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ABSTRACT

We consider interval-valued data that are commonly observed with the advanced tech-
nology in the current data collection processes. Interval-valued data are collected as intervals
while classical data are formatted as single values. In this thesis, we are particularly inter-
ested in regression analysis. This thesis starts with a brief review on the existing methods
for the regression analysis of interval-valued data. Then, we propose a new approach to fit
a linear regression model to interval-valued data using bootstrap. The proposed method
enables one to do statistical inferences concerning regression coefficients where most of the
existing methods fail to provide. The proposed and existing methods are applied to the real
and simulated data and their performances are compared each other.
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CHAPTER 1

INTRODUCTION

With the advanced technology, it is common to collect huge sets of data. As a consequence,
it becomes important to extract knowledge from large data bases by summarizing these data
into new formats. This data process creates a new type of data that might not be properly
analyzed by traditional statistical approaches. Symbolic data are one of such examples and
they are more complex than the standard ones due to the fact that they contain internal
variation and are structured (Diday, 1987).

Xu (2010) described the structure of symbolic data in two-fold. First, a data set is orig-
inally structured as symbolic such as intervals, lists and histograms. A common example
of this kind of symbolic data is blood pressure measured in an interval range. Because a
person’s blood pressure varies at different times through a day or from day to day, it is not
single-valued but interval-valued. Another example of interval-valued data is weekly house-
hold expenditure where expenditure changes from week to week. Second, it is collected as a
classical data set at an initial state, but it may become a symbolic data set when it is aggre-
gated. This might be necessary when a huge data set is collected and it is not obvious how to
analyze and extract useful information from it. To circumvent the situation, a large data set
may need to be reduced into a smaller and more manageable number of groups of interest
than its original data, retaining as much interesting information as possible. In a symbolic
data set, variables can be quantitative, and also can be categorical. For instance, individual
age or height is quantitative variable; cancer variable can be categorical in a data recording

different types of cancers. Also, there are different types of symbolic variables including



interval-valued, multi-valued and modal-valued variables. For more details, see Billard and
Diday (2007).

In statistics, symbolic data analysis has been introduced as a new approach for extending
classical statistical methods to symbolic data (Diday, 1995, Diday et al., 1996, Emilion, 1997,
and Diday and Emilion, 1996 and 1998). For more recent developments for different types
of symbolic data analysis, see Billard (2011) and Noirhomme-Fraiture and Brito (2011).

In this thesis, we focus on interval-valued data because it is frequently observed among
different types of symbolic data and methods developed for them can be extended to other
types. Interval-valued data contain ranges, and are not restricted to a single value. Classical
data can be considered as special cases of symbolic data, since a single point (y = a) in
classical data is equivalent to an interval value ([a,a]) (Billard and Diday, 2003). Given the
important role of interval-valued data in symbolic data analysis, the development of new
methods for interval-valued data analysis is demanding.

Among many different statistical analyses, the focus of this thesis lies in regression anal-
ysis which refers to any techniques for modeling and analyzing several variables to find the
relationship between a dependent variable and one or more independent variables. More
specifically, regression analysis helps one understand how the typical value of the dependent
variable change when any one of the independent variables is altered. Regression analysis not
only is widely used for prediction and forecasting but also is used to understand which among
the independent variables are related to the dependent variable, and explore the forms of
these relationships.

There have been several linear regression approaches for interval-valued data and we
focus on the following four existing methods in this thesis for comparison purposes. The
first work on this problem was proposed by Billard and Diday (2000). Their main idea was
to build a classical linear regression model using the center points of intervals, and then
the fitted model was used to predict the lower and upper bounds of the interval values of

dependent variables. However, they did not take the variations of the observed intervals into



account in the estimation of the parameters of the model (though they did use the ranges
for prediction). As an attempt to resolve this problem, Lima Neto et al. (2004) established
the center and range method to fit two different linear regression models by using the center
points and the ranges of the intervals, and then used the two models to predict the lower
and upper bounds of the interval values. To achieve the same goal, Billard and Diday (2007)
developed a bivariate center and range method to construct regression models on the center
points and ranges of intervals. The main difference from Lima Neto et al.’s approach lies in
including both center and range information in a design matrix. However, one issue sometimes
encountered from these approaches is that the predicted values of the lower bounds could
be bigger than the predicted values of the upper bounds especially when a slope estimate
is negative. Xu (2010) proposed a symbolic covariance method to address the two issues -
variations within intervals and the switch of lower and upper bounds - based on the exact
definition of the symbolic sample covariance suggested by Billard (2007, 2008). We note,
however, that statistical inference on regression coefficients has not been studied in the
previous works.

In this thesis, we propose a new method for fitting a linear regression model to interval-
valued data based on bootstrap resampling. We construct a large number of samples by
generating a large number of points within each interval of the observations of the interval-
valued data, fit a linear regression model on each sample, calculate the mean regression
coefficients, and then use them to produce a final linear regression model. Therefore, the
proposed method considers the variability of an interval. Another important characteristic
of the proposed method is that it enables one to make inferences concerning the regression
coefficients. Using the proposed method, one can conduct the overall model and individual
regression coefficients tests, and obtain the standard errors and confidence intervals for the
regression coefficients. From these inferences, one can explore the inherent information about

population parameters.



Chapter 2 presents literature review of current methods to fit linear regression models
on interval-valued data. In Chapter 3, we propose a new bootstrap method to fit a linear
regression model to interval-valued data. In Chapter 4, the proposed method is applied to
real data and compared with existing methods. A simulation study is done in Chapter 5.

Chapter 6 concludes the thesis with summary and future work.



CHAPTER 2

REVIEW OF REGRESSION ANALYSIS ON SYMBOLIC INTERVAL-VALUED DATA

Before proposing a new method for fitting a linear regression model to interval-valued data in
the next chapter, we first review a few available and relevant approaches in this chapter. Xu
(2010) thoroughly illustrated the four methods, the center method, center and range method,
bivariate center and range method, and symbolic covariance method. We summarize them
for the sake of completeness of this thesis using the similar settings and notations of Xu

(2010).

2.1 THE CENTER METHOD

The center method (CM) (Billard and Diday, 2000) targets to fit a linear regression model
on the mid-points of the interval values.

Let Xi,...,X, be p independent interval-valued variables, and Y be the dependent
interval-valued variable where each observed value X;; = [a;;,b;] and Y; = [¢;,di], i =
L...,n,j=1,...,p. Let X{,..., X be center points of the intervals X1,..., X, and Y be

the center point of the interval Y. From classic linear regression, the model is then
Y= 00+ 5 X+ 5eXnp+ -+ 5,X,+e&
where €; ~ N(0,0?). This can be written in matrix notation as:
Y°© =XP[+ €,

where Y¢ = (Y,..., V)", X = (X{,...,X{)",X¢ = (1, X5,..., X))  fori = 1,...,n,

B¢ = (Bo, Br---,0,)7, € = (€5,...,¢5)T. Assuming the full rank of X we can show that

rn
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the least squares estimate of 3¢ is given by

B = (X)X L(X)TYe. (2.1)

One can apply equation (2.1) to the lower and upper bounds of the interval values of
the independent variables to predict the lower and upper bounds of the dependent variable,
respectively. Let a new observation, X° = (X7,..., X)), and X} = [a;,0;],j = 1,...,p,
XY = (1,a4,...,a,), and Xy, = (1,b1,...,b,). Then, Y = [V, Yy] can be predicted from

A

Y = [V, Yy] as follows:

v, =X03°
and
Yy =X983".

However, as Xu (2010) pointed out, this method does not include the information of
the ranges of the intervals in prediction. Furthermore, it is not possible to make inferences
on the estimated regression coefficients in equation (2.1) because one cannot estimate their

variances by this approach.

2.2 CENTER AND RANGE METHOD

Lima Neto et al. (2004) improved the CM by considering the ranges of interval-valued in
the model. Their approach, called the center and range method (CRM), fits two indepen-
dent linear regression models on the center points and ranges of the interval-valued data,
respectively. The prediction of the intervals of the dependent variable is performed using
both the model fitted on the center points of the intervals and the model fitted on the ranges
of the intervals. In Section 2.1, the center model based on the center points of the intervals
is presented. Thus, we introduce the other model based on the ranges of the intervals only

in this section.



