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Abstract

The logarithmic capacity is a measure of size for sets in C, which has arithmetic con-

sequences. It initially arose in classical potential theory, but occurs in several contexts

(including probability and number theory), and goes under several names, including “Trans-

finite diameter”, “Chebychev constant”, and “exponential of the Robin constant”. If the

logarithmic capacity of a set can be computed, the Fekete-Szegö theorem gives a finiteness

criterion/strong existence in arithmetic geometry [8]. Namely, whether the capacity is < 1

or > 1 determines the finiteness (or infiniteness) of the collection of algebraic integers whose

conjugates lie near the set.

In this dissertation, we are concerned with capacities for adelic sets in the positive char-

acteristic projective line. Let K be a function field in one variable over a finite field of

constants, with characteristic p > 0, and let K be its algebraic closure. We prove a “Fekete-

Szegö theorem with splitting conditions” for an adelic set EK :=
∏

v∈PK
Ev ⊂

∏
v∈PK

P1(Cv)

with respect to a finite set of global points X ⊂ P1(K). Loosely, the theorem says that if

the capacity of EK is > 1, and if Ev ⊆ P1(Kv) for each v in a finite set S of places of K,

then for any collection of neighborhoods Uv of the Ev, there are infinitely many points of

P1(Kv) whose conjugates over K lie in the neighborhood Uv for all v, are bounded away

from X at all v, and belong to P1(Kv) for each v ∈ S. The proof consists of constructing



a rational function f(z) ∈ K(z) whose poles are supported on X, and whose zeros belong

to the neighborhood Uv for each v, and also belong to P1(Kv) at v ∈ S. This is done by

first constructing local functions fv(z) ∈ Kv(z) which have these properties for each v, and

then constructing the global function f(z) ∈ K(z) by sequentially modifying (“patching”)

the Laurent coefficients at the points in S to obtain a single function which locally looks like

fv(z) for each v. There are three key parts in the proof: the construction of the basic local

approximating functions; the local patching process, which preserves the properties of the

roots of the fv(z); and the global patching process, which achieves K-rationality.

Two important difficulties arise in function fields of positive characteristic which do not

occur in the case of number fields. First, in the number field case, even though it is hard

to construct the basic local approximating functions at real archimedean places, there is

considerable freedom in carrying out the patching precess. In positive characteristic, there

are no archimedean places, so the patching process is extremely rigid. The second difficulty

concerns inseparability. In the number field case, as soon as the patching functions are

invariant under the Galois action, they become rational over the base field. However, in the

case of positive characteristic, even though a function may be Galois-invariant, it does not

need to be rational over the base field. To achieve rationality, it is necessary to consider the

expansions of the fv(z) with respect to two sets of basis functions at the same time, one of

which is used to check rationality and the other to determine approximation properties of

the functions.

Index words: Fekete-Szegö theorem, capacity theory, splitting conditions, projective
line, positive characteristic
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Notes on Chapters

I have organized the chapters in the dissertation to motivate definitions of constants and

choices of parameters, focusing on the flow of the proof of the main theorem (the Fekete-Szegö

Theorem with Splitting Conditions).

I state the main theorem in Chapter 1, giving a brief history of prior results.

In Chapter 2, I discuss background material. The first section examines some well-known

properties of power series in one variable, including the theory of Newton polygons, Weier-

strass Preparation Theorem, and the Maximum Modulus Principle. The second section intro-

duces the canonical distances related with a uniformizing parameter at a point.

Readers find general notions about Local and Global Capacity Theory in Chapter 3. I

discuss properties of this capacity theory for the canonical distance with respect to a single

point and related objects, including equilibrium distributions, Robin constants, Capacity,

Green’s functions, and Green’s matrices. Part of this theory is classical, and part was devel-

oped by Cantor [6]. Here, as well one find some examples.

In Chapter 4, I discuss capacity theory with respect to a finite set X and a probability

vector ~s, called (X, ~s)-capacity theory. I establish the facts about this theory which we need.

The proof of the main theorem involves constructing global rational functions G(z) ∈

K(z) of arbitrary large degree, whose poles are supported on X and whose zeros are the

numbers produced by the theorem. The construction has two parts, a local part and a global

part.

The local part involves first constructing “basic local approximating functions”, rational

functions fv(z) ∈ Kv(z) with poles supported on X whose zeros belong to the prespecified

neighborhood Uv in the main theorem. These functions are renormalized on the basis of global

considerations, giving “normalized local approximating functions” gv(z), and then composed

vi



vii

with “degree-raising” polynomials to construct “initial local patching functions” G
(0)
v (z).

Lastly, the local part gives a “patching process” which involves sequentially modifying the

Laurent coefficients of the G
(0)
v (z), from highest to lowest order, while keeping the roots in

Uv. There are two cases to deal with, the case of RL-domains and the case of compact sets.

The global part concerns achieving K-rationality, melding the initial patching functions

G
(0)
v (z) ∈ Kv(z) into a single global function G(z) ∈ K(z). Important aspects include mod-

ifying the leading coefficients to be global SL-units, adjusting the high-order coefficients to

be all 0, and using the Very Strong Approximation Theorem to choose target values for the

low-order coefficients.

Chapter 5 introduces the notion of regular sequences in Ov and their properties. I con-

struct rugular sequences for a compact subset of P1(Kv). These are used in constructing the

basic local approximating functions in the case of compact sets.

Chapter 6 constructs the basic local approximating functions for a compact subset of

P1(Kv).

In Chapter 7, I state the Gap Principle which plays a key role in the global patching

process. I reduce the main theorem to tractable special case, involving only RL-domains and

compact sets which are Kv-rational. I obtain the final constraints on the integer N , which is

the degree of the normalized local approximating functions.

I achieve the product formula for the leading coefficients and construct the normalized

local approximating functions in Chapter 8.

In Chapter 9, I prove the Very Strong Approximation Theorem and choose the global

patching parameters k0 and n. The number k0 makes the break between coefficients deemed

high-order and low-order. The integer n is used to determine the degree of each initial

patching function. It must be sufficiently large and satisfy certain divisibility conditions.

In Chapters 10 and 11, I give the details of the local patching process for RL-domains

and compact sets. This process will preserve the locations of roots of each initial pathcing
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function. In the compact case, the process for low-order coefficients is basically the same as

the one in [25].

I complete the proof of the main theorem in Chapter 12 by arranging the high-order

coefficients to be zero and the low-order coefficients to be global elements using the Very

Strong Approximation Theorem in Chapter 9.
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Chapter 1

Introduction

In 1955, Fekete and Szegö proved that if E ⊂ C is a compact set with logarithmic capacity

γ(E) ≥ 1, stable under complex conjugation, then every complex neighborhood of E contains

infinitely many conjugate sets of algebraic integers [8]. In 1964, Raphael Robinson refined

this, showing that if E is a subset of the real line, then every real neighborhood of E contains

infinitely many conjugate sets of totally real algebraic integers [20]. Robinson’s theorem is

the prototype for the “Fekete-Szegö theorem with splitting conditions”, with which we are

concerned in this dissertation.

In 1980, David Cantor developed a theory of capacity for adelic sets in P1 over a number

field K [6]. Fix an algebraic closure K of K. Let Kv be the completion of K at a place v of K

and denote Cv the completion of a fixed algebraic closure of Kv at v. Let EK :=
∏

v∈PK
Ev ⊂∏

v∈PK
P1(Cv) be an adelic set over K and fix a finite Galois-stable set X ⊂ P1(K). Under

appropriate hypotheses on EK and X, Cantor defined a number γ(E,X), which is called the

capacity of EK with respect to X. Let S be a finite set of places of K satisfying the following

condition: for each v ∈ S, there is a finite Galois extension Ku/Kv such that Ev ⊂ P1(Ku).

Cantor formulated a “Fekete-Szegö theorem with splitting conditions”, which asserted that

if γ(E,X) > 1, then for any adelic neighborbhood UK :=
∏

v∈PK
Uv ⊂

∏
v∈PK

P1(Cv) of

EK , there are infinitely many points in P1(K) whose conjugates in Cv belong to Uv for all

v ∈ PK , and lie in P1(Ku) for all v ∈ S. The latter constraints are the “splitting conditions”.

Unfortunately, there was a gap in the proof of the theorem.

Robert Rumely extended Cantor’s theory, including the Fekete-Szegö theorem without

splitting conditions, to arbitrary algebraic curves over any global field [22]. In 2000, he
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2

established the Fekete-Szegö theorem with splitting conditions in the special case where

K = Q and X = {∞}, with E∞ = [−2r, 2r], and Ep = Zp for finitely many primes p [23]. In

2002, he proved the theorem for X = {∞} over an arbitrary number field K, and for general

sets Ev [24]. Recently, he generalized the Fekete-Szegö theorem with splitting conditions for

any finite set X with a general adelic set EK on a smooth connected algebraic curve over a

number field [25].

Here, we prove the Fekete-Szegö theorem with splitting conditions for any finite set X

with general sets Ev in P1(Cv) when the base field K is a function field of characteristic

p > 0. Let q be a power of p and F denote the field Fq(T ) with a transcendental element T .

Fix a finite extension K of F . Let Kv be the completion of the field K at a place v of K and

Cv the completion of a fixed algebraic closure of Kv at the place v. Our main theorem is as

follows:

Theorem 1.1 (Fekete-Szegö Theorem with Splitting Conditions) Let K be a finite

algebraic extension of F := Fq(T ), and let X = {x1, · · · , xm} ⊂ P1(K) be finite and stable

under Gal(K/K). For each place v of K, let Ev ⊂ P1(Cv) be stable under Galc(Cv/Kv)

(the group of continuous automorphisms of Cv over Kv), and put EK :=
∏

v∈PK
Ev. Suppose

that EK is compatible with X, i.e., each Ev is bounded away from X, and for all but finitely

many v, Ev is the X-trivial set (consisting of all points in P1(Cv) which do not specialize

to the points of X mod v). Let S ⊂ PK be a finite (possibly empty) set of places of K

with the property that for each v ∈ S, there exists a finite Galois extension Ku/Kv such that

Ev ⊂ P1(Ku). If γ(EK ,X) > 1, then for any adelic neighborhood UK :=
∏

v∈PK
Uv of EK,

there are infinitely many points α ∈ P1(K) such that all of their conjugates over K belong

to Uv for all v, and lie in P1(Ku) ∩ Uv for each v ∈ S.



Chapter 2

Preliminaries

Throughout this dissertation, we will keep the notations in Theorem 1.1: K is a finite

algebraic extension of F := Fq(T ), where q is a power of a prime number p ∈ Z>0; K is a

fixed algebraic closure of K; Kv is the completion of K at a place v of K, and Cv denotes

the completion of a fixed algebraic closure Kv of Kv at v. It will be useful to regard K

as embedded in Cv; for each v, fix such an embedding. Without loss of generality, we can

assume that Fq is the exact field of constants of K. Note that every absolute value of K is

nonarchimedean. In particular, Kv is a nonarchimedean local field and Cv is both complete

and algebraically closed.

Given a place v of K, let Ov = {z ∈ Kv : |z|v ≤ 1} be the ring of integers of Kv and

mv its unique maximal ideal; let Ôv = {z ∈ Cv : |z|v ≤ 1} be the ring of integers of Cv

and m̂v its unique maximal ideal. We will write πv for a uniformizing element at v, which

means that mv = πvOv. Let qv = #(Ov/πvOv) be the order of the residue field of Kv; note

that qv = qfv for some fv ∈ Z>0, while Ôv/m̂v is isomorphic to the algebraic closure Fq of

the field of constants Fq. However, m̂v is not finitely generated. For any x ∈ Kv \ {0}, there

is a unique integer n such that x = πn
v · u for some u ∈ O×

v , where O×
v := Ov \ πvOv. We

denote n by ordv(x) and put ordv(0) := ∞. We take | · |v to be the normalized absolute

value on Kv given by |x|v = q
−ordv(x)
v . We will also denote by | · |v the unique extension of

this absolute value to Cv. The Galois group Gal(Kv/Kv) respects | · |v, and its action on Kv

extends to a continuous action on Cv. Conversely, each continuous automorphism of Cv/Kv

arises from an element of Gal(Kv/Kv). By Galc(Cv/Kv) ∼= Gal(Kv/Kv), we mean the group

of continuous automorphisms of Cv, fixing Kv.

3



4

Write logv(·) for the logarithm to the base qv. Then − logv(|x|v) = ordv(x) for all x ∈ Kv.

Let PK be the set of all places of K. For each x ∈ K× := K \ {0}, the product formula

holds in the form ∏
v∈PK

|x|v = 1.

Let L be a finite normal extension of K. If w is a place of L lying above v, then | · |w will

denote the normalized absolute value on Lw and the absolute value | · |v on Lw will denote

the unique extension of | · |v on Kv to Lw, induced by any embedding of Lw into Cv. Since

|y|[Lw:Kv ]
v = |NLw/Kv(y)|v for all y ∈ Kv, it follows that for any x ∈ Lw,

|x|w = |x|[Lw:Kv ]
v . (2.1)

To see this, let ew/v and fw/v be the ramification index and residue degree of the extension

L/K. Then we have [Lw : Kv] = ew/v · fw/v. For any x ∈ Kv, since ordw(x) = ew/vordv(x)

and qw = q
fw/v
v , it follows that regarding x as an element of Lw,

|x|w = q−ordw(x)
w = (q

fw/v
v )−ew/vordv(x)

= (q−ordv(x)
v )ew/vfw/v = |x|[Lw:Kv ]

v .

That is, for any x ∈ Kv,

|x|w = |x|[Lw:Kv ]
v = |NLw/Kv(x)|v.

So, we get two extentions of | · |v on Kv to Lw defined by

|x|1/[Lw:Kv ]
w or |NLw/Kv(x)|1/[Lw:Kv ]

v

for all x ∈ Lw. But [4], Lemma 2, p.411 says that there is only one extension of | · |v on Kv

to Lw. Thus, for any x ∈ Lw,

|x|v = |x|1/[Lw:Kv ]
w = |NLw/Kv(x)|1/[Lw:Kv ]

v , (2.2)

which is equivalent to (2.1). Furthermore, we have |x|w = |NLw/Kv(x)|v for all x ∈ Lw. It

follows that absolute values |x|v and |x|w on Lw are invariant under Gal(Lw/Kv).
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We will denote |L×w | the value group of L×w . Note that |L×w | = qZ
w∪{0} and |C×

v | = qQ
v ∪{0}.

We use the following notations for the open and closed balls in Cv: for any a ∈ Cv and

any positive real number r,

B(a, r)− = {z ∈ Cv : |z − a|v < r}

B(a, r) = {z ∈ Cv : |z − a|v ≤ r}.

(2.3)

Let ∂B(a, r) := B(a, r) \ B(a, r)− = {z ∈ Cv : |z − a|v = r} be the boundary of B(a, r) or

B(a, r)−.

2.1 Power Series in One Variable

The Newton polygon of a polynomial g(z) =
∑n

k=0 ckz
k ∈ Cv[z] is defined to be the

lower convex hull of the set of points {(k, ordv(ck))}, with a vertical side above the point

corresponding to the first nonzero coefficient. Let f(z) =
∑∞

k=0 ckz
k ∈ Cv[[z]] be a power

series. Define fn(z) =
∑n

k=0 ckz
k to be the nth partial sum of f(z). The Newton polygon of

f(z) is then the limit of the Newton polygons of the fn(z).

In the nonarchimedean case, we have the following necessary and sufficient condition for

convergence of a power series, which is not true for archimedean places.

Lemma 2.1 Let f(z) =
∑∞

k=0 ckz
k ∈ Cv[[z]] be a power series. Then f(z) converges at

x ∈ Cv if and only if limk→∞ |ckxk|v = 0.

Proof: Since we are dealing with a nonarchimedean absolute value, a sequence is Cauchy

if and only if the absolute value of the difference between adjacent terms approaches zero.
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Noting that Cv is complete,∑
k≥0

ckx
k converges ⇐⇒ {Sn :=

n∑
k=0

ckx
k} converges

⇐⇒ {Sn} is Cauchy

⇐⇒ |Sn − Sn−1|v → 0

⇐⇒ |cnxn|v → 0

�

Corollary 2.2 Let r = |b|v for some b ∈ Cv. Then f(z) converges on B(0, r) if and only if

limk→∞ |ck|vrk = 0, or equivalently, limk→∞ ordv(ckb
k) = ∞.

Proof: For any x ∈ B(0, r), Lemma 2.1 implies that

f(x) converges ⇐⇒ |cnxn|v → 0. (2.4)

Since |x|v ≤ r = |b|v and f(z) converges for all x ∈ B(0, r), the RHS of (2.4) is equivalent

to |cn|vrn → 0, which is equivalent to ordv(cnb
n) →∞. �

Lemma 2.3 Suppose r and M belong to |C×
v |. If f(z) =

∑∞
k=0 ckz

k ∈ Cv[[z]] is a nonzero

power series converging on B(0, r) with ‖f‖B(0,r) ≤M , then |ck|v ≤ M
rk for each k ≥ 0.

Proof: Choose π and b in C×
v such that r = |π|w and M = |b|w. After replacing f(z) by f(πz)

b
,

we can assume that r = M = 1. We must show that |ck|v ≤ 1 for each k ≥ 0, whenever

‖f‖B(0,r) ≤ 1.

Suppose that |c`|v > 1 for some `. Since f(z) converges on B(0, 1), we have limk→∞ |ck|v =

0, and so there is the largest index `0 for which |c`0 |v = maxk≤0 |ck|v. Putting M0 := |c`0|v,

we get M0 ≥ |c`|v > 1. Rewriting

f(z) =
∑

|ck|v<M0

ckz
k +

∑
|ck|v=M0

ckz
k,

put

g(z) :=
∑

|ck|v=M0

ckz
k,
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which is a polynomial. We claim that there is a z0 ∈ B(0, 1) such that |f(z0)|v = M0 >

1, which is a contradiction. Letting g̃(z) = 1
c`0
g(z) and kv = Ôv/m̂v, g̃(z) ∈ Ôv[z] is a

monic polynomial with coefficients having absolute value 1, and so g̃(z) (mod m̂v) is a monic

polynomial in kv[z], which has only finitely many roots in kv. Choose z0 ∈ B(0, 1) so that

z0 (mod m̂v) is not a root of g̃(z) (mod m̂v), and hence g̃(z0) 6∈ m̂v. Thus we have |g̃(z0)|v = 1

and so |g(z0)|v = |c`0|v = M0. Since |
∑

|ck|v<M0
ckz

k
0 |v < M0, we get |f(z0)|v = |g(z0)|v = M0.

�

Proposition 2.4 Suppose that h(z) = 1+
∑∞

k=1 bkz
k ∈ Cv[[z]] converges on B(0, r) for some

r ∈ |C×
v |, and that |bk|v · rk < 1 for all k ≥ 1. Then the inverse h(z)−1 = 1 +

∑∞
k=1 b

′
kz

k

converges on B(0, r) as well. Furthermore, |b′k|v·rk < 1 for all k ≥ 1 and |h(z)|v = |h(z)−1|v =

1 for all z ∈ B(0, r).

Proof: Since |bk|v · rk < 1 for all k ≥ 1, we see that |
∑∞

k=1 bkz
k|v < 1 for all z ∈ B(0, r). So,

we can expand

h(z)−1 :=
1

1 +
∑∞

k=1 bkz
k

= 1−
∞∑

k=1

bkz
k + (

∞∑
k=1

bkz
k)2 − · · ·

= 1 +
∞∑

k=1

b′kz
k,

where b′k is a homogeneous polynomial Pk(b1, · · · , bk) of weight k in b1, · · · , bk over Z if bk is

assigned weight k. Clearly, we obtain that for all k ≥ 1,

|b′k|v · rk < 1. (2.5)

Fix ε > 0. Since limk→∞ |bk|v · rk = 0, there is k0 ∈ Z>0 such that |bk|v · rk < ε for all

k ≥ k0. There is also a number δ < 1 such that |bk|v · rk < δk for k = 1, · · · , k0 − 1 because

|bk|v · rk < 1 for all k ≥ 1. Let A be a positive integer such that δA < ε. Fix m ∈ Z>0

with m ≥ A. If a term ae1,··· ,emb
e1
1 · · · bem

m in Pm(b1, · · · , bm) contains bk for some k ≥ k0, then

|ae1,··· ,emb
e1
1 · · · bem

m |v·rm < (|bk|v·rk)ek < ε since
∑m

i=1 i·ei = m, |ae1,··· ,em|v ≤ 1, and |bi|v·ri < 1
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for all i ≥ 1. Otherwise, we have |ae1,··· ,emb
e1
1 · · · bem

m |v · rm = |ae1,··· ,em|v ·
∏m

i=1(|bi|v · ri)ei <

δ
∑m

i=1 i·ei = δm ≤ δA < ε. Hence, |Pm(b1, · · · , bm)|v · rm < ε. This implies that 1 +
∑∞

k=1 dkz
k

converges on B(0, r).

The last assertion immediately follows from the hypothesis on the bk and (2.5). �

Definition 2.5 We will call a power series h(z) ∈ Cv[[z]] with the properties in Proposition

2.4 a unit power series.

Proposition 2.6 (Weierstrass Preparation Theorem) Let f(z)
∑∞

k=0 ckz
k ∈ Cv[[z]] be

a nonzero power series converging in B(0, r) where r belongs to |C×
v |. Then f(z) has a finite

number of roots in B(0, r), there is a largest index m for which |cm|vrm is maximal, and f(z)

can be factored as

f(z) = cm g(z)h(z),

where g(z) ∈ Cv[z] is a monic polynomial of degree m whose roots are those of f(z) in

B(0, r), and h(z) ∈ Cv[[z]] is a unit power series converging in B(0, r). These properties

uniquely determine the factorization of f(z).

Furthermore, if f(z) belongs to Lw[[z]] for some finite extension Lw/Kv, then cm ∈ Lw,

g(z) belongs to Lw[z] and h(z) belongs to Lw[[z]].

Proof: See [22], Proposition 1.2.7, p.43. �

The following property is immediate from Proposition 2.6:

Corollary 2.7 Let Lw be a finite extension of Kv. Suppose that f(z) =
∑∞

k=0 ckz
k ∈ Lw[[z]]

is a power series converging on B(0, r) for r ∈ |L×w |. If f(z) has exactly one root in B(0, r),

then the root must belong to Lw.

Corollary 2.8 (Refined Maximum Modulus Principle for Power Series) If f(z) =∑
k≥0 ckz

k ∈ Cv[[z]] is a nonzero power series converging in B(0, r) for r ∈ |C×
v |, then for

any finite set {a1, · · · , at} ⊂ B(0, r), |f(z)|v achieves its maximum value for z ∈ B(0, r) at

a point of B(0, r) \ ∪t
i=1B(ai, r)

−.
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Proof: After scaling f(z), we can assume that r = 1. By the Weierstrass Preparation The-

orem, there is a factorization f(z) = c · g(z) · h(z) such that g(z) =
∏m

j=1(z − αj) is

a monic polynomial of degree m whose roots are the same as those of f(z) in B(0, 1),

h(z) ∈ Cv[[z]] is a unit power series in B(0, 1), with h(0) = 1, and |h(z)|v = 1 for all

z ∈ B(0, 1), and c = cm, where |cm|v = max{|ck|v : k ≥ 0}. Noting that Ôv/m̂v is infi-

nite, we can choose a nonzero element z0 ∈ Ôv such that z0 6≡ ai and z0 6≡ αj in Ôv/m̂v

for all i and j. Clearly, |z0|v = 1, |z0 − ai|v = 1, and |z0 − αj|v = 1 for all i and j.

Hence z0 ∈ B(0, 1) \ (∪t
i=1B(ai, 1)− ∪ ∪m

j=1B(αj, 1)−). Given an arbitrary z ∈ B(0, 1), since

|h(z)|v = 1 and |z − αj|v ≤ 1 = |z0 − αj|v,

|f(z)|v = |c · g(z)|v = |c|v ·
m∏

j=1

|z − αj|v

≤ |c|v ·
m∏

j=1

|z0 − αj|v = |c · g(z0)|v = |f(z0)|v.

�

Remark 2.9 Let f(z) ∈ Cv[[z]] be a nonzero power series converging in B(0, r), where

r belongs to |C×
v |. Then f(z) has only finitely many zeros α1, · · · , αm in B(0, r) by the

Weierstrass Preparation Theorem. Corollary 2.8 says that we can choose z0 ∈ B(0, r) so that

|z0 − αj|v = r for all j.

Corollary 2.10 Let r = |b|v for some b ∈ C×
v . If f(z) =

∑∞
k=0 ckz

k ∈ Cv[[z]] converges on

B(0, r), then we have

‖f‖B(0,r) = ‖f‖∂B(0,r) = max
k≥0

|ckbk|v.

Proof: The first equality holds by the Refined Maximum Modulus Principle.

For the second equality, replace f(z) by f(z/b) and assume that r = 1. Then maxk≥0 |ck|v

exists by Corollary 2.1.2. Let m be the largest index for which |cm|v = maxk≥0 |ck|v. By the

Weierstrass Preparation theorem, we can rewrite f(z) = cm ·g(z) ·h(z). Find z0 ∈ Cv so that

|g(z0)|v = 1 = |h(z0)|v as in the proof of the Maximum Modulus Principle. Then we have
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|f(z0)|v = cm. For any z ∈ ∂B(0, 1), we see that |f(z)|v ≤ maxk≥0 |ckzk|v = maxk≥0 |ck|v =

|cm|v, which implies the second equality. �

Lemma 2.11 ([25]) Let f(z) =
∑∞

k=0 ckz
k ∈ Cv[[z]] be a nonzero power series converging

in B(0, 1). Write f(z) = cm g(z)h(z) as in the Weierstrass Preparation Theorem, where

g(z) = a0 + a1z+ · · ·+ am−1z
m−1 + zm ∈ Cv[z] is monic, and h(z) = 1 +

∑∞
k=1 bkz

k ∈ Cv[[z]]

is a unit power series converging in B(0, 1). Then the Newton polygon of cm g(z) coincides

with the part of the Newton polygon of f(z) on and to the left of (m, ordv(cm)).

Proof: After dividing through by cm, we can assume that cm = 1 and that ordv(ck) ≥ 0 for

all k ≥ 0. Writing h(z)−1 = 1 +
∑∞

k=1 b
′
kz

k, we have that ordv(b
′
k) > 0 for all k ≥ 1. Since

g(z) = f(z)h(z)−1, we see that if J is the smallest index for which cJ 6= 0, then ak = ck = 0

for all k < J , while aJ = cJ . Noting that ordv(ck) ≥ 0 for all k ≥ 0 and ordv(b
′
k) > 0 for all

k ≥ 1, we see that for J < k < m,

ordv(ak) = ordv(ck + ck−1b
′
1 + · · ·+ c0b

′
k)

≥ min(ordv(ck), ordv(ck−1), · · · , ordv(c0)). (2.6)

If (k, ordv(ck)) is a corner of the Newton polygon of f(z) for some J < k < m, then we

have that ordv(ck) < ordv(cj) for all j = 0, · · · , k − 1 because ordv(ck) ≥ 0 for all k ≥ 0 and

ordv(cm) = 0. Hence (2.6) implies that ordv(ak) = ordv(ck). Since ordv(ck) ≥ 0 for all k ≥ 0,

the Newton polygon of g(z) lies on or below the initial part of the Newton polygon of f(z).

Applying the same argument to f(z) = g(z)h(z), we see that the initial part of the Newton

polygon of f(z) lies on or below the Newton polygon of g(z). �

Corollary 2.12 ([25]) Let f(z) =
∑∞

k=0 ckz
k ∈ Cv[[z]] have the radius of convergence R > 0.

(a) For each 0 < r < R, f(z) has finitely many zeros in B(0, r). If R belongs to |C×
v | and

f(z) converges in B(0, R), then f(z) has finitely many zeros in B(0, R).

(b) The zeros of f(z) correspond to the sides of the Newton polygon of f(z) of finite pro-

jection length in the same way as for a polynomial: for each side with slope m and projection

length s, f(z) has exactly s roots α (counted with multiplicity) such that ordv(α) = −m.
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Proof: (a) Without loss of generality, we can assume that r belongs to |C×
v |. Take β ∈ C×

v

with |β|v = r. After replacing f(z) with f(z/β), we are reduced to the case of Lemma 2.11.

(b) If the Newton polygon has a side of finite length and slope m, then taking r so that

logv(r) = m, choosing β as in a), and replacing f(z) with f(z/β), we are again reduced to

Lemma 2.11. �

Remark 2.13 Let f(z) =
∑∞

k=0 ckz
k ∈ Cv[[z]] have the radius of convergence 0 < R ∈ |C×

v |.

Then its Newton polygon has a terminal ray of slope logv(R). For any 0 < r ≤ R, there is

a unique line touching the Newton polygon of f(z) with slope logv(r). If (n, ordv(an)) is the

rightmost point where the line touches the Newton polygon, then f(z) has exactly n roots

in B(0, r).

Corollary 2.14 Let R be the radius of convergence of f(z) =
∑∞

k=0 ckz
k ∈ Cv[[z]], and let

0 < r < R satisfy r = |b|v for some b ∈ Cv. Let ` be the unique line touching the Newton

polygon of f(z) with slope logv(r) at the rightmost corner (n, ordv(an)). Then the y-intercept

of ` is − logv(M), where M = ‖f‖B(0,r).

Proof: Note that the y-intercept of ` is logv(r) ·(−n)+ordv(an), which is equal to n ·ordv(b)+

ordv(an) = ordv(anb
n). For each m 6= n, since (m, ordv(am)) is above or on the line `, we have

ordv(am) ≥ logv(r)·(m−n)+ordv(an), i.e., − logv(r)·m+ordv(am) ≥ − logv(r)·n+ordv(an),

which is ordv(am) +m · ordv(b) ≥ ordv(an) + n · ordv(b). Hence ordv(amb
m) ≥ ordv(anb

n) for

all m 6= n, and so M = |anb
n|v by Corollary 2.10. Thus the y-intercept of ` is − logv(M). �

Definition 2.15 We will call a power series f(z) ∈ Cv[[z]] a ρ/r-isometry between B(0, r)

and B(a, ρ) if the map f : B(0, r) → B(a, ρ) is a 1−1 correspondence, with |f(x)−f(y)|v =

ρ/r · |x− y|v for all x, y ∈ B(0, r).

Proposition 2.16 Suppose that f(z) =
∑∞

k=0 ckz
k ∈ Lw[[z]] is a power series converging

on B(0, r) for r ∈ |L×w |, which gives an injective map f : B(0, r) → Cv. Then there are an

a ∈ Lw and ρ ∈ |L×w | such that f defines a ρ/r-isometry between B(0, r) and B(a, ρ) and
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f(B(0, r)∩Lw) = B(a, ρ)∩Lw. Furthermore, for any ζ ∈ B(a, ρ)∩Lw, f(z) = ζ has exactly

one root in B(0, r) belonging to Lw.

Proof: Clearly, a := f(0) = c0 ∈ Lw. For any z, t ∈ B(0, r), we see that

|f(z)− f(t)|v = |
∞∑

k=0

ck(z
k − tk)|v = |

∞∑
k=1

ck(z
k − tk)|v

= |z − t|v · |c1 + c2(z + t) + c3(z
2 + zt+ t2) + · · · |v.

Since f is injective on B(0, r), f(z) = a has only one solution in B(0, r) at z = 0. That

is, F (z) := f(z) − a =
∑∞

k=1 ckz
k has only one zero in B(0, r). This means that for all

k ≥ 2, all vertices (k, ordv(ck)) of the Newton polygon of F (z) lie above the line ` : y =

logv(r)(x − 1) + ordv(c1), and so ordv(ck) > logv(r) · (k − 1) + ordv(c1), which implies that

|ck|vrk−1 < |c1|v for all k ≥ 2. It follows that for all z, t ∈ B(0, r) and all k ≥ 2, we have

|ck(zk−1 + zk−1t+ · · ·+ tk−1)|v < |c1|v. Hence we get |f(z)− f(t)|v = |c1|v · |z − t|v.

Now, taking t = 0 and letting z range over B(0, r), we have |f(z) − a|v = |c1|v · |z|v.

Putting ρ := |c1|v · r ∈ |L×w |, it follows that f(B(0, r)) ⊂ B(a, ρ).

Conversely, fix ζ ∈ B(a, ρ). Then |ζ − c0|v ≤ |c1|v · r, or equivalently, ordv(c0 − ζ) ≥

− logv(r) + ordv(c1). Hence the point (0, ordv(c0 − ζ)) lies on or above the line `. Putting

Fζ(z) := f(z)− ζ, its constant term is c0 − ζ and other coefficients of Fζ(z) are the same as

those of F (z). It follows that the Newton polygon of Fζ(z) lies on or above the line ` and that

(1, ordv(c1)) is the last vertex on the line because F (z) has only one zero in B(0, r). Hence

there is a unque solution to f(z) = ζ in B(0, r). Therefore, we have f(B(0, r)) = B(a, ρ).

Furthermore, since |f(z)−f(t)|v = ρ/r ·|z−t|v for all z, t ∈ B(0, r), f(z) gives a ρ/r-isometry

between B(0, r) and B(a, ρ).

If x ∈ B(0, r) ∩ Lw, then since f(z) is defined over Lw, we have f(x) ∈ B(a, ρ) ∩ Lw.

Conversely, if ζ ∈ B(a, ρ)∩Lw, then since f is bijective, Corollary 2.7 implies that the unique

root of f(z) = ζ in B(0, r) must lie in Lw. Thus, we have f(B(0, r)∩Lw) = B(a, ρ)∩Lw. �
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Corollary 2.17 Suppose that g(z) =
∑∞

k=1 ckz
k ∈ Cv[[z]] is a power series converging on

B(0, r) for r ∈ |C×
v |, which has exactly one zero in B(0, r) at z = 0 . If ρ = |c1|v · r, then g

induces a ρ/r-isometry from B(0, r) onto B(a, ρ).

Proof: In the proof of Proposition 2.16, we only used the fact that f(z) = a has only one

solution in B(0, r) at z = 0. In our case, a = 0 and g(z) has exactly one zero at z = 0 in

B(0, r). Hence the proof follows. �

Definition 2.18 Let B(0, r) and B(a, ρ) be balls in Cv. We will say that a power series

λ(z) ∈ Cv[[z]] gives a parametrization of B(a, ρ) by B(0, r) if λ(z) converges on B(0, r) and

defines a 1 − 1 correspondence between B(0, r) and B(a, ρ). We will call λ an isometric

parametrization if r = ρ and |λ(z)− λ(x)|v = |z − x|v for all z, x ∈ B(0, r).

Remark 2.19 If λ : B(0, r) → B(a, ρ) is a parametrization, it follows from Proposition 2.16

that for all z, x ∈ B(0, r), |λ(z) − λ(x)|v = ρ/r · |z − x|v. Furthermore, if a ∈ Lw, r ∈ |L×w |

and λ(z) ∈ Lw[[z]], then we have λ(B(0, r) ∩ Lw) = B(a, ρ) ∩ Lw.

We give some examples of isometric parametrizations.

Example 2.20 (i) For any ε ∈ Ôv

×
, the map λ : B(0, r) → B(a, r) given by λ(z) = a+ ε z

is an isometric parametrization of B(a, r) by B(0, r). Thus an arbitrary ball B(a, r) ⊂ Cv is

isometrically parametrizable.

(ii) With the same notations as in Proposition 2.16, if |c|v = r/ρ for some c ∈ Cv, then

the map λ : B(0, ρ) → B(a, ρ) given by λ(z) = f(c z) defines an isometric parametrization

of B(a, ρ) by B(0, ρ).

Proposition 2.21 (Expansion of algebraic functions) Let B(a, ρ) be a parametrizable

ball with a parametrization λ : B(0, r) → B(a, ρ). Given f(z) ∈ Cv(z), let α1, · · · , αm be

the zeros and poles of f(z) in B(a, ρ), and let ni be the multiplicity of αi in div(f) for each

i. Let a1, · · · , am be the points in B(0, r) corresponding to α1, · · · , αm under λ. Then there
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exist a constant C ∈ Cv, a rational function g(x) =
∏m

i=1(x− ai)
ni and a unit power series

h(x) ∈ Cv[[x]] converging in B(0, r), with

f(λ(x)) = C · g(x) · h(x)

for all x ∈ B(0, r). These properties uniquely determine C, g(x) and h(x).

It follows that there is a constant C0 ∈ |C×
v | such that

|f(z)|v = C0 ·
m∏

i=1

|z − αi|ni
v

for all z ∈ B(a, ρ). In addition, if λ(z) ∈ Lw[[z]], a ∈ Lw, and f(z) belongs to Lw(z) for some

finite extension Lw/Kv, then C ∈ Lw, g(x) belongs to Lw(x) and h(x) belongs to Lw[[x]].

Proof: Writing f(z) = f1(z)/f2(z) for some f1(z), f2(z) ∈ Cv[z], the fi(λ(x)) become power

series over Cv. Without loss of generality, we can assume that f1(x) and f2(x) have no

common factors. By Proposition 2.6, there are a constant Ci ∈ Cv, a monic polynomial

gi(x) ∈ Cv[x] and a unit power series hi(x) ∈ Cv[[x]] in B(0, r) such that fi(λ(x)) = Ci ·

gi(x) · hi(x), and fi(λ(x)) and gi(x) have the same zeros in B(0, r). Letting C = C1/C2,

g(x) = g1(x)/g2(x), and h(x) = h1(x)/h2(x), we have f(λ(x)) = C · g(x) ·h(x). Clearly, h(x)

is a unit power series in B(0, r). [22], Proposition 1.2.5, p.40 implies that g(x) also has the

form in the proposition. That is, g(x) =
∏m

i=1(x − ai)
ni . The rationality assertion follows

from Proposition 2.6. For the uniqueness, it is clear that C is unique because the gi(x) are

monic polynomials and the hi(x) are unit power series. Now suppose that C · g(x) · h(x) =

C · g′(x) ·h′(x) were two factorizations of f(λ(x)) of the form in the proposition. Multiplying

through by g2(x) · g′2(x), we obtain two Weierstrass factorizations of the same power series.

By the uniqueness assertion in Proposition 2.6, it follows that h(x) = h′(x) and hence

g(x) = g′(x).
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Finally, for all z ∈ B(a, ρ), or equivalently, for the unique x ∈ B(0, r) with z = λ(x),

since |z − αi|v = |λ(x)− λ(ai)|v = ρ/r · |x− ai|v,

|f(z)|v = |f(λ(x))|v = |C|v · |g(x)|v · |h(x)|v

= |C|v ·
m∏

i=1

|x− ai|ni
v = |C|v ·

m∏
i=1

(
r/ρ · |z − αi|v

)ni

= |C|v · (r/ρ)
∑m

i=1 ni ·
m∏

i=1

|z − αi|ni
v ,

so we can take C0 = |C|v · (r/ρ)
∑m

i=1 ni ∈ |C×
v |. �

2.2 The Canonical Distance

The spherical metric on Pn(Cv) is defined by

‖z, x‖v =
max0≤i<j≤n |zixj − zjxi|v

(max0≤i≤n |zi|v) · (max0≤i≤n |xi|v)
(2.7)

if we write z = (z0 : · · · : zn) and x = (x0 : · · · : xn).

Let GL(n + 1, Ôv) be the set of all (n + 1) × (n + 1) matrices with entries in

Ôv, and having determinant of absolute value 1. The spherical metric on Pn(Cv) is

invariant under GL(n + 1, Ôv). To see this, fix z, x in Pn(Cv). After scaling the coef-

ficients in their homogeneous representations, we can assume that max0≤i≤n |zi|v =

max0≤i≤n |xi|v = 1. For any A = (aij)0≤i, j≤n ∈ GL(n+ 1, Ôv), clearly max0≤i≤n |(Az)i|v ≤ 1.

Suppose that max0≤i≤n |(Az)i|v < 1. Then we have max0≤i≤n |(A−1(Az))i|v < 1. But

1 = max0≤i≤n |zi|v = max0≤i≤n |(A−1(Az))i|v < 1, which is a contradiction. Hence we must

have max0≤i≤n |(Az)i|v = max0≤i≤n |(Ax)i|v = 1. We then have

‖Az,Ax‖v = max
0≤i<j≤n

|(Az)i(Ax)j − (Az)j(Ax)i|v

= max
0≤i<j≤n

∣∣∣∣( n∑
k=0

aikzk

)
·
( n∑

m=0

ajmxm

)
−
( n∑

m=0

ajmzm

)
·
( n∑

k=0

aikxk

)∣∣∣∣
v

= max
0≤i<j≤n

∣∣∣∣ ∑
0≤k<m≤n

(aik · ajm)(zkxm − zmxk)

∣∣∣∣
v

≤ max
0≤k<m≤n

|zkxm − zmxk|v = ‖z, x‖v.
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The symmetric argument gives the assertion. Therefore, we have

‖Az,Ax‖v = ‖z, x‖v (2.8)

for all A ∈ GL(n+ 1, Ôv).

In this dissertation, we will be only working with P1(Cv). Henceforth, to simplify nota-

tions, we will identify P1(Cv) with Cv ∪{∞}. Letting z, x ∈ Cv correspond to (z : 1), (x : 1)

in P1(Cv), we obtain that for all z, x ∈ Cv,

‖z, x‖v =
|z − x|v

max{1, |z|v} ·max{1, |x|v}
, (2.9)

while ‖z,∞‖v = 1/max{1, |z|v} if z 6= ∞. Clearly, for any z ∈ P1(Cv), ‖z, z‖v = 0.

We use the following notations for the open and closed balls in P1(Cv): for any a ∈ P1(Cv)

and any positive real number r,

B(a, r)− = {z ∈ P1(Cv) : ‖z, a‖v < r}

B(a, r) = {z ∈ P1(Cv) : ‖z, a‖v ≤ r}.

Let ∂B(a, r) := B(a, r) \B(a, r)− = {z ∈ P1(Cv) : ‖z, a‖v = r} be the boundary of B(a, r)

or B(a, r)−.

We have the following correspondence between the balls in Cv and those in P1(Cv):

Proposition 2.22 Given a ∈ Cv and r > 0,

(i) if |a|v ≤ 1 and r < 1, then B(a, r) = B(a, r);

(ii) if |a|v ≤ 1 and r ≥ 1, then B(a, r) = B(0, r) = P1(Cv) \B(∞, 1/r)−;

(iii) if |a|v > 1 and r < |a|v, then B(a, r) = B(a, r/|a|2v);

(iv) if |a|v > 1 and r ≥ |a|v, then B(a, r) = B(0, r) = P1(Cv) \B(∞, 1/r)−.

Proof: For the second and last assertions, we have |z− a|v ≤ r ⇔ |z|v ≤ r ⇔ max{1, |z|v} ≤

r ⇔ 1/max{1, |z|v} ≥ 1/r ⇔ ‖z,∞‖v ≥ 1/r, so we are done.

For the first assertion, suppose that |a|v ≤ 1 and r < 1. If |z − a|v ≤ r, then |z|v ≤ 1,

so ‖z, a‖v = |z − a|v ≤ r. Conversely, assume that ‖z, a‖v ≤ r. We claim that |z|v ≤ 1. If
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not, we see that |z − a|v = |z|v > 1 and max{1, |z|v} = |z|v. So, ‖z, a‖v = 1 > r, which is a

contradiction. Hence |z|v ≤ 1. This implies that |z − a|v = ‖z, a‖v ≤ r.

Finally, to prove the third assertion, suppose that |a|v > 1 and r < |a|v. If |z − a|v ≤ r,

then |z|v = |a|v, so ‖z, a‖v = |z−a|v/|a|2v ≤ r/|a|2v. Conversely, assume that ‖z, a‖v ≤ r/|a|2v.

We claim that max{1, |z|v} ≤ |a|v. If not, then |a|v < max{1, |z|v} = |z|v, so |z − a|v = |z|v.

Hence ‖z, a‖v = |z − a|v/(max{1, |z|v} · |a|v) = 1/|a|v, which is a contradiction because

‖z, a‖v ≤ r/|a|2v < 1/|a|v. We thus have max{1, |z|v} ≤ |a|v. Since ‖z, a‖v ≤ r/|a|2v, |z −

a|v/max{1, |z|v} ≤ r/|a|v, and hence |z − a|v ≤ r ·max{1, |z|v}/|a|v ≤ r. �

Remark 2.23 By the same argument as Proposition 2.22, if |a|v ≤ 1 and r ≤ 1, then

B(a, r)− = B(a, r)−; if |a|v ≤ 1 and r > 1, then B(a, r)− = B(0, r)− = P1(Cv) \B(∞, 1/r);

if |a|v > 1 and r ≤ |a|v, then B(a, r)− = B(a, r/|a|2v)−; if |a|v > 1 and r > |a|v, then

B(a, r)− = B(0, r)− = P1(Cv) \B(∞, 1/r).

Definition 2.24 A ball B(a, ρ) ⊂ P1(Cv) is said to be parametrized by a power series λ(z) ∈

Cv[[z]] if there is an affine patch A1 and a ball B(A,R) ⊂ Cv such that B(a, ρ) corresponds

to B(A,R) in that patch, and the map λ : B(0, r) → B(A,R) is a parametrization; and λ is

an isometric parametrization if r = R.

Remark 2.25 Proposition 2.22 shows that in appropriate affine coordinates, any ball in

P1(Cv) corresponds to a ball in Cv. It follows from Example 2.20 that any ball B(a, ρ) ⊂

P1(Cv) is isometrically parametrizable.

In fact, for any ball B(a, ρ) ⊂ P1(Cv), we necessarily have ρ < 1 and it is always possible

to choose affine coordinates in which there is an isometric parametrization λ : B(0, ρ) →

B(a, ρ) defined by λ(z) = a+ z (see [22], Corollary 1.2.4, p.39).

The following proposition is an analogue of Proposition 2.21.

Proposition 2.26 (Expansion of algebraic functions) Let B(a, ρ) be a parametrizable

ball with a parametrization λ : B(0, r) → B(a, ρ). Given f(z) ∈ Cv(z), let α1, · · · , αm be
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the zeros and poles of f(z) in B(a, ρ), and let ni be the multiplicity of αi in div(f) for each

i. Let a1, · · · , am be the points in B(0, r) corresponding to α1, · · · , αm under λ. Then there

exist a constant C ∈ Cv, a rational function g(x) =
∏m

i=1(x− ai)
ni and a unit power series

h(x) ∈ Cv[[x]] converging in B(0, r), with

f(λ(x)) = C · g(x) · h(x)

for all x ∈ B(0, r). These properties uniquely determine C, g(x) and h(x).

Furthermore, it follows that there is a constant C0 ∈ |C×
v | such that

|f(z)|v = C0 ·
m∏

i=1

‖z, αi‖ni
v

for all z ∈ B(a, ρ). In addition, if λ(z) ∈ Lw[[z]], a ∈ Lw, and f(z) belongs to Lw(z) for some

finite extension Lw/Kv, then C ∈ Lw, g(x) belongs to Lw(x) and h(x) belongs to Lw[[x]].

