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PREFACE

Modular representation theory is the study of the realizations of an algebra A over a
field K of characteristic p, as a subalgebra of the endomorphisms of some K-vector
space V. In computational modular representation theory we usually take K to be
finite, and both V' and A to be finite dimensional over K, so that endomorphisms of V'
can be represented as n x n matrices over K, where n is the K-dimension of V. In the
computational setting A is usually implicitly defined via a sequence A = {Aq,..., \;}
of n x n matrices over K, so A is the subalgebra of M, (K') generated by A.

Two natural questions arise. First, can we compute a presentation for A in terms
of generators and relations, and if so, can this be done in a somewhat canonical
way? The more canonical the presentation, the more useful it becomes in answering
related questions, such as whether two algebras are isomorphic. Second, can we
compute the basic algebra associated to A? The basic algebra, B, is a usually much
smaller dimensional algebra, with the property that A and B are Morita equivalent,
i.e., the module category for A and the module category for B are categorically
equivalent, and hence representations of A and of B are ‘essentially the same’.

Previous approaches to these questions have mainly focussed on the second
problem, and have assumed that A is the group algebra of some finite group G.
The techniques employed center on finding idempotents e € KG, usually via special
subgroups of GG, such that the condensed algebra eKGe is Morita equivalent to the
group algebra KG. There is a large body of work [16] on how to both construct and
recognize such idempotents. The essential problem with this approach is that there is

no guarantee that if gy, ..., g, generate KG, then egye, ..., eg,e will generate eKGe.

v
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This dissertation attempts to answer both problems via a somewhat different
approach. We still attempt to find idempotents in A, and then condense A with
respect to these idempotents, but we do not assume that A is the group algebra
of some finite group. Rather we work directly with A as a subalgebra of a matrix
algebra. We also treat the two problems as being intimately related — our solution
to the second problem yields a natural solution to the first.

We start by proving that A can be ‘split’ as the direct sum of a subalgebra A’
isomorphic (as an algebra) to A modulo its Jacobson radical J(A), and the two-
sided ideal J(A). Next we show how to find generators and relations for A’. These
generators are constructed in a canonical way, with two generators and a family of
four relations per simple A-module. One of the two generators is actually in the
basic algebra B for A, and the other becomes zero when we condense to form B. We
then show how to construct a generating set for J(A) as a two-sided ideal. While this
generating set is not quite canonical, it has the interesting property that it is wholly
contained in B. Hence the set not only generates J(A), but also J(B). Our careful
construction of generators for A’ and J(A) via elements of A that are either in B,
or condense to zero within B, allows us to both construct B as a matrix algebra,
and to compute a presentation for B via generators and relations. We conclude
by computing the basic algebra associated to several algebras, including the group
algebra of the Mathieu group Mj; in characteristic 2.

We provide algorithms for all our constructions, along with proofs of their cor-
rectness. Appendix A contains implementations of our algorithms in the Magma

computer algebra system
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CHAPTER 1

BACKGROUND

ABSTRACT. We establish the conventions and notation used throughout
this dissertation, and give the background results necessary to understand
the subsequent chapters. We also discuss the computational tools used in the

development of our later algorithms.

1.1 Basic CONVENTIONS AND NOTATIONS

Throughout this chapter all definitions and theorems are given in the context of finite
dimensional algebras and finitely generated modules over them. While many of our
definitions and theorems are valid over more general rings, restricting to this context
both matches the computational setting in which we use this material, and allows
many of the main background results to be stated more concisely. For example we do
not have to consider finiteness conditions on our algebras and modules, since finite
dimensional algebras and finitely generated modules over them are finite dimensional
vector spaces, and hence satisfy both the ascending and descending chain conditions
on ideals and submodules. The proofs cited for theorems are usually proofs over
more general rings, so the reader may consult these proofs to see the general setting.

Henceforth A denotes a finite dimensional algebra with identity element over a
field K, and 4A denotes the left regular representation of A —i.e., A thought of as

a left A-module via the multiplication in A.



1.2 COMPOSITION SERIES
Definition 1.2.1. A composition series for an A-module M is a series of submodules,
O=My<My <---<M,=M
where each factor, M;/M;_1, is a simple A-module
All finitely generated A-modules admit at least one composition series.

Theorem 1.2.2 (Jordan-Hélder). Suppose M is an A-module. Given any two

series of submodules of M
O=My<My<---<M, =M
O=M<M <---<M.=M

we may refine them to series of equal length
O=Lop< L1 <---<L,=M
O0=Lj<Li<---<L,=M

and find a permutation p of {1,...,n} such that L;/L;y ~ L, /L', . In partic-
ular then any two composition series for M have the same length and have the same

factors up to permutation and isomorphism.
Proof. Theorem 1.1.4 of [4]. O

For finitely generated A-modules the length of a composition series is therefore
an invariant of the module, and the factors appearing in a composition series are

unique up to isomorphism.

1.3 THE RADICAL OF A MODULE

Definition 1.3.1. Let M be an A-module. The radical of M, denoted Rad(M), is

the intersection of all the maximal submodules of M.
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Definition 1.3.2. A finitely generated A-module M is called semisimple if M is a

finite direct sum of simple modules.

The relevant properties of the radical of a module are summarized in the following

theorem.
Theorem 1.3.3. Let M be a finitely generated A-module. Then:

(i) Rad(M/Rad(M)) = 0.

(11) Rad(M) is the smallest submodule M' of M such that Rad(M/M') = 0.
(11i) M is semisimple if and only if Rad(M) = 0.

Proof. Corollary 5.2 of [11], and the discussion in section 1.2 of [4]. O

1.4 THE JACOBSON RADICAL

Definition 1.4.1. The Jacabson radical of A, denoted J(A), is the radical of the
left regular module 4A i.e., J(A) = Rad(4A). We denote the factor ring A/ J(A) by
A.

Definition 1.4.2. An algebra A is called semisimple if J(A) = 0.

The basic properties of the Jacobson radical are summarized in the following

theorem.
Theorem 1.4.3. For an algebra A:

(i) J(A) = NI =NJ =K, where I, J, and K range over all mazimal left,
I J K

right, and two sided ideals of A respectively.

(i) J(A) = N Anna(X) = N Anna(Y), where X and Y range over all simple left
X Y

and right A-modules respectively.



(111) J(A) is a two sided ideal of A.

(iv) J(A) =0, so A is a semisimple algebra.

(v) if M is a finitely generated A-module, then Rad(M) = J(A) - M.
(vi) suppose A’ is a subring of A such that A’ + J(A)? = A, then A’ = A.

Proof. Propositions 5.5, 5.6, and 5.29, and Corollary 5.11 of [11], and Proposition
1.2.8 of [4]. O

We can relate semisimplicity of finitely generated A-modules to the Jacobson

radical of A as follows.

Lemma 1.4.4. If A is semisimple (so J(A) = 0) then every finitely generated A-
module is semisimple. Conversely if 4 A is a finitely generated semisimple A-module,

then A is a semisimple algebra.
Proof. Lemma 1.2.4 of [4]. O
We can also relate nilpotence in A to the Jacobson radical of A.

Definition 1.4.5. An element z € A is called nilpotent if there exists a positive
integer k such that 2% = 0. A left ideal I C A is called nilpotent if there exists a
positive integer k£ such that N¥ = 0 (i.e., all k-fold products in N are zero). A left
ideal I C A is called nil if all its elements are nilpotent. Clearly nilpotent ideals are

nil.

Theorem 1.4.6. J(A) is the largest nilpotent ideal in A and as such contains all

nilpotent one-sided ideals (left or right), and all one-sided nil ideals.

Proof. Proposition 5.15 of [11]. O



1.5 THE KRULL-SCHMIDT THEOREM

Theorem 1.5.1 (Krull-Schmidt). A finitely generated A-module M has the prop-

erty that both
(i) M is a finite direct sum of indecomposable A-modules.

(ii) whenever M = @ M; = @ M], with each M; and M| a non-zero indecompos-
i=1 i=1

able A-module, then m = n, and (after reordering if necessary), M; ~ M.

Proof. Theorem 1.4.6 of [4]. O

1.6 IDEMPOTENTS

Definition 1.6.1. An element e € A is called idempotent if e # 0 and e? = e. Two
idempotents e; and ey are said to be orthogonal if e;eq = ese; = 0. An idempotent
e is said to be primitive if we cannot express e in the form e = e; 4+ e5 with e; and

ey orthogonal idempotents.

The idempotent stucture of an algebra A is intimately related to decompositions

of 4A into finite direct sums of modules.

Definition 1.6.2. Let M be a non-zero indecomposable A-module. M is called a
projective indecomposable module if M is isomorphic to a direct summand of the

(free) A-module 4 A.

n

Lemma 1.6.3. If A = @ J;, with the J; non-zero left ideals of A, and 1 = e; +
i=1

-+ e,, with e; € J;, then the e; are pairwise orthogonal idempotents with J; = Ae;.

Conversely, if ey, ..., e, are pairwise orthogonal idempotents then ey + - - -+ e, is an

idempotent, and A(e; + -+ e,) = @ Ae;.
i=1

Proof. Lemma 41.1 of [12]. O



Corollary 1.6.4. Let e € A be an idempotent. Then the following are equivalent:
(i) e is primitive.
(i1) Ae is an indecomposable left A-module.

(i1i) eA is an indecomposable right A-module.

Moreover if e is primitive then Ae is a projective indecomposable A-module.

Proof. The three main points are proved in Corollary 41.3 of [12]. The fact that Ae
is a projective indecomposable module when e is primitive follows from the fact that

AA=Aed A(l —e). O

The point here is that in a finite dimensional algebra, the identity of A can be
expressed as a finite sum of pairwise orthogonal primitive idempotents, and every
such expression then gives a decomposition of A into a direct sum of projective
indecomposable A-modules. Moreover, since 4 A satisfies the Krull-Schmidt theorem,
every projective indecomposable A-module is isomorphic to Ae for some primitive
idempotent e € A.

The correspondence between expressions for the identity in terms of primitive
idempotents, and decompositions of 4A into projective indecomposables, can be

taken further via the idea of conjugacy of idempotents.

Definition 1.6.5. Two idempotents e; and e, are called conjugate in A, if there

exists an invertible element r € A such that rle;r = e,.

Lemma 1.6.6. Two idempotents e; and ey are conjugate in A if and only if (as

A-modules) Aey ~ Aes and A(1 —e1) >~ A(1 — ey).
Proof. Proposition 1.7.2 of [4]. O

Summarizing we have the following theorem.
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Theorem 1.6.7. In a finite dimensional algebra A the identity of A can be expressed
as a finite sum of primitive idempotents, 14 = > ex. Such an expression then gives a
decomposition, 4A = @ Aey, of 4A into projective indecomposables. Moreover every
projective indecomposable A-module is isomorphic to Aey for some choice of k, and

Aey, ~ Aej if and only if e, and e; are conjugate,

Thus the primitive idempotents characterize the projective indecomposable mod-
ules for a finite dimensional algebra. They can also be used to characterize the simple

modules for a finite dimensional algebra.
Theorem 1.6.8. Let e; and ey be primitive idempotents in A. Then:
(i) J(A)ey is the unique mazimal submodule in Ae;.
(i) Aei/ J(A)ey is a simple A-module.
(111) Aey =~ Aes if and only if Aey/ J(A)e ~ Aes/ J(A)es.
Proof. Theorem 45.7 of [12]. O

Theorem 1.6.9. There is a 1-1 correspondence between isomorphism classes of
projective indecomposable A-modules, and isomorphism classes of simple A-modules
given by P «— P/Rad(P). Specifically this correspondence works as follows: if P is
a projective indecomposable A-module, then P ~ Ae for some primitive idempotent

e € A. By the previous lemma S = Ae/J(A)e is simple, and
P/Rad(P) ~ P/ J(A)P ~ Ae/J(A)Ae = Ae/J(A)e = S

Conversely if S is a simple A-module then S ~ Ae/J(A)e for some primitive idem-
potent e € A. Taking P = Ae then gives a projective indecomposable A-module such

that P/ Rad(P) ~ S.

Proof. Corollary 45.8 of [12]. O
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Until now we have used expressions for the identity of A in terms of primitive
idempotents to produce decompositions of 4A into finite direct sums of projective
indecomposables. We can in fact say more, specifically for suitable choices of ideals
I C A, expressing the identity of A/I as a finite sum of idempotents, is sufficient to

decompose 4 A into finite sums of A-modules.

Theorem 1.6.10 (Idempotent Lifting Theorem). Suppose I is a two sided

nilpotent ideal of A. Then:

(i) if € is an idempotent in A/, then there exists an idempotent e € A (called a

lift of €), such thate =e+ 1.
(i) if € is primitive in A/I, then any lift e is primitive in A.

(1) if €1 and €y are orthogonal in A/I, then any lifts e; and ey are orthogonal in

A.

(v) if €1 and €y are conjugate in A/I, then any lifts e; and ey are conjugate in A.

(v) if e1,..., e, are pairwise orthogonal (primitive) idempotents in A, then e; +
I,...,e,+ I, are pairwise orthogonal (primitive) idempotents in A/I.

(vi) if ey, ..., e, are pairwise orthogonal idempotents in A/I such that 14,1 = ¢,
then there exist pairwise orthogonal idempotents e, ... e, in A, with & =

ei + I, such that 14 = e;. Moreover if €; is primitive, then so is e;, and if

is conjugate to €;, then e; is conjugate to e;.
Proof. Theorem 1.7.3 and Corollary 1.7.4 of [4]. O

This theorem will form the cornerstone of several later algorithms. It will be most
often used in the special case where I is actually equal to J(A), rather than simply
contained in it.

We finish this section with a technical result.
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Lemma 1.6.11. If e is an idempotent in A, then eAe is a subalgebra of A with
identity e. Moreover J(eAe) = eAeNJ(A) = eJ(A)e, and eAe/ J(eAe) ~ eAe, where
e=c+J(A).

Proof. The first claim is obvious. The second claim is proved in Proposition 5.13 of

11]. O

1.7 WEDDERBURN’S THEOREMS

Idempotents in a finite dimensional algebra A are closely connected to endomorphism

rings over A, and hence to matrix rings. The connection is via the opposite algebra

to A.

Definition 1.7.1. A°P? denotes the opposite algebra to A, i.e., the algebra whose
underlying set is A but whose multiplication is reversed. So if ‘-’ denotes the product

operator in A°?. then by definition a - b = ba.
The basic properties of opposite algebras are as follows.
Lemma 1.7.2. For an algebra A:
(i) A% ~ Ends(4A4).
(ii) (A°P)°P ~ A.

(idi) My (A)% =~ M, (A°P).

7

For a family A; of algebras, (€D A;)°F ~ €D (A]").
Proof. Lemmas 11 and 15 of [2]. O

The connection between opposite algebras and endomorphism rings is given in

the following lemmas.
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Lemma 1.7.3. If M is an A-module, and e is an idempotent in A, then as abelian
groups

eM ~ Homy(Ae, M)
Moreover we have an isomorphism of algebras eAe ~ End 4(Ae)?.

Proof. Lemma 1.3.3 of [4]. O

Lemma 1.7.4. Suppose e is a primitive idempotent in A. Then End(Ae/ J(A)e) ~
Enda(Ae)/ J (Enda(Ae)).

Proof. Lemma 45.9 of [12]. O

Corollary 1.7.5. Suppose that P is a projective indecomposable A-module with cor-
responding simple S. Then End4(S) ~ End4(P/Rad(P)) ~ Enda(P)/ J(End4(P)).

Proof. Since P is a projective indecomposable, P ~ Ae for some primitive idempo-

tent e € A, and S ~ P/Rad(P). Hence

End(S) ~ End4(P/Rad(P))
~ End4(Ae/ J(A)Ae)
~ Endy(Ae/ J(A)e)
~ End4(Ae)/ J(End4(Ae))
~ End4(P)/ J(Enda(P)) O
We now come to a theorem which will form the backbone of much of theoretical

material developed later. This theorem provides a complete description of finite

dimensional semisimple algebras over a field.

Definition 1.7.6. An algebra A is called simple if A contains no non-trivial two

sided ideals.
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Theorem 1.7.7 (Wedderburn’s Structure Theorem). If A is a finite dimen-

stonal semisimple algebra over a field K then

A~ éz‘lz
i=1

where A; = M,,,(D;), with D; a division ring containing K in its center, and the
A; uniquely determined. Moreover A has exactly r isomorphism classes of simple
modules S;, 1 <1 <r, D; ~ Enda(S;)”, and dimp_or (S;) = n;. If A is simple then

A~ M, (D) (i.e., r =1 in the direct sum decomposition).
Proof. Theorem 1.3.5 of [4] O

The converse of this theorem is also true — i.e., every matrix algebra over a
division ring containing a field K in its center is a simple finite dimensional K-
algebra, and any finite direct sum of matrix algebras over division rings containing
a field K in their centers is a semisimple finite dimensional K-algebra. Here we are
of course assuming that the matrix algebras have finite degree.

Our main use of the Wedderburn Structure theorem is in the special case when

K is a finite field. In this case the following two theorems are critical.
Theorem 1.7.8. Fvery finite division ring is a field.
Proof. Theorem 68.9 of [10]. O
Corollary 1.7.9. Let A be a semisimple algebra over a finite field K. Then
A~ é M, (K;)
i=1
where K; is a finite extension of K.

Proof. By the Wedderburn Structure theorem

i=1
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where D; ~ End 4(S;)°?, and contains K in its center. Each S; is a finite dimensional
K-vector space, and since K is finite, each S;, and hence D;, is also finite. The result

now follows from the previous theorem. n

The Idempotent Lifting theorem, the Wedderburn Structure theorem, together
with 1.6.9 and some knowledge of idempotents in a full matrix algebra, provide a
methodology for understanding an algebra A by examining its semisimple quotient
A. As we shall make heavy use of this methodology in later chapters, we detail how
this approach works here.

By the Wedderburn Structure theorem

A~ é A;
i=1
where A; = M, (D;), and D; = End4(5;)°P (S; is the i-th simple A-module, and has
dimension n; over D;°?).
Take €;; € A; to be the matrix with a 1 in the j-th diagonal entry, and zero

elsewhere. Then

Lajsa = Z Zéz‘j

i=1 j=1

is an expression for the identity of A in terms of pairwise orthogonal primitive
o o T

idempotents in A (here we are identifying A and @ A; via the isomorphism between

=1
them). By the Idempotent Lifting theorem there is a corresponding expression,

with the e;; pairwise orthogonal primitive idempotents in A.
Since €;; and €;, are conjugate in A;, e;; and e;, are conjugate in A, and so by
1.6.7, Ae;; and Ae;;, are isomorphic projective indecomposable A-modules. Hence if

we define P, = Ae;;, we have a decomposition

i=1
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of 4 A into projective indecomposable A-modules. By 1.6.9 each P; corresponds to a

simple module S;, namely
S; ~ P;/Rad(P;) ~ Ae;/ J(A)Ae; ~ Ae;/J(A)e;
Finally observe that by 1.7.3 and 1.7.5
D:P = (End4(.S;)°P)P

~ Enda(Ae;/ J(A)e;)

~ End4(Ae;)/ J(End4(Ae;))

~ e;Ae;/ J(e; Ae;)
These observations lead to the final theorem in this section.
Theorem 1.7.10. Using the notation above, suppose that f; = 1?31 eix. Then

[iAfi) J(fiAfi) =~ A;

Proof. Since Ae;, ~ Ae;; we have that

ng

End4(Af;) = Endy (A( eik)) ~ Mni(EndA(Aeﬂ))
k=1
By 1.7.3 and 1.7.2 it then follows that

szfz/J(szfz) ~ EHdA(AfZ')Op/ J (EHdA(AfZ‘)Op)
~ EndA Zelk /J EndA (Zzzeik))()p)
k=1

Enda(Aei))™/ I (M, (Enda(Ae;))™)
)

ni (Enda(S;)°?)/ J (M, (Enda(S;)?))

i)/ (M, (D7)
Ean(Dl)

~ M,,( (

~ M,, (Enda(Ae;y)®)/ T (M,,(End(Aen)))
~ M, (

~ M,,(D

The last step here follows from the fact that full matrix algebras are simple, and so

have no non-trivial two sided ideals. O
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1.8 FINITE FIELDS

We remind the reader of three results from finite field theory which we shall make

essential use of.

Definition 1.8.1. Suppose L is an extension field of K, such that L = K(«) for

some « € L. Then « is called a primitive element of L over K.

Theorem 1.8.2 (Primitive Element Theorem). Suppose L is a finite extension

of K. Then there exists a primitive element o of L over K, so that L = K(«).
Proof. Theorem 4.6 of [15]. O

Theorem 1.8.3. Let K be a finite field of size ¢ = p?, and let K* = K \ 0 be the

multiplicative group of units of K. Then:
(i) K* is cyclic of order ¢ — 1.

(ii) the map that sends every element to its p-th power in K (the Frobenius map)

is an automorphism of K leaving the ground field I, fized.

(71i) the map that sends every element to its q-th power in K is the identity map
on K.

Proof. Theorem 5.3 of [15]. O

Theorem 1.8.4. Let m and n be positive integers. Then Fyn is contained in Fpm if

and only if n divides m.
Proof. Theorem 5.5 of [15]. O
1.9 VECTOR SPACES

We give some standard results on vector spaces which we shall use in our later

algorithms.
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Lemma 1.9.1 (Fitting’s Lemma). Let M be a finitely generated A-module, and
f € Enda(M). Then M = im(f™) @ ker(f™) for some n.

Proof. Lemma 1.4.4 of [4]. O

Lemma 1.9.2. Suppose U is a vector space over K with basis {u,...,u,}, and L
is an extension field of K of degree d with K-basis {by,...,by}. Then V = LU
is a vector space over K of dimension dn, with K-basis (called the standard basis)
{b;®u;}. Moreover the action of L on V is given by l(b;®u;) = (Ib;)®u;, for all
lelL.

Proof. Corollary 2.4 of [15]. O

Lemma 1.9.3. Suppose V' is a vector space of dimension n over L, where L is an
extension field of K of degree d with K-basis {by,...,by}. Let {v1,...,v,} be a basis
for V over L. Let W be the K-span of {vi,...,v,} . Then L&xW ~ V wvia the

isomorphism that maps b;Qv; — bv;.

Proof. The map b;®v; — b;v; is onto. The result now follows by the previous lemma,

since dimg (L& W) = dn = dimg (V). O

Lemma 1.9.4. Suppose L is an extension field of K of degree d. Then every element

of M, (L) can be written in the form

Q11 o Op
Qo1 -+ Qp
(07 (0799

mxXm

where m = nd, and each o;; s a d x d matriz over K representing an element [ € L

with respect to some basis {by,...,bq} of L over K.
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Proof. Let a € M, (L). Then « acts on the natural vector space V' of dimension n
over L. Let {vy,...,v,} be a basis for V over L. By the previous lemma V' ~ L@ W.

Order the standard basis for LW as follows

{b1®v1,b2®01, . .., bg@u1, by ®vg, ba®s, . .., bgRug, .. .}
With respect to this basis a has the required form. O
Remark. As dimg (M, (L)) = n%d, it is clear that not every d X d matrix over K

can appear as an o;.

1.10 SPLITTING FIELDS

Given a K-algebra, A, and an extension field L of K, the vector space AY = L@xA

becomes an L-algebra by defining the scalar action of L on A” to be
- (lb®ar) = (Ih - lo)®@ay
and the algebra multiplication to be
(1®ay) - (b®as) = (L1 - 12)®(ay - ag)

for all {1,y € L, and ay,as € A. The unit in A" is 1;®14. Note that A can be
embedded in A* as a K-subalgebra via the K-embedding a — 1®a, and then A”
is simply the set of L-linear combinations of elements of the image of A under this
embedding. It follows then that if A is generated as a K-algebra by aq, ..., a;, then
Al is generated as an L-algebra by 1®ay, ..., 1®aq;.