Let X7,..., X be p range of intervals of Xi,..., X, and Y" be the range of the interval
of Y. Let the observed values of X7 be X[. = (bj; — a;;), and the observed value of Y;" be
Y =(d; —¢;) wherei=1,...,n,7=1,...,p.

(2

The fitted linear regression model on the range of the interval variables is given by
Y = X'r[@r 4 GT,

where Y7 = (Y7,...,Y), X7 = (X},..., X027, X7 = (1, X5, ..., X0)T, B = (65,65,
Bg)T and € = (e],...,€")T. Assuming the full rank of X", we can show that the least squares
estimate of 3" is then

A

B = ((X")TX")H(X")TY". (2:2)
Given a new observation, X° = (X7,..., X)), X% =(X{°..., X)), X =(X{",...,

X)), X9 = (a;+b;)/2, X)" = (bj—a;),j = 1,...,p, the values of V¢ and Y7 can be obtained

by applying the equations (2.1) and (2.2); therefore, the predicted Y = [YL, YU] is given by
AR R

and
TR I Ay

Xu (2010) pointed out that CRM assumes the independence between center point and
range variables, which is not true. Additionally, even though the variations of intervals are
explained through the ranges, CRM does not use all the information available in the data.
Also, it is not clear how this variation information can be used to account for the variation

of the estimated regression coefficients.

2.3 BIVARIATE CENTER AND RANGE METHOD

In the bivariate center and range method (BCRM), introduced by Billard and Diday (2007),

the center points and ranges of the interval-valued variables are utilized together to fit two



linear regression models. The two models are expressed as follows:
YC — XC’I’QC + €C

and

Y = X3 4+ €,
where Y¢ = (Y¢, ..., YT, Y™ = (Y/,....,Y"T; X = (X§,..., X" X = (1,X§,...,
X Xy oo ,X[p)T, B¢ = (55,55, - .. ,ng)T, B = (8,51, ,BQP)T, € = (¢,...,¢)T e =
(€h,... ,e;)T, for : = 1,...,n. Note that the number of columns in the design matrix X is
2p + 1 for this model while it was p+ 1 for the CRM. Assuming the full rank of X" we can

show the least squares estimates of 3° and 3" are then
Bc — ((XCT)TXC’!’)—I(XCT)TYC and BT — ((XCT)TXCT)_I(XCT)TYT.

For a new observation, the value of Y = [Y7,Yy] will be predicted from the predicted
values of Y¢ and Y7 as follows:

R )
and
IR e Y
This approach carries some improvements over CRM, but it still does not use all the

information available in the data. Also, again it does not provide statistical inference on the

estimated regression coefficients.

2.4 SyMBOLIC COVARIANCE METHOD

Xu (2010) proposed the symbolic covariance method (SCM) to build the least squares esti-
mator of a linear regression model by using the interval-valued variable covariance. All the
methods we reviewed above apply classic regression to fit a linear regression model by con-

verting interval-valued data into classical data in which each data point contains only a single



value. Instead, SCM uses the interval-valued data directly to construct a linear regression
model by using the exact calculation of covariance of interval-valued variables.

Let us consider the centered model

Y_Yzﬁl(Xl_X1)+"'+Bp(Xp_Xp)+€a

where Y, X;,7 =1,...,p are symbolic sample means defined as
%= 5 (g +by)
iT o 2 j j
for observation X;; = [a;j,b;],4 = 1,...,n,5 = 1,...,p, and Y can be similarly defined

(Bertrand and Goupil, 2000).
Billard (2007, 2008) gave the definition of the symbolic covariance between interval-valued

variables Xl([aij, bz]]) and XQ([CZ'j7 dl]]) as

Cov(X1,Xs) = & > [2(ai; — X1)(cij — X2) + (ai; — X1)(di; — X2)

6n

+(bij — X1)(cij — X2) + 2(bs; — X1)(dyj — X2)]. (2.3)

The least squares estimate of 3 in SCM is then

By means of constructing (X — X)7(X — X) and (X — X)?(Y —Y) in matrix notation, two
equations are obtained as follows:

(X —X)"(X =X) = (n x Cov(Xj1, Xj2))pxp

and

(X -=X)(Y -Y) = (nx Cov(X;,Y))px1,

where Cov(X;1, Xj2) is the covariance between X;; and X9, Cov(X;,Y) is the covariance
between X; and Y, for j, j1,j2 = 1,...,p. The estimates of the parameters 3 = (81,...,3,)"
can be finally given by

A

B = (nx Cov(Xj1, Xj2))rn, X (nx Cov(X;,Y))pxi- (2.4)

pXp
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Given a new observation X° = (X7, ..., X7), according to the prediction approach pro-

posed by other existing methods, prediction of Y = [V, Yy] is
Yy, = X8 and Yy = X9,

where X9 = (1, X9;,..., X2 ), X% = (1, X0%,...,X%,) and B = (Bo, 1, .- ., B)T. This defi-
nition, however, is not complete because when some regression coefficients are negative, the
predicted lower bound Y}, could be bigger than the predicted upper bound Yy. In order to
solve this problem, Lima Neto et al. (2005) and Lima Neto and Carvalho (2010) developed
constrained methods where the model is fitted under the condition that all the parameters
must be positive. However, it is clear that this constraint cannot be met in some circum-
stances (Xu, 2010). Instead, SCM suggests to make the prediction by using the following
equations:

Y, = min(X98, X%A) and ¥y = max(X)8, X%0).

We note that the variance of B8 in equation (2.4) can be derived, which will lead to

statistical inferences on 3, but a relevant study has not been done yet.



CHAPTER 3

BoOTSTRAP METHOD FOR INTERVAL-VALUED DATA

In this chapter, we propose the bootstrap method (BM) to fit a linear regression model on
interval-valued data, which is capable of making some statistical inferences on the regression
coefficients. We first review some background on bootstrap in Section 3.1, and then introduce

the proposed algorithm and explain inference procedures in Section 3.2.

3.1 BOOTSTRAP BASICS

3.1.1 INTRODUCTION

Bootstrap (Efron, 1979) is a modern and computer-intensive method used frequently in
applied statistics. It is a general approach to statistical inference based on building a sampling
distribution for a statistic by resampling from the data.

The bootstrap is a method to derive properties (standard errors, confidence intervals
and critical values) of the sampling distribution of estimators by measuring those properties
when sampling from an approximating distribution. However, instead of fully specifying
the data generating process, we use information from the sample. One standard choice for
an approximating distribution is the empirical distribution of the observed data. In the
case where a set of observations can be assumed to be independent and identical from a
population distribution, this can be implemented by constructing a number of resamples of
the observed data set (and of equal size to that of the observed data set), each of which is
obtained by randomly sampling with replacement from the original data set. It may also be
used for constructing hypothesis tests. It is often used as an alternative to inference based on

parametric assumptions when those assumptions are in doubt, or where parametric inference

11
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is impossible or requires very complicated formulas for the calculation of standard errors.
More detailed introduction about the bootstrap method is given in Efron and Tibshirani

(1993).

3.1.2 RESAMPLING

There are several different resampling methods which are related to the several forms of the
bootstrap, for instance, nonparametric bootstrap, cross-validation, jackknifing, permutation
test, and randomizing test. Here we briefly introduce nonparametric bootstrap.

Suppose that there is an independent sample S = { X7, X5,..., X,,} drawn from a large
population P = {1, xs,...,2x}. Suppose that we are interested in some statistic as an
estimate of the corresponding population parameter 6. Let k denote the number of bootstrap
replications, that is the number of bootstrap samples we select. The bootstrap procedure

can be generalized as follows (Fox, 2002):

1. We proceed to draw a random sample S] = {X}, X1y, ..., X],} of size n from the
elements in sample S with replacement. Thus, the observed sample data S is treated
as a “substitute” for the population P; that is, we select each element X; of S for the
bootstrap sample with the same probability 1/n, just like the original selection of the

sample S from the population P.

