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ABSTRACT

In this thesis, we examine representation of positive integers by certain definite quaternary quadratic
forms @ over Z and Z[(1 + v/5)/2] by studying the theta series of the forms, which are (Hilbert)
modular forms with weight 2 and of level and character determined by (). Specifically, we write the
theta series for the following three quadratic forms as the sum of an explicit Eisenstein series and
linear combination of normalized Hecke eigencusp forms: Qi (%) = 22 + x3 + 2% + 23 over Z (which
has long been studied, and which we provide for the sake of introduction), Q2(%) = 2?3 +z3+x3+723
over Z (which seems not to have appeared this explicitly previously in the literature), and of @
over Z[(1++/5)/2]. We also provide an explicit formula for the Eisenstein series Fourier coefficients
appearing in the theta series associated to Q3(%) = 2% + 22 + 323 + 3(3+ v/5)z2 over Z[(1++/5)/2].
Beyond representation results, we develop and implement an algorithm which counts the number
of representations of totally positive integers by a quaternary definite integral quadratic form @
defined over the ring of integers of any real quadratic number field. We also implement an algorithm
of Dembélé which returns a Hecke eigenbasis for spaces of Hilbert modular cusp forms of parallel
weight two and trivial character via an explicit version of the Eichler-Shimizu-Jacquet-Langlands

correspondence.



A primary tool for studying the theta series is Siegel’s product formula to compute the Eisenstein
components of the Fourier coefficients. To understand the cuspidal component of the theta series,
we first find a Hecke eigenbasis for the corresponding modular cusp space and write the cuspidal
component of the theta series as a linear combination of these basis elements. Then, using known
asymptotics on the Eisenstein coefficients and bounds by Deligne on the cusp form coefficients we
prove that all sufficiently large locally represented integers are represented. In particular for the
form @2, we show that all locally represented m > 15825810 are represented; we also present for

this form upper and lower bounds on rg(m) explicitly obtained from the theta series decomposition.
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Chapter 1

Background

1.1 Quadratic Forms

General references for this section include [6], [28], [32].

Definition 1.1.1. Let R be a commutative ring (with 1g). A quadratic form Q over R is a

polynomial Q(¥) € Rlxy,...xy,] of the form

Q@) = ) cymiz

i<j=1
with ¢;; € R.

Given two quadratic forms @1 : R — R, Q2 : R™ — R we define the orthogonal sum Q3 :=

Q1 L Q2 Qs3: R™™ — R by

Q3(T1y veey Ty Tt 1y ooy Tem) = Q1(X1,4 ooy Tn) + Q2(Tpt1y vvs Trbm)-

It is clear by definition that for # = 0, Q (%) = 0; however, depending upon the form, there may be
non-zero vectors which evaluate to 0. We say that Q is isotropic if there exists # # 0 such that

Q(Z) = 0. If @ is not isotropic, it is said to be anisotropic.

Example 1.1.1. Let Q(%) = 22 + 23.



e Over R=7Z,Q,R orF, (forp=3 (mod 4)), Q is anisotropic.
e Over R=C orF, (forp=1 (mod 4)), Q is isotropic.

When 2 € R is not a zero divisor, we can represent () by a symmetric matrix Mg:

Mg = [aijli<ij<n

where a;; + aj; = 2¢;; for ¢ = j and where a;; + aj; = ¢;; otherwise. Note that in particular this
means all diagonal entries of Mg are elements of R (as Vi, a;; = ¢;;); it is only the off-diagonal
entries that are allowed denominators. While Mg € M, (%R), in the case that Mg € M, (R) we
say that @ is classical. If a;; = 0 for all i # j we say that @) is diagonal, and we then write

Q = <Clly ---,Crm>-

Example 1.1.2. Let R =7.

1
e Q(T)=(1,1) =23 +23 < Mg = is classical (equiv. is classically integral).
01
1 3/2
e Q(T) = 22 + 3z122 + 73 > Mg = is not classical (equiv. is not classically
3/2 1

integral).

Two n-ary forms @1, Q2 over R are said to be R-equivalent if there exists A € GL,(R) such
that AtMQlA = MQQ.

Theorem 1.1.1. Let K be a field with characteristic char(K) # 2. Let Q be a quadratic form over
K. Then Q is K-equivalent to a diagonal form, and can be diagonalized via a series of elementary

row and column operations.
N.B. By definition, this shows that @) is K-equivalent to a diagonal form.

Proof. As stated, this theorem can be found in [28, pg. 7]; however, [6, Section 8.3] treats more

general cases.



We proceed by induction on n. When n = 1, this is trivial. Assume, then, that the statement

holds for all 1 < m < n and suppose @ : K" — K. For Q(%) = Z cijrixj, the associated

1<i,j<n

symmetric matrix Mg is defined by

Mg = [ai;].

There are three disjoint cases:

S1.

S2.

S3.

ai; = a;1 = 0 for all 2 < i,j < n. If this holds, then @ = (a11) L @ for Q' : K" ! — K.

By induction there exists a series of elementary (n — 1) row and column operations { A’} such

1 0
that A’Mg A" is diagonal. Set A = . Then AMgA" is diagonal, with A a product
0 A

of elementary row and column operations.

a11 # 0, and for some 2 < k < n ap; = a1 # 0. For each 2 < k < n with ax; = a1 # 0 let

FEj. denote the elementary row matrix sending r; — r; for all ¢ # k and rp — 7 — %rl. Let

E = HEk Then EMgE" = [b;j] where biy = by = 0 for all 2 < ¢ < n. Then apply S1 to
k

Mé2 = [bjj].

a1 = 0, and for some 2 < k < nag; = ayp # 0. Let 2 < k < n be minimal with ag; = a1 # 0.

Let Ej denote the elementary row matrix sending r; — r; for all ¢ > 1 and ry — r1 + 7.

Then EkMQEt = [bs;] where b1 = a1 + ag1 = 2a1;, # 0 (by choice of k and characteristic of

the field). Then apply 52 to Mg, = [b;].

O]

We assume that our quadratic forms () are non-degenerate, meaning det(Mg) # 0. We refer

to det Mg as the discriminant of Q. If Q) is a quadratic form over a field K (of characteristic not

two) then the discriminant is well-defined up to a non-zero square. Note also that any degenerate

2

form is automatically isotropic; however, considering the form Q(#) = z? — 23 isotropy does not

imply degeneracy.

Let K be a number field (including K = Q). We say that quadratic forms @1, Q2 over Ok are

in the same genus if they are equivalent over Ok, for all places v (including v|co). Note that it is

possible for Og-inequivalent forms to be in the same genus:



Example 1.1.3. (taken from [6, pg. 129]) Consider the quadratic forms Q1(%) = =% + 8223 and

Q2(%) = 222 + 4122 over Ok = Z. These forms are not Z-equivalent but are in the same genus.

It is known that quadratic forms in the same genus have the same discriminant, and therefore
there are only finitely many equivalence classes in a genus. See [6, Chapter 9] for additional refer-

ences.

We say that m € R is represented by @ if there exists ¥ € R" such that Q(¥) = m. If Q
represents m for all m € R, we say that () is universal. In the particular case that R is the ring
of integers of a totally real number field K (K = Q allowed), we say that @ is totally positive
(resp. negative) definite if for all Z # 0, o; (Q(Z)) > 0 (resp. 0; (Q(Z)) < 0) for all o; : K — R
embeddings. We say that @) is positive-universal (resp. negative-universal) if for all m € (9;2

(resp. m € O) the equation Q(&) = m has a solution for Z an O vector.
Example 1.1.4. Let Q(%) = 2% + 23.

e Over R=T,,C, Q is universal.

e Ouer R =17, Q is positive-definite, but is not positive-universal.

Regarding positive universality of integral quaternary forms, the following results are funda-

mental.

Theorem 1.1.2. (a) (Ramanugjan, Dickson) There are, up to equivalence, 54 diagonal positive

universal quaternary quadratic forms over Z.

(b) (Conway-Schneeberger, Bhargava) Let Q be a classically integral quadratic form over Z. Then

Q is positive universal if and only if QQ represents the numbers
1,2,3,5,6,7,10,14, and 15.

Up to equivalence, there are 204 such forms.

(¢) (Bhargava-Hanke) Let Q be a quadratic form over Z. Then Q is positive universal if and only

if it represents the numbers



1,2,3,5,6,7,10,13,14, 15,17, 19,21, 22, 23, 26, 29, 30, 31, 34, 35, 37, 42, 58, 93, 110, 145, 203, and 290.

Up to equivalence there are 6436 such forms.

1.2 Characters

General sources for this section include [2, Chapter 6], [4, Chapter 1], and [30, Chapter 3].

Definition 1.2.1. Let N € N. A Dirichlet character modulo N is a group homomorphism
x:(Z/NZ)* — C*.

For any two Dirichlet characters x, 1 modulo N we define

(x¥)(n) := x(n)¥(n),Vn € (Z/NZ)*.

Thus the set of Dirichlet characters modulo N is a multiplicative group, called the dual group of

(Z/N7Z)*. The identity of the dual group is the trivial character

Iy : (Z/NZ)* — C*

Iny(n) = 1.

Moreover, for any x, define X(a) = x(a) for all a € (Z/NZ)*. We make the following observations:

(1) The values taken by any Dirichlet character are complex roots of unity. We say that x is

quadratic when x(n) = %1 for all n.

(2) Every Dirichlet character mod N can be extended to a map x : Z/NZ — C by setting
x(n) = 0 for all n such that (n, N) > 1. This then allows a character to be defined as
X : NU {0} — C by composing with the natural reduction map. We will follow the standard

abuse of terminology and refer to this extended Dirichlet character as a Dirichlet character.

Example 1.2.1. The Dirichlet characters modulo 5 are given by:



0|1 2| 3] 4
1{of1| 1] 1|1
vo|lO|1]=1|-1]1
x|l O 1] i | —i| -1
xallO| 1] =i| i | -1

For 0 < d|N, we can lift a Dirichlet character modulo d to a Dirichlet character modulo N by

setting

XN = Xd°TN,d

where 7 g : (Z/NZ)* — (Z/dZ)* is the natural projection map; however, while there is always a
way to lift characters, there may not always be a way to reduce characters. The conductor of x
is defined to be the smallest positive divisor d of N such that x = xq07n 4. When d = N, we say

X is a primitive character.

Example 1.2.2. (For details see [4, Sections 1.1, 1.7]) Suppose K is a quadratic number field with
discriminant D. There exists a quadratic Dirichlet character xp of conductor |D| such that for a

prime p € Z:

§
1, if p splits,

xp(p) = 0, if p ramifies,

—1, ifp is inert.

To a given Dirichlet character modulo N, we can define a corresponding Gauss sum as

2mi /N

where (y = ¢ is a primitive N** root of unity.



We now refer to two well-known results, both of which are proved in [2, Chapter 8]. The first

is an orthogonality result regarding 7(1,1):

Theorem 1.2.1.

N 0, ifz#y (modN)
a(z—y) _

E (N =

a=0 N, ifzx=y (mod N)

Using that, one can show the following:
Theorem 1.2.2. Let x be a Dirichlet character of conductor N. Then |7(x,1)| = V/N.

For the generalization of characters to number fields, we borrow heavily from [30, Chapter 3]
and especially [4, Section 1.7].
Let K be a totally real number field with n real embeddings. Let 91 be a nonzero ideal of Og.
Let x;m : (Og/M)* — C* be a character. As before, we say the character ym, is primitive if it
does not come from a composition with a natural projection map; that is, if it is not of the form

Xo © T p for 9|91 a nonzero ideal. One can extend x, to Ok by

xo(a  (mod M), (a,M) =1
xo(a) =
0, otherwise.

To extend this to a character of principal ideals, we need to ensure that yg is trivial on units. To

n
this end let %1, ...,, be purely imaginary complex parameters with th = 0. Let uy,...,u, € R
j=1
with u; € {0,1}. We define characters x; of R* by

x;j(a) = sgn(x)" x|’

and a character oo on O by

Xoo(@) = [ ] x;(a"?).
j=1

One can choose the {u;,t;} such that x(a) = xoo(a)xm(a) is trivial on Oy (see [4, pg. 77| for

specifics). We say that a Hecke character is a character of ideals whose restriction to principal



ideals arises in this way.

N.B. When K = Q this does indeed restrict to the case of Dirichlet characters discussed above.

1.3 L-functions

A general reference for this section (from which we will borrow liberally) is [2, Chapter 11-12].

Let s € C. If x is a Dirichlet character, we can define an L-function (over Q) as

n=1
Using the notation of [2], we set
s=o0+it
for o,t € R. If 0 > a then
x| _ x(m)]
n® | n?

Therefore, if > x(n)n™* converges absolutely for s = a+ bi, then it also converges absolutely for all
s with o > a. Because |x| is bounded for any choice of character x, > x(n)n™* converges absolutely

for o > 1 [2, pg. 225]. Moreover, since x is completely multiplicative for o > 1 we have

La(s,x) = > x(mn~

_ nli[ (1_X(P)>1
p prime v’

where p runs over all positive prime numbers. (Again, see [2, Theorem 11.7].)

71-2

Example 1.3.1. Lg(2,1) = (p(2) = R



L-functions over number fields K can also be defined in a similar manner. Given a Hecke

character y;,

)

p prime
where the product runs over all non-zero prime ideals p of Of.
In certain cases, there are ways to write (and consequently, evaluate) L-functions over number

fields as a product of finitely many L-functions over Q.

Example 1.3.2. Let K be a quadratic number field with discriminant D. Then

Ck(s) = Co(s)La(s: xp)-

where xp is the quadratic Dirichlet character of conductor |D| defined in the previous section.
N.B. We will use this example in the case K = Q(+/5) later in this document.

Proof.

O]

As a slight generalization: let N(-) denote the norm map from Ok to Z, and let 1) be a Dirichlet
character on Q. Then

L(S?w ON) = L(8>¢)L(571/)XD)-



Proof. Let p € Ok be a prime with p € Z a positive generator of the ideal lying below p. Then

LK(SJ/)ON) =

- I (1_

p|p ramified

p|p inert

We treat each of these three components separately:

For a prime p lying above a ramified prime p, N(p) = p. Moreover

plp ramified

For p = p inert, N(p) = p? and

(4o N)(p)

NGy

1

p|p inert

X

H <1 B (1#;(];7))8(13))1

zb(p))l
1 - 2/
D raln!ﬁed ( P
1 (1 B zb(p)>1 (1 _ Yxo(p)
p ramified P P’
) -1
_ (p?)
pgrt : pQS )
) -1
_ ¥(p)
p]i;!rt : p28 )
-1
¥(p) xp(p
1 2 1—
pgrt ps ) (p]i;!rt

Last, we consider split primes. For p|p which is split, N(p) = p. Thus,

|

I (1-

plp split

(woN)(p)>
N(p)s

1

T (1~

p split

¥(p)\ ! 2
o))
o)) (e

This then shows that indeed Lg(s,9 o N) = Lg(s,%)Lg(s,¥xD).

10

Yxp(p)

pS

.

-1
ps)'

))

p))‘l I (1_@;(]:)1@))‘1 11 <1_<w

p|p split



1.4 Quaternion Algebras

General references include [41], [33], [42]. One can also see [34, Chapters 3-4] and [28, Chapter 3].

Definition 1.4.1. A division ring (or skew field) is a ring where every non-zero element has a

multiplicative inverse.

Note: A division ring differs from a field in that multiplication in a division ring need not be

commutative. Thus, all fields are division rings, but not all division rings are fields.
Definition 1.4.2. Let F be a field with characteristic char(F) # 2. Let u,v € F*. A quaternion
u, v

algebra B = (?> over F is a central simple algebra with K-basis {1,i,7,ij} satisfying i> = u,

JT =, 1y = —ji.

Remark: In the case that char(F) = 2, one can define a quaternion algebra B = (Z’;)
2

by requiring that « € F, v € F* and that the non-trivial generators 4, j satisfy i = u, j2 = v,

ji=(i+1)j.

Theorem 1.4.1. (Artin-Wedderburn) Suppose R is a semisimple ring. Then there exist division

algebras D1, ..., Dy and natural numbers ny, ..., ny with
R M,,(Dy) X ... X My, (Dy).

Proof. See [24, pg. 203]. O

Corollary 1.4.1. As a quaternion algebra B over a field F is a central simple algebra of degree 4,

either:
e B D for D a four-dimensional division ring over F.

o B My (F).

