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ABSTRACT

A regime switching model consists of a set of Black-Scholes models (geometric Brownian
motions) coupled by a finite state Markov chain. This model is considered as one of the
effective mathematical frameworks to study the valuation of stocks and their derivatives.
Under this model the associated PDEs satisfied by the option price are quite involved. In
the European option case we have a linear system of PDEs; and in the American option case
the corresponding PDE is fully nonlinear. Both equations are difficult to solve, and they
may not have classical solutions. In this work, we use the framework of viscosity solution to
prove that in both cases the option price can be characterized as a unique viscosity solution
of those PDEs. This enables us to construct a numerical scheme to approximate the option
price. In addition, this framework is used to treat stock selling rule and search for an optimal
selling strategy in order to maximize the reward resulted from a selling transaction.
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CHAPTER 1

Valuation of the European option under regime switching

Introduction

There has been a tremendous interest in valuation of stock options since their introduction
in an organized exchange in seventies. Options as other derivative securities are typically used
as a hedging tool by traders in order to reduce their exposure and to protect their portfolio.
A derwative security is a financial contract whose value is derived from another security
such as a stock or a bond. Common derivative securities are call options, put options, forward
contracts and futures contracts etc.
A call option gives the holder the right to buy the underlying asset by a prespecified date for
a prespecified price. And a put option gives the holder the right to sell the underlying asset
by a prespecified date for a prespecified price. The prespecified price in the contract is also
known as strike price or exercise price and the prespecified date is also know as the expi-
ration date. American option can be exercised any time up to the expiration date, whereas
European option can only be exercised at expiration date.
There has been a great deal of interest in using mathematical models to study financial
derivatives. The major breakthrough occurred in 1973 when F. Black and M. Scholes pro-
posed a model based on geometric Brownian motion with deterministic coefficients such as
the rate of return and the volatility. Their model gives a reasonably good description of the
market, and also leads to a closed-form formula for evaluating the European option price.
Since then, the Black-Scholes model has been widely used in option pricing and portfolio
management. However, as noticed by many researchers, it has serious flaws and discrepancies

due to its insensibility to random parameter changes such as changes in market trends. In



order to circumvent those limitations, various modifications of the model have been proposed
in the literature. Merton [30] proposed a model based on diffusions with pure jumps in order
to capture stock price discontinuity; Clark [5] studied time-changing Brownian motions;
Praetz [34] proposed a hyperbolic model in lieu of the traditional log-normal distribution.
Fouque, Papanicolaou, and Sircar [14], Hull [18], and Musiela and Rutkowski [31] studied
stochastic volatility models in order to capture random changes of the volatility.

With the constant need to build more realistic models that better reflect the random change
of the market environment and that are mathematically tractable, the geometric Brow-
nian motion with regime-switching has been introduced. The regime-switching model was
first introduced by Hamilton [17] in 1989 to describe time-series. Roughly speaking, in the
regime-switching model stock parameters depend on the trend of the market that switches
among a finite number of states. The market regime reflects the state of the economy, the
general mood of investor and other major economic factors. Due to the effectiveness of this
model, there have been an extensive literature on the regime switching. Di Masi et al. [7]
develop mean-variance hedging for regime-switching European option pricing. In order to
evaluate regime-switching American and European options, Bollen [3] uses lattice method
and simulation, whereas Buffington and Elliot [4] use risk neutral pricing and derive a set
of partial differential equations for option price. Duan et al. [8] establish a class of GARCH
option models under regime switching. Yao, Zhang and Zhou [40] establish that the regime
switching model captures the volatility smile and the term structure.

In the regime switching models, it is extremely difficult to obtain a closed-form solution
for option price. In addition, there is no guarantee that the associated PDEs have classical
(smooth) solutions. In order to study those PDEs we have used the concept of viscosity solu-
tion which is convenient for treating possible non differential solutions. The regime-switching
European option price can be characterized as the unique viscosity solution of a system of

linear partial differential equations with variable coefficients.



We consider the regime switching model that consists of a set of geometrical Brownian
motions coupled by a finite-state Markov chain. Let X (¢) be the stock price satisfying the

following equation:
dX(t) = X(t)[u(a(t))dt + o(a(t)dW (t)], s<t<T, X(s) =z, (1.1)

where «(t) is a finite state Markov chain, «a(t) € M = {1,2,3,...,n} with generator Q,
W (t) is the standard Wiener process defined on a probability space (2, F, P) such that
W(-) and «(t) are independent. Given «(t) = i, u(i) and o(i) are known parameters. Let
Fi = ocf{a(s), W(s); s <t} and r > 0 be the risk-free rate. Under the given probability space
(Q, F, P) the discounted option price e " X (¢) is not a martingale. This creates a possibility
of arbitrage. To circumvent this problem we define an equivalent probability measure P the
risk neutral probability measure. Using the Girsanov Theorem one is able to prove that
under the new probability space the discounted price e "X (t) becomes a martingale. For
more about these results, one is referred to Fouque et al. [14] or Yao et al. [40]. The space
(Q, F,{F,}, P) defines the risk-neutral world. The price of the European option at time s
with the stock price X(s) = z, and the state of the Markov chain a(s) = i is defined as

follows:
pls,,3) = Ble"T2g(X(T), a(T)) | X(s) = 2, a(s) = (12

where ¢ is the payoff function. In fact g(z,i) = (xr — K)* = max(z — K, 0) for the call option
and g(z,i) = (K — )T = max(K — x,0) for the put option, and K is the strike price, and

T is the expiration time.

Remark 1.0.1 In the sequel we will use the following notation,

E* (X (1), a(t)] = BIE(X (1), a(t)) | X(s) = 2, a(s) = .

First of all, note that from equation (1.1) we deduce that

x(0) = X e ([ (wlae) - jotal)?)ac+ [ ota@nam@). a3



This implies that (X(t), a(t)) is Markovian, i.e, for any bounded Borel function h we have
En(X(), at)) | Fo] = EWX (1), a(t)) | X(s),als)] s <t.
Lemma 1.0.2 For any 0 € [s,T], we have

p(s,z, a,) = B [e" =90, X (), a(6)]. (1.4)

Proof. Let 6 € [s,T]. Note that

(6, X(6),a(0) = EOXOeCO[rT0g(X(T), o(T))
= Ele" " g(X(T), o(T)) | X(6), a(0)]

= Ele " g(X(T),a(T)) | Fy). (1.5)
In view of this, we have

B¢ 09p(0, X (), a(9))]
= eI Bl Og(X(T), o(T)) | F)
= Ble OBl 0g(X(T),a(T)) | Fi] | F
= Ble 006X (T), a(T)) | £
= Ble 7T g(X(T), a(T)) | )
= Ble T g(X(T), a(T) | X(5) = 2, a(5) = ]
= p(s,zs, ag). (1.6)

This proves the lemma. O

Formally p(s, z,i) satisfies the following system of partial differential equations.