Proof: This follows from Proposition 2.21 and the definition of a parametrization. �

Fix a point ζ ∈ P1(Cv). We will call any function of the form

[z, x]ζ := Cζ ·
‖z, x‖v

‖z, ζ‖v · ‖x, ζ‖v

, (2.10)

with Cζ > 0, a canonical distance on P1(Cv) with respect to ζ. This is a distance function

on P1(Cv) \ {ζ} modelled on the usual distance |z − x|v on Cv = P1(Cv) \ {∞}. To see

this, choose A ∈ GL(2, Ôv) with Aζ = ∞. That is, Az is of the form C ′ · (z − a)/(z − ζ)

for an appropriate nonzero constant C ′ ∈ Cv, so that Az has a singularity at ζ. A simple

computation shows that for all z, x 6= ζ, ∞,

|Az − Ax|v = C ′′ · |z − x|v
|z − ζ|v · |x− ζ|v

, (2.11)

for an appropriate nonzero constant C ′′ ∈ |C×
v |. Comparing (2.11) with (2.9), one sees that

if C ′′′ = C ′′ ·max{1, |ζ|v}2 ∈ |C×
v |, then for all z, x 6= ζ, ∞,

|Az − Ax|v = C ′′′ · ‖z, x‖v

‖z, ζ‖v · ‖x, ζ‖v

. (2.12)
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Furthermore, it follows from (2.8) that for any B ∈ GL(2, Ôv),

[Bz,Bx]Bζ = [z, x]ζ . (2.13)

Definition 2.27 Given a point ζ ∈ P1(Cv), a function gζ(z) ∈ Cv(z) is a uniformizing

parameter at ζ if it has a simple zero at ζ.

Lemma 2.28 Given a uniformizing parameter gζ(z) ∈ Cv(z), there is a constant C ∈ |C×
v |

such that ‖z, ζ‖v = C · |gζ(z)|v for all z sufficiently near ζ.

Proof: Put div(gζ) := (ζ)+
∑

ai 6=ζ ni(ai). Without loss of generality, we can assume that ζ = 0

and the ai are not∞ by choosing an appropriate element A ∈ GL2(Ôv) to change coordinates

and using (2.8). Then, we can write g0(z) = C ′ · z ·
∏

ai 6=0(z− ai)
ni for some C ′ ∈ Cv. Choose

r ∈ |C×
v | so that r < 1 and r < |ai|v for all i. Then B(0, r) = B(0, r) by Proposition 2.22. For

any z ∈ B(0, r), |z − ai|v = |ai|v by the choice of r. Letting C = |C ′|v ·
∏

ai 6=0 |ai|ni
v ∈ |C×

v |,

it follows that |g0(z)|v = C · |z|v. Since |z − 0|v = ‖z, 0‖v, we have |g0(z)|v = C · ‖z, 0‖v. �

Proposition 2.29 Let L/K be a finite extension and let gζ(z) ∈ L(z) be a uniformizing

parameter at ζ ∈ P1(L). Then, for all but finitely many places v of K, we have |gζ(z)|v =

‖z, ζ‖v for all z ∈ B(ζ, 1)−.

Proof: Put div(gζ) := (ζ) +
∑

ai 6=ζ ni(ai). Without loss of generality, we can assume that ζ

and the ai are not ∞. Otherwise, choose A ∈ GL2(L) so that Aζ and the Aai are not ∞.

There is a finite set S0 of places of L such that |det(A)|w 6= 1, and all the entries of A belong

to Ow. Thus for all w 6∈ S0, A ∈ GL2(Ow). Note that A preserves the spherical metric ‖·, ·‖w

for all w 6∈ S0 by (2.8). Write gζ(z) = C · (z − ζ) ·
∏

ai 6=ζ(z − ai)
ni . Since gζ(z) ∈ L(z), it

follows from Proposition 2.6 that C belongs to L. Let S ′ be the finite set of places w of L

containing S0 and all places w of L, where |ζ − ai|w 6= 1, |C|w 6= 1, or |ζ|w > 1. Fix w 6∈ S ′.

We have B(ζ, 1)− = B(ζ, 1)− by Remark 2.23. For all z ∈ B(ζ, 1)−, since |ζ − ai|w = 1, we

see that |z − ai|w = |z − ζ + ζ − ai|w = |ζ − ai|w = 1. Noting that |C|w = 1, we have

|gζ(z)|w = |C|w · |z − ζ|w ·
∏
ai 6=ζ

|z − ai|ni
w = |z − ζ|w. (2.14)
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Furthermore, |z|w ≤ 1 because |ζ|w ≤ 1 and |z − ζ|w ≤ 1. Now, let S be the set of all places

of K such that for any v ∈ S, there is some w ∈ S ′ lying above v. Clearly, S is a finite set.

Noting that |x|w = |x|[Lw:Kv ]
v , |ζ|v ≤ 1 and |z|v ≤ 1 for all v 6∈ S. It follows from (2.14) that

|gζ(z)|v = ‖z, ζ‖v for all v 6∈ S and all z ∈ B(ζ, 1)−. �

Lemma 2.30 For any uniformizing parameter gζ(z) ∈ Cv(z) at ζ and any choice of a

canonical distance [z, x]ζ, there is a constant C > 0 such that

lim
z→ζ

[z, x]ζ · |gζ(z)|v = C.

Proof: We are given a canonical distance

[z, x]ζ = Cζ ·
‖z, x‖v

‖z, ζ‖v · ‖x, ζ‖v

,

for some constant Cζ > 0. Given a uniformizing parameter gζ(z), there is a constant C ′ ∈ |C×
v |

such that ‖z, ζ‖v = C ′ · |gζ(z)|v for all z sufficiently near ζ by Lemma 2.28. For any x 6= ζ,

letting z → ζ,

[z, x]ζ · |gζ(z)|v = Cζ ·
‖z, x‖v

‖z, ζ‖v · ‖x, ζ‖v

· 1

C ′ · ‖z, ζ‖v =
Cζ

C ′ ·
‖z, x‖v

‖x, ζ‖v

→ Cζ

C ′ =: C.

�

Frequently, it will be important to normalize the canonical distance, fixing a choice of Cζ ;

this is most naturally done by fixing a uniformizing parameter gζ(z) ∈ Cv(z) and requiring

that for all x 6= ζ,

lim
z→ζ

[z, x]ζ · |gζ(z)|v = 1. (2.15)

From now on, whenever we encounter the canonical distance [z, x]ζ , we will assume that

it has been normalized as in (2.15), with respect to a chosen uniformizing parameter gζ(z) ∈

Cv(z) at ζ. We will call this canonical distance the (normalized) canonical distance on P1(Cv)

with respect to ζ. As a special case, if ζ = ∞ and gζ(z) = 1/z, then we can easily see that

(2.15) yields

[z, x]∞ = |z − x|v.
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The canonical distance has the following properties.

Proposition 2.31 Fix ζ ∈ P1(Cv).

(i) (Factorization) Suppose that f(z) ∈ Cv(z) has nonzero divisor div(f) =
∑
ni(ai).

There is a constant C ∈ |C×
v | such that |f(z)|v = C ·

∏
ai 6=ζ [z, ai]

ni
ζ for all z 6= ζ, which are

not poles of f(z).

(ii) (Galois Invariance) If ζ ∈ P1(Kv), then for all z, [σ(z), σ(x)]ζ = [z, x]ζ for all σ ∈

Galc(Cv/Kv).

(iii) (Continuity) [z, x]ζ is jointly continuous in z and x, for all z, x ∈ P1(Cv) \ {ζ}.

(iv) [z, x]ζ has a singularity at ζ and for all x, x′ 6= ζ,

lim
z→ζ

[z, x]ζ
[z, x′]ζ

= 1.

Proof: In [22], Theorem 2.1.1, p.57, the properties (i), (ii) and (iii) are proved for the canonical

distance on curves of arbitrary genus. On P1(Cv), (ii), (iii) and (iv) are elementary, and (i)

follows from a simple computation. Indeed, write f(z) = C ′∏
ai 6=∞(z−ai)

ni for some nonzero

constant C ′ ∈ Cv. First, suppose that ζ = ∞. Since [z, x]∞ = |z−x|v, we are done. If ζ 6= ∞,

choose A ∈ GL(2, Ôv) with Aζ = ∞. Letting g(z) = f(A−1z), its divisor is
∑

i(Aai)
ni , so

there is a constant C such that |g(z)|v = C
∏

Aai 6=Aζ [z, Aai]
ni
Aζ for all z 6= Aζ. Since f(z) =

g(Az), it follows from (2.13) that for all z 6= ζ, |f(z)|v = |g(Az)|v = C
∏

Aai 6=Aζ [Az,Aai]
ni
Aζ =∏

ai 6=ζ [z, ai]
ni
ζ . �

Lemma 2.32 Let B(a, r) and B(a′, r′) be disjoint isometrically parametrizable balls in

P1(Cv), not containing ζ.

(i) [z, x]ζ is constant on B(a, r)×B(a′, r′).

(ii) If Lw/Kv is a finite extension containing a and ζ, then there is a constant Ca ∈ |L×w |,

depending only on the point a, such that [z, x]ζ = Ca‖z, x‖v for all z, x ∈ B(a, r).

Proof: (i) Fix second coordinate x. If an algebraic function f(z) ∈ Cv(z) has no zeros

and poles in B(a, r), Proposition 2.26 says that |f(z)|v is constant for all z ∈ B(a, r).
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Considering f(z) = z−x
(z−ζ)(x−ζ)

, f(z) has no zeros and poles in B(a, r), and so |f(z)|v = [z, x]ζ ·

max{1, |ζ|v}−2 is constant for all z ∈ B(a, r). Thus, [z, x]ζ is constant for all z ∈ B(a, r).

With the symmetric argument, we have the assertion.

(ii) Fix x ∈ B(a, r). Letting fx(z) = z−x
(z−ζ)(x−ζ)

, fx(z) has only one zero at x and no

poles in B(a, r). By Proposition 2.26, there is a constant Bx such that |f(z)|v = Bx · ‖z, x‖v

for all z ∈ B(a, r). It follows that [z, x]ζ = max{1, |ζ|v}2 · |f(z)|v = Cx · ‖z, x‖v, where

Cx := Bx · max{1, |ζ|v}2. We claim that Cx = Ca. Indeed, we see that by symmetry, Cx ·

‖a, x‖v = [a, x]ζ = [x, a]ζ = Ca · ‖x, a‖v = Ca · ‖a, x‖v.

Finally, since fa(z) = z−a
(z−ζ)(a−ζ)

is defined over Lw, we have Ca ∈ |L×w | by Proposition

2.26. �

Remark 2.33 We can express Lemma 2.32 in terms of the absolute value and the balls

in Cv. Let B(a, r) and B(a′, r′) be disjoint isometrically parametrizable balls in Cv, not

containing ζ. We then have the following:

(i) [z, x]ζ is constant on B(a, r)×B(a′, r′).

(ii) If Lw/Kv is a finite extension containing a and ζ, then there is a constant Ca ∈ |L×w |,

depending only on the point a, such that [z, x]ζ = Ca · |z − x|v for all z, x ∈ B(a, r).



Chapter 3

Capacity Theory

3.1 Local Capacity Theory

Let ζ ∈ P1(Cv) be given and fix a uniformizing parameter gζ(z) at ζ, which determines

the normalization of the canonical distance as in (2.15).

First, let Ev be a compact set in P1(Cv), not containing ζ. Following [22], the Robin

constant and the (local) capacity are defined by

Vζ(Ev) = inf
ν

∫ ∫
Ev×Ev

− logv([z, x]ζ)dν(z)dν(x) (3.1)

γζ(Ev) = q
−Vζ(Ev)
v . (3.2)

Here, ν runs over all probability measures supported on Ev. If γζ(Ev) > 0, [22], Theorem

4.1.22, p.211 says that there are a unique measure µζ , called the equilibrium distribution of

Ev with respect to ζ, and the potential function of Ev such that

Vζ(Ev) =

∫ ∫
Ev×Ev

− logv([z, x]ζ)dµζ(z)dµζ(x), (3.3)

uζ(z;Ev) =

∫
Ev

− logv([z, x]ζ)dµζ(x). (3.4)

It follows from [22], Lemma 4.1.9, p.l93 that uζ(z;Ev) is continuous for z 6∈ Ev and lower

semicontinuous for all z 6= ζ. Moreover, we have the following properties ([22], Theorem 4.1.6

(Maria’s Theorem), p.191 and Theorem 4.1.11 (Frostman’s Theorem), p.195):

(i) uζ(z;Ev) ≤ Vζ(Ev) for all z ∈ P1(Cv) \ {ζ},

(ii) the equality holds on Ev, except possibly a set of capacity 0, which is a union of compact

sets, and

23
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(iii) < holds on P1(Cv) \ Ev.

Remark 3.1 If Ev is a compact set, then Ev is contained in a finite union of balls B(ai, ri)

and these balls can be chosen with arbitrary small ri ∈ |C×
v | for each i so that they are

disjoint from each other. Fix two distinct points ζ, ζ ′, not contained in Ev. Lemma 2.32 says

that [z, x]ζ/[z, x]ζ′ is constant for all z ∈ B(ai, ri) and x ∈ B(aj, rj). Hence − logv([z, x]ζ)

and − logv([z, x]ζ′) differ by a constant on B(ai, ri) × B(aj, rj). It follows that Vζ(Ev) =

∞ ⇔ Vζ′(Ev) = ∞. Thus, the property that γζ(Ev) = 0 or γζ(Ev) > 0 is independent of

ζ 6∈ Ev, and we can speak without ambiguity of “sets of capacity 0” or “sets of positive

capacity”.

For an arbitrary set Hv ⊂ P1(Cv) \ {ζ}, the capacity of Hv with respect to ζ will be

defined by

γζ(Hv) = sup
Ev⊂Hv

Ev compact

γζ(Ev), (3.5)

equivalently,

Vζ(Hv) = inf
Ev⊂Hv

Ev compact

Vζ(Ev). (3.6)

Note that for any two sets Hv ⊂ H ′
v, since any probability measure on Hv is also a probability

measure on H ′
v, it follows that Vζ(Hv) ≥ Vζ(H

′
v), or equivalently, γζ(Hv) ≤ γζ(H

′
v) for all

ζ 6∈ H ′
v.

We will now define the Green’s functions G(z, ζ;Hv) for arbitrary sets Hv ⊂ P1(Cv), and

for ζ 6∈ Hv, z ∈ P1(Cv) \ {ζ}. First, assume that Hv = Ev is compact not containing ζ. If Ev

has positive capacity, then the Green’s function of Ev is defined by

G(z, ζ;Ev) =


Vζ(Ev)− uζ(z;Ev) if z 6= ζ

∞ if z = ζ.

(3.7)
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If Ev has capacity 0, we put

G(z, ζ;Ev) =


∞ if z 6∈ Ev

0 if z ∈ Ev.

If ζ belongs to Ev, we put G(z, ζ;Ev) = 0 for all z.

For any subset Hv in P1(Cv) not containing ζ, define the Green’s function by

G(z, ζ;Hv) = inf
Ev⊂Hv

Ev compact

G(z, ζ;Ev). (3.8)

If there is a compact subset inHv with positive capacity, we say thatHv has positive capacity.

In this case, G(z, ζ;Hv) is finite for all z, ζ 6∈ Hv with z 6= ζ. Otherwise, Hv has capacity 0.

In this case, G(z, ζ;Hv) ≡ ∞ for all z, ζ 6∈ Hv. Note that for any two sets Hv ⊂ H ′
v, it follows

from [22], Theorem 4.4.1, p.278 and Theorem 4.4.14, p.299 that G(z, ζ;Hv) ≥ G(z, ζ;H ′
v)

and G(z, ζ;Hv) = G(ζ, z;Hv) for all z, ζ.

Suppose that Hv is a set in P1(Cv), having positive capacity. For any ζ 6∈ Hv, there

is a ball B(ζ, r) with B(ζ, r) ∩ Hv = ∅. Let gζ(z) ∈ Cv(z) be a uniformizing parameter

at ζ. For any compact subset Ev of Hv with positive capacity, if follows from (3.7) that

G(z, ζ;Ev) + uζ(z;Ev) = Vζ(Ev) for all z 6= ζ. [22], Proposition 4.1.5, p.188 implies that

if r is sufficiently small, then uζ(z;Ev) = logv(|gζ(z)|v) for all z ∈ B(ζ, r) \ {ζ}. Hence,

G(z, ζ;Ev)+ logv(|gζ(z)|v) = Vζ(Ev) for all z ∈ B(ζ, r) \ {ζ}. By (3.8) and (3.6), we see that

for all z ∈ B(ζ, r) \ {ζ},

G(z, ζ;Hv) + logv(|gζ(z)|v) =
(

inf
Ev⊂Hv

Ev compact

G(z, ζ;Ev)
)

+ logv(|gζ(z)|v)

= inf
Ev⊂Hv

Ev compact

(
G(z, ζ;Ev) + logv(|gζ(z)|v)

)
= inf

Ev⊂Hv
Ev compact

Vζ(Ev) = Vζ(Hv).

Therefore, the Robin constant satisfies

Vζ(Hv) = lim
z→ζ

(G(z, ζ;Hv) + logv(|gζ(z)|v)). (3.9)
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Remark 3.2 For any set Hv ⊂ P1(Cv) \ {ζ}, the capacity γζ(Hv) and the Green’s function

G(z, ζ;Hv) of Hv with respect to ζ as defined in (3.5) and (3.8) are called the inner capacity

γ
ζ
(Hv) and the upper Green’s function G(z, ζ;Hv) in [22], respectively.

Definition 3.3 An RL-domain is a subset Dv of P1(Cv) of the form

Dv = {z ∈ P1(Cv) : |f(z)|v ≤ R},

for some f(z) ∈ Cv(z) and some R ∈ |C×
v |. If f(z) has poles at only one point, then we call

Dv a PL-domain. In particular, if f(z) has poles only at ζ, then we call Dv a PLζ-domain.

Similarly, we can define the the outer capacity γζ(Hv) and the lower Green’s function

G(z, ζ;Hv) given by

γζ(Hv) = inf
Dv⊃Hv

Dv PLζ -domain

γζ(Dv),

G(z, ζ;Hv) = sup
Dv⊃Hv

Dv PLζ -domain

G(z, ζ;Dv).

Remark 3.4 It can be shown that γ
ζ
(Hv) ≤ γζ(Hv) and G(z, ζ;Hv) ≤ G(z, ζ;Hv) (see [22],

Proposition 4.4.1, p.278). By [22] Theorems 4.3.3, p.260 and 4.3.4, p.262, if Hv is either a

compact set or an RL-domain, then γ
ζ
(Hv) = γζ(Hv) = γζ(Hv). It follows from [22] Theorem

4.4.4, p.283 that if Ev is a compact set, then G(z, ζ;Ev) = G(z, ζ;Ev) = G(z, ζ;Ev) for all

z 6∈ Ev; if Dv is an RL-domain, then G(z, ζ;Dv) = G(z, ζ;Dv) = G(z, ζ;Dv) for all z. In

particular, if Dv is a nonempty PL-domain not containing ζ defined by f(z) of degree n, the

Green’s function of Dv is

G(z, ζ;Dv) =



1
n

logv(|f(z)|v) if z 6∈ Dv and z 6= ζ

∞ if z = ζ

0 if z ∈ Dv

(3.10)

If ζ belongs to Dv, we put G(z, ζ;Dv) = 0 for all z. We define the potential function of Dv

given by

uζ(z;Dv) = Vζ(Dv)−G(z, ζ;Dv). (3.11)
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Remark 3.5 Let f(z) ∈ Cv(z) be a function of degree N , having poles only at ζ and nor-

malized so that limz→ζ |f(z)|v · |gζ(z)|v = 1, where gζ(z) ∈ Cv(z) is a uniformizing parameter

of ζ which determines the choice of [z, x]ζ . If Dv = {z ∈ P1(Cv) : |f(z)|v ≤ R} for some

R ∈ |C×
v |, then Dv is a PL-domain and hence γζ(Dv) = R1/N (see [22], Proposition 4.3.1,

p.258). Equivalently, Vζ(Dv) = − 1
N

logv(R). Since |C×
v | = qQ

v ∪ {0}, Vζ(Dv) belongs to Q.

Moreover, by (3.10), G(z, ζ;Dv) has values in Q for all z 6= ζ.

We will now give some examples of Robin constants and Green’s functions for some

simple sets.

Definition 3.6 Let Ev be a compact set in P1(Cv) \ {ζ}. For any probability measure µ on

Ev, the logarithmic potential function with respect to µ is defined by

uζ(z, µ) =

∫
Ev

− logv([z, x]ζ)dµ(x).

Example 3.7 Put Ev := Ov ⊂ Kv. Since Ov is translation invariant under Ov, its equilib-

rium distribution µ must be the normalized additive Haar measure on Ov. To see this, note

that µ(πn
v ) = 1/qn

v and πn
vO×

v = πn
vOv \ πn+1

v Ov. Since [z, x]∞ = |z− x|v, we see that for any

z ∈ Ov,

u∞(z, µ) =

∫
Ov

− logv(|z − x|v)dµ(x) =

∫
Ov

− logv(|y|v)dµ(y)

=
∞∑

n=0

∫
πn

vO
×
v

− logv(|πn
v |v)dµ(y) =

∞∑
n=0

n · ( 1

qn
v

− 1

qn+1
v

)

=
∞∑

n=0

n

qn
v

· (1− 1

qv
) =

1

qv − 1
.

Here, we used the fact that x/(1−x)2 =
∑∞

n=0 n ·xn if |x| < 1 because 1/(1−x) =
∑∞

n=0 x
n.

It follows by [22], Proposition 4.1.23, p.211 that µ is the equilibrium distribution of Ev with

respect to ∞, u∞(z;Ov) = u∞(z, µ) and

V∞(Ov) = 1/(qv − 1).
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To complete the formula for u∞(z;Ov), suppose that |z|v > 1. For each x ∈ Ov, we see that

|z − x|v = |z|v. Hence u∞(z;Ov) = − logv(|z|v). Therefore, we obtain that

u∞(z;Ov) =


V∞(Ov) = 1/(qv − 1) if z ∈ Ov

− logv(|z|v) if |z|v > 1.

More generally, if Lw/Kv is a finite extension with ramification index ew/v and residue

degree fw/v, then the equilibrium distribution of Ow with respect to ∞ is the additive Haar

measure ν on Lw normalized so that ν(Ow) = 1 and the potential function of Ow is

u∞(z;Ow) =


(
ew/v · (q

fw/v
v − 1)

)−1
for z ∈ Ow

− logv(|z|v) for z 6∈ B(0, 1).

We can generalize Example 3.7 by using [22], Proposition 4.1.25, p.214.

Example 3.8 Let Ev = a + bOv = B(a, r) ∩ Kv be a compact set with a ∈ Kv, where

r = |b|v ∈ |K×
v |. Then the equilibrium distribution of Ev with respect to ∞ is the additive

Haar measure µ on Kv normalized so that µ(Ev) = 1 and the potential function of Ev is

u∞(z;Ev) =


1

qv−1
− logv(r) for z ∈ Ev

− logv(|z − a|v) for z 6∈ B(a, r).

More generally, if Lw/Kv is a finite extension with ramification index ew/v and residue

degree fw/v, and if Ew = B(a, r) ∩ Lw, then the equilibrium distribution of Ew with respect

to ∞ is the additive Haar measure ν on Lw normalized so that ν(Ew) = 1 and the potential

function of Ew is

u∞(z;Ew) =


(
ew/v · (q

fw/v
v − 1)

)−1 − logv(r) for z ∈ Ew

− logv(|z − a|v) for z 6∈ B(a, r).

We have given examples of potential functions of compact sets in Kv with respect to ∞.

Next, we want to extend these results to compact sets in P1(Cv) or P1(Kv) with respect to

an arbitrary point ζ.
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Example 3.9 Let Ev = B(a, r) be a ball in P1(Cv) and fix ζ 6∈ Ev. For any z ∈ Ev, there

is a constant Ca such that [z, a]ζ = Ca · ‖z, a‖v by Lemma 2.32. It follows that Ev = {z ∈

P1(Cv) : [z, a]ζ ≤ Ca · r} (see the proof of [22], Theorem 4.2.16, p.252). If the canonical

distance is normalized so that limz→ζ [z, a]ζ · |gζ(z)|v = 1, then [z, a]ζ = Cζ · ‖z,a‖v

‖z,ζ‖v‖a,ζ‖v

for some constant Cζ ∈ |C×
v |. Put h(z) := C · z−a

z−ζ
, where the constant C ∈ Cv satisfies

|C|v = Cζ · max{1,|ζ|v}2
|a−ζ|v . Clearly, [z, a]ζ = |h(z)|v. If gζ(z) was the uniformizing parameter

determining the normalization of [z, a]ζ , then limz→ζ |h(z)|v · |gζ(z)|v = 1. Since Ev = {z ∈

P1(Cv) : |h(z)|v ≤ Ca · r}, it follows from Remark 3.5 that Vζ(Ev) = − logv(Ca · r) and that

for all z 6∈ Ev,

G(z, ζ;Ev) = logv

( |h(z)|v
Ca · r

)
= logv([z, a]ζ)− logv(Ca · r).

It follows from the definition of uζ(z;Ev) for a PL-domain that

uζ(z;Ev) =


− logv(Ca · r) for z ∈ Ev

− logv([z, a]ζ) for z 6∈ Ev.

Example 3.10 Let Ev = B(a, r) ∩ P1(Kv) be a compact set with a ∈ Kv, where r = |b|v ∈

|K×
v |. Fix ζ 6∈ B(a, r). Since B(a, r) is isometrically parametrizable and a ∈ Kv, we can fix

an isometric parametrization λ : B(0, r) → B(a, r) such that λ ∈ Kv[[z]] and λ(0) = a. As

in Example 3.9, B(a, r) = {z ∈ P1(Cv) : [z, a]ζ ≤ Ca · r} and [z, x]ζ = Ca · ‖z, x‖v for all

z, x ∈ B(a, r). Note that if λ(α) = z and λ(β) = x for z, x ∈ B(a, r), then ‖z, x‖v = |α−β|v.

Since λ(bOv) = Ev, we claim that the pushforward ν of the additive Haar measure µ on Kv,

normalized to give bOv total mass 1, is the equilibrium distribution of Ev with respect to ζ.

It suffices to verify that the logarithmic potential function uζ(z, ν) takes the same value for
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all z ∈ Ev by [22], Proposition 4.1.23, p.211. For any z ∈ Ev,

uζ(z, ν) =

∫
Ev

− logv([z, x]ζ) dν(x) =

∫
Ev

− logv(Ca · ‖z, x‖v) dν(x)

= − logv(Ca) +

∫
Ev

− logv(‖z, x‖v) dν(x)

= − logv(Ca) +

∫
bOv

− logv(|α− β|v) dµ(x)

= − logv(Ca)− logv(|b|v) +
1

qv − 1

= − logv(Ca · r) +
1

qv − 1
,

which is a constant. Hence ν is the equilibrium distribution of Ev with respect to ζ and

Vζ(Ev) = − logv(Ca · r) + 1
qv−1

. For z 6∈ B(a, r), since [z, x]ζ is constant for x ∈ Ev, one sees

that uζ(z, ν) = − logv([z, x]ζ). We thus have

uζ(z;Ev) =


1

qv−1
− logv(Ca · r) for z ∈ Ev

− logv([z, a]ζ) for z 6∈ B(a, r).

Remark 3.11 Examples 3.9 and 3.10 remain true for any ball B(a, r) ⊂ Cv \ {ζ} with

0 < r < 1.

We are going to deal with a compact set Ev, which is a finite union of compact sets of

the form B(ai, ri) ∩ P1(Kv) for ai ∈ Kv and ri = |bi|v ∈ |K×
v |, where the balls B(ai, ri) are

disjoint from each other and do not contain ζ. To compute the equilibrium distribution and

the potential function of Ev with respect to ζ, we need this:

Proposition 3.12 Let Ev,1, · · · , Ev,t be pairwise disjoint compact sets in P1(Cv) \ {ζ}, with

positive capacity, and put Ev := ∪t
i=1Ev,i. Let µ and µi, i = 1, · · · , t be the equilibrium

distribution of Ev and Ev,i with respect to ζ, respectively, and write εi = µ(Ev,i) for i =

1, · · · , t. Suppose that [z, x]ζ is constant for z ∈ Ev,i and x ∈ Ev,j, whenever i 6= j. Then

εi > 0 for each i, and

µ =
t∑

i=1

εi µi, uζ(z;Ev) =
t∑

i=1

εi uζ(z;Ev,i).
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Proof: See [22], Proposition 4.1.27, p.216. �

Proposition 3.13 Let the balls B(ai, ri) ⊂ P1(Cv) \ {ζ}, i = 1, · · · , t, be disjoint from each

other, where ai ∈ Kv and ri ∈ |K×
v |, and put Ev,i := B(ai, ri)∩P1(Kv). Let Ci be the constant

such that [z, x]ζ = Ci ·‖z, x‖v for all z, x ∈ B(ai, ri) given by Lemma 2.32. If Ev := ∪t
i=1Ev,i,

then the Robin constant V := Vζ(Ev) belongs to Q; the weights εi > 0 belong to Q; and V

and the εi are uniquely determined by the t+ 1 linear equations

0 · V +
t∑

i=1

εi = 1, and

V + εj ·
(

logv(Cj · rj)−
1

qv − 1

)
+

t∑
i=1
i6=j

εi · logv([aj, ai]ζ) = 0

for each j = 1, · · · , t.

Proof: For the first equation, since µ =
∑t

i=1 εiµi, one sees that 1 = µ(Ev) =
∑t

i=1 εiµi(Ev) =∑t
i=1 εiµi(Ev,i) =

∑t
i=1 εi. The rest of the equations follow from Example 3.10, upon evalu-

ating uζ(z;Ev) at a1, · · · , at. Indeed, for each j = 1, · · · , t, if i 6= j, then [z, x]ζ = [aj, ai]ζ for

all z ∈ B(aj, rj), x ∈ B(ai, ri) by Lemma 2.32. Since aj ∈ Ev,

V = uζ(aj;Ev) =

∫
Ev

− logv([aj, x]ζ)dµ(x)

=
t∑

i=1

∫
Ev,i

− logv([aj, x]ζ)dµ(x)

=
t∑

i=1

εi

∫
Ev,i

− logv([aj, x]ζ)dµi(x)

=
∑
i6=j

εi

(
− logv([aj, ai]ζ)

)
+ εj

(
− logv(Cj · rj) +

1

qv − 1

)
.

The equilibrium distribution of Ev with respect to ζ is uniquely characterized by its potential

function, which takes a constant value on Ev. Hence, the system of the linear equations in

V and the εi, with positive εi, has a unique solution; in particular, the matrix of the system

is nonsingular. Noting that the Cj, rj and [aj, ai]ζ belong to |C×
v |, the coefficients of the

equations are rational, and hence V and the εi must be rational as well. �
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Proposition 3.14 Let Ev be the compact set in Proposition 3.13. Then Vζ(Ev) ∈ Q and for

each z 6∈ ∪t
i=1B(ai, ri), G(z, ζ;Ev) ∈ Q.

Proof: By Proposition 3.13, Vζ(Ev) ∈ Q. It then follows from Example 3.10, Proposition 3.12

and Proposition 3.13 that for each z 6∈ ∪t
i=1B(ai, ri), the value

G(z, ζ;Ev) = Vζ(Ev)− uζ(z;Ev)

= Vζ(Ev)−
t∑

i=1

εiuζ(z;Ev,i)

= Vζ(Ev) +
t∑

i=1

εi logv([z, ai]ζ),

belongs to Q. �

The conclusions of Proposition 3.14 also hold for RL-domains.

Proposition 3.15 Let Dv ⊂ P1(Cv) \ {ζ} be an RL-domain. Then Vζ(Dv) ∈ Q and for all

z 6= ζ, G(z, ζ;Dv) ∈ Q.

Proof: By [22], Theorem 4.2.15, p.252, Dv can be uniquely written in the form Dv = ∩n
i=1Dv,i,

where each Dv,i is a PLξ-domains with respect to every point ξ in its complement, and the

Dv,i have pairwise disjoint complements. Hence there is only one j such that ζ 6∈ Dv,j.

Suppose that D is a PLζ-domain containing Dv. Since ζ 6∈ Dv and ζ 6∈ Dv,j, D ∩ Dv,i is a

PL-domain by [22], Corollary 4.2.13, p.251. Clearly, (D ∩ Dv,i) ∩ ∩n
i6=jDv,i = Dv. It follows

from the uniqueness of the expression Dv = ∩n
i=1Dv,i that D ∩Dv,i = Dv,i, so Dv,i ⊂ D. By

Remark 3.4 and the monotonicities of capacities and Green’s functions,

γζ(Dv) = inf
D⊃Dv

D PLζ -domain

γζ(D) = γζ(Dv,j),

G(z, ζ;Dv) = sup
D⊃Dv

D PLζ -domain

G(z, ζ;D) = G(z, ζ;Dv,j).

This completes the proof by Remark 3.5.
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3.2 Global Capacity Theory

Definition 3.16 A set X ⊂ P1(K) is called K-symmetric if it is stable under Gal(K/K).

Suppose that X = {x1, · · · , xm} is a finite K-symmetric set. An m-dimensional real vector

~s = (s1, · · · , sm) is a probability vector if s1, · · · , sm ≥ 0 and
∑m

i=1 si = 1. We define an

action of Gal(K/K) on ~s so that each σ ∈ Gal(K/K) permutes the coordinates of ~s in the

same way that it permutes the elements of X, and write σ(~s) for this action; ~s is called

K-symmetric if σ(~s) = ~s for all σ ∈ Gal(K/K).

Let X = {x1, · · · , xm} ⊂ P1(K) be a finite K-symmetric set and ~s = (s1, · · · , sm) ∈ Rm

be a K-symmetric probability vector. Suppose that we are given a set Ev ⊂ P1(Cv) for

each place v of K, with Ev stable under Galc(Cv/Kv) and bounded away from X under the

spherical metric ‖z, x‖v. We want to define the global capacity γ(EK ,X) of the adelic set

EK =
∏

v∈PK
Ev with respect to X. Let L be the normal closure of K containing X. For

each place w|v of L, fix an embedding of Lw in Cv and choose an topological isomorphism of

Cw with Cv. Pulling back Ev to a set Ew ⊂ P1(Cw), Ew is independent of the isomorphism

chosen since Ev is Galois-stable. Put EL :=
∏

w∈PL
Ew. We can identify P1(Cv) with P1(Cw)

by the chosen isomorphism. Since |x|w = |x|[Lw:Kv ]
v for any x ∈ Lw, we see that logw(|x|w) =

ew/v · logv(|x|v), where ew/v is the ramification index. It follows that Vζ(Ew) = ew/vVζ(Ev)

and G(z, ζ;Ew) = ew/vG(z, ζ;Ev) for all z, ζ 6∈ Ev. We then obtain that for all z, ζ 6∈ Ev,

Vζ(Ew) log(qw) = [Lw : Kv]Vζ(Ev) log(qv),

G(z, ζ;Ew) log(qw) = [Lw : Kv]G(z, ζ;Ev) log(qv). (3.12)

The local Green’s matrix at w is defined by

Γ(Ew,X) =



Vx1(Ew) G(x1, x2;Ew) · · · G(x1, xm;Ew)

G(x2, x1;Ew) Vx2(Ew) · · · G(x2, xm;Ew)

...
...

...
...

G(xm, x1;Ew) G(xm, x1;Ew) · · · Vxm(Ew)


(3.13)
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and, provided that the sum makes sense, the global Green’s matrix over L is

Γ(EL,X) =
∑

w∈PL

Γ(Ew,X) log(qw). (3.14)

Then, the local and global Green’s matrices over K are defined by

Γ(Ev,X) log(qv) =
1

[L : K]

∑
w|v

Γ(Ew,X) log(qw),

Γ(EK ,X) =
1

[L : K]
Γ(EL,X). (3.15)

We will now give a condition on the set EK which makes the sum (3.14) finite, in which

case Γ(EL,X) and Γ(EK ,X) are certainly well-defined. FixK-rational system of homogeneous

coordinates on P1/K, thus determining a model of P1/Spec(Ov), for each place v of K.

Definition 3.17 A set Ev ⊂ P1(Cv) is said to be X-trivial if the points of X specialize to

distinct points (mod v) and Ev is of the form P1(Cv) \ ∪xi∈XB(xi, 1)−.

Remark 3.18 Fix a uniformizing parameter gxi
(z) ∈ L(z) for each xi. Then, for all but

finitely many v, we have ‖z, xi‖v = |gxi
(z)|v for all z sufficiently near xi by Proposition 2.29.

For such v, Γ(Ev,X) is the zero matrix if Ev is X-trivial ([22], Proposition 5.1.2, p.324).

Definition 3.19 An adelic set EK =
∏

v∈PK
Ev is said to be compatible with X if each Ev is

bounded away from X, and for all but finitely many v, Ev is the X-trivial set. Note that the

property of compatibility is independent of the choice of homogeneous coordinates.

If the adelic set EK =
∏

v∈PK
Ev is compatible with X, then the definition of the global

matrices Γ(EK ,X) and Γ(EL,X) makes sense. We define the (global) Robin constant V (EK ,X)

to be the value of Γ(EK ,X) given by

val(Γ(EK ,X)) = max
~s

min
j

∑
i

si · Γ(EK ,X)ij = max
~s

min
~t

∑
i,j

si · Γ(EK ,X)ij · tj, (3.16)

where ~s and ~t range over all m-dimensional real probability vectors, and define the global

capacity of EK with respect to X by

γ(EK ,X) = exp(−V (EK ,X)). (3.17)
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Remark 3.20 If f(z) ∈ K(z) has degree 1, then γ(f−1(EK), f−1(X)) = γ(EK ,X) by [22],

Theorem 5.1.14, p.333. Hence we can assume that ∞ 6∈ X by taking f(z) = Az for an

appropriate A ∈ GL2(OK).

Sometimes, we are not interested in the exact value of γ(E,X), but only whether it is

greater than or less than 1. For this, we have:

Proposition 3.21 γ(EK ,X) > 1 if and only if Γ(EK ,X) is negative-definite, or equivalently,

(−1)k · det(Γ(k)) > 0 for k = 1, · · · ,m, where Γ(k) is the k × k submatrix in the upper left

corner of Γ(EK ,X).

Proof: See [22], Proposition 5.1.8, p. 331. �

Proposition 3.22 If γ(EK ,X) > 1, then there is a unique K-symmetric real probability

vector ~s with all its entries si > 0, such that Γ(EK ,X)·~s < 0 and Γ(EK ,X)·~s = V (EK ,X)·1m,

where 1m is the vector of size m whose entries are all 1’s.

Proof: See [22], Theorem 5.1.6, p. 328. �

Corollary 3.23 With the notations in Proposition 3.22, if there is a real number β 6= 0

such that each entry of the matrix Γ(EK ,X) belongs to β · Q, then V (EK ,X) ∈ β · Q and

~s ∈ Qm.

Proof: Proposition 3.21 implies that the matrix Γ(EK ,X) is nonsingular. It follows that

~s = V (EK ,X) · Γ(EK ,X)−1 · 1m. Since each entry of the matrix Γ(EK ,X) belongs to β · Q,

Γ(EK ,X)−1 · 1m belongs to β−1 · Qm. Let Γ(EK ,X)−1 · 1m = β−1 · t(α1, · · · , αm) = β−1 ·

~α ∈ β−1 · Qm. By Proposition 3.22, β−1 · ~α = V (EK ,X)~s. Since ~s is a probability vector

with all entries positive and V (EK ,X) < 0, each β−1αi < 0, so β−1 ·
∑m

i=1 αi < 0, and

in particular,
∑m

i=1 αi 6= 0. It follows that 1 =
∑m

i=1 si = V (EK ,X) · β−1 ·
∑m

i=1 αi, so

V (EK ,X) = β/
∑m

i=1 αi, which belongs to β ·Q. Moreover, ~s = V (EK ,X) · β−1 · ~α belongs to

Qm. �
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Remark 3.24 Let EK =
∏

v∈PK
Ev be an adelic set compatible with X. Suppose further

that if Ev is not X-trivial, then Ev is either an RL-domain or a compact set of the form

∪t
i=1B(ai, ri) ∩ P1(Kv) for ai ∈ Kv and ri ∈ |K×

v |, where the balls B(ai, ri) are disjoint

from each other and from X. By Propositions 3.14 and 3.15, if Ev is not X-trivial, then

each entry of the matrix Γ(Ev,X) belongs to Q. Now, assume that Ev is X-trivial; then

Ev = P1(Cv) \∪xi∈XB(xi, 1)−. It follows from the proof of [22], Proposition 5.1.2, p.324 that

each P1(Cv) \B(xi, 1)− is a PLxi
-domain. Since Ev = ∩xi∈X

(
P1(Cv) \B(xi, 1)−

)
, Ev is an

RL-domain by [22], Corollary 4.2.14, p.251. Remark 3.18 and Proposition 3.15 imply that the

matrix Γ(Ev,X) either is the zero matrix or has entries in Q. Thus, each entry of the matrix

Γ(EK ,X) belongs to log(p) ·Q by the definition of Γ(EK ,X). It follows from Corollary 3.23

that if γ(EK ,X) > 1, then V (EK ,X) ∈ log(p) ·Q and the probability vector ~s in Proposition

3.22, satisfying Γ(EK ,X) · ~s = V (EK ,X) · 1m, belongs to Qm
>0.



Chapter 4

(X, ~s)-Capacity Theory

In the previous chapter, we examined the classical capacity theory as developed in [22]

for the canonical distance [z, x]ζ with respect to a single point ζ, considering equilibrium

distributions, Robin constants, potential functions, Green’s functions, and basic facts such

as Maria’s Theorem and Frostman’s Theorem. For the proof of the Main Theorem, we will

need to extend the classical capacity theory to a theory of capacity with respect to a finite

set X and a probability vector ~s. The resulting theory is completely analogous to the classical

theory. Furthermore, most of the objects in the (X, ~s)-capacity theory can be expressed in

terms of objects in the classical theory. We will establish the relations which we need; for

more details, see the manuscript [25].

Fix a place v of K, and a finite K-symmetric set X = {x1, · · · , xm} ⊂ P1(K). For each

xi ∈ X, fix a uniformizing parameter gi(z) ∈ Cv(z) at xi, and let the canonical distance

[z, x]xi
be normalized so that for each x 6= xi,

lim
z→xi

[z, x]xi
· |gi(z)|v = 1. (4.1)

Let ~s = (s1, · · · , sm) ∈ Qm
≥0 be a probability vector. Define the (X, ~s)-canonical distance

[z, x]X,~s =
m∏

i=1

[z, x]si
xi
.

Let Ev ⊂ P1(Cv) \X be a compact set. We define the (X, ~s)-Robin constant VX,~s(Ev) and

(X, ~s)-capacity γX,~s(Ev) by

VX,~s(Ev) = infν

∫ ∫
Ev×Ev

− logv([z, x]X,~s)dν(z)dν(x),

γX,~s(Ev) = q
−VX,~s(Ev)
v ,

37
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where ν runs over all probability measures on Ev.

Remark 4.1 Since [z, x]X,~s is a weighted product of the [z, x]xi
, Lemma 2.32 remains true

with respect to [z, x]X,~s, on balls in P1(Cv) disjoint from X.

Proposition 4.2 If Ev ⊂ P1(Cv) \ X be a compact set of positive capacity, then there is a

unique probability measure µ0 = µX,~s on Ev, called the (X, ~s)-equilibrium distribution of Ev,

such that

VX,~s(Ev) =

∫ ∫
Ev×Ev

− logv([z, x]X,~s)dµ0(z)dµ0(x).

Furthermore, the (X, ~s)-potential function of Ev

uX,~s(z;Ev) =

∫
Ev

− logv([z, x]X,~s)dµ0(x)

satisfies uX,~s(z;Ev) ≤ VX,~s(Ev) for all z ∈ P1(Cv) \ X, with uX,~s(z;Ev) < VX,~s(Ev) for all

z ∈ P1(Cv) \Ev and uX,~s(z;Ev) = VX,~s(Ev) for all z ∈ Ev except possibly a set of capacity 0.

Proof: The proofs are the basically same as those for [z, x]X,~s in [22], Theorems 4.1.11, p.195,

and 4.1.22, p.211, with minor modifications, using Remark 4.1. �

In general, for any probability measure ν on Ev, put

uX,~s(z, ν) :=

∫
Ev

− logv([z, x]X,~s)dν(x).

For each xi ∈ X, let µi be the equilibrium distribution of Ev with respect to xi. We defined

the Green’s function of Ev with respect to xi by

G(z, xi;Ev) = Vxi
(Ev)− uxi

(z;Ev).

Likewise, we define the Green’s function GX,~s(z;Ev) of Ev with respect to (X, ~s) given by

GX,~s(z;Ev) = VX,~s(Ev)− uX,~s(z;Ev).
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Proposition 4.3 If Ev ⊂ P1(Cv) \ X is a compact set of positive capacity, then

µX,~s =
m∑

i=1

siµi, (4.2)

GX,~s(z;Ev) =
m∑

i=1

siG(z, xi;Ev), (4.3)

VX,~s(Ev) =
m∑

i,j,k=1

sisjsk

∫ ∫
Ev×Ev

− logv([z, x]xi
)dµj(z)dµk(x). (4.4)

Proof: (See [25]) Choose decreasing sequences {rn} and {εn} of positive numbers such

that limn→∞ rn = limn→∞ εn = 0. For each n, put En := {z ∈ P1(Cv) : ‖z, x‖v ≤

rn for some x ∈ Ev}. Then the En form a decreasing sequence of neighborhoods of Ev with

∩∞n=1En = Ev. Let gi(z) ∈ Cv(z) be the uniformizing parameter at each xi which deter-

mines the normalization of [z, x]xi
. For each i and n, [22], Proposition 4.1.5, p.188 provides

a function f
(n)
i (z) ∈ Cv(z), with poles only at xi and all zeros in En, normalized so that

lim
z→xi

|f (n)
i (z)|v · |gi(z)

Nin|v = 1 (4.5)

such that for all z ∈ P1(Cv) \ (En ∪ {xi}),∣∣∣uxi
(z;Ev)−

(
− 1

Nin

logv

(
|f (n)

i (z)|v
))∣∣∣

v
< εn, (4.6)

where Nin = deg(f
(n)
i (z)). By raising the f

(n)
i (z) to appropriate powers, we can assume

without loss of generality that for each n, they have the same degree Nn. Let the zeros

of f
(n)
i (z) be α

(n)
i1 , · · · , α

(n)
iNn

, listed with multiplicities. It follows from Proposition 2.31 (i)

that for all z, |f (n)
i (z)|v = Cin ·

∏Nn

j=1[z, α
(n)
tj ]xi

, so by (4.5) and the normalization of [z, x]xi
,

1 = Cin · limz→xi

∏Nn

j=1

(
[z, α

(n)
tj ]xi

· |gi(z)|v
)

= Cin. Hence, for each i and n, |f (n)
i (z)|v =∏Nn

j=1[z, α
(n)
tj ]xi

. Let µ
(n)
i be the probability measure which gives weight 1/Nn to each α

(n)
tj .