11



Example 1.4.1. Let F be any field. My(F') is always a quaternion algebra over F; in particular,

1,1
My (F) = < = ) with

01
] =
10
1 0
, char(F) # 2
0 -1
T -
01
,  char(F)=2.
11

Example 1.4.2. Up to isomorphism, the two quaternion algebras over F' =R are

1. The traditional Hamiltonians H = <_1ﬁ%_1).

1,1
2. The matriz group Ma(R) = ( IE% )

For the remainder of this section, let F' be a number field (including F' = Q). Let B be a

quaternion algebra over F'. Additionally, we refer to a given b € B as
b=a+ fi+yj+ dij

where «, 8,7, € F.

Definition 1.4.3. There is a standard involution on B (i.e., an anti-automorphism of order 2, see

[36, Section 19]) given by
b=oa+Bi+~vyj+dij—b=a—Bi—yj—5ij.
This gives us two functions from B to F:

e The trace function

Trp(x) :z— z+7T.

12



e The (reduced) norm

Np(x) : z — 27

Let By denote the trace 0 elements of B;i.e., By = {8i +vj + dij : B,7,d € F}.

The norm function is of particular interest as it is a quaternary quadratic form:

2T = (@1 + i+ 23] + waif) (21 — D28 — T3] — T4i))

= l’% — ux% — U:E% + uv:ri.

For each completion F,, of F', we record the isotropy of the norm form by the Hilbert symbol

(u,v)F,. Specifically, we define the Hilbert symbol to be

1, Ngp(z)= 2% — uxl — vr} + uva? is isotropic over F,

-1 otherwise.

)

Theorem 1.4.2. Let F be a number field with v denoting a place of F. Let B = (%) be a

quaternion algebra. The following are equivalent:

u,v
1. B, = d = My (F)).
(") = anr)

v

2. Np(z) = 2% — ux3 — va} + wva? is isotropic over F,.

3. Np,(x) = —ux% - vx% + uvxi 18 1sotropic over F,.

When these conditions are satisfied, we say that B is unramified (or is split) at v. If these

conditions are not satisfied, we say that B is ramified at v.

Proof. (3) = (2) is trivial.

(1) = (2) is trivial.

(1) & (2) & (3) can be found in the classic literature, including [28, Theorem 2.7, pg. 58].

13
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Theorem 1.4.3. (Hilbert) Let F' be a number field. Let u,v € F with uv # O0p. Then (u,v)p, =1

for almost all v and

Proof. See [34, Theorem 3, pg. 23| for a detailed proof in the case F' = Q (and for a statement on

how to extend to number fields). O

Corollary 1.4.2. B = (%) ramifies at an even number of places of F.

Theorem 1.4.4. A quaternion algebra B over a number field F' is uniquely determined by the

places of F' at which it ramifies.

Proof. The proof relies on specific Hilbert symbol facts and local-global results of ternary quadratic
forms. See [34, Chapter 3] for details on the treatment for rational quaternion algebras. See [25,

Section 2] for an extremely general treatment. O

Definition 1.4.4. We define the discriminant © = Dp of a quaternion algebra B over a number

field F' to be the integral ideal given by the product of the finite primes p over which B ramifies.

-1,-1
Example 1.4.3. Let F' be a number field, and consider the Hamiltonians B = < }’? )
o [fF =Q, then B has discriminant 2.
o If F =Q(\5), then B has discriminant 1.

Definition 1.4.5. Let B be a quaternion algebra over a number field F'. A quaternion order

(over Or) is a subring R C B that is finitely generated as an Op-module and such that RF = B.

Quaternion orders always exist: Let B be any quaternion algebra over F' with standard gener-

ators {1,4,7,ij}. Then R = Op + Opi + Opj + Opij is a quaternion order.

Definition 1.4.6. A quaternion order R C B is said to be maximal if there is no other quaternion

order S C B satisfying RC S C B.

14



One way to verify that a given quaternion order R C B is maximal is to compare its discriminant

to the discriminant ® of B. The discriminant 0y of an order R is an ideal satisfying

%=1

where [ is the ideal generated by the set

{det(TTB(xixj))i,jzl,...A X1, ..., T4 € R}

Theorem 1.4.5. An order R C B is mazimal iff 0p = 9©.

Proof. A proof is sketched in [42, pg. 29], which in turn references [41, Chapter 2]. O

~1,-1
Q(V5)

Example 1.4.4. Let B = ( ) Then R = Ope1 + Opey + Opes + Orey is a mazimal order

where

1
€1 = 5

1
€y = 5

(
(-

es = F(1Bi-155 4k
(

1
€4 = 5

1.5 (Classical) Modular Forms

General background and details to proofs can be found in [14], [30], [35] and [39]. Any specific
additional references will be given in context. We intend to introduce terminology in such a way

as to highlight parallels with the next section.

We refer to SLa(Z) (or GL3 (Z)) as the full modular group I'(1). Let 0 # N C Z be an ideal
(as a slight, yet common, abuse of notation in this section we will also let N refer to the positive

element which generates the ideal V). We define the principal congruence subgroup of level

15



N to be
10

I(N):=<(v€SLyZ):~ (mod N)

0 1

Any subgroup I' of GL3 (Q) such that I' contains some I'(V) with finite index is a congruence
subgroup (of GL3 (Q)).

Example 1.5.1. Two additional congruence subgroups (of level N ) which will be of importance are

a b a b 1 *

o I'|(N) = € SLy(Z) : = (mod N)
c d c d 01
a b a b * %

e I'o(N) = € SLy(Z) : = (mod N)
c d c d 0 =*

Note also that we have

We next discuss the relative indices of these subgroups. Noting that the natural map SLs(Z) —
SLy(Z/NZ) has kernel I'(N), by the Orbit-Stabilizer Theorem

[SLa(Z) : T(N)] = SLo(Z/NZ)| = N* ]| (1 _ p12> .
pIN

Similarly,

I'(N) — Z/NZ

— b (mod N)

has kernel I'(N), implying [['1 (V) : I'(N)] = N. And

To(N) — (Z/NZ)*

a
— d (mod N)

c d

16



has kernel I'1 (V), so [['o(N) : T'1 (V)] = ¢(N).

In conclusion, we have:

1
NH(l + 5)

p|N N
SLy(Z) 5> To(N) 2 T (N) S T(N)
wIJa-2) = o)
pIN
wIla- )
pIN P’

b
IR

Moreover, SLy(Z) is a subgroup of GLj (Q) which acts transitively on Q U {oo} (as any rational

a

number can take the form ¢ where (a,c) = 1, which then by definition of relatively prime means

there exist b,d € Z with ad — bc = 1).

For I' a congruence subgroup, we say the orbits of I'\(Q U {oc0}) are the cusps of I'. While we

have just shown that for I' = SLs(Z) there is one cusp, we in fact have:
Theorem 1.5.1. For any congruence subgroup I' C SLy(7Z), T' has finitely many cusps.

Proof. See [14, pg. 58]. Note that this really is an application of the Orbit-Stabilizer Theorem and
the transitivity of SLy(Z) on Q U {oco}. O

Definition 1.5.1. A function f : H — C is called a modular form for I' C SLy(Z), [SL2(Z) :

I'] < oo of weight k € Z=° and level N if it satisfies all of the following conditions:

1. f is analytic on H.

17



az+b
cz+d

a b
> = (cz+ d)*f(2) for all v = el and z € H.

1 f(r2) =f< .

1II. f is holomorphic at all cusps.

We denote the space of such forms by My(T). If f € M(T) satisfies the additional condition
1V. f vanishes at all cusps

then we say f is a cusp form. We denote the space of such forms by Si(T).

Notes:

1 a
e Every congruence subgroup I' of level IV contains for some 1 < a < N. This means

0 1

that every modular form f is aZ-periodic for some a. Coupled with holomorphy at all cusps,

f has a Fourier expansion of the form

f(Z) _ Z an627rinz/a.

n>0

Moreover, if f € Si(I") then vanishing at all cusps forces ag = 0.

11
Example 1.5.2. For f € Mp(I'1(N)), because eI (V)

01

f(Z) — Zane27rinz

n>0

= Z anqn

n>0

where q := e*™%,

e Given I' =T'4(NV) and a Dirichlet character x of modulus N we can define

x:I' — C~
a b

= x(d).
c d

18



We then can refer to the spaces My (I'o(N), x), Sk(I'o(IN), x), where properties I, III, and IV

above still hold but where now the forms satisfy

1. f(vz) = x(7)(cz + d)* f(2) for all v = “ b € I'p(N) and z € H.
c d

Theorem 1.5.2. For T' a congruence subgroup My (') is a finite-dimensional C-vector space.

Proof. See [14, Chapter 3|. For examples of generators for spaces My (I'(1)) for various k see [18,
pg. 27]. O

The spaces Si(I') are equipped with an inner product, called the Petersson inner product. This
inner product extends to all f,g € Mg(T), so long as at least one of f or g is a cusp form [14,
pg. 182-183]. We define the subspace of Eisenstein series, denoted Ei(I'), as the orthogonal

complement of S (I") with respect to this inner product.

Theorem 1.5.3. Firing a weight k € Z=°, and congruence subgroup T’
M(T) = E(T) & Sg(T),

where the subspaces Ey(I") and S (') are orthogonal with respect to the Petersson inner product.
Proof. See [30, Theorem 2.1.7]. O
For the remainder of this section, we suppose I is either I';(N) or I'g(V) for some N € N.

Theorem 1.5.4. For a positive integer N, allowing x to run over all Dirichlet characters of

modulus N, we have
M(T1(N)) = @& Mg(Lo(N),x).

Proof. See [30, Lemma 4.3.1]. O

The spaces My (Io(N), x) are equipped with the action of Hecke operators. For p a nonzero

prime (generated by the element p), we define the action of the Hecke operator T, on f €
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M (T'o(N), x) by the formula:

[e.e]

(Tpf)(z) = Z <6an(f) + X(p)pk_lan/p(f)) p2minz

n=0
where n/p =0 when n # 0 (mod p).
Theorem 1.5.5. Let p,q{ N be nonzero primes.
1. If r,s € N then for all f € My(To(N),x):
= (T Ty )(f) = (Tg Ty ) (f)-
= Ty (f) = (LT — 0 X () T2 ()
2. The Hecke operators {T},} act by diagonalizable matrices on the spaces My(T").
Proof. See [14, Section 5.2-5.4], and [39, §2.4,3.4]. O
Let M|N and t|(N/M) be natural numbers; let ¢ = e?™*. We can realize a cusp form of level

M to a cusp form of level N in the following sense:

at:Sk(Fl(M)) — Sk(I‘l(N))

fla) — f(d")

We define the old subspace of I'i(N), denoted I'1 (N)oiq to be

Do > adS(T(M))).

t|(N/M) M|N

The new subspace of I';(N), denoted Si(I'1(IV))New, is the orthogonal complement of the old

space with respect to the Petersson inner product. That is,
Sk(F1(N)) = Sk(L1(N))New & Sk (I'1(N))ora-

Theorem 1.5.6. The old and new subspaces are preserved by the Hecke operators.
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Proof. See [14, Proposition 5.6.2]. O

o0
We define a newform f(z) = Z anq" € Sk(T'1(N))New to be a Hecke eigenform normalized so
n=1

that a]; = 1.

1.6 Hilbert Modular Forms

General background and details to proofs can be found in [15], [16], [17], and [37]. Any specific ad-
ditional references will be given in context. Unless otherwise specified, we assume K is a totally real
number field with distinct embeddings o1, ..., g,. We also assume that the narrow class number
is 1. (Recall that the narrow class group of K is the group of all fractional ideals modulo principal
ideals with totally positive generator. The requirement that K have class number 1 means that

every nonzero ideal has a totally positive generator.).

Let GLy (Ok) denote the 2 x 2 matrices with entries in O and totally positive determinant.
This is called the full Hilbert modular group (attached to K). Let 0 # 91 C Ok be an ideal.
I'(MN) = {y € GLF (Ok) : v = 15 (mod N)} is the principal congruence subgroup of level MN.
Let Z(Ok) be the center of GL3 (Ok). Any I' C GLj (K) such that [Z(Og)l : T(M)] < oo is a

congruence subgroup.

Example 1.6.1. For a nonzero ideal U C Ok we define

a b Ok O
Lo(M) = € BE ] ad—be € Ox"

c d N OK

This is a congruence subgroup of GL3 (K) of level 9.

The cusps of the Hilbert modular group are the elements a = (01(a), ..., 0 () € K™ together

with co = (ioc0, ..., i00). We say that two cusps are inequivalent if their orbits under I' are disjoint.

Definition 1.6.1. A function f : H® — C is called a Hilbert modular form for I' of weight

k= (ki,....kn) € (22)" and level M if it satisfies all of the following conditions
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1. f is holomorphic on H".

oi(a)z1 +01(b)  onl(a@)zn +0a(d)\ [T o ()2 + o (AN det (o ()2 | (2 .
II. f (al(c)z1+al(d)"”’an(c)zn+an(d)> = <1;[1( i(€)zi 4+ 04(d))¥ det(oi (7)) )f( Ly oes Zn)

for allyeT.

We denote the space of all such forms as My(T).

In comparison to classical modular forms, we note that there is no additional holomorphy con-
dition at the cusps. This is because in the Hilbert case it is automatic, following from Koecher’s

principle ([16, Section 1.4]).

Still we can define a cusp form as a modular form which satisfies the additional condition that
IV. f vanishes at all cusps.

We denote the space of cusp forms by Si(T').

1 a
Every congruence subgroup I' of level 91 contains My (= <(a € R": el ;. By

0 1
construction, f € My (') is aOg-periodic for some a. Coupled with holomorphy, f then has a

Fourier expansion of the form

f(Z) =ag+ Z av€27riTr(v~z)

vEMYJVQ+

where
My, :=A{k € K : Tr)g(km) € Z Vm € My}
and
Tr(v-z):=01(v)z1 + ... + 05 (V)2p.
Notes:
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o IfI' =Ty(D), then My = 0! is the inverse different of K [12, pg.6] and the Fourier expansion

of f is of the form

o If we assume K = Q the Fourier expansion above reduces to the Fourier expansion given in

the previous section.
Theorem 1.6.1. ForT' a congruence subgroup My(T') is a finite-dimensional C-vector space.
Proof. See [15, 1. §6] O

Acting on the spaces M3 () are pairwise commuting, diagonalizable Hecke operators Ty for 0 #
n C Ok an ideal relatively prime to 9. Suppose p 1 N is a nonzero prime ideal of Ok. Since we
assume that K has narrow class number one, there is a totally positive generator p of p. We then

define the action of the Hecke operator 7}, by the formula

<Tpf><z>=zv<p>f<pz>+]\im OZ/O f<z+“).
acOk /pOk

(12, pg. 6]

Theorem 1.6.2. 1. If p, 1N are distinct nonzero prime ideals, and if r,s € N, then

= (Tyrqs)(f) = (Tpr Tge ) (f)
= () () = (LyTyr—1 = N(p)Tpr—2)(f)

Proof. See [16, pg. 61]. O

1.7 Theta Series and Local Densities

General references for this section include [21] and [38]. Additional references for specific proofs

will also be provided.
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Throughout this section let () be a quaternary positive-definite integral quadratic form over a
real quadratic number field K (or K = Q). [Note that all definitions can be altered so that @ has
three or more variables and is defined over any totally real number field. Note also that we refer to
the symmetric matrix associated to @ as Mg.] We define the level Mg of @ to be the largest Ok
ideal such that for all primes p, M,(2Mg,) ! is a matrix of integral ideals with diagonal entries in

20k . We also define the determinant D of @ to be det(Mg). Last, we set the following Hecke

xXQ(p) = (?) :

character defined for all p 1 2919 by

Recall that the local normalized form of @ is
Q) =0y, Y™ Qi(T;),
J

with dim(Q;) < 2 (and in fact, for p {2, dim(Q;) = 1). We then define
So=4{jlvj =0} Si={jly=1}  Sa={jlv; =2},

and we let s; = > ¢ dim(Q;).

For fixed m € O, we let
rq(m) := #{Z € Ok : Q(T) = m}.
We then define the theta series associated to () as

O¢(z) =1+ Z rQ(m)eQ’TiTr(m'z).

Theorem 1.7.1. ©¢g(m) is a Hilbert modular form of weight k = 2 over I'o(MNg) with associated

character xq-

Proof. See [1, Theorem 2.2, pg. 61]. O
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As each space of modular forms of fixed weight, level and character decomposes into a direct

sum of Eisenstein series and cusp forms, we write Og(2) = Eg(z) ® Sg(z), and
r(m) = ap(m) + as(m)

for each coefficient in the Fourier expansion of Og.

Following the language of [21] and [38], for fixed m € O} and fixed totally positive definite

form @ over Ok we define the local density f,(m) at a place v of K by

- Vol(Q™'(U))
Bulm) = im0

where U is an open neighborhood of m in K, and where the volume is determined by a fixed Haar

measure.

