those of G4 (2).

Now, observe the movement of roots of ﬁgTO)(z) comparing with those of GQ(UTO)(Z). Since

Fngo)(Z) = @w,To(Z) . fB’TO)(z), we can rewrite

E{™(2) = (QU™(2) + €07 (2) - Quny (2).

After pulling B(6;, p,) back to B(0,1) by A, QY To) (z) has exactly Ty roots in B(0, 1), which
form a regular sequence {au}scren, of length Ty in O,, and can be expanded as a power
series about 0 converging on B(0,1). Also, CD&TO)(Z) can be expanded as a power series about
0 converging on B(0, 1) as before. To apply Lemma 11.2 to Qu (0. To) (z) and (I)SUTO)(Z), we need

the condition

T _A_IOgv(n)
125 (2) e < g0 ™ <1,
T0__1og, (n
or equivalently, &= . CF° < ¢, ™! 87 by (11.32), because A\(B(0,1)) C UL. Recall that

Ty < A;log,(n). To satisfy this condition, we must thus have

1
B> <logv(02) + 1) - A, log, (n) + 2log, (n) + 1. (11.33)

Note that the constants appearing in (11.33) depend only on U? and e. At the beginning of
the argument, B was chosen to be the least integer satisfying (11.33). Since B and D are

smallest integers satisfying the conditions described above, there is a constant Az such that
B+ D < Aslog,(n), (11.34)
for each n > ((N + 1) - Ay(log,(n))? + 1) - (4; log,(n) + 1). Put

QP (2) 1= QU (2) + @ (2). (1135)
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Clearly, HQ&TO# (2)|lve < 1. Letting Q(TO# (2) be the power series gotten by composing
QSUTO#)(Z) with );, Lemma 11.2 implies that the roots {aj,}sessr, of Qgg#)(z) in B(0,1)

form a regular sequence of length 7§ in O, with
ord,(aj, — ay) > log,(n).
Furthermore, since I*[Ty] C I#, it follows that for all £ € I*[Ty),

ord, (&tk ay) = ord, (&tk ay, + ag — ay + e — agy)
= ord,(ay, — aw) < log,(n).
To summarize this step, in passing from GI(,JTO)(Z) to EﬁTO)(z), we have moved the patched

roots aj; to roots af;- € O, for each j € I[Tp], while preserving the high-order coefficients.

The ocf; satisfy the following properties:

(a) ord, (afﬁ aj;) >

(b) ord, (af; aj,) < Aslog,(n) for each ¢ # j in I[T);
(c) ord, (ai aly) < Aslog,(n) for each £ # j in I[Tp];
(d) ord, (Oéf; — ay) < Aszlog,(n) for each £ € I° and
(e) ord, (o] — afy) < log,(n) for each ¢ € I*[Ty].

Rename the az"j as the aj; and replace G&TO)(Z) by ]515,%)(2). For notational convenience,
replace o, by ay for £ € I*[Ty]. Then I* and I# are the same sets with these new notations
as before. Furthermore, G&,TO)(Z) = Qum(2) - &TO#)(Z) . @5,5)’%)(2) has the roots {\i(a};) =
0% }jermy) and {A¢(aue) = O }ecro satistying the following properties:

(i) ord,(af; —af,) < Aslog,(n) for all j # h in I[Ty];

tj

(
(ii) ord,(of; — aw) < Aslog,(n) for all j € I[Ty] and ¢ € I*;
o

i)
(iii) ord
)

tj

a;; — ay) < log,(n) for all j € I[Ty] and ¢ € I*; and
iv) ord, (o —ayp,) < log or a in IV, because {a}, } et 1s a regular sequence o
d, log,(n) for all £ # hin I° b Teeersmy) 1 1 f
length Ty < m, {au}eco is a regular sequence of length #(1Y) < n, and ord, (a, — ay) >

log, (n) for ¢ € I*[Ty).
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Step 3. The Patching Process for the safe roots

The purpose of this step is to continue the patching process using the Basic Patching

k

Lemma, until the dominance of h*Y over ¢v ™' is so great that further patching steps move

the roots as; to aj; with ord,(a; — ay;) > Azlog,(n).
Let T be the least positive integer for which

—3A3log, (n)

N T, - B, < q qv—l (11.36)

for all k& > T7. Then there is a constant A, such that T} < Ajlog,(n). Note that T} > Tj
because 3A43log,(n) > log,(n). Without loss of generality, we can assume that n is large

enough that
n> (N +1) - Ay(log,(n)* +1) - (Aslog,(n) + 1). (11.37)

By the pigeon-hole principle, #(IF) > Aylog,(n) +1 > Ty. For each k = Ty +1,--- , T1, let
I*[k] be the subset of the first k consecutive integers in [S% and J; be the last index in I*[k].
That is, I*[k] = I*[k — 1] U {J,}. Put
QY = [l (9= -8.0)): (11.38)
FETONIE[K]
We see that Q0" (2) = (gu(2) = Bu(Jk)) - Q0™ (2).
If k =Ty + 1, using (11.35), rewrite

G = Qun()- QUP(2)- QY™(2)
= Qun(2) - QU (2) - (9u(2) = Bu(Jry1)) - QDT (2),

and put

QLTI (2) = QU (2) - (9u(2) = BulJm41)),

which will play the role of f(z) in Lemma 11.2. We carry out the same argument as Step 1

to patch the coefficients. Given the numbers A, ; 7yn,, - - 5 Aw i (mp+1)8,—1 for each 7, put

m (To+1)N;—1

1
(To+1) e -1
Paw 0 (Z) T Z 8w,i Z Aw il ( . l,i)(TO+l)Niff ’

i=1 {=TyN;
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By (vii), ot (4 ) € K,(2) is indepedent of w|v. In particular, it follows from (iii) that
[ (2) |go < APTIN . B, < RPFUN . T, . B,,. (11.39)

Note that go(TOH)( ) can be expanded as a power series about 6; converging on B(0;, p;) with

the same argument before. Define

GE() = G+ () - Qua(2) - QL)

= Qun(2) - (YT (2) + ¢PHV(2)) - Q0T (z).