Then we have

uxi
(z, µ

(n)
i ) =

∫
− logv([z, x]xi

)dµ
(n)
i (x)

=
Nn∑
j=1

(− logv([z, α
(n)
tj ]xi

) · 1

Nn

= − 1

Nn

· logv(|f
(n)
i (z)|v). (4.7)
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In particular, it follows from (4.6) that for each z 6∈ Ev ∪ {xi},

lim
n→∞

uxi
(z, µ

(n)
i ) = lim

n→∞
− 1

Nn

logv(|f
(n)
i (z)|v = uxi

(z;Ev). (4.8)

Now, we claim that the µ
(n)
i converge weakly to µi. Let µ be any weak limit of a subse-

quence {µ(nk)
i } of the µ

(n)
i . Then for each z 6∈ Ev ∪ {xi}, uxi

(z, µ) = limk→∞ uxi
(z, µ

(nk)
i ) =

limn→∞ uxi
(z, µ

(n)
i ). It follows from (4.8) that for all z 6∈ Ev ∪ {xi}, uxi

(z, µ) = uxi
(z;Ev) =

uxi
(z, µi). By the proof of [22], Lemma 4.1.3, p.187 and Corollary 4.1.4, p.187, the measure

µ can be recovered from the restriction of uxi
(z, µ) to P1(Cv) \ (Ev ∪ {xi}). Hence, µ = µi.

Let D be a common denominator for the si and for each n, put

f (n)(z) :=
m∏

i=1

f
(n)
i (z)Dsi , (4.9)

which has degree DNn. Let the zeros and poles of f (n)(z) be α
(n)
j , β

(n)
j , j = 1, · · · , DNn,

listed with multiplicities; of course, these are the α
(n)
tj and the xi. Consider

∏DNn

j=1 [z, α
(n)
j ]X,~s ;

there is a constant C ′ ∈ |C×
v |, depending only on the choice of [z, x]xi

, X, the α
(n)
j and Nn

such that

DNn∏
j=1

[z, α
(n)
j ]X,~s =

DNn∏
j=1

m∏
i=1

[z, α
(n)
j ]si

xi

= C ′ ·
m∏

i=1

1

|z − xi|DNnsi
v

·
DNn∏
j=1

|z − α
(n)
j |v.

After looking at the zeros and poles of f (n)(z), one sees that there is a constant Cn ∈ |C×
v |

such that for all z,

|f (n)(z)|v = Cn ·
DNn∏
j=1

[z, α
(n)
j ]X,~s. (4.10)

Let ν(n) be the probability measure which gives weight 1
DNn

to each α
(n)
j . Since there are

Dsi copies of each α
(n)
tj in the set {α(n)

j : j = 1, · · · , DNn} and µ
(n)
i (α

(n)
tj ) = 1/Nn, we have

ν(n) =
m∑

i=1

si · µ(n)
i . (4.11)
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Combining (4.7), (4.9) and (4.10), it follows that

uX,~s(z, ν
(n)) =

∫
− logv([z, x]X,~s)dν

(n)(x)

=
DNn∑
j=1

(− logv([z, α
(n)
j ]X,~s) ·

1

DNn

= − 1

DNn

logv

(DNn∏
j=1

[z, α
(n)
j ]X,~s

)
=

1

DNn

logv(Cn)− 1

DNn

logv(|f (n)(z)|v)

=
1

DNn

logv(Cn) +
m∑

i=1

si

(
− 1

Nn

logv(|f
(n)
i (z)|v)

)
=

1

DNn

logv(Cn) +
m∑

i=1

si · uxi
(z, µ

(n)
i ). (4.12)

Put ν :=
∑m

i=1 si · µi. Since the µ
(n)
i converge weakly to the µi, the ν(n) converge weakly to

ν by (4.11). Hence, for all z 6∈ Ev,

lim
n→∞

uX,~s(z, ν
(n)) = uX,~s(z, ν). (4.13)

Combining (4.8), (4.12) and (4.13), it follows that for all z 6∈ Ev,

uX,~s(z, ν) = lim
n→∞

uX,~s(z, ν
(n))

= lim
n→∞

1

DNn

logv(Cn) +
m∑

i=1

si · uxi
(z, µ

(n)
i )

= C +
m∑

i=1

si · uxi
(z;Ev), (4.14)

where C = limn→∞
logv(Cn)

DNn
exists because the potential functions uX,~s(z, ν) and uxi

(z;Ev)

are finite for all z 6∈ Ev ∪ X.

It follows from [22], Theorem 4.1.11, p.195 that for each i, there is a set ei ⊂ Ev of

capacity 0 such that uxi
(z;Ev) = Vxi

(Ev) for all z ∈ Ev \ ei. Since uxi
(z;Ev) ≤ Vxi

(Ev) for

all z and uxi
(z;Ev) is lower semicontinuous for all z 6= xi, uxi

(z;Ev) is continuous at each

z ∈ Ev \ ei. Put e := ∪m
i=1ei. By the (X, ~s)-analogue of [22], Lemma 4.1.9, p.193, it follows
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from (4.14) that for all z ∈ Ev \ e,

uX,~s(z, ν) = lim inf
x→z
x 6∈Ev

uX,~s(x, ν)

= lim inf
x→z
x 6∈Ev

(C +
m∑

i=1

si · uxi
(z;Ev))

= C +
m∑

i=1

si · Vxi
(Ev),

(4.15)

which is a constant. Noting that e has capacity 0 by [22], Corollary 4.1.15, p.199, the (X, ~s)-

analogue of [22], Proposition 4.1.23, p.211 shows that ν is the (X, ~s)-equilibrium distribution

µX,~s of Ev, so µ0 := µX,~s =
∑m

i=1 si · µi. Moreover, uX,~s(z;Ev) = uX,~s(z, ν) and VX,~s(Ev) =

C +
∑m

i=1 si · Vxi
(Ev).

Finally, to complete the proof, we compute GX,~s(z;Ev) and VX,~s(Ev):

GX,~s(z;Ev) = VX,~s(Ev)− uX,~s(z;Ev)

= C +
m∑

i=1

si · Vxi
(Ev)− (C +

m∑
i=1

si · uxi
(z;Ev))

=
m∑

i=1

si(Vxi
(Ev)− uxi

(z;Ev))

=
m∑

i=1

si ·G(z, xi;Ev);

VX,~s(Ev) =

∫ ∫
Ev×Ev

− logv([z, x]X,~s)dµ0(z)dµ0(x)

=

∫ ∫
Ev×Ev

− logv

( m∏
i=1

[z, x]si
xi

)
dµ0(z)dµ0(x)

=
m∑

i=1

si

∫ ∫
Ev×Ev

− logv([z, x]xi
)d
( m∑

j=1

sj · µj

)
(z)d

( m∑
k=1

sk · µk

)
(x)

=
m∑

i,j,k=1

sisjsk

∫ ∫
Ev×Ev

− logv([z, x]xi
)dµj(z)dµk(x).

�
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Now let B(ah, rh), for h = 1, · · · , t, be isometrically parametrizable balls, disjoint from

each other and from X. Fix a set Ev,h ⊂ B(ah, rh) of positive capacity for each h and

put Ev := ∪t
h=1Ev,h. Let µh,0 = µX,~s,h be the (X, ~s)-equilibrium distribution of Ev,h and

uX,~s(z;Ev,h) =
∫

Ev,h
− logv([z, x]X,~s)dµh,0(x) be the (X, ~s)-potential function of Ev,h.

Proposition 4.4 Let Ev := ∪t
h=1Ev,h be as above. For each ~s, there are weights κh > 0

(depending on ~s) with
∑t

h=1 κh = 1 such that

µX,~s =
t∑

h=1

κh µh,0, (4.16)

uX,~s(z;Ev) =
t∑

h=1

κh uX,~s(z;Ev,h). (4.17)

Proof: Put κh := µX,~s(Ev,h), which depends on ~s. Since Ev,h has positive capacity, it follows

from [22], Lemma 4.1.7, p.193 that κh > 0. The same arguments as in Proposition 3.12 yield

(4.16) and (4.17). Finally, 1 = µ0(Ev) =
∑t

h=1 κh µh,0(Ev) =
∑t

h=1 κh µh,0(Ev,h) =
∑t

h=1 κh.

�

Remark 4.5 If µj is the equilibrium distribution of Ev with respect to xj, and if κhj =

µj(Ev,h), it follows from (4.2) that κh =
∑m

j=1 sj κhj.

We will now give an example analogous to Example 3.10. Let B(a, r) be an isometrically

parametrizable ball disjoint from X for some a ∈ P1(Kv) and r = |b|v ∈ |K×
v | and put

Ev := B(a, r) ∩ P1(Kv). Suppose that ~s is a rational probability vector. Then there is a

constant Ca,~s ∈ |C×
v | such that [z, x]X,~s = Ca,~s ‖z, x‖v for all z, x ∈ B(a, r) by Remark 4.1.

Since a ∈ P1(Kv), we can fix a Kv-rational isometric parametrization of B(a, r) by B(0, r)

by [22]. As before, the equilibrium distribution of B(0, r) ∩Kv = bOv with respect to ∞ is

the additive Haar measure, normalized to give bOv total mass 1.

Example 4.6 Let Ev := B(a, r)∩ P1(Kv) be as above. Just as in Example 3.10, the (X, ~s)-

equilibrium distribution of Ev is the pushforward of the additive Haar measure on Kv,
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normalized to give Ev total mass 1, and the (X, ~s)-potential function of Ev satisfies

uX,~s(z;Ev) =


1

qv−1
− logv(Ca,~s · r) for z ∈ Ev

− logv([z, a]X,~s) for z 6∈ B(a, r).

(4.18)

Until further notice, we will assume that Ev is a compact set in P1(Kv) of the form

Ev =
⋃t

h=1Ev,h, where Ev,h = B(ah, rh) ∩ P1(Kv) for each h = 1, · · · , t and the B(ah, rh)

are disjoint from each other and from X, with ah ∈ P1(Kv) and rh = |bh|v ∈ |K×
v |.

Proposition 4.7 Let µ0 = µX,~s be the (X, ~s)-equilibrium distribution of Ev and let Ch,~s be

the constant such that [z, x]X,~s = Ch,~s · ‖z, x‖v for all z, x ∈ B(ah, rh). Then the (X, ~s)-Robin

constant V := VX,~s(Ev) belongs to Q; the weights κh := µ0(Ev,h) belong to Q>0, satisfying

µ0 =
∑t

h=1 κhµh,0; and V and the κh are uniquely determined by the t+ 1 linear equations

0 · V +
t∑

h=1

κh = 1, and

V + κj ·
(

logv(Cj,~s · rj)−
1

qv − 1

)
+

t∑
h=1
h 6=j

κh · (logv([aj, ah]X,~s)) = 0

for each j = 1, · · · , t.

Proof: The first equation and µ0 =
∑t

h=1 κhµh,0 follow from Proposition 4.4. The rest of the

equations follows from Example 4.6, upon evaluating uX,~s(z;Ev) at a1, · · · , at. See the proof

of Proposition 3.13. �

Remark 4.8 For each h = 1, · · · , t, since V∞(Ev,h) = V∞(bhOv) = 1
qv−1

− logv(rh) by

Example 3.8, Proposition 4.7 implies that

VX,~s(Ev) = κh

(
− logv(Ch,~s · rh) +

1

qv − 1

)
+

t∑
j=1
j 6=h

κj ·
(
− logv([ah, aj]X,~s)

)

= κh

(
− logv(Ch,~s) + V∞(Ev,h)

)
+

t∑
j=1
j 6=h

κj ·
(
− logv([ah, aj]X,~s)

)
.



Chapter 5

Regular Sequences

Fix a uniformizing element πv at v and let qv be the order of the residue field of Ov.

Let βv(k) be a set of representatives for Ov/πvOv with βv(0) = 0 for k = 0, · · · , qv − 1.

For k ≥ qv, writing k =
∑N

i=0 di(k)q
i
v, where N = blogv(k)c and 0 ≤ di(k) ≤ qv − 1,

put βv(k) :=
∑N

i=0 βv(di(k))π
i
v ∈ Ov. Then for each n, {βv(k)}0≤k<qn

v
is a system of coset

representatives for Ov/π
n
vOv. We call {βv(k)}0≤k<∞ the basic well-distributed sequence in

Ov.

Define valqv(k) to be the smallest i so that di(k) 6= 0 and put valqv(0) := ∞; then for all

k ≥ 0,

ordv(βv(k)) = valqv(k) ≤ blogv(k)c (5.1)

and for all 0 ≤ k 6= ` < n,

ordv(βv(k)− βv(`)) = valqv(|k − `|) ≤ blogv(n)c. (5.2)

Moreover, if blogv(n)c < logv(n), then ordv(βv(k)− βv(`)) < logv(n); if blogv(n)c = logv(n),

then blogv(n− 1)c < logv(n), so ordv(βv(k) − βv(`)) = valqv(|k − `|) ≤ valqv(n − 1) ≤

blogv(n− 1)c < logv(n). Thus, for all 0 ≤ k 6= ` < n,

ordv(βv(k)− βv(`)) < logv(n). (5.3)

Definition 5.1 A basic regular sequence of length n in Ov is a sequence {αk}0≤k<n ⊂ Ov

such that for each k, ordv(αk − βv(k)) ≥ logv(n).

45
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Suppose {αk}0≤k<n is a basic regular sequence of length n in Ov. For all 0 ≤ k 6= ` < n,

it follows from (5.1), (5.2), and (5.3) that

ordv(αk) = ordv(αk − βv(k) + βv(k)) = ordv(βv(k)) = valqv(k),

ordv(αk − α`) = ordv(βv(k)− βv(`)) ≤ blogv(n)c,

ordv(αk − α`) < logv(n).

Remark 5.2 Let {αk}0≤k<n be a basic regular sequence of length n in Ov. Fix z ∈ Ov.

Since {βv(k)}0≤k<qv
blogv(n)c is a system of coset representatives for Ov/π

blogv(n)c
v Ov, there is a

0 ≤ J < n such that z ∈ βv(J) + π
blogv(n)c
v Ov. Thus ordv(z − βv(J)) ≥ blogv(n)c. It follows

from the definition of a basic regular sequence that ordv(z − αJ) ≥ blogv(n)c.

Lemma 5.3 Let {αk}0≤k<n be a basic regular sequence of length n in Ov. For some 0 ≤

J < n, there is a point z ∈ Ov with ordv(z − αJ) = blogv(n)c such that ordv(z − αJ) =

max0≤k<n ordv(z − αk).

Proof: First, suppose that blogv(n)c = logv(n). Fix any J , 0 ≤ J < q
blogv(n)c
v = n and

choose z ∈ βv(J) + π
blogv(n)c
v Ov with ordv(z − βv(J)) = blogv(n)c. For each k 6= J , it follows

that ordv(z − βv(k)) < blogv(n)c since z 6∈ βv(k) + π
blogv(n)c
v Ov. Hence ordv(z − βv(J)) =

blogv(n)c = max0≤k<n ordv(z−βv(k)). By the definition of a basic regular sequence, it follows

that ordv(z − αJ) ≥ ordv(z − βv(J)) = blogv(n)c and ordv(z − αk) = ordv(z − βv(k)) <

blogv(n)c. Thus ordv(z − αJ) = max0≤k<n ordv(z − αk).

Now, suppose that blogv(n)c < logv(n), so blogv(n)c < logv(n) < blogv(n)c + 1. Since

n < q
blogv(n)c+1
v , we can choose z ∈ Ov such that z 6∈ ∪n−1

k=0

(
βv(k) + π

blogv(n)c+1
v Ov

)
. Then

ordv(z − βv(k)) < blogv(n)c + 1 for each k = 0, · · · , n − 1. But there is 0 ≤ J < q
blogv(n)c
v

such that z ∈ βv(J) + π
blogv(n)c
v Ov. It follows that ordv(z − βv(J)) ≥ blogv(n)c. Hence

ordv(z − βv(J)) = blogv(n)c = max0≤k<n ordv(z − βv(k)). By the same argument as above

using blogv(n)c < logv(n), we have ordv(z − αJ) = blogv(n)c = max0≤k<n ordv(z − αk). �

Now, fix a ∈ Kv and r = |b|v ∈ |K×
v |. Recall that {βv(k)}0≤k<∞ is the basic well-

distributed sequence in Ov.
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Definition 5.4 Let I = {i0, i0 + 1, · · · , i0 + n − 1} be a sequence of n consecutive non-

negative integers. A regular sequence of length n in a + bOv attached to I is a sequence

{αj}j∈I ⊂ a + bOv for which there is a r-isometry λ : B(0, 1) → B(a, r) defined by a

Kv-rational power series taking Ov to a+ bOv, such that for each j ∈ I,

ordv(αj − λ(βv(j))) ≥ ordv(b) + logv(n).

We will often simply speak of a “regular sequence of length n in a+ bOv” if I and λ are

understood from context. Let {αj}j∈I be a regular sequence of length n in a+ bOv. For each

j 6= k in I, we have

ordv(αj − αk) = ordv(αj − λ(βv(j)) + λ(βv(j))− (αk − λ(βv(k)) + λ(βv(j))))

= ordv(b) + valqv(|k − `|) ≤ ordv(b) + blogv(n)c (5.4)

since ordv(λ(βv(j))−λ(βv(k))) = − logv(r)+ordv(βv(j)−βv(k)) = ordv(b)+valqv(|k− `|) <

ordv(b) + logv(n) by (5.3). Moreover, it follows from (5.3) that

ordv(αj − αk) < ordv(b) + logv(n). (5.5)

Lemma 5.5 For any regular sequence {αj}j∈I of length n in Ov and z ∈ Ov, there exists

J ∈ I such that ordv(z − αJ) ≥ blogv(n)c.

Proof: Note that since Ov = 0+1 ·Ov, the r-isometry in Definition 5.4 is actually an isometry

in this case. Write z =
∑

j≥0 bj(z)π
j
v, where the bj(z) belong to the set {βv(0), · · · , βv(qv−1)}

of representatives for Ov/πvOv, and put ` := blogv(n)c. Let

z̃ =
∑̀
j=0

bj(z)π
j
v ∈ Ov.

Since λ−1(z̃) ∈ Ov, there exists an integer J0 with 0 ≤ J0 < qv
` such that ordv(βv(J0) −

λ−1(z̃)) ≥ ` by Remark 5.2. Noting that qv
` ≤ n, there exists J ∈ I such that J ≡ J0 (mod

qv
`). If J = J0, then ordv(βv(J)− λ−1(z̃)) ≥ `. Since λ is an isometry, ordv(λ(βv(J))− z̃) =

ordv(λ(βv(J)) − λ(λ−1(z̃))) = ordv(βv(J)) − λ−1(z̃)) ≥ `. Hence, we have ordv(αJ − z) ≥ `
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because ordv(z− z̃) > ` and ordv(αJ−λ(βv(J))) ≥ logv(n) ≥ `. If J 6= J0, then ordv(βv(J)−

βv(J0)) = valqv(|J−J0|) ≥ `, since J ≡ J0 (mod qv
`). Hence we get ordv(βv(J)−λ−1(z̃)) ≥ `.

With the same argument, we have ordv(αJ − z) ≥ `. �

Corollary 5.6 For any regular sequence {αj}j∈I of length n in a + bOv and z ∈ a + bOv,

there is an index J ∈ I such that ordv(z − αJ) ≥ ordv(b) + blogv(n)c.

Proof: Let J be an index for which ordv(z − αJ) is maximal. If x ∈ Ov corresponds to z

by λ, then Lemma 5.5 implies that there is j ∈ I so that ordv(x − βv(j)) ≥ blogv(n)c.

Then we have ordv(z − αJ) ≥ ordv(z − αj) = ordv(z − λ(βv(j)) − (αj − λ(βv(j)))) =

ordv(λ(x)−λ(βv(j))−(αj−λ(βv(j)))) ≥ ordv(b)+blogv(n)c because ordv(λ(x)−λ(βv(j))) =

ordv(b) + ordv(x− βv(j)) ≥ ordv(b) + blogv(n)c and ordv(αj − λ(βv(j))) ≥ ordv(b) + logv(n).

�

Lemma 5.7 For any regular sequence {αj}j∈I of length n in a + bOv and z ∈ a + bOv, let

J ∈ I be an index for which ordv(z − αJ) is maximal. Then for each j 6= J , we have

ordv(z − αj) = ordv(αJ − αj).

Proof: If ordv(z − αj) < ordv(z − αJ), then ordv(αJ − αj) = ordv(z − αj − (z − αJ)) =

ordv(z − αj).

Now, suppose that ordv(z − αj) = ordv(z − αJ). It follows from Corollary 5.6 and the

maximality of ordv(z − αJ) that ordv(z − αJ) ≥ ordv(b) + blogv(n)c. By (5.4), we have

ordv(b) + blogv(n)c ≤ ordv(z − αJ) = ordv(z − αj) ≤ ordv(z − αj − (z − αJ))

= ordv(αJ − αj) ≤ ordv(b) + blogv(n)c.

Hence ordv(αJ − αj) = ordv(z − αj). �
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Now, for each n ∈ Z>0, write n =
∑

i≥0 diqv
i =

∑
i≥0 di(n)qv

i with 0 ≤ di < qv. Since

there are exactly
⌊

n
qv

k

⌋
numbers j in the range 1 ≤ j ≤ n for which valqv(j) ≥ k, we have

ordv

( n−1∏
j=0

(βv(n)− βv(j))

)
=

n−1∑
j=0

ordv(βv(n)− βv(j))

=
n−1∑
j=0

valqv(n− j) =
n∑

j=1

valqv(j)

=
∑
k≥1

⌊
n

qvk

⌋
= (d1 + d2qv + d3qv

2 + · · · ) + (d2 + d3qv + · · · ) + · · ·

= d1
qv − 1

qv − 1
+ d2

qv
2 − 1

qv − 1
+ d3

qv
3 − 1

qv − 1
+ · · ·

=
d0 + d1qv + d2qv

2 + · · ·
qv − 1

− d0 + d1 + d2 + · · ·
qv − 1

=
n

qv − 1
− 1

qv − 1

∑
i≥0

di(n). (5.6)

Lemma 5.8 Given an integer n > 1, fix k, 1 ≤ k < n, and write k =
∑

i≥0 di(k)qv
i. Then

we have ∑
i≥0

di(k) ≤ (qv − 1)dlogv(n)e,

and the equality holds only when n = qr+1
v and k = n− 1 for some r ∈ Z≥0.

Proof: Suppose that qr
v ≤ k < qr+1

v for some r ∈ Z≥0 and write k =
∑r

i=0 di(k)qv
i with

dr(k) 6= 0. It follows that

1 ≤
r∑

i=0

di(k) ≤ (qv − 1)(r + 1). (5.7)

The second equality holds only when each di(k) = qv−1, i.e., k = (qv−1)(1+qv + · · ·+qr
v) =

qr+1
v − 1. In this situation, we have n ≥ qr+1

v , so

blogv(n)c ≥ r + 1. (5.8)

If we have
∑r

i=0 di(k) = (qv − 1)dlogv(n)e, it follows from (5.7) and (5.8) that r + 1 ≤

blogv(n)c ≤ dlogv(n)e ≤ r + 1, so blogv(n)c = dlogv(n)e = logv(n) = r + 1. Hence n = qr+1
v .

�
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Proposition 5.9 Fix the normalization [z, x]∞ = |z − x|v, so that V∞(a + bOv) = 1
qv−1

+

ordv(b) (see Example 3.8). For each n > 1, let {αj}j∈I be a regular sequence of length n in

a+ bOv.

(i) For each J ∈ I,

nV∞(a+ bOv)− 2 logv(n)− ordv(b)− 2 < ordv

(∏
j∈I
j 6=J

(αJ − αj)

)
< nV∞(a+ bOv)− ordv(b).

(ii) Put f(z) :=
∏

j∈I(z − αj). For each z ∈ a + bOv, if J ∈ I is an index for which

ordv(z − αJ) is maximal, then we have

nV∞(a+ bOv)− logv(n)− 3 < ordv(f(z)) < nV∞(a+ bOv)− ordv(b) + ordv(z − αJ).

In particular, we see that ‖f‖a+bOv ≤ qv
−nV∞(a+bOv)+logv(n)+3.

Proof: (i) By (5.4) and (5.6),

ordv

(∏
j∈I
j 6=J

(αJ − αj)

)
=
∑
j∈I
j 6=J

ordv(αJ − αj)

=
∑
j∈I
j 6=J

(
ordv(b) + valqv(|J − j|)

)

= (n− 1) ordv(b) +
J−1∑
j=i0

valqv(J − j) +

i0+n−1∑
j=J+1

valqv(j − J)

= (n− 1) ordv(b) +

J−i0∑
j=1

valqv(j) +

i0+n−J−1∑
j=1

valqv(j)

= (n− 1) ordv(b) +
n

qv − 1
−
∑

j≥0 dj(J − i0) +
∑

j≥0 dj(i0 + n− J − 1) + 1

qv − 1
.

We claim that 0 < A(n, J) :=
∑

j≥0 dj(J−i0)+
∑

j≥0 dj(i0+n−J−1)+1 ≤ 2(qv−1)dlogv(n)e.

Clearly, A(n, J) > 0. If J = i0 or J = i0 + n− 1, it follows from Lemma 5.8 that A(n, J) =∑
j≥0 dj(n−1)+1 ≤ (qv−1)dlogv(n)e+1 ≤ 2(qv−1)dlogv(n)e because (qv−1)dlogv(n)e ≥ 1.

Now, suppose J , i0 < J < i0+n−1. Since J−i0 < n−1 and i0+n−J−1 < n−1, Lemma 5.8

implies that
∑

j≥0 dj(J−i0) < (qv−1)dlogv(n)e and
∑

j≥0 dj(i0+n−J−1) < (qv−1)dlogv(n)e
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and hence A(n, J) < 2(qv − 1)dlogv(n)e. This verifies the claim. Thus, we have

nV∞(a+ bOv)− 2 logv(n)− ordv(b)− 2 < ordv

(∏
j∈I
j 6=J

(αJ − αj)

)
< nV∞(a+ bOv)− ordv(b).

(ii) For z ∈ Ov, if follows from Lemma 5.7 that

ordv(f(z)) = ordv

(∏
j∈I
j 6=J

(z − αj)

)
+ ordv(z − αJ)

= ordv

(∏
j∈I
j 6=J

(αJ − αj)

)
+ ordv(z − αJ).

Since ordv(z−αJ) ≥ ordv(b)+blogv(n)c > ordv(b)+logv(n)−1 by Corollary 5.6, the assertion

follows from (i). �

Corollary 5.10 Let f(z) be as above. For each z ∈ a + bÔv, if 0 ≤ J < n is an index for

which ordv(z − αJ) is maximal, then we have

ordv(f(z)) < nV∞(a+ bOv)− ordv(b) + ordv(z − αJ).

Proof: Since ordv(z − αk) ≤ ordv(z − αJ) for each k ∈ I, it follows that ordv(αJ − αk) =

ordv(z − αk − (z − αJ)) ≥ min{ordv(z − αk), ordv(z − αJ)} = ordv(z − αk). We then have

ordv(f(z)) = ordv

(∏
j∈I
j 6=J

(z − αj)

)
+ ordv(z − αJ)

≤ ordv

(∏
j∈I
j 6=J

(αJ − αj)

)
+ ordv(z − αJ)

< nV∞(Ov)− ordv(b) + ordv(z − αJ).

�

For a nonzero b ∈ Cv, put ζv(j) := bβv(j) for each j ≥ 0. Since {βv(j)}j≥0 is the basic

well-distributed sequence in Ov, we call {ζv(j)}j≥0 the basic well-distributed sequence in bOv.

For each n ∈ Z>0, let

Sn,v,b(z) =
n−1∏
j=0

(z − ζv(j)) (5.9)

be the Stirling polynomial of degree n for bOv.
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Proposition 5.11 ([25]) Suppose f(z) ∈ Cv[[z]] is a nonzero power series converging in

B(0, r) and having exactly one zero in B(0, r′), for some 0 < r′ ≤ r. Assume without loss

of generality that the zero is at z = 0, and expand f(z) =
∑∞

k=1 ckz
k. Assume also that

r′ = |a|v for some a ∈ C×
v . Put b = c1 a, and let ρ = |b|v = |c1|v r′. Then the part of the

Newton polygon of (Sn,v,b ◦ f)(z) corresponding to roots in B(0, r′) is given by the Newton

polygon of Sn,v,b(z), translated upward by the line y = ordv(c1)x. That is, for 0 ≤ k ≤ n,

if (k, ordv(ak)) is a corner of the Newton polygon of Sn,v,b(z), then (k, ordv(ak) + k ordv(c1))

is a corner of the Newton polygon of (Sn,v,b ◦ f)(z), and all segments of the Newton polygon

of (Sn,v,b ◦ f)(z) to the right of x = n have slope > logv(r
′). For each j = 0, · · · , n − 1,

if we put ζ̃v(j) := f−1(ζv(j)), then the same assertion holds for the Newton polygon of

(Sn,v,b ◦ f)(z + ζ̃v(j)) and the Newton polygon of Sn,v,b(z + ζv(j)).

Proof: Fix j with 0 ≤ j < n and consider the expansion of Sn,v,b(Z) about ζv(j) and of f(z)

about ζ̃v(j). Let these be

Sn,v,b(Z) =
n∑

i=1

aij(Z − ζv(j))
i,

f(z) = ζv(j) +
∞∑
i=1

cij(z − ζ̃v(j))
i.

By Corollary 2.17, f(z) defines an ρ/r′-isometry from B(0, r′) onto B(0, ρ). Hence a1j 6= 0

since Sn,v,b(Z) has distinct roots, and c1j 6= 0 since f(z) is 1-1 on B(0, r′). Let the expansion

of (Sn,v,b ◦ f)(z) abut ζ̃v(j) be

(Sn,v,b ◦ f)(z) =
∞∑
i=1

dij(z − ζ̃v(j))
i.

Note that d1j = a1jc1j 6= 0. For each z ∈ B(0, r′), |f(z) − ζv(j)|v = |f(z) − f(ζ̃v(j))|v =

ρ/r′ · |z − ζ̃v(j)|v = |c1|v · |z − ζ̃v(j)|v, and so
∣∣∣c1j +

∑
i≥2 cij(z − ζ̃v(j))

i−1
∣∣∣
v

= |c1|v. Taking

z = ζ̃v(j), we get |c1j|v = |c1|v. Hence (1, ordv(a1j)) and (1, ordv(a1j) + ordv(c1)) are the

initial vertices of the Newton polygons of Sn,v,b(Z) and (Sn,v,b ◦ f)(z), respectively.

The zeros of Sn,v,b(Z + ζv(j)) in B(0, ρ) are the ζv(j)− ζv(j) for each j, and the zeros of

(Sn,v,b ◦ f)(z + ζ̃v(j)) in B(0, r′) are the ζ̃v(j) − ζ̃v(j) for each j. The slopes of the sides of
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the initial part of the Newton polygon of Sn,v,b ◦ f are determined by its zeros in B(0, r′).

For each ` 6= j, −ordv(ζ̃v(`) − ζ̃v(j)) = −ordv(ζv(`) − ζv(j)) + ordv(c1), because f(z) is an

ρ/r′-isometry. Thus the part of the Newton polygon of (Sn,v,b ◦ f)(z + ζ̃v(j)) corresponding

to the roots in B(0, r′) has the same shape as the Newton polygon of Sn,v,b(Z + ζv(j)), but

the slope of each segment has been increased by ordv(c1). Note that the ζ̃v(j) are the only

zeros of (Sn,v,b ◦ f)(z + ζ̃v(j)) in B(0, r′), so all the other sides of the Newton polygon have

slopes geater than logv(r
′). �

Now, fix a finite K-symmetric set X = {x1, · · · , xm} ⊂ P1(K) and a K-symmetric prob-

ability vector ~s = (s1, · · · , sm) ∈ Qm. Consider a compact set of the form Ev =
⋃t

h=1Ev,h

bounded away from X, where Ev,h = B(ah, rh) ∩ P1(Kv) for some ah ∈ P1(Kv) and some

rh = |bh|v ∈ |K×
v |. By the ultrametric inequality, we can assume that the balls B(ah, rh)

are disjoint from each other and from X. Let µX,~s be the (X, ~s)-equilibrium distribution of

Ev. We want to construct the basic well-distributed sequence in Ev with respect to (X, ~s) to

assign elements to each Ev,h in proportion to its weight µX,~s(Ev,h). This can be done with

the following lemma due to Balinski and Young ([3], Theorem 3, p.714).

Lemma 5.12 Let κ1, · · · , κt be positive real numbers such that
∑t

h=1 κh = 1. Then there is

a 1− 1 correspondence Φ : Z≥0 → Zt
≥0 defined by Φ(n) = (Φ1(n), · · · ,Φt(n)) such that

(i) for each h, Φh(0) = 0 and Φh(n) is non-decreasing with n ;

(ii) for each n,
∑t

h=1 Φh(n) = n ;

(iii) for each n and h, bκhnc ≤ Φh(n) ≤ dκhne.

In particular, |Φh(n)− κhn| < 1 and if κhn ∈ Z≥0, then Φh(n) = κhn.

For each n ∈ Z≥0, there is exactly one index h for which Φh(n + 1) = Φh(n) + 1 and

Φj(n+1) = Φj(n) for all j 6= h, because for each k, Φk(n+1) ≥ Φk(n) and
∑m

k=1 Φk(n+1) =

n+ 1 =
∑m

k=1 Φk(n) + 1. We will write h(n) for this h.

Fix the Kv-rational isometric parametrization λh : B(0, rh) → B(ah, rh), which is

obtained by z 7→ ah + z in appropriate affine coordinates. Consider the pushforward of the
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basic well-distributed sequence {βv(k)} in Ov to each Ev,h given by βv,h(k) := λh(bhβv(k)).

Let κh = µX,~s(Ev,h). It follows from Proposition 4.7 that κh > 0 and
∑t

h=1 κh = 1.

Definition 5.13 The basic well-distributed sequence in Ev with respect to (X, ~s) is the

sequence {λX,~s(k)}0≤k<∞ defined by

λX,~s(k) = βv,h(k)

(
Φh(k)(k)

)
= λh(k)

(
bh(k) · βv(Φh(k)(k))

)
.

Note that the kth element of the sequence is assigned to Ev,h(k), and the elements assigned

to Ev,h fill out Ev,h like the basic well-distributed sequence in Ov. To simplify notation, when

X and ~s are fixed, we will write λv(k) for λX,~s(k). There are exactly Φh(n) elements in the

set {λv(k)}0≤k<n belonging to Ev,h.



Chapter 6

Construction of the Basic Local Approximating Functions

for a Compact Set in P1(Kv)

Let v be a place of K. Fix a finite K-symmetric set X = {x1, · · · , xm} ⊂ K and a

K-symmetric probability vector ~s = (s1, · · · , sm) ∈ Qm
>0. Let Ev be a compact set in P1(Kv)

of the form Ev = ∪t
h=1Ev,h, where each Ev,h = B(ah, rh) ∩ P1(Kv) for some ah ∈ Kv and

some rh = |bh|v ∈ |K×
v |, and the B(ah, rh) are disjoint from each other and from X. Put

L := K(X) and let M be the separable closure of K in L, i.e., M = Ksep ∩L. Then M/K is

a Galois extension and L/M is a purely inseparable extension of degree [L : K]ι. Note that

for any α ∈ L, α[L:K]ι ∈ M . If u is a place of M lying above v, then there is only one place

w of L lying above u. It follows that [Lw : Mu] = [Lw : Kv]ι = [L : K]ι, so α[L:K]ι ∈ Mu for

any α ∈ Lw.

Let Xv,a, a = 1, · · · ,m′
v, be the Galois orbits in X under Galc(Cv/Kv). For each orbit

Xv,a, fix a representative xi ∈ Xv,a. Fix a uniformizing parameter gi(z) ∈ K(xi)(z) at xi and

let [z, x]xi
= Ci · ‖z,x‖v

‖z,xi‖v ‖x,xi‖v
be the canonical distance normalized so that limz→xi

[z, x]xi
·

|gi(z)|v = 1. By Lemma 2.28, there is a constant C ′
i ∈ |C×

v | such that ‖z, xi‖v = C ′
i · |gi(z)|v

for all z sufficiently near xi. Let µ be a place of K(xi) lying above v. Considering z ∈ K(xi),

since ‖z, xi‖v and |gi(z)|v are in the value group of K(xi) with respect to µ, C ′
i also belongs

to the value group of K(xi) with respect to µ. Hence it follows from the proof of Lemma

2.30 that Ci belongs to the value group of K(xi) with respect to µ as well, say Ci = |ζi,v|µ

for some ζi,v ∈ K(xi). For other elements xj in the orbit Xv,a, if σ(xi) = xj for some

σ ∈ Gal(Cv/Kv), then put gj(z) := σ(gi)(z), which is independent of the choice of σ because

55
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gi(z) ∈ K(xi)(z). Then we have Cj = |ζj,v|σ(µ), where ζj,v := σ(ζi,v) ∈ K(xj). In this way,

the set {ζ1,v, · · · , ζm,v} is Kv-symmetric.

Let Ns be the least common denominator for s1, · · · , sm. Proposition 4.7 implies that

VX,~s(Ev) ∈ Q and κh = µX,~s(Ev,h) ∈ Q>0 with
∑t

h=1 κh = 1. Let Nr,v be the denominator of

VX,~s(Ev) and Nκ,v be the least common denominator for κ1, · · · , κt. Put

Nv := NsNr,vNκ,v[L : K]ι. (6.1)

Recall that {λv(k)}0≤k≤∞ is the basic well-distributed sequence in Ev as constructed in

Definition 5.13 together with the fixed Kv-rational isometric parametrization λh : B(0, rh) →

B(ah, rh) for each h = 1, · · · , t, which was defined by z 7→ ah + z in appropriate affine

coordinates. Let N be a sufficiently large integer divisible by Nv so that each Ev,h receives

points from {λv(k)}0≤k<N . Since κhN is a positive integer, Φh(N) = κhN for each h. Put

Ni := Nsi for each i = 1, · · · ,m.

Definition 6.1 Let E be any field. An E-rational (X, ~s)-function is a function f(z) ∈ E(z)

whose poles are supported on X, and such that if n = deg(f), then nsi is the order of the

pole of f at xi.

The following theorem provides the basic local approximating functions for a compact

set in P1(Kv).

Theorem 6.2 Let Ev be a compact set, with the same notations as above. In particular, N

is divisible by Nv. Then there is a Kv-rational (X, ~s)-function fv(z) of degree N such that

the zeros of fv(z) are distinct and form a basic well-distributed sequence of length N in Ev,

and fv(z) satisfies the following properties:

(i) If θ1, · · · , θN are the zeros of fv(z) in Ev, then there are a number R′
v with R′N

v ∈ |K×
v |

and R′N
v ≤ q

−dlogv(N)+1e
v , and numbers ρ1, · · · , ρN belonging to |K×

v |, with ρj < 1 for each

j = 1, · · · , N , such that the balls B(θj, ρj) are pairwise disjoint and fv(z) : B(θj, ρj) →
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B(0, R′N
v ) is an R′N

v /ρj-isometry satisfying

U0
v := f−1

v (B(0, R′N
v )) =

N⋃
j=1

B(θj, ρj) ⊂
t⋃

h=1

B(ah, rh),

E0
v := f−1

v (B(0, R′N
v ) ∩Kv) =

N⋃
j=0

(B(θj, ρj) ∩Kv) ⊂ Ev;

(ii) For all z 6∈
⋃t

h=1 B(ah, rh),

1

N
logv(|fv(z)|v) = GX,~s(z;Ev) =

m∑
i=1

G(z, xi;Ev)si.

Recall that by Remark 4.1, there is a constant Ch,~s such that [z, x]X,~s = Ch,~s · ‖z, x‖v for

all z, x ∈ B(ah, rh); and [z, x]X,~s = [ah, a`]X,~s for all z ∈ B(ah, r`) and x ∈ B(a`, r`) whenever

h 6= `. Consider the “pseudo-rational function”

f0(z) :=
N−1∏
k=0

[z, λv(k)]X,~s.

For each z ∈ B(ah, rh), write z = λh(bhζ) for some ζ ∈ B(0, 1): if λv(k) ∈ B(ah, rh), then

[z, λv(k)]X,~s = Ch,~s · ‖z, λv(k)‖v = Ch,~s · |bhζ − bhβv(Φh(k))|v = Ch,~s · rh · |ζ − βv(Φh(k))|v; if

λv(k) ∈ B(a`, r`) for h 6= `, then [z, λv(k)]X,~s = [ah, a`]X,~s. Since each Ev,h contains exactly

Φh(N) points from the set {λv(k)}0≤k<N and since Φh(N) = κhN for all h = 1, · · · , t, it

follows from Corollary 5.10 that

− logv(f0(z)) =

Φh(N)−1∑
k=0

− logv(Ch,~s · rh · |ζ − βv(k)|v)

+
t∑

`=1
` 6=h

−Φ`(N) · logv([ah, a`]X,~s)

= −Φh(N) · logv(Ch,~s · rh) +

Φh(N)−1∑
k=0

ordv(ζ − βv(k))

+
t∑

`=1
` 6=h

−Φ`(N) · logv([ah, a`]X,~s) (6.2)

< −Φh(N) · logv(Ch,~s · rh) +
Φh(N)

qv − 1
+ ordv(ζ − βv(Jh))

+
t∑

`=1
` 6=h

−Φ`(N) · logv([ah, a`]X,~s)
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= Φh(N)

(
− logv(Ch,~s · rh) +

1

qv − 1

)
+ ordv(ζ − βv(Jh))

+
t∑

`=1
` 6=h

−Φ`(N) · logv([ah, a`]X,~s)

= κhN ·
(
− logv(Ch,~s · rh) +

1

qv − 1

)
+ ordv(ζ − βv(Jh))

+
t∑

`=1
` 6=h

−κ`N · logv([ah, a`]X,~s)

= N

(
κh

(
− logv(Ch,~s · rh) +

1

qv − 1

)
+

t∑
`=1
` 6=h

κ`(− logv([ah, a`]X,~s))

)

− logv(|ζ − βv(Jh)|v).

Here, 0 ≤ Jh < Φh(N) is an index for which ordv(ζ − βv(Jh)) is maximal. Since λh is an

isometry, ‖λh(bhζ), λh(bhβv(Jh))‖v = |bhζ − bhβv(Jh)|v = |bh|v · |ζ − βv(Jh)|v, so − logv(|ζ −

βv(Jh)|v) = − logv

(
‖λh(bhζ), λh(bhβv(Jh))‖v

)
+ logv(rh) = − logv

(
‖z, λv(Jh)‖v

)
+ logv(rh).

It follows from Remark 4.8 that for all z ∈
⋃t

h=1 B(ah, rh),

− logv(f0(z)) < NVX,~s(Ev)− logv(‖z, λv(J)‖v) + logv(r),

where r = max1≤h≤t rh. Here, 0 ≤ J < N is an index for which ‖z, λv(J)‖v is minimal.

Now, consider z 6∈
⋃t

h=1 B(ah, rh). Since z 6∈ B(ah, rh) for each h, if λv(k) ∈ B(ah, rh),

then [z, λv(k)]X,~s = [z, ah]X,~s by Remark 4.1. It follows from Proposition 4.4 and Example

4.6 that

− logv(f0(z)) =
N−1∑
k=0

− logv([z, λv(k)]X,~s)

=
t∑

h=1

Φh(N)−1∑
k=0

− logv([z, ah]X,~s)

=
t∑

h=1

Φh(N)uX,~s(z;Ev,h)

= N

t∑
h=1

κhuX,~s(z;Ev,h) = NuX,~s(z;Ev).
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Hence, we have

− 1

N
logv(f0(z)) = uX,~s(z;Ev) = VX,~s(Ev)−GX,~s(z;Ev)

for all z 6∈
⋃t

h=1 B(ah, rh).

Thus, we have the following proposition.

Proposition 6.3 Let f0(z) =
∏N−1

k=0 [z, λv(k)]X,~s. Then for all z ∈
⋃t

h=1 B(ah, rh),

− logv(f0(z)) < NVX,~s(Ev)− logv(‖z, λv(J)‖v) + logv(r),

where r = max1≤h≤t rh and 0 ≤ J < N is an index for which ‖z, λv(J)‖v is minimal; for all

z 6∈
⋃t

h=1 B(ah, rh),

− 1

N
logv(f0(z)) = uX,~s(z;Ev) = VX,~s(Ev)−GX,~s(z;Ev).

Now, we want to construct a rational function f1(z) for this pseudo-rational function

f0(z), satisfying |f1(z)|v = f0(z) for all z. To do so, we need to express f0(z) in terms of the

absolute value | · |v. If λv(k) ∈ Ev,h, then ‖λv(k), xi‖v = ‖ah, xi‖v because xi 6∈ Ev. Noting

that
∑m

i=1 si = 1 and
∑t

h=1 Φh(N) = N ,

f0(z) =
N−1∏
k=0

[z, λv(k)]X,~s =
N−1∏
k=0

m∏
i=1

[z, λv(k)]
si
xi

=
N−1∏
k=0

m∏
i=1

Csi
i ·

‖z, λv(k)‖si
v

‖z, xi‖si
v · ‖λv(k), xi‖si

v

=
m∏

i=1

CNsi
i ·

N−1∏
k=0

m∏
i=1

‖z, λv(k)‖si
v

· 1∏m
i=1

∏N−1
k=0 ‖z, xi‖si

v

· 1∏m
i=1

∏N−1
k=0 ‖λv(k), xi‖si

v

.

Since Ni = Nsi and
∑m

i=1 si = 1,

f0(z) =
m∏

i=1

CNi
i ·

N−1∏
k=0

‖z, λv(k)‖v ·
1∏m

i=1 ‖z, xi‖Ni
v

· 1∏m
i=1

∏t
h=1

∏
λv(k)∈Ev,h

‖λv(k), xi‖si
v

.
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Next, since ‖λv(k), xi‖v = ‖ah, xi‖v,

f0(z) =
m∏

i=1

CNi
i ·

N−1∏
k=0

|z − λv(k)|v
max{1, |z|v}max{1, |λv(k)|v}

·
m∏

i=1

max{1, |z|v}Ni max{1, |xi|v}Ni

|z − xi|Ni
v

· 1∏m
i=1

∏t
h=1 ‖ah, xi‖Φh(N)si

v

=
m∏

i=1

CNi
i ·

∏N−1
k=0 |z − λv(k)|v

max{1, |z|v}N ·
∏N−1

k=0 max{1, |λv(k)|v}

· max{1, |z|v}N ·
∏m

i=1 max{1, |xi|v}Ni∏m
i=1 |z − xi|Ni

v

·
m∏

i=1

t∏
h=1

(
max{1, |ah|v}max{1, |xi|v}

|ah − xi|v

)Φh(N)si

=
m∏

i=1

CNi
i ·

∏N−1
k=0 |z − λv(k)|v∏N−1

k=0 max{1, |λv(k)|v}
·
∏m

i=1 max{1, |xi|v}Ni∏m
i=1 |z − xi|Ni

v

·

∏t
h=1

(∏m
i=1 max{1, |ah|v}si

)Φh(N)

·
∏m

i=1

(∏t
h=1 max{1, |xi|v}Φh(N)

)si

∏t
h=1

∏m
i=1 |ah − xi|vΦh(N)si

.