. a Y ) ) 8 ) Y ) 1 . 82 ) bl . .
r(p(s,x,z) - p(gf Z>) — p(«;f J - §$20(2)2% — Qp(s,z,")(i) =0, (1.7)

p(T,x,i) = g(x,i) for i=1,..,m.

Note that g is piecewise linear. Equation (1.7) may not have a smooth solution. To treat the
possible non-differentiability of the solution , we resort to a weak form of solution, viscosity

solution. For instance, we will prove that p is a viscosity solution of (1.7).



Lemma 1.0.3 For eachi € M, p(s,z,i) is continuous in (s, x) and has at most a polynomial

growth.

Proof. 'We only prove for the case of the European put option, the case of the European

call option is similar. In this case,
p(s,z,i) = Ele " T(K — X(T))* | X(s) =z, as) = i.
Define g(s,z) = e ") (x — K)*. We have
lg(s.2) —g(s" )| = [T @ — K)F =T (@ — K)7|

< ‘efr(Tfs) (x . K)Jr . efr(Tfs) (SL’/ . K>+‘

He T @ — K)Y — e T (@ — K). (1.8)

r(T—s)

Using the mean value theorem for the function h(s) = e~ on the interval [0,7], we

obtain the existence of a constant C’ > 0 such that,
lg(s,x) —g(s',2")| < |z — 2'| + KC'|s — §'|. (1.9)
Let C = K(C’, then we have
lg(s,2) —g(s',2)| < [z — 2| + Cls = §'|.

To show the continuity of p(s,x,7) in z, let X; and X5 be two solutions of (1.1) with initial

values X;(s) = z; and Xs(s) = x2 respectively. We have

(00 = X0 = (=) + [ (40 - Xu(©) wla(e))dg

+ [ 000 - Xa(e) atate)ane)

For this first part of the proof we assume that all expectations are taken under the condition

that Xi(s) = z1, Xa(s) = x9, and a(s) = i. Thus for any random variable ¢ we denote,

E[¢] = B¢ | X1(s) = @1, Xa(s) = 29, a(s) = 1.



Consequently, we have

2

B (X,(t) — Xa(t))? < 3F | a1 — o P +35 ( JICICE X2<5>>u<a<s>>df)

2

v (| (X0(6) — Xa(0) ola(€) )

Using the Ito isometry, we obtain

B (Xi(t) = Xalt))* < 3B [y —aa P 43E(t—5) [ (509~ Xa(€))nlo(©)) de

2

t
3 [ (069 - Xa(9) 0(a(©))) de.
Since p and o are bounded, then there exists C' such that,
~ t ~
B | X(0) = Xalt) P< 3 | 21— P 401+ ) [ B X0(O) - Xa(9) P g
Then for t =T, we have
~ T ~
B|X(T) = X(T) P<3 |y~ P +C0+T) [ B | Xal€) = Xale) P de.
We set D = C(1 +T). By Gronwall’s inequality, we have

E| X\(T) = Xo(T) P< 3| 21 — x5 |? eP7.

Note that,

-

B Xi(t) — Xo(t) |< (E | X1 (t) — Xa(t) |2) * forall ¢ € [s,T],
and it follows that
Ee T | X\(T) — Xo(T) |< 3| 2y — a5 | €7 (1.10)
Moreover, we have

pls.a,) = pls,w,i) = Ee7 T ((K = Xy(T)* = (K = Xa(1))* )|
Ellg(s, X.(T)) = g(s, Xo(T))]

B1X2(1) = Xo(D)|

IA - IA

IN

3]y — x| el (1.11)



Let € > 0, for | 21 — x2 |[< se7 P we have,

| p(s, 1,1) — p(s, 72,1) [< e

This proves that p(s,z,1) is continuous with respect to x.
We now show the continuity of p(s, z, i) with respect to s. Let X (¢) be the solution of (1.1)

that starts at t = s with X (s) = x with a(s) =i. Let T > ¢’ > s, we define

X'(t)=X(t— (s —9)),
() = X(t = (5 =) )
o(t) =alt— (s —3)).
Let us consider the change of variables u = t — (s’ — s), thus we obtain dt = du and

dW; = dW,,. Moreover,

=zt / X()pu(o(€))de + / X(€)o(a(€))dIV

and
=2+ [ XOua )+ [ X0l (E)a

With this in mind, we obtain

X -X0) = [ X©Oua©)e+ [ X(©atale)an
- /tX’@) £))de — / X/(E)o(a (€)W
_ /Xgu d§+/ X(€)o(ale))dWs

- / X(€)p(a(€))dE / T X (©otaleaw

- / X(©)ula (5))d5+/ X (€)o(al(€))dWe. (1.13)
t—(s'—s) t—(s'—s)

For this second part of the proof we assume that all expectations are taken under the
condition that X (s) =z, X'(s') = z, and «a(s) = ¢ = /(s). Thus for any random variable ¢

we denote

E[() = E[C| X(s) = v = X'(s'),a(s) = i = /()]



Consequently, we have

t

BX(t) — X'(t)? < 2@(/

t—(s'—s)

+2E( /t t(m) X({)o(oz(f))dW5>2.

X(O(a()de)

Using Ito’s isometry and the fact that p and o are bounded, there exists a constant C' > 0

such that,

t t

X(6)de +20F / X(6)2de

t—(s"—s)

B(X(#) - X'(0)2 < 2s' — 5)CE /

t—(s'—s)
In addition, by the existence and uniqueness theorem of solution of stochastic differential

equation, and using the Fubini-Tonelli theorem we have,

JTEIX(€)2de = E [T 1X(€)[2de < +oc.

Thus, there exists M > 0 such that E|X(€)|2 < M almost everywhere in the interval [0, 7).

Therefore E ftt_(s,_s) | X (€)]2d¢ < (s’ — s)M, which implies that

E(X(t) - X'(t))* < R(s' — ), for some real number R > 0. (1.14)

Moreover, we have

IN

pls,,i) = pls's2,i)| < Ele (K = X (D)) = e T (K — X(1)]

IN

E[|lg(s, X (T)) = g(s', X"(1))|

E[|X(T) = X'(T)|] + Cs — |

VR(ls' = s)[+Cls = 5

VIs' = s|(VR +CVs —s). (1.15)

IN A

IN

The inequality (1.15) implies the continuity of p(s, z, ) with respect to s.
Now let us prove that p(s,z,i) has at most a polynomial growth. We note from the claim

(1.9) that

p(s1,21,9) — p(s2, 72, 1)| < Elg(s1, X1(T)) — g(s2, Xo(T))]



and there exist Ry, Ry > 0, such that

|p(81,l’1,i)—p(82,$2,i)| S E|g(817X1(T))_9(327X2(T))|

< E|X1(T) — X2(T>| + R2|81 - 52|

IN

Rl‘l'l —x2’+R2|81 —52| (116)

And setting z1 =z, s = s = s and x5 = 0 we have,

1

Xo(t) = xgefot(“(a(s)_ig(a(s))2)ds+f0t o(@()dWs — () for all ¢t.
Thus we have a constant C' > 0 such that p(s,0,7) < K < C, consequently we obtain,

p(s, 2, 0)| < Clz] + |p(s, 0,4)] < C(1 + [x).