Then GQ(UTOH)(z) is rational over K, and independent of wlv. Letting Q&TOH)(Z') =

QT (2) + o (2, the function QY™ (2) has a pole of order (Ty + 1)N; at each

To+1

r; € X with leading coefficient ¢,’;,", satisfying I Q (To+1) ||

o < 1. Now, to apply the basic

patching lemma to QY™ (2), let QOTOH)( ), Q(TOH( ), &7 (2) be the power series

w,t

0TO+1)(2), gUTOH)(z),Gg)TOH)(z) with A, respectively. Consider the

gotten by composing @)
roots of Q OTOH)( ). They are a union of the roots {aj,}sere(r) of Q&Tg*)(z) and the root
Qi gy 4y Of 9uw(2) — Bu(Jry41). Since the roots {ovue}sere(n, of QT(I?’TO)(Z) and the root a; g,
of gu(2) — By(Jry+1) form a regular sequence of length Ty + 1 in O, and {aj, }e 17, satisfies

0T0+1 ( )

ord,(aj, — ay) > log,(n), the roots of Q form a regular sequence of length T + 1

in O, (via the automorphism 7; of B(0,1)). Relabel o}, as ay for ¢ € I*[Ty]. Then the

TOH)( ) form a regular sequence of length Ty + 1 in O,, with

roots {ajy}eertmy+1) of Q
ord, (o, — aye) > log,(n).
Now, for each k = Ty + 2,--- ,T7, we can carry on the same process, inductively by

defining

GP(z) = GEVE) + el (2) - Qua(2) - QY (2)
= Qun(2) - QUM (2) + ¢P(2)) - Q0P (=),
where Q" k)( ) = gfl)(z) (gw(z) — Bu(Jg)). Then G’q(f)(z) is rational over K, and inde-

pendent of w|v. Letting Qg)jtk)(z),Qfﬁ(z),fgﬁ(z) be the power series gotten by composing

Qgg’k)(z), ng)(z), Gg’f)(z) with \;, respectively, apply the basic patching lemma to ng)(z)
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By induction, the roots of Qfg:tk)(z) form a regular sequence of length &k in O, (via the auto-
morphism 7; of B(0, 1)), so the roots {a}, }rer:p of ng)t(z) form a regular sequence of length
k in O,, with ord,(a;, — aw) > log,(n).
To summarize this step, the roots of Gl(UTl)(z) = Qum,(2)- ) (2) -@$B’T1)(z) are {\y(af;) =

0% Yiermo), AN (o) = 05 oersim), {N(Que) = Ore}oeronsepry)- They have the following properties:

(i) the conditions for the set {aj;}jermy) U {Que}iero\sz(r) are inherited from the result of

Step 2,

(ii) ord,(aj, — afy,) < log,(T) < log,(n) for all £ # h in I*[T}],

(iii) ord,(aj, — ;) = ord,(a, — aw + aw — af;) = ord,(aw — aj;) < log,(n) for all £ €
I*[Ty] € I* and j € I[Ty), and

(iv) ord,(af, —aum) = ord, (o, — awe + e — aup,) = ord, (g — ag) < log,(n) for all £ € I*[T}]

and h € I°\ I*[T1].
Step 4. The Patching Process for the remaining unpatched roots

Lemma 11.6 ([25] Refined Patching Lemma) Let f(z) € K,[[z]] be a power series con-
verging in B(0,1), with || f(2)|/Bo,1) = 1. Suppose the roots {c;};er of f(2) in B(0,1) can be
partitioned into d disjoint reqular sequences in O, attached to index sets Iy, --- , 14 of lengths
may, -+ ,mq, respectively. Put D := Zle m;. If there is a constant R > max{log,(m;) : i =
1,---,d} such that ord,(co; — o) < R for all j # (, then for any H > R and any power
series A(z) € K,|[[z]] converging on B(0,1), with

— iz~ (d-1)R—H
1A 50 < g0 ™ :

the roots {aj}jer of f*(2) = f(2) + A(2) in B(0,1) again form a union of reqular sequences

in O, attached to I,--- , 1y, and can be uniquely labeled in such a way that
ord, (o —ay) > H  for each j.

Proof: The proof is very similar to that of the Basic Patching Lemma. See that proof for

details.
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Using the Weierstrass Preparation Theorem, write f(z) = b- g(2) - h(z), where b € K,
9(2) = [;e;(z — o), and h(z) € K,[[z]] is a unit power series. By the same argument as
before, we see that ord,(b) = 0, i.e., |b|, = 1 and f*(z) has the same number of roots in
B(0,1) as f(2).

Fix a root ay, and expand f(z) and A(z) as power series about a:

z) = Zb,(;])(z —ay)k,

k>1

z) = 25,2‘])(2 — O{J)k

k>0
The initial part of the Newton polygon of f(z) expanded about «; coincides with that of
g(z) and its remaining slopes are > log, (1) = 0. Rewriting

g(z):H((z—aJ) i —ay)) Z z—aJ ,

jel k=1

)

the coefficients a,(c‘]) are elementary symmetric polynomials in the o; — ov;. It follows that

:I:H ‘_CYJ

jel
J#J
() (J) 1
a; = ta; E
J1<<jg—1in I (ajl - aJ) e (Oéjkfl - C“J)

each j; #J
foreach k =2,--- . D.
If J € I; for some 1 <t < d, then Proposition 5.9 (i) implies that

ordv< H(aj — aJ)> < qvnﬁ T

je]t
J#J

If i # t, then Proposition 5.9 (i) and the choice of R imply that

ordv< (o —on)) <M 7 + R.

jel; (.Z’U -

Hence it follows that

+(d—1)R.
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For k =2,---, D, the choice of R implies that
ordv(a,(c‘])) > ordv(ag‘])) — (k—=1)R.

Comparing the Newton polygons of f(z) and bg(z), since ord,(b) = 0, we find that

D
qv — 1
ord, (b)) > ord,(a\”) — (k — 1)R = ord,(0\") — (k — 1)R

ordv(bg‘]) )= ordv(ag‘]) ) < and

for each k =2,---, D. For each k > D,

ord, (b)) > ord, (b)) > ord,(8\”) — (D — 1)R

> ord, (b)) = (k — 1R.

By the hypothesis on A(z) and Lemma 2.3, we have ordv((S,(CJ)) > q£1 + (d—=1)R+ H for

each k > 0. Since H > R, it follows that

ordv((ﬁ‘])) >

d—1
qv—1+< )R+R>qv—1

J
> ord, (b)),

+(d—1)R

D
Gv — 1
> ord, (b)) — (k — 1R,

ord, (6\7) +(d—1R+ R > ord,(01") + R

v

for each k& > 2.
Now, writing f*(2) = > ;-0 cgf‘])(z — ay)*, we have c,(g‘]) = b,(c‘]) + 5,(€J) for all £k > 0. By the
estimates for bé‘]) and 5](€J)’

D
——+(d—-1 H
qv—1+( )R+ H,
D
1 +(d—1)R, and

ord, (b)) > ord,(b”) — (k —1)R, for each k > 2.

ordv(cé‘])) = ordy(é(()‘])) >

ordv(cg‘])) = ordv(bg‘])) <

Since H > R, the Newton polygon of f*(z) has a break at k = 1, and its initial segment

has slope ordv(cg‘])) — ordv(cé‘])), which is less than —H. Hence f*(z) has a unique root a’



140

satisfying
ord,(ay —ay) > H.