Siegel’s product formula [38, Sections 10, 11] then states

ag(m) = Hﬂy(m).

When v|oo, explicit values for 3, (m) can be computed again using results of Siegel. Specifically

L1 80(m) = PP HUAE) 52N g (det(Mg) ™/ Nig g (m).

v|oo

Note that this is a special case of Hilfssatz 72 of [38].

When v { oo and we associate the prime ideal p with its place 14, B,(m) can be rewritten as

25



where N (p) is the norm of the ideal p and where ryv (m) = # {a‘c’ € (Ox/p*Or)*|Q(Z) = m (mod p”)}
([21, pg. 368]note that this reference has a typo in the power of N(p). What appears here is cor-

rect.).

To count rpe(m) for v >> 1, we want to use Hensel’s Lemma and reduction maps. Following

the terminology of [21]:

Definition 1.7.1. Let Ry (m) := {Z € (Ok /p"Ok)* : Q(¥) = m (mod p®)}. Note that by defini-
tion #Rpo(m) = rye(m).

Z € Rpo(m) is of Zero type if T = 0 (mod p) (in which case, we say & € Rgfro(m) with
#Rgﬁro(m) = rgvero(m)), is of Good type if p¥ia; # 0 (mod p) for some j (in which case, we say

ze R;%O‘)d(m) with #RSPOd(m) = rg’f"’d(m)), and is of Bad type otherwise.
As for the reduction maps:
Theorem 1.7.2.
158 (m) = N (p) 1527 (om)
for k > 2ord,(2) + 1.

Proof. See [21, Lemma 3.2]. O

Theorem 1.7.3. The map

m
A Rg;fm(m) — Ry <7T§>
 — 77;13_:’ (mod p*~2)
is a surjective map with multiplicity N (p)*.

Proof. See [21, pg. 359]. O

Theorem 1.7.4. e Bad-Type-I: This occurs when Sy # 0 and Ts, # 0.

Bad, s, £0 m
B R k 1 (m) — RGIc(ioldQ/ -
P 7Q b ’ 7Tp
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which is defined for each index j by

:L‘}»—)Tr,;lx_} =vj+1, j€Sy

/

Y
— — / .
=y v;=v—1, j€So

is surjective with multiplicity N (p)s1752.

e Bad-Type-1I:

Bad,Zs, =0 T, 20 m
B! R 1 (m) — Rp,ﬁQ Q" —

k 2
p 7Q 7Tp
which is defined for each index j by
x‘}»—wrglx_} vl =v;,  JESIUS
Tje T v == 2, J &Sy

is surjective with multiplicity N (p)8=%0~51,

Proof. Again, see [21, pg. 360]. O

The last consideration to be made when computing local densities is that of the stable ideal.

Definition 1.7.2. A number m € (9} is p-stable if m is locally represented at p, and for all

k >> 1 then the quantily
rei (gt ) (m) + R (g m)
is constant for all v > 1. We say that m is stable if it is p-stable for all primes p.

By [21, pg. 362] we know that all m are p-stable when p { Mg and that MO is a stable ideal

in the sense that m is stable for all locally represented m € MgOk.
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1.8 Quaternionic Modular Forms and the Jacquet-Langlands Cor-

respondence

References for this section include [10], [11], [12] and [22]. We borrow heavily from [12]. Through-
out, we assume that B is a quaternion algebra over a totally real number field K (K # Q, only to
highlight Hilbert modular forms) which has narrow class number 1. Additionally, we assume that

B splits at all infinite places of K. Last, we let R C B denote a maximal order.

Let

Ry(M) =z €R:zx= (mod N)

If I and J are two invertible (right) fractional R-ideals, they are in the same ideal class if they
are isomorphic as right R-modules. The equivalence class of I is denoted by [I] and the set of all

invertible right R-modules is Cl R.

Definition 1.8.1. A quaternionic modular form for B of parallel weight 2 and level N is a
map

f:ClRy(M) — C.
The space of such forms is denoted M (MN).

A modular form for B which is orthogonal to the one-dimensional subspace of constant func-
tions [the Eisenstein series equivalent] is called a cusp form for B. The space of cusp forms is

denoted SZ(M).

As in the previous cases, there are Hecke operators which act on this space. Let p be a nonzero
prime ideal in O with p { M. For a right R-ideal I with norm coprime to p, the action of the

Hecke operator T}, is defined to be

(T (1)) -

[
(]
=
S



Theorem 1.8.1. (FEichler-Shimizu-Jacquet-Langlands) Let B be a quaternion algebra over F of
discriminant O, let N be an ideal coprime to ® and let x be a character of conductor M. Then

there is an injective map of Hecke modules

SEM,x) = S2(dN,x)

whose image consists of those Hilbert cusp forms which are new at all primes p|D.

We note that in the case that the quaternion algebra B has discriminant ® = (1), the injection

is actually an isomorphism.

Proof. See [22, Section 2.3.6] which in turn gives detailed explanations on references for the proof.

O

1.9 Outline of Dembélé’s Algorithm

Fix a quaternion algebra B which ramifies at all infinite places of a totally real number field K with
ring of integers Ok . Suppose additionally that K has narrow class number one. Let ® denote the
discriminant of the quaternion algebra and let 91 be an ideal coprime to ®. Set m = - 91. Then

by the Eichler-Shimizu-Jacquet-Langlands correspondence there is an injection of Hecke modules

SEOLx) = Sa(m,x)

where the image consists of Hilbert cusp forms new at all primes p|D.

Dembélé provides the following algorithm for computing coefficients of Fourier expansions of

such forms (see [10], [11]):

(1) Find a maximal order R = Oge; + Oges + Oges + Okeq of B. Compute its group of norm
1 elements R;. Note that by the assumption that B is ramified at all infinite places, this set

will be finite.
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(2)

3)

Let p be a prime in F' with totally-positive generator m,. Find the quaternions in R with

norm 7. Store O(p) :={x € R: N(z) =mp}/ ~, where z ~ y <> o =y - u,u € Ry.

For every prime |0, find a local isomorphism
R® (Ok/qa%) = M2(Ok /q%).

Note that this isomorphism exists as we have chosen 9t coprime to the discriminant © of B.

Compute the space ]P’}C(OK /M), which is defined to be
P\ (Ox /M) := Hi(N)/ ~
where
Hi (M) = {(a D) € (Ox/NOK)?, ged(a,b) € (OK/‘)T(’)K)X}

and where (a : b) ~ (¢ : d) ¢> a = cu,b = du for u € ker(x). By the Chinese Remainder

Theorem, this is equivalent to working over the product
IP)l OK/m le O /qord )
IR

Let F denote the fundamental domain, which is the collection of orbits of elements of

IP’%C((’) K /m) under left-multiplication by an element of R;.

Compute the action of the Hecke operator T, as follows: for f € SP (), let

T (x Zumme.}"

u€B(p

where

u-x=u-(x1:x2) = (azxy1 + bxy : cx1 + dxs),u =
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1.10 Examples

To highlight the steps of Dembélé’s algorithm, we provide the following examples over the totally

real number field Q. That is, we will provide bases for the following spaces of cusp forms:
o S5(To(14))
o S5(T'p(26))

e 55(T0(26), x), for x a quadratic character of conductor 13.

—1

, —

by considering B = < ) which has discriminant ® = 2 (meaning it ramifies at the only

infinite place and at p = 2). Let R denote the maximal order of B given by
R =7Zeq1 + Zeo + Zes + Zey

where

e = %(1+i+j+k)
es = 1
e3 = J
ea = k.

Given an element z = Ae; + Bey + Ceg + Dey = (A, B,C,D) € R, the reduced norm N(x) =
A? + AB + AC + AD + B? + C? + D? is a positive definite quadratic form.

We begin by finding the elements v € Ry:

Ry = +{(2,-1,-1,-1),(1,0,0,0),(1,0,0, 1), (1,0,-1,0), (1,0, -1, —1), (1,—1,0,0),

(1,-1,0,-1),(1,-1,-1,0), (1, —1,-1,—1),(0,1,0,0), (0,0, 1,0), (0,0,0,1)}.
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Next we compute ©(p) for various p. This was accomplished by the bounding region code which

will be discussed at length in the next chapter.

e p =2. The elements z = (A, B,C, D) € R of norm 2 are:

+{(0,0,1,-1),(0,0,1,1),(0,1,—1,0), (0,1,0,—1), (0, 1,0,1), (0,1, 1,0),

(27 _27 _17 _1)> (2a _17 _27 _1)7 (27 _17 _17 _2)7 (27 _17 _17 0)? (21 _1707 _1)7 (27 07 _11 _1)}

Taking equivalences up to units, we see

0(2) = {(0,0,1,1)} < {j + k).

e p = 3. The elements z = (A, B,C, D) € R of norm 3 are:

+{(3,-1,-1,-1),(3,-2,-1,-1),(2,0,0,-1), (2,-1,0,0)
(3,-1,-1,-2),(3,-2,—1,-2),(2,0,—1,0), (2, -1,0, —2)
(3,-1,-2,-1),(3,-2,-2,-1),(2,0,—1,-2), (2, -1, —2,0)
(3,-1,-2,-2),(3,-2,-2,-2),(2,0, -2, —1), (2, -1, -2, -2)
(2,-2,0,-1),(1,1,0,0),(1,0,1,0), (1,0, —1,1)
(2,-2,-1,0),(1,1,0,—1),(1,0,1,—1), (1,0, -1, —2)
(2,-2,-1,-2),(1,1,-1,0),(1,0,0,1), (1,0, -2, 0)
(2,-2,-2,—-1),(1,1,—1,—-1),(1,0,0,-2), (1,0, -2, —1)
(1,-1,1,0),(1,-1,-1,1),(1,-2,0,0), (0,1,1,1)
(1,-1,1,-1),(1,-1,-1,-2),(1,-2,0, —1),(0,1,1, 1)
(1,-1,0,1),(1,-1,-2,0),(1,-2,—1,0), (0,1, —1,1)

(17 _L Oa _2)’ (17 _17 _27 _1)’ (17 _2a _17 _1)7 (07 17 _L _1)}
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Taking equivalences up to units, then,

©3) = {(0,1,1,1),(0,1,1,-1),(0,1,—1,1),(0,1,-1,-1)}

= {i+j+kitj—ki—j+ki—j—k}

Example 1.10.1. We compute the first few Fourier coefficients of the cusp forms which provide a
Hecke eigenbasis for Sa(14,1).

Note that in this case we have 91 =7, m = 14.

We take the following local isomorphism R ® (Z/7Z) = My (Z/7Z):

1 0 0 1
1~ 7>

01 -1 0

2 3 3 5
j— k—

3 5 -2 =3

Noting that

P} (Z/7Z) =PY(2/7Z) = {(1:0),(0:1),(1:1),(2:1),(3:1),(4:1),(5:1),(6:1)}

we next consider the image of R;/{%1} under the local isomorphism:

(0,0,0,1) (0,0,1,0) <

(0,1,0,0) < (2,-1,-1,-1) «

33



5 31

(1,-1,-1,-1) (1,0,0,0) <
0 3 05
0 15

(1,0,0,—1) +» (1,0,—1,0) «»
2 1 40
30 50

(1,-1,0,0) + (1,0,—-1,-1) &
15 6 3
0 2 1 4

(1,-1,0,—1) & (1,—-1,-1,0) <
31 5 0

This gives a fundamental domain of
F={{(1:0),(0:1),(2:1),3: D}, {(1:1),(4:1),(5:1),(6:1)}}.
The Hecke action then is as follows:

e For p =2, we have

5 8
itk
1 2
Alma:o) = | ° 8)(1:@
1 2
= (5:1)
Alma:y = |° 8)(1:1>
1 2
= (13:3)=(2:1)



1
Thus, Tp = . The eigenvalues are \y = —A9 = 1. The eigenvector corresponding

10

to A1 is (1,1) (our Eisenstein component), and the eigenvector corresponding to Ay = 1 is

(1,—1) (our cusp).

e For p = 3 we have

i+i+ke i+j—ke

i—j+ ke i—j—k &

Then:

0

1 3 -5 -7

+ (1:0)+ (1:0)
—6 2 2 =2

= 5:0)+(-1:4)+(1:-6)+(-5:2)

5 9 1 -1
AlTs(1:1) = (1:1)+ (1:1)
0 2 42
1 —5 -7
+ (1:1)+ (1:1)
—6 2 2 -2

= 0:1)+2:1)+(1:1)+(1:0).
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1 3

Thus, T35 = . The eigenvalues are Ay = 4 and A\ = —2. For A\; = 4, the corre-
3 1

sponding eigenvector is (1,1) (the Eisenstein component). For Ao = —2, the corresponding

eigenvector is (1,—1) (the cusp component).
Thus the cusp space S3(14, 1) is one-dimensional with basis vector ¢ — ¢* — 2¢® + ....

Example 1.10.2. We compute the first few Fourier coefficients of the cusp forms which provide a
Hecke eigenbasis for S2(26,1).

Here we have 91 = 13, m = 26. For our local isomorphism R® (Z/13Z) = My (Z/13Z) we choose:

10 0 1
1— 1
01 12 0
3 4 4 10
j— k—
4 10 10 9

Noting that

P} (2/137) = PY(Z/13Z) = {(1:0),(0:1),(1:1),(2:1),(3:1),(4:1),(5:1),(6:1),

(7:1),(8:1),(9:1),(10:1),(11:1),(12: 1)}

we next consider the image of Ry/{41} under the local isomorphism:

4 10 3 4
(0,0,0,1) < (0,0,1,0) <

10 9 4 10

0 1 10
(0,1,0,0) (2,-1,-1,—1)

12 0 0 1
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10 12 4 1

(1,-1,-1,-1) (1,0,0,0) <
0 4 0 10
0 4 1 10
(1,0,0,—1) +» (1,0,—1,0) <>
31 9 0
4 0 10 0
(1,-1,0,0) <> (1,0,—1,—1) &
1 10 12 4
0 3 1 9
(1,-1,0,—1) & (1,—1,-1,0) &
4 1 10 0

The fundamental domain is therefore

F={{(1:0),(0:1),(3:1),4: 1D}, {(1:1),(7:1),(11:1),(12: 1)},

{(2:1),(5:1),(6:1),(8:1),(9:1),(10 :

The Hecke action then is as follows:

37

1}}-



e For p=2

7 1
Jtk =
1 6
71
follTe(1:0) = (1:0)
1 6
= (7:1)
7 1
leTQ(l . 1) = (1 . 1)
1 6
= (8:7)=(3:1)
71
fol|Te(2:1) = (2:1)
1 6
= (15:8)=(10:1)
010
SoTo =111 0 0 |, which has eigenvalues A\; = —1, Ay = A3 = 1. For A = —1 we have
0 0 1
eigenvector (1,—1,0), and for the eigenvalues Ay = A3 = 1 we have eigenvectors (1, 1,0) and
(0,0,1).
e For p=3
7 2 12 8
i+ ke itj—k
0 6 6 1
1 7 6 0
i—j+ke i— ko
5 12 11 7
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and

follT5(1 -

[aw)
S~—
Il
+ B
e ~ O ~
ot =
—
o ~
\_/
— (=
(an]
SN—
+
// (@)}
—_
—
-~ e
v
—~
—
(aw]
=

= (7:0)4+(12:6)+(1:5)+(6:11)

= (1:004+(2:1)+8:1)+(10:1)

7T 2 12 8
fllTs(1:1) = ( )1:1)—1—( )(1:1)
0 6 6 1
6 0
(1:1)
o5 12 11 7

= (20:7) + (8:17) + (6 : 18)

= (8:1)+(1:1)+(2:1)+(9:1)

7T 2 12 8
0 6 6 1
6 0
(2:1)
o5 12 11 7

= (16:6) + (32:13) + (9: 22) + (12 : 29)

= (7:1)4+(1:0)+(1:1)+(4:1).
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1 0 3

Thus T3 = 01 3 with eigenvectors Ay = 4, A2 = 1, A3 = —3. The eigenvector
2 20
associated to \; = 4 is our Eisenstein component (1,1,1). For Ay = 1 we have vector

(1,—1,0), and for vector Az = —3, we have (1,1, —4/3).
The cusp space S2(26, 1) is therefore two-dimensional with spanning cusp forms:
q+q® =3¢+ ...
q—@F+¢+ ..
Example 1.10.3. We compute the first few Fourier coefficients of the cusp forms which give a

Hecke eigen basis for the space S2(26, x), where x is the character of conductor 13 sending 15 — —1.