This completes the proof of the lemma O

1.1 Viscosity solution

In order to study the possibility of existence and uniqueness of a solution of (1.7), we use
a notion of weak solution, namely, the concept of viscosity solution introduced two decades
ago by Crandall and Lions [6]. In fact, equation (1.7) is a linear system of second order
partial differential equations with variable coefficients and a non-smooth boundary condition
boundary. There is no guarantee for existence of classical solution. The framework of viscosity

solution is more convenient for treating possible non-differential solutions of (1.7).

Definition 1.1.1 Given H: M x [0,T] x RxR xR xR xR — R. We say that f(s,x,1)

s a viscosity solution of

, L Of(s,x,1) Of(s,x,i) O*f(s,x,1
H(Z7S7x7f(s7x7l)7 (88 )7 (ax )7 éxQ )> :07

forie M, s€[0,T], z € R.

(1.17)

If
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1. For each i € M, f(s,x,i) is continuous in (s,x) and there exist constants C' and n
such that

f(s,z,i) < C(14 | z |™).

2. For each i € M,

H(i,so,wo,f(so,:co,i),W,%,%) <0 (1.18)
whenever ¢(s,z) € C2 such that f(s,,i) — ¢(s,2) has local mazimum at
(5,2) = (0, %0).
3. And for each i € M,
H(i, 50, %o, f (50, 0, 4), 81#(208, 7o) W(;‘;’ %) 8%2102, x0)> >0 (1.19)

whenever (s, x) € C* such that f(s,x,1) — (s, x) has local minimum at

(s,2) = (S0, o).

Let f be a function that satisfies (1.17). It is a viscosity subsolution (resp. supersolution) if
it satisfies (1.18) (resp.(1.19)).

Definition 1.1.2 Let f(s,z,i) : [0,T] Xx R x M — R be a function. We define
f*(s,2,1) : [0,T] x R x M — R by,

[, r,a) = lirr:lsoup {f(t,y,0): (t,y) € B((s,2);7)}

f*(s,x,1) is called the upper semicontinuous envelop of f(s,z,1).
Similarly we define fi(s,z,i) : [0,7] x R x M — R the lower semicontinuous envelop of

f(s,z,a) as follows

fu(s,x,0) = lir?lgnf {f(t,y,7) : (t,y) € B((s,z);7)}

Remark 1.1.3 It is easy to show that, f*(s,x,?) is the smallest upper semicontinuous func-
tion such that f(s,z,i) < f*(s,z,1).

And f.(s,x,1) is the largest lower semicontinuous function such that f.(s,z,i) < f(s,z,1).
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Definition 1.1.4 Let f(s,z,i) : [0,T7] Xx R x M — R. Define the parabolic superjet by
P2 f(s,w,0) = {(p,¢, M) € Rx R f(t,y,4) < f(s,2,1) +p(t — s)q(y — 2)
+3y =2’ M +o(y—= )
as  (t,y) = (s,2)}
and its closure s
7527+f(87 xz, Z) = {(pa q, M) = hmn—>oo(pn7 qn, Mn)
with — (pn, Gns M) € P> f (s, @, 1)
and limy, oo (Sn, Tny f(Sn, Ty ) = (2, f(s,2,0)) }

Similarly, we define the parabolic subjet P>~ f(s,x,i) = —P>T(—f)(s,z,i) and its closure
732’_](‘(87 a”’? 7;) = _7527—1—(_][‘)(87 .1', 7;)

We have the following result.

Lemma 1.1.5 P%T f(s,z,1) (resp. P>~ f(s,x,1)) consist of the set of(a‘béi’x), a‘b(.g‘;’x), 82£;Z’x))

where ¢ € C*([0,T] x R) and f — ¢ has a global mazimum (resp. minimum) at (s, z).

A proof can be found in Fleming and Soner [13].

With this in mind, we have this equivalent formulation of the notion of viscosity solution.

Definition 1.1.6 A function u(s,x,i) continuous in (s,x) satisfying the polynomial growth

condition 1s a viscosity solution of

ou(s,x,i) Ou(s,x,1) 82u(s,x,i))
ds 7 Oz T 0x?

H(i, s, x,u, =0,

1. for each i € M, for all (s,z) € [0,T] x R, and (a,p, M) € P> u(s,x,1)
H(i, s, x,u,a,p, M) <0, in this case u is a viscosity subsolution,

and
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2. for each i € M, for all (s,x) € [0,T] x R, and (b,q, N) € P> u(s,x,1)

H(i,s,x,u,b,q, N) >0, in this case wis a viscosity supersolution.

Theorem 1.1.7 The price of the European option is a viscosity solution to the system of

equations in (1.7).

Proof. Note that for t =T,

p(T,2,1) = E[g(X(T),a(T)) | X(T) = 2,a(T) = i = g(,1)
In the sequel, we use the notation E*%[¢(X)] to denote E[¢(X) | X(s) = z, a(s) = i.
It suffices to show that p(s,z,4) is a viscosity subsolution and supersolution.

Let ay, € M. We want to show that

aw(87x57058) 1 2 QaQw(Swréhas)
ox ) — %0 (as) 0x?

2 S
—W — Qp(s,x,)(as) > 0 (1.20)

whenever ¢ € C?([s, T] x R") and p(t, , as) — (¢, z) has a local minimum at

r(p(s, Tg, Qg) — T

(s,xs) € [s,T] x RT.
Let ¢ € C*([s,T] x RT) and (s,x) € [s,T] x R" such that p(t,z,a,) — ¥(t,z) has a local

minimum at (s, z) in a neighborhood N (s, z). We define a function ¢ as follows:

ot .4 = W(t,x) + p(s, zs, as) — (s, xg), if 1= Q, (1.21)

p(t, z,1), if i # .
Let v be the first jump time of «(-) from the state oy, and let 6 € [s, ] be such that (¢, X (¢))
starts at (s,xs) and stays in N(s,z5) for s < ¢ < 6. Since § < v we have a(t) = as, for

s <t < 6. By Dynkin’s formula, we have
Esroee 000, X(6), ap) — (s, w5, )

(%
_ oo / e—r(t—s>(_w(t,x(t),as)

_‘_8(10(75’ X(t)> O‘s)) + lX(t)QO'Q(O_/S) 8290<t7a)i§t)7 as)

ot 2
+ Qo(t, X (1), -)(as)>dt. (1.22)

dp(t, X(1), o)
ox

+rX(t)
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Recall that, (¢, X(t)) € N(s,zs) for s <t < 6 and (s, z;) is the minimum of p(¢, z, ag) —

¥(t, ). Then, for s <t < 6, we have

p(taX(t)aas) > ¢(t7X(t>> +p(saxs;as) - 1?(571‘3) - 90(t7X<t)7 as)‘

Using equation (1.21) and (1.23), we have

Es,zs,ozse—T(e—S)p(e’ X(Q), a/s) - p(sv Ts, Oés)

0
> oo | e—T(t—S)(—Tp(t,X(t)>as)

LX) | Lo (a,) T X0)

ot 2
+7“X(t)w + Qu(t, X (1), -)(as)) dt

the inequality (1.23) can also be written in the following form

Dt X(1) < p(t, X (1), as) = (p(s, s, ) = ¥(s, 25)).