2. We repeat the resampling procedure a large number of times, producing k bootstrap

samples. Let S; = {X}, X5, ..., X}, } denote the bth bootstrap sample, where b =

3. For each bootstrap sample, calculate the estimate él’j of parameter 6 of interest.

4. Use the distribution of the é;j to estimate the properties of the sampling distribution of
6. For example, we can compute the estimated standard deviation of the k bootstrap

O

N (0 — 672
SE(MI\/zb_llsﬁl ?
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where
é* _ ZIZZI 9;;
=

3.1.3 CONFIDENCE INTERVALS BASED ON NORMAL THEORY

There are several approaches to constructing bootstrap confidence intervals, such as normal-
theory intervals and percentile intervals. We briefly introduce the normal-theory intervals
here. Most statistics including sample mean, are asymptotically normally distributed. In
sufficiently large bootstrap samples, we can construct a 100(1 — a)% confidence interval by
using the bootstrap estimate of the standard error of é, along with the normal distribution.

Therefore, the bootstrap interval for 6 is given as
0+ 2025 E(0"),

where 2,9 is the 100(1 — a/2)th quantile of the standard normal distribution.

3.1.4 BOOTSTRAP REGRESSION

By extending the procedure of the previous subsection, we can easily bootstrap a regression
model. Fox (2002) introduced two general methods to bootstrap a regression model: the
observations of the model variables are resampled randomly, or the model matrix X is fixed.

Suppose we want to fit a regression model with random predictor variables X;,..., X,
and response variable Y. The sample has n observations Z; = (Y;, X1,...,X;p), i =1,...,n.
In the resampling, the observations Zq, ..., Z, are resampled to produce k bootstrap sam-

*

ples Z},,...,7Z;,,b=1,... k. For each of the bootstrap samples, we calculate the regression
estimates, and obtain k sets of bootstrap regression coefficients BZ = (B;O, Bgl, cee ng)T, b=
1,..., k. We can compute the standard error or confidence intervals of the regression esti-
mates by applying the method described in the previous subsections.

In the other method of resampling, the predictor X = (Xj,...,X,) is fixed when we

generate bootstrap samples. The procedure of the bootstrap resampling is as follows:
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1. Construct the regression model for the observed sample, and compute the fitted values

of response variables Y and the residual for each observation:
Y; = B0+ BiXu + BaXio + -+ B Xy, B =Y - Y,
wheret =1,...,n.

2. Generate k bootstrap samples of the residuals, Ej = (E7,, ..., E; )T, attach the boot-

strap errors to each YZ-, and produce the bootstrap Y; = (Yi;,..., Y, ) ,0=1,... k.

3. Regress the bootstrap Y; on the fixed X to obtain the bootstrap estimates of the

regression coefficients, BZ = (B;O, B,’jl, . ,Bg‘p)T.

4. Use the bootstrap coefficients BZ to calculate the bootstrap standard errors and con-

fidence intervals for the regression coefficients.

3.2 BOOTSTRAP REGRESSION TO INTERVAL-VALUED DATA

In this section, we illustrate how to apply bootstrap resampling and bootstrap regression to

interval-valued data.

3.2.1 BOOTSTRAP DATA SETS GENERATED FROM INTERVAL-VALUED DATA

Suppose we have an interval-valued data set with p predictor variables X7, ..., X}, where X; =
laij, bij],i = 1,...,n,5 = 1,...,p, and response variable Y = [¢;,d;]. Then, the symbolic
interval-valued independent variables can be expressed in matrix notation as

Xn X ... le [an,bn] [012,512] [@1p7b1p]
Xor Xoo ... Xop [a217521] [a22,b22] [a2pab2p]

an Xn2 cee an [anla bnl] [an27 bn?] cee [a/npa bnp]
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where a;; < b;5,@=1,2,...,n,5 = 1,2,...,p. The response variable Y can be expressed in

matrix notation as

Yi [017 dl]
Yé [627 dZ]
Y = pu— 5
Yo [Cn, ]
where ¢; < d;,© =1,2,...,n. Similarly, the jth independent variable X; can be written as

X1 [a1;, b1;]

X, = Xaj | _ | lazj, bay]

X [anj, bnj]

Assuming the points within the interval [a,;, b;;] are uniformly distributed, we can ran-
domly generate a number of points that are uniformly distributed within each interval
la;;, bi;], and then construct bootstrap data sets. The procedure for producing the bootstrap

data sets is as follows:

1. By using the unform distribution, randomly generate k points within each interval
[aij, bij] of the jth predictor variable X;, and then get the bootstrap variable X7,

which can be written in matrix notation as follows:

* *1 *2 xk
X XioX2 X
* *1 *2 xk

7 - )
* *1 *2 xk
Xz XX X

where j =1,...,p.
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2. Similarly, generate k points within each interval [¢;,d;] of response variable Yj, the

bootstrap variable Y™ is obtained as follows:

vy vployer L vk
v Yy B VR I e
Y vy o vk
3. From the previous two steps, generate p predictor variables X7,..., X7 and response
variable Y*. The bth column from the matrices of variables Y™, X7, ..., X7 respectively,

is selected to construct the bth bootstrap data set where b = 1,..., k. Thus, the bth

bootstrap data sets can be denoted by

Y X X .. X
*b *b *b *b
D _ U Xyl Xgooo Xg)
*b *b *b *b
viroX X X

Therefore, k classical bootstrap data sets with response variable Y* and predictor vari-

ables X7,..., X7 are generated.

3.2.2 BOOTSTRAP LINEAR REGRESSION MODEL

We can fit a linear regression model for each of the bootstrap data sets D*', ..., D**. Thus,

the bootstrap linear models are:
Y*l — 81 +BT1XI<1 +5§1X51 .. +/8;1X;1,

Y*Z — 82+BT2XI<2+B;2X;2++B;2X;27
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For the bth bootstrap linear regression model, if it has full rank p + 1 < n, the least

~xb
squares estimate of 3 can be calculated as

B*b _ ((X*b)/X*b)_l(X*b)/Y*b, (31)

where Y = (Y70, V)T, X = (X X0 Xt = (1,X2, . X7 BT =

~

Axb  Qxb *b\T . _
(B, B, B fori=1,...,n,b=1,... k.

By using the equation (3.1), k values of 56‘ , @f fee e B; are produced respectively, and
the mean of each regression coefficient is obtained. Then the linear regression model on

interval-valued data, through the bootstrap method, is fitted as

V' =35+ B Xy + B X+ + BX,
where

Y

— k 2%b _ Zk *b
D Z = 0 A bzl j
By = S and By = =L

fory=1,...,p.
Now, we can proceed with prediction through the fitted linear regression model to obtain
the estimated lower bound Y7, and upper bound Yy of an interval-valued observation.
Suppose X° = (X?,..., X)) is a given observation where X7 = [a}, b}] with j =1,...,p.
Using the method proposed by Xu (2010), we have that the predicted interval Y = [YL, YU]

of Y is computed as
Yy, = min(XOLZ'i*, X%é*) and Yy = maX(X%é*, X%B*),

where B* = (BS,BT, . A;)T,XOL = (1,a},...,a%) and X¥ = (1,09, ... ,bg).

»Tp

3.2.3 CONFIDENCE INTERVALS AND HYPOTHESIS TESTS

First, we construct an overall model significance F-test based on the bootstrap method

(BM), Hy : 1 = -+ = B, = 0. The procedure is described as follows:
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1. Calculate the F-statistic for the k bootstrap linear regression models in Subsection
3.2.2. The bth F-statistic is given by

F*b SS:Sg/p

T RSS*Y/(n—p—1)
where RSS™ = 31, (Y = V)2 and SS;8, = 300, (V7 = V)2

reg

2. Calculate the p-value based on F** value. The bth p-value is P(F > F**) where F has
an F' distribution with p degrees of freedom for the numerator and (n —p — 1) degrees

of freedom for the denominator.
3. Calculate the number N of times that p-values are bigger than a = 0.05.

4. The p-value for the overall model significance test is equal to N/k.

Second, we present a method of constructing confidence intervals for the bootstrap coef-
ficient estimates. In Subsection 3.2.2, we have fitted £ bootstrap linear regression models
based on the k bootstrap samples, and obtained the bootstrap regression coefficient estimates
,?3* = (BT, o ,é;). Note that in Subsection 3.1.3, we introduced the confidence interval for
bootstrap estimates.