Given an A-module M the vector space MY = L@ M becomes an Al-module
under the action

(h®a)(la@m) = (I, - l)®(a - m)
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for all l1,l € L, and a € A, and m € M. We can embed M into M’ as a K-
subspace via the K-embedding m + 1®m, and then M’ is simply the set of L-
linear combinations of elements of the image of M under this embedding. Note
that dimy (M%) = dimg(M). Indeed if B = {vy,...,v,} is a K-basis for M, then B
(under the embedding) is also an L-basis for M~. Moreover if p : A — Endg (M) is a
matrix representation of A with respect to the K-basis B, and p’ : ALY — Endj(MF)
is a matrix representation of A" with respect to the L-basis B, then p’ agrees with
pon A and

PL(Z lia;) = Z lip(a;)

for all [; € L and a; € A.

Definition 1.10.1. A simple A-module M is called absolutely irreducible if M* is
a simple A"-module for every extension L of K. If M is an A-module such that
the composition factors of M are absolutely irreducible, then L is called a splitting
field for M. If L is a splitting field for every simple A-module, then A is called an

L-split algebra. L is called a splitting field for A if A* is an L-split algebra.

The following two theorems characterize absolutely irreducible modules, establish
the existence of splitting fields, and tell us how splitting fields behave under field

extensions.

Theorem 1.10.2. A simple A-module M is absolutely irreducible if and only if
Endy(M) ~ K.

Proof. Theorem 29.13 of [10]. O

Corollary 1.10.3. Every simple module over an algebraically closed field is abso-
lutely irreducible, and every algebra over an algebraically closed field, L, is L-split.
Hence the algebraic closure of K is always a splitting field for any A-module and for

any K-algebra.
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Corollary 1.10.4. If L is a splitting field for a simple A-module S, then every

extension L' of L is also a splitting field for S.

Theorem 1.10.5. If L is a splitting field for A, then every extension L' of L is also

a splitting field for A.
Proof. Theorem 29.21 of [10]. O

We will also need to know how changing scalars from K to a splitting field L

interacts with the Jacobson radical of A. We have the following two facts.

Theorem 1.10.6. L is a splitting field for an algebra A if and only if L is a splitting
field for A.

Proof. Proposition 7.9 of [14]. O
Theorem 1.10.7. Suppose L is a splitting field for A. Then J(AY) = J(A)L.
Proof. Proposition 29.22 of [10]. O

We can give very concrete descriptions of splitting fields for modules and algebras

over finite fields. Specifically we have the following theorem.

Theorem 1.10.8. Let K be a finite field, A be a K-algebra, and S be a simple
A-module. Then Enda(S)? is the minimal splitting field for S. In particular, in the
notation of 1.7.9, if S; is the i-th simple A-module, then K; is the minimal splitting
field for S;.

Proof. Theorem 1.3.3 of [19]. O
Corollary 1.10.9. Let A be an algebra over a finite field K = Fp.. Suppose that
A~ P M, (K
i=1

where K; is a degree d; extension field of K. Let | = ¢ - LCM(dy,...,d,). Then

L =T, is the minimal splitting field for A.
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Proof. By 1.10.6 a minimal splitting field for A will be a minimal splitting field for
A. By 1.10.8, K; is a splitting field for the i-th simple module S;. By 1.8.4, L is the
smallest field containing all the K;. Finally by 1.10.5, L is a splitting field for each
S;, and hence for A. n

We close this section with an important point, namely that there may be more
simple A” modules than there are simple A-modules. A single simple A-module may

split into several simple A* modules when we extend scalars to L.

1.11 MOoRITA EQUIVALENCE AND BASIC ALGEBRAS

Definition 1.11.1. Two categories C' and D are called equivalent if there are
covariant functors F' : C — D, and G : D — C such that GF (i.e., Go F) is
naturally isomorphic to the identity functor on C', and F'G is naturally isomorphic
to the identity functor on D. Specifically for each object M of C', and N of D there

are isomorphisms ay : M — GF(M) and By : N — FG(N), such that the following

diagrams,
arM) L qror FG(N) Y pa(vy
oM \L iaM’ ﬁNl J/ﬁN’
f g9
M M’ N N’

commute for all morphisms f: M — M'in C, and g: N — N' in D.

Properties of objects or maps in a category are considered to be ‘categorical’ if

these properties are preserved by arbitrary equivalences of categories.

Definition 1.11.2. The category of finitely generated left A-modules is denoted

A-mod. The category of all left A-modules is denoted A-Mod.

Definition 1.11.3. Two algebras A and B are called Morita equivalent if A-Mod

and B-Mod are equivalent.
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The following theorem gives a list of categorical properties for module categories

over algebras.

Theorem 1.11.4. Let A and B be Morita equivalent algebras, with the equivalence
realized by the functors F': A-Mod — B-Mod, and G : A-Mod — B-Mod. Then:

(i) A-modules M and N are isomorphic if and only if F(M) and F(N) are iso-

morphic B-modules.
(ii) S is a simple A-module if and only if F(S) is a simple B-module.
(iii) P is a projective A-module if and only if F(P) is a projective B-module.

(iv) M is an indecomposable A-module if and only if F(M) is a indecomposable
B-module.

(v) M is a finitely generated A-module if and only if F(M) is a finitely generated
B-module.

(vi) if the finitely generated A-module M has composition factors Sy, ..., Sy, with
multiplicities ny, ..., ng, then F(M) has composition factors F(Sy),..., F(S;),

with the same multiplicities.
(vii) the submodule lattices of M and F(M) are isomorphic for all A-modules M.

(viii) Homy (M, N) and Homp(F (M), F(N)) are isomorphic for all A-modules M.
In addition Enda(M) and Endg(F(M)) are isomorphic as rings for all A-
modules M .

Proof. Section 3D of [11]. O

Observe here that if A and B are Morita equivalent then by (v), A-mod is

equvialent to B-mod. Observe also that by (iii) and (v), F'(4A) is a finitely generated
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projective B-module. Moreover combining 1.7.2 and (viii) gives us that
A~ Ends(4A)°° ~ Endg(F(4A))®

Hence we can consider F'(4A) as a B-A bimodule by letting A ~ Endg(F(4A))°P

act on the right of F/(4A). Similarly we can consider G(pB) as an A-B bimodule.
Definition 1.11.5. An A-module P is called a progenerator of A-Mod if:

(i) P is projective.

(ii) P is finitely generated.
(iii) every A-module is a homomorphic image of a direct sum of copies of P.

The obvious example of a progenerator for A-Mod is 4 A. The connection between

progenerators and Morita equivalences is given by the following theorem.

Theorem 1.11.6 (Morita’s Theorem). Let A and B be Morita equivalent alge-
bras, with the equivalence realized by the functors F : A-Mod — B-Mod, and
G : A-Mod — B-Mod. Let P = F(4A) considered as a B-A bimodule, and let
Q = G(pB) considered as an A-B bimodule. Then for any A-module M

F(M) EBP@)AM

and for any B-module N

G(N) ~ 4Q®pN

Moreover PQ4(Q ~ B as B-B bimodules, and Q®pP ~ A as A-A bimodules.
Conversely algebras A and B are Morita equivalent if there exist bimodules g Py
and AQ g, which are projective as both left and right modules, such that as a B-B

bimodule

pP®4Qp ~ B
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and as an A-A bimodule

AQRpPy ~ A

In this case the Morita equivalence is realized by the functors F = PR s— : A-Mod —
B-Mod and G = Q®p— : B-Mod — A-Mod, and P and Q) are progenerators for
B-Mod and A-Mod respectively.

Proof. Theorem 3.54 of [11]. O

Given two algebras A and B it is usually extremely difficult to tell if A and B
are Morita equivalent. However, starting with an algebra A we can easily construct

algebras B which are Morita equivalent to A as follows.

Theorem 1.11.7. Let P be a progenerator of A-Mod, and B = Ends(P)°. Then A
and B are Morita equivalent, with the equivalence given by the bimodules AP and

Q = Homu(P,4 A) (as a B-A bimodule).
Proof. Theorem 2.2.3 of [4]. O
Corollary 1.11.8. A is Morita equivalent to M, (A) for every value of n.

Proof. For any n take P = 4A" (i.e., P is the free left A-module with finite basis
{z1,...,2,}. Then P is a progenerator of A-Mod, so by 1.11.7, A is Morita equivalent
to B = End4(P)°. But B ~ M,(A) via the map

b (ai;)
where ;0 = > a;;x;. O
J

We can also use 1.11.7, together with the Wedderburn Structure theorem, to con-

struct algebras Morita equivalent to a given finite dimensional algebra A. Suppose
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A~ @ M,,(D;). Corresponding to this decomposition are projective indecompos-
i=1

T

ables P; such that 4A = @ P/". Let

=1

PG
i=1
for some choice of m; # 0. Then P is a progenerator of A-Mod, so A is Morita

equivalent to B = End4(P)°. Note that by the Wedderburn Structure theorem
B/ J(B) ~ @ M, (D)
i=1

If we take each m; = 1 (i.e., P is equal to a direct sum of precisely one copy of each
projective indecomposable A-module), then P is still a progenerator of A-Mod, so

A is still Morita equivalent to B, and

B/J(B) ~ @Ml(Di) ~ @Di

So B/ J(B) is isomorphic to a direct sum of division algebras, and every simple
B-module S; is then 1-dimensional over the corresponding division ring D;. Clearly
simple modules cannot be any smaller than 1 dimensional over the corresponding
division ring, so B is the ‘smallest’ K-algebra Morita equivalent to A.

This discussion motivates the following definition, and provides a proof of the

following theorem.

Definition 1.11.9. A finite dimensional algebra B is called a basic algebra if
B/ J(B) is isomorphic to a direct sum of division algebras — i.e., in a decompo-
sition of B/ J(B) via the Wedderburn Structure theorem, all the matrix components
are 1 x 1 matrix rings over division algebras. Equivalently B is called basic if every

simple B-module, S, is one dimensional over Endg(S)°P.

Theorem 1.11.10. Every finite dimensional algebra A is Morita equivalent to some

basic algebra B.
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1.12 FAITHFUL REPRESENTATIONS

We finish our theoretical background with a discussion of a special kind of represen-

tation which will prove useful in the development of our algorithms.

Definition 1.12.1. Let M be an A-module. A representation ¢ : A — Ends(M) is
called a faithful representation of A if ¢ is injective, or equivalently if Anny (M) =0

(i.e., the only element of A that annihilates all elements of M is 0).

The canonical example of a faithful representation is when A is a matrix algebra,

since a matrix a € A annihilates a vector space M if and only if a = 0.

Lemma 1.12.2. Suppose P is a projective indecomposable A-module with corre-
sponding simple module S and division algebra D. Then for any finitely generated
A-module M, dimp Hom (P, M) is the multiplicity of S as a composition factor of
M.

Proof. Lemma 1.7.6 of [4] O

Theorem 1.12.3. Suppose M is a finitely generated A-module, and ¢ : A —
Enda(M) is a faithful representation. Then every simple A-module appears as a

composition factor of M.

Proof. Let e be a primitive idempotent in A. Since ¢ is faithful eM = ¢(e)M # 0.
Hence by 1.7.3, Homy(Ae, M) ~ eM # 0. Now Ae is a projective indecomposable
A-module by 1.6.7, so by the previous lemma, the simple A-module, Ae/J(Ae),
corresponding to Ae, appears at least once as a composition factor of M. The result
now follows by 1.6.9 since all projective indecomposable A-modules, and hence all

simple A-modules arise from primitive idempotents. n

The following lemma provides a simple but very useful method for creating

faithful representations.
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Lemma 1.12.4. Suppose a € A is such that a annihilates all the projective inde-

composable A-modules. Then a = 0.

Proof. By 1.6.7, the identity of A can be decomposed as 14 = > e;, where each e;
i
is a primitive idempotent corresponding to a projective indecomposable Ae;. If a

annihilates all the projective indecomposables, then a annihilates each e;, and hence

a:a~1:a‘Zei:Zaei:O ]

Corollary 1.12.5. Suppose M is a finitely generated projective A-module — so M =
@ P, with each P; a projective indecomposable module. If every isomorphism class

of projective indecomposable A-modules occurs at least once in this decomposition,

then the representation p : A — Endg (M) is faithful.

Proof. Suppose a € ker p. Then a annihilates M, and hence a annihilates every

projective indecomposable. By the previous lemma, a = 0. O
Corollary 1.12.6. The regqular representation is always faithful.

Proof. By 1.6.7, A is a direct sum of at least one copy of every isomorphism class of

projective indecomposable A-modules. O

1.13 COMPUTATIONAL BACKGROUND

We conclude this chapter with some background on the algorithms and computa-

tional tools we use in later chapters.

1.13.1 THE MEATAXE

Suppose that A is a finite dimensional algebra over a finite field K, and that M is
an A-module of K-dimension n. In computatonal problems the A-module structure
of M is usually specified by a finite set of n X n matrices over K, giving the action

of A with respect to some chosen basis for M.
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The first question we might ask is how to determine algorithmically whether or
not M is simple, and if M is not simple, how to construct a submodule of M. In
1984, Richard Parker developed a program called the Meat-Axe, which answered this
question by implementing an algorithmic criterion for simplicity originally proposed
by S. Norton.
Since 1984, the Meat-Axe has been expanded into a large collection of related
algorithms for computing properties of A-modules specified via finite sets of matrices.

For example the Meat-Axe can:
(i) compute a composition series for M.
(ii) identify isomorphic composition factors of M.
(iii) determine socle and radical series for M.
(iv) compute a splitting field for M.

Details of these algorithms, as implemented in a more modern version of the Meat-

Axe called the C-Meat-Axe, can be found in [16].

1.13.2 GROBNER BASES

Suppose R is a multivariate polynomial ring over a field K, and [ is an ideal in
R. Theoretically speaking we have a criterion for membership of I, namely that
felifand only f =0 mod I. Buchberger showed that this criterion can be made
effective. He devised an algorithm called multivariate reduction (with respect to a
set of generators for ), and showed that if f reduces under this algorithm to zero,
then f € I. He then defined a Grébner basis [17] for I (with respect to some variable

ordering) to be a finite subset G C I such that:

(i) G generates I as an ideal.
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(i) if f € I then, under the reduction algorithm with respect to G, f reduces to

Zero.

Buchberger proved that every ideal contains a Grobner basis, and that, given a finite
set of generators for an ideal I, there is a terminating algorithm, called Buchberger’s
algorithm, to compute a Grobner basis for I. Having a Grobner basis for I ensures
that computation in the quotient ring R/I is decidable, and that the word problem
for R is solvable. In theory Buchberger’s algorithm for computing a Grobner basis
can be terribly inefficient (doubly exponential in the number of variables in the worst
case). In practice, however, it usually performs well.

The theory behind Grobner bases has since been extended to many different
contexts, one of which is when R is a free non-commutative algebra over a field K,
and [ is an ideal in R. In this case a non-commutative extension of Buchberger’s
algorithm can be used to compute a Grobner basis for 1. There is a caveat however,

namely that the basis may not be finite, and thus the algorithm may not terminate.

1.13.3 MacmA

In later chapters we develop a number of programs. These programs are all written
using the Magma programming language. Magma [8, 7] is a computer algebra system
designed to provide a software environment for computing with the structures which
arise in algebra, geometry, number theory and (algebraic) combinatorics. Magma
contains high performance implementations of many of the algorithms used in com-
putational representation theory. Specifically we make essential use of Magma’s
implementation of the basic operations for linear algebra over finite fields, the non-
commutative Grobner Basis algorithms, and the Meat-Axe algorithms for computing
composition series for finite dimensional modules over finite dimensional algebras

over finite fields.



CHAPTER 2

THEORY

ABSTRACT. We present the main theoretical developments of this disser-
tation. We prove that there is a presentation for a full matrix algebra over a
finite field given by two generators, and four families of relations. Using this
presentation we show that a finite dimensional algebra over a finite field can
be ‘split’ into the direct sum of the Jacobson radical and the algebra modulo
the radical. We then prove the existence of an ‘algorithmically constructible’

generating set for the Jacobson radical as a two sided ideal.

2.1 A PRESENTATION FOR A FULL MATRIX ALGEBRA

Let K be a finite field, and L be a finite extension of K of degree d. Let A denote a
full n x n matrix algebra over L.

For 1 < j,k < n, let ej;, denote the jk-th elementary matrix in A. For 1 <
J < n, define e; = e;; and z; = ej(;+1) (all such indices should be taken modulo n,
with the representatives of the n equivalence classes being 1 to n — in particular,
Zpn = €p(nt1) = €n1). Let € be any primitive element of L (so L = K(¢c)) and let
h=x%+cy 1291 + - + cio + ¢p € K[z] be the minimal polynomial for € over K
(so h(e) =0 and ¢y # 0). Let o = €1 4. Let ¢ denote the size of L.

Observe that A has a basis over L consisting of the e;;, and a basis over K con-
sisting of products bej, where by, ..., by is a basis for L over K. Hence dimg(A) =
dn?. Recall that L* is a cyclic group of order ¢ — 1, so taking ¢-th powers in L is the
identity map.

28
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Lemma 2.1.1. We have the following obvious facts concerning the ey, the e;, the

zj and o
(1) ejkeim = Oriejm and hence ejer, = djxe;.
B n n
(ii) 1a=>e;;=> e =a’l
j=1 j=1
(111) o commutes with the ejy, the e;, and the z;.
(iv) h(a) = 0.
(v) z; € ejAeji1, and hence eyz; = dpjz; and zjer = 0(k11)%;-

(Vi) zjze = O(j11)k€j(j42), and hence zjzji1---zn21- - Zk—1 = €. In particular

2129+ Zp = €1, ZoZ3 - ZpR1 = €9, €elcC.

The next lemma states a fairly obvious fact for A, but in a quite general context.

We will need this generality later.

Lemma 2.1.2. Let B be a K-algebra. Suppose di,...,ds are mutually orthogonal
idempotents in B. Suppose also that by, ..., bs are elements of B such that for all
1 <j < s wehaveb; € djBdjyy (as above indices should be taken modulo s, with the

representatives of the s equivalence classes being 1 to s, so dsy 1 = di, and bgyq = by ).

Then for k < s
(Z b])k = Z bmbm-H T ber(kfl)
j=1 m=1

Moreover if > d; = 1p, and bjbjiy---byby---bj—y =d; for all 1 < j <'s, then
j=1



30
where each b,,, is equal to one of the b;. Now suppose that the m; indices are not
consecutive — i.e., for some | we have m 1) # m; + 1. Then, since b; = d;b;d; 1, we

have

Oy, = dmlbmld(ml+1)dm<z+1>bm<1+1>d(m<z+1)+1)
= i Dy O (r-41)) (m 1)) D+ 1) 41y D om 1)
= i, by - 0+ dgmy1)bim gy Dim g1y +1)
=0
and so t = 0. Hence the only non-zero terms in the expansion of (f:l b;)* are those
=

with consecutive indices, and every such term occurs exactly once. Taking k = s

then gives

Qb)) = bmbmir - bmis)
m=1

7j=1

=b1by - bs+ bob3---bsby + -+ 4+ bsbiby - - - bs_q
:d1+d2+.+ds

=1p ]

Corollary 2.1.3. For 1 < k <n we have

n n
J m~m+1 m+(k—1)
m=1

j=1
In particular then () z;)" = 14.
j=1

Proof. Take s =n, d; = e;, and b; = z;, 1 < j < n in the previous lemma. O

Define the following two elements of A
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and
0 1 0 0
0 0 1 0 0
0 0 1 0
T =

0
0 0 1
1 0 0

Observe that 7 is a permutation matrix. Multiplying a € A on the left by 7
cyclically permutes the rows of a, while multiplying a on the right by 7 cyclically

permutes the columns of a.
Lemma 2.1.4. We have the following basic facts concerning B and 7:
(i) 7= Zn:lzj, and hence 7" = 14.
i=
(i) ey = 3971
(iii) ejp = T U= Ve 7kt = pn=G-ga-Lrk=1 " [n particular e; = 7=U-Yga-tri-1,
(iv) 14 = i (-1 ge-1p-1 = i T3,
j=1 Jj=1
(v) B =eqe; = era = ae;.
(vi) B* = (e1aer)* = eja®ey. In particular 7 = 3.
(vii) Bh(B) = 0.
(viii) BTE3 =0 for 1 <k <n-—1.
(i) (371 = ot

(z) o = i U= gkpi-1,

J=1
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Proof. Statement (i) follows from 2.1.1. Statements (77) and (74) are obvious, and

(iv) follows from (4:7) since

n n
4= E e; = E :Tn*(Jfl)ﬁqflTJfl
j=1 j=1

(v) and (vi) are obvious. (vii) follows from (vi) since

h(B)=c "+ +c1f+c- 1
=cpleqae)™ + -+ c(eqaer) e I
=cylera™er) + -+ a(eqaer) o I
=e1(c,@™ + -+ cra+ cg)er —ejcper + o - I
=e1h(a)e; —ejcoer +co - 1

= —cpe1 +co- 1
and hence
Bh(B) = (eraer)(—coer + ¢o - I) = —co(eraey) + co(eraey) =0
(viii) follows from 2.1.1 and 2.1.3, since for 1 <k <n — 1 we have

prkg = (elael)Tk(elael)

= (elael)(z zj)k(elael)
j=1
= (eraer)(z120 -2k + 2223 - 2p21 + -+ 22129 - 2po1) (e100€7)
= (eraer)(z122 - z1)(eraer) + (eraer)(zo23 - - zk21) (1 ey ) +
<o+ (eqaer)(zrz122 - - zio1) (e1eq)
= (eraer)(z122- -+ (zrer))(aer) + (era)(e122)(z3 - - zp21) (e1cer) +
<o+ (eqaer)(zpz122 0 2p—2) (zK_161) (eq)

= 0

Finally, (iz) follows from (4i), and (z) from (vi). O
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Motivated by (i), (iv), (vit), and (viii) we have the following theorem.

Theorem 2.1.5. A has a presentation as a K-algebra as F/I, where F' = K(B,T)
1s the free K-algebra in non-commuting variables B and T, and I is the ideal in F

generated by the elements:
(i) T — 1p.

(ii) S T3 B9 — 1.
=1

J

(i1i) Bh(B)
(iv) BT*B for all1 <k <n—1.
Proof. Define a map ¢ : F — A as follows:

B—pj

T T

It follows from 2.1.4 that I C ker, so ¢ induces a well defined algebra homo-
morphism ¢* from F'/I — A. It also follows from 2.1.4 that ¢, and hence ¥*, is onto,

since

ﬁ(Tn_(j_l)Bq_lTk_l) — Tn_(j_l)ﬁq_lTk_l = eji

and
n

O T UIBT) = 350 i = o

j=1 7j=1

and products of the ej; and the a! span A as a K-vector space.

Let m be a monomial in B and T'. By (i) we can assume that if 77 is a factor of
m, then 0 < j <n — 1. By (4i4) we have B4 = —(c; 1B+ -+ + ¢y B), and hence
we can assume that if B is a factor of m, then 1 < k < d.

Suppose that m starts with B*. Then the possibilities for m are as follows (all

congruences are modulo [):
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e m = B¥ =TOBkFT0
o m = B¥TJ = TOBFTY

These are the only possiblities for m, since if m starts with B*T7B¥ | then m = 0
by (i) and ().

Suppose that m starts with 77. Then the possibilities for m are as follows:
e m = T7 in which case

m=1lrp-m

= (> 1B T TY

=1

= ZT”_qu_lTki where k; = (i + j) mod n

=1
e m = TIRBk =TiRBkTO
e m = TVBFTY

Again these are the only possiblities for m, since if m starts with 77 B*T7 B¥' | then
m =0 by ().

Hence any non-zero element of F'/I can be written as a K-linear combination of
products of the form T7B*T" with 0 < j,l <n—1and 1 < k < d. Hence F/I has
K-dimension at most dn?. Since ¥* is onto a space of K-dimension exactly dn?, we

conclude that 9¥* is an algebra isomorphism. O]
Corollary 2.1.6. A is generated as a K-algebra by the elements 3 and T.