Note how the character y behaves on primes p:

1, p=1,3,91723,25 (mod 26)
x(p) =
~1, n=5,7,11,15,19,21 (mod 26)

\

1, p=1,3,4,910,12 (mod 13)

~1, n=2,5,6,7,811 (mod 13).

Therefore, we claim that

]P’;(Z/lSZ) ={(0:1),(1:1),(2:1),(3:1),(4:1),(5:1),(6:1),(7:1),(8:1),
(9:1),(10:1),(11:1),(12:1),(1:0),(2:0),(0:2),(1:2),(2:2),

(3:2),(4:2),(5:2),(6:2),(7:2),(8:2),(9:2),(10:2),(11:2),(12:2)}.
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Considering the action by R;, we obtain 5 orbits for the fundamental domain F:

{{0:1),(1:0),(3:1),(4:1)},{(1:1).(7:1),(12:1),(9:2)},
{(2:0),(0:2),(6:2),(8:2)},{(1:2),(11:1),(11:2),(2:2)},
{(2:1),(12:2),(4:2),(6:1),(8:1),(10:1),(3:2),(10:2),(5:1),(7:2),(9:1),(5:2)}}.

In computing the action of the Hecke operators, we find:

7 1
follT2(0: 1) = ( ) (0:1)

1 6

7 1
leTQ(l : 1) = ( ) (1 : 1)

1 6

(

7 1

1 6

7 1
f3||Ta(1:2) = ( ) (1:2)

1 6

e When p = 2:
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So Bg =

computed using Sage):

o o O

0

o O O

0

0
0

o o o o

fallT2(2 :

—_
SN—
Il
—~
[\
=
~—

The eigenspace information can be found below (and was

[(-1, Vector space of degree 5 and dimension 1 over Rational Field

User basis matrix:

[1-1 11

oD,

(1, Vector space of degree 5 and dimension 2 over Rational Field

User basis matrix:

[11110]

(0000 11D,

(-1*I, Vector space of degree 5 and dimension 1 over Algebraic Field

User basis matrix:

[ 1 -1xI

-1

11

01),

(1*I, Vector space of degree 5 and dimension 1 over Algebraic Field

User basis matrix:

[ 1 1xI

-1 -1%I

01)]
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e When p = 3:

foHTg(O:

=
Il
~

+
~ ~N O ~
(O3 —
—
C) ~

: 0:
6
6 0
)(0:1)+( )(0:1)
11 7

= (2:6)+(8:1)+(7:12)+(0:7)

= (5:2)4+@8:1)+(6:1)+(0:2)

7T 2 12 8
AlIT(1:1) = ( ) 1:1)+( )(1:1)
0 6 6 1
6 0
(1:1)
5 12 11 7

= (20:7) + (8:17) + (6 : 18)

= 3:2)4+(2:2)+(2:1)+(5:2)

7 2) (12 8)

(2:0) + (2:0)
0 6 1
( ) (6 O)
(2:0)
5 12 11 7

= (14:0)+ (24 :12) + (2:10) + (12 : 22)

fol|T3(2:0) = (

= (1:0)+(2:1)+(8:1)+(10:1)
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7 2 12 8
f3l|T3(1:2) = (1:2)+ (1:2)
0 6 6 1
6 0
1:2)+ (1:2)
5 12 1 7
= (11:12)+(20:8) 4 (15:29) + (6 : 28)
= (2:1)+(B:2)+(B:1)+(7:1)
7 2 12 8
fallT5(2:1) = (2:1)+ (2:1)
0 6 6 1
6 0
2:1)+ (2:1)
5 12 1 7
= (16:6)+(32:13)+(9:22) + (12:29)
= (1:2)+(2:0)+(1:1)+(4:1).
001 0 3
000 1 3
Thismeans Bs=1] 1 0 0 0 3 |. The eigenspaces are listed below:
010 0 3
1 1110

[(4, Vector space of degree 5 and dimension 1 over Rational Field
User basis matrix:

(1 1111]1),

(1, Vector space of degree 5 and dimension 1 over Rational Field
User basis matrix:

[1-1 1-1 0D,

(-3, Vector space of degree 5 and dimension 1 over Rational Field
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User basis matrix:

[ 1 1 1 1 -4/3D),

(-1, Vector space of degree 5 and dimension 2 over Rational Field
User basis matrix:

[1 0-1 0 0]

[0 1 0-1 01)]
The cusp space S2(26, x) is therefore two-dimensional with spanning cusp forms:

q—i¢g®> — ¢+ ..

q+ig® — ¢+ ...
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Chapter 2

Bounding Regions

2.1 Summary

This chapter outlines the algorithms which were coded for this project: for Q a quaternary totally
positive definite integral form over K = Q(v/d) (d > 0) and m a totally positive integer of K, we
return rg(m) := #{7 € (Ok)* : Q(¥) = m}. This is accomplished by first diagonalizing the form
over K, and then using the change of basis matrix to recursively bound each of the four variables.
Once all the “bounded regions” have been created, we enumerate over the sets to recover multiple
rg(m) values. In addition to proving the algorithms behind the code, we provide examples of

outputs (some of which will be relevant to later chapters).

2.2 Preliminaries

Let K = Q(v/d) be a real quadratic number field with ring of integers Ox = {a + b6 : a,b € Z},

where

Vd  d=2,3 (mod 4)
9 —

# d=1 (mod 4).
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There are two embeddings of K into R:

d: K — R

4yl — x+yb

z+yd — x+yl

where

—Vd d=2,3 (mod 4)

|
Il

172‘/3 d=1 (mod 4).

We then identify O as a discrete subset of R? by the following:

OK‘—>R2

a = (id(a),a).

Example 2.2.1. The lattice associated to Q(v/5) (note that the totally positive elements are in the

first quadrant):

T 10

L L1 Ll Y. L c . L
20 ., 10 e, e, 110° . 20
LI .. . L .

Figure 2.1: The lattice for Q(v/5)

47



Theorem 2.2.1. In a real quadratic number field K = Q(\/d), there are finitely many totally

positive integers of fizved trace.

Proof. Case (I): d = 2,3 (mod 4). Given o =i+ j0, (i,j € Z), « totally positive forces i > 0.
Since T'r(a) = 21, for each possible trace value there is exactly one possible ¢ value. Then to ensure

total-positivity:

i+760 > 0
j > —i/0

i—j60 > 0

i/ > j

Therefore, j € (—i/6,i/0) N Z, and the statement holds.

Case (II): d =1 (mod 4). Given a =i + j0, (i,j € Z), « totally positive again forces i > 0;
however, now Tr(a) =2i+j =M = j = M — 2i. So, for each admissible i-value, there is exactly

one j-value. Moreover,

i+j(1+Vd)/2 > 0
o> (=20)/(1+Vd)
i+j(1—-Vd)/2 > 0

j o< (@)/(Vd-1)
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implies

—2i 2

<M —-2i<
1++d Vd—1
2iv/d 2iv/d
< M <

1++Vd Vd—1

=
Vd—1 ) 14++/d
M<M> i< M<M).

Thus for each M, there are finitely-many possible i-values, each of which has a unique j-value.

Hence the result holds. O

N.B. This statement is actually trivialized by the geometric representation given earlier. For
a given trace value T, consider the line y = —z + T'. Intersecting this line with our lattice yields
finitely many points in the first quadrant. Consider the example below of the lattice associated to
Q(v/5) along with the line y = —z + 5. All points bounded by this line and the first quadrant are

the totally positive elements of (’)Q( NG with trace at most 5.

Figure 2.2: Elements of trace at most 5 in Q(v/5)
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2.3 Creating Regions

Note: The following algorithm holds for an arbitrary number of variables. We outline it for the

quaternary case.

Consider a totally positive definite, quaternary integral quadratic form () over K. Suppose for

some m € (’)}, we want to determine

ro(m) := #{& € O%|Q(Z) = m}.

It would suffice to determine a finite set S C O} containing all # such that Q(Z) = m.

We begin by diagonalizing @) over K to obtain a similar form @; ie.,

Q) ~ Q) = c11yi + c22v3 + c33Y3 + cuayi,

where for all i ¢;; € K*. By the Gram-Schmidt process, we can ensure

Y4

Y3

Y2

Y1

with a;; € K. We proceed by creating bounded regions for the y;’s which using the change of basis
map we will then use to obtain bounded regions for the x;’s. We begin by bounding ¢4 = x4 and

build successive regions recursively.

As yy = x4

Tq

T3 + az4x4

To + a23x3 + a2424

T1 + a1222 + a13T3 + a1474
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2 2 2 2
m C11Y71 + C22Y5 + C33Y3 + caaTy

Y

(m/eas) > (c11/can)yi + (ca2/caa)ys + (c33/caa)cl + o3

(m/caa) > (cnn/ean)yi® + (ca2/can)ip” + (cas/caa)ys” + T2
Tr (;Z) > Tr (Y T2 ) 4 (2F rEd).

C.
ita 4

*

Since by total positive-definiteness, * > 0, we simplify this to

m
1‘421 +742 <Tr (c>
44

and conclude that all candidates for x4 lie on or inside the circle of radius By := /Tr(m/ca4)

centered about the origin. Explicitly, writing x4 = i4 + 740, for i4, j4 € Z, we have

) ) 2i3 + 2dj3 d=2,3 (mod 4)
Xy —i—ﬂ -
i3+ (ig +ja)2 + (%) j2 d=1 (mod 4).

Thus x?l + 742 < By implies

is € (—v/Bif2.V/Bif2) jr€ (—V/Bi/2d,\/Bs/2d) d=2,3 (mod 4)
iy € (—JE, \/E) € (—\/234/(61 —1),\/2B4/(d - 1)) d=1 (mod 4).

We now have explicit bounded regions in which i4 and j4 must lie, which we use to obtain

similar regions for x3:

o1



Fix a particular x4 = i4 + j46 from the previous step. We know

m
s+ 73 <Tr <> .
C33

B3

This trivially gives

—VB3 <y3s< /B3
—v B3 <y3< +/Bs,

which in turn means

—VBs <z3+azxs < +/Bs

—\/Bs <7T3+asxs < +/Bs.

Expanding these equations yields:

—v/Bs —a3q(iqg + j40) < iz+j30 < /B3 — asq(iqg + jsb)
—v/Bs — azg(ig + j40) <z +js0 < /B3 — aza(is + j40).
Let K3 := asq(ig + j46). When d =1 (mod 4), we see

1

_ ‘ 1 _
" (—2\/3 _ K +K3> <iss (2\/3 Ky + Kg) .
We now have two ways we can proceed:

e We can define i3 to be dependent upon j3. To do this we note that upon bounding js, we

have:

1
5 <—2 Bg — T’r‘ (Kg) —jg) S i3 S (2 B3 — T’I“ (Kg) — jg) .

DN =
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e If we do not want 73 to be dependent upon j3, we can proceed as follows:

0(v/Bs+Ks) < —0(i3+js0) < —0(/Bs — Ks)
—0(\/Bs + K3) < 0(iz+js0) < 6(/Bs — K3)

(0 —0)(—V/Bs) +0K3 —0K3 < (0—0)is< (0 —0)y/Bs+0K3—0K3
1

1 _ _ _
—V/ B3+ —= (K3 — 0K <igg < B3 + 0Ks — 0K3) .
3 \/a( 3 3) <13 < 3 \/g( 3 3)

N.B. As the independence of i gives a much better bound, that is what is coded.

We continue this recursive process to obtain a set containing all
{zr = ik + Jk0|Q(Z) = m}.
Similarly when d = 2,3 (mod 4),

(—2 B3 — TT’(K3)> <izg < <2 Bs — TT(K3)) ’

N |

1
2

and

L<—2\/Bi—f(3—|—73> << 2\1/a<2\/§3—K3+K3)-

Again, we continue this recursive process to obtain a set containing all
{zr = ix + jk0|Q(T) = m}.

For completeness, we describe the generalization of this algorithm:

o Let By = Tr (m>
Ckk

o Let Kk = Z?:k%kl A (Zk +]k9>
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For d=1 (mod 4):
;g(zﬁffwm) <k < \}g(wﬁffﬁm)
5 (2B - Tr() ) <ies g (2V/Br - Tr(KY) )

_\/Bk‘f‘i(a[(k_efk) <ir < B+

7 (8K, — 0Fy)

Sl-

and for d = 2,3 (mod 4):

(~2v/Bi~ Tr(Ky) <ix < %(2 By, —Tr(K))

1 - 1 -
—2./B —Kk+Kk> <jr < m(2\/3,6—Kk+K,€).

2Vd

— NI

2.4 Returning Multiple Representation Numbers

The bounding regions for the y; described above are circles of radius 4/ 1'r <m) centered at the

Cij

origin, where m € O} and ¢; € K*. We can use these regions to compute rq(¢) for certain

m (€O

A necessary and sufficient condition on £ is that for all 4,

() e (2)

This means for all :
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By positive-definiteness, — ( > < 0. Thus, for each %, our candidates for £ are finite in number
,0)

~& ‘Q‘

and are restricted to the points (£,¢) € R? in the first quadrant on or below the line

Li:y=c¢y (Tr <m>> .
Cii Cii

_ 4
Let Ny =40 Okl <a (Tr (=) ) = (Z£) ¢} and let Ny o) == () Nim.i)- Note that
et Nim,i) { €Oklt<e ( r <c>) <c and let Ny, Q) Dl (mi)- Note tha
for each i, m € Ny, ;) which implies N, gy # 0. Moreover, since each [N, j)| < 00, Ny, q) is

finite. Most importantly, N(,, q) is precisely those £ € C’);g such that the bounding boxes for r¢g(¢)

are contained in the bounding boxes for rgo(m).

Example 2.4.1. Suppose Vi, c;; € Q°. Then for any m:

Noting that c;; is totally positive, we then see that for any ¢ with Tr(¢) < Tr(m):

Tr <€> — L)y < Lrrm) =10 <m> .

Cij Cij Cii Cij

Thus in these cases Ny, ) = {¢ e OLTr(t) < Tr(m)}.

2.5 Increasing Efficiency

A significant piece of code was written to increase the speed of the algorithm. This code essentially

discards {i, ji} values that are “too large”. More specifically,

Cn?ﬁ + a0y + 0333132, + 6442/2

is a positive definite quadratic form, which means each c”yl2 > 0. An additional consequence of

positive-definiteness is each &;7;2 > 0. Using this:
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e Upon determining the ranges of 44, j4, discard those which satisfy
044yZ + m2 > Tr(m).
Call the remaining set A4. That is,
Ay = {x4 = ya < (i, ja)|casyi + caaya® < Tr(m)}.

e Determine the ranges of i3, js as described in the previous section but now with (i4, j4) € Ay.

Consider the set of tuples (i3, j3,%4,74). From that set, discard those which satisfy:

c33y3 + C33Y3° + casyi +caayac = Tr (css(is + 430 + aga(ia + ja0))?) + Tr (caa(is + ju6)?)

> Tr(m).

Call the remaining set As.

This process repeats until the creation of A;. At this point, the code enumerates over all 8-tuples

of Aq, evaluating () at each tuple.

2.6 The Algorithm

The following algorithm is used to compute rg(¢) for all £ € N(,,, o), where Q is a quaternary totally-
positive definite integral quadratic form over K = Q(v/d) and m € (’);2. It has been implemented

in Sage ([40]), and the code can be found in the appendix of this document.

Algorithm 2.6.1. 1. Diagonalize Q(¥) over K to obtain a similar form @(yj’) = (c11, €22, €33, C44)
4

and an upper-triangular change-of-basis matriz A = (a;j)1<i<j<a where y = Z AppTy.
o=k

2. Compute and fix an ordering for the elements of N(m,Q) and initialize L = [0, ...,0] with
len(L) = [N (m, Q)|.

3. Recursively generate Aj.
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4. For each @ € Ay, if Q(@) = £ for £ € N(m,Q) with N(m,Q).index(f) = n, set Ln] =

Ln] + 1.

5. Return L.

2.7 Examples

In addition to examples in the remainder of this document, we provide the following Sage sample

outputs.

Example 2.7.1. x = var(’x’)
K.<a>=NumberField(x~2-22,embedding=1)

R=Matrix(X,4,[1,1,1,0, O©0,1,1,1, 0,0,1,1, 0,0,0,3])

List_for_all_Theta(22,R,5)

[, 0, 2, 0, @3, 0, 4, 0, (5, -1), (5, 0, (5, 1)]

Theta_Computation(22,R,5)

[12, 6, 36, 28, 0, 72, 0]

The above code considers the number field K = Q(1/22). The chosen quadratic form is
R(¥) = :L‘% + 2122 + 2173 + xg + xox3 + To2T4 + SU% 4 x3%4 + 3:@21.