Noting that ord,(ay —ay) > H > R > 0 and oy € B(0,1)N K, = O,, af € B(ay,1) =
B(0,1). Hence we get o € B(0,1) N K, = O, by Corollary 2.7.

Moreover, if oy = o for some J # T in I, then ord,(aj—ar) = ord,(ay—af+ak—ar) >
H > R. But ord,(ay — ar) < R by hypothesis. Thus the o are distinct. The ultrametric

inequality implies that {a }je; form a union of regular sequences in O, attached to I, - - - , I4.

O

Recalling that I*[T}] is a set of T} consecutive integers in I°, I°\ I*[T}] consists of at
most two sequences of consecutive integers. Let I*[T1] := {Jy,- -+, Jr, } and put Ty := #(1°).
List all the elements of I° \ I*[T}] in increasing order as {Jr,41, Jr,42, - ,Jr,} and put
k] == T U {Jp 1, -+, Ji}, for each k =Ty +1,--+ , Ty. Then we have I*[Ty] = I°. We
want to apply the Refined Patching Lemma using at most 3 disjoint regular sequences in O,

~(0,11) —Aslog, (n)

to move the roots of Q' (z) at most the distance g, :

Foreach k=11 +1,---,T5 — 1, put

QYN = 1 (u(z) = B.0)), (11.40)

JEIONI?[K]
and set @fB’TQ)(z) = 1. We see that @7&?”“‘”(2) = (guw(2) — Bu(J)) - @5,?”“)(2') for each k =
Ty + 1,--- ,T5. The patching process in this step to construct 4,01(5)(2), Gq(jf)(z), for each
k=1T1+1,---,T5, is exactly the same as in the previous step. We then have the K, rational

function

GP(z) = GUVE) + el (2) - Qua(2) - QPP (2)

= Qun(2) - (QYV(2) + ¢ (2) - Q0Y(2),

which is independent of w|v, where Qgg’k)(z) = Qz(ff_l)(z) - (gw(2) — Bu(Jx)). To apply

the Refined Patching Lemma, take d = 3, R = log,(n), and H = Aslog,(n). Let
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Qg}k)(z),ﬂfﬁ(z),ﬁﬂ(z) be the power series gotten by composing Q,(B’k)(z), Qq(]f)(z), Gq(,]f)(z)
with \;, respectively. By induction, the roots of Qi(l?,’f )(z) is a union of at most 3 dis-
joint regular sequences in O, of lengths < n attached to I*[k] by the automorphisim 7;
on B(0,1), so the roots {aj,}rerip of fo%(z) form a union of at most 3 disjoint regular
sequences in O, of lengths < n attached to I*[k] by the automorphisim 7; on B(0, 1), with
ord, (o}, — ay) > Aszlog,(n).
To summarize this step, the roots of G&TQ)(Z) = Qum,(2)- {2) (2)- NgB’TQ)(z) are {\i(af;) =
efj}jEI[Tob {Ailagy) = Gfe}eezﬁ[Tz}, M) = ew}egovum], with the following :
(i) the conditions for the set {a;}jerim) U {u}ecro 2k are inherited from the result of
Step 2,
(ii) ord,(aj, — afy,) < log,(Ty + 1) < log,(n) for all £ # h in I*[T3],
(iii) ord,(aj, — af;) = ordy(af, — ay + aw — ;) = ord,(ayw — af;) < Aslog,(n) for all
(€ I*[Ty] and j € I[Ty], and
(iv) ord,(af, — ) = ord, (o, — apr+ e — ) = ord, (e — ) < log, (n) for all £ € I*[T)]
and h € I°\ I*[T) C I°.

Therefore, the roots of G&TQ)(Z) are separated from each other by the distance ¢, Aslog,(n)

In particular, the roots of G&Tz)(z) = Qu(2) - SUTQ)(Z) are {\i(af;) ierm) YA () beertmy)-
For simplicity, replace aj; by ay; for j € I, since I = I[Ty] U I° and I° = I*[T}]. Then we

observe that ord,(oy; — ay) < Aslog,(n) foralli=1,--- ,mandall j # ¢ in I.

Step 5. Completing the Patching Process
Since I°\ I*[T1] consists of at most two sequences of consecutive integers, we have
separated I into at most Ty — kg + 4 disjoint sets of consecutive integers. Recalling that

#(ITo])) < As(log,(n))?, Ty = #(I°) > n — Ay(log,(n))?. Let k be any integer between

k

T5+1 and n. We can inductively patch Gq(,fl)(z) to Ggf)(z). For each k =Ty +1,--- ,n, put

QUM (2) :=1. (11.41)
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The patching process in this step to construct cpq(f)(z), Ggf)(z), for each k =T +1,--- | n,

is exactly the same as in the previous step. We then have the K, rational function

G (2) = G V() + ol (2) - QUM (),

w w

which is independent of w|v. To apply the Refined Patching Lemma, since h*N < hI2V for

all £ > T5, we must have the condition:

KN . T . B < q_qv"_l—((To—ko+4)—1)-As10gv(n)—Aslogv(n>

_ —qosr(To—ko+4)-Aslog,(n) .
= @ , le.,

n

Tylog, (hlY) + log,(B,) < —
qv —

Since Ty > n — Ay(log,(n))? and Ty < A;log,(n), we need (n — As(log,(n))?) - log, (kYY) +

log,(B,) < ——5 —(A;log,(n)+3) - Azlog,(n), which is equivalent to n- (log,(h)) + %+1) <

Qv

Az (log,(n))? - log, (k) —log,(B,) — (A1 log,(n) + 3) - Azlog,(n). Since log, (h}') + -~ <0,

there is a constant As > 0 such that (1.86) holds true for all
n > As(log,(n))?. (11.43)
Then gogg )(z) can be expanded as a power series about #; converging on B(6;, p;) with
le® (2)|lgo < hEY - B, < KXY . T, - B, (11.44)

Let fffl(z) be the power series gotten by composing G )(z) with A;. By induction, the
roots of G%ﬂ )(z) is a union of at most Ty — ko + 4 disjoint regular sequences in O, attached
to Loprs Ingsts 5 Imy, IF[Th], 10\ I*[T1] by the automorphisim 7; on B(0, 1), so the Refined
Patching Lemma implies that the roots {«j;} ;e of f&ki(z) in B(0,1) form a union of regular

sequences in O, attached to Iy, Iygr1, -+ 5 Iy, IF[T1], 10\ I*[T1], with

ord, (ay; — ay;) > Azlog,(n).
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Furthermore, we see that

* * _ * . L _ *
ord,(af; —af) = ordy(af; — ag + g — g + e — agy)

= ord,(ay; — o) < Aslog,(n),

for all j # £ in [, i.e., ord,(0}; — 0;,) < Azlog,(n) — log,(p:), for all j # £ in I. Therefore,
the roots {6y }jer in B(6y, pr) of Ggf)(z) are well-separated form each other by the distance
Aslog,(n) —log,(p;). For simplicity, replace ay; by af; for j € I.