The standard error of E; is calculated as
T8 - B
E(5Y) = — ) J

and then the 100(1 — «)% confidence interval for the regression coefficients is constructed as

Bt £ zappSE(S]).

This approach will work well if the distribution of the bootstrap coefficient estimates is
normally distributed. We can examine the normality of the estimates using histograms and
Q-Q plots.

Third, in addition to providing standard errors and confidence intervals, the bootstrap
estimates can also be applied to conduct statistical hypothesis tests for the regression coef-

ficients estimate, that is, Hy: 8; =0 for j =1,...,p.
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The test statistics can be calculated as

and Z; approximately follows a standard normal distribution under the null hypothesis. We
can compare the obtained statistic values with the quantile of z, /5.

A p-value is a measure of how much evidence we have against the null hypothesis. The
smaller the p-value, the more evidence we have against the null hypothesis. For individual
regression coefficients test, Hy : 3; = 0, we obtain the Z statistic for each of the estimated
regression coefficients f;,j = 1,...,p, and the p-value is P(|Z| > Z;) where Z ~ N(0, 1) for

a two-sided test.



CHAPTER 4

APPLICATION

In this chapter, we illustrate the utilization of the bootstrap method (BM) with two symbolic
interval-valued data sets. We apply the proposed and other existing methods to the data sets
and compare the results. These two data sets were also analyzed by Xu (2010) and we present

our results in a similar fashion for direct and easy comparison.

4.1 BATS SPECIES DATA SET

4.1.1 DATA

The bats species data set in Table 4.1, taken from Xu (2010), is a naturally occurring interval-
valued data which records physical measurements of 21 different species of bats. In the data
set, there are four random interval-valued variables, X; = head size, X5 = tail length, X5 =

forearm length and Y = weight.

4.1.2 THE LINEAR MODEL AND PREDICTION

By using BM described in Section 3.2, the fitted linear regression model for the bats species

data set is given by
Y = —25.941 + 0.490X; — 0.147X, + 0.448 X . (4.1)

The residuals or the fitting errors for each observation in the data are obtained by using
the fitted linear function to compute the distinction between the observed response variable

and the estimated response variable. The residuals are calculated as follows:

Ygesidual =Y, — YL, YUresz'dual =Yy — YU- (42)

20



Table 4.1: Bats Species Data

i Species Weight Head Tail Forearm
1 PIPC (3, 8] [33, 52 [26, 33] [27, 32]
2 PHE [4, 10] [35, 43] [24, 30] [31, 41]
3 MOUS [4, 7] [38, 50] [30, 40] [32, 37]
4 PIPS [7, 8] [43, 48] (34, 39] [31, 38]
5 PIPN [6, 9] [44, 38] [34, 44] [31, 36]
6 MDAUB [7, 11] [41, 51] [30, 39] [33, 41]
7 MNAT [5, 10] [42, 50] [32, 43] [36, 42]
8 MDEC [1, 10] [40, 45] [39, 44] [36, 42]
9 MGP 8, 12] [45, 53] [35, 38] [39, 44]
10 OCOM [5, 10] [41, 51] [34, 50] [34, 50]
11 MBEC [7, 12] [46, 53] [34, 44] [39, 44]
12 SBOR 8, 13] [48, 54] [38, 47] [37, 42]
13 BARB [6, 9] [44, 58] [41, 54] [35, 41]
14 OGRIS [6, 10] [47, 53] [43, 53] [37, 41]
15 SBIC [12, 14] [50, 63] [40, 45] [40, 47]
16 FCHEV [13, 34] [50, 69] [30, 43] [51, 61]
17 MSCH (8, 16] [52, 60] [50, 60] [42, 48]
18 SCOM [17, 35] [62, 80] [46, 57] [48, 56]
19 NOCT [15, 40] [69, 82] [41, 59] [45, 55]
20 GMUR [18, 45] [65, 80] [48, 60] [55, 68]
21 MGES [20, 50] [82, 87] [46, 57] [58, 63]
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We can calculate the estimated weight for each bat species using equation (4.1), and then
calculate the residuals of weight of 21 bats species using equation (4.2). The observed and

predicted values of bats weight are shown in Table 4.5, and residuals are shown in Table 4.6

4.1.3 INFERENCES ON THE REGRESSION COEFFICIENTS

Using BM, we obtain the statistical inferences concerning the regression coefficients for the

bats species example. The results are shown in Table 4.2.

Table 4.2: Inferences Concerning the Regression Coefficients (Bats Species)

P By Bs
Z-test Mean 0.490 —0.147 0.447
SE 0.2142 0.1526 0.2631
Z-statistic 2.2875 —0.9633 1.6990
p-value 0.02218 0.33418 0.08879
95% Confidence interval (0.0702, 0.9098) (—0.4461, 0.1521) (—0.0687, 0.9627)
F-test p-value 0.00000 (df1,df2) (3, 17)

In this table, we can find that the p-value is 0 for the overall F-test, and thus the null
hypothesis, Hy : 1 = P2 = B3 = 0, is rejected. The z statistics for the regression coefficients
of head, tail and forearm, are 2.2875, —0.9633, 1.6990, respectively. If the critical value for
rejection is zp05/2 = 1.96, we reject the hypothesis for the head coefficient, but fail to reject
the hypotheses for tail and forearm coefficients. If the critical value is zy 1/, = 1.64, we reject
the hypotheses for head and forearm coefficients, but fail to reject the hypothesis for tail
coefficient. We can also find that the head coefficient has the smallest p-value (0.02218), and
the tail coefficient has the largest p-value (0.33418). From these inference results, we can
conclude that the head has the most significant influence on the weight, and the tail has the
least influence on the weight.

In order to investigate the bootstrap distributions, the histograms and Q-Q plots of the

estimated regression coefficients of the predictors head, tail and forearm are shown in Figure
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4.1. In these figures, we can find that head, tail and forearm coefficients are all reasonably

normally distributed.

4.2 BLOOD PRESSURE DATA SET

4.2.1 DATA

We illustrate the application of BM to the second example, the blood pressure data set
(Table 4.3) taken from Billard and Diday (2000). The blood pressure data set contains
11 observations with three variables Pulse Rate, Systolic Pressure and Diastolic Pressure.
Each value of the data is an interval since pulse rates and blood pressure values fluctuate

considerably. Suppose X; = Systolic Pressure, X5 = Diastolic Pressure and Y = Pulse Rate.

Table 4.3: Blood Pressure Data

i Pulse Rate Systolic Pressure Diastolic Pressure
1 [44, 68| [90, 100] [50, 70]

2 [60, 72] [90, 130] [70, 90]

3 [56, 90] [140, 180] [90, 100]
4 [70, 112] [110, 142] [80. 108]
5 (54, 72] [90, 100] [50, 70]

6 [70, 100] [130, 160] [80, 110]
7 [72, 100] [130, 160] [76, 90]

8 [76, 98] [110, 190] [70, 110]
9 (86, 96] [138, 180] [90, 110]
10 [86, 100] [110, 150] [78, 100]
11 (63, 75] [60, 100] [140, 150]

4.2.2 MODEL AND PREDICTION

Using BM, the fitted linear regression model for the blood pressure data set is

A~

Y =27.301 + 0.291X; + 0.155.X,. (4.3)

The estimated Pulse Rate for each observation can be calculated using the equation (4.3),
and then residual can be calculated using the equation (4.2). The observed and the fitted

values of Pulse Rate are shown in Table 4.8, and the residuals are shown in Table 4.9.
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Figure 4.1: Histograms and Q-Q plots for the 1000 bootstrap replications of the head, tail
and forearm coefficients in the Bats Species data
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4.2.3 INFERENCES ON THE REGRESSION COEFFICIENTS

Using the methods introduced in the previous chapter, we obtain the confidence intervals and
test results which are shown in Table 4.4. In the F-test, we fail to reject the null hypothesis:
b1 = P2 = 0 when a = 0.05. Although the overall test is not rejected, we proceed to test
individual coefficients. The p-values for the Z-tests are 0.00069, 0.06047 for Systolic Pressure
and Diastolic Pressure coefficients. If we select o = 0.05, we reject the null hypothesis for
Systolic Pressure coefficient, but fail to reject the null hypothesis for Diastolic Pressure
coefficient. This result looks contradictory to the overall F-test since the p-values for the
individual tests are much smaller than that of the overall test. This indicates that there is

room for improvement for our testing procedures and we suggest it as our future work.