In List_for_all Theta(22,R,5) we take 5 = m € (’)} and obtain N(R,m). The output is given in
(a,b) <> a+ b format. With this particular example, this means that the bounded region for rr(5)

contains the bounded regions of

(1,0) 1 (2,0) 2
(3,0) <« 3 (4,0) < 4
(5,—-1) « 5—-v22 (50) < 5
(5,1) <« 54++/22.
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The command Theta Computation(22,R,m) returns rr(¢) for all £ € N(5, R). That is,

rr(1) = 12 rg(2) = 6
rr(3) = 36 rgr(4) = 28
rr(5-V22) = 0 7rg(5) = T2
re(5++v22) = 0.
Example 2.7.2. x = var(’x’)

K.<a>=NumberField(x~2-101,embedding=1)

R=Matrix(X,4,[1,1,1,0, 0,2,2,-1, 0,0,3,2, 0,0,0,13])

List_for_all_Theta(101,R,15)

[a, o, (2, 00, (3, 0, 4, ©, 5, 0, 6, 1, 6, -1), (6, 0), (6,
1, (7, -1, 7, 0, (7, 1, (8, -1), (B, 0), (8, 1), (9, -1), (9, 0,
o, 1, o, -1, (10, 0), (10, 1), (10, 2, (11, -1), (11, 0), (11, 1),
(11, 2, (12, -2), (12, -1), (12, 0, (12, 1), (12, 2), (13, -2), (13,
-1), (13, 0), (13, 1), (13, 2), (14, -2), (14, -1), (14, 0), (14, 1),

(14, 2), (15’ _2)’ (15’ _1): (15’ O), (16: _2)]

Theta_Computation(101,R,15)
[2, 4, 6, 10, 4, 0, 0, 2, 0, O, 14, 0, 0, 8, 0, O, 10, O, 0, 8, 0, O, O,

6, 0, 0, 0, 0, 14, 0, 0, 0, 0, 16, 0, O, O, 0, 22, 0, O, O, O, 20, O]

We end with the following two examples, which will be relevant for future chapters of this

document:

Example 2.7.3. sage: x = var(’x’)

sage: K.<a>=NumberField(x"2-5,embedding=1)

sage: S = Matrix(XK,4,[1,0,0,0, O0,1,0,0, 0,0,1,0, 0,0,0,1])

sage: List_for_all_Theta(5,S,5)

(1, 0), (1, 1), (2, -1), (2, 0), (2, 1), (2, 20, (2, 3), (3, -1, (3, 0O,

(3, 1), (3, 2), (3, 3), (3, 4), (4, -2, 4, -1), 4, 0,
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(4, 1), 4, 20, (5, -3), (5, -2, (5, -1), (5, 0), (6, -3), (6, -2), (7, -4)]
sage: Theta_Computation(S,S,S)

[8, 8, 8, 24, 48, 24, 8, 48, 80,

96, 96, 80, 48, 24, 96, 216,

160, 144, 8, 96, 160, 248, 80, 144, 48]

Example 2.7.4. sage: x = var(’x’)

sage: K.<a>=NumberField(x"2-5,embedding=1)

sage: T = Matrix(X,4,[1,0,0,0, 0,1,0,0, 0,0,3,0, 0,0,0, 3*(3+a)])

sage: List_for_all_Theta(5,T,5)

(1, o, 1, 1, @2, -1, (2, 00, (2, 1), (2, 2, (2, 3), (3, -1), (3, 0,

@, 1, @6, 2), @, 3, 3,4, 4, -2), 4, -1), 4, 0O, 4, 1), 4, 2), (6, 0]
sage: Theta_Computation(5,T,5)

(4, 4, 4, 4, 8, 4, 4, 8, 10,

o, o, 10, 8, 4, 0, 12, 8, 8, 20]
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Chapter 3

Quadratic Forms over Z

3.1 Summary

In this chapter, we consider two diagonal forms over Q: (1,1,1,1) and (1,1,1,7). While very
well-studied and while their universality follows easily from the 15— and 290—theorems, we provide
representation proofs for the following reasons. First, we intend to outline a more general method

of proof which will be used in the following chapter regarding forms over Q(y/5):
(1) Determine which values m € N are locally represented by the quadratic form.

(2) Determine explicitly the Fourier coefficients {ax(m) }of the Eisenstein component of the theta-
series associated to the quadratic form using local densities. This in turn will involve treating

separately:

(i) The local density at the infinite place.

(ii) The local densities over any finite places v, where p divides neither the level of the form

nor m. In turn this involves computing special values of L-functions over Q.
(iii) The local densities over any finite places v, where p divides either the level or m.
(3) Determine the cusp form in the decomposition of the theta series. If the cusp form is not

identically zero, determine a bound B such that for all locally represented m > B, m is

globally represented.
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More importantly than outlining a particular method, however, is this: here we provide for the first
time the specific Eisenstein series and cusp form comprising the theta series of (1,1, 1,7). The proof

of the universality of (1,1,1,7) then follows from this decomposition and use of ternary subforms.

3.2 (1,1,1,1)

Theorem 3.2.1 (Jacobi, 1834). Let Q() = 23 + x3 + 23 + 22. For m € N,

ro(m) =8- Z d.
0 <dm

4td
We will derive this formula using the theory of local densities.

Introduction

We note that the discriminant of the form is Dg = D = 1, and the level is N9 = N = 4. The

- (2)-()-

is trivial. Since @ has class number one, rg(m) = ag(m) for all m. [38, Zweites Capitel, 11]

character defined by

The Eisenstein Coefficients

Throughout, by slight abuse of notation, we use p to denote a nonzero prime ideal, its positive

generator, and the place v,.
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‘We have

ro(m) = ag(m)

= H Bu(m)

= Poo(m)pB2(m) H Bp(m) Hﬁp(m)

p|m,pf2 pi2m

We now proceed by separately computing:
e Boo(m)

o H Bp(m) (i-e., By(m) for all p dividing neither the level nor m)
pr2m

e [2(m) (i.e., Bp(m) for all primes p dividing the level)

o H Bp(m) (all remaining primes)
plm,pf2

Lemma 3.2.1. B (m) = m°m.
Proof. This is a direct application of [38, Hilfssatz 72].

Lemma 3.2.2. For each prime p{2m, B,(m)=1— 1%'

Proof. For odd primes p t 2m, the solutions are all of Good type and we have

Good
Bp(m) = lim M
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Thus,

ro(m) =

Lemma 3.2.3. For m € N,

Ba(m) =

1, 2¢m

2%, orda(m) =2n,n €N

GYTESE orda(m) =2n+1,n > 0.

Proof. When 2 {m, all solutions are of Good type. Hence

Good

o . T'ov (m)
) = BT

—  lim TQGS(-):)(%—S) (m)

T o 923v

) 23(@—3)T8Good(m)

- vhﬂrgo 23v

512

29

=1

as claimed.
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When ordy(m) = 1, all solutions are still of Good type, and

Good

o . T'ov (m)
) = T

—  lim 7”;;310((3—3) (m)

T o 923v

) 23(@—3)T§}ood(m)

- vhﬂrgo 23v

768

29

_ 3

= 3

When ordy(m) = 2, we have both Zero and Good type solutions:

L rov (M)
falm) = 5, “om
Good Zero
o rei(m) g (m)
= Jim st i
1 rgero(m)
- §+vl—>rgo 23v
Good
_ 4 oy (m)
= 512 vlirgo 3v
B 1 n 1 . 3
2 4 2

fa(m) = lm 2T

—  lim 24N7“Sf1°zc}v (2)
V—00 23v
1 3
T 2N
3
= W
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Similarly, when orda(m) = 2N + 2 for N € N

f2(m) = lim

1 . TQv—QN (4)
= 9N Jim 93(v—2N)
1 3
22N " 4
3
92N12"

This completes the proof of the claim.

Lemma 3.2.4. For odd p|m

ordy (m)

m)p? .
/Bp( )p — Z pfz.

2
p”—1 —

~

Proof. Suppose ord,(m) = 1. Then all solutions are of Good type and

Good
Tov (”l)
— : p
Bp(m) = vhm e

3(v—1),.Good (m)

= lim g
V—00 pov
B TpGOOd(m)
=
_ Papp-1-1
P?
Thus, for such primes we have
Bp(m)p* PP +pp—1) -1
p?—1 p(p*—1)

ordp(m)

1 A
= 1—'—7: p_l‘
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In the case that ord,(m) = 2N (N € N), both Good and Zero type solutions exist with

74Grood(7n) Zero(m)
o . p”l}
Bom) = Jim o +
3
_ pHplp-1)-1 iy Good 4N, Good 2N
= = +Ulingop Zp T (m/p*) | +p poan (m/p™)
—1

_ (gp )(p ol

So for each such p:

) +p 2N (1-1/p%).

N-1
Bp(m)pQ —21 < 1) —2N
L = 14+ )+
-1 7; g p) "
dp(m)

2N or
YR S
=0 =0

Last, suppose ord,(m) = 2N + 1 (where N € N). Again only Good and Zero type solutions

exist with

Good Zero
_ : Tp ( ) Tp” (m)
N =
3 N
b +p(p_1)_1 . 1 41,.Good
- p g | /)
1=

Hence for such p:
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Proof of Theorem

Suppose m € N is odd. Then

rQ(m)

Similarly, for m € N even

ro(m) =

as claimed.

— 8. Z d
0 <dlm
4t+d
m)p?
plm,pf2 P
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3.3 (1,1,1,7)

Theorem 3.3.1. The form Q(%) = =% + 23 + ZL’% + 73 is positive universal over Z. That is, for
allm € N, Q(Z) = m has a solution with & € 7*.

Preliminaries

For this particular form, the discriminant is Dg = D = 7 and the norm is Ng = N = 28. In

addition, the associated character is
—1)2det(Q
x(p) = <( Fdetl )>
p
- (3)

p

1, p=1,3,9,19,25,27 (mod 28)

-1, p=5,11,13,15,17,23 (mod 28).

Note that as this is a character of modulus 28, we have x(2) = x(7) = 0.

The Eisenstein Coefficients

Recall by Siegel’s product formula [38, pg. 285] we have

ag(m) = Hﬁv(m)

p<oo

Boo(m)Ba(m)Be(m) (T Bp(m) [T Bam)

2,7#p|m 2,7#qim
Again, in order to determine explicitly ag(m) for all m € N we proceed by computing separately:
® Boo(m)

° H Bq(m) (the local densities at primes dividing neither the level nor m)
2,7=¢tm
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e [2(m) and fS7(m) (i.e., Bp(m) for all primes p which divide the level)

o H Bp(m) (the local densities at all remaining primes).
2,7#plm

2

Lemma 3.3.1. For allm € N, B(m) = NeE

Proof. This is a direct application of [38, Hilfssatz 72].

Lemma 3.3.2. For finite primes q 1 14m

Proof. Because all solutions are of Good type

rgeod(m)
Bam) = Jim "
o q3(v—1),quood(m)
T v5oo q3v

7 — x(q)q
q3
x(q)

@
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Hence

ag(m) = Poo(m)B2(m ( H ﬁp )( H Bq

2,7#plm 2,7#qtm

= Poo(m)Ba(m ( H 517 ) H (1_X(Q)

2,7#plm gfldm

3
3

q

(m))

/%)

’)

) [T =x(@)/q
- ﬂz(m)ﬁ7(m)( 11 ﬁp<m>>

2,7#plm

5

p|14m

_ (L@<27x>>‘1<1—ﬁi(<g)/22)( ST /72>(

3
3

IT @—x®)/p*)

[

2,7#plm

N
T @) BalmBrmy | ]
VTS o 7ipim P2 X(P)
Lemma 3.3.3. Lg(2,x) = 2\{1?;2.

Proof. Using the notation of Iwasawa [23, pg. 104], we have:

Lo = — 20 (gl - 2.%)
Q 7X - (28)2TX Q 7X
where
Lo(1-2,%) = Lg(1-2,x)
28 2
28 a— 28 a—2
-2 <;X(G)<< 28 ) +< 28
_o W A8
2\ (28)2 ’
and where

T(X) _ ZX 27ria/28
= 2f
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p* —x(p)

1

6

5p

)
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Hence

as originally claimed.

Lemma 3.3.4.

3 (4 1/22N+1 m /22N =2 (mod 8)
i\t

0, m/22N =6  (mod 8)
3 (N—l 1 > 3/22N+1 0 m /22N =1 (mod 4)

1/22N+ 0 m /22N =3 (mod 4).

Proof. If m is odd, then all solutions are of Good type. Thus

Good
. . 7"21; (m)
falm) = Jim = —
i 23(@—6)T§300d(m)
v 923v
ré}Good(

m)
218

3/2, m=1 (mod 4)

1/2, m=3 (mod 4).

When ordy(m) = 1, all solutions again are of Good type and we similarly have

Good
Ba(m) = w

5/4, m=2 (mod 8)

3/4, m=6 (mod 8).
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Suppose orda(m) = 2. This implies m = 4 (mod 8) or m/4 = 1,3 (mod 4). Here both Good

and Zero type solutions occur and

Good Zero
o roi(m) o resTo(m)
b= e
_ rg;o‘)d( ) +lim 247902 (m/4)
218 V=00 93v
_ rggo‘)d(m) 4 lim 247"Sf’_°2d(m/4)
- 218 V300 23v
B Tgéood (m) TQGGOOCI (m/4)
- 218 9220

p

3/4+3/8, m=4,20,36,52 (mod 64)

3/441/8, m=12,28,44,60 (mod 64)
>

9/8, m=4,20,36,52 (mod 64)

7/8, m=12,28,44,60 (mod 64)
\
)

9/8, m/4=1 (mod 4)

7/8, m/4=3 (mod 4).

\
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Next suppose orda(m) = 2N + 1, N € Z=°. This means ords(m/2N) = 1 or m/2N = 2,6

(mod 8). As there are only Zero and Good type solutions:

Good Zero
_ gy T20m) a0 (m)
Palm) = i = )
_ 3 T lim — i24@'23(v216)reood(m/2zi)
4 v—00 23V — 26
1=
_ 3 N-1 2Good m/222) T%00d<m/22N)
- 1 Z 921918 + 92N 918
3 (N‘l 1) 1 |5/4, m/2*N =2 (mod 8)
= i\t
=0 3/4, m/2*N =6 (mod 8)
3 (. 1/22N+1 m /22N =2 (mod 8)
= =
=0 0, m/2?N =6 (mod 8).

Finally if ordy(m)

= 2N, N € ZZ°, only Good and Zero type solutions are present with

Good Zero
o Teot(m) r5e"C(m)
) = i e T
3
= 1 +U1LH302W <Z 241231) 25— Good(m/22z)>
3 (=1 1 ]3/2, m/22N =1 (mod 4)
= 1\t
i=0 1/2, m/2?N =3 (mod 4)
3 (V=1 3/22NF1 m /22N =1 (mod 4)
i=0 1/22N+1 0 m /22N =3 (mod 4).
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Lemma 3.3.5.

Proof.

o
o

72N _q

72(N+1)

7N —1

72(N+1)

)+
)+

,

342/7N+3 . PN =1,2 4

2392/72N+4 72N+ =35 6

If m £ 0 (mod 7), all solutions are of Good type and

Br(m)

lim 77"%00‘1(771)
v—00 73v
- 73(v71)7,’(7}ood (m)
V—00 73v
o)

73

6/7, m=1,2,4 (mod7)

8/7, m=3,56 (mod7).

74

6/72N+ m /72N =1,2,4 (mod 7)

8/7*N+L m /7N =3,5,6 (mod 7)

(mod 7)

(mod 7).



When ord7(m) = 1, we have the potential for both Good and Bad-Type-I solutions. Conse-

quently,
Good Bad-Type-I
S N i O P P i )
frlm) = lim —=m— + 1
= lim 73(U_1>T$00d(m) + lim w
5o 73v V00 73v
,,47Good (m) i 7. 73(”_2)7’%229‘1 (m/7)
a T—'_vLHolo 73v
343 75

336 |6/7%, m/7T=1,2,4 (mod7)
—+
343

40/7*, m/7=3,5,6 (mod7)

342/7%, m/7=1,2,4 (mod7)

2392/74, m/7=3,5,6 (mod 7)
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where Q" = (1,1,1,1).