Proof. By 2.1.4, § and 7 satisfy the relations of 2.1.5 (identifying 5 with B and 7
with T). O
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2.2 SPLITTING THE RADICAL: PART ONE

Let K be a finite field of characteristic p, and L be a finite extension of K of degree
d. Let A= A/ J(A), and suppose that A ~ M, (L).

For 1 < j,k < n, let €;;, denote the jk-th elementary matrix in A. For 1 <
Jj < n, define €; = €;; and Z; = €;(;41) (all such indices should be taken modulo
n, with the representatives of the n equivalence classes being 1 to n — in particular
Zn = €p(nt1) = €n1). Taking I and F = K(B,T) as they are in 2.1.5, we know that
F/I Y A. Let B and T denote the images in /I of B and T respectively, and let
E; =0*"'(¢;), and Z; = 9" 1(z;).

By 2.1.5, A is generated by elements 3 = ¥(B) and 7 = 9(T), with associated
polynomial h = 2%+ ¢y 1297t + - + 1z + ¢y € K[z] (so Bh(B) = 0). Note that B,
T, the Ej and the 7j, satisfy the same relations in F'/I that 3, 7, and the e; and 7;
do in A.

We can express the identity of F'//I as a sum of mutually orthogonal primitive

idempotents as
1F/I = Z Ej
i=1

By the idempotent lifting theory, there exists a lift of this sum to an expression for

the identity of A as

n

1A:Z€j

=1

where the e; are mutually orthogonal primitive idempotents in A.

Theorem 2.2.1. Let K be a finite field of characteristic p, and A be a finite dimen-
sional K -algebra. Suppose that A = A/ J(A) is isomorphic to M, (L), where L is a

finite extension of K. Then the exact sequence

0—JA) —-AL A0
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15 right split by an algebra homomorphism. That is, there is an algebra homorphism

Y A — A such that p o = 15, and as vector spaces
A=A J(A)
where A’ =1im 1 is a subalgebra of A isomorphic to A.

Proof. By 2.1.5 we have the exact sequence
0= J(A) - AY F/T -0

where p/ is the composition

AL A By

We will define w : F' — A by giving images for B and T', and show that it induces
a well defined algebra homomorphism w* : F'/I — A that splits p'. Taking ¢ =
w* o' A — A will then give us the required splitting for .

Let v € A be any inverse image under ' of B. Then

W (yh(7)) = ' (")h(i' (7)) = Bh(B) = 0

Hence yh(7) € J(A), and thus for some j we have (vh(7))’ = 0. Define
B=n"

where k is any integer such that ¢* > j.

Let 2; € A, 1 < j <n—1, be any inverse image under i’ of Z;. Let z/, € A be
any inverse image under i’ of Z,,. We can take z; to be in e;Ae; 1, so €;z; = z; and
zjej41 = z;. Similarly we can take z, to be in e,Aeq, so e,2, = z, and z,e; = z,,.

Let x = 2129+ - - z,—1. Observe that



Hence zz, — ey € J(A), and so for some [ we have that (22, — e;)?' = 0. Define

on = Zp(z2 )

and
n

T:EZJ‘

Jj=1

Observe that z, € e, Ae, and z, is an inverse image under ' of Z ., since
W (zn) = i (2 (w2)P 1) =l () (22 )P = 2By
Define the algebra homomorphism w : F' — A by

B~

Tw— T
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To prove that w induces a well defined algebra homomorphism w* : F/I — A, we

must show that I C kerw, or equivalently that 3 and 7 satisfy the relations implied

by 2.1.5.

To prove that § and 7 satisfy (i) of 2.1.5, we first observe that since h divides

2971 =1, and z divides 297!, we have that zh divides (29! —1)297! = (z971)2 — 971,

Since Bh(8) = 0 by construction, it then follows that (8971)? — 397! = 0, and thus

that 397! is idempotent. Thus for any j
(779 311 pd )2 — i gal i pn i a1 ni(ga1)2rd — pnei gl
and so 7777397177 is idempotent. Since
TR ey = e T BT = ey
it follows that 7"7397 177 — e; 4 is also idempotent, since,

(T" B —ej ) = (7T — g e
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n—j33q—1_j 2
— €417 ]ﬁq )+ €i+1
— n—jRq—1_j
= (7 B 7 ) — €j+1 — €41 + €i+1

= Ipeied €11
Finally observe that
(I — i) =T BT By = Ejyy — Bjia =0

Thus 79397117 — e;14 is both idempotent and in J(A), which is only possible if
I3 — ;0 = 0, and thus 7"77 3771779 = ¢; 1. Consequently we have that
Z T = Z ej+1=1a
=1 =1
To prove that [ satisfies (ii1) of 2.1.5, observe that taking ¢-th powers is the

identity map in L, so by the usual characteristic p binomial expansion we have

(B = () + (ca)” () 4+ o () +
k k.d—1 k
= () + a1 () 4+ al?®) +e
= h(7")

Hence
BR(B) =" h(") = 7" h(1)" = (h(3))* =0
To prove that (3 satisfies (iv) of 2.1.5, note that since 3 € ey Aey and z;, € e Aegyq,

Bz, =0if k#1and z8=0if k #n. Thusfor 1 <k <n-1

B (Z AmAm+1 """ Zm+(k1)> B
m=1

n

BZmZmy1 Zm-&-(k—l)ﬁ

3
I
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=0
The second step follows from 2.1.2. The last step follows from that fact that if m # 1
then Bz, =0, and if m = 1, then m + (k — 1) < n, and hence 2,1 (x-1)8 = 0.

To prove that 7 satisfies (¢) of 2.1.5, first observe that zz/, € e;Aey, so xz), and

e; commute. Hence

0= (22}, —er)" = (w2)" — e} = (a2}

and thus (z2/)? = e;. It then follows that

Z1R2 " Zp—1”n = TZp = xz;(xzib)pl—l - (xziz)pl =€

and therefore

(2122 Zn12n) = Zn€1 = Zn

For 1 <i <n—1 define u; = z;--- 2,21 --- 2;_1. Observe that u; # 0 since u;
is an inverse image under pu’ of Zio-ZnZy---Z;iy = E,;. Observe also that u; is

idempotent, since

U; = Zj " ZpZ1° " Zi1

Since e;u; = u; and u;e; = u;, it then follows that e; — u; is also idempotent, since,
2 _ 2 2 _ _
(ei—ui) = €; —eiui—uieiqLui —ei—ui—ui—kui—ei—ui

Now e; = (e; — u;) + u;, and

(67; — ul)ul = €;U; — U,Z'Q = U; — U; = 0
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If e; # u; then we have a decomposition of e; into mutually orthogonal idempotents
e; — u; and wu;, contradicting the primitivity of e;. Hence e; = wu;, and thus for
1<i<n-1

Zz‘"'anl"‘Zi—lzui:ei

Since we have previously established that z129---2,_12, = e;, we therefore have
that 7" =1 by 2.1.2.
Since 3 and 7 satisfy the relations implied by 2.1.5, w induces a well defined

homomorphism w* : F'//I — A. Finally

W (B)=pB) =) =p(* =B" =B

and
HWwDN=pm) =@ Q) =Y W)=Y Z;=T
j=1 j=1 j=1
Hence i/ o w* = 157, from which it immediately follows that p o1 = 1. [

To put the previous theorem in perspective, note that if A is a K-algebra, then
we can always split A as a vector space direct sum A = A’ @ J(A) —so A’ ~ A as
vector spaces. As long as K is perfect, such a vector space splitting in fact gives
us an algebra isomorphism between A’ and A, which then allows us to realize A as
a subalgebra of A (see Corollary 4.1.11 of [4] for details). The point of the above
theorem is that when K is a finite field we can realize this splitting constructively

(modulo finding inverse images for B and the Z; under y').

Remark. Henceforth we will identify a matrix algebra M, (L) with its presentation

F/I as given in 2.1.5.

2.3 SPLITTING THE RADICAL: PART TwoO

Let A be a finite dimensional algebra over a field K of characteristic p. Let

Si, ..., S, denote representatives for the isomorphism classes of simple A-modules.
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Let A= A/J(A), and let u denote the canonical map from A to A/ J(A). Since A

is semisimple, by Wedderburn’s theorems we know that

i=1
where A; = M, (K;) and K is a finite extension of K of degree d;. Let ¢; denote the

size of K;, and m; : A — A; denote the projection map.

We can express 1 € A as a sum of mutually orthogonal idempotents as
T
I = Z i
i=1

(under the identification of A with @ A, f; corresponds to (0,0,...,14,,0,...,0) €
i=1
A; — i.e., the identity matrix of A; in the i-th component, and zero elsewhere). By

the idempotent lifting theory, there exists a lift of this sum to an expression
r
la= Z fi
i=1
with the f; are mutually orthogonal idempotents in A.

Lemma 2.3.1. We have the following basic facts concerning the f;:
(i) f;Afi is a subalgebra of A with identity f;.
(ii) fori #j, fAf; C I(A).
(i) J(fiAf;) = [iAfinI(A) = fi J(A) ;.
() p(fiAfi) = ([iAf) ] I(fiAfi) = A;.
Proof. See 1.6.11, and 1.7.10. [

Lemma 2.3.2. Let K be a finite field of characteristic p, and A be a finite dimen-

stonal K-algebra. Then

IA) =D IrAR) & D (fAf)

1,J,iF]
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Proof. Clearly

DIar e D (faf) =P AfinIA) e D (fAf)

i gy i BT
C J(A)
Observe that
A=1-4A-1
- <Z fi)A(Zi; i)
=D (f:Af)
,J
— P (fAf) @ E@ (fiAf;)
i 4,J,8#]

Hence if x € J(A), then z = Y a;;, with x;; € f;Af;. Now
]

fixfj fz me —xw

Since J(A) is a two sided ideal, fizf; € J( ). Hence z;; € J(A) N f;Af;, and thus

C @ ﬁ szfJ

=P U@ nrAfR) e @ (AN fAL)
i 1,5,4#]

=P AR @ fAS -
i 1,5,0#]

Theorem 2.3.3. Let K be a finite field of characteristic p, and A be a finite dimen-

stonal K-algebra. Then the exact sequence
0—JA) AL A0

15 right split by an algebra homomorphism. That is, there is an algebra homorphism

Y A— A such that pop = 13, and

A=A J(A)
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where A’ =1im 1 is a subalgebra of A isomorphic to A.

Proof. For each 1 < ¢ < r we have the exact sequence
0— J(fiAf;) — fidfi = Ai =0
where pi; is the composition
fiAfi > AL AT 4

By 2.2.1 each p; is right split by an algebra homomorphism ; : A; — f; Af;, so that

[iAfi = AL @ J(f;Af:), where A L (fiAf))] J(f;Afi) ~ A; as a K-algebra. Define

A =@A and ¢ : A — A by ¢ = @ ;. The orthogonality of the f; ensures that
i=1 i=1

splits u, and hence that A’ g A, and as vector spaces
1

A— @ (fiAf) @ €D (£:Af)
i=1 113;]1
=D e e D (A

i,j=1

i#]

=D Ao @A © D (:AL)

i,j=1

1#]
=A@ J(A) O

As before the point of this theorem is that when K is a finite field, a vector space
splitting of A as A = A’ @ J(A) allows us to constructively realize A as a subalgebra
of A.

The algebra A" will henceforth be referred to as the semisimple part of A. We

summarize its key properties in the following corollary.

Corollary 2.3.4. A" = @ A’ is a subalgebra of A which is isomorphic to A. Each
i=1

component Al is a subalgebra of A’ isomorphic to the corresponding Wedderburn com-

ponent A; = M, (K;). A’ is generated as a K-algebra by elements {61, 71,..., Br, T},
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where each pair (B;, ;) generates A, and satisfies the relations implied by 2.1.5 (iden-

tifying B; with B, 7; with T, and 14, with 1p in the theorem).

2.4 GENERATING THE RADICAL OF A

Let A be a finite dimensional algebra over a field K of characteristic p. We previously
established that A = A’ @ J(A), and gave a generating set for A" as a K-algebra.
We now turn to the problem of generating the radical of A as a two-sided ideal.
Throughout this section we identify A; and A, = f;Afi/ J(fiAf:). For 1 <i <7, let
V; + A; — f;Af; be defined as in 2.3.3.

Lemma 2.4.1. For any i and any X € A, fi(A — ¥;(u(N))fi € J(A). Specifically
i = i) fi = fih = (M) fi

Proof. By 2.3.3, A — ¢(u(X)) € J(A) for any k. Since J(A) is a two sided ideal it
follows that fi(A—1(u(N)))fi € J(A) for any ¢ and k. Now for i # j, f; and ¢;(u(N))
are in different components of A, and so fi1;(u(X))fi = 0. Thus

F = () fi = fi <A - ijw(x))) fi

= fifi— [i (Z %‘(M(M)) fi

J=1

= fiMi =) ik (pN) fi

= fidfi — fibi(p(N)) fi
= fi(A = i(p(N))) fi ]

Theorem 2.4.2. Suppose that A is a finite dimensional K-algebra generated by
elements A1, ..., \. Then J(A) is generated as a two sided ideal by elements of A of

the form:
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(i) fidefi 17 5.

(ii) fi(Ak — i(p(Ak))) fi-
where 1 < k < t.

Proof. Let I be the ideal in A generated by elements of the given form. Observe
that fi\pf; € fiAf;, and if i # j, then f;Af; € J(A) by 2.3.1. Hence elements of
form (7) are in J(A). Elements of form (i) are in J(A) by the previous lemma. Thus
I CJ(A).

Now suppose a € J(A). Since a € A, we can write a as a K-linear combination

of products of the generators

(£

Subtracting from a elements of the two-sided ideal generated by elements of form

(i) leaves us with a linear combination of products of the form

Jidky fidwy fi - -+ fide [

Writing A, as Ay, — ¥ (u(Ar;)) + ¥ (1(Ag;)), and using the previous lemma, we can
subtract from a elements of the two-sided ideal generated by elements of form (ii),

and be left with a linear combination of products of the form

S ((Aky ) fid (k) fi - -+ fib ((Aw,) fi
= P((firm fidea fi - fide fi)

Hence we have
a=x+Yy

with z € I, and y € im¢. Now y = a — 2 € J(A), so y € J(A) Nime. By 2.3.3 we
have J(A) Nimvy = 0, so y = 0, and thus a € I. Hence J(A) = I. O
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The arguments used in the previous lemma and theorem in fact establish a more
interesting generating set for J(A) as a two-sided ideal.

For 1 <j < n;let g;; € A; denote the jj-th elementary matrix in A; — that is the
matrix with 1 in the j-th row and column, and zero elsewhere. The g,; are mutually
orthogonal primitive idempotents in A; with 14, = i g;;- By the idempotent lifting
theorem we can lift these idempotents to mutually ojr:tilogonal primitive idempotents

gij € fiAfi, 1 < j < ny, such that 1,44 = fi = Z gi;. Define g; = g1
j=1

Theorem 2.4.3. Suppose that A is a finite dimensional K-algebra generated by
elements Ay, ..., \y. Then J(A) is generated as a two sided ideal by elements of A of

the form:

(i) 9T AT 95, 1 F -

(i) @i (M — Li(u(M))) 7} gs-
where 1 <k <t,1<a,b<n;, and1 <c<n;.

Proof. Let I' be the ideal in A generated by elements of the given form. Let I be as

in 2.4.2. Since
fi= Z 9ij = Z Tz‘mijgiTij
j=1 j=1
it follows that I C I'. The argument used in 2.4.2 to show that f;\;f; € J(A), for
J # i, also shows that elements of form (7) are in J(A). The argument used in 2.4.1
to show that f;(Ax —i(u(Me)))fi € J(A) also shows that elements of form (i7) are in
J(A) (replace f; on the left with g;72, and f; on the right with 77g,;). Since I = J(A),

we have that I' = 1. O

Corollary 2.4.4. A is generated as a K-algebra by elements, (31,11, ..., B, T, gen-

erating the semisimple part of A as a K-algebra, and elements

(i) QT \TS @5, 1 F ]
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(it) girf (M — Yi(p(Ae))) g
1<k<t 1<ab<n; 1<c<n;, which generate J(A) as a two-sided ideal.

Proof. The result follows from 2.3.4, 2.4.3, and 2.3.3. m

2.5 THE BASIC ALGEBRA ASSOCIATED TO A

T
We are now in a position to describe the basic algebra associated to A. Let g = > g;
i=1

and B = gAg.
Theorem 2.5.1. The basic algebra associated to A is the K-algebra B.

Proof. By 1.6.9 the isomorphism classes of projective indecomposables have rep-
resentatives Ag;, 1 < ¢ < r. Hence by 1.11.10 the basic algebra associated to A

is
Enda (€D Agi)*® = Enda(A)_ g:)
=1

~ (Z Qi)A(Z 9i)

= gAg

=B O
By the Wedderburn Structure theorem

=1

where B; = M, (K;), where K; is a finite extension of K of degree d;. Since B is

basic, n; = 1, so in fact B; ~ K;. Let ¢; denote the size of K;.

Lemma 2.5.2. Fach B; is generated as a K-algebra by an element 3; satisfying the

relations:
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(Z) ﬁiqi_l - ]-Bi'
(”) ﬁz‘hi(ﬁz’) = 0.

where B; corresponds to a primitive element €; € K;, and h; is the minimal polyno-

mial of e; over K.

Proof. Observe that

809 = 8i0igi = Gi
and

979 = 878 = 0

The result now follows from 2.1.5. O

As before we can split each g;Ag;, and hence split gAg. Specifically we have the

following results.

Lemma 2.5.3. g;Ag; = B, @ J(g;Ag:), where B, is isomorphic as a K-algebra to

Proof. The first claim follows from 2.2.1, and the second from 2.3.1. O
Theorem 2.5.4. The exact sequence
0— J(B)—- B4 B0

15 right split by an algebra homomorphism. That is, there is an algebra homorphism

Y : B — B such that po = 15, and
B =DB & J(B)
where B' =1im« = 3" B! is a subalgebra of B isomorphic to B.

=1

Proof. Apply 2.3.3 with f; = g;. ]
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Corollary 2.5.5. B' = @ B! is a subalgebra of B which is isomorphic to B. Each
i=1

component B! is a subalgebra of B’ isomorphic to the corresponding Wedderburn
component B; = K;. B is generated as a K-algebra by elements {f1, ..., 5}, where

each B; generates Bl and satisfies the relations of 2.5.2.

Just as we can describe generators for B’ we can also easily describe generators

for J(B).
Lemma 2.5.6. J(B) is generated as a two sided ideal by elements of the form:
(i) @i N7, i # j
(i) @i (M — Vi((M)) 77 8
where 1 <k <t,1<a,b<n;, 1<c<n;.
Proof. By 1.6.11
J(B) = J(gAg) = gAg N J(A) = BN J(A)

The result now follows from the fact that the generators for J(A) given in 2.4.3 are

all elements of B. OJ

Corollary 2.5.7. B is generated as a K-algebra by elements, (1, ..., 3., generating

the semisimple part of B as a K-algebra, and elements of the form:
(i) 9T AT 95, 1 F J
(1) @i (e — Pi(p(M))) 778
1<k<t 1<a,b<mn 1<c<n,;, which generate J(A) as a two-sided ideal.

Finally we can describe the split basic algebra associated to A.
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Lemma 2.5.8. Suppose K = F,c, and that each K; in the Wedderburn decompo-
sition of B is a degree d; extension field of K. Let | = ¢ - LCM(dy,...,d,.). Then
L = F, is the minimal splitting field for B, and Bl = L®gB is the split basic
algebra associated to A. Moreover BY is generated as an L-algebra by elements,

1,®01,...,1.R0,, together with elements of the form.:
(i) LL@§TI T 95, 1 F# J-
(i) 1@ (M — Li((Me))) 7 g
1<k<t 1<a,b<n;, 1<c<n;, which generate J(B*) as a two-sided ideal.

Proof. The result follows from the previous result, from 1.10.9, and from 1.10.7. [



CHAPTER 3

CORE ALGORITHMS

ABSTRACT. We present the main algorithms developed for this disserta-
tion, and prove their correctness. We make no attempt to present the most
efficient algorithms possible, nor to present every detail of every algorithm.
Rather, we concentrate on giving algorithms which exhibit the underlying the-
oretical idea. Efficient implementations can be derived from the given algo-
rithms by using standard tricks from computational linear algebra, and by
applying standard correctness preserving transformations from computer sci-
ence. The programs given in the appendix were produced from these algo-

rithms in this fashion.

3.1 BASIC DEFINITIONS AND NOTATION

Definition 3.1.1. An algorithm is a well-ordered collection of unambiguous and
effectively computable operations that when executed produces a result and halts in

a finite amount of time [18].
To prove an algorithm correct we must prove that:
(i) it terminates in a finite number of steps.

(ii) the result it produces is correct (according to some specification of what the

algorithm is supposed to produce).

o1
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Definition 3.1.2. A randomized algorithm is a well-ordered collection of unam-
biguous operations, each operation being either effectively computable or a truly
random choice, that when executed may or may not produce a result in any finite
amount of time. Note that being a randomized algorithm is a transitive property,
in the sense that if algorithm A calls algorithm B, and B is randomized, then A is
also randomized. If a randomized algorithm has the property that any result pro-
duced is always correct, then the algorithm is called a Las Vegas algorithm. If it has
the property that any result produced may be incorrect, but with bounded error

probability, then the algorithm is called a Monte Carlo algorithm.

All our randomized algorithms are of the Las Vegas type. To prove a Las Vegas
randomized algorithm correct we need only prove the correctness of any result pro-
duced by the algorithm. We give correctness proofs of all algorithms, randomized or
otherwise, except those for which there is no obvious correctness specification, and
those for which the proof is trivial.

All our algorithms are written in single assignment pseudo-code in which the
symbol = denotes binding of a value to a variable, and in which all ‘for’ loops
compute lists (sequences) of values. For readers unfamiliar with single assignment
pseudo-code we provide the following example of an algorithm which computes a
list of the first n Fibonacci numbers (we start numbering Fibonacci numbers at 0,

so the 0-th Fibonacci number is 1, the first Fibonacci number is 1, etc).
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Fibonacci(n > 0)

if n =0 then
return 1
else
=1
=1
for i in [2...n] do
Fy = Fi o+ Fi

return F

The key to understanding the notation used to describe this algorithm is to realize
that the ‘for’ loop does not execute by continually reassigning a single variable
F;, rather the ‘for’ loop, and the two lines preceding it, implicitly define a list,
F = [Fy, Fy, Fs, ..., F,], containing the values bound to Fj, for 0 < i < n. Observe
that for any 0 < ¢ < n, we define F; exactly once, and we never redefine it — hence
the moniker ‘single assignment’. F; therefore has an unambiguous meaning, namely
the i-th entry of the list F.

We adopt one other pseudo-code convention, namely that if x is a function argu-
ment which represents a list, or x is a variable being assigned the result of a function
which returns a list, then we write x inside square parenthesis. For example a call

to the Fibonacci algorithm, for say n = 5, has the form
[F] = Fibonacci(5)

The square parenthesis have no meaning, but do serve to remind the reader that the

result of the function is a list of values, and not a single value.



54

3.2 COMPUTING GENERATORS FOR THE SEMISIMPLE PART OF A

Let A = {\1,..., N}, where each )\; is an m X m matrix over a finite field K of
characteristic p. Let A C M,,(K) be the algebra generated by A. We can express

1 € A as a direct sum of mutually orthogonal idempotents as

Iz= Z 71
i=1

By the idempotent lifting theory, there exists a lift of this sum to an expression

la= Z fi
i=1
with the f; are mutually orthogonal idempotents in A. By the Wedderburn Structure
theorem and by 2.3.3
é Ay~ A= é Al
i=1 i=1

where r is the number of simple A-modules, and
M, (K;) = A; ~ fiAfi) J(fiAfi) = A; C fiAfi

with K a finite extension of K; of degree d; and size g;.