Finally, at stage k = n+ 1, we patch the constant term. Given A, o € Ly, with |Ay ol <
hN for each wlv, define GgLJrl)(z) = Gi(,?)(z) + Ay . Then GgLJrl)(z) is rational over K, and
independent of w|v by (vii). Furthermore, since |A, |, < A"V, the refined patching lemma

gives the same result as GY' )(z)



CHAPTER 12

GLOBAL PATCHING ARGUMENT III

In the local patching processes, we have constructed and used the functions gp&f )(z) for

k= 0,---,n to patch the coefficients in each stage. We used the size conditions for each
Ay, €=0,--- ,nN; — 1, to define the functions gogf)(z), and the bound conditions for each
gogf )(z) to carry out the local patching process. So, in this chapter we will construct the
explicit functions ¢4 (z) with the sup norm on U° less than h?'N for k = 0 or h?' NT,,B,, for
k=1, kyor h*T,B, for k =ky+1,--- ,n. Using these functions and applying the Very
Strong Approximation Theorem, we will construct a K-rational function, which satisfies all
the conditions in the main theorem.

Let N be any positive integer divisible by the number Ny satisfying (7.12) and (7.13)
chosen in Section 7.3. In Theorem 8.4, we have constructed a normalized local approximating

(X, §)-function g,(z) € K,(z) of degree N for each v € Sk with the following properties:

For each v € S,

EY={z € P(C,) : g,(2) € O,} C E,,

U2 ={zcPYC,) : |gs(2)], <1} C U,

and U? is the union of N disjoint balls B(6;, p;) with each 6; € K, and p; € |K|. Moreover,
for each t, g,(z) defines a K,-rational 1/ps-isometry between B(6;, p;) and B(0,1);

For each v € Sk \ S, there is the number 1 < R, € |C| such that RY € |K| and

U, :=E,=U,={z€PC,) : |g,(2)], < R’}

144
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In particular, the leading coefficients ¢, ;o of the g,(z) satisfy the product formula (see
(8.18) and (8.19)), i.e., foreach i =1,--- ,m,

— Z 10, (|€v.iolv) - log(g,) = 0. (12.1)

’UESK

Let n be any sufficiently large integer divisible by Ap™ (see Section 9.2) satisfying the
conditions (11.20), (11.31), (11.37) and (11.43).

For each v € Sk, the local patching process has provided a collection of “degree raising”
polynomials of degree n over K,. They are 2" for v € Sk \ S (or RL-domains) and the
Stirling polynomial S,(z) for v € S (or compact sets). The same degree-raising polynomials
are used in the local patching process. Recall that L = K(X). For each place w € S with
wlv, put g,(z) := g,(2). We are globally patching the functions g, (z) by composing with

the degree-raising polynomials. Put

n

gw(2)" if wlv for some v € Sk \ S

Gq(l?)(z) =
Sn(gw(z)) if w|v for some v € S.

We can write Gg?)(z) in terms of the L-basis and the M-basis:

' 1
0 0
GE&?)(Z) = Z Z C”Euzk<z x)nNz_k +C1(u)0
i=1 k=0
m  nn; p¢i—1 0 ZE "
= bw,ug(z_x )jpe’i +bw70
i=1 j=1 /(=0

It follows from Proposition 7.8 that c k € K(z;),, bEU )Z it

e K(zI'"), andcwo—waEK
First of all, let’s consider the coefficients of the normalized local approximating function

gw(2). Express ¢,,(z) in terms of the L-basis:

Note that ¢, belongs to K, by Proposition 7.8. For any o € Gal(L/K), since g,(z) =
gu(2) € Ky(2) for all wlv, it follows that 7,.,(gw(2)) = guw(2) = Jo@)(2), 0 Tow(Cw,ir) =

Cuw,o(i)k = Co(w),o(i)k for all k.
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We have chosen the global patching parameter ky and the local patching parameters h,,

and ¢, for w € Sy, (see Section 9.2) in such a way that for each k > ko,

RkN
hEN < 7 % : (12.2)
—lo ——k __Jo

hkNT B < qv QU—l gv(k+1) < qv qo—1 1 gv(k)’ (123)

hNk
1T == > C(L/K, Sk), (12.4)

weS ’LUX’LU

L
hp"N gkoN
S T BT A 129
12.1 PATCHING THE LEADING COEFFICIENTS

Recall that m’ is the number of Galois orbits X, C X. Foreacha =1,--- ,m/, fix z; € X,.

Given ¢, > 0, since n is divisible by A, Proposition 8.8 and Remark 8.9 imply that there is

a global Sp-unit u; € M*, independent of all w € Sp, such that if A, ;0 = C,Z“

w,10

—1e€e M,,
then u; = ¢, ;o + Auw,io - Cpio = Cpio(l + Awio) and [Ayiolw < 0w, Which is the same size
condition as (i) in each local patching process. Put €,,; := 1+ A, ;0. Since §, < 1, £, s a
unit. Note that A, ;0 is independent of w|v. Moreover, o(u;) = uq(; for each o € Gal(L/K).
Define the functions

" 1
Z w,i0 " Duwyio * m

GY(z . 12.6
zl e (12.6)

Let Ggl)(z) =D aex, Wi e be the polar part of G(V)(z) supported on X,. Since each
N; is divisible by [L : K], gpgl?)(z) € K,(2) is independent of w|v and G (z) is rational

over K with leading coefficient u;. Since T,, > 1, it follows that ngﬁi’ )(Z)HUS < CP6,Br <

2N ko N N . (0) . o
W < hP V. Note that the function .’ (2) satisfies the bound conditions (10.4) and

(11.8) in the local patching processes. Put

Guw(2)"7P"if w|v for some v € Sk \ S

G () = (12.7)

@pr(z) if w|v for some v € S.
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Define

GO(2) = GO (2) +¢0(2) - GO ().