Finally, since
∑m

i=1 si = 1 and
∑t

h=1 Φh(N) = N ,

f0(z) =
m∏

i=1

CNi
i ·

∏N−1
k=0 |z − λv(k)|v∏N−1

k=0 max{1, |λv(k)|v}
·
∏m

i=1 max{1, |xi|v}Ni∏m
i=1 |z − xi|Ni

v

·
∏t

h=1 max{1, |ah|v}Φh(N) ·
∏m

i=1 max{1, |xi|v}Ni∏t
h=1

∏m
i=1 |ah − xi|vΦh(N)si

=

∏m
i=1C

Ni
i ·

∏m
i=1 max{1, |xi|v}2Ni ·

∏t
h=1 max{1, |ah|v}Φh(N)∏N−1

k=0 max{1, |λv(k)|v} ·
∏t

h=1

∏m
i=1 |ah − xi|Φh(N)si

v

·
∏N−1

k=0 |z − λv(k)|v∏m
i=1 |z − xi|Ni

v

. (6.3)

Put

C :=

∏m
i=1C

Ni
i ·

∏m
i=1 max{1, |xi|v}2Ni ·

∏t
h=1 max{1, |ah|v}Φh(N)∏N−1

k=0 max{1, |λv(k)|v} ·
∏t

h=1

∏m
i=1 |ah − xi|Φh(N)si

v

.

We claim that C belongs to |K×
v |. Since [L : K]ι divides Ni, ζ

Ni
i,v ∈ M and x2Ni

i ∈ M , so∏m
i=1C

Ni
i ·

∏m
i=1 max{1, |xi|v}2Ni belongs to |K×

v | because X and the set {ζ1,v, · · · , ζm,v} are

Kv-symmetric. Clearly,
∏t

h=1 max{1, |ah|v}Φh(N) and
∏N−1

k=0 max{1, |λv(k)|v} belong to |K×
v |

because ah ∈ Kv and λv(k) ∈ Kv. For each h = 1, · · · , t, since Φh(N)si = Nκhsi, [L : K]ι
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divides Φh(N)si, so (ah−xi)
Φh(N)si belongs to Mu, and hence the Kv-symmetry of X implies

that
∏m

i=1 |ah − xi|Φh(N)si
v belongs to |K×

v |. Thus, C belongs to |K×
v |. Likewise,

∏m
i=1

1
(z−xi)Ni

belongs to K(z). Clearly,
∏N−1

k=0 (z − λv(k)) belongs to Kv(z). Let C ∈ Kv be such that

|C|v = C and put

f1(z) := C ·
∏N−1

k=0 (z − λv(k))∏m
i=1(z − xi)Ni

. (6.4)

We have the following proposition:

Proposition 6.4 The function f1(z) is an (X, ~s)-function of degree N and rational over

Kv, having poles supported on X and zeros in Ev which form a basic well-distributed

sequence {λv(k)}0≤k<N of length N in Ev. Furthermore, f0(z) = |f1(z)|v and for all

z 6∈
⋃t

h=1 B(ah, rh),

− 1

N
logv(|f1(z)v) = uX,~s(z;Ev) = VX,~s(Ev)−GX,~s(z;Ev). (6.5)

Note that {λv(k)}0≤k<N is the set of all zeros of f1(z) and X is the set of all poles of

f1(z). Fix J, 0 ≤ J < N and let λv(J) ∈ Ev,h ⊂ B(ah, rh) for some h = 1, · · · , t. Then

the ultrametric inequality implies that B(ah, rh) = B(λv(J), rh). We had the Kv-rational

isometric parametrization λh : B(0, rh) → B(ah, rh) obtained by z 7→ ah + z in appropriate

affine coordinates. Note that λv(J) = λh(bhβv(Φh(J))). Pulling the affine coordinates back

by the map Z → Z + bhβv(Φh(J)), we have the Kv-rational isometric parametrization λh,J :

B(0, rh) → B(ah, rh) defined by λh,J(Z) = λh(Z + bhβv(Φh(J))). Clearly, 0 corresponds to

λv(J) by λh,J(Z).

Remark 6.5 For each x ∈ X, if X corresponds to x by the new affine coordinates, then we

can expand 1/(Z −X) as a power series about Z = 0:

1

Z −X
= − 1

X
· 1

1− Z
X

= − 1

X
·
(

1 +

(
Z

X

)
+

(
Z

X

)2

+ · · ·
)
,
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which converges on {Z ∈ Cv : |Z/X|v < 1}, or equivalently on B(0, |X|v)−. Since X 6∈

B(0, rh), we have |X|v > rh, so B(0, rh) ⊂ B(0, |X|v)−. Thus, we can expand f1(Z) as a

power series about Z = 0 converging on B(0, rh). Since Ni is divisible by [L : K]ι, every

coefficient in the expansion of 1/(Z −X)Ni belongs to Mu. It follows from the K-symmetry

of X and ~s that the power series f1(Z) =
∑∞

k=0 ckZ
k is rational over Kv. Clearly, c0 = 0

because f1(Z) has a zero at Z = 0. Since {λv(k)}0≤k<N ∩ Ev,h is the basic well-distributed

sequence of length Φh(N) in Ev,h, let {τk}0≤k<Φh(N) be the corresponding regular sequence

of length Φh(N) in B(0, rh) ∩Kv = bhOv by λh,J . Of course, {τk}0≤k<Φh(N) is the set of all

zeros of f1(Z) in B(0, rh).

Now, consider the coefficients ck of f1(Z).

Proposition 6.6 The coefficients ck of f1(Z) =
∑∞

k=1 ckZ
k satisfy the following:

ordv(c1) < NVX,~s(Ev) + logv(rh) (6.6)

and for each k ≥ 2,

ordv(ck) ≥ ordv(c1)− (k − 1)(logv(N)− logv(rh)). (6.7)

Proof: It follows from the Weierstrass Preparation Theorem that there are a constant c ∈ Kv

and functions

G(Z) =

Φh(N)−1∏
k=0

(Z − τk) =

Φh(N)∑
k=1

akZ
k ∈ Kv[Z],

H(Z) = 1 +
∑
k≥1

dkZ
k ∈ Kv[[Z]]

such that f1(Z) = c ·G(Z) ·H(Z), G(Z) has the same zeros as f1(Z) in B(0, rh), and H(Z)

is a unit power series on B(0, rh). Letting a` = 0 for all ` > Φh(N) and d0 = 1, it follows that

c1 = c · a1 and ck = c · (akd0 + ak−1d1 + · · ·+ a1dk−1) for each k ≥ 2. If τk0 = 0 corresponds

to λv(J) by λh,J , then we have

a1 = ±
Φh(N)−1∏

k=0
k 6=k0

(τk − τk0)
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and for each 2 ≤ k ≤ Φh(N),

ak = ±a1

∑
0≤j1<···<jk−1<Φh(N)

each ji 6=k0

1

(τj1 − τk0) · · · (τjk−1
− τk0)

.

Now, fix an element Z0 = bhζ0 ∈ bhOv and let 0 ≤ J < Φh(N) be an index for which

ordv(ζ0−βv(J)) is maximal. If A(n, J) =
∑

j≥0 dj(J)+
∑

j≥0 dj(n−J−1)+1 as in the proof

of Proposition 5.9, then
∑Φh(N)−1

k=0 ordv(ζ0− βv(k)) = Φh(N)V∞(Ov)− A(Φh(N),J)
qv−1

+ ordv(ζ0−

βv(J)). If z0 ∈ Ev,h corresponds to Z0 ∈ bhOv by λh,J , Remark 4.8 and (6.2) imply that

− logv(f0(z0)) = NVX,~s(Ev)−
A(Φh(N), J)

qv − 1
+ ordv(ζ0 − βv(J)).

On the other hand, Proposition 2.26 and the proof of Proposition 5.9 imply that

− logv(f0(z0)) = − logv(|f1(z0)|v) = − logv(|c|v · |g(Z0)|v · |h(Z0)|v)

= − logv(|c|v)− logv(|g(Z0)|v)− logv(1)

= − logv(|c|v) + Φh(N)V∞(bhOv)− ordv(bh)−
A(Φh(N), J)

qv − 1

+ordv(ζ0 − βv(J)) + ordv(bh)

= ordv(c) + Φh(N)V∞(bhOv)−
A(Φh(N), J)

qv − 1
+ ordv(ζ0 − βv(J)).

Hence it follows that

ordv(c) = NVX,~s(Ev)− Φh(N)V∞(bhOv). (6.8)

On the other hand, since Φh(N) = Nκh for each h = 1, · · · , t, Proposition 5.9 and (5.5)

imply that

ordv(a1) < Φh(N)V∞(bhOv)− ordv(bh),

and for each 2 ≤ k ≤ Φh(N),

ordv(ak) > ordv(a1)− (k − 1)(logv(Φh(N))− logv(rh)).
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As H(Z) is a unit power series in B(0, rh), it follows from the definition of a unit power

seires that |dk|v < 1/rk
h, i.e., ordv(dk) > k · logv(rh). For each 1 ≤ j ≤ Φh(N) and each k ≥ j,

we have

ordv(ajdk−j) = ordv(aj) + ordv(dk−j)

≥ ordv(a1)− (j − 1)(logv(Φh(N))− logv(rh)) + (k − j) logv(rh)

= ordv(a1) + (k − 1) logv(rh)− (j − 1) logv(Φh(N))

≥ ordv(a1)− (k − 1)(logv(Φh(N))− logv(rh)).

Thus it follows that

ordv(c1) = ordv(c) + ordv(a1)

< NVX,~s(Ev) + logv(rh)

and for each k ≥ 2,

ordv(ck) = ordv(c) + ordv(akd0 + ak−1d1 + · · ·+ a1dk−1)

≥ ordv(c) + ordv(a1)− (k − 1)(logv(Φh(N))− logv(rh))

≥ ordv(c1)− (k − 1)(logv(N)− logv(rh)).

�

Lemma 6.7 There is a number r0 ∈ |K×
v | such that q

−(NVX,~s(Ev)+logv(N)+2)
v < r0 <

q
−(NVX,~s(Ev)+logv(N))
v and for each x ∈ B(0, r0), the Newton polygon of f1(Z) = x has a

break at k = 1.

Proof: Put R := dNVX,~s(Ev) + logv(N) + 1e and let r0 := |πR
v |v. If x ∈ B(0, r0), then

ordv(x) ≥ R > NVX,~s(Ev) + logv(N), and hence it follows from (6.6) and (6.7) that for

each k ≥ 2,

ordv(c1)− ordv(x) < logv(rh)− logv(N)

=
(ordv(c1)− (k − 1)(logv(N)− logv(rh)))− ordv(c1)

k − 1

≤ ordv(ck)− ordv(c1)

k − 1
.
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Thus the Newton polygon of f1(Z) = x has a break at k = 1. �

Proposition 6.8 There are numbers ρJ ∈ |K×
v |, J = 0, · · · , N − 1, such that for each J ,

f1 : B(λv(J), ρJ) → B(0, r0) is an r0/ρJ-isometry, and

f−1
1

(
B(0, r0)

)
=

N−1⋃
J=0

B(λv(J), ρJ),

f−1
1

(
B(0, r0) ∩Kv

)
=

N−1⋃
J=0

(
B(λv(J), ρJ) ∩ P1(Kv)

)
.

Furthermore, for each z 6∈
⋃t

h=1B(ah, rh),

1

N
logv(|f1(z)|v) = −VX,~s(Ev) +GX,~s(z;Ev). (6.9)

Proof: Fix J . Lemma 6.7 implies that for each x ∈ B(0, r0), f1(Z) = x has a unique solution

αJ,x with

ordv(αJ,x) = −ordv(c1)− ordv(x)

1− 0
= ordv(x)− ordv(c1) ≥ R− ordv(c1). (6.10)

Choose a ∈ Kv so that ordv(a) = R− ordv(c1) and let ρJ = |a|v. Clearly, αJ,x ∈ B(0, ρJ) by

(6.10). It follows from (6.6) that

− logv(ρJ) = R− ordv(c1) > logv(N)− logv(rh) = − logv(rh/N),

so ρJ < rh/N < rh/Φh(N) < 1, which implies that the balls B(τk, ρk), k = 0, · · · ,Φh(N) −

1, are disjoint from each other because ordv(τj − τk) < − logv(rh) + logv(Φh(N)) =

− logv(rh/Φh(N)). Futhermore, since the balls B(ah, rh) are disjoint from each other,

the balls B(λv(J), ρJ), J = 0, · · · , N − 1, are disjoint from each other as well by

the isometric parametrizations λh,J . Since r0 = |c1|vρJ , it follows from Proposition

2.16 that f1 : B(0, ρJ) → B(0, r0) is an r0/ρJ -isometry. Pulling this map back to

B(λv(J), ρJ), we can regard f1(z) as an r0/ρJ -isometry from B(λv(J), ρJ) to B(0, r0)

with f1(B(λv(J), ρJ) ∩ P1(Kv)) = B(0, r0) ∩Kv.
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Furthermore, note that f1(z) has degree N and f1(z) = x has only one zero in each ball

B(λv(J), ρJ) for each 0 ≤ J ≤ N − 1 and each x ∈ B(0, r0). It follows that

f−1
1

(
B(0, r0)

)
=

N−1⋃
J=0

B(λv(J), ρJ),

f−1
1

(
B(0, r0) ∩Kv

)
=

N−1⋃
J=0

(
B(λv(J), ρJ) ∩ P1(Kv)

)
.

For each z 6∈
⋃t

h=1B(ah, rh), since − 1
N

logv(f0(z)) = uX,~s(z) = VX,~s(Ev) − GX,~s(z;Ev) by

(6.5),

1

N
logv(|f1(z)|v) = −VX,~s(Ev) +GX,~s(z;Ev).

�

Now, we are ready to prove Theorem 6.2.

Proof of Theorem 6.2: Since N · VX,~s(Ev) is an integer, put fv(z) = π
−N ·VX,~s(Ev)
v · f1(z).

We can do the same argument as in Proposition 6.6 with the same ai’s, di’s, after replacing

c by c′ := π
−N ·VX,~s(Ev)
v · c and ck by c′k := π

−N ·VX,~s(Ev)
v · ck. It follows that

ordv(c
′
1) < logv(rh),

ordv(c
′
k) ≥ ordv(c

′
1)− (k − 1)(logv(N)− logv(rh)).

Put Av := dlogv(N) + 1e and fix R′
v ∈ |C×

v | with R′N
v ∈ |K×

v | so that − logv(R
′N
v ) ≥ Av, i.e.,

R′N
v ≤ q−Av

v . Choose an element bv ∈ K×
v so that |bv|v = R′N

v , i.e., ordv(bv) = − logv(R
′N
v ) ≥

Av. We can do the same argument as in Lemma 6.7 and Proposition 6.8. For each y ∈

B(0, R′N
v ), the Newton polygon of fv(z) = y has a break at k = 1 and there is a unique

solution αJ,y to fv(z) = y such that

ordv(αJ,y) = −ordv(c
′
1)− ordv(y)

1− 0
≥ ordv(bv)− ordv(c

′
1) > logv(N)− logv(rh).

Choose a′ ∈ Kv so that ordv(a
′) = ordv(bv) − ordv(c

′
1) and let ρ′J = |a′|v. Clearly, αJ,y ∈

B(0, ρ′J). It follows that

− logv(ρ
′
J) > logv(N)− logv(rh) = − logv(rh/N),
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so ρ′J < rh/N < rh/Φh(N) < 1, which implies that the balls B(λv(J), ρ′J), J = 0, · · · , N−1,

are disjoint from each other. Replacing ρ′J with ρJ , we can regard fv(z) as an R′N
v /ρJ -isometry

from B(λv(J), ρJ) → B(0, R′N
v ). Since each ball B(λv(J), ρJ) is contained in B(ah, rh) for

some h = 1, · · · , t, we then obtain that

f−1
v (B(0, R′N

v )) =
N−1⋃
J=0

B(λv(J), ρJ) ⊂
t⋃

h=1

B(ah, rh),

f−1
v (B(0, R′N

v ) ∩Kv) =
N−1⋃
J=0

(B(λv(J), ρJ) ∩Kv) ⊂ Ev.

Furthermore, for each z 6∈
⋃t

h=1B(ah, rh), it follows from (6.9) and Proposition 4.3 that

1

N
logv(|fv(z)|v) =

1

N
logv(|π

−N ·VX,~s(Ev)
v · f1(z)|v)

=
1

N
(N · VX,~s(Ev) + logv(|f1(z)|v))

= GX,~s(z;Ev) =
m∑

i=1

G(z, xi;Ev)si.

�



Chapter 7

Global Patching Argument I

Let F denote the field Fq(T ) and K be a fixed finite extension of F . Let X =

{x1, · · · , xm} ⊂ P1(K) be a finite K-symmetric set. Without loss of generality, we can

assume that X does not contain ∞ after changing the coordinates by an element in

GL(2,OK). The resulting set is K-symmetric as well. Put L := K(X). For each σ ∈

Gal(L/K), we will sometimes write σ(i) = j if σ(xi) = xj. Let Xa, a = 1, · · · ,m′ be the

distinct orbits of X under the action of Gal(L/K). For each xi ∈ X, let gi(z) ∈ K(xi)(z) be

the uniformizing parameter at xi as constructed in Chapter 6 and let [z, x]xi
be the canonical

distance normalized so that limz→xi
[z, x]xi

· |gi(z)|v = 1. Let M be the separable closure

of K in L, i.e., M = L ∩ Ksep. Then L is purely inseparable over M of degree [L : K]ι.

For each xi ∈ X, let ei be the least nonnegative integer such that xpei

i ∈ M . Note that for

each i, K(xi) ∩M = K(xpei

i ) and {x`
i : ` = 0, · · · , pei − 1} is a basis for K(xi)/K(xpei

i ). If

e = max1≤i≤m ei, then [L : K]ι = pe. Let u, w, ν, µ be the places of M, L, K(xpei

i ), K(xi)

lying above each place v of K, repectively.

Let ∞ be the place of F defined by 1/T ; for any f(T ) ∈ F , |f(T )|∞ = pdeg(f). Let PK

be the set of all places of K and PK,∞ be the set of all places of K lying above the place ∞

of F . Put PK,0 := PK \ PK,∞. Let S be a finite set of places of K containing PK,∞. Denote

KS = {x ∈ K : |x|v ≤ 1 for all v 6∈ S} the set of all S-integers in K and K×
S the set of all

S-units in K. Let µK be the set of all roots of unity in K.

We will need some well-known facts related to the Dirichlet’s Unit theorem, which we

recall without proof. For details, see [5], p.72 and [9], p.43.

68
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Remark 7.1 Let AK and JK denote the adele ring and idele group of K, respectively. For

any element α = (αv)v∈PK
∈ AK , define the size function

‖α‖ =
∏

v∈PK

|αv|v.

K× can be considered as a subset in JK on the diagonal and then is a discrete subgroup of

JK . Put J1
K := {α ∈ JK : ‖α‖ = 1}. It is well known that J1

K/K
× is compact. Note that µK

is a finite set. The Dirichlet’s Unit theorem says that K×
S is the direct sum of the finite cyclic

group µK and a free abelian group of rank #(S)−1. Let JK,S = {α ∈ JK : |αv|v = 1 ∀v 6∈ S}

and put J1
K,S := JK,S ∩ J1

K . Let us remove one place from S and denote the resulting subset

of S by S′. The proof of the Unit Theorem implies that the map Λ : J1
K,S → R#(S′) given

by Λ(α) = (log(|αv|v))v∈S′ takes K×
S onto a lattice in R#(S′). Hence there are constants

0 < c1 < c2 with the following property : for any collection {0 < bv ∈ R : v ∈ S′}, there is

an S-unit u ∈ K× such that c1 ≤ bv · |u|v ≤ c2 for all v ∈ S′.

We will writeOK for the set of all PK,∞-integers inK. That is,OK = KPK,∞ . In particular,

OF = Fq[T ] is the polynomial ring over Fq.

Proposition 7.2 Let A be a finitely generated domain over a field k. For a finite extension

E of the field of fractions of A, let B be the integral closure of A in E. Then B is a finitely

generated A-module and a finitely generated domain over k.

Proof: See [4], Theorem V.3.2, p.348. �

Remark 7.3 In our case, take A = OF . Note that OK and OL are the integral closures

of OF in K and L, repectively, and they are Dedekind domains (see [29], Theorem V.19,

p.281). The above proposition implies that OK is a finitely generated OF -module and OL is

a finitely generated OK-module.

Recall that L is a purely inseparable extension of M with degree pe. Let {βj : j =

1, · · · , pe} be a basis for L/M . For any place u ofM , there is a unique place w of L lying above
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u. Note that L⊗M Mu = ⊕w|uLw (see [22], p.321), so L⊗M Mu = Lw. Since L = ⊕pe

j=1M ·βj,

it follows that Lw = ⊕pe

j=1Mu · βj. Hence {βj : j = 1, · · · , pe} is a basis for Lw/Mu.

Proposition 7.4 For any basis {β1, · · · , βpe} for L/M , we have Ow = Ou[β1, · · · , βpe ] for

all but finitely many u ∈ PM .

Proof: The above remark implies that OL = OM [y1, · · · , y`] for some y1, · · · , y` in OL. Write

yj =
∑pe

i=1 aijβi for aij ∈ M . Then there is a finite set S ⊂ PM such that for all u 6∈ S,

aij ∈ Ou and βi ∈ Ow if w|u. Note that if u 6∈ S and w|u, then the yj belong to Ow. Let OS
M

be the localization of OM at S, inverting each prime in S. Recall that for each u ∈ PM , there

is only one place w ∈ PL lying above u. It follows that OS
L = OS

M [y1, · · · , y`], y1, · · · , y` ∈

OS
M [β1, · · · , βpe ], and β1, · · · , βpe ∈ OS

L . Hence OS
M [β1, · · · , βpe ] = OS

M [y1, · · · , y`] = OS
L .

Thus, for any u 6∈ S, Ow = OS
L ⊗OM

Ou = OS
M [β1, · · · , βpe ]⊗OM

Ou = Ou[β1, · · · , βpe ]. �

Proposition 7.5 Let B = {βj : j = 1, · · · , pe} be a basis for L/M . If w|u are places of

L/M , then there exists a constant T := Tw,B > 1, depending only on w and B, such that for

any ∆ ∈ Lw, if ∆ =
∑pe

j=1 ∆jβj for ∆j ∈Mu, then |∆j|w ≤ T · |∆|w.

Proof: Put M := ⊕pe

j=1Ou ·βj. Noting that Ow is integral over Ou and is a free Ou-module of

rank pe, there is an integral basis {αk : k = 1, · · · , pe} for Ow/Ou. Writing αk =
∑pe

j=1 αkjβj

for αkj ∈ Mu, choose A ∈ Ou with ordu(A) = max{0,max{−ordu(αkj) : k, j = 1, · · · , pe}}.

It follows that Aαkj ∈ Ou for all k, j, so Aαk ∈ M for all k. Since Ow = ⊕pe

k=1Ou · αk,

AOw = ⊕pe

k=1Oν · Aαk ⊂M.

For any ∆ ∈ Lw, there is n ∈ Z such that |πn+1
u |w < |∆|w ≤ |πn

u |w. Then we get

π−n
u ∆ ∈ Ow, and so Aπ−n

u ∆ ∈M. Writing Aπ−n
u ∆ =

∑pe

j=1 δjβj with each δj ∈ Ou, we have

∆j = A−1πn
uδj ∈ Mu. Since |πn

u |w = |πn+1
u |w · |π−1

u |w ≤ |∆|w · |π−1
u |w and |δj|w = |δj|p

e

u ≤ 1,

we see that

|∆j|w = |A−1πn
uδj|w ≤ |A−1|w · |π−1

u |w · |∆|w.

Take T = |A−1|w · |π−1
u |w > 1. �
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7.1 Basis Functions

Fix a K-symmetric probability vector ~s = (s1, · · · , sm) ∈ Qm
>0 and let Ns be the least

common denominator for s1, · · · , sm. For each N ∈ Z>0 divisible by Ns[L : K]ι, put Ni =

Nsi. Since Ni is divisible by [L : K]ι, we have ni := Ni/p
ei ∈ Z>0. Consider the divisor

D =
∑m

i=1Ni(xi). Note that L(D) = {f ∈ K(z) : div(f) ≥ −D} is a finite dimensional

K-vector space and let `(D) denote its dimension. The Riemann-Roch Theorem says that

since deg(D) = N > 0, `(D) = deg(D) + 1 = N + 1. Since xpei

i ∈M for each i, D is rational

over M . Hence L(D) has a basis consisting of functions rational over M , so every function

in L(D), rational over M , can be written as a linear combination of these basis funtions over

M (see [16], Theorem 5, p.174). In fact, L(D) has an M -basis{
1,

z`

(z − xi)j·pei
: i = 1, · · · ,m, ` = 0, · · · , pei − 1, j = 1, · · · , ni

}
, (7.1)

and an L-basis {
1,

1

(z − xi)k
: i = 1, · · · ,m, k = 1, · · · , Ni

}
. (7.2)

Note that 1 is a common element of the M -basis and L-basis, and each other M -basis

function can be expressed in terms of the L-basis, having no constant term and vice versa:

for each `, k = 1, · · · , pei − 1,

z`

(z − xi)pei
=

(z − xi + xi)
`

(z − xi)pei
=
∑̀
k=0

(
`

k

)
x`−k

i

1

(z − xi)pei−k
,

1

(z − xi)k
=

(z − xi)
pei−k

(z − xi)pei
=

pei−k∑
`=0

(
pei − k

`

)
(−xi)

pei−k−` z`

(z − xi)pei
.

Hence any (X, ~s)-function f(z) ∈M(z) of degree N can written in terms of the M -basis and

L-basis: for convenience, changing the superscripts for the L-basis from top to bottom, we

can write

f(z) =
m∑

i=1

ni∑
j=1

pei−1∑
`=0

bij`
z`

(z − xi)j·pei
+ b0

=
m∑

i=1

Ni−1∑
k=0

cik
1

(z − xi)Ni−k
+ c0
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with bij` ∈M , cik ∈ L, and b0 = c0 ∈M .

Let v be a place of K and K ′ be any intermediate field of the extension L/K. We

know that L ⊗K Kv
∼= ⊕w|vLw as topological algebras. The algebra K ′ ⊗K Kv

∼= ⊕u|vK
′
u

can be embedded in L ⊗K Kv in such a way that ⊕u|vxu ∈ ⊕u|vK
′
u is sent to the element

⊕w|vyw ∈ ⊕w|vLw, where yw = xu for all w|u. Each σ ∈ Gal(L/K) acts on L⊗K Kv through

its action on L. Explicitly, Gal(L/K) acts on L⊗KKv by σ(`⊗k) = σ(`)⊗k. Thus σ induces

a permutation of the places w|v and gives rise to a canonical isomorphism τσ,w : Lw → Lσ(w)

for each w|v.

Now, we make explicit the action of Gal(L/K) on ⊕w|vLw. For each σ ∈ Gal(L/K), the

action of σ on ⊕w|vLw is given by applying τσ,w to the w-coordinate for each w|v, followed

by the permutation induced by σ. That is, σ(⊕w|vaw) = ⊕σ(w)|vτσ,w(aw).

Remark 7.6 Suppose that f(z) is a K-rational (X, ~s)-function. For each σ ∈ Gal(L/K) ∼=

Gal(M/K), since σ(f) = f , applying σ to the above expansion gives us σ(bij`) = bσ(i),j` and

σ(b0) = b0. Hence the bij` are K-symmetric relative to the action of Gal(L/K) on the xi,

and b0 ∈ K because b0 ∈ M . For any element σ ∈ Gal(L/K(xi)) ∼= Gal(M/K(xpei

i )), since

σ(i) = i, σ(bij`) = bσ(i),j` = bij`, so each bij` must belong to K(xpei

i ) because bij` ∈M .

For each w|u|v, if gw(z) ∈ Lw(z) is an (X, ~s)-function of degree N , then we can write

gw(z) =
m∑

i=1

Ni−1∑
k=0

cw,ik
1

(z − xi)Ni−k
+ cw,0

=
m∑

i=1

ni∑
j=1

pei−1∑
`=0

bu,ij`
z`

(z − xi)j·pei
+ bu,0 (7.3)

with bu,ij` ∈ Lw, cw,ik ∈ Lw, and bu,0 = cw,0 ∈ Lw. If gw(z) ∈ Mu(z), then the bu,ij` and

bu,0 = cw,0 belong to Mu. Put bij` := ⊕w|vbu,ij` and b0 := ⊕w|vbu,0.

Lemma 7.7 With the notation above, if σ(b0) = b0 for all σ ∈ Gal(L/K) ∼= Gal(M/K),

then there is bv,0 ∈ Kv such that bu,0 = bv,0 for all u|v.

Proof Note that M is Galois over K and there is only one place of L lying above each

place of M . Fix a place u of M with u|v. Then the decomposition group Du of u in M/K
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is isomorphic to Gal(Mu/Kv). For each σ ∈ Du, since σ(u) = u, we see that τσ,u(bu,0) = bu,0

because σ(b0) = b0. That is, bu,0 is fixed by Du, so it belongs to Kv. Now, let σ1, · · · , σg

be coset representatives for Gal(M/K)/Du. For each h = 1, · · · , g and any σ ∈ σhDu, if

σh(u) = uh, then σ ∈ σhDu ⇔ σ(u) = uh. Hence τσ,u(bu,0) = buh,0 since σ(b0) = b0. But, since

bu,0 ∈ Kv and τσ,u|Kv is the identity, τσ,u(bu,0) = bu,0. Thus, buh,0 = bu,0 for all h = 1, · · · , g,

i.e., all the bu,0 are the same and belong to Kv. �

Proposition 7.8 For each w|u|v, let gw(z) ∈ Lw(z) be a function of degree N , having poles

only in X, such that for each orbit, the poles of gw(z) at the points xi ∈ Xa have the same

order Na = Ni, where Ni is divisible by pei, say, Ni = peini. With the notation above, the

following are equivalent:

(i) There is an fv(z) ∈ Kv(z) such that gw(z) = fv(z) for all w|v;

(ii) Each gw(z) ∈Mu(z), and for the natural action of Gal(L/K) ∼= Gal(M/K) on L(z)⊗K

Kv
∼=w|v Lw(z), ⊕w|vgw(z) is invariant under Gal(L/K);

(iii) If each gw(z) is expanded as in (7.3), with the bu,ij` and bu,0 in Lw, then in fact, the

bu,ij` and bu,0 belong to Mu, and:

(a) for each i, j, `, each w|u|v, and each σ ∈ Gal(L/K), τσ,w(bu,ij`) = bσ(u),σ(i),j` and

(b) there is bv,0 ∈ Kv such that bu,0 = bv,0 for all u|v.

Under these equivalent conditions, for each i, if µ is a place of K(xi) lying above v, then

⊕w|vcw,ik belongs to ⊕µ|vK(xi)µ, embedded in L⊗K Kv for each k = 0, · · · , Ni − 1.

Proof The equivalence of (i) and (ii) follows from the definition of the action of Gal(L/K)

because gw(z) ∈Mu(z). For the equivalence of (ii) and (iii), writing

⊕w|vgw(z) =
m∑

i=1

ni∑
j=1

pei−1∑
`=0

bij`
z`

(z − xi)j·pei
+ b0, (7.4)

we have

σ(⊕w|vgw)(z) =
m∑

i=1

ni∑
j=1

pei−1∑
`=0

σ(bij`)
z`

(z − xσ(i))j·peσ(i)
+ σ(b0). (7.5)
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Since σ(bij`) = σ(⊕w|vbu,ij`) = ⊕σ(w)|vτσ,w(bu,ij`), ⊕w|vgw(z) is invariant under Gal(L/K) if

and only if σ(bij`) = bσ(i),j` and σ(b0) = b0 for all σ ∈ Gal(L/K) and all i, j, `, which in turn

helds if and only if τσ,w(bu,ij`) = bσ(u),σ(i),j` for all σ, i, j, ` and there is bv,0 ∈ Kv such that

bu,0 = bv,0 for all u|v by Lemma 7.7.

For the last assertion, Remark 7.6 implies that bu,ij` must belong to Kv(x
pei

i ). Since each

cw,ik is a combination of the bu,ij` and the x`
i for ` = 0, · · · , pei − 1, cw,ik belongs to Kv(xi).

Hence the assertion follows because Kv(xi) ⊂ K(xi)µ for all µ|v. �

Lemma 7.9 (Gap Principle) For any (X, ~s)-function fv(z) ∈ Kv(z) of degree N , where

pei|Ni|N , write

fv(z) =
m∑

i=1

Ni−1∑
k=0

bv,ik ·
1

(z − xi)Ni−k
+ bv,0,

with bv,ik ∈ Lw. If the leading coefficient bv,i0 is 0 for some xi ∈ Xa, then bv,ik = 0 for all

xi ∈ Xa and all k = 0, · · · , pei − 1, so fv(z) actually has a pole of order at most Ni − pei at

each xi ∈ Xa.

Proof: Write fv(z) in terms of the M -basis:

fv(z) =
m∑

i=1

ni−1∑
j=0

pei−1∑
`=0

av,ij` ·
z`

(z − xi)(ni−j)pei
+ av,0,

with av,ij` ∈ Mu. After rewriting this expression using the L-basis, we get 0 = bv,i0 =∑pei−1
`=0 av,i,0,` · x`

i . Since {x`
i : ` = 0, · · · , pei − 1} is a basis for K(xi)µ/K(xpei

i )ν and av,ij` ∈

K(xpei

i )ν , we must have av,i,0,` = 0 for all ` = 0, · · · , pei−1. Noting that X is Galois-invariant,

all the bv,i0 = 0 for all xi ∈ Xa, so av,i,0,` = 0 for all xi ∈ Xa and all ` = 0, · · · , pei − 1. Hence

fv(z) has a pole of order ≤ Ni − pei at each xi ∈ Xa, so bv,ik = 0 for all xi ∈ Xa and all

k = 0, · · · , pei − 1. �

7.2 Preliminary Reductions

Recall the main theorem:
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Theorem 7.10 (Fekete-Szegö Theorem with Splitting Conditions) Let K be a

finite algebraic extension of F := Fq(T ), and let X = {x1, · · · , xm} ⊂ P1(K) be a finite

K-symmetric set. Let Ev ⊂ P1(Cv) be stable under Galc(Cv/Kv), and put EK :=
∏

v∈PK
Ev.

Suppose that EK is compatible with X. Let S ⊂ PK be a finite (possibly empty) set of places

of K with the property that for each v ∈ S, there exists a finite Galois extension Ku/Kv

such that Ev ⊂ P1(Ku). If γ(EK ,X) > 1, then for any adelic neighborhood UK :=
∏

v∈PK
Uv

of EK, there are infinitely many points α ∈ P1(K) such that all of their conjugates over K

belong to Uv for all v, and lie in P1(Ku) ∩ Uv for each v ∈ S.

Without loss of generality, we can assume that X does not contain ∞ after changing

the coordinates by an element in GL(2,OK). The resulting set is K-symmetric as well. We

will make some preliminary adjustments to the sets EK :=
∏

v∈PK
Ev and UK :=

∏
v∈PK

Uv.

By assumption, each Ev is stable under Galc(Cv/Kv) and each Uv is open. In addition, we

will arrange that each Ev is closed and has a simple form; and that each Uv is stable under

Galc(Cv/Kv). Since the theorem concerns the existence of points α ∈ P1(K) with conjugates

in UK , the conclusions remain valid as long as we do not enlarge the sets Uv.

Remark 7.11 For any function f(z) ∈ L(z), there is a finite set of places of L outside of

which f(z) has good reduction (see [27], Proposition 24, p.107).

Let ŜK be the finite set of all places of K where any of the following conditions holds:

i) v ∈ S;

ii) the points in X don’t specialize to distinct points (mod v);

iii) Ev is not X-trivial;

iv) ‖z, xi‖v 6= |gi(z)|v for some z with ‖z, xi‖v < 1 (see Proposition 2.29);

v) for each xi ∈ X, {x`
i : ` = 0, · · · , pei − 1} does not satisfy Oµ = Oν [1, xi, · · · , xpei−1

i ] if

µ|ν|v of K(xi)/K(xpei

i )/K (see Proposition 7.4);

vi) any of the functions 1/(z − xi), i = 1, · · · ,m has bad reduction (mod v) (see Remark

7.11).
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Let ŜL be the set of places of L lying above ŜK . For each v 6∈ ŜK , if w|v, the local Green’s

matrices Γ(Ev,X) and Γ(Ew,X) are the zero matrix by Remark 3.18.

Reduction 1. For each v ∈ S, we claim that Ev can be reduced to a compact set. Fix a

place w|v of L. Recall that

Γ(EL,X) = [L : K]Γ(EK ,X). (7.6)

If w 6∈ ŜL, then Γ(Ew,X) is the zero matrix. Hence Γ(EL,X) =
∑

w∈ŜL
Γ(Ew,X) log(qw).

Since Γ(EL,X) is negative definite and #(ŜL) is finite, there exists ε > 0 such that for any

collection of symmetric matrices Γw ∈ Mm(R) whose entries satisfy |Γw,ij − Γ(Ew,X)ij| < ε

for all w ∈ ŜL and all i, j, the matrix

Γ =
∑

w∈ŜL

Γw log(qw)

is also negative definite by the continuity of the determinants in their coefficients. The

definition of Green’s functions says that

G(z, xi;Ev) = inf
E⊂Ev

compact

G(z, xi;E)

Vxi
(Ev) = inf

E⊂Ev
compact

Vxi
(E).

Choose a compact set Êv ⊂ Ev so that |G(xi, xj;Ev) − G(xi, xj; Êv)| < ε/[L : K] for all

i 6= j, and |Vxi
(Ev)− Vxi

(Êv)| < ε/[L : K] for all i. Note that Êv ⊂ Ev ⊂ P1(Ku). Put

E ′
v := ∪σ∈Gal(Ku/Kv)σ(Êv).

Since Ev is Galois-stable, we obtain that Êv ⊆ E ′
v ⊂ Ev. Clearly, E ′

v is compact and

stable under Gal(Ku/Kv). The monotonicity properties of Green’s functions imply that

|G(xi, xj;Ev) − G(xi, xj;E
′
v)| ≤ |G(xi, xj;Ev) − G(xi, xj; Êv)| < ε/[L : K] for all i 6= j.

Similarly, |Vxi
(Ev) − Vxi

(E ′
v)| ≤ |Vxi

(Ev) − Vxi
(Êv)| < ε/[L : K] for all i. By (7.6), we see

that |Γ(Ew,X)ij − Γ(E ′
w,X)ij| < ε for all w ∈ ŜL and all i, j. Replacing Ev by E ′

v, the new

matrix Γ(EL,X) is also negative definite.
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Reduction 2. For each v ∈ S, we claim that Uv can be a union of finite balls B(ai, ri),

which is stable under Galc(Cv/Kv) and disjoint from X; furthermore, each ri belongs to |K×
v |

and Ev = Uv ∩ P1(Ku).

Fix α ∈ Ev. Since Ev ⊂ P1(Ku) is Galois-stable and Uv is an open set containing Ev, there

exists rα > 0 such that B(σ(α), rα) ⊂ Uv for all σ ∈ Gal(Ku/Kv) and B(α, rα) is disjoint

from X. After shrinking rα, we can take rα belonging to |K×
v |. Note that Ev is compact by

Reduction 1. We can select r ∈ |K×
v | so that r replaces all the rα for all α ∈ Ev. Also, we

can choose a union of finite balls B(αi, r), α ∈ Ev, which covers Ev. Replacing Uv by the

union, Uv becomes Galois-stable.

Now, enlarge Ev by replacing it with Uv ∩ P1(Ku). Since P1(Ku) is compact, the new Ev

remains compact. Obviously, Ev is Galois-stable because P1(Ku) and Uv are Galois-stable.

By the same argument as on Reduction 1, Γ(EL,X) remains negative definite.

Reduction 3. For each v ∈ ŜK \ S, we claim that Ev can be replaced by a union of

finite balls B(ai, ri) ⊂ Uv, where each ri belongs to |K×
v |. Hence Ev is a PL-domain (see [22],

Theorem 4.2.16, p.252). Since such an Ev is open, we can then shrink Uv and take Uv = Ev.

Let ε be as in Reduction 1, and fix v ∈ ŜK \ S. Put ε′ := ε/2. There is a compact set

Êv ⊂ Ev such that |G(xi, xj;Ev) − G(xi, xj; Êv)| < ε′/[L : K] for all i 6= j, and |Vxi
(Ev) −

Vxi
(Êv)| < ε′/[L : K] for all i. For each x ∈ Êv, since Ev is Galois-stable, σ(x) ∈ Ev for all

σ ∈ Galc(Cv/Kv). Since Uv is open, there is r > 0 such that B(σ(x), r)− ⊂ Uv. Put

rσ := sup
B(σ(x),r)⊂Uv

r.

Clearly, B(σ(x), rσ)− ⊂ Uv. Define a map

ϕx : Galc(Cv/Kv) → R>0

given by ϕx(σ) = rσ. For each τ ∈ Galc(Cv/Kv), if σ(x) ∈ B(τ(x), rτ )
−, then rσ = rτ

because B(τ(x), rτ )
− = B(σ(x), rτ )

−. Hence ϕx is locally constant, so it is continuous.

Since Galc(Cv/Kv) is compact, there is an rx > 0 such that B(σ(x), rx) ⊂ Uv for all σ ∈
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Galc(Cv/Kv). Without loss of generality, we can take rx ∈ |K×
v | small enough that B(x, rx)

is disjoint from X. For any fixed y ∈ P1(Kv) ∩B(x, rx), since Galc(Cv/Kv) preserves | · |v,

B(σ(x), rx) = B(σ(y), rx) for all σ ∈ Galc(Cv/Kv). Noting that y has only finitely many

conjugates, there are only finitely many distinct balls B(σ(x), rx) and they are disjoint from

X because X is Galois-stable and B(x, rx) is disjoint from X. Since Êv is compact, we can

cover it with finitely many such balls B(x, rx). Let U ′
v be the union of these balls and

their conjugates. Then U ′
v is open and contained in Uv. Obviously, U ′

v is Galois-stable and

contains Êv. Replace Ev and Uv by U ′
v. By the same argument as in Reduction 1, Γ(EL,X)

remains negative definite. Moreover, the ultrametric inequality implies that we can write

Ev = Uv = U ′
v as a finite union of pairwise disjoint balls.

Reduction 4. For each v 6∈ ŜK , Ev is the X-trivial set. After shrinking Uv, we can assume

that Ev = Uv as well.

Reduction 5. For each v ∈ S, we claim that we can assume that Ku = Kv. We are

given a finite Galois extension Ku/Kv with Ev ⊂ P1(Ku) for each v ∈ S. Let D be the least

common multiple of the degrees [Ku : Kv] and put mv := D/[Ku : Kv]. Since Ku/Kv is

Galois, we can choose mv distinct non-conjugate primitive elements αu,j for Ku over Kv. Let

fv,j(z) ∈ Kv[z] be the minimal polynomial for αu,j over Kv, and put

fv(z) :=
mv∏
j=1

fv,j(z).

The degree of fv(z) is D and it has distinct roots. Hence fv(z) is separable. Let εv be the

minimal distance between the roots of fv(z) in Cv. By the weak approximation theorem, we

can find a monic separable polynomial f(z) ∈ K[z] of degree D, which approximates each

fv(z) so closely at each v ∈ S that for each root β` of f(z), there is a unique root α` of fv(z)

with |β` − α`|v < εv. Moreover, we can arrange that f(z) is irreducible by requiring it to be

an Eisenstein polynomial at some fixed v0 6∈ ŜK . Note that Cv is algebraically closed. By

Krasner’s lemma, the roots of fv(z) and f(z) generate the same subfield of Cv. Let K ′ be the
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splitting field of f(z) over K. Then K ′/K is a finite Galois extension satisfying K ′
u′
∼= Ku at

each u′|v for each v ∈ S because each root of fv(z) in Cv is a primitive element for Ku/Kv.

We now make a base change fromK toK ′. Pull back EK to EK′ and UK to UK′ . According

to the previous reductions, Uv became Galois-stable for every v ∈ PK and hence UK′ is well-

defined. By the functorial properties of the global capacity (see [22], Theorem 5.1.13, p.333),

we see that γ(EK′ ,X) > 1. We claim that if the main theorem holds for EK′ and UK′ over

K ′, then it holds for EK and UK over K. Note that K = K ′ (see [15], Theorem 2.8, p.233).

If α ∈ P1(K) = P1(K ′) has all its K ′-conjugates in UK′ , then it has all its K-conjugates in

UK because UK′ is the pullback of UK . For each v ∈ S, suppose that all the K ′-conjugates

of α belong to P1(K ′
u′) = P1(Ku) for all u′|v. Since Gal(K ′/K) permutes the places u′|v, all

the K-conjugate of α belong to P1(Ku). Hence we can replace K by K ′.

After these reductions, we can assume the following:

(i) γ(EK ,X) > 1;

(ii) Each Uv is stable under Galc(Cv/Kv) and bounded away from X;

(iii) For each v ∈ S, Ev = Uv ∩ P1(Kv) is the union of a finite number of disjoint compact

sets, where Uv = ∪t
h=1B(ah, rh) for some ah ∈ P1(Kv) and |bh|v = rh ∈ |K×

v |;

(iv) For each v ∈ ŜK \ S, Uv is the union of a finite number of pairwise disjoint balls in

P1(Cv) with radii in |K×
v |; in particular, Ev = Uv is a PL-domain;

(v) For each v 6∈ ŜK , Ev = Uv is the X-trivial set, which is an RL-domain by Remark 3.24.

7.3 Choices of ~s, Local Patching Parameters and N

The preliminary reductions and Remark 3.24 imply that there is a K-symmetric proba-

bility vector ~s ∈ Qm
>0 such that Γ(EK ,X) · ~s = V (EK ,X) · 1m. Let Ns be the least common

denominator for s1, · · · , sm. Recall that for each v ∈ S, VX,~s(Ev) ∈ Q and κh = µX,~s(Ev,h) ∈

Q>0 with
∑t

i=h κh = 1 by Proposition 4.7. For each v ∈ S, let Nr,v be the denominator

of VX,~s(Ev) and Nκ,v be the least common denominator for κ1, · · · , κt. Let Nr be the least

common multiple of the Nr,v, v ∈ S and Nκ be the least common multiple of the Nκ,v, v ∈ S.
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Now, fix an additional place v0 6∈ ŜK , which will be used to obtain the product formula

for leading coefficients in Section 7.5. Put

SK := ŜK ∪ {v0}. (7.7)

Let SL be the set of places of L lying above SK . By Remark 3.24, V (EK ,X) belongs to

log(p) · Q. Since γ(EK ,X) > 1, V (EK ,X) < 0, and we can write V (EK ,X) = −V log(qv0)

for some V ∈ Q>0. The condition γ(EK ,X) > 1, i.e., V (EK ,X) < 0, will play a crucial role

in obtaining the product formula for the leading coefficients in Section 7.5. Let Ng be the

denominator of V and put

N0 := NsNrNκNg[L : K]ι. (7.8)

Note that N0 is divisible by Nv for each v ∈ S.