We recall that,

Qp(t, =, )(s) = > Ga,s(p(t, z, 8) = p(t, z, ).

BFas
Using equation (1.21), we have

Qe(t,z, ) (@) = Y daslelt,z, f) = ot )

Btas

= D asp(t,z, ) — o(t,z,04))

Btas

= anﬁ< (t,x, ) — [p(s, xs, )

BFos
() — (s, 7,)]).

From equation (1.23), we obtain

Qplt. Xt = 3 s (00 X0 )~ s

Bas

(X (1) - w<s,x3>])

(1.23)

(1.24)

(1.25)

(1.26)



(o5, s as) — (s, 2,)) — s, m)
> ) s (0t X (1), 8) = plt, X (1), )

BFas
> Qp<tv X(t>? ')(C“s>'

In view of (1.27) and Lemma 1.0.2, we deduce

0 = ES’””S’O‘Se’T(G’S)p(Q,X(@),as)—p(s,a:s,as)

> fsTes /9 e T(t=s) ( —rp(t, X (1), as)
+a¢(t=X(t)) lX(t)QUQ(QS)82¢(t7X(t)>

a2 927
)X (02X g, x (0,90 ) .

therefore,
0

B [ ero0 (= e, (0, 000+
w + lX(t)202(og )82¢(t7 X(t)) + TX(t) a¢(t, X(t))
ot 2 s 012 o
L Qp(t X (1), -><as>)dt <0,

Multiplying both sides by % > 0 and sending # — s gives

(s, xg 1 0Y(s, xg
Tp(s,xs, OZS) - % - 51'302(&3)%
—m:s% — Qu(s, xs,)(as) >0,

14

(1.27)

(1.28)

which is the desired supersolution solution inequality (1.20). Next, let us prove the subsolu-

tion inequality, namely, that

T(I?(s,xs, ) — 3¢(68;3565)> _ a¢(§;xs)

% — Qu(s,zs,-)(as) <0

whenever ¢ € C1?([s,T] x R") and v(t, z, o) — ¢(¢, z) has a local maximum at

(s,z5) € [s,T] x RT.

(1.29)
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Let ¢ € CY2([s,T] x RT) and p(t, z, o) — ¢ (¢, x) has a local maximum at (s, z) € [s,T] x RT

we can assume without loss of generality that p(s,zs, o) — ¢(s,x5) = 0. We define

o(t,x), if 1= g,

O(t,x,i) = (t.2) (1.30)
p(t,z,i), if i # ag.

Let v be the first jump time of a(-) from the state a;; and let 6y € [s, ] be such that (¢, X (¢))

starts at (s,zs) and stays in N(s,zg) for s <t < . Note that a(t) = as, for s <t < 6.

Moreover, recall that p(s, zs, as) —@(s, z5) = 0 and attains its maximum at (s, x,) in N (s, ).

It follows that
p(0, X(0),a(0)) < ¢(0, X(0),) for any 6 € [s, 6.
Moreover, in view of the definition of ® in (1.30), we have
p(0, X(0),a(0)) < ®(0,X(0)),a(h)) for any 6 € [s, 6. (1.31)
Using Dynkin’s formula, we have

Es,xs,asefr(gfs)p(97 X(9), o)

Es@s,ase—r(e—s)q)(e’ X(9), o)

= O(s,75,05) + Foieas /0 e (=) {
9¢(t, X (t))

IN

—r®(t, X(t), a(t))

ot
+rX(t)w +Q(t, X (1), ) ()

1 0?(t, X(t))] it

X ()0 () = (1.32)

Note that

Q(I)(t, X<t)7 ')(as> = Z Qasﬁ(p(ta X(t)a 6) - (b(t? X<t)))

B#as
< S Guslolt, X(), 8) — plt, X (1), )
B#as
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Using (1.30) and (1.33), we obtain

Foanase=r0=5p(0. X (), )

E5%% 0000, X (6), ovy)

IA
> —

— ofn 4 B [ [BA)

+rX (t)w —rp(t, X (1), ;)

1 D?¢(t, X (1))

+=X ()0 ()

5 + Qp(t,X(t), ')(OCS)' (1'34)

In view of Lemma 1.0.2, we deduce

0 = E*%%eO0=5p0, X(0), o) — (s, x)

0
< g [ ] e 000

+a¢<t7 X<t)) 4 lX(t)zaz(as) 62¢(){§£?7 as)

ot 2
rx (22X W) Lo x (), o |t (1.35)

ox
Multiplying the right-hand side by % > (0 and sending 0 | s gives

_90(s.X(s) 1 Po(X(s). )
ot 2 Ox?

@E%?EQ—QM&X@%X%)SQ

rp(s, X(s), as) X (s)%0*(aw)

—rX(s)

This inequality implies the subsolution inequality (1.29), thus p(t, z, o) is a viscosity solution

of (1.7). This ends the proof of the theorem. O

1.2 Uniqueness

Uniqueness of viscosity solution property is crucial in various analysis of the underlying
system dynamics.In this section we prove a comparison principle for solutions of (1.7) and
this will lead to the uniqueness of the viscosity solution. Firstly we state the key result for

our uniqueness proof.
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Theorem 1.2.1 (Crandall, Lions and Ishii [6]) For i = 1,2, let ; be locally compact
subsets of R, and = Qy x Qa, let u; be upper semicontinuous in [0,T] x Q;, and J_é’:rui(t, )
the parabolic superjet of u;(t, x), and ¢ be twice continuously differentiable in a neighborhood
of [0, T] x Q.