Table 4.4: Inferences Concerning the Regression Coefficients (Blood Pressure)

B Ba
Z-test Mean 0.291 0.155
SE 0.0858 0.0826
Z-statistic 3.3916 1.8765
p—value 0.00069 0.06047
95% Confidence interval C.I (0.1228, 0.4592) (—0.0069, 0.3169)
F-test p-value= 0.693 (df1,df2) (2, 8)

The histograms and Q-Q plots of the estimated coefficients for the independent variables
Systolic Pressure and Diastolic Pressure are shown in Figure 4.2. The Systolic Pressure and
Diastolic Pressure coefficients are roughly normally distributed, but some outliers can be
found. In fact, Xu (2010) excluded the 11th data point from his analysis because it is known

that Systolic Pressure should be higher than Diastolic Pressure.
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Figure 4.2: Histograms and Q-Q plots for the 1000 bootstrap replications of the Systolic
Pressure and Diastolic Pressure coefficients in the Blood Pressure data



27

4.3 COMPARISON OF VARIOUS METHODS

In this section, we compare the proposed method, BM, with the four existing methods, CM,
CRM, BCRM and SCM, using the bats species and blood pressure data sets.

4.3.1 EVALUATION MEASURES

We use the similar measures considered in Xu (2010) to assess the performance of the five
methods. They are the lower bound root mean-square error (RMSE}), the upper bound
root mean-square error (RMSEy), and the symbolic correlation coefficient (). We review
these measures using the notations in Xu (2010) before the detailed comparisons.

Lima Neto and de Carvalho (2008) introduced the square root mean-square errors of
lower and upper bounds for an interval-valued data to assess the differences between the
predicted variable values and the true values. These measures are given by

n _V, )2 n V. )2
RMSEL _ \/Zi:I(YLi YLZ) and RMSEU — \/Zzzl(YUi YUz) ) (44)

n n

Xu (2010) proposed the correlation coefficient between symbolic variable Y and the

predicted variable Y, and the measure is
(4.5)

where Y = [YL,YU],? = [Y’L,?U], Cov(Y,Y) is the symbolic covariance between Y and
Y, Sy is the standard deviation of Y, Sy is the standard deviation of Y; Cov(Y, Y) can be
computed using the equation (2.3), Sy and S¢ can be computed using the following equation:
for Y; = [¢;,di],i = 1,...,n, the symbolic sample variance (Bertrand and Goupil, 2000) of
the random variable Y is given by

n n

1 1
Sy =3, . (a; + aighiy +b5) — [Z(%’ + byj)

i=1 =1
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4.3.2 'THE BATS SPECIES DATA SET

The four methods are applied to the bats species data set shown in Table 4.1. The observed
and predicted lower and upper bounds of the response variable weight are shown in Table
4.5, and the residuals of weight are shown in Table 4.6. The fitted models and the comparison
of the performance of these methods based on RMSFE},, RMSEy and correlation coefficient

r are shown in Table 4.7.

Table 4.5: Observed and Predicted Values of Weight by Various Methods (Bats Species)
Predicted Value

i Weight BM CM CRM BCM SCM

1 [3,8 [1.61,890]  [1.30, 10.34]  [0.25, 8.79] [4.71, 5.07] [2.12, 9.35]
2 [4,10]  [2.83, 9.05] [3.20, 9.25] [3.71, 8.75] [4.12, 8.11] [2.39, 8.78]

3 [4,7 [2.53, 9.22] [2.66, 9.29] [1.31, 10.64]  [4.24, 7.45] [2.10, 9.12]

4 7,8 3.94, 8.84] [4.25, 8.74] [4.88, 8.11] [5.99, 7.54] 3.72, 8.62]

5 [6,9] [4.42, 7.23] [4.85, 6.65] [2.25, 9.26] [4.38, 6.72] [4.27, 6.84]

6 [7,11]  [4.44,11.66] [4.87,11.74]  [3.92,12.69]  [5.99,11.04]  [4.20, 11.59]
7 [5,10] [6.01,11.07]  [6.15,1050]  [3.61,13.04]  [4.96, 11.06]  [5.69, 10.73]
8 [1,10]  [4.05, 8.51] [3.12, 7.22] [3.71, 6.62] [4.41, 5.66] [3.30, 7.76]

9 [8,12]  [8.41,14.14]  [8.37,14.40]  [10.59, 12.17] [8.12, 14.39]  [8.11, 14.18]
10 [5,10]  [4.33,14.21]  [4.23,12.45]  [-0.61,17.29] [5.52, 12.79]  [3.90, 13.47]
11 [7,12]  [9.03,13.30]  [9.23,12.84]  [7.09, 14.98]  [6.48, 14.67]  [8.85, 13.09]
12 [8,13]  [8.53,12.45]  [8.61,11.87]  [6.91, 13.56]  [6.88, 13.07]  [8.37, 12.23]
13 [6, 9] [5.26, 12.95]  [4.62, 12.07]  [1.82, 14.87]  [5.94, 10.78]  [4.73, 12.75]
14 [6,10] [7.34,10.67]  [6.70, 9.31] [4.37,11.65]  [5.56, 9.66] [6.90, 10.14]
15 [12,14] [10.58,19.37] [10.48,19.81] [12.37,17.92] [11.00, 19.93] [10.42, 19.77]
16 [13,34] [16.99, 28.93] [17.44,19.50] [15.58, 31.36]  [12.51, 34.17]  [17.00, 29.54]
17 [8,16]  [11.06,16.27] [9.89, 14.50]  [7.95, 16.44]  [8.32,15.73]  [10.57,15.79]
18 [17,35] [19.20,30.02] [19.34, 30.52] [18.45, 31.41]  [15.90, 34.53]  [19.47, 30.95]
19 [15,40] [21.93,30.26] [23.68, 30.81] [17.87,36.62] [16.37, 38.72]  [22.98, 31.26]
20 [18,45] [23.56, 35.06] [23.41, 34.50] [21.64, 36.27] [17.49, 41.29]  [23.80, 35.59]
21 [20,50] [33.45,36.61] [35.38,37.52] [32.33,40.57] [21.10, 50.61]  [34.94, 37.88]

The results in Table 4.7 show that RMSFEs for BM, CM, SCM, are 4.096, 4.475, 4.465
respectively while RMSFEys for BM, CM, SCM, are 4.932,4.762,4.540. The BM has a
smallest RMSE} among these three methods, but BM has a little bigger RM ESy than
do CM and SCM. Therefore, the differences among the RMSE;s and RMSEys for

these methods are not apparent. The correlation coefficients for BM, CM and SCM, are
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Table 4.6: Residuals of Weight by Various Methods (Bats Species)