When ord7(m) = 2, we have Good, Bad-Type-I, and Zero-solutions with

Good Bad-Type-1 Zero
o . T'7v (m) . T7v (m) . T71; (m)
frlm) = B T T T
7rGood | (m /7 4, 2
_ 36 717Q(/>+hm7r7 2(m)72)
343  v—oo 73v V—00 73v
7. 73(v—2)rG09d m/7 4~3(v—3),.Good 2
= 330 + lim 9 (m/7) + lim [ ry ot (m/7)
343  v—oo 73v V—00 73v
L0 6 o7
343 75 75

336 336 | 294/7°, m/T*=1,2,4 (mod7)
392/75, m/7*=3,5,6 (mod 7)
2442/2401, m/7*=1,2,4 (mod 7)

2456/2401, m/7>=3,5,6 (mod 7)

72 1 6/73, m/7>=1,2,4 (mod7)
= 50( 7 >+

8/7%, m/7*=3,5,6 (mod 7).
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Suppose now that ordz(m) = 2N, N € NU{0}. In this case:

rGood (m) Bad Type- I( rLero (m)
— i 2? Tpo M) . v
flm) = BT T e T
= o (Z TR m/721>>
AN 2N
44 Bad-Type- I 2i . T r—2n (m/7 )
i (Z?’w T m 7 Z>)+3520 G

- () () () (B4

=0 K3

_ (336 Nz‘:ll L (336 Nijll L) m/TN =1,2,4  (mod 7)
- 343 P 72i 75 P 72i 72N

8/7, m/7*N =3,5,6 (mod7)

< 50 )(72N_1> 1 ]6/7, m/7"N =1,2,4 (mod 7)

2401 ) \ 72(N-1) 72N
8/7, m/7*N =3,5,6 (mod 7)

(72N _ 1> 672N+ m/7?N =1,2,4 (mod 7)
50

72(N+1)
8/7*N+L m/7?N =3,5,6 (mod 7).
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Last, suppose ord7(m) = 2N 4+ 1, N € NU{0}. Then

TGOOd(m) Bvad Type- 1( rzfro(m)
Bz(m) = lim X——— 4 lim X~ lim
v—00 73v v—00 73v v—oo T
1 N-1 ‘
= T (Z?‘*%%O%‘%(m/?”))
=0

N-1
i <Z 7o, Typ“<m/72">> 4l v (/)
7v 24

vy T3V — V00 73v
1=

(336 [ 1 336 204/7%, m/TM 1 =1,2,4 (mod 7)
= Un) |2t Z )+ v
=0

280/7, m/7*N*t1 =3,56 (mod 7)

B (50 > <72N_1> 1 342/49,  m/7T*N*t1=1,2,4 (mod 7)

2401 72(N—1) 72N+1
2392/343, m/7*N*t1 =3,56 (mod 7)

(72N _ 1) 342/72N+3 0 m /7PN =124 (mod 7)
= 50 +

72(N+1)
2392/72N+4 72N+l =3 56 (mod 7).

Lemma 3.3.6. Let N € NU{0}. Let p # 2,7 be prime with plm. Then:

1 /p?Ntl_q
N ( 1) ordy(m) = 2N, x(p) =1
1 2N+ 4 q
2 SN b ., ordy(m) =2N,x(p) = -1
p - p p+1
R R BN it
AN < P ) , ordy(m) =2N+1,x(p) =1
1 p2N+2 -1
AN < P , ordy(m)=2N+1,x(p) = —1.
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Proof. Suppose ord,(m) = 2N (N € N). Here we have the potential for both Good and Zero type

solutions and

Good Zero
_ g Pem) L rom)
Bplm) = Jim =% — + 1,
3 N—-1
+ —1 —1 ) 1 i i
_ p p(p p3 )X(p) +Ull)rgoﬁ (Zp4 T]()i}gch}(m/pQ ) —|—p4N7“pv—2N(m/p2N)>
i=1
N—-1 3
o p°+pp—1)x(p) —1 _
_ (Zp ) < (b~ Dx(r) >+p N (1~ x0)/)
i=0 p
Hence
2N
, > x(p) =1
b i—0
By(m) - = (i
P ) &
S (=D x(p) =-1
i=0
.
1 p2N+1 -1
=1
_ p2N< 1) x(p)
1 <p2N+1+1> ( )_ o
VAN TS A '

Next, suppose ord,(m) = 2N + 1 (N > 0). Again, here we have Good and Zero type solutions

with
Good Zero
L rpoi(m) . rpeo(m)
lm) = BT TR T
3 N
_ p+plp—1x(p) -1 . 1 4i3(v—2i—1)/, 3
= o + lim = jElp p (r” +plp—Dx(p) —1)
3 N 3
D +p(p—1)x(p)—1+z Lo (PP —1x(p) -1
a P P p? '
=1
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Thus

(2N+1
) > x(p) =1
p =
Bp(m) 2 = 2}\/4?1
p* = x(p) D

S (=1'p x(p)=-1
i=0

( 1 p2N+2 _1 o) =1

_ p2N+1 p _ 1 ) X p -
1 p2N+2 -1

PN < b1 . x(p)=-1

This series of lemmas, then, completely determines ag(m) for any m € N.

The Cusp Coefficients

Because we have an explicit formula for ap(m) for any locally represented m, and because for
“small” m the representation numbers rg(m) can be computed by hand, we can determine the

coefficients of any existing cusp components:

Table 3.1: Table of rg(m), ap(m), ac(m) for small m

m || rg(m) | ag(m) | ac(m) =ro(m) — ap(m)
1 6 9/2 3/2

2 12 | 15/2 9/2

3 8 8 0

4 6 27/2 -15/2

5 24 24 0

6 24 24 0

9 | 54 | 117/2 -9/2

10 40 40 0
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We now use Sage [40] to compute a basis for the space of cusps forms of weight 2, level 28 and

character y:

sage: G = DirichletGroup(28)
sage: G[7]

Dirichlet character modulo 28 of conductor 28 mapping 15 |--> -1, 17 [--> -1

sage: C=CuspForms(G[7],2)

sage: C.set_precision(100)

sage: C.basis()

[q - 2xq"4 - Q77 + 2%qQ~8 - 3*%q~9 + 2%q~11 + 4xq~14 +
2%q"16 - 8%q 22 - 2%q"23 + 5%q 25 - 2%q"28

- 2%q"20 - 6%q~32 + 6%q"36 + 6%q 37 + 2%q~43

+ 4%q 44 + 8%q 46 - T*q 49 - 10%q~53 - 6%q~56 +
3%q63 + 2%q 64 - 6%q 67 - 2%xq 71 - 6%q T2 +

14%q~77 + 6%q°79 + 9%q~81 - 8%q"86 + 12%q~88

- 4%q~92 - 6%q~99 + 0(q~100),

Q"2 - q°4 - 2%q°7 - q9°8 + 4xq"11 + q~14 + 3*q~16 -
3*%q~18 - 2%q~"22 - 4%q"23 + 3%q~28 - q~32

+ 3%q~36 + 4%q"43 - 6%q"44 + 2%q"46 +

5%xq~50 - 5%q"566 - 2*%q"58 + 6%q"63 - 5xq 64 - 12%q"67
- 4%q~71 + 3%q"72 + 6%q~74 + 12%q"79 -

2%q"86 + 10%q"88 + 6%q 92 - 7*q~98 - 12%q~99 + 0(q~100)]

This means that the space of cusp forms is two dimensional, with basis

folg) = q—2¢*+0¢*+0¢* +0¢° +0¢° — ¢" + 2¢° — 3¢° + 0¢"° + 2¢" + O(¢"?)

file) = 0g+ ¢ +0¢° —¢* +0¢° +0¢% —2¢" — ¢& +0¢° + +0¢"° + 4¢" + O(¢"?)
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To obtain a Hecke eigenbasis from the given basis, consider the action of T7;:

Tiifo(r) = 0+ (a11fo)g+ (azafo)d® + (assfo)q® + (asafo)q* + (assfo)g® + ...
= 0+2¢—8¢>+0¢> +4¢* + ...
= 2fo—8f1

Tifi(r) = 04 (a11f1)q+ (a2 f1)q* + (assfi)q® + (asaf1)q* + (assf1)q” + ..
= 0+4q—2¢*+0¢> — 6¢" + ...

= 4fo—2f

The corresponding matrix

2 -8
My, =
4 -2
1 1
has eigenvalues A = /284, with eigenspaces parameterized by t; 1 - Ti and to 1+ /Ti
4 4

Setting a := (1 4 +/7i)/4, we then have the eigenbasis:

Fy = fot+af
= g4+a® +0¢8 + (—2—a)¢g* +0¢° +0¢° + (-1 —2a)q" + ...
F = fot+af

= q+ag®+0¢° + (=2 —a)g* +0¢° + 0¢° + (=1 — 2a)¢" + (2 — a)¢® + ..

In particular, we have shown that > ac(m)g™ = v Fy + v1F1 where

21+ 33V7i
Yo = T
21 -33V7i
"= T
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Proving Universality

Theorem 6.3 of [21] applied to (1,1,1,7) guarantees the representation of any m € N satisfying

Ve T Rols 12Vl

1
PN, plm,x(p)=—1 Pt A

where

n 3 . 182 sll
A = 5 min HCP(T)
pIN

The T" range over the square classes v € Zy/ Z;Q for p|N. For Zs, we take coset representatives

of {£1,£2,45,£10} and for Z7, we take {1,3,7,21} as our coset representatives.

By definition (c.f., [21, pg. 369])

C(T") = min{l,Cy(T")}

where

n—2 BI(;}OOd uBad(p2T/)

N b
CP(T ) T pn,Q -1 Bp(T/)
This yields
, _ 4 BZGOOd UBad(4T/)
) = 3 (P )
, B 49 BgOOd UBad (49T/)
Gl = 3 ( B (T") )

Thus
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Table 3.3: Local Information at 2

T | Ba(T) | pgeetPad(dT’) | Co(T)

1,5 3/2 3/4 2/3
~1,-5 | 1/2 3/4 2

2,10 5/4 3/4 4/5
~2,-10 | 3/4 3/4 4/3

and

Table 3.4: Local Information at 7

T | B(T") | BSYBMU9T) | Cr(T")

1 6/7 400/73 25/21

3 8/7 2400,/2401 25/28

7 | 342/7% | 2400/2401 | 175/171

21 | 2392/7* | 2400/2401 | 1225/1196

Therefore, min H c(T) y = 285 and @ = (1,1,1,7) represents any m satisfying
T P 3 28 42 T
pIN
p—1 _ 8/14 42
— > . — =71 2182 .
V(m)/7(m) 11 o r 1 T B 7.18398218260597

PIN,plm,x(p)=—1

The proof that @ is universal has thus been reduced to checking rg(m) > 0 for finitely-many m

(i.e., those m which do not satisfy the above inequality).

—1
Let B(m) := vm H P2 we say that a prime p is eligible if
m(m) plm,x(p)=—1 Pl
B(p) 48/14 1
P 95 B(2)B(3)B(5)B(7)
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Below is a table of eligible primes, listed by increasing B(p):
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Table 3.5: B(p) values

p | B p | B p | B p B(p)

2 70711 || 103 | 5.07445 || 241 | 7.69794 | 401 | 10.01249

) 74536 || 107 | 5.07626 || 251 | 7.92149 || 409 | 10.06255

3 86603 || 109 | 5.22015 || 257 | 7.95347 | 419 | 10.23474

7 ] 1.32288 || 113 | 5.31507 || 263 | 8.04721 || 421 | 10.25914

11 | 1.38193 || 127 | 5.54667 || 269 | 8.13986 || 431 | 10.33221

13 | 1.54524 || 131 | 5.72276 || 271 | 8.23104 | 433 | 10.35638

17 | 1.83249 || 137 | 5.85235 || 277 | 8.32166 || 439 | 10.47616

19 | 217945 || 139 | 5.89491 || 281 | 8.38153 | 443 | 10.47638

23 | 2.19809 || 151 | 6.06326 | 283 | 8.41130 || 449 | 10.59481

29 | 2.69258 | 149 | 6.10328 || 293 | 8.50040 | 457 | 10.68878

31 | 2.78388 || 157 | 6.18568 || 307 | 8.76071 || 461 | 10.68898

37 | 3.04138 || 163 | 6.30572 || 313 | 8.78956 | 463 | 10.71234

41 | 3.04911 || 167 | 6.46142 || 311 | 8.81760 | 467 | 10.80509

43 | 3.12969 || 173 | 6.50088 || 317 | 8.90225 | 479 | 10.94303

47 | 3.42783 || 179 | 6.61522 || 331 | 9.04190 || 487 | 10.98882

53 | 3.64004 || 181 | 6.65289 || 337 | 9.17878 | 491 | 11.03422

61 | 3.77915 || 191 | 6.83816 || 347 | 9.26044 || 499 | 11.12448

59 | 3.84057 | 193 | 6.94622 | 349 | 9.28740 | 503 | 11.21383

67 | 3.97230 | 197 | 7.01783 | 353 | 9.34107 || 509 | 11.23628

71 | 4.09605 || 199 | 7.05337 || 359 | 9.42102 | 521 | 11.36899

73 | 4.15654 | 211 | 7.19440 || 367 | 9.57862 | 523 | 11.43460

79 | 4.33299 || 223 | 7.46659 || 373 | 9.65660 | 541 | 11.62970

83 | 4.55522 | 229 | 7.50058 || 379 | 9.68273 || 547 | 11.65134

89 | 4.61217 || 227 | 7.53326 || 383 | 9.78519 || 557 | 11.80042

97 | 4.82393 || 233 | 7.63217 || 389 | 9.86154 || 563 | 11.86381

101 | 4.92641 || 239 | 7.66540 | 397 | 9.91237
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. Note that it is not nec-

48+/14
We say a positive (squarefree) integer m is eligible if B(m) < 5%

essarily true that an eligible prime is an eligible number; however, all eligible numbers are divisible

only by eligible primes. We now use Sage ([40]) to compile the list of all square-free eligible numbers.

Let S(N) denote the number of eligible numbers which are the product of N distinct primes.
Then

Table 3.7: S(IV) values

S(N) || 46 | 294 | 819 | 1293 | 1221 | 600 | 134 | 5| O

The set of all eligible numbers therefore has cardinality 4469, and it is these numbers which we
must check are represented by @ to confirm universality. As the largest eligible number is 15825810,

we use the following low and cunning trick.
Consider the subform R := (1,1,1) of Q. It is a classical result of Gauss that m is not represented

by R if and only if m = 4¥(8¢ + 7) for k,£ € NU {0}. Given an eligible number m, then, we need

only check m — 7n? (for some n € NU {0}) is represented by (1,1,1).
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Table 3.9: Exceptions to (1,1,1)

n | # of eligible m with m — 7n? not represented by R | largest such m

0 349 1130415
1 29 220935
2 0 0

This then proves the positive universality of @ = (1,1,1,7).
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Chapter 4

Quadratic Forms over Z [(1 + /5)/2]

4.1 Summary

This chapter concerns the values represented by two forms over Q(v/5): (1,1,1,1) and (1,1,3,3(3+
v/5)). The sum of four squares is very well studied, and its universality is a consequence of [7] which
shows the sum of three squares is universal over Q(\/g) Here, we derive an explicit formula for
7(1,1,1,1y(m) written in such a way to highlight the parallels with the same formula over Q. The
original formula is due to Gotzky in 1928 [19]. Predating Siegel, this paper does not derive the
result via local densities. The form (1,1,3,3(3 + v/5)) has not been studied previously. We begin
by showing that while all m € Og( J/5) are locally represented, globally the form is not universal.

We then provide an explicit formula for the Eisenstein component of the theta series; necessary for

this was computing a special value of an L-function over Q(v/5) with nontrivial character.

4.2 (1,1,1,1)

Theorem 4.2.1. (Gitzky, 1928, [19, Satz 4]) The form Q(%) = z% + 23 + 23 + 23 is positive
universal over K = Q(v/5). That is, for all m € O}, Q(Z) = m has a solution in O}.. Most

specifically,

ro(m)=8 > N(d)—4 > N(d)+8 > N(d).
0£(d)m 2/(d)|m 4/(d)lm
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Introductory Remarks

This form has discriminant Dg = D = 1 and level Ng = N = 4. The character is trivial as it is

xo(p) = <f> - (;) L

We first check locally that quotients of m € (9;“( by a square factor are represented mod (2)% and

given by

mod p for all odd primes p. That all m are locally represented mod p for all odd primes p comes
from the fact that over a finite field of odd characteristic the sum of two squares is universal.
Verifying that all quotients of m by a square factor are represented mod (2)% is a relatively quick

Sage computation.

The Eisenstein Coeflicients

Theorem 4.2.2.