Computationally speaking it is relatively easy to find the A;. The algebra A; is
the image of A in the endomorphism ring of the i-th simple A-module S;. Since
A is a matrix algebra, the representation p : A — Ends(M), where M is the
natural module for A (i.e., M is an m dimensional vector space over K), is a faithful
representation, and hence by 1.12.3 every simple A-module occurs as a composition
factor of M. We can therefore use the composition series programs in the Meat Axe
to compute the A; (and hence also r, and the n;, d;, and ¢;). Specifically the Meat Axe
programs compute, for each i, a finite set A; = {1, ..., \ir}, where \;; is an n; X n;
matrix over K; giving the action of A\; on \S; with respect to some basis for S;.

Note that the MeatAxe programs give us the A; as standalone-algebras. The

programs do not tell us how the A; are embedded in A —i.e., they do not tell us the
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isomorphism between A; and Al. Our first main algorithm partially computes this
isomorphism. It takes as input the finite sets A and A;, the A;, n;, d;, ¢;, and r. For
each i it computes a 3; and 7; in A; which, by 2.1.5, generate A;, and then ‘lifts’
these elements to §; and 7; in f; Af; which generate A, C f;Af; C A. The algorithm
therefore ‘reconstructs’ each A; as a subalgebra of f;Af;. Taking all the 3; and 7;

then allows us to reconstruct A as a subalgebra of A.

3.2.1 Two FUNDAMENTAL CONSTRUCTIONS

Before describing the remaining steps in the algorithm we describe two fundamental

constructions which we make heavy use of.

RANDOM ELEMENTS

Let 1 denote the canonical map from A to A, and pu; denote the composition
AL AT 4,

where 7; is the obvious projection map.

Some of our algorithms require us to generate a random element a € A (or
more generally in eAe for some idempotent €) and then find the image of a in A;,
that is to compute p;(a). Computationally speaking we can compute 4;(2;), since
wi(A;) = A;;. However, we have no way computing p;(a) for an arbitrary element
a € A, since computing y;(a) would require us to write a in terms of the \; generators
(i.e., to solve the word problem for A). We resolve this problem by only generating
random elements of A whose expression in terms of the \; generators we know a
priori. The details of this approach are given below.

Let X be the free non-commutative algebra over K generated by xi,...,x;.

Define two set-theoretic maps,

¢ Axy, . m = { A, NS
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Ty — )‘j
and

¢i : {xlw"axt}_){)\ila"w)\it}

Tj = Aij

Note that ¢ and the ¢; extend to algebra homomorphisms ¢* : X — A, and ¢;*

X — A,;, such that, for each 1 <7 < r, the following diagram commutes

X
/ o
2 Z T

The point here is that computationally speaking the maps ¢* and ¢;* are computable.

A word w € X is stored as an expression, w = 3 k;j(2j1252 Ty, ), With r; € K.
J
Hence

= ¢ < Z Ky Tz fcjmj))
= Z Kj - @ (@1) 9" (2)2) - - 0" (jm,)

= Z ki O(@51)P()2) - - - O(@jm, )

and likewise
= ¢;" ( Z Kj - (lesz ‘e 'l’jmj))
J
B Z ki 0 (21) i (x52) -+ & (Tjm, )
- Z ki - Gi(21)Pi(x52) - - - Gi(jm,)

We can therefore use ¢* and ¢;" to create a random a € A, and its image p;(a) € A;,

by generating a random word w € X, and then taking a = ¢*(w), and p;(a) = ¢} (w).
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Henceforth we use ¢ to denote both ¢ and ¢*, and ¢; to denote both ¢; and ¢;* — it
will always be clear from the context which of the two is meant.

To create a random non-zero word in X we employ the following randomized

algorithm.

RandomWord (X = K(xy,...,1y))

repeat
for j in [1...Random(Z")] do
for k in [1...Random(Z")] do
u;, = Random({z1,...,2:})
w; = ];[ujk
w = w;

until w # 0

return w

The inner loop of the algorithm computes products of the generators, while the
outer loop computes K-linear combinations of such products. Observe that while
this algorithm involves randomized computation, it is a terminating algorithm. We

use this algorithm to define another ‘random element’ algorithm.

Lemma 3.2.1. Let ey and ey be idempotents in an algebra B, and let f : X — B
be an algebra homomorphism. Then the following randomized algorithm computes a

word w € X such that ey f(w)ey # 0 € e Bes.
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RandomElement(f : X — B, e; € B, e3 € B)

repeat
w = RandomWord(X)
until e; - f(w) ey #0

return w

IDEMPOTENT LIFTING

Our algorithms will require that we lift idempotents in A to idempotents in A. The
following technical lemma, and algorithm, provide a constructive method for doing

this.

Lemma 3.2.2. Suppose a € A such that, for some 1 < i < r, u;(a) is idempotent
in A;. Then there is a non negative integer j such that a”’ is idempotent in A, and

,ui(ap‘j) = ui(a). Moreover if u;(a) is primitive in A;, then a?’ is primitive in A.
Proof. 1f 1;(a) is idempotent in A;, then

pi(a® = a) = pi(a)? — pi(a) =0

Thus a®—a € J(A), and so (a>—a)?’ = 0 for some j. Hence by the usual characteristic

p binomial expansion
0=(a*~a) = (@) —a” = (@)~ a”
Therefore a” is idempotent in A, and
j

pi(a”) = pi(a)? = pi(a)

The primitivity of a”’ follows from the Idempotent Lifting theorem. ]



59
Theorem 3.2.3. Suppose a € A such that, for some 1 < i <r, u;(a) is idempotent
in A;. Let x = p or x = ¢;. Then the following algorithm computes a non negative
integer j, such that a® is idempotent in A, and ui(axj) = p;(a). Moreover if p;(a)
is primitive in A;, then a® is primitive in A. In other words a® € A is a lift over

Lift(a € A, z € {p,q:})
j=0
while (a®')? # o’
j=j+1

return j

Proof. Correctness follows from the previous lemma, and from the observation that

if @ is idempotent, then so is a%’. O

3.2.2 STEP 1: COMPUTING THE BIG IDEMPOTENTS

The first step in the algorithm is to compute the idempotents f; € A. We call these

idempotents the big idempotents.

Lemma 3.2.4. Let w € X be such that ¢;(w) # 0 for some 1 < i < r. Let

u = [] gj(w), where g; is the minimal polynomial of ¢;(w). Then w is an element
J#
of X such that ¢r(u) = 0 for all k # 1 (¢;(u) may also be zero).

Proof. For k #1

o (u) = (] [ 95(w))

J#i

= [ gs(0n(w))

J#
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— ( H gj(¢k(w))> - g (Pr(w))
ik
y

[T 95(6e(w)) -0

JF4k
=0 O
Theorem 3.2.5. The following randomized algorithm computes a word u € X such

that ¢;(u) # 0 and ¢p(u) = 0 for k # i.

Projection(i, [¢r : X — Ai])

repeat
w = RandomElement(¢;, 14,, 14,)
u = [[ MinimalPolynomial(¢;(w))
J#i
until ¢;(u) #0

return u

Proof. We exit the loop with u a word in X such that ¢;(u) # 0, and w a word
in X such that ¢;(w) = 14,¢;(w)ls, # 0 by 3.2.1. Hence by the previous lemma,
¢r(u) =0 for k # 4. O

Definition 3.2.6. Let a € M, (K) be an invertible matrix and h € KJz] be the
minimal polynomial of a. Let ¢ = (¢ — h)/(c - z), where ¢ is the constant term of
h. Then the inverse of a is given by g(a). We call g the inverting polynomial for a.

Clearly inverting polynomials are computable.

Lemma 3.2.7. Suppose w is an element in X such that, for some 1 <i <r, ¢;(w)
is invertible and ¢ (w) = 0 for k # 1. Suppose also that e € A is an idempotent such
that pi(e) = 1a,. Let a = e - ¢p(w) - g(p(w)) - e, where g is the inverting polynomial
for ¢;(w). Then there is a positive integer j such that f = a” has the following

properties:



61

(i) f#0 € eAe is idempotent.
(i) ) = L,
(iii) js(f) = O for k #i.

In particular, f € eAe is a lift over J(A) of f; € A.

)

Proof. Observe that

pi(a) = pile - p(w) - g(d(w)) - e)
= pi(e) - pi(@(w)) - pag(d(w))) - i(e)
=1, - pi(d(w)) - g(pi(P(w))) - La,
= di(w) - g(¢i(w))

and for k # 1

p(a) = ple - p(w) - g(p(w)) - €)
= pi(e) - pr(d(w)) - (g (d(w))) - pur(e)
= (e) - p(p(w)) - (g (d(w))) - pun(e)
= pi(€) - or(w) - pe(g(P(w))) - p(e)
=0

Hence by 3.2.2 there is some value of j such that f = a?’ is idempotent, i;(f) = 14,

(so f#0), and pi(f) =0 for k # i. O

Theorem 3.2.8. Let e be an idempotent in A such that p;(e) = 14,. The following

randomized algorithm computes f € eAe such that

(i) f is idempotent.
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fii) 1) = 0 for k41

In particular, the algorithm computes a lift f € eAe over J(A) of f, € A.

)

Blg(¢X—>A, 7, [QﬁkZX%Ak],GEA)

repeat
u = Projection(i, [¢x])
until IsInvertible(¢;(u))

a=e-o(u)-g(p(u)) - e where g = InvertingPolynomial(¢;(u))
f= a”’ where j = Lift(a, p)

return f

Proof. We exit the loop with v € X such that ¢;(u) € A; is invertible, and, by 3.2.5,

¢r(u) =0 € A for k # i. The result now follows by the previous lemma. O

Theorem 3.2.9. The following randomized algorithm computes a list f1,..., f. of

mutually orthogonal idempotents in A such that 14 = > fi, and each f; € A is a lift
i=1

over J(A) of f, € A, 1<i<r.

AlBig(¢: X — A, [dn: X — Ay, 7)
for i in [1...r—1] do
e; = 14— Z_Zi fi
f: = Big(é, i, (6], )

Il

r—1
fr = Ia— Z fj
j=1

return f
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Proof. We proceed by induction on ¢. Our induction hypothesis is that for j < :
(i) f; € ejAe;is alift of f; € A (so pi(f;) = 1a, and p;(f;) = 0 for k # j).
(i) fi,...,f; is a sequence of mutually orthogonal idempotents in A.

The base case for the induction is j = 1. Since e; = 14, we have that e; Ae; = A,
and g (e;) = pi(1a) = 1a,. Thus, by 3.2.8, fi € A is a lift of f, € A, and so (i)
holds. (#7) holds trivially.

Assume the induction hypothesis holds for j = [ — 1, and consider j =1 (i.e., we
are assuming that our induction hypothesis holds at the end of the (I — 1)-th loop
iteration, and we are considering whether it still holds at the end of the [-th loop

iteration). By the induction hypothesis we know that for j < I:

(i) wu(f;) =0 (since j <l implies j # 1).

(ii) fi,...,f; is a sequence of mutually orthogonal idempotents in A.
Now
-1
paler) = p(la — fr)
k=1
-1
= pe(La) = > u(fi)
k=1
= m(la) =0
= 1Al

Thus, by 3.2.8, f; € e;Ae; is a lift of f, € A, and so (i) holds. For any j < [

-1

e fi=0=Y_fi)f;
h=1
-1

= 1= > (fuf))

k=1

=fi—f
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=0

Similarly f;-e; = 0. Since f; € e;Aey, it follows that f; is orthogonal to any f;, j < L.
Hence fi, ..., f; is a sequence of mutually orthogonal idempotents, and so (4i) holds.

We excute the loop exactly r — 1 times. Arguing as above we then have that
wr(fr) = 1a., and fi,..., f. is a sequence of mutually orthogonal idempotents.

Finally note that

T r—1 r—1 r—1
SE=Y fit =) fit1a=) fi)=1a O
i=1 =1 i=1 i=1

3.2.3 STEP 2: COMPUTING THE LITTLE IDEMPOTENTS

Recall that
My, (K;) = Ay ~ (fiAfi)] J(fiAf;) ~ A} C A

We can express 14, as
ng
La, = E 9ij
j=1

where the g;; are mutually orthogonal primitive idempotents in A;. By the idempo-
tent lifting theorem we can lift the g,; to mutually orthogonal primitve idempotents

gij € fiAfi, 1 < j < mny, such that
Lar = fi=) 0
j=1

and p;(gs;) = g;;- The second step in the algorithm is therefore to compute, for each
i, the g;; idempotents in f; Af;. We call these idempotents the little idempotents. Our
strategy in constructing the little idempotents will be to construct each g;; € Aj,

and then lift it to g;; € f; Af;.
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At this point it becomes necessary to understand the connection between decom-
positions of the identity of 14, into sums of mutually orthogonal primitive idempo-

tents, and choices of basis for S;. Given a decomposition

Ly, = i: gij
j=1

we then have that

Si =14, -5 = (i@j)si = égijsi
j=1 Jj=1

where each g,;5; is one dimensional over K;. For 1 < j < n;, pick any non-zero
w;; € §ijSi. Then B = {w1, ..., w;y, } is a basis for S;. Hence decompositions of 14,
into sums of mutually orthogonal primitive idempotents correspond, up to choices

of scalars (we can freely scale the w;;), to choices of basis for S;.

Lemma 3.2.10. Suppose 14, = igzj, and 14, = i Eij, are two decompositions
j=1 j=1
of 14, into sums of mutually orthogonal primitive idempotents in A;. Then there is

some invertible w € A;, such that wﬁijw’l = Ei]’ forall1 < j <mn,.

The point here is that any two decompositions of the identity in 14, into sums
of mutually orthogonal primitive idempotents, are conjugate by some element of A;.
Now let €;;; denote the jk-th elementary matrix in A;. Define €;; = €;;;. Note

that the e;; are primitive mutually orthogonal idempotents, and
La, =D %
j=1
Recall that by 2.1.6 each A; is generated by matrices 3; and 7;, where

g 0 - 0
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where ¢; is any primitive element of K;. Note that B@ = ¢ -¢;. Now we will not
be able to construct our g,; so that g;; = €;;. However as we shall see later this
won’t matter — with respect to some basis B; for S;, the g;; that we construct will
be equal to the €;;, and that will be sufficient. Note that we must be careful when
constructing the first little idempotent g;;, since we must ensure that with respect to
B;, g;; is equal to a primitive element of K; times €;;. The other little idempotents
will be constructed via a generic process similar to that used to construct the big

idempotents.

Lemma 3.2.11. Suppose A is an L-algebra for some extension L of K, and M
is an A-module with dimp(M) = s. Suppose f € Enda(M) is not nilpotent, and
dimy(im(f)) = 1. Then M = im(f) @ ker(f), and with respect to any basis for M
the matriz o representing f is a scalar, € # 0 € L, times a primitive idempotent of

A.

Proof. We know by 1.9.1 that M = im(f") & ker(f") for some n. Now im(f?) C
im(f), but im(f?) # 0, since f is not nilpotent. Since im(f) is one dimensional we
must then have that im(f?) = im(f). Similarly ker(f?) = ker(f). It follows then
that n =1, i.e., M = im(f) @& ker(f).

Now take vy # 0 € im(f), and wv,...,vs a basis for ker(f). Then B =
{v1,v9,...,v5} is a basis for M such that f(v;) = evy, for some ¢ € L, and

f(v;) =0, for j # i. With respect to B

e 0 0 1 0 0

0 O 0 0 O 0
o= =c-

0 -« - 0 0 -« --- 0

Hence « is € times a primitive idempotent of A. O]
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It is very important to understand a computational nuance at this point. While
each A; is theoretically a full n; x n; matrix algebra over K;, the MeatAxe programs
give each A; as an n;d; X n;d; matrix algebra over the ground field K — specifically
each );; is given as an n;d; x n;d; matrix over K. Until now this distinction between
A; as a K-algebra and as a Kj;-algebra has not been relevant — it now becomes

important.

Lemma 3.2.12. Every matrixz in A; has K-rank a multiple of d;.

Proof. For a € A; let ¢, : S; — S; be the linear transformation defined by a. Then
rankg (a) = dimg (im¢,) = dimg, (im ¥, ) [K; : K] = dimg, (im,) - d; O

Corollary 3.2.13. If a € A; is idempotent with rank d;, then a is a primitive

idempotent in A;.

Theorem 3.2.14. Let e be an idempotent in A;. Then the following randomized
algorithm returns a word u € X such that e - ¢;(u) - e is a scalar ¢ € K; times a

primitive idempotent in eAe.

AlmostLittle(¢; : X — A;, nyy diy € € Ay)

if n; =1 then
u = RandomElement(¢;, e, €)
return u
else
repeat
u = RandomElement(¢;, e, €)
a=e-di(u)-e

until rankg(a) = d; and not Nilpotent(a)
return u
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Proof. If n; = 1 the theorem is trivial. If n; # 1, we return from the algorithm when
have found u € X such that a = e - ¢;(u) - e has rank d; over K, and hence rank 1

over K;, and a is not nilpotent. The result now follows by the previous lemma. []
We can now show how the first little idempotent is constructed.

Theorem 3.2.15. The following randomized algorithm computes g € A; and g €
fiAf; such that:

(i) G is a primitive idempotent in A;.

(i1) g is a primitive idempotent in f;Af;.

In other words g; is a lift over J(f;Af;) of g. The algorithm also computes 3 € A;
and 3 € f;Af; such that

(1) mi(3) = B
(i) g=F""
(iii) g =",

So (3 projects to  under quotienting of fiAf; by its radical. Finally, there is a basis

B for S; over K; such that with respect to B:

The algorithm also returns the polynomial h;(x), where h;(x) is the minimal polyno-

mial of &;.
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FirstLittle(¢: X — A, ¢;: X — A;, fi € A, ng, d;y q;)
repeat
u = AlmostLittle(¢;, n;, d;, 14,)
B = ¢(u)

until § corresponds to a primitive element ¢ € L

— o _i_l
g=p

v = fiolu) - f;
E]/ 2 ,Y/qi——l

o 19’

g=yg
v = 4% where j = Lift(¢/, ¢;)

| f/z otherwise
where f = MinimalPolynomial(3) € K|x]
B ="
where k = smallest positive integer such that (yh(7))* =0
| = smallest positive integer such that ¢! > k

return (g,9, 3, h)

Proof. By 3.2.14, and by the loop condition, we exit the loop with u a word in X
such that 3 = ¢;(u) € A;, and with respect to the basis B (for S;) defined in 3.2.14,

we have that

=l
Il
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for some primitive element ¢ € K;. Hence with respect to B we have that 3 = (3,
and g = qu_l = €.

Now observe that

(V) = pa(fi - d(u) - fi) = pa(fi) - pa(d(w)) - pa(fi) = La, - di(u) - 14, = B8

and therefore
palg) = (YY) = () =5 =g
Since g is a primitive idempotent in A;, it then follows by 3.2.3 that g = (¢’ )‘”j is a
primitive idempotent in f;Af; and p;(g) = .
Since taking ¢;-th powers in K; is the identity map

i) = (7)) = B =3

So v is an inverse image of 3 under . Now let h; € K[x] be the minimal polynomial
for € over K, and f be the minimal polynomial for 3. If deg A; = 1, then f = h;, so
we set h = h;. If deg A; # 1, then f =x - h;, and we set h = f/x =h

Finally we note that the definition of § in the above algorithm agrees with the
definition of 4 in 2.2.1. n

Theorem 3.2.16. Suppose € is an idempotent in A;, and e is an idempotent in f; Af;
such that p;(e) = €. Then the following algorithm computes a primitive idempotent

g € eAje, and a primitive idempotent g € eAe, such that p;(g) =7.

NextLittle(¢ : X — A, ¢, : X — A;, ny, diy qiy € € fiAfiy, €€ A))

= AlmostLittle(¢;, €, n;, d;)

7 (- dilu) -0
9= ((e+6(u) - ) where j = Lift((c- 6(u) - )", p)

return (g,9)




71
Proof. By 3.2.14, u is a word in X such that - ¢;(u)-€ = €-a, where a is a primitive

idempotent in eAe. Thus
5= (- 6i(u) - T = (c-a)i = en gl =g
Now
pil(e - d(u) - €)™0) = (mile) - pa((w)) - pa(e)) " = (€ diu) -€)* " =a
Hence by 3.2.3 ¢ is a primitive idempotent in eAe projecting onto g under u;. [

The algorithm to compute all of the little idempotents for A; is now straightfor-

ward.
Theorem 3.2.17. The following randomized algorithm computes a list gy, ...,q,.
of mutually orthogonal primitive idempotents in A;, and a list gy, ..., gn, of mutually

orthogonal primitive idempotents in f;Af;, such that:
(i) pi(g;) =9; 1 < j < n,.
(i) 1, = 5.
j=1
(iti) f; = ;21 95,

So each g; € fiAfi is a lift over J(fiAf;) of g; € Ai. The algorithm also computes
B € A; and B € f;Af; such that:

(i) w(B) =1.

(i) g, = 5"
(iii) g1 = B4

Finally, there is a basis B for A; over K; such that with respect to B:
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The algorithm also returns the polynomial h;(x), where h;(x) is the minimal polyno-

maial of ;.

Allthtle(ng X — A, qbz X — Ai7 fi’ i, di, %)
(91,91, 8, h) = FirstLittle(, ¢, fi, ni, diy ¢:)

for jin [2...n; — 2] do
-1
ej = fi— > Ok
k=1
j—1
€j = 1Ai - kz: Ik
=1
(gj7§j) = NextL1ttle(q§, sz', i, dl‘, ej, éj)
r—1
gr = ]‘Ai - Z g]
j=1

r—1
G = fi— > 9
j=1

return (g,9, 3, h)

Proof. The first group of statements follow from 3.2.15, 3.2.16, and the same induc-
tive argument used in 3.2.9. The second group of statements follow from 3.2.15. The

third group of statements follow from 3.2.15, and the fact that g, is orthogonal to
g;, for j # 1. 0
3.2.4 STEP 3: COMPUTING GENERATORS FOR EACH A

We previously showed how to construct 3; € A4;, and how to lift it to 3; € f;Af;. We

now show how to construct 7; € A;, and how to lift it to 7 € f; Af;.
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As before let €;j;, denote the jk-th elementary matrix in A;. Define €;; = €;;; and

Zij = €ij(j+1) (all such indices should be taken modulo n;, with the representatives
of the n; equivalence classes being 1 to n; — in particular Zi,, = €n,(n;41) = €ins1)-

Recall that

0 1 0 0

0 O 1 0 0

i 0 0 1 0
Ti= ) Zy=

j=1 0

0 «ev cev oo 0 1

1 0 v v oo 0

Our strategy for constructing 7; will be to construct the z;; € A;, and then lift
these to z;; € fiAf;. Then 7; will be the sum of these lifts. As was the case with
the g;;, we will not be able to construct the z;; per se, rather we will construct
a sequence of @;;, such that with respect to some basis B; for S;, each @;; equals
the corresponding Z;;. As a consequence we will not in fact construct 7;, but will
construct a 7 such that, with respect to B;, T = 7;.

The point here is that to generate A; we only need elements 3 and 7 which satisfy
the relations of 2.1.5. Since (3, and 7; satisfy these relations, any matrix similar to

them will also satisfy these relations.

Theorem 3.2.18. The following randomized algorithm computes 3, T € A;, and 3,
T € f;Af; such that:

(i) pi(B) = 3.
(ii) pa(T) =7
Moreover there is a basis B for A; such that with respect to B:

(i) B:Bz
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(ii) T =T;.
Hence B and 7 generate A;, and 3 and T generate A, C f;Af;. The algorithm also

returns the polynomial h;(x), where h;(x) is the minimal polynomial of €;.

SemiSimpleGenerators;(¢ : X — A, ¢, : X — A;, fiy niy diy ;)
(lg]; [9], B, h) = AllLittle(¢ : X — A, ¢;: X — Ay, fi, i, diy q)

for jin [1...n; — 1] do
w; = RandomElement(;, §;, 7,4,)
a; = g; - oi(w;) Gj
a; = g;j - d(wy) - gjn

w,, = RandomElement(¢;, g, , 7)

—/

ani = gnz ’ ¢z(wnz> ’ gl

—\ 1 _
Uy, = Ty, - <Z /@ﬁz> where 7a,, =} rif3;
(2

7

[0)

'2 (g D) .gl)<;mﬂz> -1
T = <"ﬁ1aj>

Jj=1

= a, (el )7

(U,

(3

where | = Lift(za,, — g1, p)
T = i Clj
j=1

return (,7,9,h)

Proof. First note that we can assume that we have changed basis for S; so that the

[g] little idempotents computed for A; are in fact the €;; elementary matrices.