Set

w(t,x1,x2) = ug(t, 1) + uz(t, o)

for (t,x1,15) € [0,T] x Q, and suppose (L, 2, 25) € [0,T] x Q is a local mazimum of w — ¢
relative to [0, T] x Q. Moreover let us assume that, there is an r > 0 such that for every

M > 0 there exists a C' such that for i =1,2
b; < C whenever (b;, q;, X;) € J_?Z’;rui(t,xi),
| — 2 |+ | t—1|<rand |w(t,z) | + | @ | +]|X]| < M. (1.36)

Then for each € > 0 there ezists X; € S(1) = R such that

1.
(b, D1, 7), X)) € jé’fui(f, z;) fori=1,2
2.
1 9 . Xy 0 0. Yy
- (3 + s ) 1 < < Do(d) + D) (137
‘ 0 X,
3.
by + by = —a¢<ta7:’ 9 (1.38)

Theorem 1.2.2 (Comparison Principle ) If pi(t,x,i) and ps(t, z,i) are both continuous
with respect to the argument (t,x) and are respectively viscosity subsolution and supersolution

of (1.7) with at most a linear growth, in other terms, there exist Cy, Cs.
pe(t, 1) < Cp(1+x), for (t,x,i) € [s,T] x Rt x M, k=1,2.
Then

pi(t,w,1) < polt,w, i) for all (t,z,1) € [s,T] x RT x M. (1.39)
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Proof. For any 0 < d <1 and 0 < v < 1. Define

B(t,2,,1) = pr(ts2.9) = palt, 1) — 5 |2 =y [P el 447,
and
o(t,,y) = % | &=y P 7T + o).
In view of the linear growth condition for p; and p,, we have for each
ieM

lim  ®(t,z,y,1) = —o0. (1.40)

||+ |y|—o0
Note that ®(¢,z,y,4) is continuous with respect to the arguments (¢, z,y) for each i € M.
Therefore, ®(¢,x,y,7) has a global maximum. Recall that M is a finite set. There exists a

point (ts, s, ys, ap) such that ®(ts, zs,ys, ) is the global maximum of ®. Observe that

@(t(;,x(;,:r(;,oeo) + q)(t57y57y57a0) S 2¢(t57x5ay57a0)'

It implies
p1(ts, s, 09) — palts, w5, ) — 2719 (23) + pa(ts, ys, )
—pa(ts, ys, o) — 27T (y3) < 2pi (ts, 25, 20) — 2pa(ts, ys, o)
_§ | 25— ys | =297 (23 + 43)
and

—pa(ts, s, o) — 2Ty (aF) + pi (L5, w5, 09) — 27T ()
< pi(ts, x5, @) — pa(ls, Ys, o) — % | 25— ys |?
—29e") (2 + 43).
This leads to

2
5 | 25 — ys [*< (p1(ts, xs, ) — p1(ts, ys, o))

+(pa(ts, x5, an) — p2(ts, ys, ). (1.41)

By the linear growth condition, there exist K7, iy such that
p(t,x, i) < Ki(14 | z |) and pa(t, 2,7) < Ky(1+ | z |). Therefore there exists K such that

2
5|$5—y5 P< K+ a5 |+ | ys ).
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So
| 25 —ys P<OK (14 | 5 | + | ys |). (1.42)

In addition, ®(s,0,0,aq) < P(ts,zs,ys, ) and | ®(s,0,0,a0) |< KA+ | x5 | + | ys |)-
Therefore,
e (25 4+ y5) < palts, w5, a0) — pa(ts, vs, ao)
1
—5 | 5= ws [* —2(s,0,0, )

< BK(I+ [ s |+ ys |) (1.43)

It follows that

(T—ts) (2 2
e (955 + yé) < 3K.
(I+ | @s | +]ys )

Consequently, there exists C, such that
|25 |+ | ys [< Cy and t5 € [5, T). (1.44)

This inequality implies that the sets {z5,0 > 0}, and {ys, > 0} are bounded by C., indepen-
dent of 6. We can extract convergent subsequences also denote (5)s, (ys)s, (t5)s. Moreover,

from the inequality (1.42) we conclude that there exists xy such that

Recall that ® achieves its maximum at (¢5, x5, ys, ap), so by Theorem 1.2.1 for each ¢ > 0

there exists b5, bos, X5, and Ys such that

2 _
S(x(g —ys) + 27T Vs, X5) € P> py(ts, x5, ) (1.47)

(b1(5a
and

2 _
(_b257 _5(376 - 3/5) + 2/76(T—t)y67 _}/;5) € P27+<_p2<t57 y57 Oé(]))
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On the other hand, note that

75274_(_p2 (t57 Ys, CY())) = _752’_]72(7557 Ys, Cto).

We obtain

9 _
(bas, 5(135 —ys) — 2ve T Vy5, Y5) € PP palts, ys, o). (1.48)

The equation (1.47) implies by the definition of the viscosity solution

1 2
rpi(ts, Ts, ) — bis — 5(%)202(045))(5 — za(ao) (5(% ~ %)
+27€(T*t“)376) — Qpi(ts, zs,-) (o) < 0.

Similarly, (1.48) implies by the definition of the viscosity solution that,
1 2
rpalts, s o) = bas = 5 (050 (00) ¥ — wis(en) (5 (s — )

=236 y5) — Qpa s, () 2 0

Combining the last two inequalities, we obtain

r(p1(t5,23, @0) = palts, s, a0)) < 30%(ew) (232 Xs = (00)?Y) +
pu(ao) (g(% —y5)° + QVG(T_“) (vs) )

Qp1(ts, xs, -) (o) — Qpa(ls, ys, -) () + bis — bas.

In view of Theorem 1.2.1, we have

0P(ts, x5, Ys)

> = 7T ((25)? + (y5)?).

bis — bas =
Therefore, we obtain

r(p1(ts, s, ag) — p2(ts, ys, o)) < %02(040) ((25)2 X5 — (vs)Ys)

() (s = o + 2767 [0 + 1))
Qpa(ts, x5, ) (o) — Qpa(ts, ys, ) (o) + 7T ((25)” + (y5)). (1.49)

Using the Maximum principle, we have

1 9 X(; 0
- E + "D(m,y)(b(t&xl;?y&)n I < < D(:py ¢(t§,$§,y§)+
0 =Y

G(D(Za;,y)gb(t(% x&? ?/(5))2
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Moreover,
2 I -1 10
D, 0(ts, 25, y5) = 5 + 2yeTt) ,
-1 1 01
and
8 I -1 SVe(T_té) 1 -1
(D(Qx,y)¢(t57$5ay5))2 = ﬁ 5
-1 1 -1 1
_|_47262(T7t5) Lo
0 1
8 + 8ydeT—ts) 1 -1
- T 52
0 -1 1
10
iy (1.50)
0 1
Note that,
X5 0 €Ts
(5)°Xs — (45)°Ys = (s, ¥s)
0 =Y Ys
2 1 -1
< (%5,9s) [5
-1 1
+<2’ye(T*t“) + 467262(T’t5)> Lo
0 1
8 + 8ydelT—ts) I -1 Ts
+€—75f (1.51)
-1 1 Ys
Letting v — 0, we obtain
2 8 1 -1 Zs
(26)° X5 — (v5)°Ys < (ws,ys) | (5 + 6—2)
g 0 1 1
- Ys
Taking € = %, leads to
4 1 -1 Ts 4
(25)°Xs — (y5)°Ys < (25,Ys) 3 ) ) — 5(% — ys)?
-1 1 Ys
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Using (1.46), we have