8. > N@) |, (2) 1 (m)
(0)(d)|(m)

N-1
=0 (O)FA(D)|(m),(2)t(d)

N-2
8-3- (9 +10 ) 42“““)) : > N(d) |, ordg(m)=2N,N>1.
i=0 (0)#(d)|(m),(2)1(d)

Proof. We have by [38, pg. 285]
ag(m) = []Bu(m)

= (T 8.m) ) (Bey(m)) I & IT Bo(m)

v|oo (2)#pl(m) pt(2m)

In order to complete this proof we use a sequence of lemmas which we use to compute separately:

o H Bu(m)

v]oo
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H Bp(m) (i.e., the local densities at finite primes dividing neither the level nor (m))

pt(2m)

® B(2)(m) (the local density at all primes dividing the level)

. H Bp(m) (the local density at all remaining primes).
(2)7p|(m)

Lemma 4.2.1. For Q =(1,1,1,1) and m € O},

74N (m
Hﬁv(m) = 53/(2)

v|oo
Proof. This is a direct application of [38, Hilfssatz 72].

Lemma 4.2.2. For an odd prime p { (2m),

Proof. For such a prime, the solutions are all of Good type and we have

Good(

m)
Byp(m) = JE&W

o Y (p)3 = Dpgiood (m)
V00 N(p)3v
N(p)® = N(p)
N(p)3
1

= 1—

N(p)?’
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Thus,

ag(m) = (Hﬁu(m)) 5(2)(?%)( I1 5p(m)) (H /J’q(m))
(2

v|oo )#plm qf2m

1)

TN (m o N(p)?
- () %(m)( 11 6p<m>) ” :

2)#pIm mg) (1 - N(p)2>
- (Z5E) gt (()1;[ m(m)) L
w1 vo7)
T ~1§£$2(” Pytm): ( 'S Njé*ii?f“?) '
27t
Lemma 4.2.3. Gg5)(2) = —=.

Proof.

Cos)(2) = C2)Lolxs, 2),

where x5 is the even, non-trivial (quadratic) character of conductor 5. As we have seen earlier,

(p(2) = 72/6. To compute Lg(xs,2), we have (using the notation of [23, pg. 104]):

2

27 _
LQ(X572) = _§T<X5)LQ(1 - 27X5)7

where

5
T(x5) = ZX5(Q)62MG/5
=1
= 2(cos(2m/5) + cos(m/5))
_
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and

Lo(1—2,X5) = Lo(1—2,x5)
= _%BZXE)
11 a—5\% [a—-5\ 1
= -3 (5;(5)2X5(a)<< 5 > +< 5 >+6>)
B 5 4 2
- 2 n Ty
Hence
272 2
_ 4+/572
125
and
w2 44/5m2 2t
Cows) (@) = 6125 755
as claimed.
Hence
B 167N (m) ' . N(p)?By(m)
wem) = 15 - 5%2Cq(v5)(2) e ((2gm N(p)? =1
N 2
plm,pf2
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Lemma 4.2.4.

1L, (2) 1 (m)

15 1 3
) (Z 427,> T PN ord(y)(m) =2N +1,N >0

1=0

N-2

15 1 27

g ( E 421> + m, ord(z)(m) =2N,N > 0.
=0

Proof. When (2) 1 (m), all solutions are of Good type and we have:

TGOOd(m)
o (2)
Bay(m) = lim ==

_ T(C}()):E,)f(u 3>( m)
a vggo 43v
. 43(v—3)7,(C§())od(m)
T v5oo 43v

262144
ICI

For orda(m) = 2N + 1, N > 0, we have Good and Zero type solutions with

/3(2) (m)

; resed (m) i rises (m)
vlﬁnolo 43v vggo 43v
3(v—3),.Good N
lim 4 T’(S) (m) + lim L 2441 Good (ﬁ)
V=300 43v v_mo 43v | < - ()v 2i 92i
i=

215 3 5 1 <Z4_2Z Good( >>
8 92i

vall215 3.5 216.3
218 424 49 . 42N

+
3
421 T Nt

15
B

5
8
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Last, when ords(m

) =2N, N > 1, we have Good and Zero type solutions, and

TGOOd(m) Zero(m)
T (2) "y
5(2)(m) a vll)rgo 43v +v1i>oo 43v
N
_ 15 1 44 Good m
- 8+J£2043v<24 " (222‘)>
N
_ 15 1 —2i_Good [ T
= 8+49<;4 ot (222'))
_9 ,.Good (T Good m Good m
15 “=T®) (E) "(8) ( 2(N—1)> "(8) <W>
EREY 2%) | 2 n 2
8 42i+9 49+2(N—-1) 42N+9
i=1
B 15 [ 215. 13 218
- §+§ ; 218,42(N71) 218 . 42N
o (&1 1 1
) 2342 8 42(N 1) " 42N
T (N 2 )
Y 42i 42N
8 = 4
Lemma 4.2.5. For p # (2), p|(m)
rdp(m)
Bo(m)N (p >2 S
—_ N(p
N(p)? - Z

Proof. Suppose ordy(m) = 2N, N € N. Here both Good and Zero type solutions exist and

] ’I”GUOOd(m) ‘ Zﬁro(m)
Bp(m) = Ulirglo 3\7(]3)3” UIL%OW
_ NP+ NE)KE) -1 -1
N(p)?
N-1
+ lim N <;N )%l m/in)> + N (p) N rSos (m/pN >

N(p)® + N(p)(N(p) —1) —

<N§zj N(pr%) (

gl H) NG (1= NP
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So for such primes

By(m

L —2N
Np ) 1+N(p)>+N(p)

(
2N
Last, suppose ord,(m) = 2N +1, N € NU{0}. Again only Zero and Good type solutions exist
with
quood(m) ,r.Zero(m)

— ; P ; P
Al = NG T N

- NP NOWE D=1y, 1 3 Good(, /x 2i
- N(p>3 +v1—>oo N(p)?w <; N(p) pv 2i ( /p ))

N
) L) (NG N W) - 1) - 1
- (;N(‘” >< N(p)? )

Hence for such primes

BN (= gy 1
NGP-1 (ZN(” )(”N(p))

=0
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In conclusion, for m odd, we see

ag(m) = 8N(m)ﬁ(2)(m)( II

= 8-( > N(d)).
(0)#(d)|(m)

Similarly when ordy(m) =2N +1, N >0

ap(m) = SN(m)B(z)(m)( I ]%H)
(2)#p[(m)

15 (N2 3 orde () .
= 8N(m) (8 (Z 421.) + 42N+1> 11 > N
i=0 @7l(m) \ =0

_ 8<3+185Z42(N ) ( 1T Ordzp:m) )

i=0 @)#pl(m) =0

N-1
= 8.3 (1 +10 ) 42<Ni+1>+1> - ( > N(d))
(0)£(d)](m),(2)i(d)

i=0 [(m),
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and when ordp)(m) =2N, N > 1

ag(m) = 8N(m)Bz)(m)

This completes the proof of the theorem. O

Explicit Representation Results
Lemma 4.2.6. For Q = (1,1,1,1) over Q(v/5), rg(m) = ag(m) for all m € Of.

Proof. 1t is known that the space of Hilbert modular forms of parallel weight two and level 4 has
a trivial cuspidal space. Thus for all m, ac(m) = 0 and rg(m) = ag(m) [10, Example 1]. One can
also verify this using the code included in Appendix A.2 which implements Dembélé’s algorithm
over Q(\/g) and trivial character. That the dimension of the cusp space is 0, however, completes

the proof of the lemma. O

The lemma does not just imply the universality of @ = (1,1,1,1) over Q(v/5). It also proves

rq(m) = ag(m)

8- N(d) | . (2) 1 (m)
N-1 '

= {8-3-[1+10 42<N—Z+1>+1> : > N(d) |, ordg(m)=2N+1,N >0
/ (0)#(d) (d)

|(m),(2)t

42(Ni+1)> Z N(d) |, ord(g)(m) = 2N, N > 1.
i=0 (0)£(dD)](m),(2)4(d)
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To highlight these representation results, we return to an example from a previous chapter of

code output:

sage: x = var(’x’)

sage: K.<a>=NumberField(x"2-5,embedding=1)

sage: S = Matrix(XK,4,[1,0,0,0, ©0,1,0,0, 0,0,1,0, 0,0,0,1]1)

sage: List_for_all_Theta(5,S,5)

(1, 0, (1, 1), (2, -1, (2, 0), (2, 1), (2, 20, (2, 3), (3, -1, (3, 0O,
@, 1, @6, 2, @, 3, B3, 4, 4, -2), 4, -1, 4, 0,

4, 1, 4, 2), (6, -3), (5, -2, (5, -1, (5, 0O, (6, -3), (6, -2), (7, -]

sage: Theta_Computation (5,8,5)
[8, 8, 8, 24, 48, 24, 8, 48, 80,
96, 96, 80, 48, 24, 96, 216,

160, 144, 8, 96, 160, 248, 80, 144, 48]

This code concerns representation by the sum of four squares over Q(y/5), returning a list of
rq(f) for £ depending upon m = 5. We compare the code outputs to the outputs of the explicit

local density formula for select elements:

Table 4.1: Comparison of Representation Numbers

¢ =(a,b) <> a+bd | N(£) | ordp)(m) | Code Output | Representation Theorem
(1,0) 1 0 8 8
(1,1) 1 0 8 8
(2,0) 4 1 24 8-3-1
(2,1) 5 0 48 8- (1+5)
(4,0) 16 2 216 8-3.9
(6,-2) 20 1 144 8:3-1-(5+1)
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Recovering Gotzky’s Result

What remains is to derive Gotzky’s result. That is, knowing now that

rQ(m) = m)

( N(d ) : (2) 1 (m)
(0) 7&( )|(m

N 1
= {8 1+10242N 1)+ )( N(d)), ordig(m) =2N +1,N >0
(0)#(d)|(m),(2)(d)

N—-2
8-3- (9 +10) 42(N—i+1)> : ( > N(d)) ., ordgy(m)=2N,N > 1.
i=0 (0)#(d)|(m),(2)1(d)

we want to show that that simplifies to

rom)=8 Y N(d)—4 ) N@+8 > N

0F(d)|m 2[(d)|m 4[(d)|m

We proceed by cases. When ord ) (m) = 0, then certainly

0)#(d)|(m) 2|(d)|m

&( > N(d)) =8 ) N(d)-4 ) N@+8 > N(d
0) 0£(d)m 4/(d)|m

For the remaining two cases, we write Gotzky’s result in the following way:

8 » N(d)-4 ) N(@d+8 ) Nd = 8 > N(d) + 4 > N(d)

0#(d)[m 2[(d)|m 4/(d)[m (0)#(d)[m,ord 2) (d)=0 (0)#(d)|m,ord ) (d)=1

+12 > N(d).

(0)#(d)|m,ord 2y (d) >2

We now note

N-1 N-1
4 15 )
2(N—i+1)+1 _ 2(N—i)+1
8-3.<1+10§j4< ) )( > N(d)) = 8<1+2+8§j4< ) )
(0)#(d)|(m),(2)1(d)

=0 i=0

. ( > N(d)) .
(0)£(@)(m),(2)(d)
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D

Allowing ( N(d)) =5,
(0)#(d)|(m),(2)1(d)

15
811 ) - 42(N7i)+1 S
( +2+ - ;

Gotzky’s result then holds.

this gives:

N-1 '
85 + 165 + 155 > 42(N=)H

=0

N—-1 4
85 +4 > N(d)+3(4+1)S > 42N+
(0)(d)|m,ord (9 (d)=1 =0
2N+1

85 + 4

>

(0) ()01l 2) (d) =1

>

(0)(d) \m,ord(z) (d)=1

N(d)+35-4 > 4
=2

>

(0)#(d)|m,orda(d)>2

85 +4 N(d) + 12

Finally, we suppose ord)(m) = 2N, N € N. Then we want to show again

N-2
8-3- <9+ 10 ) 42<Ni+1>> : ( > N(d)) = 8 > N(d)
i=0 (0)£(d)|(m),(2)1(d) (0)#(d)|m.ord 2 (d)=0
+4 > N(d)
(0)£(d)]m.ord(z)(d)=1
+12 > N(d)
(0)#(d)|m,0rd ) (d) >2
Again, we begin by seeing
N-2 15 N-2
2(N—i+1 _ 2(N—i
8-3.<9+1OZ4< >>- > N@d) | = 8(27+8Z4< >>.
i=0 (0)£(d)|(m),(2)1(d) i=0 (0)#(d)

101

N(d).

D

|(m)

N (d)>
(2)i(d)



Again, allowing ( Z N(d)) = S we get:
(0)(d)[(m),(2)1(d)

(27+Z42 ) — 88+8<26+Z42 )
N-—-2 '
= 85+ (16~13+ 15 Z 42(]“)) S

1=0

N
= 85+ (16(1 +12) +3(4+ 1) 242") S

=1
N
= 85+4 > N(d)+<16.12+3(4+1)242i>5

(0)A(d)]m.ord 3) (d)=1 i=1

2N
= 85+4 > N(d) +12 (Zaﬂ') S
=2

(0)#(d)|m,ord ) (d)=1
= 85+4 > N(d) + 12 > N(d).

(0)(d)]m,ord 3 (d)=1 (0)#(d)|m.orda(d)>2

This completes the analysis of the sum of four squares over Z[(1 4+ v/5)/2].

4.3 (1,1,3,3(3+5))

Theorem 4.3.1. Q = (1,1,3,3(3 +V/5)) is not positive universal over O where K = Q(\/5).
1++5
2

Proof. We will show for m = 3 + 2

1 5 1 5
represents 3 + 2 ( +2\[>. Fori=1,...,4, set x; := a; + b; ( +2\[> for a;,b; € Z. Then

, Q(Z) = m has no solution in Og. Suppose Q

QT = :L'% + $% + 3x§ +3(3+ \/g)xi

= (03 + a3+ 83+ 3(a3+03) + 33+ VE) (aF + 09))

14++/5
- (b% + 2byay + b3 + 2bgag + 3(b3 + 2bzaz) + 3(3 + V5) (b3 + b4a4)> ( f) .

2
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In order to satisfy
3= (af+ 0%+ a3 + 63+ 3(aF + 03) + 33+ VB)(a] + 12))

we see immediately a4 = by = 0; moreover, for i # 4, |a;b;| < 1. If either |ag| =1 or |bs| = 1, then

we force a1, a9, b1, by = 0; however, then

2 (1 +2\/5> — 3(02 + 2bsas) (1 +2\/5>

has no solution. Thus az = b3 = 0 and

1++5 1++5
3+2 ( 5 ) = (a} + b3 + a3 + b3) + (b} + 2b1a1 + b3 + 2b2as) ( 5 ) .

In writing 3 as a sum of 4 integer squares, we see that exactly three of ai,b1,a90,b0 = +1,
and exactly one is 0. This forces b? + 2b;a; € {—1,0,1,3}. Without loss of generality, suppose
aiby = 0. This forces b? + 2a1b; € {0,1}, and b3 + 2asby € {—1,3}. But then there is no solution

to b% + 2bia; + b% + 2bsas = 2.

1 5
Thus there is no & € Of with Q(Z) = 3+ 2 ( +2\[>.

Introductory Remarks

The determinant is det(Q) = 9(3 + v/5) = 32 -2 (1 + v/5)/2)? = 18. The level is Ng = (24) =
(2)3 - (3). By definition,

x(p) = <DQ> _ (32.2.((1+\/5)/2)2> _ (2) _ L NE)==£1 (mod8)

p p p

103



The Eisenstein Coefficients

Siegel’s Theorem on Local Densities, [38, pg. 285], says that
ap(m) = []Bs(m)
v

= | I B(m) | Biay(m)Bis (m) H Bp(m)

v|oo 3)#plm

[1 Aaim

qf(6m)

Again, we provide a sequence of lemmas which will completely determine ag(m). Namely, we

consider separately:

o [[Bu(m

v|oo

H Bq(m) (i.e., the local densities at all primes dividing neither the level nor (m))

qt(6m)

® Bi2)(m)B3)(m) (the local densities at the primes dividing the level)

o H By(m) (the local densities at all remaining primes).
(2),(3)#pIm
7t N (m)

Lemma 4.3.1. H ﬁv<m) = W

v|oo

Proof. This is a direct application of [38, Hilfssatz 72].

Lemma 4.3.2. For all finite primes q 1 (m) and q1 Ng,

104



Proof. For these primes all solutions are Good with

TGOOd(m)
o e
Galm) = lim —s

TC(‘%SE(})H (m)

= 1
im0 N(q)

N(q)B(Ufl)rg}ood(m)
m
v—00 N(q)SU

Thus
IIt—x(e)/N(p)?
B, (m _ Peo
(ml%m o O [T 1 x)/N ()
pl6m
_ 1 N(p)
LQ(\/E)(2 X) (pl;ln N(p)? - X(P))
and

ag(m) = Hﬁv(m)

= (H [300(771)) Bi2)(m)Bz)(m) ( 11 5p(m)> ( II 5q(m))
ol (2).(3)0bm ai(6m)
)

PN B mIN@P B (m)N()? ( By(m)N p>2>
N* )
(2),(3) !