Residuals
i Weight BM CM CRM BCM SCM
1 38 [4.61, -0.90] [4.30, -2.34] [2.75, -0.79]  [-1.71, 2.93]  [5.12, -1.35]
2 [4,10]  [1.17, 0.95] [0.80, 0.75] 0.20, 1.25]  [-0.12, 1.88]  [L.61, 1.22]
3 [4,7 [1.47, -2.21] [1.33, -2.29] 2.69, -3.64]  [-0.24, -0.45]  [1.90, -2.11]
4 [7,8]  [3.06,-0.84]  [2.75,-0.74]  [2.12,-0.11]  [L.0L, 0.46]  [3.28, -0.62]
5 [6,9] [1.58, 1.77] [1.15, 2.35] 3.75,-0.26]  [1.62,2.28]  [1.73, 2.16]
6 [7,11]  [2.56, -0.66] [2.13, -0.74] 3.08, -1.69]  [1.01,-0.04]  [2.80, -0.59]
7 [5,10] [101,-1.07]  [-1.15,-0.50]  [1.39,-3.04]  [0.04,-1.06]  [-0.69, -0.73]
8 [1,10]  [-3.05, 1.49] [-2.12, 2.78] [2.71,3.38]  [-3.41,4.34]  [-2.30, 2.24]
9 [8,12]  [0.41,-2.14]  [-0.37,-2.40]  [-2.59,-0.17]  [-0.12,-2.39] [-0.11, -2.18]
10 [5,10]  [0.67, -4.22] [0.77, -2.45) 5.61,-7.29]  [-0.52,-2.79]  [1.10, -3.47]
11 [7,12]  [2.03,-1.30]  [-2.23,-0.84]  [-0.09,-2.98] [0.52, -2.67]  [-1.85, -1.09]
12 [8,13]  [-0.53, 0.54] 0.61, 1.13] [1.09, -0.56]  [1.12,-0.07]  [-0.37, 0.77]
13 [6,9]  [0.74,-3.95]  [1.38,-3.07]  [4.18,-5.87]  [0.06, 1.78]  [1.27, -3.75]
14 [6,10]  [1.34,-0.67]  [-0.70, 0.69] [1.63,-1.65]  [0.44, 0.34]  [-0.90, -0.14]
15 [12,14] [141,-5.37]  [1.52,-5.81]  [-0.37,-3.92] [1.00,-5.93]  [L.58, -5.77]
16 [13,34] [-3.99, 5.07] [-4.44, 4.50] [2.58, 2.64]  [0.49, -0.17]  [-4.00, 4.46]
17 [8,16]  [3.06,-0.27]  [-1.89, 1.50] 0.05,-0.44]  [-0.32,0.27]  [-2.57, 0.21]
18 [17,35]  [-2.20, 4.97] [-2.34, 4.48] [1.45,3.59]  [1.10,0.47]  [-2.47, 4.05]
19 [15,40] [-6.93, 9.74] -8.68, 9.19] [2.87,3.38]  [-1.37,1.28]  [-7.98, 8.74]
20 [18,45] [-5.56, 9.94] [5.41, 10.50]  [-3.64,8.73]  [0.51,3.71]  [-5.80, 9.41]
21 [20,50] [-13.45,13.39] [-15.38, 12.48] [-12.33,9.43] [-1.10,-0.61] [-14.94, 12.12]
Table 4.7: Comparison of Methods (Bats Species)
BM CM CRM BCRM SCM
R S P 5

BO -25.941 -25.167 -25.167 -5.153 -25.412 -25.550 -27.440

Bl 0.490 0.604 0.604 0.290 0.628 0.411 0.557

Bg -0.147 -0.260 -0.260 0.941 -0.250 -0.332 -0.183

Bg 0.448 0.396 0.396 0.318 0.344 0.561 0.432

Ba 0.026 -0.025

s -0.049 0.359

Be 0.143 -0.076

r 0.959 0958  0.968 0.990 0.959

RMSE]y, 4.096 4.475 3.742 1.137 4.465

RMSEy 4.932 4.762 4.086 2.320 4.540
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0.959,0.958,0.959, respectively. It can be seen that the correlation coefficients for the three
methods are similar. The CRM and BCRM give the smallest RMSE;s and RMSEys, and

the biggest correlation coefficients among all the methods.

4.3.3 BLOOD PRESSURE DATA SET

To further assess the performance of the linear regression models from different methods,
similarly, the existing methods are applied to the blood pressure data shown in Table 4.3.
The observed and predicted values of pulse rate are shown in Table 4.8. The residuals of

pulse rate are shown in Table 4.9.

Table 4.8: Observed and Predicted Values of Pulse Rate by Various Methods (Blood Pressure)
Predicted Value

i Weight  BM CM CRM BCM SCM

1 [44,68]  [61.2,67.3] [59.3,65.9]  [498,755]  [51.6, 73.5]  [58.1, 65.3]
2 [60,72]  [64.3,79.1] [62.7,79.2]  [60.3,81.6]  [60.0,75.8]  [61.9, 79.2]
3 [56,90]  [82.0,95.3] [82.5,97.4]  [81.0,98.8]  [70.8,93.6]  [62.6, 98.1]
4 [70,112]  [71.7,85.5]  [70.9,86.2]  [65.9,91.2]  [70.8,97.9]  [70.6, 86.7]
5 [54,72]  [61.2,67.3] [59.3,65.9]  [49.8,75.5]  [51.6,73.5]  [58.1, 65.3]
6  [70,100]  [77.6,91.0]  [77.5,92.5]  [71.9,98.1]  [76.4,109.0]  [77.3, 93.2]
7 [72,100]  [76.9,87.9] [76.8,89.1]  [72.6,93.3]  [66.2,90.3]  [76.6, 89.4]
8 [76,98]  [70.2,99.7] [69.2,102.3]  [74.6,97.2]  [80.8,99.9]  [68.7, 103.3]
9  [86,96]  [81.5,96.8] [81.8,99.1]  [79.9,101.0]  [76.3,103.3]  [81.9, 100.0]
10 [86,100]  [71.4,86.5] [70.6,87.5]  [68.0,90.0]  [67.8,89.5  [70.2, 87.9]
11 [63,75]  [66.6, 79.8]  [64.7,79.5]  [63.2,81.0]  [64.6, 76.6]  [65.0, 80.5]

To evaluate the performance of different methods, the estimated coefficients, RMSFEy,
RMSEy and T(Y,Y) are calculated for each model. These measures are shown in Table
4.10.

The RMSFEps for BM, CM and SCM, are 11.319,11.094,10.988 respectively while
RMSEys for BM, CM and SCM, are 10.564, 10.414, 10.393 respectively, where no apparent
differences among the methods can be seen. Also, the correlation coefficients for these

methods are almost same. The CRM and BCRM give the smallest RMSEs (9.810,8.575),



Table 4.9: Residuals of Pulse Rate by Various Methods (Blood Pressure)
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Residuals
i Weight BM CM CRM BCM SCM
1 [44,68]  [-17.2,0.7]  [15.2,21]  [5.8,-7.5]  [7.6,5.5]  [-14.1, 2.7]
2 [60,72]  [4.3,-7.1]  [27,-72]  [-0.3,-9.6]  [0.0,-3.8] 1.9, -7.2]
3 [56,9 ] [26.0,-5.3]  [-26.5,-7.4]  [-25.0,-8.8]  [-14.8,-3.6]  [-26.6, -8.1]
4 [70,112]  [1.7,265]  [0.9,25.8  [4.1,20.8] 0.8, 14.1]  [-0.6, 25.3]
5 [54,72]  [7.2,4.7] 5.2, 6.1] 4.2, -3.5] 2.3, -1.5] 4.1, 6.7]
6  [70,100]  [-7.6, 9.0] [75 7.5] 1.9, 1.9] 6.4, 90] 7.3, 6.8]
7 [72,100]  [4.9,12.1]  [4.8,109]  [-0.6, 6.7] 5.8, 9.7] 4.6, 10.6]
8§ [76.98 [5.8, -17] 6.8, -4.3] 1.4, 1.0] (47,19 [7.3,-5.3]
9 [86,96]  [4.5,-0.8] [4.2, -3.1] 6.1, -5.0] 9.7, -7.3] [4.1, 4.0]
10 [86,100]  [14.6, 13.5]  [15.4,12.5]  [18.0,10.0]  [18.2,10.5]  [15.8, 12.1]
11 [63,75]  [-3.6,-4.8]  [-1.7,-45]  [-0.2,-6.0]  [16,-1.6]  [-2.0,-5.5]
Table 4.10: Comparison of Methods (Blood Pressure)
BM CM CRM BCRM SCM
B B B B B B B

30 27.143 21.171 21.171 20.215 1.357 -8.762 18.189
51 0.291 0.329 0.329 -0.147 0.332 0.200 0.338
,32 0.157 0.170 0.170 0.348 0.299 0.104 0.190
s -0.187  -0.371
B4 0.680 0.456
T 0.775 0.775 0.802 0.862 0.775
RMSEy, 11.319 11.094 9.810 8.575 10.988
RMSEy 10.564 10.414 8.941 7.418 10.393
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and RMSEys (8.941,7.418), and have the biggest correlation coefficients (0.802,0.862)
among all methods.