Let N > 1 be any positive integer. Since #(ŜK) = #(SK)−1, Remark 7.1 implies that the

map Λ : J1
K,SK

→ R#(ŜK) takes K×
SK

onto a lattice in R#(ŜK) and hence there are constants

0 < C1 < C2 with the following property : for any collection {0 < bv ∈ R : v ∈ ŜK}, there is

an SK-unit u ∈ K× such that C1 ≤ bv · |u|v ≤ C2 for all v ∈ ŜK . Set Pv := logv(C2)− logv(C1)

and put

B(N) := #(S) +
logv0

(
∏

v∈ŜK
q2+Pv
v )

logv0
(N)

. (7.9)

Note that B(N) · logv0
(N)/N → 0 as N →∞. Put

hv0 := qV/2
v0

> 1, (7.10)

and choose a number hv with 0 < hv < 1 for each v ∈ ŜK so that∏
v∈SK

hv > 1. (7.11)

If w is a place of L lying above v, then we put hw := h
[Lw:Kv ]
v .

Let N be a sufficiently large positive integer divisible by N0 such that

NV ≥ 2 ·B(N) · logv0
(N), (7.12)
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and

hN
v < q−2/(qv−1)

v < q−1/(qv−1)
v . (7.13)

The conditions (7.12) and (7.13) for N will play a significant role in modifying the defining

constants of the sets Ev in Chapter 8 and in acquiring appropriate conditions for the local

patching parameters hv in Chapter 9. We will prove the main theorem by constructing basic

local approximating functions of degreeN , and then use them to construct a rational function

defined over K after raising them to appropriate powers. Since κhN is a positive integer,

Φh(N) = κhN for each h. Put Ni := Nsi for each i = 1, · · · ,m. Since N is divisible by

[L : K]ι, we have ni := Ni/p
ei ∈ Z>0, where pei = [K(xi) : K]ι. Note that for each Galois

orbit Xa, a = 1, · · · ,m′, the numbers Ni, ni and ei are independent of xi ∈ Xa, so there are

numbers Na, na and ea such that for each xi ∈ Xa, we have Ni = Na, ni = na, ei = ea.



Chapter 8

Achieving the Product Formula for the Leading Coefficients and

Construction of the Normalized Local Approximating Functions

In this chapter, we modify the functions fv(z) described in (8.1), (8.2), (8.4), and (8.6)

so that their leading coefficients satisfies the product formula, which is used to patch the

leading coefficients to common global SL-units. Moreover, the modified functions give us

freedom to select local patching parameters.

Assuming the preliminary reductions of Section 7.2, we have the finite set ŜK ⊂ PK

containing S. Note that SK = ŜK ∪ {v0}. Let ~s be the K-symmetric probability vector in

Qm
>0 and N be a sufficiently large positive integer divisible by N0 such that NV ≥ 2 ·B(N) ·

logv0
(N) as in Section 7.3.

We have already chosen the constants 0 < C1 < C2 with the following property (see

Section 7.3): for any collection {0 < av ∈ R : v ∈ ŜK}, there is an SK-unit u ∈ K× such

that C1 ≤ av · |u|v ≤ C2 for all v ∈ ŜK . It follows that logv(C1) − logv(av) ≤ logv(|u|v) ≤

logv(C2)− logv(av). Put Pv := logv(C2)− logv(C1).

Lemma 8.1 There is an SK-unit u ∈ K× such that q
−dlogv(N)+1e−Pv
v ≤ |u|−1

v ≤ q
−dlogv(N)+1e
v

for v ∈ S; q−Pv
v ≤ |u|−1

v ≤ 1 for v ∈ ŜK \ S; and q
−B(N) logv0

(N)
v0 < |u|v0 < 1.

Proof: Take av so that − logv(av) = dlogv(N) + 1e − logv(C1) for v ∈ S and − logv(av) =

− logv(C1) for v ∈ ŜK \ S. It follows that there is an SK-unit u ∈ K× such that

qdlogv(N)+1e
v ≤ |u|v ≤ qdlogv(N)+1e+Pv

v , ∀v ∈ S,

1 ≤ |u|v ≤ qPv
v , ∀v ∈ ŜK \ S.

82
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That is,

q−dlogv(N)+1e−Pv
v ≤ |u|−1

v ≤ q−dlogv(N)+1e
v , ∀v ∈ S,

q−Pv
v ≤ |u|−1

v ≤ 1, ∀v ∈ ŜK \ S.

Note that |u|v0 =
∏

v∈ŜK
|u|−1

v because u is an SK-unit. Since B(N) · logv0
(N) = #(S) ·

logv0
(N) + logv0

(
∏

v∈ŜK
q2+Pv
v ) by (7.9), it follows from the above inequalities that

|u|v0 ≥
∏
v∈S

q−dlogv(N)+1e−Pv
v ·

∏
v∈ŜK\S

q−Pv
v

>
∏
v∈S

q−(logv(N)+2)−Pv
v ·

∏
v∈ŜK\S

q−(Pv+2)
v = q

−B(N) logv0
(N)

v0 ,

and

|u|v0 ≤
∏
v∈S

q−dlogv(N)+1e
v < 1.

�

Fix the SK-unit u ∈ K× in Lemma 8.1 through this chapter. To specify basic approxi-

mating functions for v ∈ ŜK , put bv := u−1 for v ∈ S and bv := 1 for v ∈ ŜK \ S. Letting

R′
v = |bv|1/N

v for v ∈ ŜK , we have the following basic approximationg functions:

For each v ∈ S, Theorem 6.2 implies that there is an (X, ~s)-function fv(z) ∈ Kv(z) of

degree N such that

E0
v := {z ∈ P1(Cv) : fv(z) ∈ bvOv} ⊂ Ev, (8.1)

U0
v := {z ∈ P1(Cv) : |fv(z)|v ≤ R′N

v } ⊂ Uv. (8.2)

Here, U0
v is the union of N disjoint balls B(θj, ρj), where each θj ∈ Kv and each ρj ∈ |K×

v |.

Furthermore, for each z 6∈ Uv,

1

N
logv(|fv(z)|v) =

m∑
i=1

G(z, xi;Ev) · si; (8.3)
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For each v ∈ ŜK \ S, [22], Theorem 4.5.4, p.316 says that there is an (X, ~s)-function

fv(z) ∈ Kv(z) of degree N such that

Ev = Uv = {z ∈ P1(Cv) : |fv(z)|v ≤ R′N
v }, (8.4)

and such that for all z 6∈ Ev,

1

N
logv(|fv(z)|v) =

m∑
i=1

G(z, xi;Ev) · si; (8.5)

For the additional place v0, since Ev0 is X-trivial, it follows from Remark 3.24 that

Ev0 is an RL-domain, so [22], Theorem 4.5.4, p.316 says that there is an (X, ~s)-function

fv0(z) ∈ Kv0(z) of degree N such that

Ev0 = Uv0 = {z ∈ P1(Cv0) : |fv0(z)|v0 ≤ 1}, (8.6)

and such that for all z 6∈ Ev0 ,

1

N
logv(|fv0(z)|v0) =

m∑
i=1

G(z, xi;Ev) · si. (8.7)

Definition 8.2 An S-subunit is an element (αv)v∈S ∈
∏

v∈SK
×
v for which some power αA

v

is a global S-unit α ∈ K×
S for all v ∈ S. Here, A is independent of all v ∈ S.

Lemma 8.3 Let S = {v1, · · · , vn} be a finite set of places of K. Given any (ci)1≤i≤n ∈∏n
i=1Kvi

such that
∏n

i=1 |ci|vi
= 1, there is an S-subunit (αi)1≤i≤n ∈

∏n
i=1K

×
vi

such that

|ci|vi
= |αi|vi

for each i = 1, · · · , n.

Proof: If S is empty, then there is nothing to do. If S is a singleton, say {v1}, then take

α1 = 1.

Now, suppose that S contains at least two places of K. Fix v1 ∈ S and for each i =

2, · · · , n, choose a {v1, vi}-unit βi ∈ K× so that ri := ordvi
(βi) > 0 (such an element

exists by the unit theorem). So, we have |βi|vi
= |πri

vi
|vi

. The product formula implies that

|βi|v1 = |βi|−1
vi

. Let |ci|vi
= |πmi

vi
|vi

for some mi ∈ Z and put A := lcm{ri : i = 2, · · · , n}. Write

A = riai for some ai ∈ Z>0 and put α :=
∏n

i=2 β
aimi
i ∈ K×. Clearly, α is a global S-unit in
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K. Let αi = α1/A ∈ K
×
vi

be an A-th root to the equation xA = α for each i = 1, · · · , n. It

follows that for j = 2, · · · , n,

|αj|vj
=

n∏
i=2

|βi|aimi/A
vj

= |βj|mj/rj
vj

= |πrj
vj
|mj/rj
vj

= |πvj
|mj
vj

= |cj|vj
.

Hence, the product formula implies that

|α1|v1 =
n∏

i=2

|βi|aimi/A
v1

=
n∏

i=2

(|βi|−1
vi

)mi/ri =
n∏

i=2

|πri
vi
|−mi/ri
vi

=
n∏

i=2

|ci|−1
vi

= |c1|v1 .

Thus, we have |αi|vi
= |ci|vi

and αA
i = α for all i = 1, · · · , n. �

For each xi ∈ X, the logarithmic leading coefficient of fv(z) at xi with respect to v is

Λ(fv, xi) = lim
z→xi

( 1

N
logv(|fv(z)|v) + si logv(|gi(z)|v)

)
.

In fact, if cv,i0 := fv(z)gi(z)
Nsi|z=xi

is the leading coefficient of fv(z) at xi, then Λ(fv, xi) =

1
N

logv(|cv,i0|v). Since Vxi
(Ev) = limz→xi

(G(z, xi;Ev) + logv(|gi(z)|v), it follows from (8.3),

(8.5) and (8.7) that

Λ(fv, xi) =
m∑

j=1

Ĝ(xi, xj;Ev) · sj, (8.8)

where

Ĝ(xi, xj;Ev) :=


Vxi

(Ev) if i = j

G(xi, xj;Ev) if i 6= j.

Also, the definition of Γ(Ev,X) implies that for each i = 1, · · · ,m,

m∑
j=1

Γ(Ev,X)ij · sj = Λ(fv, xi).

Thus, we obtain that

1

N
logv(|cv,i0|v) =

m∑
j=1

Γ(Ev,X)ij · sj =
m∑

j=1

Ĝ(xi, xj;Ev) · sj,

and hence ∑
v∈ŜK

1

N
logv(|cv,i0|v) · log(qv) = (Γ(EK ,X) · ~s)i = V (EK ,X) < 0. (8.9)
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On the other hand, since Γ(Ev0 ,X) = 0, Ĝ(xi, xj;Ev0) = 0, so 1
N

logv0
(|cv0,i0|v0) = Λ(fv0 , xi) =

0 for all xi ∈ X by (8.8). Hence |cv0,i0|v0 = 1. Noting that V (EK ,X) = −V log(qv0) is negative

and NV ∈ Z>0, it follows that bv0 := π−NV
v0

∈ Kv0 . Put R′
v0

:= |bv0|
1/N
v0 . Replacing fv0(z) by

bv0fv0(z) and cv0,i0 by bv0cv0,i0, we have

Ev0 = Uv0 = {z ∈ P1(Cv0) : |fv0(z)|v0 ≤ R′N
v0
}. (8.10)

Thus, we achieve the product formula for the leading coefficients of the fv(z) by (8.9):

1

N

∑
v∈SK

logv(|cv,i0|v) · log(qv) = 0. (8.11)

Recall (8.2), (8.4) and (8.10);

R′
v =


|bv|1/N

v for v ∈ S

1 for v ∈ ŜK \ S

|bv0|
1/N
v0 .

Note that R′N
v ∈ |K×

v | for all v ∈ SK . We call them the defining constants of the sets Ev.

We need to rescale the basic local approximating functions fv(z) for v ∈ SK to simplify the

defining constants.

For each v ∈ SK , put

gv(z) := ufv(z). (8.12)

We call them the normalized local approximating functions. Since N was chosen so that

NV ≥ 2B(N) logv0
(N), the leading coefficient ucv0,i0 of ufv0(z) at xi satisfies

1 < qNV/2
v0

≤ q
−B(N) logv0

(N)+NV
v0 < |ucv0,i0|v0 = |ubv0|v0 < |bv0|v0 = R′N

v0
. (8.13)

The defining constants become

Rv =


|ubv|1/N

v = 1 for v ∈ S

|u|1/N
v ≥ 1 for v ∈ ŜK \ S

|ubv0|
1/N
v0 > 1.
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Furthermore, for each xi ∈ X, the leading coefficients c′v,i0 of the gv(z), v ∈ SK , continue to

satisfy the product formula. Indeed, it follows that

1

N

∑
v∈SK

logv(|c′v,i0|v) · log(qv)

=
1

N

∑
v∈ŜK

logv(|ucv,i0|v) · log(qv) +
1

N
logv0

(|ubv0|v0) log(qv0)

=
1

N

∑
v∈SK

logv(|u|v) · log(qv) +
1

N

∑
v∈ŜK

logv(|cv,i0|v) · log(qv) +
1

N
logv0

(|bv0 |v0) log(qv0),

by (8.9),

=
1

N

∑
v∈SK

logv(|u|v) · log(qv) + V (EK ,X) + V log(qv0),

since |u|v = 1 for all v 6∈ SK and V (EK ,X) = −V log(qv0),

=
1

N

∑
v∈PK

logv(|u|v) · log(qv) + V (EK ,X)− V (EK ,X),

by the product formula,

=
1

N
log
( ∏

v∈PK

|u|v
)

= 0.

For notational simplicity, replace the leading coefficient c′v,i0 of gv(z) at xi by cv,i0. Note

that RN
v ∈ |K×

v | for all v ∈ SK and
∏

v∈SK
Rv > 1. In particular, since hv0 = q

V/2
v0 , it follows

from (8.13) that that

1 < hv0 < Rv0 < qV
v0
. (8.14)

We now summarize the choices of the integer N , the defining constants Rv, and the

normalized local approximating functions gv(z).

Theorem 8.4 Let N0 be the integer as in (7.8). For any sufficiently large positive integer N

divisible by N0 and satisfying (7.12) and (7.13), there are an (X, ~s)-function gv(z) ∈ Kv(z)
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of degree N for each v ∈ SK and constants Rv ∈ |C×
v | with RN

v ∈ |K×
v | such that Rv = 1 for

each v ∈ S, Rv ≥ 1 for each v ∈ ŜK \ S, and 1 < q
V/2
v0 < Rv0 < qV

v0
, having the following

properties:

For each v ∈ S,

E0
v = {z ∈ P1(Cv) : gv(z) ∈ Ov} ⊂ Ev, (8.15)

U0
v = {z ∈ P1(Cv) : |gv(z)|v ≤ RN

v } ⊂ Uv, (8.16)

and U0
v is the union of N pairwise disjoint balls B(θt, ρt) with each θt ∈ Kv and ρt ∈ |K×

v |;

For each v ∈ SK \ S,

U0
v := Ev = Uv = {z ∈ P1(Cv) : |gv(z)|v ≤ RN

v }. (8.17)

Furthermore, for each xi ∈ X, the leading coefficients cv,i0 of the gv(z), v ∈ SK, satisfy

the product formula

1

N

∑
v∈SK

logv(|cv,i0|v) · log(qv) = 0. (8.18)

Remark 8.5 The choice of local patching parameters hv for each v ∈ SK in Section 7.3

makes sense. That is, it follows from Theorem 8.4 that if hv0 = q
V/2
v0 , then one can choose

hv’s for each v ∈ ŜK with the following properties:

(i) 0 < hv < 1 ≤ Rv for each v ∈ ŜK ;

(ii) 1 < hv0 < Rv0 ;

(iii)
∏

v∈SK
hv > 1.

(iv) for each v ∈ S, hN
v < q

−2/(qv−1)
v < q

−1/(qv−1)
v by (7.13).

Remark 8.6 In the case of compact sets, Theorem 6.2 implies that the basic local approx-

imating function fv(z) for each v ∈ S has distinct zeros θ1, · · · , θN in E0
v ⊂ Ev with the

following properties: for the number R′
v ∈ |C×

v | chosen above, there are numbers ρ1, · · · , ρN



89

belonging to |K×
v |, with ρj < 1 for each j = 1, · · · , N , such that the balls B(θj, ρj) are

pairwise disjoint and fv(z) : B(θj, ρj) → B(0, R′N
v ) is an R′N

v /ρj-isometry satisfying

f−1
v (B(0, R′N

v )) =
N⋃

j=1

B(θj, ρj) ⊂
t⋃

i=1

B(ai, ri),

f−1
v (B(0, R′N

v ) ∩Kv) =
N⋃

j=0

(B(θj, ρj) ∩Kv) ⊂ Ev.

Since |u|v = 1/R′N
v and gv(z) = ufv(z), it follows that for each v ∈ S, the normalized

local approximating function gv(z) has the same zeros in E0
v ⊂ Ev as fv(z), and defines a

1/ρj-isometry gv(z) : B(θj, ρj) → B(0, 1) satisfying

U0
v = g−1

v (B(0, 1)) =
N⋃

j=1

B(θj, ρj) ⊂
t⋃

i=1

B(ai, ri),

E0
v = g−1

v (B(0, 1) ∩Kv) =
N⋃

j=0

(B(θj, ρj) ∩Kv) ⊂ Ev.

Corollary 8.7 For each w|v, if we put Rw := R
[Lw:Kv ]
v and gw(z) := fv(z), then the leading

coeffocients cw,i0 of the gw(z) at each xi ∈ X satisfy the product formula

∑
w∈SL

logw(|cw,i0|w) · log(qw) = 0. (8.19)

Proof: Since |x|w = |x|[Lw:Kv ]
v for all x ∈ Lw and [Lw : Kv] = ew/vfw/v, it follows that

logw(|cw,i0|w) = logv(|cw,i0|v)[Lw:Kv ]/ logv(qw) = ew/v · logv(|cv,i0|v)). Hence we have

∑
w∈SL

logw(|cw,i0|w) · log(qw) =
∑

w∈SL

ew/v · logv(|cv,i0|v)) · log(qv) · fw/v

=
∑
v∈SK

∑
w|v

[Lw : Kv] logv(|cv,i0|v)) · log(qv)

= [L : K]
∑
v∈SK

logv(|cv,i0|v)) · log(qv) = 0.

�

The following proposition provides us global SL-units to patch the leading coefficients of

gw(z) for all w ∈ SL.
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Proposition 8.8 We are given the (X, ~s)-functions gw(z) ∈ Kv(z) of degree N for all w ∈

SL whose leading coefficients cw,i0 ∈ Lw satisfy the product formula (8.19). For any collection

of numbers δw > 0 for w ∈ SL, there is a positive integer A divisible by [L : K]ι satisfying

the following: if n ∈ Z>0 is divisible by A, then there is a global SL-unit ui ∈ M× for each

xi ∈ X such that ∣∣∣∣ ui

cnw,i0

− 1

∣∣∣∣
w

≤ δw. (8.20)

Proof: Lemma 8.3 implies that there is an SL-subunit (uw,i)w∈SL
∈
∏

w∈SL
L
×
w such that

|cw,i0|w = |uw,i|w. By the definition of SL-subunits, there exist A′ ∈ Z>0 and a global SL-

unit u′i ∈ L× such that uA′
w,i = u′i for all w ∈ SL and each i. Without loss of generality,

we can assume that A′ is divisible by [L : K]i and hence uA′
w,i = u′i belongs to M×. Since

|uw,i/cw,i0|w = 1, uw,i/cw,i0 ∈ O×
w for all i, i.e., uw,i/cw,i0 is not zero in Ow/mw, which is

finite. Hence there exists Aw,i ∈ Z>0 such that (uw,i/cw,i0)
Aw,i = 1 in Ow/mw. Letting A′′ :=

lcm({Aw,i : w ∈ SL, i = 1, · · · ,m}∪{A′}), since A′′ is divisible by [L : K]i, u
′′
i := uA′′

w,i ∈M×

is a global SL-unit, independent of all w ∈ SL. Note that |u′′i |w = |uA′′
w,i|w = |cA′′

w,i0|w for all

w ∈ SL. Since (uw,i/cw,i0)
A′′ − 1 ∈ mw, |(uw,i/cw,i0)

A′′ − 1|w < 1. For any sufficiently small

δw > 0, there is Aw ∈ Z>0 so that |(uw,i/cw,i0)
BAw − 1|w ≤ δw for any B ∈ Z>0. Let A0 be

the least common multiple of the Aw for w ∈ SL. Put A := A′′A0. For any n ∈ Z>0 divisible

by A, if we put ui := (u′′i )
n/A′′

, it follows that∣∣∣∣ ui

cnw,i0

− 1

∣∣∣∣
w

=

∣∣∣∣( uw,i

cw,i0

)n

− 1

∣∣∣∣
w

≤ δw.

�

Remark 8.9 Put ∆
(0)
w,t := ui

cn
w,i0

− 1. Since n is divisible by [L : K]ι, c
n
w,i0 belongs to Mu, so

∆
(0)
w,t ∈Mu. Note that σ(ui) = uσ(i) for any σ ∈ Gal(L/K).



Chapter 9

Global Patching Argument II

In Chapter 8, we have constructed the normalized local approximating functions gv(z) ∈

Kv(z) and defining constants Rv with RN
v ∈ |K×

v | of the sets Ev, v ∈ SK for any sufficiently

large N ∈ Z>0 divisible by N0 with the conditions (7.12) and (7.13). For each v ∈ SK , if w is

a place of L lying above v, then put gw(z) := fv(z) and Rw := R
[Lw:Kv ]
v . Denote the leading

coefficients of gv(z) and gw(z) by cv,i0 and cw,i0, respectively. In fact, they are the same and

belong to Lw. In particular, they satisfy the product formulas (8.18) and (8.19).

We will construct the local patching functions defined over Kv for each v ∈ SK in the

local patching processes. In the final step of the global patching process, we need to meld

the local patching functions into a global function defined over K, which also defines the

sets Ev. To do this, we will need the following strong approximation theorem.

9.1 The Very Strong Approximation Theorem

For this section only, let K be an arbitrary function field over a finite field Fq, i.e.,

K is a finite extension of F := Fq(T ). For any finite extension L of K, let M be the

separable closure of K in L. If ∞ is the place of F defined by 1/T , then PK,∞ is the

set of all places of L lying above ∞ and PK,0 = PK \ PK,∞. Let SK be any finite set of

places of K containing PK,∞, and SL be the set of all places of L lying above SK . Write

KSK
= {x ∈ K : |x|v ≤ 1 for all v 6∈ SK} for the set of all SK-integers in K. Recall the

finiteness of the class number of KSK
:

91
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Proposition 9.1 ([21], Theorem 14.5, p.247) Under the hypotheses above, KSK
is a

Dedekind domain and there is a 1 − 1 correspondence between the nonzero prime ideals of

KSK
and PK \ SK. Moreover, C`(KSK

) is finite.

Since OK = KPK,∞ , OK is a Dedekind domain and the class number hK of K is finite.

Note that OF = Fq[T ] and O∞ = Fq[[
1
T
]].

Lemma 9.2 Consider the canonical embedding φ : K → K⊗F F∞. Then (K⊗F F∞)/φ(OK)

is compact.

Proof: Let n = [K : F ] and let {b1, · · · , bn} be a basis for OK over OF . Then {b1, · · · , bn} is

also a basis for K over F , and hence {φ(b1), · · · , φ(bn)} form a basis for K ⊗F F∞ over F∞.

Note that

F∞ = Fq

(( 1

T

))
= Fq[T ] +

{∑
k≥1

ak

T k
: ak ∈ Fq

}
= OF +D∞,

where D∞ =
{∑

k≥1
ak

T k : ak ∈ Fq

}
⊆ O∞. After identifying φ(K) with K, write bi for φ(bi).

For any α ∈ K ⊗F F∞, write α =
∑n

i=1 αibi with each αi ∈ F∞. Then αi = βi + γi for

some βi ∈ OF and γi ∈ D∞, so α =
∑n

i=1 βibi +
∑n

i=1 γibi. Clearly,
∑n

i=1 βibi ∈ OK .

Put D := {
∑n

i=1 δibi : δi ∈ D∞}. Then D is compact and K ⊗F F∞ = OK + D. Hence

(K ⊗F F∞)/OK is compact. �

Corollary 9.3 For any nonzero ideal A of OK, (K ⊗F F∞)/φ(A) is compact.

Proof: OK is the integral closure of OF and A ⊂ OK , so each α ∈ A satisfies an integral

equation. Hence any OF -basis for A is an F -basis for K. Since OF = Fq[T ] is a PID, A is a

free OF -module of rank n. With the same argument as in the previous lemma, we are done.

�

Lemma 9.4 There is a constant CK > 0 depending only on K with the following property:

For any α ∈ JK with ‖α‖ ≥ CK, and any β ∈ AK, there is an x ∈ K such that |x− βv|v ≤

|αv|v for all v ∈ PK.
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Proof: Let h = hK be the class number of K and {A1, · · · ,Ah} be a set of representatives

of the ideal class group of OK . If φ : K → K ⊗F F∞ is the canonical embedding, then

(K ⊗F F∞)/Ai is compact for each i, if we identify φ(Ai) with Ai. Noting that K ⊗F F∞ ∼=

⊕v∈PK,∞Kv, fix a constant 0 < a1 ∈ R such that

{y = (yv)v∈PK,∞ ∈ K ⊗F F∞ : |yv|v ≤ a1 ∀v ∈ PK,∞}

contains a fundamental domain for each Ai for all i = 1, · · · , h.

Fix a place v0 ∈ PK,∞ and set S0 := PK,∞ \ {v0}. Remark 7.1 implies that the map

Λ : J1
K,PK,∞

→ R#(S0) takes O×
K onto a lattice in R#(S0). Hence there are constants 0 < a2 <

1 < a3 with the following property : for any collection {0 < av ∈ R : v ∈ S0}, there is a unit

µ ∈ O×
K such that a2 < av · |µ|v < a3 for all v ∈ S0. Note that for any B > 0, there is a unit

µB ∈ O×
K such that |µB|v > B for all v ∈ S0. Choose B > 0 large enough that a1 < Ba2 and

put B0 := max{|µB|v : v ∈ S0}. Replacing a3 by B0a3 and µ by µBµ, we see that there is a

constant 0 < a4 with the following property : for any collection {0 < av ∈ R : v ∈ S0}, there

is a unit µ ∈ O×
K such that a1 < av · |µ|v < a4 for all v ∈ S0. Choose a0 > 1 large enough

that a0 · a1 ≥ a4 and a0 · a1 ≥ 1. Put

CK := (a0 · a1)
#(PK,∞).

Given α ∈ JK , put

V (α) := {δ ∈ AK : |δv|v ≤ |αv|v ∀v ∈ PK}.

To prove the assertion, we need to show that K + V (α) = AK provided that ‖α‖ ≥ CK . Let

V∞(α) be the part of V (α) supported on PK,∞ and let V0(α) be the part supported on the

complement of PK,∞. Then V (α) = V∞(α) × V0(α). Let π0 : V (α) → V0(α) be the natural

projection. Let i(α) be the ideal in OK associated to π0(α). For each y ∈ K×, we easily see

that yV (α) = V (yα), so

y(K + V (α)) = yK + yV (α) = K + V (yα).
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Hence K + V (α) = AK ⇔ K + V (yα) = AK for each y ∈ K×. After replacing α by yα for

an appropriate y ∈ K×, we can assume that i(α) = Ai for some i = 1, · · · , h. We choose a

unit µ ∈ O×
K such that a1 < |µαv|v < a4 for all v ∈ S0. Without loss of generality, replace α

by µα and assume that

a1 < |αv|v < a4

for all v ∈ S0.

We are assuming that ‖α‖ ≥ CK = (a0 · a1)
#(PK,∞). Since ‖α‖ =

∏
v∈PK

|αv|v = 1
N(i(α))

·∏
v∈PK,∞

|αv|v and N(i(α)) ≥ 1, it follows that
∏

v∈PK,∞
|αv|v ≥

∏
v∈PK,∞

(a0 · a1). Since

|αv|v < a4 ≤ a0 ·a1 for all v ∈ S0, necessarily |αv0|v0 > a0 ·a1 > a1 and hence V∞(α) contains

a fundamental domain for Ai. Fix β ∈ AK . There is a finite set S1 ⊂ PK such that βv ∈ Kv

for each v ∈ S1 and βv ∈ Ov for each v 6∈ S1. Since α ∈ JK , there is a finite set S2 ⊂ PK such

that αv ∈ K×
v for each v ∈ S2 and αv ∈ O×

v for each v 6∈ S2. Put S3 := (S1 ∪ S2) \ {v0} and

put ε := min{1, |αv|v : v ∈ S2}. The Strong Approximation Theorem ([5], Theorem, p.67)

says that there exists y ∈ K such that
|y − βv|v < ε for all v ∈ S3

|y|v ≤ 1, i.e., y ∈ Ov for all v 6∈ S3 and v 6= v0.

(9.1)

Recall that v0 ∈ PK,∞. For any v ∈ PK,0, if v ∈ S3, then |y − βv|v < ε ≤ |αv|v; if v 6∈ S3,

then y ∈ Ov, βv ∈ Ov, and αv ∈ O×
v so |y − βv|v ≤ 1 = |αv|v. Thus |y − βv|v ≤ |αv|v for

all v ∈ PK,0. Replacing β by y − β, we can assume that (βv)v∈PK,0
∈ V0(α). Since V∞(α)

contains a fundamental domain for Ai, there exists x ∈ Ai such that (x−βv)v∈PK,∞ ∈ V∞(α).

Recalling that Ai = i(α), we see that |x|v ≤ |αv|v for all v ∈ PK,0 so (x)v∈PK,0
∈ V0(α), which

implies that (x − βv)v∈PK,0
∈ V0(α) by the ultrametric inequality. Therefore, x − β belongs

to V (α). �

Corollary 9.5 Let SK be a finite set of places of K. There is a constant C(K,SK) > 0

depending only on K and SK with the following property : For any collection {0 < Cv ∈ R :

v ∈ SK} with
∏

v∈SK
Cv ≥ C(K,SK) and for any collection {βv ∈ Kv : v ∈ SK}, there exists
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x ∈ K such that 
|x− βv|v ≤ Cv for each v ∈ SK

|x|v ≤ 1 for all v 6∈ SK .

(9.2)

Proof: Let CK be the constant from the previous lemma and put

C(K,SK) := CK

∏
v∈SK

qv,

where qv is the residue degree at v. Suppose
∏

v∈SK
Cv ≥ C(K,SK) with 0 < Cv ∈ R. For

each v ∈ SK , there exists αv ∈ Kv such that

Cv

qv
≤ |αv|v ≤ Cv.

Letting αv = 1 for each v 6∈ SK , we have α = (αv)v∈PK
∈ JK and

‖α‖ ≥
∏

v∈SK

Cv

qv
≥ C(K,SK)∏

v∈SK
qv

= CK .

Given a collection {βv ∈ Kv : v ∈ SK}, let βv = 0 for each v 6∈ SK . By the previous lemma,

there exists x ∈ K such that |x− βv|v ≤ |αv|v for all v ∈ PK . �

For any place v of K, if w is a place of L lying above v, there are two natural absolute

values on Lw. We will write | · |v for the absolute value on Lw uniquely extending the one on

Kv, and | · |w for the canonically normalized absolute value on Lw. Thus, for any x ∈ Lw,

|x|w = #(Ow/πwOw)−ordw(x) and |x|w = |x|[Lw:Kv ]
v .

Remark 9.6 If L/K is a finite normal extension, then the separable closure M of K in L

is a Galois extension and L is purely inseparable over M . Hence there is only one place w

lying above each place u of M . It has the residue degree fw/u = 1 and so the degree [L : M ]

is equal to the ramification index ew/u, which is the local degree [Lw : Mu]. It is well-known

that for each place v of K and for all u|v of M , the ramification indices are the same, and

the residue are the same. Since all of the quantities are transitive, it follows that for all w|v

of L, the ramification indices are the same, and the residue degrees are the same.
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Remark 9.7 By [17], Proposition X.1.9, p.343, every finite extension of F is simple, and

hence there are only finitely many intermediate fields between K and L by the Primitive

Element Theorem. If K/F is not separable, then there is an element y ∈ K such that

K = F (y) = Fq(T )(y) and K is a separable extension over Fq(y) by [17], Corollary X.1.10 ,

p.344.

Remark 9.8 In general, for field extensions of transcendence degree ≥ 2, there may be

infinitely many intermediate fields for a finite extension. Let k be a field of characteristic

p > 0 and L = k(x, y) the field of rational functions in two variables. Put K := k(xp, yp).

Since [L : k(x, yp)] = p and [k(x, yp) : K] = p, we have [L : K] = p2. We will show that there

are infinitely many intermediate fields for the finite extension L/K.

Consider a field Kn := K(xnp+1+y) for each n ∈ Z>0. Clearly, every Kn is contained in L.

First, we claim that xnp+1 +y does not belong to K. If xnp+1 +y ∈ K, then xnp+1 +y ∈ K(y),

so xnp+1 ∈ K(y). Since xp ∈ K ⊂ K(y), xnp ∈ K(y), and hence x ∈ K(y). This implies

that L = K(x, y) = K(y) = k(xp, y), so [L : K] = [k(xp, y) : k(xp, yp)] = p, which is a

contradiction. Thus, every Kn properly contains K.

Now, we need to show that they are distinct. Suppose that Km = Kn for some m < n.

Since xnp+1 + y ∈ Km, we see that (xnp+1 + y)− (xmp+1 + y) = x(xmp(x(n−m)p − 1)) ∈ Km.

Since xp ∈ K ⊂ Km, xmp(x(n−m)p − 1) belongs to Km, and hence x ∈ Km, so y ∈ Km.

Thus, L ⊂ Km, which implies that [Km : K] = [L : K] = p2. Noting that (xmp+1 + y)p =

xp(mp+1)+yp ∈ K, we get [Km : K] = p. We have a contradiction. Therefore, theKn, n ∈ Z>0,

are distinct intermediate fields between K and L.

The following theorem is an extension of Corollary 9.5 and will be used to approximate

the low-order coefficients of the initial patching functions to global elements in certain ranges

in the global patching process.

Theorem 9.9 (Very Strong Approximation Theorem) Let L/K be a finite normal

extension. There is a constant C(L/K, SK) > 0 with the following property : Let {0 <
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Dw ∈ R : w ∈ SL} be any collection of numbers with
∏

w∈SL
Dw ≥ C(L/K, SK). Fix an

intermediate field K ⊆ K ′ ⊆ L, and suppose that for each u ∈ SK′, the Dw coincide for all

w|u. Then for any collection of local field elements {βu ∈ K ′
u : u ∈ SK′}, there is a global

field element x ∈ K ′ such that
|x− βu|w ≤ Dw for each w ∈ SL

|x|w ≤ 1 for all w 6∈ SL.

(9.3)

Proof: For each intermediate field K ⊆ K ′ ⊆ L, let C(K ′, SK′) be the constant in Corollary

9.5. By Remark 9.7, there are only finitely many such fields K ′, so we can set

C(L/K, SK) := max
K⊆K′⊆L

C(K ′, SK′)[L:K′]. (9.4)

Fix an intermediate field K ′, and let the collection {0 < Dw ∈ R : w ∈ SL} satisfy the

conditions of the theorem. For each u ∈ SK′ , since L/K ′ is also normal, the degrees [Lw : K ′
u]

are the same for all w|u of L by Remark 9.6. Since the Dw coincide for all w|u, put

Du := D
1

[Lw :K′
u]

w .

Regarding y ∈ K ′
u as an element of Lw, since |y|w = |y|[Lw:K′

u]
u , it follows that |y|u ≤ Du if

and only if |y|w ≤ Dw. Noting that [L : K ′] =
∑

w|u[Lw : K ′
u], we see that

∏
u∈SK′

Du =
∏

u∈SK′

(∏
w|u

D
1

[Lw :K′
u]

w

) 1
#{w∈SL:w|u}

=
∏

w∈SL

D
1

[L:K′]
w ≥ C(L/K, SK)

1
[L:K′]

≥ C(K ′, SK′)

Applying the previous corollary, there exists x ∈ K ′ such that
|x− βu|u ≤ Du for each u ∈ SK′

|x|u ≤ 1 for all u 6∈ SK′ .

(9.5)
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For each w|u, since |y|w = |y|[Lw:K′
u]

u for all y ∈ Lw, we have
|x− βu|w ≤ Dw for each w ∈ SL

|x|w ≤ 1 for all w 6∈ SL.

(9.6)

�

9.2 Choices of the Local/Global Patching Parameters

In this section, we will choose the global patching parameter k0 ∈ Z>0 and the local

patching parameters δv > 0, v ∈ SK . The integer k0 will determine the break point between

the coefficients deemed “high-order” and “low-order” in the local/global patching process,

and will play a significant role in the choice of n ∈ Z>0, which will be used to raise the

degree of the normalized local approximating functions. Recall that N , the common degree

of the normalized local approximating functions gw(z), is a fixed integer divisible by N0 and

subject to the conditions (7.12) and (7.13).

Fix a place v ∈ SK . Let w be a place of L, and u be a place of M , with w|u|v. For each

xi ∈ X, let µ be a place of K(xi), and ν be a place of K(xpei

i ), with w|µ|ν|v. Let Tµ,i > 1

be the constant corresponding to the basis {x`
i : ` = 0, · · · , pei − 1} for K(xi)/K(xpei

i ) as in

Proposition 7.5. Set Tw,i = T
[Lw:K(xi)µ]
µ,i > 1 and put

Tw := max{Tw,i > 1 : i = 1, · · · ,m},

Tv := max{Tw : w|v}.

We have constructed the normalized local approximating functions gw(z) with leading

coefficients cw,i0 for each xi ∈ X. Put

Cv := max{|cw,i0|v : i = 1, · · · ,m},

Cw := C [Lw:Kv ]
v .

Thus it follows that Cw = max{|cw,i0|w : i = 1, · · · ,m}.
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Recall that Ni = Nsi = nip
ei and that D =

∑m
i=1Ni(xi) is an M -rational divisor. Noting

that {1, z`/(z − xi)
j·pei : i = 1, · · · ,m, ` = 0, · · · , pei − 1, j = 1, · · · , ni} is the M -basis for

L(D), put

Bv := max{1, ‖z`/(z − xi)
jpei‖Ev : i = 1, · · · ,m, ` = 0, · · · , pei − 1, j = 1, · · · , ni},

Bw := B[Lw:Kv ]
v .

It follows that Bw = max{1, |z`/(z−xi)
jpei |w on U0

v : i = 1, · · · ,m, ` = 0, · · · , pei −1, j =

1, · · · , ni}.

We have chosen the numbers hv so that 0 < hv < 1 ≤ Rv for each v ∈ ŜK and 1 < hv0 =

q
V/2
v0 < Rv0 (see Theorem 8.4).

For each v ∈ SK \ S, choose kv ∈ Z>0 so that for all k ≥ kv,

hkN
v <

RkN
v

TvBv

. (9.7)

Since Tw ≤ Tv ≤ T
[Lv :Kv ]
v , if follows that for all w|v and all k ≥ kv,

hkN
w <

RkN
w

TwBw

. (9.8)

Fix v ∈ S. We have hN
v < q

−2/(qv−1)
v < q

−1/(qv−1)
v by Remark 8.5. Note that for given a, b

with 0 < a < b < 1, ax = bx+1 has only one zero at x = ln(b)/ ln(a/b). Let k1 be the least

positive integer such that (hN
v )k < (q

−2/(qv−1)
v )k+1 for all k ≥ k1. Since k + 1 grows much

faster than logv(k + 1) does, there is a k2 ∈ Z>0 such that (k + 1)/(qv − 1) ≥ logv(k + 1)

and hence q
−(k+1)/(qv−1)
v ≤ q

− logv(k+1)
v , for all k ≥ k2. It follows that (q

−(k+1)/(qv−1)
v )2 ≤

q
−(k+1)/(qv−1)−logv(k+1)
v for all k ≥ k2. Letting k3 = max{k1, k2}, if k ≥ k3, then (hN

v )k <

q
−(k+1)/(qv−1)−logv(k+1)
v . Let kv ∈ Z>0 be the smallest integer such that for all k ≥ kv,

hkN
v TvBv < q

− k+1
qv−1

−logv(k+1)
v < q

− k
qv−1

−logv(k)
v . (9.9)

Note that for all w|v and all k ∈ Z>0, since T
1/[Lw:Kv ]
w < Tw ≤ Tv, it follows that

(hkN
w TwBw)1/[Lw:Kv ] < hkN

v TvBv. (9.10)
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Now, put k4 := max{kv : v ∈ SK}. Let C(K,SK) and C(L/K, SK) be the constants from

the strong approximation theorem. Put χv := max{|x`
i |v : i = 1, · · · ,m, ` = 0, · · · , pei − 1}

and set χw = χ
[Lw:Kv ]
v for all w|v. For our chosen N ∈ Z>0, choose the least positive integer

k5 so that
∏

v∈SK
hNk5

v > C(K,SK).

We define k0 = max{k4, k5} to be the global patching parameter. Thus, for any k ≥ k0,∏
v∈SK

hNk
v

Tvχv

> C(K,SK). (9.11)

In addition, the choice of the constant C(L/K, SK) implies that for all w|v and all k ≥ k0,∏
w∈SL

hNk
w

Twχw

> C(L/K, SK). (9.12)

We now summarize the properties of k0.

Proposition 9.10 Let C(K,SK) be the constant from the Very Strong Approximation The-

orem. For any N ∈ Z>0 divisible by N0 and which satisfies (7.12) and (7.13), let hv, v ∈ SK,

be the local patching parameters constructed in Section 7.3. Then there is an positive integer

k0 such that for all k ≥ k0,

hkN
v <

RkN
v

TvBv

for each v ∈ SK \ S,

hkN
v TvBv < q

− k+1
qv−1

−logv(k+1)
v < q

− k
qv−1

−logv(k)
v for each v ∈ S,

and

∏
v∈SK

hNk
v

Tvχv

> C(K,SK).

9.3 Choices of the Local Patching Parametes δv and n and Preliminaries of

Local/Global Patching Process for High-order Coefficients

Fix a number ε ∈ |K×
v | such that the balls B(xi, ε) are disjoint from each other and from

Uv. Without loss of generality, we can assume that ε < 1. Since every zero of gw(z) belongs to

U0
v ⊂ Uv, gw(z) has no zeros and only one pole at xi in B(xi, ε). Clearly, ε < ‖xi, xj‖v for all
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j 6= i, because the balls B(xi, ε) are disjoint from each other. Let ηi : B(0, ε) → B(xi, ε) be

an isometric parametrization with ηi(0) = xi, defined by ηi(z) = xi + z in appropriate affine

coordinates. After pulling B(xi, ε) back to B(0, ε), we can expand 1/(z− xj) in a geometric

series about xi, converging on B(xi, ε) (see Remark 6.5). Let Q be the least common multiple

of the qv for all v ∈ SK , and let r ∈ Z>0 be large enough that

pr > k0N.

Let α ∈ Z>0 be the least integer such that

1

Qα
≤ hprN

w ε2k0N

Cpr

w Bpr

w T k0N
w χk0N

w

·min
{
|cw,i0|w, |ck0−1

w,i0 |w : i = 1, · · · ,m
}
. (9.13)

There is a unique αv ∈ Z>0 such that qαv
v = Qα for each v ∈ SK . Put

pr0 := Qαpr.

For each v ∈ SK , fix a number 0 < δv < 1 small enough that

δv ≤
hprN

v εk0N

Cpr

v Bpr

v T k0N
v χk0N

v

. (9.14)

Putting δw := δ
[Lw:Kv ]
v for all w|v, it follows that δw ≤ hprN

w εk0N

Cpr
w Bpr

w T
k0N
w χ

k0N
w

. This choice of the δv

will play a role in patching the leading coefficients of the “initial local patching functions”

to global units in the global patching process.

Let T0 > 0 be the least integer such that for all k ≥ T0,

hkN
v TvBv < q

− k
qv−1

−logv(n)
v . (9.15)

Since hN
v < q

−1/(qv−1)
v , i.e., logv(h

N
v ) < −1/(qv−1) and h

(T0−1)N
v TvBv ≥ q

−(T0−1)/(qv−1)−logv(n)
v ,

it follows that T0 ≤ logv(Bv/hN
v )+logv(n)

−(logv(hN
v )+1/(qv−1))

.

Let A be the positive integer in Proposition 8.8. For the moment, let n ∈ Z>0 be any

sufficiently large integer divisible by Apr0 such that n > T0 > pr (later other conditions

will be imposed). Write n = pr0 · n0 for some n0 ∈ Z>0. This choice of n allows the leading

coefficients to be patched, and will also arrange the high-order coefficients determined by k0
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to be zero for the RL-domains and to have very small absolute values for the compact sets

in the local/global patching process. In the local/global patching processes, we will patch

the initial patching functions (gw(z))n (for RL-domains) and Sn(gw(z)) (for compact sets).

In the RL-domain case, since the characteristic of K is p, we can expand

gw(z)n = (gw(z)n0)pr0

=

( m∑
i=1

n0Ni−1∑
k=0

bw,ik
1

(z − xi)n0Ni−k
+ bw,0

)pr0

=
m∑

i=1

n0Ni−1∑
k=0

bp
r0

w,ik

1

(z − xi)nNi−kpr0
+ bp

r0

w,0.

In the expansion, its leading coefficient at each xi is bp
r0

w,i0, which is cnw,i0 and the next nonzero

term occurs at the order nNi − pr0 , which means that there are no terms of orders nNi −

1, · · · , nNi − pr0 + 1 at each xi.

In the compact set case, consider the function Sn(gw(z)). We want to arrange the high-

order coefficients to be very small.

First, consider Sn(z) := Sn,v,1(z). Note that there are qαv
v cosets in Ov modulo παv

v and

every element in each coset is the same modulo παv
v . It follows that

Sn(z) =
n−1∏
j=0

(z − βv(j)) ≡
qαv
v −1∏
j=0

(z − βv(j))
pr·n0 mod παv

v

≡
qαv
v −1∏
j=0

(zpr − βv(j)
pr

)n0 mod παv
v

≡ zn + apr · zn−pr

+ · · · mod παv
v .