18-52 Ly 5 (2,00 N2? — x(2) N3~ x(3)
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Lemma 4.3.3.

Lows(2.x) = Lo(2,¢)Lo(2,¢xs)

7v/5rt
1600

where b(p) = <2)

p
Proof. The first set of equalities is a special case of a more general statement given in the background
chapter on L-functions.
To compute the value of the L-function, we now use the techniques outlined in [23, pg. 104]:

2

= —Tr(y)Lo(l-2,9)

32
where
8 .
7—(¢) — Zq’/}(a)eQWLa/S
a=1
- /2
and
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Thus

2

Lo(2,9) = —5r(®)Lo(l-2.¥)
2 1
= _33.2[._5.2
R
16

Next, we consider Lg(2,1xs). Note that ¥ys has conductor 40 with

1, p=1,3,9,13,27,31,37,39 (mod 40)
Yxs(p) = .
~1, p=7,11,17,19,21,23,29,33 (mod 40)

Again, by [23, pg. 104] we have:

) .
Lo(2,¢xp) = 7(¥xp) (2”) Lo(1—2,4xp)

Again

Lo(1-2,9xp) = Lo(1-2,¢xp)

Additionally,

40
T(Yxp) = Y vxp(a)e’™
a=1
= 2V10
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and more importantly:

_ 2 .
Lo(2,9xp) = W(&) Lo(1 —2,9¢xs)
2
= —V10 <m>-(—14)
_ 7/ 1072
200
Hence
V2?2 71072
Lows) 20 = =5~ 55
_ 7v/5mrd
~ 1600
Our Eisenstein component is therefore
ag(m) = []Bu(m)
ﬁoo(m)ﬁ(Q)(m)ﬂ(g)(m)( H 5p(m)> (H 5q(m))
(2),(3)#pIm at6m

7N (m) 1 N(p)®
18 - 53/2 Bz)(m)B ) (m) ((2)’(££¥Jm 5p(m)) (LQ(\/g)@ X) (pl;[n N(p)? — X(P)) )

miNm) PmNE@? Pa(mNE)? 1 (H Bp(m)N(p)2>
(2),

18-5%2 N(2)2 =x(2) NG?-xB) Lows 2% \ o srpim
BN(m) B mIN@? Ba(mN () ( [[ e )
2),(

63  N(22-x(2) NB3)2—x(3) N(p)? — x(p)

(3)#pIm

4 Bp(m)N (p)?
=N (m)Bz)(m)Bz)(m) ( 11 o ) :
! T\ i NP ()
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Lemma 4.3.4.

5 <5 <92(N+1)> + 92N+1> 3 Ord(3)(m) = 2N

103 /92N — 1 182
> (5 <92(N+1>> + 92N+3> , ordg)(m) =2N + 1.

Proof. All solutions are of Good type when (3) 1 (m) with

Begy(m) =

o Ter(m)

fotm) = Jim
Good

= lim M

V—00 93v
gy YO
V—00 931)
v—1),.Good
_ o 2O
V—00 93v

Now suppose that ords(m) = 1, which leads to Bad-Type I and Good solutions. Allowing Q' =
(1,1,1,3 + /5), we have

rGOSd m TBa(j—Type_I(m)
V=00 93v V—+00 93v
Y Good
= lim M + lim N(3)2T(3)v717Qz(m/3)
V—00 931} ol 931}
eSS 93v oot 93v
Coaste 929G (m/3)
N 93 + 931}
1376 TGy (m/3)
1376 80
T e e
1456
= 5
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When ords(m) = 2, Good, Bad-Type I, and Zero solutions occur with

Good Bad-Type-I Zero
T (m) T rayo m T (m)
Bz)(m) = lim ®) bolim 2B gy @
V—00 93v V—00 93v V—00 93v
,FGood ( ) 92y Good (m/B) 94
B X (3 )1+(1) 1) . ( Yo 1L . ?”(3)1;72 (m/9)
B Ulggo 93v + vli)rgo 9Q3v + vlggo 93v
. 931y Good () . 9293 2)pGood (1 /3) . 9r s (m/9)
oo g3v v—)oo g3v v—00 g3v
_ 1376 800 9193(v=8)y-00d (m /9)
= g tgr T 930
1376 800 648
T T T T
And in general, we have for ords(m) = 2N, N € NU{0}:
TGOSd(m) rBaf'Tpr'I(m ,rZer;)(m)
Bz)(m) = lim 8) +olim B iy B
v—00 93v V—00 93v V—00 93v
1 N-1 1 N-1
i,.Goo 7 i Bad- e-1 4
= vll)l’glo 9@ (Z 94 (G)dez (m/32 )) + ’Ull)m 9@ (Z 94 ( yw T221p ( /32 ))
=0 =0
9Ny gy u—an (m /32
4 lim @3)v—2n (m/3%Y)
V—00 93v

1376 1 800 1 1 (648
- o3 <Z 921) + 94 (Z 92z> + 92N (93)
(1376 800 92N 1 1 (648
- 9 92 N-1) + 92N ?
824 92N L L (o8
32805 \ 92(V-1) 92N 93

_ o103 (92V -1
- 5 92(N+1) 92N+1
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Similarly, for ordg(m) =2N +1, N € NU {0}:

Good Bad-Type-1 Zero
Bz (m) = lim HER (m) + lim —T(S)U (m + lim HEN m)
®) v—00 93v V—00 g3v v—ooo 93V

] Bad-T I ]
_ vlggogﬁ <Z 941 Gogdh m/322)> +v1i)m 9@ (Z 941 av 2zfpe /32z)>

94N (3)1172N (m/32N)

+Uli>rgo 93v
N—-1
1376 1 800 1 1 (1376 720
- B () R () (B
=0 1=0

824 (92N 1 1 (1456
= 32805 \ 921 ) T gan \ Tgs

103 /92N —1 182
= 8 —= + )
5 92(N+1) 92N+3

Lemma 4.3.5.
1, ord(g)(m) = 2N + 1
fa(m) = Q28 _1 4 15/16, ordg(m) = 2N, m/2N € C1
42N + 42N
17/16, ord(m) =2N,m/2N € C2

where C1 and C2 are described below.

111



Proof. Suppose orda(m) =2N +1, N € NU {0}. We have:

B2y (m)

. r(%))gd(m) i r(ZQe)rf(m)
vigolo 43v ULI& 43v

, 4Ny oyu—an (m)/22Y)
4i,.Good 2 : 2"
R S I

> 44N43(v72N73)r(8) (m/22N)

+ lim

V—00 43v

v—o00 4
=0

N-1 7,Good (m/221) Good(m/22N)

(8) "(s)
z% 4942¢ + 4942N
1=

lim i (Z 44143(1} 2i—3) Good(m/221)

Nz‘l 245760 262144

— 49421 + 4942N
1=

N-1
15 1 1
16 (Z 42i> + 42N
i=0

42N _ 1 1
42N +427N

Let 6 = (1++/5)/2. When m is odd, we have two categories for representatives of m (mod (8)):

Table 4.2: C1, C2 values

C1 C1 C1 C2 C2 C2
1+30 | 14460 | 1450 0 30 50
1+660 | 2+6 | 2+50 70 1 1+6

3+60 | 3+20|3+40 || 1+20 | 1+70 | 2+30

3+70| 4460 | 4+30 | 2+70 3 3+ 30

4450 | 4+70 | 5+6 || 3+50 | 3+ 60 5

5440 | 54+60 | 54+70 || 54+20 | 5430 | 5+ 50

6430 | 6+70 | 7T4+20 | 6+0 | 6+ 50 7

T4+30 | 74+40 | 7T+50 || T+0 | 7T+60 | T+ 70

112



When (2) 1 (m), all solutions are of Good type and

’I”Gof,)d m
By(m) = lim @it ()

v—00 43v

) T(C;())§)<(3<v73>(m)
= lim 44— ——

vV—00 43v
3(v—-3),.Good
= lim ! "®) (m)
vV—00 43v
)
49

15/2% meCl

17/2%, m e C2.

Last, we summarize the case orda(m) = 2N, N € NU {0}.

L Tee(m)
5(2)(m) - vgr{olo 431}
T o
= lim —~——— + lim
V—00 43v v—00 43v
N-1 AN 2N
_ 1 1 4i_Good 2y 13v .4 T(2)”*2N(m/2 )
= vlgrolo@ (ZO A% )0 2 (m /27 )4 —|—vlglélo VET
1=

Nl AN 43(v—2N—3) oN
- ; ; 474 2
— lim Lv (Z 44143(v—21—3)r((é())od(m/221)> 1 lim T(S)(m/ )

: V—00 43v
=0

N-1 ré}ood (m/QQi) TSOOd(m/22N)
4942 4942N

=0

N-1 245760 1 245760, m/2N € Cl1
- Z P2 T 9pN
=0 278528, m/2N € C2

15 (V=14 1 |15/16, m/2N € C1
6\ 2@ ) Ty -
i=0 17/16, m/2N € C2
2N _1 1 |15/16, m/2N e C1
42N T 42N

17/16, m/2N € C2.
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Lemma 4.3.6. Let (2),(3) # p be a prime which divides (m).

1)’

, ordy(m) =2N+1,x(p) = -1

1

1

N(p)2N+1

(Mo

N(p)—1

‘ N(p)2N+1
N(p)2 — x(p) 1

(N(P)2N+2 - 1)

N(p)+1
N(p)2N+1 -1

N(p)2N
1

(

N(p) -1
N(p)2N+1 +1

N(p)2N

(

N(p)+1

)
)

ord,(m) =2N +1,x(p) =1

ordy(m) = 2N, x(p) =1

ordp(m) = 2N, x(p) = —1.

Proof. Suppose ordy(m) = 2N, N € NU{0}. Then all solutions are Zero or Good type with

Therefore,

114

2N
> N x(p) =1
Y (=1'N@p), x(p) =1
\ =0
1 N(p)2N+1_1 _
N(p)?N( NG 1 ) xp) =1
1 N(p)2N+l—|—1 _
N(p)?N( NOES ) xp) = -1



Last, suppose ordy(m) = 2N + 1, N € NU {0}. Again, all solutions are of Zero or Good type and

Bp(m) = lim o ()

P
_ N+ N(p)](vl\(fp(;as) “Dxp -1, ZV;N@)_QJ (N(p) + N(mfvj\gfﬁ ~Dx(p) - 1>
_ gmm—% (N<p>3 + N(p) %(;) — 1) x(p) - 1)
Thus
(%?N (p) =1
R T v
\ JZ_; (=N ()7, x(p) = -1
p)2N+2 _
[ ()
[ N(p)2VH ( >
This series of lemmas completely determines ag(m) for any m € OF. O

115



Chapter 5

Bibliography

[10]

Andrianov, A.N., Zhuravlev, V.G., Modular Forms and Hecke Operators, Translated from

the Russian, American Mathematical Society, 1995.

Apostol, T., Introduction to Analytic Number Theory, Springer-Verlag, New York, Heidel-
berg, Berlin 1976.

Bhargava, M., Hanke., J, Universal Quadratic Forms and the 290 Theorem, preprint
Bump, D., Automorphic Forms and Representations, Cambridge University Press, 1998.
Bump, D., etal., An Introduction to the Langlands Program, Birkhauser, Boston, 2004.
Cassels, J.W.S., Rational Quadratic Forms, Dover Publications, 2008.

Chan, W-K., Kim, M-H., Raghavan, S., Ternary Universal Integral Quadratic Forms Over
Real Number Fields, Japanese Journal of Mathm., 22 (1996) no.2., 263-273.

Conway, J.H., Sloane, N.J.A., Sphere Packings, Lattices, and Groups, Springer, 1999.

Cox, D.A., Primes of the form x* +ny?, A Wiley-Interscience Publication, John Wiley &
Sons Inc., New York, 1989

Dembélé, L., Explicit Computations of Hilbert Modular Forms on Q(+/5), Experimental
Mathematics, Vol. 14, No 4 (2005), 457-66.

116



[11]

[12]

[17]

[18]

Dembélé, L., Quaternionic Manin Symbols, Brandt Matrices and Hilbert Modular Forms,
Mathematics of Computations, Vol. 76, No 258 (2007), 1039-1057.

Dembélé, L., Voight, J., Explicit Methods for Hilbert Modular Forms, Elliptic curves,

Hilbert modular forms and Galois deformations, Birkhauser, Basel, 2013, 135-198.

Deutsch, J., Geometry of Numbers Proof of Gotzky’s Four-Squares Theorem, Journal of
Number Theory 96, 2002.

Diamond, F., and Shurman, J., A First Course in Modular Forms, Springer, 2005
Freitag, E., Hilbert Modular Forms, Springer-Verlag Berlin Heidelberg, 1990.

Garrett,P., Holomorphic Hilbert Modular Forms, Wadsworth Inc., Belmont, Califor-

nia,1990.
van der Geer,G., Hilbert Modular Surfaces, Springer-Verlag, Berlin, 1988.

Goren, E., Lectures on Hilbert Modular Varieties and Modular Forms, American Mathe-

matical Society, 2002.

Gotzky, F., Uber eine zahlentheoretische Anwendung von Modulfunktionen zweier

Verdnderlicher, Mathematische Annalen, 1928.

Greenberg, M., Voight, J., Computing Systems of Hecke Figenvalues Associated to Hilbert

Modular Forms, Mathematics of Computation, Volume 80, Number 274, 2011.

Hanke, J., Local Densities and Ezxplicit Bounds for Representability by a Quadratic Form,

Duke Journal of Mathematics, 2004
Hida, H., Hilbert Modular Forms and Iwasawa Theory, Oxford Science Publications, 2006.
Iwasawa, K., Lectures on p-Adic L-Functions, Princeton University Press, 1972.

Jacobson, N., Basic Algebra, Volume I, W.H. Freeman and Company, 1980.

117



[25]

[26]
[27]

[28]

Johansson, S., A Description of Quaternion Algebras, http://math.chalmers.se/~sj/

forskning/structure.ps.
Kitaoka, Y., Arithmetic of Quadratic Forms, Cambridge University Press, 1993.
Knapp, A., Elliptic Curves, Princeton University Press, 1992.

Lam, T.Y., Introduction to Quadratic Forms Over Fields, American Mathematical Society,

Graduate Studeis in Mathematics Volume 67, Providence, RI, 2005.

MAGMA

Miyake, T., Modular Forms, Springer, 1989.

Neukirch, J., Algebraic Number Theory, Springer-Verlag, Berlin, Heidelberg, 1999.

O’Meara, T.O., Introduction to Quadratic Forms, Springer-Verlag, Berlin, Heidelberg,
1963.

Pizer, A., An Algorithm for Computing Modular Forms on I'o(N), Journal of Algebra 64,
340-390 (1980).

Serre, J.P., A Course in Arithmetic, Springer-Verlag, New York, 1973, Translated from

the French, Graduate Texts in Mathematics, No. 7.

Shimura, G., Introduction to the Arithmetic Theory of Automorphic Functions, Publica-
tions of the Mathematical Society of Japan, No. 11. Iwanami Shoten, Publishers, Tokyo,
1971.

Shimura, G., Arithmetic of Quadratic Forms, Springer Monographs in Mathematics, 2010.

Shimura, G., The Special Values of the Zeta Functions Associated With Hilbert Modular

Forms, Duke Mathematical Journal, September 1978.

Siegel, C. L., Uber Die Analytische Theorie Der Quadratischen Formen III, Annals of
Mathematics, 1937.

118



[39] Stein, W.A., Modular Forms, a Computational Approach, American Mathematical Society,

Graduate Studies in Mathematics Volume 79, Providence, RI, 2007.

[40] W.A. Stein et al., Sage Mathematics Software (Version 5.6), The Sage Development Team,

2013, http://wuw.sagemath.org

[41] Vignéras,M.-F., Arithmetique des algebres de quaternions, Lecture Notes in Mathematics,

vol. 800, Springer, Berlin, 1980.

[42] Voight, J., Identifying the Matriz Ring: Algorithms for Quaternion Algebras and Quadratic
Forms, Quadratic and higher degree forms, Developments in Math., vol. 31, Springer, New

York, 2013, 255-298.

119



Appendix A

Appendices

A.1 Code for rg(m)

Below is the Sage code introduced in the Bounding Regions chapter.
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A.2 Code for Hilbert Modular Forms

Below is code which computes Brandt matrices for spaces of Hilbert modular forms over Q(+/5)

and trivial character, via Dembélé’s method.
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