w

Then @58)(2) € K,(z) is independent of w|v with leading coefficient u; at each z; € X and
@Q(B)(z) —GW(2) € K,(z) is independent of w|v, having no terms of orders nN;—1,--- , nN;—
p® 4+ 1 at each x; € X by the Gap Principle. Since @(B)(z) has the same constant term as
G&?)(z), we can write

m nN;—1

A(0) m(, ~0) 1 ©)
Gw ( =G Z wzk o ;L'A)nNi—k’ + Cw,()'
i=1 k= p 1 ¢
Let @fl?)a(z) = ( )+ siex, sz—vp_zl A(u?zk ()ﬁ be the polar part of @1(1?)(2) supported
on X,. If E(u?,)if is the coefficient of (z — z;)* in (z — ;)" - ¢y G «a(2), it then follows from

(11.17) that for each £ = p% -+ [ koN; — 1,

hp "N koN 0

|A(0)

witlw < o7 B Ty (12.8)

12.2 PATCHING THE HIGH-ORDER COEFFICIENTS

In this step, we patch the high-order coefficients. Because of the gap principle (Lemma
7.9) and the fact that we have patched the leading coefficients, we have in fact already
patched the coefficients of orders nN; — 1,--- ,nN; — p® 4 1 for each z; € X.

First, we will patch the coefficients of orders nN; —p®,--- | (n—1)N;+1 in é&ﬁ”(z) at each
x; € X. If w € S, with w|v for some v € Sk \ S, then put (pg)(z) := 0 since @1(1?)(2) —GW(2)
has no terms of orders nN; — 1,--- ,nN; — p" 4+ 1 by the choice of n. If w € S, with w|v

for some v € S, then we will construct a function ol )(z) € K,(z) to arrange the coefficients

~0)

to be zero. With the same notations as Step 2 in Section 11.2, since ¢, ¢, 1s the coefficient
of (z — x)?" in (2 — ;)™ - .l - GV (2), it follows that ¢ mp . = 5(13,)1',1081-/%,107 which is

independent of w|v. Put

— _~0
Ay ipei 1= —C

w,i,pi -
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Fix an orbit X, of X. Note that N; = N; = N, and n; = n; = n, when z;,z; € X,. Noting

that G (2) € K,(2) is independent of w|v, we see that for each o € Gal(L/K), if o(;) = z;,
oA "N ckoN—p©i
= OB BY (Twxw)koN '

then o(Ayipi) = A It follows from (12.8) that [Ay . pei|w Since

w,j,p 7 -
o, . 1
Ay € K(x;), by Proposition 7.8, we can write Ayipee = ooy Cuipeis - 2f for some

Cu,z,p €i 0 € K( ) Define

r ZZ

(1 2) Cp . e g
(pw ,a = e w,10 CUJ,PSZ NG (Z . xi)pr i —pCi
2 a

pei—1
= (2= 2) N (D G ()
/=0

O

higher terms in (z — z;)" with h > p’"Ni)
2p€i—1
= (z—x)7? WO( Z 5wlh (z — )" +
h—p©i
higher terms in (z — 2;)" with h > pTN,),

where the 5 h are Z-linear combinations of the ¢, ; e ¢ and the zf. Clearly, goq(u a)( ) € M,(2)

is independent of w|v, so gpguja)( ) is rational over K, with leading coefficient > 2" cfu 0"

T

Cujipeine - Tf = Chyio * Duwipes at each x;. Tt follows from Proposition 7.5 that for each h =

peia"' 72pei - 17

(1,2) hp "N k;()N pSi hpTN
‘610 zh’w < Tw ’ ‘Aw,i,p i fw  Xw S Cp Bp ( wa)koN_l < Cp Bp ) . (129)

Moreover, Proposition 7.5 implies that ngﬁ ’3)(2)HU0 < COP Ty | A i pei
~0)

wzp €4

w BY < hPN.T, B,

We use the following modification to patch the coefficient ¢

~ ~

GUD () i= G (2) + h2(2) - G (2).

w

Here GS?(Z’) is rational over K, and independent of w|v. Note that the leading coefficient

of @(B)a(z) —GP(z ) at each x; € X, is ¢ 0 = — Ay ipei * Cp o and o5 2)( ) ég)(z) has the

w,,p¢

leading coefficient A, ;pes - ¢y ;o at each x;, with no constant term. Hence G972 (2) has no

terms of orders nN; — 1,--- ,nN; — 2p% + 1 at each x; € X, by Lemma 7.9. Since CAL(S)G(Z)
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1,2 .
has no constant term, so does Gz(u,a)(z). Hence we can write

nN;—1

(120, — () apy b
Gw,a (Z) - Ga (Z> + Z Z Cw,i,k (Z _ ZL‘i)nNi_k‘

r; €Xq k=2p°i

If A{wlw is the coefficient of (2 — x;)* in (z — ;)™ - ¢, - Ggﬂ’f)(z), it then follows that

w,i0
A(wlfg) = 4 + Zip_e;ql wlfh)sze , for each £ = 2p%i ... koyN; — 1, so
|~(wl;)|w . PN ghoN—pei—(=p*i) W N ghoN—t
Cl BY (T )oN 1 Cp BE (T )FoN -1
For each d = 3,--- ,n;, we inductively arrange the coefficients of orders nN; — (d —
D)p%, -+ ,nN;—dp“+1 to be zero. Suppose that we have constructed functions G(l & 1)( ) €

K,(z), independent of w|v, such that it has no terms of orders nN;—1,--- ;nN;—(d—1)p®+1

at each z; € X,, with no constant term, and such that in the expansion

nN;—1

1
G(l,dfl) — G (1) (1,d-1)
w,a (Z) Z Z wzk Z . xi)nNi_ka
r,€Xq k=
if A{wli Y'is the coefficient of (z — )t in (2 — xl)”N Cori0 G,S};‘ 2 ( ), then it follows that

for each £ = (d — 1)p%, - koN; — 1,

hprN k;()N 0

‘A'(ld 1 ‘
Cuw,it w = Cfp Bp (T Yo )koN (d-2)"
Put
. ~(L,d-1)
Awi(d-1)psi = —Copli (d-1)pei-

Since E{d.*a_l)pei = CS zd(dl)l o Jc 09 Ayi(d—1)pei 1s independent of wlv. Writing Ay, ; (q—1)pei =

sz 1Cuz(d 1)pei l ° .I‘ for some Cuz (d— 1)sz€K( )1/7 put

L

1d) . -
A= ¥ S - Gusiannn, RN T

z;€X, =0

With the same argument as above, pos(z) € K,(z) is independent of w|v and satisfying

oS ()] o < W&V - T, - B,. In particular, if gl w15 the coefficient of (z — z;)" in ¢, Zo(z -
)P go,(j;”( ), then(5 h —Oforh—O (d—l)pei—l,dpei,-~- ,p"N; and

Qo N ghoN—(d=1)p* he' N
|5wzh|w = Cp BP (T X )koN (d-1) ( Cp Bp )

(12.10)
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for each h = (d — 1)p%,--- ,dp® — 1.