We finish the loop with each w;, 1 < j <n; — 1, a word in X such that
a; =g; - ¢i(wj) “Git1 #0¢ ?inng
We then set w,, to be a word in X such that

75

Now @, is a non-zero element of g, A4;g,. With respect to the basis C; we have

that

0 v O 0
0 O 0 0 0
~ 0 - 0 0 0

ap =
0
0 -+ -+« = 0 0
0 O 0

for some v, # 0 € K;. Define Cy = {wy,~; 'ws, ..., w,, }. The change of basis matrix

m from C; to Cy is

1 0 0 0
0 v O 0 0
0 1 0 0
=
0
0 «vv «ev oo 1 0
0 0 oo won e 1

Hence with respect to C5, we have that
a = man; " =Za

and

g9; = 771?;'771_1 =J;
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forall 1 <75 <n,.

Now @, is a non-zero element of g,A;g;. With respect to the basis Cy

0 O 0 0

0 0 ~ 0 0

~ 0 -~ 0 0 0
a9 —

0

0 O 0

for some 7, # 0 € K;. Define Cs = {wy, v, 'wy, 75 "ws, . . ., wy, }. Let ny be the change

of basis matrix from Cs to C'5. Arguing as above we have that with respect to Cj:
(i) @ = moapn, ' = Zi, for 1 < k < 2.
(ii) g; = nggjngl =g;, forall 1 <j <.
Continuing inductively in this fashion define for 2 < k < n; that
Ck = {U}l, ")/171’11]2, . ,’7];_1211)]6,1, ’yk’_llwk, c ,wni}
Observe that with respect to Cj:
(i) @ = Zy, for any [ < k.
(ii) g; is unchanged for all 1 < j < n,.

Now @, is a non-zero element of g, A;g,. With respect to the basis C),, we have

that

0 O 0 0
0 O 0 0 0
_, 0 0 0 0

a,, =
0
0 0 O
v 0 0




7
for some v # 0 € K;. At this point we cannot scale w; in the same fashion that we
scaled ws, through wy,. Instead observe that 7a,,, is an element of g, A;g,, and hence

with respect to the basis C,,,, we have that

v 0 0 0

00 0 0 0

- 0 -~ 0 0 0
za,, =

0

0 0

0 0 0

Now v = > ks, with k; € K. Hence with respect to C,, we have that Za, =

<Z nﬁz> , and therefore

7

0 0 0 0

00 0 0 0

- 0 0 0 0
np,

0

1 0 0

Taking B = C,,, we have that with respect to B, @; = Z;;, for 1 < j < n;, and
therefore 7 = 7;. Moreover by 3.2.17 we also have that u;(3) = 3, and since w; is
the first basis vector in B, that with respect to B, 3 = 3;.

It remains to show that p;(7) = 7. Observe that by 3.2.17 we know that each
wj, 1 <j <m;—1,is a word in X such that p;(a;) = @;. In particular, a; # 0 for
1 <j <n;— 1. Likewise w,, is a word in X such that y;(a, ) =@, , Finally we note
that the definition of a,, and 7 in the above algorithm, is precisely how z,, and 7
were defined in 2.2.1 (identifying g, here with e; in 2.2.1, each g, here with E;, and

@; here with Z;).
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Finally since 3 and 7 are similar to 3; and 7;, and the latter generate A;, we

must have that 3 and 7 also generate 4;. Hence 3 and 7 generate A’ by 2.2.1. [

Remark. Since g = (% it is not necessary to return g from the above algorithm.

We do so for clarity of the presentation of later algorithms.

3.2.5 COMPUTING THE SEMISIMPLE GENERATORS

We now present the complete algorithm for computing generators for the semisimple

part of A.

Theorem 3.2.19. The following randomized algorithm computes lists (1, . .., 3, and

Ty ..., Tr, such that:
(i) B; and 7; generate A}, 1 <i <, as per 2.1.5.
(11) the collection of B; and T; generate the semisimple part of A as per 2.5.4.

The algorithm also computes the list g1, ..., @, of the first little idempotents for each

Al and the list h;, ..., h, of minimal polynomials associated to each [3;.

SemiSimpleGenerators(¢ : X — A, (¢ : X — A, [nk], [di]y [qr]s 7)
[f] = A]lBig((b, [¢k]a 7’)

for iin [1...7] do

(B, 7is @i hi) = SemiSimpleGenerators;(¢, ¢;, fi, 1, diy ¢;)

return (3,7,9,h)

Proof. Correctness follows from 3.2.9, 3.2.18, and 2.3.4. O
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3.3 COMPUTING GENERATORS FOR THE RADICAL OF A

Recall that if A is a finite dimensional K-algebra generated by elements A =
{A1,... A}, then by 2.4.3, J(A) is generated as a two-sided ideal by elements of

A of the form:
(1) g \Tig;, 0 # J.
(i1) g (M — i) TP

where 1 <k <t¢,1<a,b<d;,and 1 <c<dj, and g; to be g;; Our second main
algorithm takes as inputs the set A, and the lists [¢; : X — A, [3], [7i], [g:], [Bi],

73], [8:]- [di], and [n;], and computes this set of generators for J(A).

Lemma 3.3.1. The following algorithm constructs y € Al such that y = 1;(p;(Ar))-

Psi; (i, Tiy Biy Gis Tis Bis Gis Miy N1)

return y

Proof. Termination is immediate since n; is finite. For correctness note that, since

g; = €1, we have
pi(Ar) = di(A)
= Zéz’j “0i(N) - e
gk



— Z?im‘—(j—l) 8 - ¢ ()\l) —(k—-1) |

:Z?ini_(j_l)'_i () T g T

n;
:E ?ini—(J_l) a
Ik

Now observe that @;; € §;A;9;, and so either @;;, = 0, or a;; = Ef] "

aj, = 0, then
(7MUY ) = 9(0) = 0 = agy
If aj, = B then

wi(?ini_(j_l) ‘ajk: ‘?ly—l)) _ @ij‘(?z‘ni_(j_l) '6501'16 '?f_l)

7

= (70 (B (T

— Tinif(]fl) . 5%19 . Tikfl

Hence

ng
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for some ;. If

)

Vi1 (M) (Z_n —G=D C Ak Tk 1>:Zajk:y O

j7k

We now present the complete algorithm for computing the generators for J(A)

as a two-sided ideal.

Theorem 3.3.2. The following algorithm computes a sequence (of sets), S;j, 1 <

1,7 <1, such that:

(1) USij is a generating set for J(A) as a two-sided ideal.

1,

i1) fi;Af; is spanned by S;; as a K-vector space.
(ii) fiAf; is sp y Sy p
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RadicalGenerators(A, [¢], [3i], [7i], [gi]s [ni], [di], 7)
for (i,j) in {1...r} x{1...r}
if i = j
Si = {gi -1 (A=Psi;(¢s, 3,73, 9i. B3, Tir iy s ) 7%+ 8 -
a,be{l...d;}, € A}
else
Sij ={gi-n*AN-1fgjrae{l...di},ce{l...d;},N € A}

return S

Proof. Termination is immediate since r, A, and the d; are finite, and Psi; terminates

by the 3.3.1. Correctness follows from 3.3.1 and 2.4.3. [

3.4 PRUNING THE GENERATORS FOR THE RADICAL OF A

Our algorithm to compute generators for J(A) as a two-sided ideal is correct, but
produces a large number of redundant generators. The main (but not only) source of
this redundancy is that generators in S;; are often linear combinations of products
xy, with x a generator in S, and y a generator in Si;. Such linear combinations in
Si; are not necessary to generate J(A) as a two-sided ideal. The following algorithm
removes (prunes) such redundant generators. Its correctness and termination are

obvious.

Lemma 3.4.1. Given a sequence (of sets), Sij, 1 < i,j < r, such that |JS;; is
i,J
a generating set for J(A) as a two-sided ideal, the following algorithm computes a

sequence (of sets), T;;, such that:

(1) UT;; is also a generating set for J(A) as a two-sided ideal.
Y]

(1t) if t € T;; then t is not a K-linear combination of products xy, with x € Sy

and y € Sk;.
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Prune([S;;] with each S;; € M,,(K), )

V' = vector space of m x m matrices over K

for (i,j) in {1...7} x{1...r}
U;; = subspace of V' spanned by 5;;
Lij={z-y:zeSyyec Sy ke{l...r}}

W;; = subspace of V spanned by L;;
T;; = a basis of the complement in U;; of U;; N W;;

return 7T

3.5 COMPUTING GENERATORS FOR A

We have algorithms to compute generators for the semisimple part of A, and for the

radical of A. Composing them gives an algorithm to compute a new generating set

for A.

Theorem 3.5.1. Let A = {\1,..., N}, where each \; is an m X m matriz over a
finite field K of characteristic p. Let A C M,,(K) be the algebra generated by A.
The following randomized algorithm computes a generating set for A. Specifically

the algorithm computes {B1, 71, ... B, 7.} and sets T;; such that:
(i) {61, 71,...0:, 7} generates the semisimple part of A as a K-algebra.

(1) \UT;; generates J(A) as a two-sided ideal.

2%
The algorithm also computes the list g1, ..., @, of the first little idempotents for each
A, the list ny,...,n, giving the dimensions of each S; over K, the list dy, ..., d,
giving the degree of each K; over K, and the list hy, ..., h, of minimal polynomials

associated to each [3;.
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Generators(A = {\,..., \;} with each \; € M,,(K))
[A;], [ni], [di]y [@s] = MeatAxe(K™, A)

X = K(xq,...,xy)
create ¢: X — A
create [¢; : X — Aj]

(18], [7], [gil, [ha]) =

SemiSimpleGenerators(¢, (o], [ni], [di], [¢], )
[Si;] = RadicalGenerators(A, [¢:], [3i], (1], (9], [di], [na], 7)
[T35] = Prune([S;], r)

return ([ﬁz]» [Tz’}v [gi]v [Ej]v [nl]v [d,], [hl])

Proof. Correctness is immediate from 3.2.19, 3.4.1, and 2.4.4.



CHAPTER 4

DERIVATIVE ALGORITHMS

ABSTRACT. We present several useful algorithms derived from the algo-
rithms in the previous chapter. As usual we prove correctness of these algo-
rithms, but make no attempt to present the most efficient algorithms possible,
nor to present every detail of every algorithm. We employ the notation and

conventions of the previous chapter.

4.1 CoMPUTING THE BASIC AND SPLIT BASIC ALGEBRA FOR A

In the previous chapter we described the basic algebra associated to A as the sub-
algebra B = gAg of A. Since A C Endg (M) ~ M,,(K), with M the natural m-
dimensional module for A, the elements of B can be represented as m X m matrices
over K. Note, however, that since A acts faithfully on M, gAg must also act faith-
fully on gM. Hence we can embed gAg in Endg(gM), and therefore represent the
elements of B as m x 1 matrices over K, where m = dimg(gM). The point here
is that m is usually much smaller than m. We can exploit this fact to reduce the
degree of the generators for B.

The function Condense is a standard function which returns m, together with
the embedding 7 : gAg — Endg(gM). Magma source code for the Condense
function can be found in Appendix A. Using the Condense function we can define
an algorithm to compute the basic algebra associated to A as a subalgebra of M, (K).

This algorithm then leads to an obvious algorithm to compute the split basic algebra

84
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associated to A as a subalgebra of Mj/(L), where L is the splitting field for A.

Correctness of these algorithms is immediate from 2.5.7 and 2.5.8.

Theorem 4.1.1. Let A = {\,..., N}, where each \; is an m X m matriz over a
finite field K of characteristic p. Let A C M,,(K) be the algebra generated by A.
The following randomized algorithm computes the basic algebra B associated to A as
a subalgebra of My (K), where m = dimg (gM). The algorithm also returns the list

dy,...,d., where d; gives the degree of K; over K.

Basic(A = {\,..., A} with each \; € M,,(K))

(18], - [g:]s [T3], -, [di], -) = Generators(A)
(m,m) = Condense(g) where g = Zgi

M;(K) 2 B = algebra generated by [7(5;)] and [7(T};)]

return (B, [d;])

Theorem 4.1.2. Let A = {\i,..., N}, where each \; is an m X m matriz over
a finite field K of characteristic p. Let A C M,,(K) be the algebra generated by
A. The following randomized algorithm computes the splitting field L for A, and
returns the split basic algebra B associated to A as a subalgebra of My, (L), where
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SplitBasic(A = {\,..., A} with each \; € M,,(F,))
(B C M#(K),[d;]) = Basic(A)
| = ¢ LOM([d)])
L=F,
M;,(L) D B = algebra generated by [1,@7(5;)]U[1,@7(T};)]
where B is generated as a K-algebra by [7(5;)] and [7(T};)]

return B

4.2 COMPUTING A PRESENTATION FOR A

The final algorithm in this chapter is an algorithm to compute a presentation for an
algebra A. The input to our algorithm is a set A = {\y,..., \;}, where each J; is
an m X m matrix over a finite field K of characteristic p. Let A C M,,(K) be the
algebra generated by A.

We can compute generators {01,..., 5., 71, ..., 7, (i, ..., (e} for A, where the [3;
and 7; generate A’ as a K-algebra, and the (; generate J(A) as a two-sided ideal.
Let P be the free non-commutative algebra K (B, ..., B, Ty,... T, Zy,..., Z). We
have an onto K-algebra homomorphism, ¢ : P — A, defined by B; — 3;, T; — 7,
and Z; — (. Let 2 = kert. Then we have a presentation for A as P/Q. We now

consider how to compute generators for €2.

Remark. If A is a basic algebra (so all the n; are equal to 1), then we omit the 7;

generators for P.

4.2.1 COMPUTING THE SEMISIMPLE GENERATORS FOR {?

There are generators for 2 coming from relations among the generators of A’. Recall
that ; and 7; generate A,, and satisfy the relations implied by 2.1.5. Hence for

1 <17 < r we have the following generators for €2:
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(i) T, B, — B,
(i) BI™ — B,
(i) T™T, — T
(iv) T ~ .
(v) BiTYB;, 1 <j<n,

(Vi) i TinerZ,qflTij _ sz

Jj=1

We also have orthogonality relations between the A, components of A’. Specifi-
cally we have the following generators for Q2: B;B;, T;T;, B;T;,T;B;, for 1 <1¢,5 <,
1 # j. We have a function SemisimpleGeneratorsg which returns a list of the

above generators. Source for this function can be found in Appendix A.

4.2.2 CoMPUTING THE RADICAL GENERATORS FOR 2

There are generators for €2 coming from relations among the generators of J(A).
Since A is finite dimensional, J(A)¢ = 0 for some d. Let V be the K-vector space
with basis the set of monomials in 7, ..., 7, of degree greater than or equal to 1
and less than or equal to d. Let ' : V' — J(A) be the vector space map defined by

H Zja]- N chaj
J

j
One way to compute the relations among the 71, ..., Zy is to compute the kernel of
0'. Unfortunately such a computation could potentially be prohibitively expensive,
as J(A) may have high dimension, and there may be a huge number of monomials

in the basis for V. We can alleviate these problems via two ‘tricks’.
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First, recall that the (; generators for J(A) are in fact all elements of the basic
algebra gAg C A. Now let B be the basic algebra for A computed via the algorithm
Basic. Then gAg ~ B, and we can form the vector space map 6 : V — J(B) defined
by

117~ T])™

j J
Observe that x € ker ¢’ if and only if = € ker . In other words a relation among the
(; € gAg holds if and only if the corresponding relation holds among the 7({;) €
J(B). The point here is that computing in J(B) will usually be much faster than
computing in J(A), since the dimension of J(B) will usually be much smaller than
the dimension of J(A).

Second, we can embed V into K(Zy,...,Z;) (as a subspace), and use the ideal
structure of K(Zy,...,Z) to control the number of monomials in Z1,..., Z; that
we must consider. Some care is needed in this approach since computing with ideals
in K(Z,...,Z) will involve non-commutative Grobner basis constructions, which
may themselves be extremely expensive, or even non-terminating. In light of this
we mainly use ideals in K(Zy, ..., Z;) generated by monomials (the calculation of
Grobner basis for such ideals almost always terminates, and almost always completes

very rapidly).

Theorem 4.2.1. Suppose that A is a K-algebra, and B is the basic algebra for A
computed by the algorithm Basic. Suppose B is generated by {B1, ..., 0Br,Ciy -y C )y
where the (; generate J(B) as a two-sided ideal. Let Q = K(Zy,...,Zy), and let V
and 0 : V. — J(B) be defined as before. Then the following algorithm either fails to

terminate, or computes:

(i) a set A, C 'V such that ker 6 equals the ideal H generated by A,., and hence
V/H ~ J(B) as vector spaces.

(i) a basis C for V/H.
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RadicalGeneratorsg(Q, 6 : V — J(B))

c=1

I; = the zero ideal in @
Ll = {Zlv"'aZk}

A 2]

M, = the set of monomials in 7, ..., 7, of degree ¢

= Lo UM\ 1)

V. = the subspace of VV with basis L.

N. = NullSpace(f,,, )

X, = a basis for N,

A, = A UX,

I. = two-sided ideal of ) generated by I. ;U (L.N N,)

until §(M.) = {0}
H = ideal in ) generated by A,
S=Q/H

C' = MonomialBasis(S5)\{1}

return (C, A,)

Proof. The algorithm may not terminate due to the fact that the construction of
ideals in @) involves Grobner basis calcuations. If these calculations all terminate,
however, then so does the algorithm, since J(B)? = 0 for some d.

Assume the algorithm terminates. Inductively we have that L. is a subset of the
set of all monomials in 77, ..., Z, of degree greater than or equal to 1 and less than
or equal to ¢, and hence V is a subspace of V' and ker(f),, ) C ker 6. It follows that we

finish the loop with L, a subset of the set of all monomials in Zy,..., Z; of degree
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greater than or equal to 1 and less than or equal to d, and A, C kerf,. Hence
H C ker6.

Inductively we also have that I._; C I., and that I. is contained in the ideal
generated by A,. (the value of A, on the c¢-th loop iteration, where the first loop
iteration corresponds to ¢ = 2). It follows that I. C ker . Now suppose that v € ker 6.

We can write
vV = E a;m;
i

where the a; € K, and the m; are monomials in 71, ..., Z;. Let a = Max{degm;}.

Then we can write v as
v = E a;m; + E Cijj/
i J

where the m;" € I,_q, and the m;" & I,_. Since 1,_; C ker # we then have that
0=0(v) =00 amm;+ Y aym;’) =00 amy)
( J J

Hence Zajmj’ € N,. Thus v is in the ideal generated X, U I,_1, and thus in the
ideal ge]jaerated by A,, U I, 1. It follows that v € H, and hence that H = ker 6.

To finish the proof we require one fact about Grobner bases, namely that if [ is
an ideal in a free non-commutative (or commutative) algebra R over a field K, then

R/I has a computable K-basis consisting of monomials. ]

4.2.3 COMPUTING THE CROSS GENERATORS FOR 2

There are generators for 2 coming from relations betwen the generators of A’ and
the generators of J(A). Recall that each (; is an element of f;Af;, for some unique
choice of i and . Hence we have identity relations between B;%~! and 7, and any
Z; such that ¥(Z;) € fiAfi. Specifically for 1 < i,1 < r, 1 < j < k, we have the

following generators for €2:

(1) Biqi’le — Zj, if Zj S szfl
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(i) Z;B% " — Z;,if Z; € fiAf:.
(iti) T,™Z; — Z;, if Z; € fiAf.
(iv) Z;T,™ — Z;, if Z; € fiAf;.

We also have orthogonality relations between B; and T;, and any Z; such that
Y(Z;) ¢ fiAfi. Specifically for 1 < 4,1 < r, 1 < j < k, we have the following

generators for €2:

(i) BiZ;,if Z; ¢ f;Afy.
(i) Z,;B;, it Z; ¢ fiAf:.
(iii) 7,2, if Z; ¢ [;Afy
(iv) Z;1;, it Z; ¢ fiAf;.

We have scaling relations between each B; and any Z; such that ¢(Z;) € fiAf.
Observe that since f; is in the basic algebra B, we can compute these scaling relations
using 7(f5;) and the 7((;), rather than §; and the ¢;. Suppose {Z,,..., 7} is the
basis for V/H L J(B) computed by the RadicalGeneratorsg algorithm. Then for

1<i,l<r,1<j <k we have the following generators for €2:

t - t ~
(i) BiZj — > asZs, if Z; € fiAfi, and w(B)7(¢;) = > asp(Zs)
s=1 s=1
t - t ~
s=1 s=1

Finally, recall that g = > g;, where g; is the first little idempotent in f;Af;. For
i=1
1 <m < n;_; we have

97" =978 =0

Moreover for any (; we have

9G = (o =G
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Hence

! ! ! !
(Tz‘ijTz‘l) (™ Cj/Til ) = TiijgTilTim QCj'Tz‘l
Timgjgj,nl’ if {l +m' =0 modn;

0 otherwise

The point here is that we already know how to compute (;(; using the radical
generators for €). Hence any obvious scaling relations between T; and any Z; such
that ¢(Z,) € fiAf;, are implicit in the relations we have already listed. We revisit
the issue of non-obvious scaling relations at the end of the chapter.

We have a function CrossGeneratorsg which returns a list of the above gener-

ators. Source for this function can be found in Appendix A.

4.2.4 COMPUTING A PRESENTATION FOR A

We conclude with the algorithm to compute a presentation for A.

Theorem 4.2.2. Let A = {\1,..., N}, where each \; is an m X m matriz over a
finite field K of characteristic p. Let A C M,,(K) be the algebra generated by A.
Then the following randomized algorithm either fails, or computes a presentation for

A.
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Presentation(A = {)\, ..., \;} with each \; € M,,(K))

(B1, -, 6], 115y )y o [Cy - -+, Gl [l -, [hi]) = Generators(A)
P=K(B,....BoT,... T, 20, Zp)

As = SemisimpleGeneratorsg([B;], (T3], [nil], (@], [hi])

B = Basic(A)
Q=K(Z,...,Z;;)CP
6 = the map V — B defined by [][ Z;% — [[ 7 ()™
J J
where [7(3;)] U [7((;)] generates B
(C,A,) = RadicalGeneratorsq (@, )

A. = CrossGeneratorsg(C, [7(5;)], [Bil, [T3], [Zi], [nil, [4])
A = ideal in P generated by A, UA, UA,
fail

else
return P/A

Proof. By 4.2.1 and our discussion of the semisimple generators for 2 and the cross
generators for €2, we know that A C Q. The dimension check at the end of the

algorithm ensures that A = , and hence A ~ P/ = P/A. O

We conclude by noting that the dimension check in the above algorithm can
possibly cause the algorithm to fail. Such a failure happens if we do not have enough
generators for €. It’s clear that if A is a basic algebra, we always have enough
generators for 2. The question is whether such a failure can happen if A is not
basic? Answering this questions amounts to proving that there are no non-obvious

scaling relations between T; and any Z; such that (Z;) € f;Af;, or more precisely
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that the elements Timgjnl, 1<i<r, 1 <mil<n;, 1< 5 <k form a K-basis
for J(A). While we strongly suspect that this is the case, we have not yet formally

proven this claim.



CHAPTER 5

EXAMPLES

ABSTRACT. We present several examples of computing presentations for

basic algebras using the programs in the appendix.

5.1 THE STRUCTURE OF EACH EXAMPLE

In each example we define a K-algebra A, and a faithful representation p of A. We
then compute the split basic algebra B associated to A. Run times are given for

each of the main steps involved in computing B. These steps are:
(i) MeatAxe — computing the A;, n;, d;, and ¢;.
(ii) Semisimple Generators — computing generators for the semisimple part of A.
(iii) Radical Generators — computing generators for J(A).
(iv) Pruning — pruning the generators for J(A).
(v) Split Basic — computing the split basic algebra.