Writing Sn(z) = zn +
∑n

`=1 a`z
n−` with a` ∈ Ov, it follows that for each ` = 1, · · · , pr − 1,

|a`|v ≤ q−αv
v = Q−α. (9.16)

Now, we consider the high-order coefficients of Sn(gw(z)). Since gw(z) · (z − xi)
Ni has no

zeros and poles in B(xi, ε), we can write

gw(z) · (z − xi)
Ni = cw,i0 +

∑
k≥1

cw,ik · (z − xi)
k.
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The theory of the Newton polygons implies that the Newton polygon of gw(z)·(z−xi)
Ni has no

breaks and the unique line touching the Newton polygon with slope logv(ε) at (0, ordv(cw,i0))

has the y-intercept − logv

(
‖gw(z) · (z − xi)

Ni‖B(xi,ε)

)
, that is, ‖gw(z) · (z − xi)

Ni‖B(xi,ε) =

|cw,i0|v. By Lemma 2.3, it follows that |cw,ik|v < |cw,i0|v · ε−k for all k ≥ 1. Rewrite

gw(z) · (z − xi)
Ni = cw,i0

(
1 +

∑
k≥1

bw,ik · (z − xi)
k
)
,

with |bw,ik|v < ε−k for each k ≥ 1. Note that for any d ∈ Z>0, if we write(
gw(z) · (z − xi)

Ni

)d

= cdw,i0

(
1 +

∑
`≥1

b
(d)
w,i`(z − xi)

`
)
,

the coefficients b
(d)
w,i` satisfy |b(d)

w,i`|v < ε−` for each ` ≥ 1 by homogeneity. Since Sn(z) =∑n
`=0 a`z

n−` with a0 = 1, we have

Sn(gw(z)) = gw(z)n +

pr−1∑
`=1

a` · gw(z)n−` +
n∑

`=pr

a` · gw(z)n−`

= (z − xi)
−nNi

[(
gw(z) · (z − xi)

Ni

)n

+

pr−1∑
`=1

a` ·
(
gw(z) · (z − xi)

Ni

)n−`

· (z − xi)
`Ni

+ higher terms

]
= (z − xi)

−nNi · cnw,i0

[(
1 +

∑
j≥1

b
(n)
w,ij(z − xi)

j
)

+

pr−1∑
`=1

a` · c−`
w,i0(z − xi)

`Ni ·
(
1 +

∑
h≥1

b
(n−`)
w,ih (z − xi)

h
)

+ higher terms

]
, (9.17)

where “higher terms” are the terms in (z−xi)
h for h ≥ prNi. We have already arranged that

b
(n)
w,ij = 0 in the range 1 ≤ j < pr0 by the choice of n, and |b(n−`)

w,ih |v ≤ ε−h for each h ≥ 1 and

each ` = 1, · · · , pr − 1. Note that c−`
w,i0 is determined by gw(z) for each ` = 1, · · · , pr − 1.

Since gw : B(θt, ρt) ∩Kv → Ov is bijective, the preimage β̃v(k) := g−1
w (βv(k)) belongs to

B(θt, ρt) ∩ Kv for all t = 1, · · · , N , so every zero of Sn(gw(z)) belongs to E0
v ⊂ Kv. Hence



104

Sn(gw(z)) · (z − xi)
nNi · c−n

w,i0 has no zeros and poles in B(xi, ε). By the same argument as

above, we can write

Sn(gw(z)) = (z − xi)
−nNi · cnw,i0

(
1 +

∑
`≥1

B
(0)
w,i`(z − xi)

`

)
, (9.18)

with |B(0)
w,i`|v ≤ ε−` for all ` ≥ 1.

For each e = 1, · · · , n− 1, put

S̃e(z) :=
n−1∏
j=e

(z − βv(j)).

Similarly, we can rewrite

S̃e(gw(z)) = (z − xi)
−(n−e)Ni · cn−e

w,i0

(
1 +

∑
`≥1

B
(e)
w,i`(z − xi)

`
)

(9.19)

with |B(e)
w,i`|v ≤ ε−` for each ` ≥ 1.

But we need more delicate bound condition for B
(0)
w,i` to carry out the global patching

process, when ` = 1, · · · , k0Ni − 1.

Proposition 9.11 For each ` = 1, · · · , k0Ni − 1,

|B(0)
w,i`|w ≤

hprN
w εk0N

Cpr

w B
pr

w T
k0N
w χk0N

w

. (9.20)

Proof: Comparing the coefficients in (9.17) and (9.18), it follows that for each k = 1, · · · , k0

and each ` = (k − 1)Ni, · · · , kNi − 1,

B
(0)
w,i` = b

(n)
w,i` +

k−1∑
j=1

aj

cjw,i0

b
(n−j)
w,i,`−jNi

,

where b
(n)
w,i0 = 1. Note that pr0 > pr > k0N , b

(n)
w,ij = 0 for j = 1, · · · , pr0 − 1 and |b(n−d)

w,ih |v ≤

ε−h for each h ≥ 1 and each d = 1, · · · , pr − 1. Since max{|cw,i0|−1
w , · · · , |cw,i0|−(k−1)

w } ·

min{|cw,i0|w, |ck0−1
w,i0 |w} ≤ 1 for each k = 2, · · · , k0, the properties (9.13) and (9.16) imply

that for each ` = 1, · · · , k0Ni − 1,

|B(0)
w,i`|w ≤

hprN
w εk0N

Cpr

w B
pr

w T
k0N
w χk0N

w

.

�



Chapter 10

Local Patching Process for RL-domains

Let N be the positive integer divisible by N0 satisfying (7.12) and (7.13) chosen in Section

7.3.

In Theorem 8.4, we have constructed a normalized local approximating function gv(z) ∈

Kv(z) for each v ∈ SK \ S. Recall that gv(z) is an (X, ~s)-function of degree N with the

following properties: there are numbers Rv ≥ 1, v 6= v0 and Rv0 > 1 such that

U0
v = Ev = Uv = {z ∈ P1(Cv) : |fv(z)|v ≤ RN

v }.

Recall that an RL-domain is of the form Dv = {z ∈ P1(Cv) : |h(z)|v ≤ R} defined by a

function h(z) ∈ Cv(z), for some R ∈ |C×
v |. The boundary of Dv, relative to h(z), is defined

to be ∂Dv = {z ∈ P1(Cv) : |h(z)|v = R}.

Proposition 10.1 (Maximum Modulus Principle) Let Dv ⊂ P1(Cv) be an RL-domain

as above. If f(z) ∈ Cv(z) has no poles in Dv, then |f(z)|v achieves its maximum value on

Dv at a point of ∂Dv.

Proof: See [22], Theorem 1.4.2, p.51. �

The following lemma will be used in the patching process described below. It says that

the set U0
v is preserved by the patching precess.

Lemma 10.2 Let E = {z ∈ P1(Cv) : |h(z)|v ≤ R}, where h(z) ∈ Cv(z) is nonconstant and

0 < R ∈ |C×
v |. Put Ec := P1(Cv) \ E. If ϕ(z) ∈ Cv(z) has the following properties:

(i) |ϕ(z)|v < R for all z ∈ E;

105
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(ii) {poles of ϕ(z)} ⊆ {poles of h(z)} ⊂ Ec; and

(iii) for each pole x of h(z), the order of h(z) at x is greater than or equal to the order of

ϕ(z) at x,

then E = {z ∈ P1(Cv) : |h(z) + ϕ(z)|v ≤ R}.

Proof: Let D = {z ∈ P1(Cv) : |h(z)|v ≥ R} = {z ∈ P1(Cv) : |1/h(z)|v ≤ 1/R}. Then D is

an RL-domain and ∂E = ∂D = {z ∈ P1(Cv) : |h(z)|v = R}. Set H(z) := ϕ(z)
h(z)

and suppose

that H(z) has a pole in D. It follows from (iii) that h(z) has a zero in D, say h(z0) = 0 for

some z0 ∈ D. Since |h(z0)|v = |0|v = 0 < R, we see that z0 6∈ D, which is a contradiction.

Hence H(z) has no poles in D. On ∂E = ∂D, |H(z)|v = |ϕ(z)|v
|h(z)|v <

R
R

= 1. By the Maximum

Modulus Principle, |H(z)|v < 1 on D, i.e.,

|ϕ(z)|v < |h(z)|v on D.

The ultrametric inequality implies that |h(z) + ϕ(z)|v = |h(z)|v ≥ R on D. We then obtain

that |h(z) + ϕ(z)|v = |h(z)|v = R on ∂E = ∂D and |h(z) + ϕ(z)|v = |h(z)|v > R on Ec.

Now, since h(z) and ϕ(z) have no poles in E by (ii), h(z)+ϕ(z) has no poles in E. Again,

the Maximum Modulus Principle implies that |h(z) + ϕ(z)|v ≤ R on E. Thus, we have

E = {z ∈ P1(Cv) : |h(z) + ϕ(z)|v ≤ R}.

�

Fix v ∈ SK \ S. For each w|v, let gw(z) = gv(z) ∈ Kv(z) be the normalized local

approximating function constructed in Theorem 8.4. Let k0 ∈ Z>0 be the global patching

parameter as in Proposition 9.10. Recall that for all k ≥ k0,

hkN
w <

RkN
w

TwBw

. (10.1)

We have chosen the number 0 < δw < 1 (see (9.14)) so that

δw ≤
hprN

w εk0N

Cpr

w B
pr

w T
k0N
w χk0N

w

. (10.2)
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For any sufficiently large integer n divisible by Apr0 (see Section 9.2), we first construct

the initial local patching function G
(0)
w (z) by composing gw(z) with zn. Put

G(0)
w (z) := gw(z)n. (10.3)

By the choice of n, since pr0 > pr > k0Ni, G
(0)
w (z) has no terms of orders nNi − 1, · · · , (n−

k0)Ni + 1 at each xi. We will patch the coefficients of G
(0)
w (z) with numbers ∆w,i` ∈ Lw

and ∆w,0 ∈ Lw for all w|v, all i = 1, · · · ,m, and all ` = 0, · · · , nNi − 1, while preserving

the property that its roots belong to U0
v . The ∆w,i` will be subject only to the following

conditions:

(i) |∆w,i0|w ≤ δw for all w and all i;

(ii) ∆w,i` = 0 for all w, all i, and ` = 1, · · · , k0Ni − 1;

(iii) |∆w,i`|w ≤ hkN
w if (k − 1)Ni ≤ ` ≤ kNi − 1, for each k = k0 + 1, · · · , n;

(iv) |∆w,0|w ≤ hnN
w ;

(v)
∑m

i=1

∑k0Ni−1
`=0 cp

r

w,i0∆w,i`
1

(z−xi)prNi−` ∈ Kv(z) is independent of w|v;

(vi)
∑m

i=1

∑kNi−1
`=(k−1)Ni

∆w,i`
1

(z−xi)kNi−` ∈ Kv(z) is independent of w|v, for each k = k0 +

1, · · · , n;

(vii) ∆w,0 is independent of w|v.

The conditions (i) and (v) are used in patching the leading coefficients. By the choice of n

and the condition (ii), we will do nothing to patch the coefficients in the high-order blocks.

The conditions (iii) and (vi) are used in patching the coefficients in the low-order blocks, and

the conditions (iv) and (vii) are used in patching including the constant term. The numbers

∆w,i` and ∆w,0 satisfying these conditions will be provided by the global patching process.

10.1 Patching the Leading Coefficients

We first patch the leading coefficients, i.e., the coefficients of 1/(z − xi)
nNi for each xi.

Given the number ∆w,i0 for each i, put

ϕ(0)
w (z) :=

m∑
i=1

cp
r

w,i0∆w,i0
1

(z − xi)prNi
.
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By (ii) and (v), ϕ
(0)
w (z) ∈ Kv(z) is independent of w|v. In particular, it follows from (10.2)

that

‖ϕ(0)
w (z)‖U0

v
≤ Cpr

w · δw ·Bpr

w < hprN
w . (10.4)

Define

Ĝ(0)
w (z) := G(0)

w (z) + ϕ(0)
w (z) · gw(z)n−pr

. (10.5)

The leading coefficient of Ĝ
(0)
w (z) at each xi is cnw,i0 + cp

r

w,i0 · ∆w,i0 · cn−pr

w,i0 = cnw,i0(1 + ∆w,i0)

and Ĝ
(0)
w (z) ∈ Kv(z) is independent of w|v. Note that Ĝ

(0)
w (z) has the same constant term as

G
(0)
w (z). It follows from (10.4) that ‖ϕ(0)

w (z) · gw(z)n−pr‖U0
v
< hprN

w ·R(n−pr)N
w < RnN

w . We then

have U0
v = {z ∈ P1(Cv) : |G̃(0)

w (z)|w ≤ RnN
w } by Lemma 10.2.

10.2 Patching the High-order Coefficients

When k = 1, we patch the coefficients in the block nNi − 1, · · · , nNi −Ni + 1 by setting

ϕ
(1)
w (z) := 0. Define G

(1)
w (z) = Ĝ

(0)
w (z).

For each k = 2, · · · , k0, we patch the coefficients in the block nNi− (k− 1)Ni, · · · , nNi−

kNi + 1 by setting ϕ
(k)
w (z) := 0. Define G

(k)
w (z) = G

(k−1)
w (z).

Clearly, each G
(k)
w (z), k = 1, · · · , k0, is rational over Kv and independent of w|v. Further-

more, we have U0
v = {z ∈ P1(Cv) : |G(k)

w (z)|w ≤ RnN
w } by Lemma 10.2.

10.3 Patching the Low-order Coefficients

For each k = k0 + 1, · · · , n, we inductively patch the coefficients in the block nNi − (k−

1)Ni, · · · , nNi − kNi + 1. Suppose that we have constructed functions G
(k−1)
w (z) ∈ Kv(z),

independent of w|v, such that U0
v = {z ∈ P1(Cv) : |G(k−1)

w (z)|w ≤ RnN
w }. Given the numbers

∆w,i,(k−1)Ni
, · · · ,∆w,i,kNi−1 for each i, put

ϕ(k)
w (z) :=

m∑
i=1

kNi−1∑
`=(k−1)Ni

∆w,i`
1

(z − xi)kNi−`
.
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By (vi), ϕ
(k)
w (z) ∈ Kv(z) is independent of w|v. Since Tw > 1, it follows that

‖ϕ(k)
w (z)‖U0

v
≤ hkN

w ·Bw < hkN
w · Tw ·Bw. (10.6)

Define

G(k)
w (z) := G(k−1)

w (z) + ϕ(k)
w (z) · gw(z)n−k. (10.7)

Then G
(k)
w (z) ∈ Kv(z) is independent of w|v and has the same constant term as G

(0)
w (z). It

follows from (10.1) and (10.6) that

‖ϕ(k)
w (z) · gw(z)n−k‖U0

v
≤ hkN

w · Tw ·Bw ·R(n−k)N
w <

RkN
w

TwBw

· Tw ·Bw ·R(n−k)N
w = RnN

w .

We then have U0
v = {z ∈ P1(Cv) : |G(k)

w (z)|w ≤ RnN
w } by Lemma 10.2.

Finally, at stage k = n+1, we patch the constant term. Given ∆w,0 ∈ Lw with |∆w,0|w ≤

hnN
w for each w|v, define G

(n+1)
w (z) := G

(n)
w (z)+∆w,0. Then G

(n+1)
w (z) is rational over Kv and

independent of w|v by (vi). Furthermore, since |∆w,0|w ≤ hnN
w , we have U0

v = {z ∈ P1(Cv) :

|G(n+1)
w (z)|w ≤ RnN

w } by Lemma 10.2.



Chapter 11

Local Patching Process for Compact Sets

Let N be the positive integer divisible by N0 satisfying (7.12) and (7.13) chosen in Section

7.3.

In Theorem 8.4 and Remark 8.6, we have constructed a normalized local approximating

function gv(z) for each v ∈ S. Recall that gv(z) is an (X, ~s)-function of degree N with

distinct zeros θ1, · · · , θN in E0
v ⊂ Ev, having the following properties: there are numbers

ρ1, · · · , ρN ∈ |K×
v | with 0 < ρt < 1, for each t = 1, · · · , N , such that the balls B(θt, ρt) are

disjoint from each other and such that

U0
v = g−1

v (B(0, 1)) =
N⋃

t=1

B(θt, ρt), (11.1)

E0
v = g−1

v (Ov) = U0
v ∩Kv =

N⋃
t=1

(B(θt, ρt) ∩Kv). (11.2)

Furthermore, for each t, the map gv : B(θt, ρt) → B(0, 1) defines a Kv-rational 1/ρt-isometry,

that is, gv is a 1− 1 correspondence such that for all z, y ∈ B(θt, ρt),

|gv(z)− gv(y)|v =
1

ρt

|z − w|v. (11.3)

For any sufficiently large integer n divisible by Apr0 (see Section 9.2), let {βv(k)}0≤k<n

be the basic well-distributed sequence of length n in Ov (see Chapter 5). Let

Sn(z) := Sn,v,1(z) =
n−1∏
k=0

(z − βv(k))

be the Stirling polynomial of degree n for the ring Ov and put

G(0)
v (z) := Sn(gv(z)) =

n−1∏
k=0

(gv(z)− βv(k)), (11.4)

110
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which has leading coefficient cnv,i0 at each xi ∈ X.

For each zero θt of gv(z), since θt ∈ Kv, there is a Kv-rational isometric parametrization

λ̃t : B(0, ρt) → B(θt, ρt) with λ̃t(0) = θt, defined by z 7→ θt + z in appropriate affine

coordinates. Choose dt ∈ K×
v with ρt = |dt|v and define λt : B(0, 1) → B(θt, ρt) by λt(Z) =

λ̃t(dtZ). It follows that ‖λt(Z), λt(Y )‖v = ‖λ̃t(dtZ), λ̃t(dtY )‖v = |dt(Z−Y )|v = ρt · |Z−Y |v.

We then have a Kv-isometry ξt : B(0, 1) → B(θt, ρt) → B(0, 1) defined by ξt(Z) = gv(λt(Z)).

Since ξt(0) = gv(λt(0)) = gv(θt) = 0, we can expand ξt(Z) =
∑

k≥1 ckZ
k ∈ Kv[[z]] as a power

series converging in B(0, 1) (see Remark 6.5). Since ‖ξt‖B(0,1) = 1, Lemma 2.3 shows that

|ck|v ≤ 1 for all k ≥ 1. Hence ξt(Z) belongs to Ov[[Z]]. Clearly, ξt(Ov) ⊂ Ov. For each

x ∈ B(0, 1), there is only one solution Z0 ∈ B(0, 1) to ξt(Z) = x. If x ∈ Kv, then Z0 ∈ Kv

by Corollary 2.7, and so Z0 ∈ Ov . Thus we obtain ξt(Ov) = Ov.

Moreover, since ξt(Z) has only one root at 0 in B(0, 1), there is a unique line ` with

slope logv(1) touching the Newton polygon of ξt(Z) at the corner (1, ordv(c1)) and at no

other points, that is, ` : Y = logv(1)(Z−1)+ordv(c1). Noting that by Corollary 2.14, the Y -

intercept of ` is equal to − logv(‖ξt‖B(0,1)), we have ordv(c1) = − logv(1) = 0 and so |c1|v = 1.

For each k ≥ 2, the points (k, ordv(ck)) are above the line `, and hence ordv(ck) > ordv(c1),

that is, |ck|v < |c1|v = 1.

Let τt(z) =
∑

k≥1 bkz
k ∈ Cv[[z]] be the formal inverse of ξt(Z). For each z ∈ B(0, 1),

since ξt(τt(z)) = z, if we write ξt(τt(z)) =
∑∞

k=1 akz
k, then ak is a Z-linear combination of

monomials in {c1, · · · , ck, b1, · · · , bk}. In fact, ak = c1 ·bk+ a linear combination of monomials

in {c2, · · · , ck, b1, · · · , bk−1}, where x = ξt(τt(x)) =
∑

k≥1 akx
k. Clearly, 1 = c1b1. Since

ck ∈ Ov for all k ≥ 1 and |ck|v < |c1|v = 1 for each k ≥ 2, it follows by induction that

bk ∈ Ov and |bk|v < |b1|v = 1 for each k ≥ 2. Hence τt(z) ∈ Ov[[z]] converges on B(0, 1) by

Lemma 2.1. As above, τt(Ov) = Ov.

After multiplying dt by a unit in Ov if necessary, we can assume that c1 = b1 = 1 because

|c1|v = 1 and c1b1 = 1.
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There is a 1−1 correspondence between the zeros θtj of Sn(gv(z)) in B(θt, ρt) and the zeros

αtj of Sn(ξt(Z)) in B(0, 1). The zeros of Sn(z) are the βv(j), so we can index the αtj in such

a way that ξt(αtj) = βv(j). Since βv(j) ∈ Ov, αtj = τt(βv(j)) ∈ Ov and θtj = λt(αtj) ∈ Kv. In

particular, {αtj}0≤j<n is a regular sequence of length n in Ov. For each pair 0 ≤ j 6= k < n,

ordv(αtj − αtk) = ordv(ξt(αtj) − ξt(αtk)) = ordv(βv(j) − βv(k)) = valqv(|j − k|) ≤ blogv(n)c

because ξt preserves distances.

By the discussion above, ξt(Z) = Z +
∑∞

k=2 ckZ
k. Put

ξ
(0)
v,t (Z) := Sn(ξt(Z)). (11.5)

Proposition 5.11 says that the part of the Newton polygon of ξ
(0)
v,t (Z) corresponding to the

roots of ξ
(0)
v,t (Z) in B(0, 1) is the same as that of Sn(Z). By the Weierstrass Preparation

Theorem, we can write ξ
(0)
v,t (Z) = a

∏n−1
j=0 (Z−αtj)Ht(Z) for some a ∈ Kv and unit power series

Ht(Z) ∈ Kv[[Z]]. If we expand ξ
(0)
v,t (Z) =

∑
k≥1 ekz

k ∈ Kv[[Z]], it follows from Lemma 2.11

that the Newton polygon of a
∏n−1

j=0 (Z −αtj) coincides with the part of the Newton polygon

of ξ
(0)
v,t (Z) up to the corner (n, ordv(en)). Hence the Newton polygon of a

∏n−1
j=0 (Z − αtj)

is the same as that of Sn(Z) and so we have (n, ordv(en)) = (n, ordv(1)) after comparing

their leading coefficients. Thus ordv(a) = 1, i.e., |a|v = 1. For each Z ∈ B(0, 1), since

|ξt(Z)|v ≤ 1 and |βv(j)|v ≤ 1, |ξt(Z) − βv(j)|v ≤ 1 and so ‖ξ(0)
v,t (Z)‖B(0,1) ≤ 1. By Remark

2.9, there exists an element Z0 ∈ B(0, 1) with |Z0−αtj|v = 1 for all j and hence |ξ(0)
v,t (Z0)|v =

|a|v
∏n−1

j=0 |Z − αtj|v|Ht(Z0)|v = 1. It follows that ‖ξ(0)
v,t (Z)‖B(0,1) = 1.

Remark 11.1 For any subset I ′ ⊂ I = {0, · · · , n− 1} consisting of consecutive integers, it

follows by the same argument above that the roots {αtj}j∈I′ of
∏

j∈I′(ξt(Z)− βv(j)) form a

regular sequence of length #(I ′) in Ov and ‖
∏

j∈I′(ξt(Z)− βv(j))‖B(0,1) = 1.

Lemma 11.2 ([25], Basic Patching Lemma) Let f(z) ∈ Kv[[z]] be a power series con-

verging on B(0, 1), with ‖f(z)‖B(0,1) = 1. Suppose that f(z) has exactly d ≥ 1 roots in B(0, 1)

and that these roots form a regular sequence {αj}j∈I of length d in Ov. Take D ≥ logv(d).
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Then for any power series ∆(z) ∈ Kv[[z]] converging on B(0, 1), with

‖∆‖B(0,1) ≤ qv
− d

qv−1
−D,

the roots α∗j of f ∗(z) = f(z) + ∆(z) in B(0, 1) again form a regular sequence of length d in

Ov, and can be uniquely labeled in such a way that

ordv(α
∗
j − αj) > D

for each j ∈ I.

Proof: Writing f(z) =
∑

k≥0 bkz
k, Lemma 2.3 implies that |bk|v ≤ 1 (that is, ordv(bk) ≥ 0)

for all k ≥ 0, and that |bk|v = 1 for some k. Since f(z) converges on B(0, 1), we have

limk→∞ |bk|v = 0, i.e., limk→∞ ordv(bk) = ∞, and so the theory of Newton polygons shows

that d is the largest index for which ordv(bd) = 0. Likewise, writing ∆(z) =
∑

k≥0 δkz
k, we

have ordv(δk) ≥ d
qv−1

+D > 0 for all k ≥ 0. Now, writing f ∗(z) = f(z) + ∆(z) =
∑

k≥0 ckz
k,

we have ck = bk + δk and so ordv(ck) ≥ 0 for all k ≥ 0. Furthermore, ordv(cd) = ordv(bd) = 0

and ordv(ck) > 0 for all k > d. Hence the theory of Newton polygons shows that f ∗(z) has

exactly d roots in B(0, 1).

On the other hand, writing f(z) = b ·g(z) ·h(z) by the Weierstrass Preparation Theorem,

we have b ∈ Kv and g(z) =
∏

j∈I(z − αj), and h(z) ∈ Kv[[z]] is a unit power series. By the

proof of the Weierstrass Preparation Theorem, since d is the largest index for which |bd|v is

maximal, we have b = bd, and hence ordv(b) = 0, i.e., |b|v = 1.

Now, fix a root αJ , and expand f(z) and ∆(z) as power series about αJ :

f(z) =
∑
k≥1

b
(J)
k (z − αJ)k,

∆(z) =
∑
k≥0

δ
(J)
k (z − αJ)k.

By Lemma 2.11, since ordv(b) = 0, the initial part of the Newton polygon of f(z) expanded

about αJ coincides with that of bg(z) and the slopes of its other segments are greater than
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equal to logv(1) = 0. Rewriting

g(z) =
∏
j∈I

((z − αJ)− (αj − αJ)) =
d∑

k=1

a
(J)
k (z − αJ)k,

we find that up to sign, the coefficients a
(J)
k are elementary symmetric polynomials in the

αj − αJ . It then follows that

a
(J)
1 = ±

∏
j∈I
j 6=J

(αj − αJ),

a
(J)
k = ±a(J)

1

∑
j1<···<jk−1 in I

each ji 6=J

1

(αj1 − αJ) · · · (αjk−1
− αJ)

for each k = 2, · · · , d.

Proposition 5.9 says that

ordv(a
(J)
1 ) <

d

qv − 1
.

Since ordv(αj − αJ) = valqv(|j − J |) < logv(d) for each j 6= J by (5.5), we get

ordv(a
(J)
k ) > ordv(a

(J)
1 )− (k − 1) logv(d).

Comparing the Newton polygons of f(z) and bg(z), since ordv(b) = 0, we find that

ordv(b
(J)
1 ) = ordv(a

(J)
1 ) <

d

qv − 1
and

ordv(b
(J)
k ) > ordv(a

(J)
1 )− (k − 1) logv(d) = ordv(b

(J)
1 )− (k − 1) logv(d),

for each 2 ≤ k ≤ d. For each k ≥ d,

ordv(b
(J)
k ) ≥ ordv(b

(J)
d ) > ordv(b

(J)
1 )− (d− 1) logv(d)

≥ ordv(b
(J)
1 )− (k − 1) logv(d).

By the hypothesis on ∆(z) and Lemma 2.3, we have ordv(δ
(J)
k ) ≥ d

qv−1
+D for each k ≥ 0.

For each k ≥ 0, since D ≥ logv(d) ≥ 0,

ordv(δ
(J)
k ) ≥ d

qv − 1
+D > ordv(b

(J)
1 ) + logv(d)

≥ ordv(b
(J)
1 )− (k − 1) logv(d).
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Now, writing f ∗(z) =
∑

k≥0 c
(J)
k (z − αJ)k, we have c

(J)
k = b

(J)
k + δ

(J)
k for all k ≥ 0. By the

estimates for b
(J)
k and δ

(J)
k , and the fact that b

(J)
0 = 0,

ordv(c
(J)
0 ) = ordv(δ

(J)
0 ) ≥ d

qv − 1
+D,

ordv(c
(J)
1 ) = ordv(b

(J)
1 ) <

d

qv − 1
, and

ordv(c
(J)
k ) > ordv(b

(J)
1 )− (k − 1) logv(d), for each k ≥ 2.

Since D ≥ logv(d), the Newton polygon of f ∗(z) has a break at k = 1, and its initial segment

has slope ordv(c
(J)
1 ) − ordv(c

(J)
0 ), which is less than −D. Hence f ∗(z) has a unique root α∗J

satisfying

ordv(α
∗
J − αJ) > D.

Noting that ordv(α
∗
J − αJ) > D ≥ logv(d) ≥ 0 and αJ ∈ B(0, 1) ∩Kv = Ov, it follows that

α∗J ∈ B(αJ , 1) = B(0, 1). Hence we get α∗J ∈ B(0, 1) ∩Kv = Ov by Corollary 2.7.

Moreover, if α∗J = α∗H for some J 6= H in I, then ordv(αJ − αH) = ordv(αJ − α∗J + α∗H −

αH) > D ≥ logv(d). But ordv(αJ −αH) = valqv(|J −H|) < logv(d). Thus the α∗j are distinct.

By the ultrametric inequality, since {αj}j∈I is a regular sequence of length d, {α∗j}j∈I is also

a regular sequence of length d in Ov. �

Fix v ∈ S. For each w|v, let gw(z) = gv(z) ∈ Kv(z) be the normalized local approximating

function constructed in Theorem 8.4. For each w|v, put G
(0)
w (z) := G

(0)
v (z) and ξ

(0)
w,t(z) :=

ξ
(0)
v,t (z). In patching the coefficients of G

(0)
w (z), we are going to deal with the zeros of the

ξ
(0)
w,t(z) = Sn(ξt(z)) because the zeros {αtj} of ξ

(0)
w,t(z) form a regular sequence of length n in

Ov. Let k0 ∈ Z>0 be the global patching parameter as in Proposition 9.10. Recall that for

all k ≥ k0,

hkN
v · Tv ·Bv < q

− k+1
qv−1

−logv(k+1)
v < q

− k
qv−1

−logv(k)
v . (11.6)

We have choosen the number 0 < δw < 1 (see (9.14)) small enough that

δw ≤
hprN

w εk0N

Cpr

w B
pr

w T
k0N
w χk0N

w

. (11.7)
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We will now show how to patch the coefficients of the initial local patching function

G
(0)
w (z) with numbers ∆w,i` ∈ Lw and ∆w,0 ∈ Lw for all w|v, all i = 1, · · · ,m, and all

` = 0, · · · , nNi− 1, while preserving the property that its roots belong to Kv. The ∆w,i` will

be subject only to the following conditions:

(i) |∆w,i0|w ≤ δw for all w and all i;

(ii) |∆w,i`|w ≤ hprN
w

Cpr
w Bpr

w
, for all w, all i, and ` = 1, · · · , k0Ni − 1;

(iii) |∆w,i`|w ≤ hkN
w if (k − 1)Ni ≤ ` ≤ kNi − 1 for each k = k0 + 1, · · · , n;

(iv) |∆w,0|w ≤ hnN
w ;

(v)
∑m

i=1 c
pr

w,i0∆w,i0
1

(z−xi)prNi
∈ Kv(z) is independent of w|v;

(vi)
∑m

i=1

∑kNi−1
`=(k−1)Ni

cp
r

w,i0∆w,i`
1

(z−xi)prNi−` ∈ Kv(z) is independent of w|v, for each k =

1, · · · , k0;

(vii)
∑m

i=1(1 + ∆w,i0)
−1
∑kNi−1

`=(k−1)Ni
∆w,i`

1
(z−xi)kNi−` ∈ Kv(z) is independent of w|v, for each

k = k0 + 1, · · · , n;

(viii) ∆w,0 is independent of w|v.

The conditions (i), (ii), (v) and (vi) are used in patching the leading coefficients and the

coefficients in the high-order blocks. The conditions (iii) and (vii) are used in patching the

coefficients in the low-order blocks, and the conditions (iv) and (viii) are used in patching

including the constant term. As in the RL-domain case, the numbers ∆w,i` and ∆w,0 satisfying

these conditions will ultimately be provided by the global patching process.

11.1 Patching the Leading Coefficients

We first patch the leading coefficients, i.e., those of order nNi, for each xi. Given the

number ∆w,i0 for each i, put

ϕ(0)
w (z) :=

m∑
i=1

cp
r

w,i0∆w,i0
1

(z − xi)prNi
.

By (v), ϕ
(0)
w (z) ∈ Kv(z) is independent of w|v. In particular, it follows from (11.7) that

‖ϕ(0)
w (z)‖U0

v
≤ Cpr

w · δw ·Bpr

w < hprN
w . (11.8)
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Put I := {0, · · · , n − 1} and let I0,pr = {0, · · · , pr − 1} ⊂ I be the subset consisting of the

first pr consecutive integers in I. Put

Q̃pr(z) :=
∏

j∈I\I0,pr

(gw(z)− βv(j)). (11.9)

Define

Ĝ(0)
w (z) := G(0)

w (z) + ϕ(0)
w (z) · Q̃pr(z). (11.10)

Note that Ĝ
(0)
w (z) = (Spr(gw(z)) +ϕ

(0)
w (z)) · Q̃pr(z). The leading coefficient of Ĝ

(0)
w (z) at each

xi is cnw,i0 + cp
r

w,i0 ·∆w,i0 · cn−pr

w,i0 = cnw,i0(1 + ∆w,i0) and Ĝ
(0)
w (z) ∈ Kv(z) is independent of w|v.

Put εw,i := 1 + ∆w,i0. Since δw < 1, εw,i is a unit. Note that Ĝ
(0)
w (z) has the same constant

term as G
(0)
w (z). The magnitude of the high-order coefficients of Ĝ

(0)
w (z) will be discussed in

Section 11.2.

11.2 Patching the High-order Coefficients

Step 1. The Patching Process for k = 1, · · · , k0

Adjusting the coefficients causes movement of the roots. For the high-order coefficients,

we absorb that movement in the subsequence I0,pr of the roots of length pr, preserving the

remaining roots.

When k = 1, we patch the coefficients in the block nNi− 1, · · · , nNi−Ni + 1. Given the

numbers ∆w,i1, · · · ,∆w,i,Ni−1 for each i, put

ϕ(1)
w (z) :=

m∑
i=1

Ni−1∑
`=1

cp
r

w,i0∆w,i`
1

(z − xi)prNi−`
.

By (v) and (vi), ϕ
(1)
w (z) ∈ Kv(z) is independent of w|v. Since Tw > 1, it follows that

‖ϕ(1)
w (z)‖U0

v
≤ Cpr

w · hprN
w

Cpr

w ·Bpr

w

·Bpr

w = hprN
w < hprN

w · Tw ·Bw. (11.11)

Define

G(1)
w (z) := Ĝ(0)

w (z) + ϕ(1)
w (z) · Q̃pr(z). (11.12)
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Then G
(1)
w (z) ∈ Kv(z) is independent of w|v and has the same constant term as G

(0)
w (z).

For each k = 2, · · · , k0, we inductively patch the coefficients in the block nNi − (k −

1)Ni, · · · , nNi − kNi + 1. We continue to absorb the movement of the roots with the same

sequence of roots of length pr. Suppose that we have constructed functions G
(k−1)
w (z) ∈

Kv(z), independent of all w|v, having the same constant term as G
(0)
w (z). Given the numbers

∆w,i,(k−1)Ni
, · · · ,∆w,i,kNi−1 for each i, put

ϕ(k)
w (z) :=

m∑
i=1

kNi−1∑
`=(k−1)Ni

cp
r

w,i0∆w,i`
1

(z − xi)prNi−`
.

By (vi), ϕ
(k)
w (z) ∈ Kv(z) is independent of w|v. In particular, it follows that

‖ϕ(k)
w (z)‖U0

v
≤ Cpr

w · hprN
w

Cpr

w ·Bpr

w

·Bpr

w = hprN
w < hprN

w · Tw ·Bw. (11.13)

Define

G(k)
w (z) := G(k−1)

w (z) + ϕ(k)
w (z) · Q̃pr(z). (11.14)

Then G
(k)
w (z) ∈ Kv(z) is independent of w|v and has the same constant term as G

(0)
w (z).

At the end of stage k0, we have functions G
(k0)
w (z) ∈ Kv(z), independent of w|v, such that

G
(k0)
w (z) = G

(0)
w (z) +

∑k0

h=0 ϕ
(h)
w (z) · Q̃pr(z). The leading coefficient of G

(k0)
w (z) at each xi is

cnw,i0εw,i and G
(k0)
w (z) has the same constant term as G

(0)
w (z). Since ‖ϕ(h)

w (z)‖U0
v
< hprN

w ·Tw ·Bw

for each h = 0, · · · , k0, it follows that ‖
∑k0

h=0 ϕ
(h)
w (z)‖U0

v
< hprN

w · Tw · Bw < 1. Note that

G
(k0)
w (z) = Sn(gw(z)) +

∑k0

h=0 ϕ
(h)
w (z) · Q̃pr(z) = (Spr(gw(z)) +

∑k0

h=0 ϕ
(h)
w (z)) · Q̃pr(z). Put

Q(k0)
w (z) := Spr(gw(z)) +

k0∑
h=0

ϕ(h)
w (z). (11.15)

Then Q
(k0)
w (z) is independent of w|v and has a pole of order prNi at each xi ∈ X, with leading

coefficient cp
r

w,i0(1 + ∆w,i0). Moreover, ‖Q(k0)
w (z)‖U0

v
≤ 1 since ‖gw(z)‖U0

v
≤ 1 and βv(j) ∈ Ov

for all j. Note that
∑k0

h=0 ϕ
(h)
w (z) can be expanded as a power series about θt converging on

B(θt, ρt) (see Remark 6.5).

Now, to apply the basic patching lemma to Q
(k0)
w (z), let ξ

(k0)
w,t (z), ξ̃

(k0)
w,t (z),∆

(k0)
w (z) be the

power series converging on B(0, 1) gotten by composing G
(k0)
w (z), Q̃pr(z),

∑k0

h=0 ϕ
(h)
w (z) with
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λt, respectively. It follows that ξ
(k0)
w,t (z) = (Spr(ξt(z))+∆

(k0)
w (z))·ξ̃(k0)

w,t (z) and ‖∆(k0)
w (z)‖B(0,1) <

hprN
v TvBv < q

−pr/(qv−1)−logv(pr)
v . It follows from Remark 11.1 that the roots {αtj}j∈I0,pr of

Spr(ξt(z)) form a regular sequence of length pr in Ov. By Remark 11.1 and Lemma 11.2, the

roots {α∗tj}j∈I0,pr of Q
(k0)
w (z) := Spr(ξt(z)) + ∆

(k0)
w (z) form a regular sequence of length pr in

Ov, with ordv(α
∗
tj − αtj) > logv(p

r) for each j ∈ I0,pr . Put θ∗tj := λt(α
∗
tj). Since λt is defined

over Kv, we have θ∗tj ∈ Kv.

Hence the roots {θ∗tj, θtk : j ∈ I0,pr , k ∈ I \ I0,pr} of G
(k0)
w (z) in B(θt, ρt) belong to

B(θt, ρt) ∩Kv ⊂ E0
v and for each t, the roots {α∗tj, αtk : j ∈ I0,pr , k ∈ I \ I0,pr} of ξ

(k0)
w,t (z) in

B(0, 1) are a union of a regular sequence of length pr in Ov and a regular sequence of length

n− pr in Ov.

Step 2. Verifying that the High-order Coefficients Remain Small

We previously described our patching method for the high-order coefficients. In order

for the global patching process to succeed, it is necessary that all these coefficients remain

small. In this step, we examine these coefficients to determine their size. This allows the

global inductive process of determining the ∆w,i` to continue.

Proposition 11.3 For each ` = 1, · · · , k0Ni − 1, the coefficient of order nNi − ` of Ĝ
(0)
w (z)

for each xi ∈ X has absolute value bounded by hprN
w εk0N−`

Cpr
w Bpr

w (Twχw)k0N
·|cnw,i0|w. For each k = 1, · · · , k0

and each ` = 1, · · · , k0Ni − 1, the coefficient of order nNi − ` of G
(k)
w (z) has absolute value

bounded by hprN
w

Cpr
w Bpr

w ε`
· |cnw,i0|w.

Proof: First, we consider the function Ĝ
(0)
w (z). Since Ĝ

(0)
w (z) = G

(0)
w (z) + ϕ

(0)
w (z) · Q̃pr(z), we

rewrite Ĝ
(0)
w (z) with the notations (9.18) and (9.19):

Ĝ(0)
w (z) = (z − xi)

−nNi · cnw,i0

(
1 +

∑
`≥1

B
(0)
w,i`(z − xi)

`
)

+ (z − xi)
−prNi · cp

r

w,i0

(
∆w,i0 +

∑
h≥prNi

δ
(0)
w,ih(z − xi)

h
)

· (z − xi)
−(n−pr)Ni · cn−pr

w,i0

(
1 +

∑
j≥1

B
(pr)
w,ij(z − xi)

j
)
. (11.16)
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The coefficient c̃
(0)
w,i` of (z − xi)

` in (z − xi)
nNi · c−n

w,i0 · Ĝ
(0)
w (z) is B

(0)
w,i` +

∑`
h=0 δ

(0)
w,ihB

(pr)
w,i,`−h,

where B
(0)
w,i0 = B

(pr)
w,i0 = 1, δ

(0)
w,i0 = ∆w,i0 and δ

(0)
w,ih = 0 for h = 1, · · · , prNi − 1. It follows that

c̃
(0)
w,i0 = εw,i and c̃

(0)
w,i` = B

(0)
w,i` + ∆w,i0B

(pr)
w,i` for ` = 1, · · · , k0Ni − 1. Since |∆w,i0|w ≤ δw ≤

hprN
w εk0N

Cpr
w Bpr

w T
k0N
w χ

k0N
w

, the property (9.20) implies that for each ` = 1, · · · , k0Ni − 1,

|c̃(0)
w,i`|w ≤ max

{
|B(0)

w,i`|w, δw
1

ε`

}
≤ hprN

w εk0N−`

Cpr

w B
pr

w T
k0N
w χk0N

w

. (11.17)

For the function G
(1)
w (z), we rewrite G

(1)
w (z) with the notations (9.18) and (9.19):

G(1)
w (z) = Ĝ(0)

w (z) + ϕ(1)
w (z) · Q̃pr(z)

= (z − xi)
−nNi · cnw,i0

(∑
`≥0

c̃
(0)
w,i`(z − xi)

`
)

+ (z − xi)
−prNi · cp

r

w,i0

(Ni−1∑
d=1

∆w,id(z − xi)
d +

∑
h≥prNi

δ
(1)
w,ih(z − xi)

h
)

· (z − xi)
−(n−pr)Ni · cn−pr

w,i0

(
1 +

∑
j≥1

B
(pr)
w,ij(z − xi)

j
)
.

The coefficient c̃
(1)
w,i` of (z − xi)

` in (z − xi)
nNi · c−n

w,i0 · G
(1)
w (z) is c̃

(0)
w,i` +

∑`
h=0 δ

(1)
w,ihB

(pr)
w,i,`−h,

where δ
(1)
w,i0 = 0, δ

(1)
w,id = ∆w,id for d = 1, · · · , Ni − 1, and δ

(1)
w,ih = 0 for h = Ni, · · · , prNi − 1.

In particular, c̃
(1)
w,i0 = c̃

(0)
w,i0 + δ

(1)
w,i0B

(pr)
w,i0 = c̃

(0)
w,i0 = εw,i. Since |∆w,id|w ≤ hprN

w

Cpr
w Bpr

w
for d =

1, · · · , Ni − 1, the property (11.17) implies that for each ` = 1, · · · , k0Ni − 1,

|c̃(1)w,i`|w ≤
hprN

w

Cpr

w B
pr

w ε`
.

For each k = 1, · · · , k0 − 1, suppose inductively that for each ` = 1, · · · , k0Ni − 1, the

coefficients c̃
(k)
w,i` of (z − xi)

` in (z − xi)
nNi · c−n

w,i0 ·G
(k)
w (z) satisfy |c̃(k)

w,i`|w ≤
hprN

w

Cpr
w Bpr

w ε`
. Rewrite

G
(k+1)
w (z) with the notations (9.18) and (9.19):

G(k+1)
w (z) = G(k)

w (z) + ϕ(k+1)
w (z) · Q̃pr(z)

= (z − xi)
−nNi · cnw,i0

(∑
`≥0

c̃
(d)
w,i`(z − xi)

`
)

+ (z − xi)
−prNi · cp

r

w,i0

( (k+1)Ni−1∑
d=kNi

∆w,id(z − xi)
d +

∑
h≥prNi

δ
(k+1)
w,ih (z − xi)

h
)

· (z − xi)
−(n−pr)Ni · cn−pr

w,i0

(
1 +

∑
j≥1

B
(pr)
w,ij(z − xi)

j
)
.
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The coefficient c̃
(k+1)
w,i` of (z− xi)

` in (z− xi)
nNi · c−n

w,i0 ·G
(k+1)
w (z) is c̃

(k)
w,i` +

∑`
h=0 δ

(k+1)
w,ih B

(pr)
w,i,`−h,

where δ
(k+1)
w,i0 = · · · = δ

(k+1)
w,i,kNi−1 = 0, δ

(k+1)
w,id = ∆w,id for d = kNi, · · · , (k+1)Ni−1, and δ

(1)
w,ih = 0

for h = (k+1)Ni, · · · , prNi−1. In particular, c̃
(k+1)
w,i0 = c̃

(k)
w,i0 + δ

(k+1)
w,i0 B

(pr)
w,i0 = c̃

(k)
w,i0 = εw,i. Since

|∆w,id|w ≤ hprN
w

Cpr
w Bpr

w
for d = kNi, · · · , (k+1)Ni−1, it follows that for each ` = 1, · · · , k0Ni−1,

|c̃(k+1)
w,i` |w ≤

hprN
w

Cpr

w B
pr

w ε`
.

�

11.3 Patching the Low-order Coefficients

In the first two stages, we patched the high-order coefficients, i.e., those for powers of

1/(z − xi) in the range nNi, · · · , nNi − k0Ni + 1. In the next stage, we are patching the

low-order coefficients for each k = k0 + 1, · · · , n. This will be done differently, in several

sub-ranges. Let T0 ∈ Z>0 be the integer with T0 > pr (see Section 9.2) such that for all

k ≥ T0,

hkN
v · Tv ·Bv < q−k/(qv−1)−logv(n)

v . (11.18)

Choosing this integer T0 guarantees that for k > T0, the basic patching lemma preserves

the position of roots within balls of size qv
−dlogv(n)e so that ordv(α

∗
tj − αtj) > logv(n) in the

subsequent patching steps. Thus we must take particular care in patching the blocks for

k = k0 +1, · · · , T0. Since hN
v < q

−1/(qv−1)
v , i.e., logv(h

N
v ) < −1/(qv−1) and h

(T0−1)N
v ·Tv ·Bv ≥

q
−(T0−1)/(qv−1)−logv(n)
v , it follows that T0 ≤ logv(TvBv)+logv(n)

−(logv(hN
v )+1/(qv−1))

+ 1. Hence there is a constant

A1 > 0 such that

T0 ≤ A1 logv(n). (11.19)

Without loss of generality, we can assume that n is large enough that

n ≥ A1 logv(n) + 2 > T0. (11.20)

Step 1. The Patching Process for k = k0 + 1, · · · , T0
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We use a separate subsequence of roots to absorb the movement, for each block of coef-

ficients in the range k = k0 + 1, · · · , T0. For notational convenience, set Ik0 := I0,pr and

Q̃
(k0)
w (z) := Q̃pr(z). For each k = k0 +1, · · · , T0, put ik := (k0 +1)+(k0 +2)+ · · ·+(k−1) =

(k2− k− k2
0− k0)/2 and let Ik = {pr + ik, · · · , pr + ik +(k− 1)} be the subset of I consisting

of the k consecutive integers after Ik−1. This is the subsequence of roots that will be used to

absorb movement for changes of the coefficients in the kth block. Put

Q̃(k)
w (z) :=

∏
j∈I\∪k

h=k0
Ih

(gw(z)− βv(j)). (11.21)

We will call these factors Q̃
(k)
w (z) the complementary parts of each patching process for

k = k0, · · · , T0.