To patch the coefficient CS’Zd( dl 1pei> define

GED(E) = G () + ¢l () - G ).

Then GSjg)(z) is rational over K, and independent of w|v. The leading coefficient of

G5y = G0 (2) at cach z; is cjj;;f(—dljl)pei = —Ayi(a i - o and e (2) - GY)(2) has

. . pi—1 T n—p"
the leading coefficient (Y7 0" ¢b i+ Cuyi,(@—1)pei ¢ - zt) - Cordo = Duwi(d—1)pei * Chy o at each zy,

with no constant term. Hence Gg’g)(z) has no terms of orders niN; — 1,--- ,nN; — dp® + 1

at each x; € X, by Lemma 7.9. Since Gu}g D

Furthermore, if ¢, ’M) is the coefficient of (z — ;)" in (z — ;)" - ¢l - Ggﬁ)(z), then it

( ) has no constant term, so does Gg,’g)(z).

sz

follows that E{wlzd) glbd=1) 4 > dp z(d11)61 wlf,?Bwpl)g , for each ¢ =dp®, -+ koN; — 1, so

hpTN koN—¢

Euie o <
wzf w = OP BP (TwX )koN (d=1)"

Now, to complete the argument to construct gpg )(z), put

) =355k

a=1 d=2

m/

G ZG —I—cw0

Clearly, GU)(2) = GV (2) + o2 (2) - G2 (2) and |02 (2)|lue < BEN - T, - By, which is the
same bound condition as (11.11). It follows from (12.9) and (12.10) that the coefficients in
the expansion of ol )(z) in terms of the L-basis satisfy the size conditions (ii) in each local
patching process. Furthermore, GS)(Z) € K,(z) is independent of w|v and has no terms of
orders nN; — 1,--+ ,(n — 1)N; + 1 at each z; € X, with the same constant term as Gq(l?)(z).
In particular, Gg,l)(z) — GW(2) has a pole of order at most (n — 1)N; at each x; € X.

Next, for each k& = 2,--- kg, we will patch the coefficients of orders (n — (k —
)Ny -+ ,(n — k)N; + 1 for each x; € X. If w € S; with w|v for some v € Sk \ 5,
then put gogf)(z) = 0. If w € S with w|v for some v € S, suppose that we have

constructed functions G _1)(z) € K,(z), independent of w|v, which have no terms of
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orders nN; — 1,--- ,(n — (k — 1))N; + 1 at each z; € X, with the same constant term
as Gg,))(z). For each d = 1,---,n;, we inductively arrange the coefficients of orders

(n—(k—=1)N;—(d—1)p%,--- (n—(k—1))N; — dp* + 1 to be zero. Put

GEO(2) .= G ().

w

We carry out the exactly same process to construct ol s’ (2) and G f)(z) which are rational

over K, and independent of w|v. Furthermore, ||g0§ua (2)||vo < BN T, - B, and G kd)( )=

Gq(f’ad*l)(z) + go,(]f’,f)(z) : ég)(z) has no terms of orders nV; — 1,---  (n— (k—1))N; — dp® + 1

k.d) - ¢

at each z; € ¥, with no constant term. If ¢ w18 the coefficient of (2 — ;)" in i

(z — ;)

cl Ggﬁf)(z), then it follows that for each ¢ = (k — 1)N; + dp®,--- , koV; — 1,

w,i0

"N ckoN—¢
|~(kd hP 0

Cu,it |w — Cp Bp (T Yo )kON ((k=D)n;+(d—-1))

At the end of this stage, put

PP (2) =33 (),
a=1 d=1

G (z) =3 Gl (2) 4 O,
a=1

GH(2):=0

Clearly, ||<,0,(f)(z)\|U9 < h®'N T, - By, which is the same bound condition as (11.13). By
the inductive construction, the coefficients in the expansion of gpq(f )(z) in terms of the L-
basis satisfy the size conditions (ii) in each local patching process. It follows that G )(z) =
ch_l)( )+ go(k)( )- é&ﬁ(z) € K,(z) is independent of w|v and has no terms of orders nV; —
L,---,(n—k)N;+ 1 at each z; € X, with the same constant term as Gq(l?)(z). Furthermore,
GH(2) = (GW(2) + -+ - + G®(2)) has a pole of order at most (n — k)N; at each z; € X.
Note that for each w € S; and each k =1, - - - , kg, the function gogf)(z) satisfies the bound
condition in each local patching process. Therefore, we can carry on the global patching

process further.
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12.3 PATCHING THE LOW-ORDER COEFFICIENTS

We will carry out the patching process for k& = kg + 1,--- ,n, inductively. In each
local patching process, we have arranged the low-order coefficients so that the resulting
functions G )(z) are rational over K,. So far, we have constructed the K-rational func-
tions GM(2),--- , G*0)(2) after arranging the high-order coefficients to be zero. In this sec-
tion, we will arrange the low-order coefficients to generate K-rational functions G (z) for
k=ko+1,---,n+1, independent of w|v, so that at the final stage Gty (z) = G (2)
for all w € S;. Let X,, a = 1,---,m/, be the orbits of X under Gal(K/K). In each stage, we
will patch the coefficients for each orbit X, of X as a packet, maintaining the K-rationality
(see Proposition 7.8) by applying the Very Strong Approximation Theorem and then put all
the resulting functions together.

With the same notations as in each local patching process, put

;

k

guw(2)" " if wlv for some v € Sk \ S

bl g)(z) . @5{?’(2) if k=ky+1,---,Ty and w|v for some v € S
G®)(2) = t=ko (12.11)

Qu,ry(2) - (Ok)(z) ifk=Ty+1,---,Ty and w|v for some v € S

@5}97’“)(2) if k=Ty+1,--- ,n and w|v for some v € S

\

Note that G\ )(z) is rational over K, and independent of w|v.
We can write Gg%)(z) in terms of the L basis;

niN;—1

1
(ko) _ (D Z Z Z (0)
Gwo (Z) =G (Z) + - + wzk Z _ xi)"Nz‘*k + Cw,Oa

a=1 z;€X, k=koN;

with ¢* ,)c € K(z;),, independent of w|y. Letting G (z) = GV (2) + D oeicx, ZZN,%]}] jik
m, it follows that Ggﬂo (Z) = Zzz 1 G(k0)< ) (0)
We are patching each block of p“ consecutive coefficients at the same time, for each

x; € X, and for each k = ko +1,--- ,n. Fix a € {1,--- ,m’}. Before giving the details of the

patching process, we describe an abstract formulation of the process. Recall that N; = n;p®.
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For each b = 1,--- ,n;, let wwkab 2

(2 ) be the function obtained in the previous step of the
patching process, having poles supported only on X,. In fact, 499 (2) = GU9) (2) -GV (2)

when k=ko+1and b=1.