We also report the number of generators computed in steps (i), (#1), and (iv).
For each example we also give information about the simple A-modules. Specif-
ically, if S; is the i-th simple A-module, then we give the K-dimension of S;, and
the degree of K; = End4(S;)°? over K in the Wedderburn decomposition of A. Most
of this information is either computed in Magma or read from the tables in [13].

Note that we list the simple modules in decreasing order by dimension. While this is

95
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somewhat non-standard it remains faithful to our programs, which reverse the usual
order for reasons of efficiency.

We give the splitting field L for A, and report the degree and dimension of B over
L, together with the number of simple B-modules. We then compute a presentation
for B as a free non-commutative algebra P, modulo an ideal €2. Run times are given

for each of the main steps involved in computing this presentation. These steps are:

(i) Generators — computing generators for B.

(ii) Semisimple Generators for ) — computing generators for {) coming from rela-
tions within B’ (recall that B = B’ @ J(B), where B’ is the semisimple part of
B).

(iii) Radical Generators for ) — computing generators for 2 coming from relations

within J(B), together with a basis for J(B).

(iv) Cross Generators for ) — computing generators for 2 coming from relations

between B’ and J(B).

(v) Grébner Basis — computing a non-commutative Grobner basis for the ideal

generated by the elements computed in steps (i), (iii), and (iv).

We also report the number of relations computed in each of the above steps, and
the dimensions over L of B, B’, J(B), and B’ N J(B). Finally we give the computed
presentation for B. Note that the presentations we give contain a large number of
redundant relations.

All reported run times are exact (to within the limits imposed by the operating
system), while all reported memory usage figures are (reasonably accurate) esti-
mates based on the memory usage information available in Magma. All performance
figures were generated on a Sun Blade 1000 with 8 gigabytes of memory and two

UltraSPARC-III 750 Mhz processors, running Solaris 5.9.
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Note that some of the information we give is redundant, in the sense that we can
trivially calculate it from other information (e.g. the dimension over L of B’ must be
equal to the number of simple B-modules). Reporting the actual calculated values
for such information does, however, give some indication of the correctness of the

implementations of our algorithms.

5.2 BACKGROUND

To construct our examples we require some background results from the representa-

tion theory of finite groups.

Definition 5.2.1. Let G be a finite group, and p : G — GL(V) be a representation

of G. Then p is called a faithful representation of G if p(g) = 1 implies g = 1.

Note that being a faithful representation of a group G in the above sense is not
the same as being a faithful representation of an algebra in the sense of 1.12.1. We

use two facts about faithful representations of finite groups.

Lemma 5.2.2. If G is a finite simple group, then every non-trivial representation

of G s faithful.

Theorem 5.2.3 (Burnside). Suppose p : G — GL(M) is a faithful representation
of the finite group G. Let M™ denote the KG-module MRM® ...QM (n factors).
Then every simple KG-module is a composition factor of at least one of the modules

M n=1,2...
Proof. Theorem 32.9 of [10]. O

We require several results about duality, projectivity and injectivity of KG-

modules.
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Lemma 5.2.4. IfU, V and W are KG-modules then
HOHlKg(U@V, W) >~ HOHlKg(U, V*®W)
Proof. Lemma 7.3 of [1]. O

Lemma 5.2.5. If P is a projective KG-module, and U is any KG-module, then

P®U s a projective KG-module.
Proof. Lemma 7.4 of [1]. O

Theorem 5.2.6. Every finitely generated injective KG-module is projective, and

every finitely generated projective KG-module is injective.
Proof. Corollary 2.7 of [9]. O

We also require the following fact about the socle and head of projective inde-

composable KG-modules.

Definition 5.2.7. The socle of a module M, denoted Soc(M), is the sum of its simple

submodules. The top of a module M, denoted Head(M), is the module M/ Rad(M).

Theorem 5.2.8. Let P be a projective indecomposable KG-module. Then Soc(P) ~

Head(P) ~ P/Rad(P) ~ S, where S is the simple module corresponding to P.
Proof. Theorem 3.6 of [9]. O
We conclude this section with some results from block theory.

Definition 5.2.9. A central idempotent in a finite dimensional algebra A is an
idempotent in the center of A. A primitive central idempotent is a central idempotent

not expressible as the sum of two orthogonal central idempotents.
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Lemma 5.2.10. In a finite dimensional algebra A we can write 1 = e;+- - -+e,, with
the e; orthogonal central idempotents of A, and A = By ® --- ® B,,, with each B; a
two-sided indecomposable ideal of A given by B; = e;A. Moreover, this decompositon

of A is unique up to reordering of summands.
Proof. Definition 1.8.1 and Lemma 1.8.2 of [4]. O

Definition 5.2.11. The indecomposable two-sided ideals in the above decomposi-
tion are called the blocks of A. Note that each block B; is a subalgebra of A with

identity e;.
Now suppose that M is an indecomposable A-module. Then
M:1.M:(61+...+6n).M:elM@...®enM

and hence M = e; M for some i. In this case we say that M belongs to the block B;.
Thus the simple and projective indecomposable modules are classified into blocks.
Note that if an indecomposable module is in a given block, then so are all of its

composition factors.

Definition 5.2.12. The principal block of A, denoted By(A), is the block containing

the trivial A-module.

5.3 M;; IN CHARACTERISTIC 2

Let G be M;; — the smallest sporadic simple group. The order of G is 7920. G
can be constructed as the subgroup of Si; generated by the two permutations
(1 10)(2 8)(3 11)(5 7) and (1 4 7 6)(2 11 10 9).

Let K be 5, A be the group algebra of G over K, and M be a 7920 dimensional
vector space over K. The regular representation p : A — Endg (M) is faithful by
1.12.6, but it has degree 7920, which is quite large. We wish to find a smaller degree

representation for A.
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The simple A-modules are as follows

Simple | dimg S; | [K; : K]
Sy 44 1
Ss 32 2
S 10 1
Sp 1 1

S3 is a projective A-module which is self dual. For 1 < ¢ < 4, let P, be the
projective indecomposable which corresponds by 1.6.9 to the simple module S;.

Observe that as G C Sip, there is a natural permutation representation of G
on an 11l-dimensional vector space M. The two composition factors of M are the
trivial module (S7) and Ss. Let py : G — Endg(S2) be the representation for G
corresponding to Sy. Since G is simple, ps is faithful by 5.2.2. Hence by 5.2.3 we
should be able to find all other simple A-modules by forming tensor powers of Ss. Let
Th9 = S5®S55. A composition series for 75 5 has length 5, and one of the composition
factors is S;. We could form higher tensor powers of Sy to find more simple A-
modules, but instead we let T5 4 = S>®S54. A composition series for 754 has length
20, and one of the composition factors is S3. Let p3 : G — Endg(S3) be the group
representation for G' corresponding to Ss. Since G is simple, ps is faithful by 5.2.2.
Hence by 5.2.3 we should be able to find all simple A-modules by forming tensor
powers of S3. Let T3 3 = S3®S3. The K-dimension of T3 3. is 1024.

In Magma we construct 733 as follows

load mi11; // G = M_11

F := GF(2);

M := PermutationModule(G, F);

C := isomorphism_classes(CompositionFactors(M));
S_1 := degree(C, 1);

S_2 := degree(C, 10);



_2 := TensorProduct(S_2, S_2);

T_2
S_4 := degree_M(T_2_2, 44);

4 := TensorProduct(S_2, S_4);

T_2_
S_3 := degree_M(T_2_4, 32);

T_3_3 := TensorProduct(S_3, S_3);

By 5.2.4 we observe that for any ¢

HOIHA(SZ'@S;;, 53) ~ HOIHA(SZ', Sg*®53)
= Homy(S;, S3®953)

= HOHIA(Si, Tgyg)

We can verify that Hom 4 (S;® 55, S3) # 0 for every i, by checking whether S;

as a composition factor of 5;®S3. In Magma we do this as follows

error if #all_degree_M(TensorProduct(S_2, S_3), 10) eq O,
error if #all_degree_M(TensorProduct(S_3, S_3), 32) eq O,
error if #all_degree_M(TensorProduct(S_4, S_3), 44) eq O,

Now fix a choice of i. Since Hom 4(S;, T3 3) # 0, there is a nonzero map ¢; :

T5 3. Since Soc(F;) = S; by 5.2.8, we therefore have the following diagram

"

T3,3
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occurs

nn.
b

nn.
)

nmn.
)

Si—>

Since S5 is projective, T3 is projective by 5.2.5, and hence injective by 5.2.6.

We therefore have a map v, : P, — T3 such that ¢; o ¢; = ¢;. Since Soc(P;) = 5,

is mapped injectively by 1;, we must have that 1; is an injective map. We therefore

have the exact sequence

OHHﬂT&ggT&z’a/R‘—)O
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Now P, is projective, and therefore injective by 5.2.6. Hence the map m; splits and so

P, is a direct summand of T3 35. We have therefore proved that T35 is an A-module

containing every projective indecomposable A-module as a summand, and hence by
1.12.5 T3 5 is a faithful A-module.

We construct the split basic algebra associated to A via the following Magma

code

B := split_basic_M(T_3_3 : params := params_thesis);

Timings and memory usage for this computation are

Step Time

MeatAxe 7.55 sec

Semisimple Generators | 1102.11 sec &~ 18.5 mins

Radical Generators 4531.08 sec ~ 76 mins
Pruning 235.54 sec ~ 4 mins

Split Basic 3.89 sec

Total Time 5880.17 sec =~ 1 hr 38 mins
Total Memory 90.45 MB

The number of generators for A computed in the various phases is

Type Number
Semisimple Generators 8
Radical Generators 34

Radical Generators After Pruning 6
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The splitting field for A is L = F4. The computed split basic algebra B has degree

58 and dimension 24. There are 5 simple B-modules, all of which are of course 1-
dimensional (over L). We compute a presentation for B via the following Magma

code

Q := presentation_A(B : params := params_thesis);

Timings and memory usage for this computation are

Step Time

Generators 1.3 sec

Semisimple Generators for €2 | 0 sec

Radical Generators for €2 1.92 sec
Cross Generators for €2 0.06 sec
Grobner Basis 0.03 sec
Total Time 3.31 sec
Total Memory 2.84 Mb

The number of generators for {2 computed in the various phases is

Type Number
Semisimple Generators for () 30
Radical Generators for €2 115
Cross Generators for €2 72
Total 217

The dimensions for the various parts of B are as follows
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Part Dimension over L
B )
J(B) 19
BnJ(B) 0
B 24

Theorem 5.3.1. Let A be the group algebra of My, over Fy. Then the split basic
algebra B associated to A has a presentation as the quotient of the free algebra
Fy(B1, By, Bs, By, Bs, Z1, Za, Z3, Z4, Z, Zg) by the ideal generated by the following

elements:

Zy 2425 s + Za iy, Zs* + Zg® + ZsZy, ZaZisZoa, ZoZuZog, Zis o i, ZisZin Zig + Za Zs,
ZyZs5Zy, ZyZg*, ZsZisZo + ZgZs, ZsZaZs, ZsZaZog + Ze” + ZsZa, ZsZ5 23,
ZeZsZy+ 2" + ZsZa, Zs* Zs, Bi*> + B1° B1B1Bs, B1 B3, BiBy, BiBs, B1Z1,
By Zy, B Z3, B1 Zy, B\ Zs, By Zs, By By, Bs® + By By, By B3, By By, ByBs, By 7,
ByZy, By Z3, By Zy, BaZs, By Zs, B3 By, B3 By, Bs® + B B3, BBy, By Bs,
B3Zy + B1Zy, B3 Zy + B1Z3, B3Zs3, B3 Zy, B3 Zs, B3Zs, B4B1, B4Bo, B4 Bs,
By? + B\*By, ByBs, ByZy, ByZo, ByZs + B\ Z3, BiZy + B\*Zy, BiZs, Ba Zs,
Bs By, Bs By, Bs Bs, Bs By, Bs® + By1*Bs, Bs 24,

BsZs, BsZ3, BsZy, Bs Zs + B1*Zs, Bs Zg + B1* Zs, Z1 By, Z Bs,
7By + B1Zy, Z\By, Z\Bs, Zy* + ZyZs3, Z1 Zy, Z1 Z3, Z1 Zs, Z7 Zs, Z1 Zg, Za By,
Z3yBs, Z3y By, ZoBy + B1*Zs, ZsBs, ZsZy1, Zs®, ZaZs, ZaZ, Z3By, Z3Bs,
Z3Bs + By Zs3, Z3By, Z3Bs, Zs 2y, Zs®, Z3 Zy, ZsZs, Zs Zg, Zy By,

Z4By, Z4Bs, Z4By, ZyBs + B> Zy, Zy 21, ZsZs, Z4Zs, Zs?,

ZsBy, Zs By, Z5Bs, Zs By + B1*Zs, Z5Bs, Z5 21, Z5Za, Zs*, Zs Zs,
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Z6By, ZBa, ZsBs, Zs By, ZsBs + B1*Zs, Zs Zy1, ZigZa, ZsZ3, Z6 74

Note that the B; correspond to the 5 simple B-modules, while the Z; correspond to
the 6 generators for J(B) (and for J(A)) after pruning.

5.4 A SpLIT EXTENSION OF Aj

Conjecture. Suppose G is a finite group and k is a field of characteristic p. Then

the following are equivalent.

(i) The centraliser of every element of order p in G is p-nilpotent (i.e., has a normal

p-complement).

(ii) For every non-projective module M in the principal block By(kG), H"(G, M) #

0 for some (and hence for infinitely many) n.

This conjecture, Conjecture 1.2 in [5], is proved by the authors for p odd (the
conjecture was proved for all p in [3]). At the end of Section 9 of [5] the authors
comment that ‘Gorenstein has classified the finite groups in which the centraliser of
every involution is 2-nilpotent. It may be that the best way to prove Conjecture 1.2
in case p = 2 is to go through the cases in this theorem individually. We have already
initiated this process in Section 4 by treating the case where the Sylow 2-subgroups
are dihedral. An example which we have not been able to tackle by the methods
presented here is the split extension (Z/2)*" : SLy(2n), where the normal subgroup
is formed from the natural module by restricting the field of coefficients to Fs. .

We construct a particular example of the split extension (Z/2)?" : SLy(2n), for
the case n = 2, and compute the basic algebra for the associated group algebra in
characteristic 2. Let E be an elementary abelian group of order 2%, H = As;, and
G = E'x H. The order of G is 960. As A5 ~ SL(2,F,) C SL(3,F,), we can construct

G as a subgroup of SL(3,F,) generated by the following matrices
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100 100 110
hi=10 11 ha=1 0 1 w hs=10 1 0
010 00 1 001

where w is a primitive element of [Fy.

Let K = Fy, A be the group algebra of G over K, and M be the natural 960
dimensional module for A. The regular representation p : A — Endg (M) has degree
960, and is faithful by 1.12.6.

A composition series for M has length 384. There are 3 isomorphism classes of
composition factors of M, and hence by 1.12.3 there are 3 simple A-modules. The

simple A-modules are as follows

Simple | dimg S; | [K; : K]

S 4 1
S 4 2
Ss 1 1

The Magma code to construct M and to compute the split basic algebra associ-

ated to A is

F := GF(4);

G := SL(3, F);

H := sub< G |
(1,0,0,0,1,1,0,1,0],
[1,0,0,0,1,w,0,0,1],
(1,1,0,0,1,0,0,0,1]1>

where w := PrimitiveElement(F);
_, R, _ := CosetAction(H, sub< H | 1 >);
M := PermutationModule(R, GF(2));

oo
I

split_basic_M(M : params := params_thesis);
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Timings and memory usage for this computation are

Step Time

MeatAxe 2.76 sec

Semisimple Generators | 37.72 sec

Radical Generators 68.4 sec

Pruning 1554.05 sec ~ 26 mins
Split Basic 270.45 sec ~ 4.5 mins
Total Time 1933.38 sec ~ 32 mins
Total Memory 346.47 MB

The number of generators for A computed in the various phases is

Type Number
Semisimple Generators 6
Radical Generators 90
Radical Generators After Pruning 12

The splitting field for A is F4. The computed split basic algebra B associated
to A has degree 512 and dimension 275. There are 4 simple B-modules. Due to a

problem with Magma we were unable to compute a presentation for B.

5.5 SL(2,Fs)

Let G = SL(2,Fg), K = Fy, and A be the group algebra of G over K. The simple

A-modules are as follows
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Simple | dimg S; | [K; : K]
Sy 12 3
Ss 8 1
Sa 6 3
Sp 1 1

Note that S5 is a projective A-module. Let T' = (57 & Sy @ S5 @ S;)®S3. The
K-dimension of T"is 216. An analysis similar to that done in the first example shows
that 7" is an A-module containing every projective indecomposable A-module as a
summand, and hence by 1.12.5, T is a faithful A-module.

We construct T', and the split basic algebra associated to A via the following

Magma code

F := GF(8);

G := SL(2, F);

H := Sylow(G, 2);

_, R, _ := CosetAction(G, H);

M := PermutationModule(R, GF(2));

C := isomorphism_classes(CompositionFactors(M));
S_1 := degree(C, 12);

S_2 := degree(C, 8);

S_3 := degree(C, 6);

S_4 := degree(C, 1);

T := TensorProduct(DirectSum([S_1, S_2, S_3, S_4]1), S_2);
B := split_basic_M(T : params := params_thesis);

Timings and memory usage for this computation are



Step Time
MeatAxe 0.17 sec
Semisimple Generators | 1.72 sec
Radical Generators 1.79 sec
Pruning 10.05 sec
Split Basic 1.13 sec
Total Time 14.86 sec
Total Memory 16.26 Mb

The number of generators for A computed in the various phases is

Type Number
Semisimple Generators 8
Radical Generators 72
Radical Generators After Pruning 12
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The splitting field for A is Fg. The computed split basic algebra B has degree 94

and dimension 93. There are 8 simple B-modules. We compute a presentation for B

via the following Magma code

Q := presentation_A(B : params := params_thesis);

Timings and memory usage for this computation are



Step Time
Generators 18.36 sec
Semisimple Generators for €2 | 0 sec
Radical Generators for €2 42.95 sec
Cross Generators for €2 0.9 sec
Grobner Basis 0.67 sec
Total Time 62.88 sec
Total Memory 37.57 Mb

The number of generators for 2 computed in the various phases is

Type Number
Semisimple Generators for €2 72
Radical Generators for €2 628
Cross Generators for €2 216
Total 916

The dimensions for the various parts of B are as follows

Part Dimension over L
B’ 8
J(B) 85
BN J(B) 0
B 93

The computed presentation for B can be found in Appendix B.

110
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5.6 A SPLIT EXTENSION OF (Jg

The following example is taken from [6], in which the authors study non-principal
blocks with one simple module.

Let G = F x QQg, where E is an elementary abelian subgroup of order 9, and Qg
is the quaternion group of order 8. The order of GG is 72. We have a presentation for

G with 4 generators, g, h, ¢ and j, and relations:
(i) ¢°, h°, gh = hg.
(i) ij = 5%, ij = 5.
(iti) igi® = g7, jgj® = g, ihi® = h, jhj® = h™".
Let K be F3, and A be the group algebra of G over K. There are two blocks
for A, the principal block By(A), and a second block, C. There is a unique simple
C-module S in the non principal block, and it has dimension 2 over K. Hence there

is a single projective indecomposable C-module, P, and it has dimension 18 over K.

In Magma we construct P as follows

F<g,h,i,j> := FreeGroup(4);

G<g,h,i,j> := quo< F |

g~3, h™3, gxh = hxg,

ikj = j73%i, ixj = j*i°3,

ixgxi~3=g"-1, j*g*j"3 = g, i*h*i"3 = h, j*h*j"3 = h~-1>;

K := GF(3);

_, R, _ := CosetAction(G, sub< G | 1>);

M := PermutationModule(R, K);

S := degree_M(M, 2);

N := PermutationModule(R, Sylow(R, 2), K);
P := TensorProduct(S, N);

Note that we have constructed P as an A-module, where By(A) annihilates P,
but C acts faithfully on P. We construct the split basic algebra B associated to the

block C' via the following Magma code
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B := split_basic_M(P : params := params_thesis);

Timings and memory usage for this computation are

Step Time

MeatAxe 0 sec

Semisimple Generators | 0.01 sec

Radical Generators 0.01 sec
Pruning 0.04 sec
Split Basic 0 sec
Total Time 0.06 sec
Total Memory 17.64 Mb

The number of generators for A computed in the various phases is

Type Number
Semisimple Generators 2
Radical Generators 16
Radical Generators After Pruning 2

The splitting field for C'is L = F3. The computed split basic algebra B has degree
9 and dimension 9. There is one simple B-module. We compute a presentation for

B via the following Magma code

Q := presentation_A(B : params := params_thesis);

Timings and memory usage for this computation are
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Step Time

Generators 0.01 sec

Semisimple Generators for €2 | 0 sec

Radical Generators for €2 0.04 sec
Cross Generators for €2 0 sec
Grobner Basis 0 sec
Total Time 0.05 sec
Total Memory 600 Kb

The number of generators for 2 computed in the various phases is

Type Number
Semisimple Generators for €2 2
Radical Generators for €2 25
Cross Generators for €2 8
Total 35

The dimensions for the various parts of B are as follows

Part Dimension over L
B’ 1
J(B) 8
BN J(B) 0
B 9
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Theorem 5.6.1. Let C' be as above. Then the split basic algebra associated to A has
a presentation as the quotient of the free algebra F3(By, Z1, Zs) by the ideal generated

by the following elements:

792 2y Zogy 20 + Zy 20\ Zy + 21 Zog + Zo 7y + 2257,
7127y + 2727120 + 275> 71 + 27,79 + 27271 + 752,
Z0 297 + 2297, 7oy + Zo* Zy + Z1 7y + Za 7y + 2757,
2125 + 225271, ZaZ0? 4 22970 Dy + 2252 2y + 272, 2oy + 27571 + Zy°,

2237 B + B\, B\Zy + Zy,B1Zy + Zy, Z\ By + Z1, Zy By + Zs

A different presentation for B is given in [6], namely as the quotient of the free

algebra F3(X,Y") by the ideal generated by X3, Y3 and XY + Y X.

5.7 A VERY LARGE EXAMPLE

Let G be My, K be Fy, A be the group algebra of G over K, and M be a 7920
dimensional vector space over K. The regular representation p : A — Endg (M) is
faithful by 1.12.6, and has degree 7920. We try to compute the split basic algebra
B associated to A using the regular representation.

Mathematically this example is uninteresting, as we have already computed B in
our first example. The point of the example is to show that the programs developed
in this dissertation can handle representations of quite large degree. Given that algo-
rithmic improvements, careful low level coding of algorithms, and detailed profiling
of implementations, often yields performance gains of an order of magnitude, and
memory savings of a factor of 4, this example suggests that with careful implementa-
tion the programs could reasonably cope with representations of degree 10000. This
example also suggests a fundamental fact, namely that as representations become

large, the sheer cost of multiplying two matrices becomes overwhelming.