For both data sets, BM shows the similar performance with CM and SCM, and CRM
and BCRM show the better performance than other methods in terms of the measures we
consider in this section. However, it does not necessarily mean that CRM or BCRM is a
preferable choice for regression analysis to interval-valued data. Xu (2010) addressed this
issue by using the following arguments: (i) the purpose of regression analysis is to analyze
the relationships among variables, not to analyze the relationships among the ranges of
observed intervals; (ii) the fitted models can not answer the question of how much response
variable Y changes with changes in each of the explanatory variables X's (X, ..., X,); (iii)
the range model does not differentiate two different interval observations having the same
range point because the centers are neglected when modeling.

Our proposed method randomly generates a large number of points in the ranges of
observations through the bootstrap idea to fit a regression model, which sufficiently uses
variations in the interval-valued data. Furthermore, we can obtain inferences concerning the

regression coefficients such as confidence intervals, standard errors, z-statistics, and p-values.



CHAPTER 5

SIMULATION

In order to assess further the performance of our new method for fitting a linear regression
model to interval-valued data, we implement a simulation study. Section 5.1 describes the
data generating procedure. In Section 5.2, we build a linear regression model and make some

inferences on regression coefficients using the proposed method.

5.1 DATA GENERATION

Let X7, X5, X3 be three independent interval-valued variables, and Y be the dependent
interval-valued variable. The procedure for building an interval-valued data set is described

as follows:

1. Suppose that X is the center of jth independent variable, and Y is the center of

dependent variable. Then, X7, X§, X and Y© have a linear relation as follows:
Y= B+ f1 X7 + B X5 + B3X5 + €,
where 8y = 0,8, = 0.5, 8, =0, 3 = 0.4, and ¢ ~ N(0,1).

2. For the ith observation, generate X, randomly from {0,1,2,3,4},7 = 1,2,3,i =

1,...,n.

3. Based on the center points X; and €f, the center point Y;“ is calculated according to

the following equation

}/Z-C == ﬁo -+ ﬁlXiCl + /BQX,L'CQ + 53X2-C3 + Ef.
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4. For interval-valued variables X, X5 and X3, generate the lower bound of the ith obser-

vation from [X{;—0.5, X{;] and the upper bound from [X¥;, X5+0.5]. Similarly, generate

’Lj’

the lower and upper bounds of Y;.

When n = 25, a symbolic interval-valued data set is shown in Table 5.1.

Table 5.1: A Simulated Interval-Valued Dataset

Independent Variable Response Variable

i X X, X5 Y
1 [3.56525, 4.43344]  [1.64020, 2.34241]  [3.79447, 4.25006] [4.03099, 4.24649]
2 [2.82440, 3.17282]  [1.75447, 2.20790]  [1.72605, 2.36233] [1.26633, 1.62339]
3 [-0.16056, 0.42416]  [0.65109, 1.15421]  [1.88204, 2.13609] 0.80583, 1.11676]
4 [0.54336, 1.20667]  [3.64430, 4.18711]  [3.64275, 4.24389)] 0.20497, 0.97314]
5 [2.94911, 3.11854]  [3.56545, 4.28001]  [—0.15328, 0.26757] [2.28970, 2.77730]
6 [2.68823,3.02022]  [3.59285, 4.21667]  [3.71474, 4.14360] [3.25946, 3.75904]
7 [3.59460, 4.33557]  [3.83745, 4.40659]  [2.50934, 3.13610] [3.07426, 3.79239]
8  [3.71180, 4.35219]  [2.91917, 3.38407]  [0.62890, 1.36490] [1.17616, 1.96764]
9 [3.54886, 4.24093]  [0.58526, 1.10805]  [2.67077, 3.23707] [1.52255, 1.91892]
10 [0.81721, 1.04167]  [—0.26536, 0.36028]  [1.82280, 2.28839)] [0.71544, 0.99825]
11 [2.70557, 3.12965]  [—0.43975, 0.30181]  [3.65827, 4.00393] [2.42591, 2.88045]
12 [3.54491, 4.19186]  [1.98180, 2.30669]  [0.33795, 0.45940] [1.72763, 1.99572]
13 [3.61078, 4.04807]  [3.54882, 4.38257]  [—0.00218, 0.29647] [1.58939, 2.28669)]
14 [2.98782, 3.15147]  [—0.32492, 0.44369]  [—0.05993, 0.35271] [2.57739, 3.19166]
15 [1.59326, 2.48921]  [—0.38874, 0.20178]  [0.75487, 1.42600] [0.27512, 0.43481]
16 [0.97643, 1.18619]  [0.91333, 1.37959]  [—0.23053, 0.37144] 057675, 1.15448]
17 [2.75798, 3.14488]  [1.76837, 2.27916]  [—0.34833, 0.35859) 0.70609, 1.16818]
18 [2.62119, 3.49111]  [2.83804, 3.10200]  [2.83346, 3.18564] [3.76669, 4.29341]
19 [1.86692, 2.30026]  [2.52760, 3.34009]  [—0.13952, 0.38492] [0.62980, 1.46067]
20 [2.62267, 3.42582]  [1.79942, 2.19594]  [2.69964, 3.18485] [3.29846, 3.74384]
21 [1.71689, 2.03156]  [2.50947, 3.38296]  [3.63631, 4.46145] 2.99601, 3.25573]
22 [2.55655, 3.05592]  [—0.40223, 0.47684]  [1.95503, 2.46091] 0.47979, 0.80821]
23 [0.68049, 1.27623]  [1.70651, 2.04741]  [—0.46688, 0.10526] 0.92467, 1.33477]
24 [0.75587, 1.13026]  [—0.12268, 0.05730]  [1.59117, 2.13037] 0.09546, 0.54504]
[ ] [ [ ]

[\
ot

3.80498, 4.36492

2.97990, 3.02244]

0.69863, 1.37963]

2.41991, 2.63072
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5.2 SIMULATION RESULTS

5.2.1 FITTED LINEAR MODELS WITH DIFFERENT METHODS

The center method (CM), center and range method (CRM) , bivariate center and range
method (BCRM), symbolic covariance method (SCM) and bootstrap method (BM) are
applied to the simulated data set in Table 5.1 to fit linear regression models.

Using CM, we find that the fitted linear model is

~

Y = 0.53140X¢ — 0.02901.X5 + 0.48310.X5.

Using CRM, we obtain the fitted linear models as

~

Ve =0.53140X¢ — 0.02901X5 + 0.48310.X5,

A

Y = —0.02345X7 + 0.39024X} + 0.64430.X7.

The center and range models with BCRM are

~

V¢ = 0.62669X° — 0.06796.X + 0.54092XS + 0.34951 X7 — 0.15694X5 — 0.66902.X7,

~

Y" = 0.01882X7 + 0.04322X5 + 0.02734X35 — 0.15720X] + 0.25297X + 0.55391.X .

The SCM produces the model

~

Y = 0.57067X; — 0.00022X, 4+ 0.51470.X5.

The proposed BM method is applied to the simulated data set, and the model is given by

~

Y = 0.52775X, — 0.02313 X, + 0.47938X5.

From the model obtained using our proposed method, we can see that the coefficients for
X1, X5 and X3 are 0.52775,—0.02313, and 0.47938, respectively. It shows that Y increases
0.52775 units when X; increases 1 unit, and Y has a positive relationship with X;, and X3

while it has a small negative relationship (The coefficient is close to zero) with X,. The
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coefficients (0.57067, —0.00022,0.51470) of the SCM model are similar to the results from
the model with our proposed method. The CM model shows that the center points of Y has
a positive relationship with the center points of X; and X5, and a negative relationship with
Xs. Using CRM, we obtain the center and range models. The center model, which is the
same as CM model, only reveals the relationship between the center points of explanatory
and response variables while the range model only reveals the range relationship between X's
and Y. For example, the range of Y decreases 0.02345 units when the range of X7 increases
1 unit. Note that it is hard to interpret the BCRM models.

In order to evaluate the performance of the these linear regression models, RM SFE;, and
RMSEy defined in equation (4.4), and r defined in equation (4.5) are calculated for each
of the models. We run the simulations with 100 repetitions, and calculate the estimates and
the measures of RMSE;, RMSEy and correlation coefficient r for each repetition. Then
the means of the estimates and the measures are obtained. From Table 5.2, we can see that
BCRM has the largest correlation coefficient (0.724) while BM, CM, CRM and SCM almost
have the same correlation coefficients (0.678, 0.678, 0.678, 0.683). After the simulations
with 100 repetitions, the means of the regression coefficients for BM are 0.502,0.007 and
0.384 which are closer to the true regression coefficients (0.5,0,0.4) than a single run of
simulation. Like BM, the means of the regression coefficients for CM and SCM are also
closer to the true values than single runs. For CRM and BCRM, because they have the
center and range models, it is hard to interpret the relationship between their coefficients

and the true coefficients.