For each k = k0 + 1, · · · , T0, we inductively patch the coefficients in the block (n− (k −

1))Ni, · · · , (n− k)Ni + 1 for each xi ∈ X. Suppose that we have constructed

G(k−1)
w (z) =

k−1∏
h=k0

Q(h)
w (z) · Q̃(k−1)

w (z)

so that G
(k−1)
w (z) ∈ Kv(z) is independent of all w|v. Here, Q

(k0)
w (z) has a pole of order prNi

at each xi ∈ X with leading coefficient cp
r

w,i0εw,i, satisfying ‖Q(k0)
w (z)‖U0

v
≤ 1 and Q

(h)
w (z), h =

k0 + 1, · · · , k − 1, has a pole of order hNi at each xi ∈ X with leading coefficient chw,i0,

satisfying ‖Q(h)
w (z)‖U0

v
≤ 1. Moreover, if Q

(h)
w (z) is the power series gotten by composing

Q
(h)
w (z) with λt for h = k0, · · · , k − 1, then the roots {α∗tj}j∈Ih

of Q
(h)
w (z) form a regular

sequence of length h in Ov, with ordv(α
∗
tj − αtj) > logv(h) for each j ∈ Ih. Given the

numbers ∆w,i,(k−1)Ni
, · · · ,∆w,i,kNi−1 for each i, put

ϕ(k)
w (z) :=

m∑
i=1

ε−1
w,i

kNi−1∑
`=(k−1)Ni

∆w,i`
1

(z − xi)kNi−`
.

By (vii), ϕ
(k)
w (z) ∈ Kv(z) is independent of w|v. In particular, it follows from (iii) that

‖ϕ(k)
w (z)‖U0

v
≤ hkN

w ·Bw < hkN
w · Tw ·Bw. (11.22)

Define

G(k)
w (z) := G(k−1)

w (z) + ϕ(k)
w (z) ·

k−1∏
h=k0

Q(h)
w (z) · Q̃(k)

w (z). (11.23)
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Then G
(k)
w (z) ∈ Kv(z) is independent of w|v and has the same constant term as G

(0)
w (z).

Rewrite G
(k)
w (z) =

∏k−1
h=k0

Q
(h)
w (z) ·

(∏
j∈Ik

(gw(z)− βv(j)) + ϕ
(k)
w (z)

)
· Q̃(k)

w (z) and put

Q(k)
w (z) :=

∏
j∈Ik

(gw(z)− βv(j)) + ϕ(k)
w (z). (11.24)

Then Q
(k)
w (z) ∈ Kv(z) is independent of w|v and has a pole of order kNi at each xi ∈ X, with

leading coefficient ckw,i0. Moreover, ‖Q(k)
w ‖U0

v
≤ 1 and ϕ

(k)
w (z) can be expanded as a power

series about θt converging on B(θt, ρt) (see Remark 6.5).

Now, to apply the basic patching lemma to Q
(k)
w (z), let ξ

(k)
w,t(z),Q

(k)
w,t(z), Q̃

(k)
w,t(z),∆

(k)
w,t(z) be

the power series gotten by composing G
(k)
w (z), Q

(k)
w (z), Q̃

(k)
w (z), ϕ

(k)
w (z) with λt, respectively.

It follows that ξ
(k)
w,t(z) =

∏k−1
h=k0

Q
(h)
w,t(z) ·Q

(k)
w,t(z) · Q̃

(k)
w,t(z) and ‖∆(k)

w,t(z)‖B(0,1) < hkN
v ·Tv ·Bv <

q
−k/(qv−1)−logv(k)
v . Note that the roots {αtj}j∈Ik

of
∏

j∈Ik
(ξt(z)−βv(j)) form a regular sequence

of length k in Ov. By Remark 11.1 and Lemma 11.2, the roots {α∗tj}j∈Ik
of Q

(k)
w,t(z) form a

regular sequence of length k in Ov, with ordv(α
∗
tj − αtj) > logv(k) for each j ∈ Ik. Letting

θ∗tj correspond to α∗tj for j ∈ Ik, since λt is defined over Kv, we have θ∗tj ∈ Kv.

Hence the roots {θ∗tj, θt` : j ∈ ∪k
h=k0

Ih, ` ∈ I \(∪k
h=k0

Ih)} of G
(k)
w (z) in B(θt, ρt) belong to

B(θt, ρt)∩Kv ⊂ E0
v and for each i, the set of roots {α∗tj, αt` : j ∈ ∪k

h=k0
Ih, ` ∈ I \(∪k

h=k0
Ih)}

of ξ
(k)
w,t(z) in B(0, 1) is a disjoint union of a collection of regular sequences of lengths pr,

k0 + 1, · · · , k in Ov, and a regular sequence of length n− (pr + (k0 + 1) + · · ·+ k) in Ov.

Step 2. Moving the patched roots apart

In Step 1, while the patching process kept the roots in Ov, and preserved their position in

the short regular sequences of length k for k = k0 +1, · · · , T0, the moved roots from different

subsequences may have come very near to each other or to other non-moved roots. In order

for later steps in the patching process to succeed, we need to have the roots separated from

each other by a certain distance. Therefore, in this step, we show how to move the roots

apart, while keeping the high-order coefficients unchanged. This is done by absorbing the

movement with another subsequence of roots.
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We need two lemmas in this step. They are used to recover the high-order coefficients of

G
(T0)
w (z) after moving the patched roots apart in a certain distance. The first lemma will be

used to tell how much change to the coefficients a given movement in the roots will produce.

It will be applied to the Laurent expansions at the points xi ∈ X, and relies on the fact that

the balls B(xi, ε) are disjoint from Uv to control the coefficient change. The G(z) will be the

function G
(T0)
w (z). The H(z) in the lemma will be a rational function which, when multiplied

by G
(T0)
w (z), will replace the patched roots of G

(T0)
w (z) with new roots.

Lemma 11.4 Let G(z) = b0z
−A +

∑∞
k=1 bkz

−A+k ∈ Cv((z)) converge in B(0, ε) \ {0} having

no zeros there, with b0 6= 0. Suppose that H(z) =
∑∞

k=0 hkz
` is a power series converging in

B(0, ε), and that there is a number 0 < β < 1 such that |H(z)− 1|v ≤ β for all z ∈ B(0, ε).

If we write the product H(z)G(z) =
∑∞

j=0 b̃jz
−A+j, then∣∣∣̃bj − bj

∣∣∣
v
≤ β|b0|v

εj
for each j ≥ 0.

Proof: Multiplying through by zA, we obtain a power series zAG(z) converging in B(0, r),

satisfying the same conditions as G(z), and having no zeros in B(0, r). By the theory of the

Newton polygons, (ordv(bj)−ordv(b0))/(j−0) > logv(ε) and so |bj|v < |b0|v/εj for each j ≥ 1.

Likewise, since |H(z)− 1|v ≤ β for all z ∈ B(0, ε), Lemma 2.3 implies that |h0− 1|v ≤ β and

|hk|v < β/εk for each k ≥ 1. In the product H(z)G(z), we have b̃j =
∑j

k=0 hkbj−k for each j.

Hence it follows that

|̃bj − bj|v = |(h0 − 1)bj + h1bj−1 + · · ·+ hjb0|v

≤ max(|h0 − 1|v|bj|v, |h1|v|bj−1|v, · · · , |hj|v|b0|v)

≤ max(β · |b0|v/εj, β/ε · |b0|v/εj−1, · · · , β/εj · |b0|v)

= β · |b0|v/εj.

�

The next lemma is used to tell how much we can adjust a single coefficient in the range

nNi, · · · , (n − T0)Ni + 1 for each i = 1, · · · ,m. The function G(z) will be the function

Q̃w,T0(z), which will be the complementary part used in patching G
(T0)
w (z).



125

Lemma 11.5 Let G(z) = b0z
−A+

∑∞
`=1 b`z

−A+` ∈ Cv((z)) converge in B(0, ε)\{0} having no

zeros there. Fix J ≥ 1 and put c0 := b0. Then there is a unique set of constants c1, · · · , cJ−1 ∈

Cv, with each |cj|v ≤ 1/εj such that fJ(z) = z−J +
∑J−1

j=1 cjz
−J+j satisfies

fJ(z)G(z) = c0z
−(A+J) +

∞∑
j=1

Bjz
−(A+1)+j.

In other words, fJ(z)G(z) has no terms z−(A+j) in its expansion for j = J − 1, · · · , 1.

Moreover, if there is a finite extension Lw/Kv such that the ϕj(z) and G(z) belong to Lw((z)),

then each cj belongs to Lw as well.

Proof: As in the previous lemma, the theory of the Newton polygons shows that |b`|v ≤

|b0|v/ε` for each `. For each j ≥ 1, we can write

z−jG(z) =
∞∑

`=0

b`z
−(A+j)+`.

Then it follows that

z−JG(z)− c0z
−(A+J) =

∞∑
k=1

bkz
−(A+J)+k.

Putting c1 := −b1/b0 ∈ Cv, we see that |c1|v ≤ 1
ε
. Furthermore, it follows that

(z−J + c1z
−(J−1))G(z)− c0z

−(A+J)

= (z−JG(z)− c0z
−(A+J)) + c1z

−(J−1)G(z)

=
∞∑

k=2

(bk + c1bk−1)z
−(A+J)+k

=:
∞∑

k=2

δ
(2)
k z−(A+J)+k,

where δ
(2)
k = bk + c1bk−1 for k ≥ 2. Note that |δ(2)

k |v ≤ max{|bk|v, |c1|v|bk−1|v} ≤ |b0|v/εk for

each k.

Inductively, suppose that for some ` < J − 1, we have found c1, · · · , c`−1 ∈ Cv such that

|cj|v ≤ 1/εj for each j and

(z−J + c1z
−(J−1) + · · ·+ c`−1z

−(J−(`−1)))G(z)− c0z
−(A+J)

=
∞∑

k=`

δ
(`)
k z−(A+J)+k,
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with |δ(`)
k |v ≤ |b0|v/εk for each k ≥ `. Put c` := −δ(`)

` /b0 ∈ Cv. It follows that |c`|v ≤ 1/ε`

and

(z−J + c1z
−(J−1) + · · ·+ c`z

−(J−`))G(z)− c0z
−(A+J)

=
∞∑

k=`+1

(δ
(`)
k + c`bk−`)z

−(A+J)+k

=:
∞∑

k=`+1

δ
(`+1)
k z−(A+J)+k,

where δ
(`+1)
k = δ

(`)
k + c`bk−` for k ≥ `+ 1. Noting that |δ(`+1)

k |v ≤ max{|δ(`)
k |v, |c`|v|bk−`|v} ≤

|b0|v/εk for each k, the inductive process can continue.

The final assertion concerning Lw-rationality follows from the recursive formulas for the

cj. �

We now return to the main argument.

We have patched G
(0)
w (z) for k = 1, · · · , T0 and gotten the resulting (X, ~s)-function

G
(T0)
w (z) ∈ Kv(z) of degree nN , which is independent of all w|v. In this step, we are

moving the patched roots apart in a certain distance. Recall that T0 ≤ A1 logv(n) and

n ≥ A1 logv(n) + 2. Put

I[T0] := I0,pr ∪ Ik0+1 ∪ · · · ∪ IT0 ,

and

I0 := I \ I[T0].

Let B be the least positive integer satisfying condition (11.33) below, which assures that

the change in the coefficients between G
(T0)
w (z) and F

(T0)
w (z) is small enough to be dealt

with by Lemma 11.5, and for which B ≥ dlogv(n)e. For each t = 1, · · · , N , each coset of

Ov/π
B
v Ov contains at most one element from each of {αt`}`∈I0 , {α∗tj}j∈I0,pr and {α∗tj}j∈Ik

for

k = k0 + 1, · · · , T0 because each set is a regular sequence of length less than n. Since there

are T0−k0 +2 partitions for I, let D be the smallest positive integer satisfying the condition
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B +D ≤ A3 logv(n), as will be seen as (11.34), for which qD
v ≥ T0 − k0 + 3. After dividing

each coset of Ov/π
BOv into qD

v cosets, for each t we can choose numbers α#
tj ∈ Ov for each

j ∈ I[T0] with the following properties:

(i) α#
tj and α∗tj belong to the same coset of Ov/π

BOv;

(ii) α#
tj and α#

t` belong to different cosets of Ov/π
B+DOv for ` 6= j in I[T0]; and

(iii) α#
tj and αt` belong to different cosets of Ov/π

B+DOv for ` ∈ I0.

Hence we get the following:

(a) ordv(α
#
tj − α∗tj) ≥ B;

(b) ordv(α
#
tj − α#

t`) ≤ B +D for each ` 6= j in I[T0]; and

(c) ordv(α
#
tj − αt`) ≤ B +D for each ` ∈ I0.

Since {α∗tj}j∈I0,pr is a regular sequence of length pr in Ov and {α∗tj}j∈Ik
is a regular

sequence of length k in Ov for k = k0 + 1, · · · , T0, it follows from (a) and the fact that B ≥

dlogv(n)e that {α#
tj}j∈I0,pr is a regular sequence of length pr in Ov and {α#

tj}j∈Ik
is a regular

sequence of length k in Ov for each k = k0+1, · · · , T0. In particular, ordv(α
#
tj−α

#
t`) < logv(p

r)

for j 6= ` in I0,pr and ordv(α
#
tj − α#

t`) < logv(k) for j 6= ` in Ik for each k = k0 + 1, · · · , T0.

Put θ#
tj := λt(α

#
tj). Then θ#

tj ∈ B(θt, ρt) ∩Kv ⊂ E0
v and

‖θ#
tj , θ

∗
tj‖v = ‖λt(α

#
tj), λt(α

∗
tj)‖v = ρt · |α#

tj − α∗tj|v

≤ ρt · qv−B. (11.25)

Now, put

h(z) :=
N∏

t=1

∏
j∈I[T0]

z − θ#
tj

z − θ∗tj
=:
∏
t,j

z − θ#
tj

z − θ∗tj
.

Clearly, h(z) is rational over Kv and independent of all w|v. Put

F (T0)
w (z) := h(z) ·G(T0)

w (z).

In passing from G
(T0)
w (z) to F

(T0)
w (z), we move the zeros {θ∗tj} of G

(T0)
w (z) to the zeros {θ#

tj} of

F
(T0)
w (z). Furthermore, F

(T0)
w (z) has the same constant term as G

(T0)
w (z) since limz→∞ h(z) =
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1. On the other hand, the Laurent coefficients of G
(T0)
w (z) have changed. We now discuss how

to restore the high-order Laurent coefficients to their previous values. Since gw(z) has a pole

of order Ni at each xi ∈ X, we can expand

G(T0)
w (z) =

m∑
i=1

nNi−1∑
k=0

aw,ik
1

(z − xi)nNi−k
+ aw,0, (11.26)

F (T0)
w (z) =

m∑
i=1

nNi−1∑
k=0

Aw,ik
1

(z − xi)nNi−k
+ Aw,0, (11.27)

with aw,ik, Aw,ik ∈ K(xi)µ. Clearly, aw,i0 = cnw,i0(1 + ∆w,i0) and Aw,i0 = aw,i0 · g(xi) for each

xi ∈ X.

We have chosen ε ∈ |K×
v | so that the balls B(xi, ε) are disjoint from each other and from

Uv. Let ηi : B(0, ε) → B(xi, ε) be an isometric parametrization with ηi(0) = xi, defined

by Z 7→ xi + Z in appropriate affine coordinates. If Θ#
tj and Θ∗

tj correspond to θ#
tj and θ∗tj

under the affine coordinate Z, then
Z−Θ#

tj

Z−Θ∗
tj

can be expanded as a power series about 0, which

converges when | Z
Θ∗

tj
|v < 1 ⇔ |Z|v < |Θ∗

tj|v. It follows that h(Z) can be expanded as a

power series about 0 converging on ∩t,jB(0, |Θ∗
tj|v)−. Since θ∗tj ∈ E0

v and B(xi, ε) ∩ Uv = ∅,

|Θ∗
tj|v > ε and so ∩t,jB(0, |Θ∗

tj|v)− ⊃ B(0, ε). Thus h(Z) can be expanded as a power series

about 0 converging on B(0, ε). Similarly, if Xh corresponds to xh under the affine coordinate

Z, we can expand 1
(Z−Xh)k as a power series about 0 converging on B(0, ε) for all h 6= i,

because the balls are disjoint from each other. This implies that F
(T0)
w (Z) can be expanded

as a Laurent series about 0 converging on B(0, ε) \ {0}.

Letting δ := qv
−dlogv(n)e < 1, we have qv

−B < δ. Put B := ∪N
t=1 ∪j∈I[T0] (B(Θ∗

tj, δρt)
− ∪

B(Θ#
tj , δρt)

−) and put B := ∪N
t=1 ∪j∈I[T0] (B(Θ∗

tj, δρt) ∪ B(Θ#
tj , δρt)). Clearly, B(Θ∗

tj, δρt) =

B(Θ#
tj , δρt) by (11.25). À priori, they might have different boundaries. However, in fact

∂B(Θ∗
tj, δρt) = ∂B(Θ#

tj , δρt) because |Θ#
tj − Θ∗

tj|v ≤ ρt · qv−B < δρt. Now [22], Theorem

4.2.16, p.252 implies that B is an RL-domain and so Bc is also an RL-domain. Clearly, h(Z)

has poles only at the Θ∗
tj ∈ B and it has no poles on Bc. The Maximum Modulus Principle

implies that |h(Z)|v and |h(Z)− 1|v achieve their maximum value for Z ∈ Bc at a point of

∂B = ∂Bc. Fix Z0 ∈ ∂B = ∂Bc. It follows that |Z0 −Θ#
tj |v ≥ δρt and |Z0 −Θ∗

tj|v ≥ δρt for
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all t, j, and so for all pairs (t, j), since |Θ#
tj −Θ∗

tj|v ≤ ρt · qv−B < δρt by (11.25),∣∣∣∣Θ∗
tj −Θ#

tj

Z0 −Θ∗
tj

∣∣∣∣
v

< 1. (11.28)

On the other hand,

h(Z0) =
∏
t,j

Z0 −Θ#
tj

Z0 −Θ∗
tj

=
∏
t,j

Z0 −Θ∗
tj + Θ∗

tj −Θ#
tj

Z0 −Θ∗
tj

=
∏
t,j

(
1 +

Θ∗
tj −Θ#

tj

Z0 −Θ∗
tj

)

= 1 +
∑
t,j

Θ∗
tj −Θ#

tj

Z0 −Θ∗
tj

+
∑
t,j

∑
k,`

Θ∗
tj −Θ#

tj

Z0 −Θ∗
tj

· Θ∗
k` −Θ#

k`

Z0 −Θ∗
k`

+ · · · .

From (11.28), we see that

|h(Z0)|v = 1,

|h(Z0)− 1|v ≤ max

{∣∣∣∣Θ∗
tj −Θ#

tj

Z0 −Θ∗
tj

∣∣∣∣
v

: for all t, j

}
.

Since
∣∣∣Θ∗

tj−Θ#
tj

Z0−Θ∗
tj

∣∣∣
v
≤ ρt·qv

−B

δρt
= qv

−B

δ
, it follows that for all Z ∈ Bc,

|h(Z)|v ≤ 1, (11.29)

|h(Z)− 1|v ≤
qv
−B

δ
< 1.

Now, we want to recover the high-order coefficients in the range nNi, · · · , (n−T0)Ni+1 of

G
(T0)
w (z) from F

(T0)
w (z). After pulling B(xi, ε) back to B(0, ε) by ηi, we see that each element

1
(z−xh)k of the L-basis converges on B(0, ε) \ {0}, having no zeros there. The same is true for

G
(T0)
w (z). To apply Lemma 11.4, we rewrite

G(T0)
w (z) =

T0Ni−1∑
j=0

aw,ij
1

(z − xi)nNi−j

+ higher terms in (z − xi)
h for h ≥ −nNi + T0Ni,

F (T0)
w (z) =

T0Ni−1∑
j=0

Aw,ij
1

(z − xi)nNi−j

+ higher terms in (z − xi)
h for h ≥ −nNi + T0Ni.
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It follows from Lemma 11.4 that for 0 ≤ j ≤ T0Ni − 1,

|aw,ij − Aw,ij|v ≤
q−B
v · |aw,i0|v
δ · εj

. (11.30)

To recover the high-order coefficients of G
(T0)
w (z) from those of F

(T0)
w (z), we need a regular

subsequence {β` : ` ∈ I \ I[T0]} of length T0 for which ordv(α
#
tj − αt`) < logv(n) for all t, all

j ∈ I[T0], and all ` in the regular subsequence of length T0. Put

I∗ := {` ∈ I0 : ordv(α
#
tj − αt`) ≥ logv(n) for some t = 1, · · · , N and some j ∈ I[T0]}.

If I# = I0 \ I∗, then

I# = {` ∈ I0 : ordv(α
#
tj − αt`) < logv(n) for all t = 1, · · · , N and all j ∈ I[T0]},

These are the indices which are “safe” to use for the patching process. Without loss of

generality, we can assume that n > 1. Hence there is a constant A2 > 0 such that

#(I[T0]) ≤ A2(logv(n))2.

If ordv(α
∗
tj−αt`) ≥ dlogv(n)e and ordv(α

∗
tj−αth) ≥ dlogv(n)e for ` 6= h in I0, then ordv(αt`−

αth) ≥ dlogv(n)e, but ordv(αt` − αth) < logv(n − #(I[T0])) < logv(n) because {αt`}`∈I0 is

a regular sequence of length n − #(I[T0]) < n. Hence for each “patched” root α∗tj, there

is at most one “unpatched” root αt` such that ordv(α
∗
tj − αt`) ≥ dlogv(n)e. It follows that

#(I∗) ≤ N ·#(I[T0]) ≤ N ·A2(logv(n))2, and in turn that #(I[T0]∪I∗) ≤ (N+1)·A2(logv(n))2.

Without loss of generality, we can assume that n is large enough that

n ≥ [(N + 1) · A2(logv(n))2 + 1] · [A1 logv(n) + 1]. (11.31)

The pigeon-hole principle implies that there is a subsequence of consecutive integers in I#

of length at least A1 · logv(n)+1 ≥ T0. Let I#
0 be the largest sequence of consecutive integers

in I#. Let I][T0] be the subset of I# consisting of the first T0 consecutive integers in I#
0 . Set

Q(0,T0)
w (z) :=

∏
j∈I][T0]

(gw(z)− βv(j)),

Q̃(0,T0)
w (z) :=

∏
j∈I0\I][T0]

(gw(z)− βv(j)).
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Put

Qw,T0(z) := h(z) ·Q(k0)
w (z) · · ·Q(T0)

w (z),

Q̃w,T0(z) = Qw,T0(z) · Q̃(0,T0)
w (z).

Note that Qw,T0(z) has only zeros at each θ#
tj . Since Q

(k0)
w (z), · · · , Q(T0)

w (z) are rational over

Kv, Q̃w,T0(z) is a Kv-rational (X, ~s)-function of degree (n − #(I][T0]))N = (n − T0)N ,

independent of w|v. Furthermore, Q̃w,T0(z) has a pole of order (n−T0)Ni at xi, with leading

coefficient Bw,i0 := cn−T0
w,i0 εw,i, and a pole of order (n − T0)N` at x` 6= xi. After pulling

B(xi, ε) back to B(0, ε) by ηi, we know that Q̃w,T0(z) converges on B(0, ε) \ {0}, having no

zeros there. For each 1 ≤ J ≤ T0Ni, taking A = (n− T0)Ni, Lemma 11.5 implies that there

is a unique Kv rational function

gw,iJ(z) =
1

(z − xi)J
+

J−1∑
j=1

b
(J)
w,ij

1

(z − xi)J−j
,

independent of all w|v, with |b(J)
w,ij|v ≤ 1

εj for j = 1, · · · , J − 1 such that

gw,iJ(z) · Q̃w,T0(z) = Bw,i0 ·
1

(z − xi)(n−T0)Ni+J
+
∑
h≥1

B
(J)
w,ih

1

(z − xi)(n−T0)Ni+1−h
.

That is, gw,iJ(z)·Q̃w,T0(z) ∈ Kv(z) has no terms of orders (n−T0)Ni+J−1, · · · , (n−T0)Ni+1

in the expansion about xi. Put C1 := max{Bv, ε
−1}, which depends only on U0

v . Since

‖ 1
(z−xi)

‖U0
v
≤ Bv, it follows that

‖gw,iJ(z)‖U0
v
≤ max

0≤j≤J−1

BJ−j
v

εj
≤ CJ

1 .

By (11.26) and (11.27), since aw,0 = Aw,0, we can write

G(T0)
w (z)− F (T0)

w (z) =
m∑

i=1

T0Ni−1∑
k=0

(aw,ik − Aw,ik)
1

(z − xi)nNi−k

+
m∑

i=1

∞∑
`=T0Ni

(aw,i` − Aw,i`)
1

(z − xi)nNi−`
.

Since G
(T0)
w (z) and F

(T0)
w (z) are Kv-rational,

∑m
i=1

∑T0Ni−1
k=0 (aw,ik − Aw,ik)

1
(z−xi)nNi−k is also

Kv-rational. Expand Q̃w,T0(z) in terms of the L-basis

Q̃w,T0(z) =
m∑

i=1

(n−T0)Ni−1∑
h=0

Bw,ih
1

(z − xi)(n−T0)Ni−h
+Bw,0.
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Note that gw,i,T0Ni−j(z) · Q̃w,T0(z) has no terms of orders nNi − j − 1, · · · , (n− T0)Ni + 1 for

each j = 0, · · · , T0Ni − 1. To recover the high-order coefficients, take

δw,ij :=
aw,ij − Aw,ij

Bw,i0

.

It follows that

m∑
i=1

T0Ni−1∑
k=0

(aw,ik − Aw,ik)
1

(z − xi)nNi−k

=
m∑

i=1

T0Ni−1∑
j=0

δw,ij · gw,i,T0Ni−j(z) · Q̃w,T0(z)

=

{
m∑

i=1

T0Ni−1∑
j=0

δw,ij ·

(
1

(z − xi)J
+

J−1∑
k=1

b
(J)
w,ik

1

(z − xi)J−k

)}

·


m∑

i=1

(n−T0)Ni−1∑
h=0

Bw,ih
1

(z − xi)(n−T0)Ni−h
+Bw,0

 .

Since aw,i0 = cnw,i0(1 + ∆w,i0) and Bw,i0 = cn−T0
w,i0 (1 + ∆w,i0), it follws from (11.30) that for

each j = 0, · · · , T0Ni − 1,

|δw,ij|v ≤ q−B
v · |cw,i0|T0

v

δ · εj
.

Put

Φ(T0)
w (z) :=

m∑
i=1

T0Ni−1∑
j=0

δw,ij · gw,i,T0Ni−j(z).

Since
∑m

i=1

∑T0Ni−1
k=0 (aw,ik − Aw,ik)

1
(z−xi)nNi−k and Q̃w,T0(z) are Kv-rational and independent

of w|v, so is Φ
(T0)
w (z). Put C2 := max{|cw,i0|v ·CNi

1 : i = 1, · · · ,m}. Since ε ·C1 ≥ 1, it follows

that

‖Φ(T0)
w (z)‖U0

v

≤ max
{
|δw,ij|v · ‖gw,i,T0Ni−j(z)‖U0

v
: i = 1, · · · ,m, j = 0, · · · , T0Ni − 1

}
≤ max

{
q−B
v · |cw,i0|T0

v

δ · εj
· CT0Ni−j

1 : i = 1, · · · ,m, j = 0, · · · , T0Ni − 1

}
≤ q−B

v

δ
· CT0

2 . (11.32)
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To patch F
(T0)
w (z), put

F̃ (T0)
w (z) := F (T0)

w (z) + Φ(T0)
w (z) · Q̃w,T0(z).

Clearly, F̃
(T0)
w (z) is rational over Kv and independent of w|v. By the construction, F̃

(T0)
w (z)

has coefficients aw,ik of orders nNi, · · · , (n− T0)Ni + 1 for each i = 1, · · · ,m, which are the

same as those of G
(T0)
w (z).

Now, observe the movement of roots of F̃
(T0)
w (z) comparing with those of G

(T0)
w (z). Since

F
(T0)
w (z) = Q̃w,T0(z) ·Q

(0,T0)
w (z), we can rewrite

F̃ (T0)
w (z) = (Q(0,T0)

w (z) + Φ(T0)
w (z)) · Q̃w,T0(z).

After pulling B(θt, ρt) back to B(0, 1) by λt, Q
(0,T0)
w (z) has exactly T0 roots in B(0, 1), which

form a regular sequence {αt`}`∈I][T0] of length T0 in Ov, and can be expanded as a power

series about 0 converging on B(0, 1). Also, Φ
(T0)
w (z) can be expanded as a power series about

0 converging on B(0, 1) as before. To apply Lemma 11.2 to Q
(0,T0)
w (z) and Φ

(T0)
w (z), we need

the condition

‖Φ(T0)
w (z)‖U0

v
≤ q

− T0
qv−1

−logv(n)
v < 1,

or equivalently, q−B
v

δ
· CT0

2 ≤ q
− T0

qv−1
−logv(n)

v by (11.32), because λt(B(0, 1)) ⊂ U0
v . Recall that

T0 ≤ A1 logv(n). To satisfy this condition, we must thus have

B ≥
(

logv(C2) +
1

qv − 1

)
· A1 logv(n) + 2 logv(n) + 1. (11.33)

Note that the constants appearing in (11.33) depend only on U0
v and ε. At the beginning of

the argument, B was chosen to be the least integer satisfying (11.33). Since B and D are

smallest integers satisfying the conditions described above, there is a constant A3 such that

B +D ≤ A3 logv(n), (11.34)

for each n ≥ ((N + 1) · A2(logv(n))2 + 1) · (A1 logv(n) + 1). Put

Q(T0#)
w (z) := Q(0,T0)

w (z) + Φ(T0)
w (z). (11.35)
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Clearly, ‖Q(T0#)
w (z)‖U0

v
≤ 1. Letting Q

(T0#)
w,t (z) be the power series gotten by composing

Q
(T0#)
w (z) with λt, Lemma 11.2 implies that the roots {α∗t`}`∈I][T0] of Q

(T0#)
w,t (z) in B(0, 1)

form a regular sequence of length T0 in Ov, with

ordv(α
∗
t` − αt`) > logv(n).

Furthermore, since I][T0] ⊂ I#, it follows that for all ` ∈ I][T0],

ordv(α
#
tk − α∗t`) = ordv(α

#
tk − α∗tk + α∗tk − αt` + αt` − α∗t`)

= ordv(α
∗
tk − αt`) < logv(n).

To summarize this step, in passing from G
(T0)
w (z) to F̃

(T0)
w (z), we have moved the patched

roots α∗tj to roots α#
tj ∈ Ov for each j ∈ I[T0], while preserving the high-order coefficients.

The α#
tj satisfy the following properties:

(a) ordv(α
#
tj − α∗tj) ≥ B;

(b) ordv(α
#
tj − α∗t`) ≤ A3 logv(n) for each ` 6= j in I[T0];

(c) ordv(α
#
tj − α#

t`) ≤ A3 logv(n) for each ` 6= j in I[T0];

(d) ordv(α
#
tj − αt`) ≤ A3 logv(n) for each ` ∈ I0; and

(e) ordv(α
#
tj − α∗t`) ≤ logv(n) for each ` ∈ I][T0].

Rename the α#
tj as the α∗tj and replace G

(T0)
w (z) by F̃

(T0)
w (z). For notational convenience,

replace α∗t` by αt` for ` ∈ I][T0]. Then I∗ and I# are the same sets with these new notations

as before. Furthermore, G
(T0)
w (z) = Qw,T0(z) · Q

(T0#)
w (z) · Q̃(0,T0)

w (z) has the roots {λt(α
∗
tj) =

θ∗tj}j∈I[T0] and {λt(αt`) = θt`}`∈I0 satisfying the following properties:

(i) ordv(α
∗
tj − α∗th) ≤ A3 logv(n) for all j 6= h in I[T0];

(ii) ordv(α
∗
tj − αt`) ≤ A3 logv(n) for all j ∈ I[T0] and ` ∈ I∗;

(iii) ordv(α
∗
tj − αt`) ≤ logv(n) for all j ∈ I[T0] and ` ∈ I#; and

(iv) ordv(αt`−αth) ≤ logv(n) for all ` 6= h in I0, because {α∗t`}`∈I][T0] is a regular sequence of

length T0 < n, {αt`}`∈I0 is a regular sequence of length #(I0) < n, and ordv(α
∗
t`−αt`) >

logv(n) for ` ∈ I][T0].
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Step 3. The Patching Process for the safe roots

The purpose of this step is to continue the patching process using the Basic Patching

Lemma, until the dominance of hkN
v over q

− k
qv−1

v is so great that further patching steps move

the roots αtj to α∗tj with ordv(α
∗
tj − αtj) ≥ A3 logv(n).

Let T1 be the least positive integer for which

hkN
v · Tv ·Bv ≤ q

− k
qv−1

−3A3 logv(n)
v (11.36)

for all k ≥ T1. Then there is a constant A4 such that T1 ≤ A4 logv(n). Note that T1 > T0

because 3A3 logv(n) > logv(n). Without loss of generality, we can assume that n is large

enough that

n ≥ ((N + 1) · A2(logv(n))2 + 1) · (A4 logv(n) + 1). (11.37)

By the pigeon-hole principle, #(I#
0 ) ≥ A4 logv(n) + 1 ≥ T1. For each k = T0 + 1, · · · , T1, let

I][k] be the subset of the first k consecutive integers in I#
0 and Jk be the last index in I][k].

That is, I][k] = I][k − 1] ∪ {Jk}. Put

Q̃(0,k)
w (z) :=

∏
j∈I0\I][k]

(gw(z)− βv(j)). (11.38)

We see that Q̃
(0,k−1)
w (z) = (gw(z)− βv(Jk)) · Q̃(0,k)

w (z).

If k = T0 + 1, using (11.35), rewrite

G(T0)
w (z) = Qw,T0(z) ·Q(T0#)

w (z) · Q̃(0,T0)
w (z)

= Qw,T0(z) ·Q(T0#)
w (z) · (gw(z)− βv(JT0+1)) · Q̃(0,T0+1)

w (z),

and put

Q(0,T0+1)
w (z) := Q(T0#)

w (z) · (gw(z)− βv(JT0+1)),

which will play the role of f(z) in Lemma 11.2. We carry out the same argument as Step 1

to patch the coefficients. Given the numbers ∆w,i,T0Ni
, · · · ,∆w,i,(T0+1)Ni−1 for each i, put

ϕ(T0+1)
w (z) :=

m∑
i=1

ε−1
w,i

(T0+1)Ni−1∑
`=T0Ni

∆w,i`
1

(z − xi)(T0+1)Ni−`
.
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By (vii), ϕ
(T0+1)
w (z) ∈ Kv(z) is indepedent of w|v. In particular, it follows from (iii) that

‖ϕ(T0+1)
w (z)‖U0

v
≤ h(T0+1)N

w ·Bw < h(T0+1)N
w · Tw ·Bw. (11.39)

Note that ϕ
(T0+1)
w (z) can be expanded as a power series about θt converging on B(θt, ρt) with

the same argument before. Define

G(T0+1)
w (z) = G(T0)

w (z) + ϕ(T0+1)
w (z) ·Qw,T0(z) · Q̃(0,T0+1)

w (z)

= Qw,T0(z) · (Q(0,T0+1)
w (z) + ϕ(T0+1)

w (z)) · Q̃(0,T0+1)
w (z).

Then G
(T0+1)
w (z) is rational over Kv and independent of w|v. Letting Q

(T0+1)
w (z) :=

Q
(0,T0+1)
w (z) + ϕ

(T0+1)
w (z), the function Q

(T0+1)
w (z) has a pole of order (T0 + 1)Ni at each

xi ∈ X with leading coefficient cT0+1
w,i0 , satisfying ‖Q(T0+1)

w ‖U0
v
≤ 1. Now, to apply the basic

patching lemma to Q
(T0+1)
w (z), let Q

(0,T0+1)
w,t (z),Q

(T0+1)
w,t (z), ξ

(T0+1)
w,t (z) be the power series

gotten by composing Q
(0,T0+1)
w (z), Q

(T0+1)
w (z), G

(T0+1)
w (z) with λt, respectively. Consider the

roots of Q
(0,T0+1)
w,t (z). They are a union of the roots {α∗t`}`∈I][T0] of Q

(T0∗)
w,t (z) and the root

αi,JT0+1
of gw(z) − βv(JT0+1). Since the roots {αt`}`∈I][T0] of Q

(0,T0)
w (z) and the root αi,JT0+1

of gw(z)− βv(JT0+1) form a regular sequence of length T0 + 1 in Ov and {α∗t`}`∈I][T0] satisfies

ordv(α
∗
t` − αt`) > logv(n), the roots of Q

(0,T0+1)
w,t (z) form a regular sequence of length T0 + 1

in Ov (via the automorphism τi of B(0, 1)). Relabel α∗t` as αt` for ` ∈ I][T0]. Then the

roots {α∗t`}`∈I][T0+1] of Q
(T0+1)
w,t (z) form a regular sequence of length T0 + 1 in Ov, with

ordv(α
∗
t` − αt`) > logv(n).

Now, for each k = T0 + 2, · · · , T1, we can carry on the same process, inductively by

defining

G(k)
w (z) = G(k−1)

w (z) + ϕ(k)
w (z) ·Qw,T0(z) · Q̃(0,k)

w (z)

= Qw,T0(z) · (Q(0,k)
w (z) + ϕ(k)

w (z)) · Q̃(0,k)
w (z),

where Q
(0,k)
w (z) := Q

(k−1)
w (z) · (gw(z) − βv(Jk)). Then G

(k)
w (z) is rational over Kv and inde-

pendent of w|v. Letting Q
(0,k)
w,t (z),Q

(k)
w,t(z), ξ

(k)
w,t(z) be the power series gotten by composing

Q
(0,k)
w (z), Q

(k)
w (z), G

(k)
w (z) with λt, respectively, apply the basic patching lemma to Q

(k)
w (z).



137

By induction, the roots of Q
(0,k)
w,t (z) form a regular sequence of length k in Ov (via the auto-

morphism τi of B(0, 1)), so the roots {α∗t`}`∈I][k] of Q
(k)
w,t(z) form a regular sequence of length

k in Ov, with ordv(α
∗
t` − αt`) > logv(n).

To summarize this step, the roots of G
(T1)
w (z) = Qw,T0(z)·Q

(T1)
w (z)·Q̃(0,T1)

w (z) are {λt(α
∗
tj) =

θ∗tj}j∈I[T0], {λt(α
∗
t`) = θ∗t`}`∈I][T1], {λt(αt`) = θt`}`∈I0\I][T1]. They have the following properties:

(i) the conditions for the set {α∗tj}j∈I[T0] ∪ {αt`}`∈I0\I][T1] are inherited from the result of

Step 2,

(ii) ordv(α
∗
t` − α∗th) < logv(T1) < logv(n) for all ` 6= h in I][T1],

(iii) ordv(α
∗
t` − α∗tj) = ordv(α

∗
t` − αt` + αt` − α∗tj) = ordv(αt` − α∗tj) < logv(n) for all ` ∈

I][T1] ⊂ I# and j ∈ I[T0], and

(iv) ordv(α
∗
t`−αth) = ordv(α

∗
t`−αt` +αt`−αth) = ordv(αt`−αth) < logv(n) for all ` ∈ I][T1]

and h ∈ I0 \ I][T1].

Step 4. The Patching Process for the remaining unpatched roots

Lemma 11.6 ([25] Refined Patching Lemma) Let f(z) ∈ Kv[[z]] be a power series con-

verging in B(0, 1), with ‖f(z)‖B(0,1) = 1. Suppose the roots {αj}j∈I of f(z) in B(0, 1) can be

partitioned into d disjoint regular sequences in Ov attached to index sets I1, · · · , Id of lengths

m1, · · · ,md, respectively. Put D :=
∑d

i=1mi. If there is a constant R ≥ max{logv(mi) : i =

1, · · · , d} such that ordv(αj − α`) ≤ R for all j 6= `, then for any H ≥ R and any power

series ∆(z) ∈ Kv[[z]] converging on B(0, 1), with

‖∆(z)‖B(0,1) ≤ q
− D

qv−1
−(d−1)R−H

v ,

the roots {α∗j}j∈I of f ∗(z) = f(z) + ∆(z) in B(0, 1) again form a union of regular sequences

in Ov attached to I1, · · · , Id, and can be uniquely labeled in such a way that

ordv(α
∗
j − αj) > H for each j.

Proof: The proof is very similar to that of the Basic Patching Lemma. See that proof for

details.
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Using the Weierstrass Preparation Theorem, write f(z) = b · g(z) · h(z), where b ∈ Kv,

g(z) =
∏

j∈I(z − αj), and h(z) ∈ Kv[[z]] is a unit power series. By the same argument as

before, we see that ordv(b) = 0, i.e., |b|v = 1 and f ∗(z) has the same number of roots in

B(0, 1) as f(z).

Fix a root αJ , and expand f(z) and ∆(z) as power series about αJ :

f(z) =
∑
k≥1

b
(J)
k (z − αJ)k,

∆(z) =
∑
k≥0

δ
(J)
k (z − αJ)k.

The initial part of the Newton polygon of f(z) expanded about αJ coincides with that of

g(z) and its remaining slopes are ≥ logv(1) = 0. Rewriting

g(z) =
∏
j∈I

((z − αJ)− (αj − αJ)) =
D∑

k=1

a
(J)
k (z − αJ)k,

the coefficients a
(J)
k are elementary symmetric polynomials in the αj − αJ . It follows that

a
(J)
1 = ±

∏
j∈I
j 6=J

(αj − αJ),

a
(J)
k = ±a(J)

1

∑
j1<···<jk−1 in I

each ji 6=J

1

(αj1 − αJ) · · · (αjk−1
− αJ)

for each k = 2, · · · , D.

If J ∈ It for some 1 ≤ t ≤ d, then Proposition 5.9 (i) implies that

ordv

(∏
j∈It
j 6=J

(αj − αJ)
)
<

mt

qv − 1
.

If i 6= t, then Proposition 5.9 (i) and the choice of R imply that

ordv

(∏
j∈Ii

(αj − αJ)
)
<

mi

qv − 1
+R.

Hence it follows that

ordv(a
(J)
1 ) <

D

qv − 1
+ (d− 1)R.
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For k = 2, · · · , D, the choice of R implies that

ordv(a
(J)
k ) > ordv(a

(J)
1 )− (k − 1)R.

Comparing the Newton polygons of f(z) and bg(z), since ordv(b) = 0, we find that

ordv(b
(J)
1 ) = ordv(a

(J)
1 ) <

D

qv − 1
and

ordv(b
(J)
k ) > ordv(a

(J)
1 )− (k − 1)R = ordv(b

(J)
1 )− (k − 1)R

for each k = 2, · · · , D. For each k ≥ D,

ordv(b
(J)
k ) ≥ ordv(b

(J)
D ) > ordv(b

(J)
1 )− (D − 1)R

≥ ordv(b
(J)
1 )− (k − 1)R.

By the hypothesis on ∆(z) and Lemma 2.3, we have ordv(δ
(J)
k ) ≥ D

qv−1
+ (d − 1)R + H for

each k ≥ 0. Since H ≥ R, it follows that

ordv(δ
(J)
1 ) ≥ D

qv − 1
+ (d− 1)R +R >

D

qv − 1
+ (d− 1)R

> ordv(b
(J)
1 ),

ordv(δ
(J)
k ) ≥ D

qv − 1
+ (d− 1)R +R > ordv(b

(J)
1 ) +R

≥ ordv(b
(J)
1 )− (k − 1)R,

for each k ≥ 2.

Now, writing f ∗(z) =
∑

k≥0 c
(J)
k (z − αJ)k, we have c

(J)
k = b

(J)
k + δ

(J)
k for all k ≥ 0. By the

estimates for b
(J)
k and δ

(J)
k ,

ordv(c
(J)
0 ) = ordv(δ

(J)
0 ) ≥ D

qv − 1
+ (d− 1)R +H,

ordv(c
(J)
1 ) = ordv(b

(J)
1 ) <

D

qv − 1
+ (d− 1)R, and

ordv(b
(J)
k ) > ordv(b

(J)
1 )− (k − 1)R, for each k ≥ 2.

Since H ≥ R, the Newton polygon of f ∗(z) has a break at k = 1, and its initial segment

has slope ordv(c
(J)
1 ) − ordv(c

(J)
0 ), which is less than −H. Hence f ∗(z) has a unique root α∗J
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satisfying

ordv(α
∗
J − αJ) > H.

Noting that ordv(α
∗
J − αJ) > H ≥ R ≥ 0 and αJ ∈ B(0, 1) ∩ Kv = Ov, α

∗
J ∈ B(αJ , 1) =

B(0, 1). Hence we get α∗J ∈ B(0, 1) ∩Kv = Ov by Corollary 2.7.

Moreover, if α∗J = α∗T for some J 6= T in I, then ordv(αJ−αT ) = ordv(αJ−α∗J+α∗T−αT ) >

H ≥ R. But ordv(αJ − αT ) ≤ R by hypothesis. Thus the α∗j are distinct. The ultrametric

inequality implies that {α∗j}j∈I form a union of regular sequences inOv attached to I1, · · · , Id.

�

Recalling that I][T1] is a set of T1 consecutive integers in I0, I0 \ I][T1] consists of at

most two sequences of consecutive integers. Let I][T1] := {J1, · · · , JT1} and put T2 := #(I0).

List all the elements of I0 \ I][T1] in increasing order as {JT1+1, JT1+2, · · · , JT2} and put

I][k] := I][T1] ∪ {JT1+1, · · · , Jk}, for each k = T1 + 1, · · · , T2. Then we have I][T2] = I0. We

want to apply the Refined Patching Lemma using at most 3 disjoint regular sequences in Ov

to move the roots of Q̃
(0,T1)
w (z) at most the distance q

−A3 logv(n)
v .