4 1 —1 Ts
lim sup(z5)? X5 — (y5)*Ys < limsup(zs, ys) | <
4610 610 ) -1 1 Ys
. 4 5
= limsup —(zs —ys5)° = 0. (1.52)
sl0 O
Letting v — 0 in (1.49), we have
1
r(p1(ts, x5, c0) — pa(ts, ys, ) < 502(040) ((26)° X5 — (v5)°Y5)
2
ataa) (35— 1)) + @l 5,00) — Qpatts s )

and taking the limsup as § goes to zero and using (1.52), we obtain

7(p1(to, Zo, o) — p2(to, To, @) < Qp1(to, T, -)(an) — Qp2(to, To, -) (). (1.53)

Since (ts, x5, ys, o) is maximum of ® then, for all x € R and for all i € M we have

O(t,x,x,1) < P(ts, x5, Ys, o)

we have

TD22 < py(ts, 25, ap)

p(t,x, i) — po(t,x,i) — 2ve
_pQ(t§7 Ys, Oé()) - 2’76(T_t6)<x§ + y(%)

Letting 6 — 0, we obtain

(T-t)

p1(t,x,0) — po(t, z,i) — 2ve 2% < p1(to, o, )

—pa(to, o, ) — QWe(T_t):L'%. (1.54)
Taking © = x(, and t = ty, we have

p1(to, To, i) — pa(to, To, ) — 2veT =022 < pi(to, o, avp)
_p2(t07 X, O((]) - 27€(T7t0)m3 )
SO

p1(to, xo, 1) — p2(to, o, i) < p1(to, o, o) — P2(to, o, o).
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We recall

Qp1(to, o, ')(ao) - sz(t(), Zo, ')(ao)
= Z JagalP1(to; To, 1) — p1(to, Zo, o)

(e
—pa(to, xo, 1) + pa(to, xo, ap)] <0, (1.55)

using (1.53) we have
p1(to, Zo, 20) — p2(to, To, o) < 0.

Therefore using (1.54) we conclude that

pi(t,x, i) — po(t,x, i) — 2’76(T_t)5(32 <

p1(to, o, ) — pa(to, xo, ) — 2’76(T7t0)x3 < 0. (1.56)
Finally, letting v — 0, we have

p(t,x, i) < po(t, z,9).

This completes the proof. O

The uniqueness of the viscosity solution of (1.7) follows directly from this theorem because
any viscosity solution is both viscosity subsolution and supersolution. What remains is to
develop numerical schemes to approximate that solution since it is very difficult to obtain

closed form solution even in this case.



CHAPTER 2

Valuation of American option under regime switching

Introduction

In this chapter, we consider pricing of American options. Unlike European options where
the holder can only exercise his or her option at maturity, the holder of an American option
can exercise his or her option anytime up to maturity. This level flexibility of American
option increases the complexity in the study of its valuation. The holder has to time the best
date to exercise the option in order to maximize his or her profit. The valuation of American
option is related to optimal stopping. There has been a huge interest in the literature on
American option because, there is no analytic formula for American options even in the
simple non-switching model. In this connection, McKean [28] published in 1965 was the
first to study the relationship between the early exercise feature of American options and
optimal stopping problem. Van Moerbeke [38] further studied some properties of related free
boundary problems. More recently, Bensoussan [2], Karatzas [20, 21], Kim [25], Myneni [24]

and many others have studied various aspects of American options pricing problem.

Particularly, we study American option pricing with a regime switching model. We focus
on optimal stopping time of a switching diffusion. Existence result of optimal stopping was
studied by Dynkin [9] where he proved the existence of optimal stopping time for Markov
processes which are right-continuous and quasi-continuous from the left, and in a martingale
context by Snell [36]. Nevertheless, in our case the joint process (X (t),(t)) is not quasi-

continuous in a(t).

24
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Moreover, we also study the associated dynamic programming equations that are essential
for characterizing American options pricing function as a unique viscosity solution of the
associated HJB equations.

This chapter is organized as follows. In Section 1 we use the optimal stopping theory to prove
the existence of an optimal stopping time, in Section 2 we prove that the value function is the
unique viscosity solution of the HJB equation associated with this optimal stopping problem

both in the infinite and finite time horizon cases.

2.1 Optimal stopping of a switching diffusion

We begin with the existence of optimal stopping for the joint process (X (t), «(t)) where «(t)
is a finite state Markov chain taking values in the set M = {1,2,...,m} and with generator

@, and X (t) follows the dynamics
dX () = X (1) (u(a(t))dt + a(a(t))dW(t)), (2.1)

where W (t) the standard Weiner process. Both W (t) and «(t) are independent and defined
on the risk neutral probability space (Q,F, P). Given a(t) = 4, pu(i) and o(i) are known
parameters.

Let g be a reward function. For example g(¢,z,i) = e " (K — )" for put option and
g(t,x,i) = e "(x — K)* for call option, where K being the strike price of the option and r
is the risk free rate. Let F; = o{a(s), W(s);s < t}. The problem is to find an F;-stopping
time 7* that maximizes E [g(7, X (7),a(7)) | X(0) = z, a(0) = i] over all Fi-stopping time,
in the infinite time horizon case and E [g(T — s, X(7), (7)) | X(s) = z, a(s) = i] over all
Fi-stopping time 7 such that s <7 < T in the finite time horizon case.

We define the value function v by

v(e,i) = SLTIPE[Q(T,X(T%OZ(T)) | X(0) = z,a(0) = ]

= Elg(", X(7%),a(r") | X(0) = z,a(0) = 7] (2.2)
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for the infinite time horizon case; and

v(s,z,i) = Tillip Elg(t — s, X(1),a(7)) | X(8) = z,a(s) = i]
= Elg(r" — s, X(t7),a(r)) | X(s) =z, a(s) =i (2.3)

where Aspr = {7, F; — stopping time ;s < 7 < T'} for the finite time horizon case. The

stopping time 7* is called the optimal stopping time.

Definition 2.1.1 The infinitesimal generator A of the process (X(t),a(t)) in the time-

homogeneous case is defined by

Af(z,i) = lim B2 (X (R), alh)] — f(, i>, for allz € RT,i € M, (2.4)

h—0 h

for all functions f such that the limit exists.

Proposition 2.1.2 The infinitesimal generator of the process (X (s),a(s)) is given by

(Av)(,) = 52220 0D () 28D 4 ot (),

for every function v in the domain of A, where Q is the generator of (a(t)).

Proof.  The proof follows from the same argument as in Lemma 1 of Yao et al [40]. O
We will prove the existence of the optimal stopping time in the time homogeneous case,
and the result for the time inhomogeneous case can easily be derived after a change of

variable is done.
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We already know that (X (t), a(t)) is a Markov process, we firstly prove that (X (t), «(t))

is a strong Markov process.

Lemma 2.1.3 Let 7 be a discrete Fy-stopping time. Then (X(t), a(t)) is strong Markov at

T.