Theorem 12.1 For each k = kg + 1,--- ,n and each b = 1,--- n;, suppose that for each
w € Sg, w&kf_l)(z) is rational over K, and independent of w|v, having poles supported on
X,. Let Y (2) have a pole of order (n — (k—1))N; — (b—1)p® at each x; € X,. We can
patch the first p® coefficients of the function 1[)( A1) ( ) at the same time for all xz; € X,,
preserving the K,-rationality as follows:
there are functions goq(f,’f)(z) € K,(z) and ng’b)(z) € K(z), having poles of order N; —

(b—1)p® and (n— (k—1))N; — (b— 1)p%, respectively, at x; € X,, and no other poles, which
are independent of all w|v. Moreover,

(i) lpind (2)llvg < BN - T - Bu;

(i1) if wwkf (z2) = &kf_l)( )+g0(kb (z )éﬁf)(z) then w&kf)(z) € K,(z) is independent of all

(k,b— 1)(

w|v, with the same constant term as Wit z); and

(1i1) D) (2) — G((zk’b)(z) has poles supported on X, and a pole of order (n— (k—1))N; —bp®
at each x; € X,.

Proof: First, we decompose w&k(f _1)(z) into its polar parts:
nN;—1

(kb 1) (kb=1) | 1
Z Z vaih (Z _ xi)n]\h’—h’

2i€X4 h=(k—1)N;+(b—1)p°

where cl(j’;;l_l) € K(z;),, independent of w|pu.
We need to patch the coefficient c(k’b(kl)l)N 1) . for all w|v and each v € Sk. Fix
x; € X, and consider the set {culfzb kl)l)N L W E Sp} to apply the Very Strong
Approximation Theorem. Put
hNk
Dy = —2— . |c"h,.
Twa | w,10

It follows from (12.1) and (12.4) that
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and hence there exists ¢; (k—1)n,+(b—1)pe: € K (2;) such that

(k,b—1)

|Ci (k= 1) Ni+ (b—1)pes — Copi (K1) Ni-+(b—1)pei [0 = D, forallw € Sy,

<1 forallwégSy.

|Ci,(k—1)Ni+(b—1)p5i w
Put

kb1
Ay (k=1)Ni+(b—1)pei = (Cis(h=1)Ni+(b—1)pei — Cq(u,z,(k )1)N +(b—1)p° i)/ Conit 0>
which belongs to K(z;),, independent of all w|u. It follows that

hNk
< Dw/|cw10‘w -

‘Aw,i,(kfl)NH»(bfl)pei W

In order to achieve Galois-invariance, for each z; € X, with j # 4, choose 0 €
G&l(L/K) so that O'(IZ) = Ty and pllt cj,(k—l)Nj—i-(b—l)pej = U(Ci,(k‘—l)Ni-i-(b—l)pei)‘ We define
Ay j(k—=1)N,+(b—1)pes for each wlv as follows:

i

e €i—1
Writing Ay i (k—1)Ny+(b—1)pei = o Cusis (k=1 Nit (b—1)pei ¢ - 25 for some G (k1) Nyt (b—1)pei 0 €

K(mpei)y,

]

Ao(w)d.k=1)N+b-1p = Two (Buwi (b= 1) Nt (o-1)p)
p%i—1
= Z Tw,o’(Cu,i,(k—l)Ni+(b_1)pei74) -
£=0
pI—1
l
= Z Co(u)sz(k_l)Nj+(b—l)pej,e : -7:]

=0

It follows that ((u)j (k—1)N,+(b-1)p% ¢ Delongs to K (% ) and
EBwlvAw,j,(k—l)Nj-i-(b—l)pej - @U(w)\UAU(UJ),ja(k’—l)Nj-i-(b—l)Pej

= @a(w) [vTo,w (Aw,i,(k— 1)N;+(b—1)p®i )

= 0(DuwjoDuw,i,(k—1)Ni+(b—1)p% )-

Clearly, @ujoAy jk-1)N,+@b-1)p5 belongs to o(K(r;) @k K, = K(v;) @k K, C L ®x K,

because @Ay, i (k—1)Ni+(b—1)pe: belongs to K(z;) ®x K, C L ® K, for each v € Sk. For
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any other p € Gal(L/K) with p(x;) = xz;, since o(z;) = p(z;) = z; and olk, = plk,,

Bufo Do j (k—1)N,+b—1)p= 18 well-defined and independent of the choice of o. Put

e;

4

kb o z
901(1,7,1)(2) = Z Z Cu,i,(kq)Nﬁ(bfl)peM' (z _ x,)Ni_(b—npei'

x;€X, £=0

Clearly, the coefficients in the expansion of gpgf, f)(z) in terms of L-basis have absolute value

“Xo < AN which meets the size conditions

w 7

less than equal to Toy - |Auy i (k—1) Nyt (b—1)p%i |w
(iii) in the local patching precesses. By Proposition 7.8, gogf f)(z) is rational over K, and

B, < h*N . T, - B,,.

independent of w|v, with sup norm ||<,0£,J o (2)||loo < T,

We now consider

VD (2) = 0V (2) + oD (2) - G ().
Note that wq(ﬂkf)(z) has the same constant term as w(kb )(z) since goq(ff)(z) has no

constant term. In particular, the leading coefficient of wwé’)(z) at each x; € X, is

(k,b—1) p¢i—1 V4 n—k __ .

Cui, (k—1) Ni+(b—1)p Dotm0 Sud(k-DNeHb-Dptie " Ti ) Cuio = Ci(k-1)N+(p-1)pei-  Write
_ D ¢i—1 Y4 pei .