The Magma code for this example is

load "top.m";
SetAssertions(false);
load m11; // G = M_11

, _ := CosetAction(G, sub< G | 1 >);

F := GF(2);

_, R

M := PermutationModule(R, F);
B :=

split_basic_M(M : params := params_thesis);

Timings and memory usage for this computation are

Step

Time

MeatAxe

808.11 sec ~ 13.5 mins

Semisimple Generators

247614.54 sec ~ 2.87 days

Radical Generators

1695030.18 sec ~ 19.62 days

Pruning

319267.24 sec =~ 3.7 days
ran out of memory

computation stopped

Split Basic

Total Time

2262720.07 sec ~ 26.12 days

Total Memory

4.24 Gb
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Remark. The Pruning step had pruned 11 of the 16 S;; when the 4 Gigabyte virtual

memory limit was reached, causing Magma to stop the computation. Despite the fact

that we failed to compute the split basic algebra, these performance figures are quite

encouraging. The 4 Gigabyte limit is an artificial one imposed by the use of 32 bit

pointers, and the Pruning step and Split Basic step represent a very small part of

the overall computation cost. Hence with only a little more time and memory the

computation would have completed.
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APPENDIX A

MAaGMA PROGRAMS

ABSTRACT. We present the Magma programs developed during the writing
of this dissertation. Variable names in these programs follow as close as pos-
sible the notations and conventions of chapters 2 and 3.
A.1 CoMPUTING THE BIG IDEMPOTENTS
function projection(Lambda, i, s_phi, randword)
repeat
w, m := random_elementl(Lambda, s_phi[i], randword);
F := [MinimalPolynomial(s_phil[jl(w)) : j in [i+1..#s_phil];
a_i_bar := prod_pols(F, m);
until a_i_bar ne 0;
return w, F, a_i_bar;
end function;

function big(Lambda, phi, i, s_phi, e, randword)

A_i := Codomain(s_phil[il]);
rank := Degree(Codomain(s_phil[i]));

sum_a_i_bar := A_i!0;
wlist := [];
plist := [];

while true do
w, F, a_i_bar := projection(Lambda, i, s_phi, randword);

if Rank(a_i_bar) eq rank then
g := inverting_polynomial(a_i_bar);
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m := prod_pols(F, phi(w));
a := e x (m * Evaluate(g, m)) * e;
f := lift_p(a);
return f;
else

Append ("wlist, w);
Append(“plist, F);
sum_a_i_bar +:= a_i_bar;
if Rank(sum_a_i_bar) eq rank then
g := inverting_polynomial (sum_a_i_bar);
sum_m := &+[prod_pols(plist[jl, phi(wlist[j]))
j in [1 .. #wlist]];

a := e x sum_m * Evaluate(g, sum_m) * e;
f = lift_p(a);
return f;
end if;
end if;
end while;

end function;

A.2 CoMPUTING THE LITTLE IDEMPOTENTS

function compute_q(q, j)

q_to_the_k := q;

while q_to_the_k 1t j do
g_to_the_k *:= q;

end while;

return gq_to_the_k;

end function;
function almost_little(Lambda, phi_i, n_i, d_i, e, randword)
P<x> := PolynomialRing(CoefficientRing(Domain(phi_i)));
if n.i eq 1 then
w, a := random_element(Lambda, phi_i, e, e, randword);

return w, X, a;
else
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while true do

w, m := random_element(Lambda, phi_i, e, e, randword);
g := MinimalPolynomial(m) ;

for fac in Factorization(g) do

f := facl[1];
if Degree(f) eq d_i then
F := g div £;
a := e * Evaluate(F, m) * e;

if Rank(a) eq d_i and not
IsDivisibleBy(P!MinimalPolynomial(a), x"2) then
return w, F, a;
end if;
end if;
end for;
end while;

end if;
end function;
function get_beta_bar(Lambda, phi, phi_i, n_i, d_i, q_i, randword)
id := Codomain(phi_i)!1;
repeat
w, F, beta_bar :=
almost_little(Lambda, phi_i, n_i, d_i, id, randword);
until #Seqset(pows_of (beta_bar, q_i-1)) eq q_i-1;
return w, F, beta_bar;

end function;

function first_little(Lambda, phi, phi_i, f_i, n_i,
d_i, q_i, randword)

w, F, beta_bar :=
get_beta_bar(Lambda, phi, phi_i, n_i, d_i, q_i, randword);
g_bar := beta_bar~(q_i-1);

gamma := f_i * Evaluate(F, phi(w)) * f_i;
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g := gamma“ (q_i-1);

while not is_non_zero_idempotent(g) do
g "= q.i;
gamma ":= q_1i;

end while;

f := MinimalPolynomial (beta_bar);
h_prime := n_i eq 1 select Parent(f).1 * f else f;

k := radical_power(Evaluate(h_prime, gamma));
j := compute_q(q_i, k);
beta := gamma”j;

return g, g_bar, beta, beta_bar, h_prime;
end function;

function next_little(Lambda, phi, phi_i, n_i, d_i,
e_i, e_i_bar, randword)

w, F, g_bar :=
almost_little(Lambda, phi_i, n_i, d_i, e_i_bar, randword);
g_prime := e_i * Evaluate(F, e_i * phi(w) * e_i) * e_i;

g_bar, j := power_to_idempotent(g_bar);
g := power_to_idempotent(g_prime~j);

return g, g_bar;

end function;

A.3 CoMPUTING THE SEMISIMPLE GENERATORS

function make_result(params, A, L, n_i, d_i, q_i, tau, tau_bar,
beta, beta_bar, g, g_bar, f_i, id, h_prime, s_g, s_g_bar)

res := rec< PerModInfo |
L :=1L,
tau := Altau, tau_bar := tau_bar,

beta := Albeta, beta_bar := beta_bar,
g := Alg, g_bar := g_bar,
h_prime := h_prime>;
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if params‘verify_SS_generators then
verify_SS_generators(f_i, id, n_i, q_i, s_g, s_g_bar, res);
end if;

return res;
end function;

function SS_generators_i(Lambda, phi, phi_i, f_i, n_i,
d_i, g_i, params)

A := Codomain(phi);

A_i := Codomain(phi_i);

p := Characteristic(CoefficientRing(A));
randword := params ‘random_elt;

// compute g_1, g_1_bar, beta, beta_bar, and h_prime
if params_printing(params) then
print "Little 1";

end if;

g_1, g_1_bar, beta, beta_bar, h_prime :=
first_little(Lambda, phi, phi_i, f_i, n_i, d_i, q_i, randword);

L := cyclic_K_star(beta, beta_bar, d_i, q_i);
// initialise for the loop ahead

g = [g_1];
g_bar := [g_1_bar];

// if n_i = 1 we can bail out now

if n.i eq 1 then
return make_result(params, A, L, n_i, d_i, q_1,
g_1, g_1_bar, beta, beta_bar, g_1, g_1_bar, f_i,
A_i'l, h_prime, s_g, s_g_bar);
end if;

e :=f_i-g_1;
e_bar := A_i!'l - g_1_bar;
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prod := f_i;
prod_bar := A_ill;
tau := A!0;

tau_bar := A_ilOQ;

pr
pr

//
//

fo

e :=g_1;
e_bar := g_1_bar;
compute g_2 through g n, and g_2_bar through g_n_bar
compute all the z_j and z_j bar except z_n and z_n_bar
r j:=2ton_ido

if params_printing(params) then
print "Little", j;
end if;

// compute g_j and g_j_bar

if j eq n_i then
g-J =&
g_j_bar := e_bar;
else
g_j, g_j_bar := next_little(Lambda, phi, phi_i, n_i, d_i,
e, e_bar, randword);
end if;

Append(“s_g, g_3);
Append(“s_g_bar, g_j_bar);

e -:= g3;
e_bar -:= g_j_bar;

// compute z_j_bar in (g_(j-1)_bar A_i g_j_bar) and 1lift to
// z_j in g_(j-1) A g_j

w, z_j_bar :=
random_element (Lambda, phi_i, pre_bar, g_j_bar, randword);
z_j := pre x phi(w) * g_j;

tau +:= z_j;
prod *:= z_j;
tau_bar +:= z_j_bar;
prod_bar *:= z_j_bar;
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// roll pre and pre_bar over to g_j and g_j_bar

pre := g_j;
pre_bar := g_j_bar;
end for;

// construct z_n_bar as a 1 in the (n,1)-th spot

g_n_bar := pre_bar;
W, z_n_bar :=
random_element (Lambda, phi_i, g_n_bar, g_1_bar, randword);
invpow := L‘inverse_bar(prod_bar * z_n_bar);
z_n_bar := z_n_bar * L‘beta_bars[invpow];

// 1lift z_n_bar to z_n

g_n := pre;

z_n_prime := g_n * phi(w) * g_1;

z_n_prime := z_n_prime * L‘betas[invpow];
prod_z_n_prime := prod * z_n_prime;

1 := radical_power(prod_z_n_prime - g_1);
z_n := z_n_prime * (prod_z_n_prime)”(p~1l-1);

// update tau and tau_bar

tau +:= zZ_n;
tau_bar +:= z_n_bar;

return make_result(params, A, L, n_i, d_i, q_i, tau, tau_bar,
beta, beta_bar, g_1, g_1_bar, f_i,
A_i'1l, h_prime, s_g, s_g_bar);

end function;

function SS_generators(phi, s_phi, n, d, q, params)

X := Domain(phi);
A := Codomain(phi);
r := #s_phi;

//print "Creating Identity";



e := Al1;

//print "Done Creating Identity";
s_f_i := [];

ss_ I := [];

Lambda := [X.j : j in [1..Rank(X)]];

for i :=1 to r do
if params_printing(params) then
print "Big", i, "n_i, d_i, q_i =", nl[il, d[i], qlil;

end if;

if 1 eq r then

f_i := e;
else
f_i := big(Lambda, phi, i, s_phi, e, params‘random_elt);
end if;
Append("s_f_i, f_i);
e —:= f_i;

Append(“ss_I, SS_generators_i(Lambda, phi,
s_phil[il, f_i, n[i], d[i], qlil, params));

end for;

assert is_mut_orth(s_f_i);
assert &+(s_f_i) eq A!1;

return ss_I;

end function;

A.4 CoMPUTING GENERATORS FOR THE RADICAL

function psi(A, ss_I, n_i, taus, g_tau_bars, tau_g_bars, lambda_t)

if IsZero(lambda_t) then
return A!O;
end if;

betas := ss_I‘L‘betas;
pow_bar := ss_I‘L‘pow_bar;
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res := A!O;
for j := 1 to n_i do
jml := j-1;

left := g_tau_bars[jml eq O select n_i else jml] * lambda_t;
if IsZero(left) then continue; end if;
for k := 1 to n_i do
nkml := n_i-(k-1);
m := left * tau_g_bars[nkml eq O select n_i else nkml];
if m ne O then
1 := pow_bar(m);
njml := n_i-(j-1);
kml := k-1;
res +:= taus[njml eq O select n_i else njml] * betas[l] *
taus[kml eq O select n_i else kml];
end if;
end for;
end for;

return res;
end function;

function radical_generators_i(A, ss_I, n_i, taus,
g_taus, tau_gs, s_phi)

X := Domain(s_phi);
g :=ss_I‘g;
g_bar := ss_I‘g_bar;

print "radical_generators_i =", n_i"2 * Ngens(A);
// build the powers of tau for each i
tb_i := pows_of(ss_I‘tau_bar, n_i);

g_tau_bars := [g_bar * t : t in tb_i];
tau_g_bars := [t * g_bar : t in tb_i];

res := {};
for t in [1..#Generators(A)] do
lambda_rad := A.t -
psi(A, ss_I, n_i, taus, g_tau_bars, tau_g_bars, s_phi(X.t));
if IsZero(lambda_rad) then continue; end if;



for x := 1 to n_i do
left := g_taus[x] * lambda_rad;
if IsZero(left) then continue; end if;
for y :=1 to n_i do
m := left * tau_gsly];
if not IsZero(m) then
Include("res, Alm);
end if;
end for;
end for;
end for;

return res;

end function;

function radical_generators_ij(A, n_i, n_j, taus_i, taus_j,

g_taus_i, tau_gs_j)

print "radical_generators_ij =", n_i*n_j * Ngens(A);

res := {};
for lambda in Generators(A) do
for x := 1 to n_i do
left := g_taus_i[x] * lambda;
if IsZero(left) then continue; end if;
for y :=1 ton_j do
m := left * tau_gs_jlyl;
if not IsZero(m) then
Include(“res, Alm);
end if;
end for;
end for;
end for;

return res;
end function;

function radical_generators(A, s_phi, ss_I, beta,
tau, g, n, q, params)

r := #n;
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S := Seqlist([Seqlist([{} : i in [1..r]]) : j in [1..r]]);
// build the powers of tau for each i
taus := [pows_of(tauli], n[i]) : i in [1..r]];

// build g * taus and taus * g for each i

g_taus := [x x];
tau_gs := [* *];
for i := 1 to r do

Append(“g_taus, [g[i] * t : t in taus[ill);
Append(“tau_gs, [t * g[i]l : t in taus[il]);
end for;

for i :=1 to r do
for j :=1 to r do
if params_printing(params) then
print "J(e_i A e_j) with (i,j) =", i, j;
end if;
if i eq j then
S[il[j] :=
radical_generators_i(A, ss_I[i], n[i], taus[i],
g_taus[il], tau_gs[i], s_phil[il);

else
sfil [j] :=
radical_generators_ij(A, n[i], n[jl, taus[i],
taus[j], g_taus[i], tau_gs[jl);
end if;
end for;
end for;

if params‘verify_radical_generators then
print "Verifying radical generators";
verify_radical_generators(beta, tau, g, q, S, S);
end if;

return S;

end function;
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A.5 PRUNING THE GENERATORS FOR THE RADICAL

function prune(S, A, beta, tau, g, q, params)

r := #S;
T := Seqlist([Seqlist([[] : i in [1..r]]) : j in [1..r]1]);
V := KMatrixSpace(CoefficientRing(A), Degree(A), Degree(A));
for i :=1 to r do
for j :=1 to r do
print "<i,j> =", i, j;
U := sub< V | S[il[j]1 >;
L := {x*y : x in S[i]l[k], y in S[k][j],
k in [1..r] | x*y ne 0};
W := sub< V | L >;
T[i] [j] := Basis(Complement(U, U meet W));
end for;
end for;

if params‘verify_radical_generators then
print "Verifying radical generators after pruning";
verify_radical_generators(beta, tau, g, q, T, S);
end if;

for i :=1 to r do
for j :=1 to r do
TCiJ[§] := [A | x : x in T[i][j]];
end for;
end for;

return T;

end function;

A.6 CoOMPUTING GENERATORS FOR AN ALGEBRA

function generators(M : params := params_defaults)
A, s_A, n, d, q := meataxe(M);
r := #s_A;
SetSeed(0) ;

t := Cputime();
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X := FPA(CoefficientRing(A), Ngens(A));

phi := rep(X, A);

s_phi := [rep(X, s_A[i]) : i in [1..r]];

ss_I := SS_generators(phi, s_phi, n, d, q, params);
show_time ("Generators", Cputime(t), params);

if params‘print_level eq params_THESIS then
print "Number of generators =", r x 2;
end if;

beta := [x‘beta : x in ss_I];

tau := [x‘tau : x in ss_I];

g = [x‘g : x in ss_I];

h_prime := [x‘h_prime : x in ss_I];

t := Cputime();

J_gens := radical_generators(A, s_phi, ss_I, beta,
tau, g, n, q, params);

show_time("Radical", Cputime(t), params);

if params‘print_level eq params_THESIS then
print "Number of generators for J(A) =",
&+[#J_gens[i][j] : i, j in [1..#J_gens]l];
end if;

t := Cputime();
J_gens := prune(J_gens, A, beta, tau, g, q, params);
show_time("Prune", Cputime(t), params);

if params‘print_level eq params_THESIS then
print "Number of generators for J(A)/J(A)"2 =",
&+[#J_gens[i] [j] : i, j in [1..#J_gens]l];

end if;

return beta, tau, g, J_gens, h_prime, n, d, q, ss_I;
end function;
function generators_M(M : params := params_defaults)

return generators(M : params := params);

end function;

function generators_A(A : params := params_defaults)
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return generators(RModule(A) : params := params);
end function;

A.7 CoMPUTING THE BASIC AND THE SPLIT BASIC ALGEBRA

function basic(beta, g, J)

K := CoefficientRing(betal[1]);

f, dim_c := condense(beta, g, J);

beta_c := [f(x): x in betal;

J_gens_c := flatten(J, f);

B := MatrixAlgebra<K, dim_c | [x : x in beta_c cat J_gens_c]>;

return B, [B!'x : x in beta_c], map(J, func<x | B!f(x)>);
end function;

function split_basic(B, d)

CoefficientRing(B);

Characteristic(K);

= Degree(K) * LCM([d[i] : i in [1..#d]11);

MatrixAlgebra(GF(p~c), Degree(B));

MatrixAlgebra<GF(p~c), Degree(B) |
[X!'(B.1) : i in [1..#Generators(B)]]>;

return A, c;

O
I

end function;
function basic_M(M : params := params_defaults)
beta, _, g, J_gens, _, _, d, _ := generators(M : params := params);
t := Cputime();
B, beta_c, J_gens_c := basic(beta, g, J_gens);
show_time("Basic", Cputime(t), params);
return B, beta_c, J_gens_c, d;
end function;
function basic_A(A : params := params_defaults)

return basic_M(RModule(A) : params := params);
end function;



function split_basic_M(M : params := params_defaults)
B, _, _, d := basic_M(M : params := params);
t := CputimeQ);
S, ¢ := split_basic(B, d);
show_time("Split Basic", Cputime(t), params);
return S;

end function;

function split_basic_A(A : params := params_defaults)

return split_basic_M(RModule(A) : params := params);
end function;

A.8 COMPUTING GENERATORS FOR 2

graph := func< f | [<x, £f(x)> : x in Domain(f) ]>;

rel_seq := func< rels | [LHS(x) - RHS(x) : x in rels] >;

procedure R(params, “rels, new)

for r in new do
if LHS(r) ne RHS(r) then
if params‘print_level ge params_VERBOSE then
print "Adding relation", r;
end if;
Append(“rels, r);
end if;
end for;

end procedure;

procedure semisimple_relations(
params, isB, r, h_prime, n, q, B, T, “rels)

// relations for each matrix component in the semisimple part

if not isB then
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R(params, “rels, [T[i]l"n[i] * B[i] = B[i] iin [1..x]]1);
R(params, “rels, [B[i] * T[i]l"n[i] = B[i] iin [1..7r]]);
R(params, “rels, [T[i]l"n[i] * T[i] = T[i] iin [1..7]1]);
R(params, ~“rels, [T[i] * T[i]l"n[i] = T[i] i in [1..7r]1]);

R(params, ~“rels,
[B[i] * T[il"k * B[i] = 0 : k in [1..n[i]-1], i in [1..r]1);
end if;

if isB then

R(params, “rels, [ B[i]"(ql[il-1) = B[i] = B[i] : i in [1..r]]);
else

R(params, “rels,

[
&+[T[i]1"(n[i]-j) * B[i]l~(q[il-1) * T[il"j : j in [1..n([i]]]
= T[i]"n[i] : i in [1..r]
1
end if;
R(params, “rels, [Evaluate(h_prime[i], B[i]) =0 : i in [1..r]l]);
// orthogonality relations in the semisimple part

R(params, “rels, [B[i] * B[jl =0 : i, j in [1..r] | 1 ne j1);

if not isB then

R(params, “rels, [T[i] * T[jl] =0 : i, j in [1..r] | i ne jl);
R(params, “rels, [B[i] * T[j]l = 0 , jin [1..r] | i ne jl);
R(params, “rels, [T[i] * B[j] =0 : i, j in [1..r] | i ne jl);

end if;
end procedure;

procedure cross_relations(params, isB, r, G, n, q, B, T,
J_gen, CV, CF, backmap, basis, “rels)

// identity relations between the semisimple part and J(A)

for i :=1 to r do
for j :=1 to r do

R(params, “rels,
[B[i]1"(q[il-1) * G(y) = G(y) : y in J_gen[i]l[j1]);
R(params, ~“rels,
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[G(y) * B[j1"(ql[jl-1) = G(y) : y in J_gen[i][jl11]);

if not isB then
R(params, ~“rels,
[T[i]"n[i] * G(y)
R(params, ~“rels,
[G(y) * T[j]l "n[j]
end if;

G(y) : y in J_gen[i]l[j1]);

G(y) : y in J_gen[il[j1]);

end for;
end for;

// orthogonality relations between the semisimple part and J(A)

for i :=1 to r do
for j :=1 to r do

R(params, ~“rels,

[BlkI*G(y) = 0 : k in [1..r], y in J_gen[il[j] | k ne il);
R(params, “rels,

[G(y) * B[k] = 0 : k in [1..r], y in J_gen[il[j] | k ne jl);

if not isB then
R(params, ~“rels,
[Tk]*G(y) = 0 : k in [1..r], y in J_gen[i]l[j] | k ne il);
R(params, “rels,
[G(y)*T[k] = 0 : k in [1..r], y in J_gen[il[j] | k ne jl);
end if;

end for;
end for;

// scaling relations from semisimple part on J(A)

P := Domain(CF);
J := KMatrixSpaceWithBasis(basis);
for i :=1 to r do

for j :=1 to r do
for x in J_gen[i] [j] do

lhs := P.i * G(x);
C := Coordinates(J, CV!CF(1lhs));



w := &+[C[i] * backmap(basis[i]) : i in [1..#C]];

R(params, “rels, [lhs = wl);

lhs := G(x) * P.j;

C := Coordinates(J, CV!CF(lhs));

w o

end for;
end for;

end for;

end

procedure;

procedure radical_relations(params,
“rels, “backmap, “basis)

&+[C[i] * backmap(basis([i]) : i in [1..#C]];
R(params, “rels, [lhs = w]);

A, offset, V, FF, gens_J,

P := Domain(FF);

K := CoefficientRing(V);

dimV := Dimension(V);

rls :=[];

Q := FPA(K, #gens_J);

F := hom< Q -> A | gens_J>;

L := Setseq(MonomialsOfDegree(Q, 1));
I := ideal< Q | >;

d := 2;

dim_N := 0;

P_embed := hom< Q -> P | [P.(i+offset)

: i in [1..#gens_J]]>;
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repeat
if params_printing(params) then
print "Degree =", d;
print "#L = ", #L;
end if;
new_L := L cat [x : x in MonomialsOfDegree(Q, d) | not x in I];
if params_printing(params) then
print "#new_L =", #new_L;
end if;
B := [VIF(w) : w in new_L];

m := Matrix(K, #new_L, dimV,



[Coordinates(V, B[i]) : i in [1..#new_L]11);

D := Domain(m);
N := NullSpace(m);
new_dim_N := Dimension(N);

for x in Basis(N) do
C := Coordinates(D, D!x);
lhs := &+[C[i] * new_L[i] : i in [1..#C]];
Append(“rls, 1lhs);
R(params, “rels, [P_embed(lhs) = 0]);
end for;
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U := [new_L[i] : i in [1..Dimension(D)] | Basis(D)[i] in NJ];

done := new_dim_N eq dim_N + #new_L - #L;
L := new_L;
I :=idealc Q | I, U >;
print I;
dim_N := new_dim_N;
d +:=1;

until done;

S := Q/ideal< Q | rls>;

S_embed := hom< S -> P | [P.(i+offset)
mb := MonomialBasis(S) diff {1};

emb := [S_embed(w) : w in mb];

basis := [ VIFF(w) : w in emb];
backmap := map< basis -> P | [<V!FF(w), w> : w in emb]>;

-

end procedure;

function relations(params, beta, tau, g, J_gen, h_prime, n,

#n;

Parent (beta[1]);

CoefficientRing(A);

KMatrixSpace (K, Degree(A), Degree(A));
gens_J := flatten(J_gen, func<x | VIx>);
isB := &and[n[i] eq 1 : i in [1..r]];

r
A
K :
'

if isB then

in [1..#gens_J]]>;
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P := FPA(K, r + #gens_J);
AssignNames("P,
["b_" cat IntegerToString(i) : i in [1..r]] cat
["z_" cat IntegerToString(i) : i in [1..#gens_JI1]1);
B :=[P.i:1iin [1..71]];
T := [1;

J :=[P.i : i in [r+1..r+#gens_Jl];
else
P := FPA(K, 2%r + #gens_J);

AssignNames("P,
["b_" cat IntegerToString(i) : i in [1..r]] cat
["t_" cat IntegerToString(i) : i in [1..r]] cat
["z_" cat IntegerToString(i) : i in [1..#gens_J1]);

B :=[P.i:1in [1..r]];

T := [P.i : i in [r+1..2x%r]];

J :=[P.1 : i in [2%r+1..2xr+#gens_J]];
end if;
F := hom< P -> A | [betal[i] : i in [1..#B]] cat