For each k = T1 + 1, · · · , T2 − 1, put

Q̃(0,k)
w (z) :=

∏
j∈I0\I][k]

(gw(z)− βv(j)), (11.40)

and set Q̃
(0,T2)
w (z) = 1. We see that Q̃

(0,k−1)
w (z) = (gw(z) − βv(Jk)) · Q̃(0,k)

w (z) for each k =

T1 + 1, · · · , T2. The patching process in this step to construct ϕ
(k)
w (z), G

(k)
w (z), for each

k = T1 +1, · · · , T2, is exactly the same as in the previous step. We then have the Kv rational

function

G(k)
w (z) = G(k−1)

w (z) + ϕ(k)
w (z) ·Qw,T0(z) · Q̃(0,k)

w (z)

= Qw,T0(z) · (Q(0,k)
w (z) + ϕ(k)

w (z)) · Q̃(0,k)
w (z),

which is independent of w|v, where Q
(0,k)
w (z) := Q

(k−1)
w (z) · (gw(z) − βv(Jk)). To apply

the Refined Patching Lemma, take d = 3, R = logv(n), and H = A3 logv(n). Let
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Q
(0,k)
w,t (z),Q

(k)
w,t(z), ξ

(k)
w,t(z) be the power series gotten by composing Q

(0,k)
w (z), Q

(k)
w (z), G

(k)
w (z)

with λt, respectively. By induction, the roots of Q
(0,k)
w,t (z) is a union of at most 3 dis-

joint regular sequences in Ov of lengths < n attached to I][k] by the automorphisim τi

on B(0, 1), so the roots {α∗t`}`∈I][k] of Q
(k)
w,t(z) form a union of at most 3 disjoint regular

sequences in Ov of lengths < n attached to I][k] by the automorphisim τi on B(0, 1), with

ordv(α
∗
t` − αt`) > A3 logv(n).

To summarize this step, the roots of G
(T2)
w (z) = Qw,T0(z)·Q

(T2)
w (z)·Q̃(0,T2)

w (z) are {λt(α
∗
tj) =

θ∗tj}j∈I[T0], {λt(α
∗
t`) = θ∗t`}`∈I][T2], {λt(αt`) = θt`}`∈I0\I][T2], with the following :

(i) the conditions for the set {α∗tj}j∈I[T0] ∪ {αt`}`∈I0\I][k] are inherited from the result of

Step 2,

(ii) ordv(α
∗
t` − α∗th) < logv(T2 + 1) < logv(n) for all ` 6= h in I][T2],

(iii) ordv(α
∗
t` − α∗tj) = ordv(α

∗
t` − αt` + αt` − α∗tj) = ordv(αt` − α∗tj) < A3 logv(n) for all

` ∈ I][T2] and j ∈ I[T0], and

(iv) ordv(α
∗
t`−αth) = ordv(α

∗
t`−αt` +αt`−αth) = ordv(αt`−αth) < logv(n) for all ` ∈ I][T2]

and h ∈ I0 \ I][T2] ⊂ I0.

Therefore, the roots of G
(T2)
w (z) are separated from each other by the distance q

−A3 logv(n)
v .

In particular, the roots of G
(T2)
w (z) = Qw,T0(z) ·Q

(T2)
w (z) are {λt(α

∗
tj)}j∈I[T0]∪{λt(α

∗
t`)}`∈I][T2].

For simplicity, replace α∗tj by αtj for j ∈ I, since I = I[T0] ∪ I0 and I0 = I][T2]. Then we

observe that ordv(αtj − αt`) ≤ A3 logv(n) for all i = 1, · · · ,m and all j 6= ` in I.

Step 5. Completing the Patching Process

Since I0 \ I][T1] consists of at most two sequences of consecutive integers, we have

separated I into at most T0 − k0 + 4 disjoint sets of consecutive integers. Recalling that

#(I[T0]) ≤ A2(logv(n))2, T2 = #(I0) ≥ n − A2(logv(n))2. Let k be any integer between

T2 +1 and n. We can inductively patch G
(k−1)
w (z) to G

(k)
w (z). For each k = T2 +1, · · · , n, put

Q̃(0,k)
w (z) := 1. (11.41)
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The patching process in this step to construct ϕ
(k)
w (z), G

(k)
w (z), for each k = T2 + 1, · · · , n,

is exactly the same as in the previous step. We then have the Kv rational function

G(k)
w (z) = G(k−1)

w (z) + ϕ(k)
w (z) · Q̃(0,k)

w (z),

which is independent of w|v. To apply the Refined Patching Lemma, since hkN
v ≤ hT2N

v for

all k ≥ T2, we must have the condition:

hT2N
v · Tv ·Bv ≤ q

− n
qv−1

−((T0−k0+4)−1)·A3 logv(n)−A3 logv(n)
v

= q
− n

qv−1
−(T0−k0+4)·A3 logv(n)

v , i.e.,

T2 logv(h
N
v ) + logv(Bv) ≤ − n

qv − 1
− (T0 − k0 + 4) · A3 logv(n). (11.42)

Since T2 ≥ n − A2(logv(n))2 and T0 ≤ A1 logv(n), we need (n − A2(logv(n))2) · logv(h
N
v ) +

logv(Bv) ≤ − n
qv−1

−(A1 logv(n)+3) ·A3 logv(n), which is equivalent to n ·(logv(h
N
v )+ 1

qv−1
) ≤

A2(logv(n))2 · logv(h
N
v )− logv(Bv)− (A1 logv(n) + 3) ·A3 logv(n). Since logv(h

N
v ) + 1

qv−1
< 0,

there is a constant A5 > 0 such that (1.86) holds true for all

n ≥ A5(logv(n))2. (11.43)

Then ϕ
(k)
w (z) can be expanded as a power series about θt converging on B(θt, ρt) with

‖ϕ(k)
w (z)‖U0

v
≤ hkN

w ·Bw < hkN
w · Tw ·Bw. (11.44)

Let ξ
(k)
w,t(z) be the power series gotten by composing G

(k)
w (z) with λt. By induction, the

roots of G
(k)
w (z) is a union of at most T0 − k0 + 4 disjoint regular sequences in Ov attached

to I0,pr , Ik0+1, · · · , IT0 , I
][T1], I

0 \ I][T1] by the automorphisim τi on B(0, 1), so the Refined

Patching Lemma implies that the roots {α∗tj}j∈I of ξ
(k)
w,t(z) in B(0, 1) form a union of regular

sequences in Ov attached to I0,pr , Ik0+1, · · · , IT0 , I
][T1], I

0 \ I][T1], with

ordv(α
∗
tj − αtj) > A3 logv(n).
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Furthermore, we see that

ordv(α
∗
tj − α∗t`) = ordv(α

∗
tj − αtj + αtj − αt` + αt` − α∗t`)

= ordv(αtj − αt`) ≤ A3 logv(n),

for all j 6= ` in I, i.e., ordv(θ
∗
tj − θ∗t`) ≤ A3 logv(n) − logv(ρt), for all j 6= ` in I. Therefore,

the roots {θtj}j∈I in B(θt, ρt) of G
(k)
w (z) are well-separated form each other by the distance

A3 logv(n)− logv(ρt). For simplicity, replace αtj by α∗tj for j ∈ I.

Finally, at stage k = n+1, we patch the constant term. Given ∆w,0 ∈ Lw with |∆w,0|w ≤

hnN
w for each w|v, define G

(n+1)
w (z) := G

(n)
w (z)+∆w,0. Then G

(n+1)
w (z) is rational over Kv and

independent of w|v by (vii). Furthermore, since |∆w,0|w ≤ hnN
w , the refined patching lemma

gives the same result as G
(n)
w (z).
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Global Patching Argument III

In the local patching processes, we have constructed and used the functions ϕ
(k)
w (z) for

k = 0, · · · , n to patch the coefficients in each stage. We used the size conditions for each

∆w,i`, ` = 0, · · · , nNi − 1, to define the functions ϕ
(k)
w (z), and the bound conditions for each

ϕ
(k)
w (z) to carry out the local patching process. So, in this chapter we will construct the

explicit functions ϕ
(k)
w (z) with the sup norm on U0

v less than hprN
w for k = 0 or hprN

w TwBw for

k = 1, · · · , k0 or hk
wTwBw for k = k0 +1, · · · , n. Using these functions and applying the Very

Strong Approximation Theorem, we will construct a K-rational function, which satisfies all

the conditions in the main theorem.

Let N be any positive integer divisible by the number N0 satisfying (7.12) and (7.13)

chosen in Section 7.3. In Theorem 8.4, we have constructed a normalized local approximating

(X, ~s)-function gv(z) ∈ Kv(z) of degree N for each v ∈ SK with the following properties:

For each v ∈ S,

E0
v = {z ∈ P1(Cv) : gv(z) ∈ Ov} ⊂ Ev,

U0
v = {z ∈ P1(Cv) : |gv(z)|v ≤ 1} ⊂ Uv,

and U0
v is the union of N disjoint balls B(θt, ρt) with each θt ∈ Kv and ρt ∈ |K×

v |. Moreover,

for each t, gv(z) defines a Kv-rational 1/ρt-isometry between B(θt, ρt) and B(0, 1);

For each v ∈ SK \ S, there is the number 1 ≤ Rv ∈ |C×
v | such that RN

v ∈ |K×
v | and

U0
v := Ev = Uv = {z ∈ P1(Cv) : |gv(z)|v ≤ RN

v }.

144
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In particular, the leading coefficients cv,i0 of the gv(z) satisfy the product formula (see

(8.18) and (8.19)), i.e., for each i = 1, · · · ,m,

1

N

∑
v∈SK

logv(|cv,i0|v) · log(qv) = 0. (12.1)

Let n be any sufficiently large integer divisible by Apr0 (see Section 9.2) satisfying the

conditions (11.20), (11.31), (11.37) and (11.43).

For each v ∈ SK , the local patching process has provided a collection of “degree raising”

polynomials of degree n over Kv. They are zn for v ∈ SK \ S (or RL-domains) and the

Stirling polynomial Sn(z) for v ∈ S (or compact sets). The same degree-raising polynomials

are used in the local patching process. Recall that L = K(X). For each place w ∈ SL with

w|v, put gw(z) := gv(z). We are globally patching the functions gw(z) by composing with

the degree-raising polynomials. Put

G(0)
w (z) :=


gw(z)n if w|v for some v ∈ SK \ S

Sn(gw(z)) if w|v for some v ∈ S.

We can write G
(0)
w (z) in terms of the L-basis and the M -basis:

G(0)
w (z) =

m∑
i=1

nNi−1∑
k=0

c
(0)
w,ik

1

(z − xi)nNi−k
+ c

(0)
w,0

=
m∑

i=1

nni∑
j=1

pei−1∑
`=0

b
(0)
w,ij`

z`

(z − xi)jpei
+ b

(0)
w,0.

It follows from Proposition 7.8 that c
(0)
w,ik ∈ K(xi)µ, b

(0)
w,ij` ∈ K(xpei

i )ν and c
(0)
w,0 = b

(0)
w,0 ∈ Kv.

First of all, let’s consider the coefficients of the normalized local approximating function

gw(z). Express gw(z) in terms of the L-basis:

gw(z) =
m∑

i=1

Ni−1∑
k=0

cw,ik
1

(z − xi)Ni−k
+ cw,0.

Note that cw,0 belongs to Kv by Proposition 7.8. For any σ ∈ Gal(L/K), since gw(z) =

gv(z) ∈ Kv(z) for all w|v, it follows that τσ,w(gw(z)) = gw(z) = gσ(w)(z), so τσ,w(cw,ik) =

cw,σ(i),k = cσ(w),σ(i),k for all k.
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We have chosen the global patching parameter k0 and the local patching parameters hw

and δw for w ∈ SL (see Section 9.2) in such a way that for each k ≥ k0,

hkN
w <

RkN
w

TwBw

, (12.2)

hkN
w TwBw < q

− k+1
qv−1

−logv(k+1)
v < q

− k
qv−1

−logv(k)
v , (12.3)∏

w∈SL

hNk
w

Twχw

> C(L/K, SK), (12.4)

δw ≤
hprN

w εk0N

Cpr

w B
pr

w T
k0N
w χk0N

w

. (12.5)

12.1 Patching the Leading Coefficients

Recall that m′ is the number of Galois orbits Xa ⊆ X. For each a = 1, · · · ,m′, fix xi ∈ Xa.

Given δw > 0, since n is divisible by A, Proposition 8.8 and Remark 8.9 imply that there is

a global SL-unit ui ∈ M×, independent of all w ∈ SL, such that if ∆w,i0 = ui

cn
w,i0

− 1 ∈ Mu,

then ui = cnw,i0 + ∆w,i0 · cnw,i0 = cnw,i0(1 + ∆w,i0) and |∆w,i0|w ≤ δw, which is the same size

condition as (i) in each local patching process. Put εw,i := 1 + ∆w,i0. Since δw < 1, εw,i is a

unit. Note that ∆w,i0 is independent of w|v. Moreover, σ(ui) = uσ(i) for each σ ∈ Gal(L/K).

Define the functions

ϕ(0)
w (z) :=

m∑
i=1

cp
r

w,i0 ·∆w,i0 ·
1

(z − xi)prNi
,

G(1)(z) :=
m∑

i=1

ui ·
1

(z − xi)nNi
. (12.6)

Let G
(1)
a (z) =

∑
xi∈Xa

ui · 1
(z−xi)nNi

be the polar part of G(1)(z) supported on Xa. Since each

Ni is divisible by [L : K]ι, ϕ
(0)
w (z) ∈ Kv(z) is independent of w|v and G(1)(z) is rational

over K with leading coefficient ui. Since Tw > 1, it follows that ‖ϕ(0)
w (z)‖U0

v
≤ Cpr

w δwB
pr

w ≤
hprN

w εk0N

T
k0N
w χ

k0N
w

< hprN
w . Note that the function ϕ

(0)
w (z) satisfies the bound conditions (10.4) and

(11.8) in the local patching processes. Put

G̃(1)
w (z) :=


gw(z)n−pr

if w|v for some v ∈ SK \ S

Q̃pr(z) if w|v for some v ∈ S.
(12.7)
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Define

Ĝ(0)
w (z) := G(0)

w (z) + ϕ(0)
w (z) · G̃(1)

w (z).

Then Ĝ
(0)
w (z) ∈ Kv(z) is independent of w|v with leading coefficient ui at each xi ∈ X and

Ĝ
(0)
w (z)−G(1)(z) ∈ Kv(z) is independent of w|v, having no terms of orders nNi−1, · · · , nNi−

pei + 1 at each xi ∈ X by the Gap Principle. Since Ĝ
(0)
w (z) has the same constant term as

G
(0)
w (z), we can write

Ĝ(0)
w (z) = G(1)(z) +

m∑
i=1

nNi−1∑
k=pei

ĉ
(0)
w,ik ·

1

(z − xi)nNi−k
+ c

(0)
w,0.

Let Ĝ
(0)
w,a(z) = G

(1)
a (z)+

∑
xi∈Xa

∑nNi−1
k=pei ĉ

(0)
w,ik · 1

(z−xi)nNi−k be the polar part of Ĝ
(0)
w (z) supported

on Xa. If c̃
(0)
w,i` is the coefficient of (z − xi)

` in (z − xi)
nNi · c−n

w,i0 · Ĝ
(0)
w,a(z), it then follows from

(11.17) that for each ` = pei , · · · , k0Ni − 1,

|c̃(0)
w,i`|w ≤

hprN
w εk0N−`

Cpr

w B
pr

w (Twχw)k0N
. (12.8)

12.2 Patching the High-order Coefficients

In this step, we patch the high-order coefficients. Because of the gap principle (Lemma

7.9) and the fact that we have patched the leading coefficients, we have in fact already

patched the coefficients of orders nNi − 1, · · · , nNi − pei + 1 for each xi ∈ X.

First, we will patch the coefficients of orders nNi−pei , · · · , (n−1)Ni+1 in Ĝ
(0)
w (z) at each

xi ∈ X. If w ∈ SL with w|v for some v ∈ SK \S, then put ϕ
(1)
w (z) := 0 since Ĝ

(0)
w (z)−G(1)(z)

has no terms of orders nNi − 1, · · · , nNi − pr + 1 by the choice of n. If w ∈ SL with w|v

for some v ∈ S, then we will construct a function ϕ
(1)
w (z) ∈ Kv(z) to arrange the coefficients

to be zero. With the same notations as Step 2 in Section 11.2, since c̃
(0)
w,i,pei is the coefficient

of (z − xi)
pei in (z − xi)

nNi · c−n
w,i0 · Ĝ

(0)
w (z), it follows that c̃

(0)
w,i,pei = ĉ

(0)
w,i,pei/c

n
w,i0, which is

independent of w|v. Put

∆w,i,pei := −c̃(0)
w,i,pei .
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Fix an orbit Xa of X. Note that Ni = Nj = Na and ni = nj = na when xi, xj ∈ Xa. Noting

that Ĝ
(0)
w (z) ∈ Kv(z) is independent of w|v, we see that for each σ ∈ Gal(L/K), if σ(xi) = xj,

then σ(∆w,i,pei ) = ∆w,j,pej . It follows from (12.8) that |∆w,i,pei |w ≤ hprN
w εk0N−pei

Cpr
w Bpr

w (Twχw)k0N
. Since

∆w,i,pei ∈ K(xi)µ by Proposition 7.8, we can write ∆w,i,pei =
∑pei−1

`=0 ζu,i,pei ,` · x`
i for some

ζu,i,pei ,` ∈ K(xpei

i )ν . Define

ϕ(1,2)
w,a (z) :=

∑
xi∈Xa

pei−1∑
`=0

cp
r

w,i0 · ζu,i,pei ,` ·
z`

(z − xi)prNi−pei

= (z − xi)
−prNi · cp

r

w,i0

( pei−1∑
`=0

ζu,i,pei ,` z
` · (z − xi)

pei +

higher terms in (z − xi)
h with h ≥ prNi

)
= (z − xi)

−prNi · cp
r

w,i0

( 2pei−1∑
h=pei

δ
(1,2)
w,ih (z − xi)

h +

higher terms in (z − xi)
h with h ≥ prNi

)
,

where the δ
(1,2)
w,ih are Z-linear combinations of the ζu,i,pei ,` and the x`

i . Clearly, ϕ
(1,2)
w,a (z) ∈Mu(z)

is independent of w|v, so ϕ
(1,2)
w,a (z) is rational over Kv, with leading coefficient

∑pei−1
`=0 cp

r

w,i0 ·

ζu,i,pei ,` · x`
i = cp

r

w,i0 · ∆w,i,pei at each xi. It follows from Proposition 7.5 that for each h =

pei , · · · , 2pei − 1,

|δ(1,2)
w,ih |w ≤ Tw · |∆w,i,pei |w · χw ≤

hprN
w εk0N−pei

Cpr

w B
pr

w (Twχw)k0N−1

(
<

hprN
w

Cpr

w B
pr

w

)
. (12.9)

Moreover, Proposition 7.5 implies that ‖ϕ(1,2)
w,a (z)‖U0

v
≤ Cpr

w ·Tw ·|∆w,i,pei |w ·Bpr

w < hprN
w ·Tw ·Bw.

We use the following modification to patch the coefficient ĉ
(0)
w,i,pei :

G(1,2)
w,a (z) := Ĝ(0)

w,a(z) + ϕ(1,2)
w,a (z) · G̃(1)

w (z).

Here G
(1,2)
w,a (z) is rational over Kv and independent of w|v. Note that the leading coefficient

of Ĝ
(0)
w,a(z)−G(1)

a (z) at each xi ∈ Xa is ĉ
(0)
w,i,pei = −∆w,i,pei · cnw,i0 and ϕ

(1,2)
w,a (z) · G̃(1)

w (z) has the

leading coefficient ∆w,i,pei · cnw,i0 at each xi, with no constant term. Hence G
(1,2)
w,a (z) has no

terms of orders nNi − 1, · · · , nNi − 2pei + 1 at each xi ∈ Xa by Lemma 7.9. Since Ĝ
(0)
w,a(z)
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has no constant term, so does G
(1,2)
w,a (z). Hence we can write

G(1,2)
w,a (z) = G(1)

a (z) +
∑

xi∈Xa

nNi−1∑
k=2pei

c
(1,2)
w,i,k ·

1

(z − xi)nNi−k
.

If c̃
(1,2)
w,i` is the coefficient of (z − xi)

` in (z − xi)
nNi · c−n

w,i0 · G
(1,2)
w,a (z), it then follows that

c̃
(1,2)
w,i` = c̃

(0)
w,i` +

∑2pei−1
h=pei δ

(1,2)
w,ihB

(pr)
w,i,`−h for each ` = 2pei , · · · , k0Ni − 1, so

|c̃(1,2)
w,i` |w ≤

hprN
w εk0N−pei−(`−pei )

Cpr

w B
pr

w (Twχw)k0N−1
=

hprN
w εk0N−`

Cpr

w B
pr

w (Twχw)k0N−1
.

For each d = 3, · · · , ni, we inductively arrange the coefficients of orders nNi − (d −

1)pei , · · · , nNi−dpei +1 to be zero. Suppose that we have constructed functions G
(1,d−1)
w,a (z) ∈

Kv(z), independent of w|v, such that it has no terms of orders nNi−1, · · · , nNi−(d−1)pei +1

at each xi ∈ Xa, with no constant term, and such that in the expansion

G(1,d−1)
w,a (z) = G(1)

a (z) +
∑

xi∈Xa

nNi−1∑
k=(d−1)pei

c
(1,d−1)
w,i,k · 1

(z − xi)nNi−k
,

if c̃
(1,d−1)
w,i` is the coefficient of (z − xi)

` in (z − xi)
nNi · c−n

w,i0 · G
(1,d−1)
w,a (z), then it follows that

for each ` = (d− 1)pei , · · · , k0Ni − 1,

|c̃(1,d−1)
w,i` |w ≤

hprN
w εk0N−`

Cpr

w B
pr

w (Twχw)k0N−(d−2)
.

Put

∆w,i,(d−1)pei := −c̃(1,d−1)
w,i,(d−1)pei .

Since c̃
(d−1)
w,i,(d−1)pei = c

(1,d−1)
w,i,(d−1)pei/c

n
w,i0, ∆w,i,(d−1)pei is independent of w|v. Writing ∆w,i,(d−1)pei =∑pei−1

`=0 ζu,i,(d−1)pei ,` · x`
i for some ζu,i,(d−1)pei ,` ∈ K(xpei

i )ν , put

ϕ(1,d)
w,a (z) :=

∑
xi∈Xa

pei−1∑
`=0

cp
r

w,i0 · ζu,i,(d−1)pei ,` ·
z`

(z − xi)prNi−(d−1)pei
.

With the same argument as above, ϕ
(1,d)
w,a (z) ∈ Kv(z) is independent of w|v and satisfying

‖ϕ(1,d)
w,a (z)‖U0

v
< hprN

w · Tw ·Bw. In particular, if δ
(1,d)
w,ih is the coefficient of (z− xi)

h in c−pr

w,i0(z−

xi)
prNiϕ

(1,d)
w,a (z), then δ

(1,d)
w,ih = 0 for h = 0, · · · , (d− 1)pei − 1, dpei , · · · , prNi and

|δ(1,d)
w,ih |w ≤

hprN
w εk0N−(d−1)pei

Cpr

w B
pr

w (Twχw)k0N−(d−1)

(
<

hprN
w

Cpr

w B
pr

w

)
(12.10)
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for each h = (d− 1)pei , · · · , dpei − 1.

To patch the coefficient c
(1,d−1)
w,i,(d−1)pei , define

G(1,d)
w,a (z) := G(1,d−1)

w,a (z) + ϕ(1,d)
w,a (z) · G̃(1)

w (z).

Then G
(1,d)
w,a (z) is rational over Kv and independent of w|v. The leading coefficient of

G
(1,d−1)
w,a (z)−G

(1)
a (z) at each xi is c

(1,d−1)
w,i,(d−1)pei = −∆w,i,(d−1)pei · cnw,i0 and ϕ

(1,d)
w,a (z) · G̃(1)

w (z) has

the leading coefficient (
∑pei−1

`=0 cp
r

w,i0 · ζu,i,(d−1)pei ,` · x`
i) · c

n−pr

w,i0 = ∆w,i,(d−1)pei · cnw,i0 at each xi,

with no constant term. Hence G
(1,d)
w,a (z) has no terms of orders nNi − 1, · · · , nNi − dpei + 1

at each xi ∈ Xa by Lemma 7.9. Since G
(1,d−1)
w,a (z) has no constant term, so does G

(1,d)
w,a (z).

Furthermore, if c̃
(1,d)
w,i` is the coefficient of (z − xi)

` in (z − xi)
nNi · c−n

w,i0 · G
(1,d)
w,a (z), then it

follows that c̃
(1,d)
w,i` = c̃

(1,d−1)
w,i` +

∑dpei−1

h=p(d−1)ei
δ
(1,d)
w,ihB

(pr)
w,i,`−h for each ` = dpei , · · · , k0Ni − 1, so

|c̃(1,d)
w,i` |w ≤

hprN
w εk0N−`

Cpr

w B
pr

w (Twχw)k0N−(d−1)
.

Now, to complete the argument to construct ϕ
(1)
w (z), put

ϕ(1)
w (z) :=

m′∑
a=1

na∑
d=2

ϕ(1,d)
w,a (z),

G(1)
w (z) :=

m′∑
a=1

G(1,na)
w,a (z) + c

(0)
w,0.

Clearly, G
(1)
w (z) = Ĝ

(0)
w (z) + ϕ

(1)
w (z) · G̃(1)

w (z) and ‖ϕ(1)
w (z)‖U0

v
< hprN

w · Tw · Bw, which is the

same bound condition as (11.11). It follows from (12.9) and (12.10) that the coefficients in

the expansion of ϕ
(1)
w (z) in terms of the L-basis satisfy the size conditions (ii) in each local

patching process. Furthermore, G
(1)
w (z) ∈ Kv(z) is independent of w|v and has no terms of

orders nNi − 1, · · · , (n − 1)Ni + 1 at each xi ∈ X, with the same constant term as G
(0)
w (z).

In particular, G
(1)
w (z)−G(1)(z) has a pole of order at most (n− 1)Ni at each xi ∈ X.

Next, for each k = 2, · · · , k0, we will patch the coefficients of orders (n − (k −

1))Ni, · · · , (n − k)Ni + 1 for each xi ∈ X. If w ∈ SL with w|v for some v ∈ SK \ S,

then put ϕ
(k)
w (z) := 0. If w ∈ SL with w|v for some v ∈ S, suppose that we have

constructed functions G
(k−1)
w (z) ∈ Kv(z), independent of w|v, which have no terms of
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orders nNi − 1, · · · , (n − (k − 1))Ni + 1 at each xi ∈ X, with the same constant term

as G
(0)
w (z). For each d = 1, · · · , ni, we inductively arrange the coefficients of orders

(n− (k − 1))Ni − (d− 1)pei , · · · , (n− (k − 1))Ni − dpei + 1 to be zero. Put

G(k,0)
w (z) := G(k−1)

w (z).

We carry out the exactly same process to construct ϕ
(k,d)
w,a (z) and G

(k,d)
w,a (z), which are rational

over Kv and independent of w|v. Furthermore, ‖ϕ(k,d)
w,a (z)‖U0

v
< hprN

w ·Tw ·Bw and G
(k,d)
w,a (z) =

G
(k,d−1)
w,a (z) +ϕ

(k,d)
w,a (z) · G̃(1)

w (z) has no terms of orders nNi− 1, · · · , (n− (k− 1))Ni− dpei + 1

at each xi ∈ X, with no constant term. If c̃
(k,d)
w,i` is the coefficient of (z − xi)

` in (z − xi)
nNi ·

c−n
w,i0 ·G

(k,d)
w,a (z), then it follows that for each ` = (k − 1)Ni + dpei , · · · , k0Ni − 1,

|c̃(k,d)
w,i` |w ≤

hprN
w εk0N−`

Cpr

w B
pr

w (Twχw)k0N−((k−1)ni+(d−1))
.

At the end of this stage, put

ϕ(k)
w (z) :=

m′∑
a=1

na∑
d=1

ϕ(k,d)
w,a (z),

G(k)
w (z) :=

m′∑
a=1

G(k,na)
w,a (z) + c

(0)
w,0,

G(k)(z) := 0.

Clearly, ‖ϕ(k)
w (z)‖U0

v
< hprN

w · Tw · Bw, which is the same bound condition as (11.13). By

the inductive construction, the coefficients in the expansion of ϕ
(k)
w (z) in terms of the L-

basis satisfy the size conditions (ii) in each local patching process. It follows that G
(k)
w (z) =

G
(k−1)
w (z) +ϕ

(k)
w (z) · G̃(1)

w (z) ∈ Kv(z) is independent of w|v and has no terms of orders nNi−

1, · · · , (n− k)Ni + 1 at each xi ∈ X, with the same constant term as G
(0)
w (z). Furthermore,

G
(k)
w (z)− (G(1)(z) + · · ·+G(k)(z)) has a pole of order at most (n− k)Ni at each xi ∈ X.

Note that for each w ∈ SL and each k = 1, · · · , k0, the function ϕ
(k)
w (z) satisfies the bound

condition in each local patching process. Therefore, we can carry on the global patching

process further.
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12.3 Patching the Low-order Coefficients

We will carry out the patching process for k = k0 + 1, · · · , n, inductively. In each

local patching process, we have arranged the low-order coefficients so that the resulting

functions G
(k)
w (z) are rational over Kv. So far, we have constructed the K-rational func-

tions G(1)(z), · · · , G(k0)(z) after arranging the high-order coefficients to be zero. In this sec-

tion, we will arrange the low-order coefficients to generate K-rational functions G(k)(z) for

k = k0 + 1, · · · , n + 1, independent of w|v, so that at the final stage G
(n+1)
w (z) = G(n+1)(z)

for all w ∈ SL. Let Xa, a = 1, · · · ,m′, be the orbits of X under Gal(K/K). In each stage, we

will patch the coefficients for each orbit Xa of X as a packet, maintaining the K-rationality

(see Proposition 7.8) by applying the Very Strong Approximation Theorem and then put all

the resulting functions together.

With the same notations as in each local patching process, put

G̃(k)
w (z) =



gw(z)n−k if w|v for some v ∈ SK \ S∏k−1
`=k0

Q
(`)
w (z) · Q̃(k)

w (z) if k = k0 + 1, · · · , T0 and w|v for some v ∈ S

Qw,T0(z) · Q̃
(0,k)
w (z) if k = T0 + 1, · · · , T2 and w|v for some v ∈ S

Q̃
(0,k)
w (z) if k = T2 + 1, · · · , n and w|v for some v ∈ S

(12.11)

Note that G̃
(k)
w (z) is rational over Kv and independent of w|v.

We can write G
(k0)
w (z) in terms of the L basis;

G(k0)
w (z) = G(1)(z) + · · ·+G(k)(z) +

m′∑
a=1

∑
xi∈Xa

nNi−1∑
k=k0Ni

c
(k0)
w,ik ·

1

(z − xi)nNi−k
+ c

(0)
w,0,

with c
(k0)
w,ik ∈ K(xi)µ, independent of w|µ. Letting G

(k0)
w,a (z) = G

(1)
a (z) +

∑
xi∈Xa

∑nNi−1
k=k0Ni

c
(k0)
w,ik ·

1
(z−xi)nNi−k , it follows that G

(k0)
w (z) =

∑m′

a=1G
(k0)
w,a (z) + c

(0)
w,0.

We are patching each block of pei consecutive coefficients at the same time, for each

xi ∈ X, and for each k = k0 + 1, · · · , n. Fix a ∈ {1, · · · ,m′}. Before giving the details of the

patching process, we describe an abstract formulation of the process. Recall that Ni = nip
ei .
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For each b = 1, · · · , ni, let ψ
(k,b−1)
w,a (z) be the function obtained in the previous step of the

patching process, having poles supported only on Xa. In fact, ψ
(k0+1,0)
w,a (z) = G

(k0)
w,a (z)−G(1)

a (z)

when k = k0 + 1 and b = 1.

Theorem 12.1 For each k = k0 + 1, · · · , n and each b = 1, · · · , ni, suppose that for each

w ∈ SL, ψ
(k,b−1)
w,a (z) is rational over Kv and independent of w|v, having poles supported on

Xa. Let ψ
(k,b−1)
w,a (z) have a pole of order (n− (k− 1))Ni− (b− 1)pei at each xi ∈ Xa. We can

patch the first pei coefficients of the function ψ
(k,b−1)
w,a (z) at the same time for all xi ∈ Xa,

preserving the Kv-rationality as follows:

there are functions ϕ
(k,b)
w,a (z) ∈ Kv(z) and G

(k,b)
a (z) ∈ K(z), having poles of order Ni −

(b− 1)pei and (n− (k− 1))Ni− (b− 1)pei, respectively, at xi ∈ Xa, and no other poles, which

are independent of all w|v. Moreover,

(i) ‖ϕ(k,b)
w,a (z)‖U0

v
< hkN

w · Tw ·Bw;

(ii) if ψ
(k,b)
w,a (z) = ψ

(k,b−1)
w,a (z)+ϕ

(k,b)
w,a (z) · G̃(k)

w (z), then ψ
(k,b)
w,a (z) ∈ Kv(z) is independent of all

w|v, with the same constant term as ψ
(k,b−1)
w,a (z); and

(iii) ψ
(k,b)
w,a (z)−G(k,b)

a (z) has poles supported on Xa and a pole of order (n− (k−1))Ni− bpei

at each xi ∈ Xa.

Proof: First, we decompose ψ
(k,b−1)
w,a (z) into its polar parts:

ψ(k,b−1)
w,a (z) =

∑
xi∈Xa

nNi−1∑
h=(k−1)Ni+(b−1)pei

c
(k,b−1)
w,ih · 1

(z − xi)nNi−h
,

where c
(k,b−1)
w,ih ∈ K(xi)µ, independent of w|µ.

We need to patch the coefficient c
(k,b−1)
w,i,(k−1)Ni+(b−1)pei for all w|v and each v ∈ SK . Fix

xi ∈ Xa and consider the set {c(k,b−1)
w,i,(k−1)Ni+(b−1)pei : w ∈ SL} to apply the Very Strong

Approximation Theorem. Put

Dw :=
hNk

w

Twχw

· |cn−k
w,i0 |w.

It follows from (12.1) and (12.4) that∏
w∈SL

Dw =
∏

w∈SL

hNk
w

Twχw

> C(L/K, SK),
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and hence there exists ci,(k−1)Ni+(b−1)pei ∈ K(xi) such that
|ci,(k−1)Ni+(b−1)pei − c

(k,b−1)
w,i,(k−1)Ni+(b−1)pei |w ≤ Dw for all w ∈ SL,

|ci,(k−1)Ni+(b−1)pei |w ≤ 1 for all w 6∈ SL.

Put

∆w,i,(k−1)Ni+(b−1)pei := (ci,(k−1)Ni+(b−1)pei − c
(k,b−1)
w,i,(k−1)Ni+(b−1)pei )/c

n−k
w,i0 ,

which belongs to K(xi)µ, independent of all w|µ. It follows that

∣∣∆w,i,(k−1)Ni+(b−1)pei

∣∣
w
≤ Dw/|cn−k

w,i0 |w =
hNk

w

Twχw

.

In order to achieve Galois-invariance, for each xj ∈ Xa with j 6= i, choose σ ∈

Gal(L/K) so that σ(xi) = xj and put cj,(k−1)Nj+(b−1)pej := σ(ci,(k−1)Ni+(b−1)pei ). We define

∆w,j,(k−1)Nj+(b−1)pej for each w|v as follows:

Writing ∆w,i,(k−1)Ni+(b−1)pei =
∑pei−1

`=0 ζu,i,(k−1)Ni+(b−1)pei ,` · x`
i for some ζu,i,(k−1)Ni+(b−1)pei ,` ∈

K(xpei

i )ν ,

∆σ(w),j,(k−1)Nj+(b−1)pej := τw,σ(∆w,i,(k−1)Ni+(b−1)pei )

=

pej−1∑
`=0

τw,σ(ζu,i,(k−1)Ni+(b−1)pei ,`) · x`
j

=:

pej−1∑
`=0

ζσ(u),j,(k−1)Nj+(b−1)pej ,` · x`
j.

It follows that ζσ(u),j,(k−1)Nj+(b−1)pej ,` belongs to K(xpej

j )ν and

⊕w|v∆w,j,(k−1)Nj+(b−1)pej = ⊕σ(w)|v∆σ(w),j,(k−1)Nj+(b−1)pej

= ⊕σ(w)|vτσ,w(∆w,i,(k−1)Ni+(b−1)pei )

= σ(⊕w|v∆w,i,(k−1)Ni+(b−1)pei ).

Clearly, ⊕w|v∆w,j,(k−1)Nj+(b−1)pej belongs to σ(K(xi)) ⊗K Kv = K(xj) ⊗K Kv ⊂ L ⊗K Kv

because ⊕w|v∆w,i,(k−1)Ni+(b−1)pei belongs to K(xi) ⊗K Kv ⊂ L ⊗K Kv for each v ∈ SK . For
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any other ρ ∈ Gal(L/K) with ρ(xi) = xj, since σ(xi) = ρ(xi) = xj and σ|Kv = ρ|Kv ,

⊕w|v∆w,j,(k−1)Nj+(b−1)pej is well-defined and independent of the choice of σ. Put

ϕ(k,b)
w,a (z) :=

∑
xi∈Xa

pei−1∑
`=0

ζu,i,(k−1)Ni+(b−1)pei ,` ·
z`

(z − xi)Ni−(b−1)pei
.

Clearly, the coefficients in the expansion of ϕ
(k,b)
w,a (z) in terms of L-basis have absolute value

less than equal to Tw · |∆w,i,(k−1)Ni+(b−1)pei |w · χw ≤ hkN
w , which meets the size conditions

(iii) in the local patching precesses. By Proposition 7.8, ϕ
(k,b)
w,a (z) is rational over Kv and

independent of w|v, with sup norm ‖ϕ(k,b)
w,a (z)‖U0

v
≤ Tw · hkN

w

Twχw
·Bw < hkN

w · Tw ·Bw.

We now consider

ψ(k,b)
w,a (z) := ψ(k,b−1)

w (z) + ϕ(k,b)
w,a (z) · G̃(k)

w (z).

Note that ψ
(k,b)
w,a (z) has the same constant term as ψ

(k,b−1)
w,a (z) since ϕ

(k,b)
w,a (z) has no

constant term. In particular, the leading coefficient of ψ
(k,b)
w,a (z) at each xi ∈ Xa is

c
(k,b−1)
w,i,(k−1)Ni+(b−1)pei +

(∑pei−1
`=0 ζu,i,(k−1)Ni+(b−1)pei ,` · x`

i

)
· cn−k

w,i0 = ci,(k−1)Ni+(b−1)pei . Write

ci,(k−1)Ni+(b−1)pei =
∑pei−1

`=0 di,(k−1)Ni+(b−1)pei · x`
i for some di,(k−1)Ni+(b−1)pei ∈ K(xpei

i ). Since

the leading coefficient of ψ
(k,b)
w,a (z) occurs at the order (n − (k − 1))Ni − (b − 1)pei at each

xi ∈ Xa, if we put

G(k,b)
a (z) :=

∑
xi∈Xa

pei−1∑
`=0

di,(k−1)Ni+(b−1)pei ·
z`

(z − xi)(n−(k−1))Ni−(b−1)pei
,

it then follows that G
(k,b)
a (z) is rational over M and independent of w|v, so G

(k,b)
a (z) is

rational over K and independent of w|v by Proposition 7.8. Since ψ
(k,b)
w,a (z) and G

(k,b)
a (z) have

the same leading coefficient of order (n− (k− 1))Ni− (b− 1)pei at each xi ∈ Xa, Lemma 7.9

implies that ψ
(k,b)
w,a (z) − G

(k,b)
a (z) has order (n − (k − 1))Ni − bpei at each xi ∈ Xa. Clearly,

ψ
(k,b)
w,a (z) − G

(k,b)
a (z) is rational over Kv and independent of w|v for each v ∈ SK , and hence

its leading coefficient of order (n − (k − 1))Ni − bpei at each xi ∈ Xa belongs to K(xi)µ by

Proposition 7.8. �

Now, for each k = k0 + 1, · · · , n and each b = 1, · · · , ni, we inductively apply The-

orem 12.1 by setting ψ
(k,0)
w,a (z) := G

(k)
w,a(z) − (G

(1)
a (z) + · · · + G

(k)
a (z)), where G

(k)
a (z) = 0 for
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k = 2, · · · , k0. Suppose that we have constructed ψ
(k,b−1)
w,a (z), which is rational over Kv and

independent of w|v for each v ∈ SK , with leading coefficient c
(k,b−1)
w,i,(k−1)Ni+(b−1)pei ∈ K(xi)µ of

order (n−(k−1))Ni−(b−1)pei at each xi ∈ Xa. Apply Theorem 12.1 to patch the coefficient

c
(k,b−1)
w,i,(k−1)Ni+(b−1)pei for all w|v and each v ∈ SK . It follows that there are functions ϕ

(k,b)
w,a (z) ∈

Kv(z) and G
(k,b)
a (z) ∈ K(z), independent of w|v, such that ‖ϕ(k,b)

w,a (z)‖U0
v
< hkN

w · Tw · Bw,

ψ
(k,b)
w,a (z) := ψ

(k,b−1)
w,a (z) +ϕ

(k,b)
w,a (z) · G̃(k)

w (z) has poles of order (n− (k− 1))Ni− (b− 1)pei sup-

ported only at xi ∈ Xa, with the same constant term as ψ
(k,b−1)
w,a (z), and ψ

(k,b)
w,a (z)−G

(k,b)
a (z)

has a pole of order (n− (k− 1))Ni− bpei only at each xi ∈ Xa. Note that ψ
(k,b)
w,a (z)−G(k,b)

a (z)

is rational over Kv and independent of w|v for each v ∈ SK .

To finish the kth stage, put

ϕ(k)
w (z) :=

m′∑
a=1

ni∑
b=1

ϕ(k,b)
w,a (z),

G(k)(z) :=
m′∑
a=1

ni∑
b=1

G(k,b)
a (z),

G(k)
w (z) := G(k−1)

w (z) + ϕ(k)
w (z) · G̃(k)

w (z).

Then ϕ
(k)
w (z) and G

(k)
w (z) are rational over Kv and independent of w|v. In particular, G(k)(z)

is rational over K and independent of w|v. By the proof of Theorem 12.1, the coefficients in

the expansion of ϕ
(k)
w (z) in terms of L-basis have absolute value less than equal to hkN

w , which

meets the size conditions (iii) in the local patching precesses. Furthermore, ‖ϕ(k)
w (z)‖U0

v
<

hkN
w ·Tw ·Bw, which is the same bound condition as in each local patching process, and G

(k)
w (z)

has the same constant term c
(0)
w,0 as G

(k−1)
w (z). Note that G

(k)
w (z) − (G(1)(z) + · · · + G(k)(z))

has a pole of order (n − k)Ni at each xi ∈ X and G
(n)
w (z) − (G(1)(z) + · · · + G(n)(z)) is the

constant term c
(0)
w,0, which belongs to Kv and is independent of w|v.

Finally, at stage k = n+ 1, we patch the constant terms c
(0)
w,0. Note that c

(0)
w,0 ∈ Kv for all

w|v. Applying the Very Strong Approximation Theorem to the c
(0)
w,0 and to the Dw := hnN

w >
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hnN
w

Twχw
, there exists c0 ∈ K such that

|c0 − c
(0)
w,0|w ≤ Dw for all w ∈ SL,

|c0|w ≤ 1 for all w 6∈ SL.

Put

∆w,0 := c0 − c
(0)
w,0, (12.12)

which belongs to Kv, independent of w|v. It follows that for each w ∈ SL,

|∆w,0|w ≤ Dw = hnN
w .

Define G
(n+1)
w (z) = G

(n)
w (z) + ∆w,0 to patch the constant term. In particular, G

(n+1)
w (z) is

rational over K and independent of w|v because G
(n+1)
w (z) = G(1)(z)+

∑n
h=k0+1G

(h)(z)+ c0.

Repalce G
(n+1)
w (z) by G(n+1)(z).

12.4 Conclusion of the Global Patching Process

The patching process has now arranged the K-rational function G(n+1)(z), independent of

all w ∈ SL. Furthermore, the local patching process guarantees that all the zeros of G(n+1)(z)

belong to U0
v for all v ∈ SK . Expand G(n+1)(z) in terms of L-basis:

G(n+1)(z) =
m∑

i=1

nNi−1∑
k=0

cik
1

(z − xi)nNi−k
+ c0.

For each v 6∈ SK , let w|µ|ν|v be places of L, K(xi) and K(xpei

i ) lying above v, respectively.

We have defined the K-rational functions G(h)(z), for h = k0 + 1, · · · , n, with the numbers

cw,i,(h−1)Ni
, cw,i,(h−1)Ni+pei , · · · , cw,i,(h−1)Ni+(ni−1)pei in Ow ∩K(xi) ⊂ Oµ, for each xi ∈ X. Note

that by the choice of SK , Oµ = Oν [1, xi, · · · , xpei ] for each xi. For each b = 1, · · · , ni, since

cw,i,(h−1)Ni+(b−1)pei =
∑pei−1

`=0 d
(h,b)
i,` · x`

i for some d
(h,b)
i,` ∈ K(xpei

i ), the d
(h,b)
i,` must belong to Oν .

Hence if k is in the range (n− (h− 1))Ni, · · · , (n− h)Ni + 1, then the coefficients cik belong

to Oν ⊂ Ow because they are combinations of the d
(h,b)
i,` and the x`

i over Z.
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On the other hand, since the ui ∈ M× are SL-units and c0 ∈ K with |c0|w ≤ 1 for each

w 6∈ SL, it follows that ui ∈ O×
w and c0 ∈ Ow. Thus, all the coefficients in the expansion of

G(n+1)(z) belong to Ow and the leading coefficients belong to O×
w . Note that the functions

1/(z−xi) for each xi ∈ X have good reduction at each w 6∈ SL and the points in X specialize

to distinct points (mod w). Hence G(n+1)(z) (mod w) reduces to a nonconstant function with

a pole of order nNi > 0 at each xi ∈ X. This implies that for each v 6∈ SK ,

{z ∈ P1(Cv) : |G(n+1)(z)|v ≤ 1} = P1(Cv) \ ∪m
i=1B(xi, 1)− = Uv = Ev.

In particular, all the zeros of G(n+1)(z) belong to Uv for each v 6∈ SK .

Finally, for each v ∈ S, all the zeros of G(n+1)(z) are distinct by our construction. Since

n can be any sufficiently large integer divisible by Apr0 (see Section 9.2), satisfying the

conditions (11.20), (11.31), (11.37) and (11.43), we obtain infinitely many numbers satisfying

the conditions of the main theorem. For each v 6∈ S, consider the zeros of G(n+1)(z)` − 1 for

` = 1, 2, · · · . Noting that {z ∈ P1(Cv) : |G(n+1)(z)|v ≤ 1} ⊆ Uv for each v 6∈ S, the zeros

of G(n+1)(z)` − 1 belong to Uv. If gcd(`, p) = 1, then there must be infinitely many distinct

roots of G(n+1)(z)` − 1 as n and ` vary. These numbers satisfy the conditions of the main

theorem.
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