Ci(h—1)Ni+(b—1)p%i = Dp—g  di(k—1)Ny+(b—1)pei * L7 for some d; o—1)n;+(p-1)pe € K (27 ). Since

the leading coefficient of w&’f;ﬁ”(z) occurs at the order (n — (k — 1))N; — (b — 1)p® at each

x; € X,, if we put

14

Gk ( : i
Z Zd R T L G R S G

z,€X, £=0

it then follows that G kb)(z) is rational over M and independent of w|v, so ng’b)(z) is
rational over K and independent of w|v by Proposition 7.8. Since YD) (2) and G (z) have
the same leading coefficient of order (n — (k—1))N; — (b— 1)p® at each x; € X,, Lemma 7.9
implies that 1 (2) — G((zk’b)(z) has order (n — (k — 1))N; — bp® at each z; € X,. Clearly,

{:b) (z) — ng’b)(z) is rational over K, and independent of w|v for each v € Sk, and hence
its leading coefficient of order (n — (k — 1))N; — bp® at each z; € X, belongs to K(x;), by

Proposition 7.8. 0

Now, for each k = kg + 1,--- ,n and each b = 1,--- ,n;, we inductively apply The-
orem 12.1 by setting 1) ko)( ) = Gq(ff)a(z) - (Ggl)(z) + - F Gék)(z)), where G,(lk)(z) = 0 for
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(k,b— 1)( )

k=2 --- ky. Suppose that we have constructed 1y .4 , which is rational over K, and

independent of w|v for each v € Sk, with leading coefficient c(k’b(kl)l)N Loy € K (@), of

order (n—(k—1))N;—(b—1)p® at each z; € X,. Apply Theorem 12.1 to patch the coefficient

Eflb(kl)l)N +p—1)pe: for all wlv and each v € Sk. It follows that there are functions goq(u a)( ) €

K,(z) and G (z) € K(z), independent of w|v, such that H(pwja (2)|[po < REN - T, - By,

C

qﬁ&kf)(z) = qfuk;f_l)( )+ gp(k b)( ) - Gq(ff)(z) has poles of order (n — (k—1))N; — (b—1)p® sup-
ported only at x; € X,, with the same constant term as wwkf 2 ( ), and w (k, b)(z) - ng’b)(z)
has a pole of order (n — (k—1))N; — bp® only at each x; € X,. Note that ww,’a (2) — ng’b)(z)
is rational over K, and independent of w|v for each v € Sk.

To finish the k™" stage, put

SONIWLE
a=1 b=1

GW(=) =33 G0,
=1 b=1

GP(2) =G V(2) + o (2) - GP(2).

Then wa’(z) and Ggf)(z) are rational over K, and independent of w|v. In particular, G*(z)
is rational over K and independent of w|v. By the proof of Theorem 12.1, the coefficients in
the expansion of @55 )(z) in terms of L-basis have absolute value less than equal to h*" which
meets the size conditions (iii) in the local patching precesses. Furthermore, ||g01(1{€ )(z)||U3 <
hEN.T, - B,,, which is the same bound condition as in each local patching process, and G )(z)
has the same constant term cfg)o as Gq(ffl)(z). Note that G,(f)(z) — (GY(2) +--- + G¥(2))
has a pole of order (n — k)N; at each 2; € X and GU”(2) — (GM(z) + -+ + G™M(2)) is the

constant term ¢}, which belongs to K, and is independent of w|v.

w07

Finally, at stage k = n + 1, we patch the constant terms Cfu,)o- Note that %) € K, for all

w,0

wlv. Applying the Very Strong Approximation Theorem to the cfl?’)o and to the D,, := h™N >
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hov
TwXw’
lco — 01(1?7)0|w <D, foralweSp,
lcolw <1 forall w & Sg.
Put
Ao = co— iy, (12.12)

which belongs to K, independent of w]v. It follows that for each w € Sy,
|Aw,0’w < Dw = hZN

Define G$f+1)(z) = Gz(f)(z) + A, to patch the constant term. In particular, GgLH)(z) is
rational over K and independent of w|v because Gty (z) = GW(2)+ > hekot1 GM(2) + co.
Repalce G4 (2) by GrtD(2).

12.4 CONCLUSION OF THE GLOBAL PATCHING PROCESS

The patching process has now arranged the K-rational function G+ (2), independent of
all w € Sy. Furthermore, the local patching process guarantees that all the zeros of G 1 (%)

belong to U? for all v € Sg. Expand G"*V(z) in terms of L-basis:

m nN;—1

n+1
ZZC”“ — ;)i o anN—k T Co
=1 =

For each v € Sk, let w|p|v|v be places of L, K (z;) and K (z7"") lying above v, respectively.
We have defined the K-rational functions G (z), for h = kg + 1,--- ,n, with the numbers
Cu,iy(h—1)Ny> Cuyi (h—1)Nitp¥is * " * s Cwsi(h—1) Nyt (na—1)pei il Oy N K () C Oy, for each z; € X. Note
that by the choice of Sk, O, = O,[1,z;,- - a:pei] for each x;. For each b = 1,--- ,n;, since
Cuwyiy(h—1)Ni+-(—1)pei = ZZ(;I dEZ’b) ¢ for some d ) ¢ K(x} pe "), the d(h ") must belong to O,.

Hence if k is in the range (n — (h —1))N;,- -+, (n — h)N; + 1, then the coefficients ¢;; belong

to O, C O, because they are combinations of the dEZ’b) and the a:f over 7.
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On the other hand, since the u; € M* are Sp-units and ¢q € K with |cgl, < 1 for each
w & Sp, it follows that u; € O)5 and ¢y € O,,. Thus, all the coefficients in the expansion of
G (z) belong to O, and the leading coefficients belong to ©2. Note that the functions
1/(z —x;) for each z; € X have good reduction at each w ¢ Sy, and the points in X specialize
to distinct points (mod w). Hence GV (z) (mod w) reduces to a nonconstant function with

a pole of order nN; > 0 at each x; € X. This implies that for each v ¢ Sk,
{z € P}(C,) : |G(”+1)(z)\v <1} =PYC,) \U",B(x;,1)” =U, = E,.

In particular, all the zeros of G("*V(z) belong to U, for each v & Sk.

Finally, for each v € S, all the zeros of G+ () are distinct by our construction. Since
n can be any sufficiently large integer divisible by Ap™ (see Section 9.2), satisfying the
conditions (11.20), (11.31), (11.37) and (11.43), we obtain infinitely many numbers satisfying
the conditions of the main theorem. For each v ¢ S, consider the zeros of G("*V(z)¢ — 1 for
¢ =1,2,---. Noting that {z € PY(C,) : |G"*V(z)|, < 1} C U, for each v ¢ S, the zeros
of G (2)¢ — 1 belong to U,. If gcd(¢,p) = 1, then there must be infinitely many distinct
roots of GV (2)¢ — 1 as n and ¢ vary. These numbers satisfy the conditions of the main

theorem.
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