Proof. First, note that the continuity of X (¢) and the right continuity of «(¢) imply that
(X (t),a(t)) is F-progressive. The strong Markov property at 7 follows from the Markov

property of (X (¢),a(t)) and Proposition 1.3 in Either and Kurtz [12, p159]. O

Proposition 2.1.4 The process (X (t),«(t)) is a strong Markov process,i.e.,
E“[f(X(7 + h), (T + h) | ] = BEX2[f(X(h),a(h))] for all h >0, (2.5)

for all bounded Borel function f.

Proof.  First, note that every stopping time can be approximated by a sequence of non
increasing discrete stopping times. Let 7 be a stopping time and {75} a sequence of discrete
stopping times such that 7,1 < 7 and 7, — 7. Since the set of continuous functions is dense
in the set of Borel functions, thus it suffices to prove that the strong Markovian property

holds for any continuous function f. Let f be a continuous function, then we have

E5f(X (1 + h), a7 + h) | Fr] = EX e [f(X(h),a(h))] forall h>0, k>0

since («(t)) is right continuous and (X (¢)) is continuous then passing to the limit using the
monotone convergence theorem we obtain 2.5

0

Let Q%' denote the probability measure of {X(t),a(t), t > 0}, for z € R and ¢ € M.

The following definition is just a generalization of the definition of supermeanvalued function

in Oksendal [32, p196].
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Definition 2.1.5 Let X(t) be a diffusion process and «o(t) a finite state Markov Chain. A

measurable function f : Rx M — [0, 00] is called supermeanvalued with respect to (X (t), a(t))
of
f(x, 1) = E[f(X(7), a(7))[X(0) = 2,a(0) = ] (2.6)

for all stopping time T and all v € R,1 € M.

If, in addition, f is also lower semi-continuous with respect to its first variable, then f is

called superharmonic with respect to X (t).
Throughout the thesis, we adopt the following notation
E™[¢) = E[C | X(0) = z,a(0) = 1]

where ( is any random variable and E**[(] is just the expectation of ¢ under the condition

that X (0) = z and «(0) = 7.

Remark 2.1.6 Note that if f is superharmonic w.r.t. X(¢), then for any sequence {7,} of

stopping times such that for every n, a(7,) =i and 7, — 0, using Fatou’s Lemma, we have

f(z,i) < E“[liminf f(X (1), a(m%))]

< liminf EY[f(X (), (7))
< li;n_)soljpEx’i[f(X(Tk),oa(Tk))]
< fla). 27)
Consequently,
f(z,i) = lim E*[f(X (), a(m))]- (28)

k—oo
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Lemma 2.1.7

a) If f is superharmonic w.r.t X(t) (supermeanvalued w.r.t. (X (t),a(t))) and n > 0, then

nf is superharmonic w.r.t X (t) (supermeanvalued w.r.t. (X (t),a(t)))

b) If f1, fa are superharmonic w.r.t X (t) (supermeanvalued w.r.t. (X (t),a(t))), then fi+ fa
is superharmonic (supermeanvalued w.r.t. (X(t), a(t))).

c) If {fitjes is a family of supermeanvalued functions w.r.t. (X(t),«a(t)), then f =
inf;c;{f;(z)} is supermeanvalued w.r.t. (X (t), a(t)) if it is measurable.

d) If fi,fa,... are superharmonic w.r.t (X(t),a(t)) (supermeanvalued w.r.t. (X(t),a(t)))
functions and fi, T f pointwise, then f is superharmonic w.r.t (X(t)) (supermeanvalued
w.r.t. (X(t),alt))).

e) Let r > 0, if f is supermeanvalued w.r.t. (X(t),a(t)), and o < 7 are F;- stopping times,
then

E™e™" f(X(0),a(0))] = E™'[e™"" f(X(7), a(7))]-

Proof. a) and b) are straightforward and just imply that the set of supermeanvaled (super-
harmonic) functions is a vector space.

¢) Suppose f; is supermeanvalued for all j € J. Then

filw,a) = B f;(X(7),a(7)) = E*inf f;(X(7), a(T))

jed

so f(z,a) =infc; fi(z, ) > E®* f(X (1), a(T)).

d) Suppose f; are supermeanvalued w.r.t. (X (¢),«(t)) and f; T f, therefore

f(x,a) > fi(z,a) > E**[f;(X(7),a(r))] for allj, then
flx,a) = lim E2C[f;(X(7), a(7))] = E2[f(X(7), a(7))].

j—oo
Consequently, f is supermeanvalued w.r.t. (X (t), a(t)).

Suppose that each f; is superharmonic w.r.t (X (¢)) then f; is lower semicontinuous.
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Let (yx, ax)x @ sequence such that yp — zo, and ax — g then for any oy € M by the lower

semicontinuity of f;, we have
fi(zo,a0) < h]gllglf fi(yr, o)
< liminf f(y, o). (2.9)

therefore, f is superharmonic.
e) Suppose [ is supermeanvalued w.r.t. (X(¢),a(t)), by the Markov property we have, for

t>s
B2 e f(X (1), a(t)) | Fo = e T EXO[F(X(E—5),a(t —5))] < e f(X(s),a(s))

e f(X(s), afs))-

IA

So the process ; = e "' f(X(¢),a(t)) is a super-martingale w.r.t. 7. By Doob’s optional

sampling theorem, we have

Erelem f(X(7), 7)) | Fo] < €777 f(X(0), a(0)).
In view of this, we obtain

EXCle (X (), a7))] = ETCE e f(X(7), 7)) | Fo

< EY[ef(X(0), a(0))] (2.10)

for all stopping times o, 7 such that ¢ < 7 a.s.

O

Definition 2.1.8 Let h be a real measurable function on R x M. If f is a superharmonic
(supermeanvalued) function and f > h then, f is called a superharmonic (supermeanvalued)
magjorant of h. The function

h(z,a) = iIflff(SL’,Oé),

the inf taken over all supermeanvalued magjorants f of h, is called the least supermeanvalued
magjorant of h.

Likewise we define the least superharmonic majorant of h and we denote h.
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Remark 2.1.9 Let g be a reward function and f be a supermeanvalued majorant of g, then

for any stopping time 7, we have
flz,9) = E™[f(X(7),a(r))]
> E%[g(X(7),a(1))]. (2.11)

Therefore, we have

f(@,i) > sup E™'[g(X(7), o(7))] = sup E™'[e""g(X (1), a(7))] = v(z, 7).

T T

This implies that the least supermeanvalued majorant g of ¢ satisfies the inequality

g(x,i) > v(x,1).
Similarly, we can verify that the least superharmonic majorant of ¢ satisfies
g(x, 1) > v(x,1i). (2.12)

The next result is a generalization of an existence theorem for optimal stopping proved
in Oksendal [32], we extent the result to the case of a joint process of a diffusion process and

a finite state Markov chain.