[tauli] : i in [1..#T]] cat gens_J>;
G := map< Seqgset(gens_J) -> P |
[<gens_J[i], P.(#B+#T+i)> : i in [1..#gens_J]]>;

rels := [];

t := Cputime();
semisimple_relations(params, isB, r, h_prime, n, q, B, T, “rels);
show_time("SemiSimple", Cputime(t), params);

if params_printing(params) then
print "Number of semisimple relations", #rels;
end if;

1 := #rels;
t := Cputime();
CA, cB, x := basic(beta, g, J_gen);
cJg := flatten(x, func<x|x>);
CV := KMatrixSpace(K, Degree(CA), Degree(CA));
CF := hom< P -> CA |

[CA'x : x in cB] cat [0:x in T] cat [CA!x : x in cJg]>;
radical_relations(params, CA, #cB+#T, CV, CF, cJg,

“rels, “backmap, “basis);

show_time("K-basis", Cputime(t), params);
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if params_printing(params) then
print "J(A) has dimension", #basis,
Dimension(ideal< CA | basis>);
print "Number of K-Basis relations", #rels - 1;
end if;

if isB then
A_prime := sub< CA | cB >;
I := ideal< CA | cJg >;
if params_printing(params) then
print "Dim A", Dimension(CA);
print "Dim A’", Dimension(A_prime);
print "Dim J(A)", Dimension(I);
print "Dim A’ meet J(A)", Dimension(A_prime meet I);
end if;
error if Dimension(A_prime) + Dimension(I)
ne Dimension(CA), "sum dim";
error if Dimension(A_prime meet I) ne O, "meet";

end if;
1 := #rels;
t := Cputime();

cross_relations(params, isB, r, G, n, q, B, T, J_gen,
CV, CF, backmap, basis, “rels);
show_time("Cross", Cputime(t), params);

if params_printing(params) then
print "Number of cross relations", #rels-1;
print "Total number of relations", #rels;
end if;

if params‘verify_relations then
verify_relations(r, F, G, J_gen, rels);
end if;

return P, rel_seq(rels);

end function;
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A.9 COMPUTING A PRESENTATION

function presentation_M(M : params := params_defaults)

t := Cputime();
beta, tau, g, J_gens, h_prime, n, d, q, _ :=
generators(M : params := params);
show_time ("Generators", Cputime(t), params);
t := Cputime();
P, rels :=
relations(params, beta, tau, g, J_gens, h_prime, n, d, q);
show_time("Relations", Cputime(t), params);

t Cputime() ;

I ideal< P | rels >;

GB := GroebnerBasis(I);
show_time("GB", Cputime(t), params);

if params‘print_level eq params_THESIS then

print "GB =";

print GB;

print "Number of GB relations =", #GB;
end if;

return quo< P | I >;
end function;
function presentation_A(A : params := params_defaults)

return presentation_M(RModule(A) : params := params);
end function;

A.10 CONDENSING

function condense(beta, g, j_I)

dim := Nrows(betal[l1]);

K := CoefficientRing(betal[1]);

e := &+g;

V := KSpace(K, dim);

W :=sub< V | [e[j] : j in [1..dim]]>;

dim_c := Dimension(W);
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c_l := KMatrixSpace(K, dim_c, dim) ! O;

for j := 1 to dim_c do
c_1[j] := Basis(W)[j];
end for;

WW := sub< V | [Basis(V)[j] - el[jl: j in [1..dim]]>;
uu := Matrix(Basis(W) cat Basis(WW));

uuu = uu~-1;

c_r := Submatrix(uuu, 1, 1, dim, dim_c);

assert c_1 * e eq c_1;

assert e * c_r eq c_r;

return func< m | ¢_1 * m * c_r >, dim_c, c_1, c_r;

end function;

A.11 RANDOMIZING FUNCTIONS

function random_element(gens, f, e_1, e_2, randword)

repeat
w := randword(gens);
b :=e_1 *%x f(w) * e_2;

until b ne O;

return w, b;

end function;

function random_elementl(gens, f, randword)

repeat
w := randword(gens) ;
b = f(w);

until b ne O;

return w, b;

end function;

function random_field_element (K)

if #K eq 2 then
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return K!1;

else
repeat

k := Random(K) ;

until k ne O0;
return k;

end if;

end function;

random_MAX_SUM_LEN := 5;
random_MAX_PROD_LEN := 5;

function random_word(S)

X := Parent(S[1]);

K := CoefficientRing(X);
w := X!0;

repeat

for i:= 1 to Random(1, random_MAX_SUM_LEN) do
prod := X ! random_field_element(K);
for j := 1 to Random(1, random_MAX_PROD_LEN) do

prod *:= Random(S);

end for;
W := W + prod;

end for;

until w ne O;

return w;

end function;

A.12 FuNcTIONS TO VERIFY COMPUTATION RESULTS

procedure verify_SS_generators(f, id, n_i, q_i, s_g, s_g_bar, ss_I)

L :=s8s_I‘L;

beta := ss_I‘beta;

tau := ss_I‘tau;

g = ss_I'g;

beta_bar := ss_I‘beta_bar;
tau_bar := ss_I‘tau_bar;
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g_bar := ss_I‘g_bar;
print "Checking big idempotent';

error if not &and[f*x eq x and x*f eq x : x in s_g], "";
error if not f * beta eq beta, "";

error if not beta * f eq beta, "";

error if not f * tau eq tau, "";

error if not tau * f eq tau, "";

error if not &and[id*x eq x and x*id eq x : x in s_g_bar], "";
error if not id * beta_bar eq beta_bar, "";

error if not beta_bar * id eq beta_bar, "'";

error if not id * tau_bar eq tau_bar, "";

error if not tau_bar * id eq tau_bar, "";

print "Checking little idempotents";

error if not s_g[1] eq g, "";
error if not s_g_bar[1] eq g_bar, "";

error if not #s_g eq n_i, "";
error if not is_mut_orth(s_g), "";
error if not &+s_g eq f, "";

error if not #s_g_bar eq #s_g, "";
error if not is_mut_orth(s_g_bar), "";
error if not &+s_g_bar eq id, "";

print "Checking the fields";

error if not #L‘betas eq q_i-1, "";
error if not #L‘beta_bars eq #L‘betas, "";

print "Checking matrix algebra relations";

error if not tau™n_i eq £, "";

error if not tau™n_i * beta eq beta, "";
error if not beta * tau™n_i eq beta, "";
error if not tau™n_i * tau eq tau, "";
error if not tau * tau™n_i eq tau, "";

error if not tau_bar"n_i eq id, "";



error
error
error
error

if
if
if
if

not
not
not
not
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tau_bar"n_i * beta_bar eq beta_bar, "";
beta_bar * tau_bar"n_i eq beta_bar, "";
tau_bar”n_i * tau_bar eq tau_bar, "";
tau_bar * tau_bar’n_i eq tau_bar, "'";

x := &+[tau"(n_i-j) * L‘betas[q_i-1] * tau”j : j in [1..n_il];

error
error
error
error
error

x_bar

error
error
error
error
error

error
error

error
error

if
if
if
if
if

if
if
if
if
if

if
if
if
if

not
not
not
not
not

X eq f nmn.

X * beta eq beta, "";
beta * x eq beta, "";
X * tau eq tau, "";
tau %k X eq tau, llll;

&+[tau_bar~(n_i-j) *
L‘beta_bars[q_i-1] * tau_bar”j : j in [1..n_il];

not
not
not
not
not

not
not

not
not

x_bar eq id, "";

x_bar * beta_bar eq beta_bar, "";
beta_bar * x_bar eq beta_bar, "";
x_bar * tau_bar eq tau_bar, "";
tau_bar * x_bar eq tau_bar, "";

Evaluate(ss_I‘h_prime, beta) eq 0, "";
Evaluate(ss_I‘h_prime, beta_bar) eq 0, "";

&and [beta * tau"k * beta eq O : k in [1..n_i-1]], "";
&and

[beta_bar * tau_bar"k * beta_bar eq 0 : k in [1..n_i-1]], "";

print "Checking other relations";

error
error
error
error

error
error
error
error

error
error
error
error

if
if
if
if

if
if
if
if

if
if
if
if

not
not
not
not

not
not
not
not

not
not
not
not

g * beta eq beta, "";
beta * g eq beta, "";
g_bar * beta_bar eq beta_bar, "";
beta_bar * g_bar eq beta_bar, "";

beta®q_i eq beta, "";

beta”(q_i-1) eq g, "";
is_non_zero_idempotent (L‘betas[q_i-1]), "";
#{tau"j : j in [1..n_i]} eq n_i, "";

beta_bar”q_i eq beta_bar, "";

beta_bar~(q_i-1) eq g_bar, "";
is_non_zero_idempotent (L‘beta_bars[q_i-1]), "";
#{tau_bar”j : j in [1..n_il} eq n_i, "";



end procedure;
procedure verify_radical_generators(beta, tau, g, q, S, U)
r = #q;
error if not
&and[IsNilpotent (Universe(U[i] [j1)!x) : x in S[i][j],
i,j in [1..r]], "Nilpotent";
error if not &and[gl[i] * x eq x : x in S[i][j],
i,j in [1..r]], "left g";
error if not &and[x * gl[j] eq x : x in S[i][j],

i,j in [1..r]], "right g";

error if not
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&and [betali]l " (q[i]l-1) * x eq x : x in S[i][j]l, i, j in [1..r]],

"left beta”q";

error if not

&and[x * betal[jl~(ql[jl-1) eq x : x in S[il[j], i, j in [1..r]],

"right beta™q";

error if not
&and[betalk] * x eq 0 : x in S[i][j],
i, j, kin [1..r] | k ne i], "left beta = 0";

error if not
&and[x * betalk] eq 0 : x in S[i][j],
i, j, kin [1..r] | k ne jl, "right beta = 0";

error if not
&and[taulk] * x eq 0 : x in S[i][j], i, j, k in [1..r]
"left tau = 0";

error if not
&and[x * taulk] eq O : x in S[il[j], i, j, k in [1..r]
"right tau = 0";

end procedure;

procedure verify_relations(r, F, G, J_gen, rels)

i],

| k ne jl,
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print "Checking presentation relations";
error if not
&and [F(LHS(x)) eq F(RHS(x)) : x in rels ], "LHS <> RHS";

// check that the orthogonality relations in the radical were
// picked up in the basis phase

for i := 1 to r do
for j :=1 to r do
for y in J_gen[i] [j] do
error if not &and [(G(y) * G(x) = 0) in rels :
x in J_gen(k][1], k, 1 in [1..r] | k ne jl, "";
error if not &and [(G(x) * G(y) = 0) in rels :
x in J_gen(k][1], k, 1 in [1..xr] | 1 ne i], "";
error if not &and[y * x eq O :
x in J_gen(k][1], k, 1 in [1..r] | k ne jl, "";
error if not &and[x * y eq O :
x in J_gen[k][1], k, 1 in [1..r] | 1 ne i], "";
end for;
end for;
end for;

end procedure;

A.13 Topr LEVEL PARAMETERS

Params := recformat
<
print_level : Integers(),
verify_SS_generators : Booleans(),
verify_radical_generators : Booleans(),
verify_relations : Booleans(),
random_elt

params_THESIS := -1;
params_SILENT := O;
params_VERBOSE := 1;
params_SUPER_VERBOSE := 2;

params_defaults := rec< Params
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//print_level := params_VERBOSE,
print_level := params_THESIS,
verify_SS_generators := true,
verify_radical_generators := true,
verify_relations := true,
random_elt := random_word>;

params_thesis := rec< Params |
//print_level := params_VERBOSE,
print_level := params_THESIS,
verify_SS_generators := false,
verify_radical_generators := false,
verify_relations := false,
random_elt := random_word>;

function params_printing(params)
return params ‘print_level ge params_VERBOSE or
params ‘print_level eq params_THESIS;
end function;

A.14 RECORD FORMATS

K_star := recformat
<
betas, beta_bars,
pow_bar, inverse_bar
>3
PerModInfo := recformat
<
L,
tau, tau_bar,
beta, beta_bar,
g, g_bar,
h_prime

A.15 FuncTIONS FOR THE CYLIC GROUP OF UNITS OF A FIELD

function cyclic_K_star(beta, beta_bar, d, q)



beta_bars := pows_of(beta_bar, gq-1);
map_bar :

{@ beta_bar : beta_bar in beta_bars @};

pow_bar := func< m | Index(map_bar, m) >;
inverse_bar := func< m |
i eq q-1 select i else (q-1)-i where i := pow_bar(m) >;

return rec< K_star |
betas := pows_of(beta, g-1),

beta_bars := beta_bars,
pow_bar := pow_bar,
inverse_bar := inverse_bar>;

end function;

A.16 MATRIX FUNCTIONS

function isomorphism_classes(mods)

isos := [mods[1]];
for i := 2 to #mods do
for j := 1 to #isos do
if IsIsomorphic(mods[i], isos[j]) then
continue ij;
end if;
end for;
Append(“isos, mods[i]);
end for;

return isos;
end function;
rep := func< X, A | hom< X -> A | [A.i : i in [1
function inverting_polynomial (m)

P<x> := PolynomialRing(CoefficientRing(m));

h := P ! MinimalPolynomial(m);

¢ := Coefficient(h, 0);

return (c-h) div (c*x);

end function;

. Ngens(A)]]

>>;
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prod_pols := func< pols, m | Evaluate(&*pols, m) >;

function power_to_idempotent (m)

j =1;

res := m;

while not IsIdempotent(res) do
res *:= m;
j +:=1;

end while;

return res, j;
end function;

function lift_p(m)

p := Characteristic(CoefficientRing(m));
j i=1;
while not IsIdempotent(m) do
m ":=p;
j +:=1;
end while;

return m, j;

end function;

function radical_power (m)
isNP, c¢ := IsNilpotent(m);
assert isNP;
return c;

end function;

function pows_of(m, n)

res := [m];
temp := m;
for i := 2 ton do

temp *:= m;
Append(“res, temp);
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end for;
return res;

end function;
all_degree := func< C, n | [ x : x in C | Dimension(x) eq nl]>;
degree := func< C, n | all_degree(C, n)[1] >;

function all_degree_M(M, n)
CF := CompositionFactors(M);
C := isomorphism_classes(CF);
return all_degree(C, n);

end function;

function degree_M(M, n)
CF := CompositionFactors(M);
C := isomorphism_classes(CF);
return degree(C, n);

end function;

flatten := func<J, f | [f(x) : x in J[i1[j], i, j in [1 ..#J1]>;
function map(J, f)

r = #J;
T := Seqlist([Seqlist([[] : i in [1..r]]) : j in [1..r]1]);
for i :=1 to r do
for j :=1 to r do
Ti1[j] := [£&x) : x in J[i1[j1];
end for;
end for;

return T;
end function;

A.17 CHECKING FUNCTIONS

is_non_zero_idempotent := func< x | x ne O and IsIdempotent(x) >;

is_mut_orth := func< s |
&and[is_non_zero_idempotent(x) : x in s] and
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&and[s[il*s[j] eq O and s[jl*s[i] eq O :
i, j in [1..#s] | i ne jI>;



APPENDIX B

PRESENTATION FOR A SPLIT EXTENSION OF As

Theorem B.0.1. Let G = SL(2,Fys), K = Fy, and A be the group algebra of G over
K. Then the split basic algebra associated to A has a presentation as the quotient

of the free algebra Fy(B1, ..., Bs, Z1,. .., Z12) by the ideal generated by the following
elements:

Z1Z5 2102112 + By Z1 Zs Zg + B1\* ZyZs 21, ZaZs 1 Z3 2,
ZyZsZ1 2y Zg + By Z1 ZsZg + ZnZs 2, ZyZh Zis Z1o 2y + B1ZsZgZs + ZsZroZna,
Zy 2729 Zg 2y, ZyZnZraZ Zs + By* Z4ZeZs + Bi® Zs Z1gZna,
Z529Z4 2 2o + B\  Z3 20 Zy + 24727213,

Z5 21021129 Zs + B1\°Z3ZsZs + B1 Z5 29 Zs,
Z5Zv0 211 Zg Zs, Zg Zs Zog Zs 2y + ZgZ3 Zy + By® 27 212 Zg,
Zz Zho 2 Za Zn, Zn Zro Zos Zis Zg + Br* Zg Z3 2y + ZnZva Zs,
29247721526 + Bi* ZoZ4Zs + Bi® Z10Z11 2y,

Ll ZygZzZy + BiZgZyZig + Z10Z11 2y,

A ALY LY AR A Y Y YA Y A ALY AV W AVAVAVAYR

21742675+ By 79237, Zs + By 71 Zs,
Z1Z4ZZs + Bi° 21 Z5 Zvo Z1s,

Z1ZisZigZs + By® Za Zs 2y Ziy, Zy Zis Zog Zy + By° Zn Zs 2y Za,
2321 ZsZg + By* ZyZ7 Zv2 Zg + Z5ZgZaZs + Br® Z5 210 211 Zo,
Z3Z\ Zslig + ZsZigZi3 2y,

Z3ZoZgZy + Bi* ZsZg Z3Zy + By* ZsZgZy Zs + B1Z5 210211 Zo,
242623721 + By* ZyZ7 Zva Zg + Z5ZgZaZs + Br®Z5 210 211 Zo,
Z4ZeZs Zg + L5 ZogZa Zig, ZgZis 2y Za + B1° Zz Z13 2 Z,
Z5Z3 20\ Zs + By Zz Z13 26 25, Zig Ly Za s + By* Zg Zis 2o Z,
AYAVAIAVE S AVACYAVAR
ZeZisligZy + B1ZrZ19Z6 2y + B126 24,

ZgZ3Zy Zy + Bi® ZgZyZn Zys,

Z9Z3 71 Zs + By* Z19Zv1 Zg Zs + Bi* Zo Zs,
ZyZ1ZisZs + B1° 21021129 25, Zg Za Zs Zs + Br° Zro 211 29 Zs,
ZgZsZvoZ + L0 Zg Ly, L1230, Ly Ly Ly, L3 Ly 23, Ly Zig Ly,
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ZsZig L5, LigLinZe, LigLis L0, LsZn sy Lo lizlia, LigZis 2y, L1129 24, 2122623,
B\* 4+ BBy, B1 By, BiBs, B1 By, B1Bs, B1 Bg, B, By, By Bs,
B1Zy + B1Zy, BiZy + B125, B1Z3, B1Zy, B1Zs, B1Zs, B1Z7, B1Zg,
Bi1Zy, BiZ1o, B1Z11, B1Z12, BBy, By® + B1°Bs, BoBs, By By, By Bs,
By Bg, ByBr, ByBs, BoZ1, ByZo, By Zs + B1°Z3, By Zy + B Z,,
ByZs + B1°Zs, By Zg, By Z7, By Zs, BoZg, BaZy1o, BoZ11, BoZ1s, B3 By,
B3Bs, Bs* + By*Bs, B3 By, B3 Bs, B3 Bs, B3 By, B3Bs, B3 Z1, B3 Zs,
B3Zs3, BsZy, B3 Zs, BsZg + By*Zg, BsZ7 + B1*Z7, By Zs, B3 Zy,
Bs3Zvo, BsZ11, BsZ13, ByBi1, BiBs, BsBs, Bs* + B1 By, B4Bs, B, B,
ByBq, B4Bs, ByZy, ByZs, ByZ3, By Zy, By Zs, ByZg, By Z7,

ByZg + B1Zg, ByZy, ByZho, ByZ11, B4Z12, Bs B, Bs B2, Bs B,

Bs By, Bs® + By Bs, BsBg, Bs Br, Bs Bs, BsZy, Bs Za, B5 Zs,
BsZ4, BsZs, By Zs, By Z7, By Zis, Bs Zg + B1Z9, BsZ10 + B1Z10,
BsZ1, BsZ13, Bs By, Be Ba, Bs B3, Bs By, BsBs, Bs® + By’ Bg,

B B7, B¢ Bs, BsZ1, B Z2, B Z3, Be Z4, BsZs, B Z¢, Be Z7, Bs Zs,
BsZy, BsZ19, BsZ11 + By’ Z11, BsZ12, B; By, B; Bs, B7Bs,
BBy, By Bs, B1 B, B + By* By, By By, B1 Z1, B1 Z3, B: Zs,
B7Zy, By Zs, B1Zg, By Z7, By Zs, B1Zg, B1Z10, B7 211,

B:Z1 4+ B\’ Z15, Bs By, Bs Bo, Bs By, Bs By, Bs B, Bs Bs, Bs B,
Bs* + B\*Bs, BsZy, BsZs, BsZ3, Bs Zs, Bs Z'5, Bs Zg, Bs Z7, Bs Zs,
BsZy, BsZ1o, Bs Z11, Bs Z12, Z1B1, Z1 By + B1°Zy, Z1 B3, Z1 B,
Z1Bs, Z1 B, Z1 By, Z1 By, Z1*, Z1 Zia, 21 Zg, Z1 Z7, Z1 Zs, Zr Z,
ZZho, L1201, L1202, Zo By, ZaBo, Z5Bs, Zo By + B1 25, Z3 By, Z3 B,
Z3yBr, Z3Bs, ZsZ, Zs°, ZaZs, ZyZy, ZoZs, ZoZg, ZoZr, Zs Zy,
ZaZho, ZoZin, Lalhg, Z3B1 + B1Z3, Z3Bs, Z3B3, Z3By, Z3Bs, Z3 B,
Z3Br, Z3Bs, Zs®, Z3 2y, Z3Zs, ZsZg, Zs g, ZisZs, Z3Zg, Z3Zho,
Z3Zv, Z3Zhs, ZaBy, ZyBs, ZsBs + B1*Zy, Z4By, Z4Bs, Z, B,
ZyBr, ZyBs, ZyZy, ZaZio, Z4 Zs, Zs*, Z4Zs, Za Zs, ZaZog, Za Zno,
ZyZhy, ZaZha, 5By, ZsBay, Zs B3, Z5s By, Z5Bs + By Zs, Zs B,
Z5Bz, ZsBs, Z5 2y, Zs Za, Zs 23, Zs Za, Zs®, Zis g, Zs 2, Zs Zs,
ZsZ1, ZsZha, ZBi, ZgBs + B Zs, ZBs, Zg By, ZsBs, Zs B,
ZgBr, ZsBs, ZgZy, ZsZa, 26>, Zis Zn, Zs s, ZisZog, Z Zno, Lo 2, Lo Zra,
Z:By, Z1 By, Z1 By, Z1 By, Z1Bs, Z1Bg, Z1By + B1*Zy, Z7Bs, Z7 21, Z7 Zs,
Z1 23, ZnZy, ZqZs, Z Zg, 27", Zig Zg, Ziz Zy, Zn o, Zn 2,

ZyBy + B1Zy, ZgBo, Z3 B3, Zs By, Z3 Bs, Zs Bs, Zs By, Zs By, Zs Za,
ZsZs, ZsZa, ZsZs, ZsZg, Zs g, Zs®, Zs Zg, Zs Zro, ZsZ1, Zs Zha,
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ZyBi, ZyBy + By° Zy, Zy By, Zo By, ZyBs, ZyBs, Zo By, ZoBs, Zg 2,
ZyZo, ZgZg, ZgZz, ZgZs, Zg”, ZgZ10, ZoZh1, ZoZra, Z1oB1, Z19Ba, Z10Bs,
Z1oBu, Z10Bs, Z10Bs + B1° Z1o, Z10Br, Z10Bs, Z10Z1, Z10Za,
Z1oZs, ZroZa, L1025, Z1oZe, ZroZ, Z10Zs, Z1o 2y, Zro®s Z10Za2, Z By,
Z11Ba, Z11Bs, Z11By, Z11Bs + B1211, Z11Bs, Z11Br, Z11 Bs,
ZnZy, Z11 2, Z11 Zs, Zn1 Za, Zi1 Zs, Z11 Ze, Z11 27, Zi Zs, Z11 2o, Z11,
Z11Zha, Z1a By, Z12Ba, Z19Bs + By Z1a, Z13 By, Z12Bs, Z12Bs, Z12Br,
ZnaBs, ZhaZh, ZhaZa, Z1223, L1244, L1245, Lialin, Lo s,

Z12Z, Z12Zv0, Z12Zh1, 21