5.2.2 INFERENCES CONCERNING THE REGRESSION COEFFICIENTS

In this section, we conduct statistical inferences concerning the regression coefficients.
Another simulation with 100 replications are implemented, and the means of inferences
concerning regression coefficients are obtained. From Table 5.3, we can see that the means of

estimated regression coefficients for X, Xy and X3, respectively, are 0.4910,0.0033, 0.3985



Table 5.2: Means of Estimates and Measures with 100 Simulation Repetitions

BM CM CRM BCRM SCM

A N A F 58
B 0.5023  0.5054 0.5054 0.3191 0.4895  0.0137  0.4924
B, 0.0071  0.0040 0.0040 0.3116 -0.0047  0.0214  -0.0007
By 0.3846  0.3856  0.3856  0.3194 0.3700  0.0183  0.3740
Ba 0.0200  0.2533

Bs 0.0513  0.2477

Be 0.1882  0.2481

r 0.6776  0.6777  0.6783 0.7236 0.6834
RMSE; 0.9539 09540 0.9511 0.8809 1.0541
RMSE;  0.9498  0.9498  0.9479 0.8796 1.1064
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which are very close to the true coefficients (0.5,0,0.4). The p-value under the F-test is

0.0000, and thus the null hypothesis: 5; = B2 = 3 = 0, is rejected. The p-values obtained

from the Z-tests are 4.3170 x 10713,0.1007,1.1931 x 103 for the three coefficients respec-

tively. If we select a = 0.05, we reject the null hypotheses for X; and X3 coefficients, but fail

to reject the hypothesis for X, coefficient. These results are consistent with the true values

(81 =0.5,8, =0, = 0.4).

Table 5.3: Means of Inferences for Regression Coefficients with 100 Simulation Repetitions

Ba B3
Z-test Mean 0.4910 0.0033 0.3985
S.E. 0.0270 0.0276 0.0273
Z-statistic 18.5616 0.0819 15.1465
p-value 4.3170 x 10713 0.1007 1.1931 x 1073

95% Confidence interval (0.4380, 0.5439)

(—0.0507, 0.0573)

(0.3449, 0.4520)

F-test p-value

0.0000

(df1,df2)

(3,22)




CHAPTER 6

SUMMARY

In this thesis, we reviewed the linear regression methods currently available to analyze sym-
bolic interval-valued data. We also reviewed the bootstrap basics including resampling, boot-
strap standard errors, bootstrap confidence intervals and bootstrap regression. Then, we
proposed a new method for fitting a linear regression model to interval-valued data.

The objective of many statistical investigations is to make inferences about population
parameters based on sample data. The main contribution of our proposed method is that it
enables one to do statistical inferences concerning the regression coefficients. First, by using
the bootstrap idea, we conducted the overall F-test on the model significance, and then we
made inferences on regression coefficients such as the standard errors, the confidence intervals
and the p-values under the null hypothesis Hy : §; = 0 where j =1,...,p.

The proposed method and the existing methods were applied to the real and simulated
data sets. The comparisons among these methods demonstrated that the prediction of the
proposed method is as accurate as other existing methods. In addition, the proposed method
takes into account the variability of an interval as SCM does. Also, it was demonstrated that
it provides reasonable and meaningful statistical inferences.

Two future directions of this work can be considered. First, the core idea of this thesis
can be extended to other statistical analysis problems such as principal component anal-
ysis, classification, and clustering, etc. For example, for binary classification, one can obtain
B classification rules fi,..., fg. When a new interval-valued observation is observed, one

can generate B classical valued data points and for each datum point, apply one of the B
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classification rules and make the class assignment. The final class assignment for the interval-
valued observation is made as the majority votes among the B estimated class memberships.
Second, some improvements for the overall F-test procedure in Chapter 4 can be made. The
method we used in the thesis does not calculate the exact p-value and the result depends on
the significance level used for the k individual F-test. One way to improve is to generate an
empirical “null” distribution by generating symbolic data assuming no predictor variable is

significant.
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APPENDIX A

R function for simulating to make statistical inferences by bootstrap method

inferences=function(n,bl,b2,b3,sigma) ##observations and model coefficients
{

cxl=sample(c(0,1,2,3,4) ,n,replace=TRUE)## center points of x
cx2=sample(c(0,1,2,3,4) ,n,replace=TRUE)

cx3=sample(c(0,1,2,3,4) ,n,replace=TRUE)

err=rnorm(n,0,1)

cy=bl*xcx1+b2*cx2+b3*cx3+sigma*err ##center points of y
x11=runif (n,min=cx1-0.5,max=cx1) ##lower bounds
x12=runif (n,min=cx1,max=cx1+0.5) ##upper bounds

x21=runif (n,min=cx2-0.5,max=cx2)

x22=runif (n,min=cx2,max=cx2+0.5)

x31=runif (n,min=cx3-0.5,max=cx3)

x32=runif (n,min=cx3,max=cx3+0.5)

yl=runif (n,min=cy-0.5,max=cy)

y2=runif (n,min=cy,max=cy+0.5)

d=data.frame(x11=x11,x12=x12,x21=x21,
x22=x22,x31=x31,x32=x32,y1=y1,y2=y2)

B=1000

x1=matrix (NA,nrow=n,ncol=B) ##bootstrap points within intervals

x2=matrix (NA,nrow=n,ncol=B)

x3=matrix (NA,nrow=n,ncol=B)

y=matrix (NA,nrow=n,ncol=B)

for(i in 1:n) {

x1[i,]=runif (B,min=d[i, 1] ,max=d4d[i,2])

x2[i,]=runif (B,min=d[i, 3] ,max=d[i,4])

x3[i,]=runif (B,min=d[i,5] ,max=d[i,6])

y[i,]=runif (B,min=d[i,7],max=d[i,8])

}

coe=matrix (NA,nrow=B,ncol=3) ##regression coefficients
ftest=matrix(NA,nrow=B,ncol=3) ##tf-statistic and degrees of freedom
ftestp=rep(0,times=B) ##p-value under f-test

for(j in 1:B) {
md=1m(y[,j]l x1[,jl1+x2[,j1+x3[,j] -1)
coelj,1]=md$coef [1]
coelj,2]=md$coef [2]
coe[j,3]=md$coef [3]
ftest[j,1]=summary(md)$fstatistic[1]
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ftest[j,2]=summary(md)$fstatistic[2]
ftest[j,3]=summary(md)$fstatistic[3]
ftestp[jl=pf (summary (md) $fstatistic[1],
summary (md) $fstatistic[2],
summary (md) $fstatistic[3],
lower.tail=FALSE)
}
beta=c(mean(coe[,1]) ,mean(coe[,2]), ##coefficients of fitted model
mean (coe[,3]))
zstderror=sqrt(c(var(coe[,1]) ,var(coe[,2]), ##standard error
var(coe[,3])))

z=beta/(zstderror) ##z-statistic
p=2*(1-pnorm(abs(z))) ##p-values for coefficient
pf=sum(ftestp>0.05)/B ##p-value for model test
infer=rbind(beta,zstderror,z,p,fstat,pf)

infer

}

betamatrix=matrix(NA,nrow=rep,ncol=3)
zstderrormatrix=matrix (NA,nrow=rep,ncol=3)
zmatrix=matrix (NA,nrow=rep,ncol=3)
pmatrix=matrix(NA,nrow=rep,ncol=3)
pfmatrix=matrix (NA,nrow=rep,ncol=3)
for(i in 1:rep) ##simulation repetition
{
infer=inferences(n,bl,b2,b3,signa)
betamatrix[i,]=infer[1,]
zstderrormatrix[i,]=infer[2,]
zmatrix[i,]=infer[3,]
pmatrix[i,]=infer[4,]
fstatmatrix[i,]=infer[5,]
pfmatrix[i,]=infer[6,]