Theorem 2.1.10 (Existence of the optimal stopping time) Let v denote the optimal
reward and § the least superharmonic majorant of a reward g(x,i) defined on R x M such
that g(z,1) is continuous in x, g(z,i) = f(x) > 0 for all x € R, i € M, and for a given
function f.

a) Then
v(x,i) = g(x,4) for all (z,i) € R x M. (2.13)
b) For e >0 let

D = {(z,i) e Rx M;g(z,i) < g(x,i)} be the continuation region, and

D. = {(z,i) € R x M; g(z,i) < g(x,1) — €}. (2.14)
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We define
7p = inf{t > 0 : (X(),a(t) & D},
7. =inf{t > 0 : (X(t),a(t)) € D,}. (2.15)
If we suppose that g is bounded then
| v(w,i) = B [g(X (1), a7e))] | < 2¢ (2.16)

forallxz € R and i € M.

¢) For arbitrary g, we define gy = min(g, N), Dy = {(x,i) : gn(x,7) < gn(x,0)}, and Tp,
the first exit time from Dy, for all N.

Let us assume that 0 < 7p < oo almost surely, and if the sequence {gn (X (Tpy ), (Tpy))} is

uniformly integrable then,
oy T 7p and v(z,i) = E%'[g(X (p), a(rp))], (2.17)

and Tp 1S an optimal stopping time.

Proof. To show (a) and (b), we first consider that g is bounded and we define

Ge(x,1) = E%'9(X (1), a7.))] for €>0.

We first show that g, is supermeanvalued. Let 3 be a stopping time, by the strong Markov

property we have

E™[g(X(8),a(8)] = EBYEXDO[g(X (1), a(r))]

= EYE™[05g(X (1), (7)) | Fpl (2.18)
where 0g is the shift operator, note that
059(X (1), a(7)) = §(X(17), (7))

with

9 =inf{t > B: (X(t),a(t)) & D} and 77 > 7..
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For more about the properties of 63 one can refer to Oksendal [32] page 114. Therefore,

equation (2.18) becomes

E™G(X(B),a(B)] = E™E™[09(X(7e), (7)) | F]

= E“’i[GBQ(X(TE), (7))

= E%[G(X(77),a(r?))] by Lemma 2.1.7, ) we have

€ €

< E""[9(X(r),a(r))]
= gc(x,1)

which implies that

Jelw,i) = E™[g.(X(B), a(B))].

Thus g, is supermeanvalued. We claim that
g(x,1) < ge(z,i) + € for all z,i.

In order to prove the claim, let us suppose that,

A= sup 9(-’%2)_56(%@) > €.

(z,i)ERXM

For n > 0 such that
n<e<A,

we can find (zg, ap) so that

9(330> @) — ge(@o, ao) >A—n.

Moreover, we know that g. + A is a supermeanvalued majorant of g. So we have

9(wo, ap) < ge(o, 0) + M.

Combining (2.21) and (2.23), we obtain

9(xo, ap) + 1 > g(x0, ).

(2.19)

(2.20)

(2.21)

(2.22)

(2.23)
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We consider two possible cases:

Case 1: 7. > 0 almost surely. Then by the last inequality and the definition of D, we deduce

g(zo,a0) + 1 > g(xo,00) > E[G(X(tAT))] forallt>0

> B [g(X (1), a(t) + ellier ). (2.24)

Using the lower semicontinuity of g with respect to its first argument, the fact that g is

constant in its second argument and Fatou’s lemma, we have

9(wo, a0) +1 = liminf B*([g(X(2), a(t)) + e[ r<r]

> B flim inflg(X (1), o(t)) + el

g(xo, ap) + €. (2.25)

v

(2.25) implies that n > e which contradicts (2.22).

Case 2: 7. = 0 almost surely. Then we have

ge(wo,000) = E*[G(X (1), a(7e))]
= g(x(bao)

> g(xo, ap). (2.26)

(2.26) implies that 0 > g(xg, a9) — Ge(zo, ) > A —n which contradicts (2.22). We then
observe that the assumption € < A leads to contradiction. Thus we must have A < €. This

proves that g.(x,i) + € is a supermeanvalued majorant of g. So

IN

g(x, 1) ge(z,i) + €

IN

E™g(X (1), (7)) + €

IN

E™'g(X (7o), o(7e)) + €] + €

IN

v(z,1) + 2e. (2.27)

Since € is arbitrary then ¢ < v, combining this last inequality with (2.12), we have



35

Moreover, from (2.27) we deduce that

gz, i) = E™[g(X (7o), (7)) 2¢
v(,4) — E™g(X (), (7)) < 2

[v(z,1) — E™[g(X (1), a(7o))]|

IN

IN

2. (2.28)

Thus, we have (2.16) and (b) is proved.

Now we assume that g is not bounded. Define
gy = min(N, g), N=12,..

gn 1s the least superharmonic majorant of gy and vy the optimal reward function associated

with gy. Then
v >N = gn
and the sequence {gy} is an increasing sequence. Let h = limy_., gn, thus A is superhar-

monic by Lemma 2.1.7 d) and & is a majorant of g. Therefore h > §. Moreover, note that

v > gy for all N. Then v > h > g, this implies that v = g, since v < §. So

v=g= ]\}im Jn-
And this proves a).

¢) We know that 0 < 7p < oco. Let first assume that g is bounded. We have

7T 7D as €l 0

and
9(X (7o), a(7e)) = g(X(7p), al7p))  as €10
because ¢ is continuous in its first argument and constant in its second argument. Therefore,

by the bounded convergence theorem, we obtain

E™'g(X (1), () — E*'[g(X(1p), a(7p))] as €] 0. (2.29)
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The equations (2.28) and (2.29) imply that
v(x,1) = E%'[g(X(7p), a(rp))]. (2.30)

In general, we consider gy which are bounded and we apply the formula (2.30) and we obtain

UN<x7 Z) = B [gN(X(TDNa a(TDN>>]'

Note that
gN(X(TDN)7a(TDN)) _)g(X(TD)7a(TD)) as N — oo

and the family {gn(X(7p),a(7p))} is uniformly integrable. Therefore, we have

v(w, )= g(r,i) = Jim gx(e,i)

= lim Em’i [gN (X(TDN)a a(TDN))]

N—oo

= B lim [gn(X(Tpy), a(TDy))]

N—oo

= E"[g(X(mp), a(mp))]- (2.31)

Corollary 2.1.11 The optimal reward v is supermeanvalued, so for all (z,i) € R x M and

Fi-stopping time 6 we have:

v(z,i) > B v(X(0),a(0))] > B [e (X (0), a(0))] withr > 0. (2.32)

Proof. This comes directly from the fact that v = g which is the superharmonic majorant

of g. O

Remark 2.1.12 1. We can easily extend these results in the time inhomogeneous case.
Given g = ¢(t,z, 1), we consider the new process Y; = (s +t, X (t)) where s is the time
we start studying the joint process (X (t),a(t)) with X (¢) solution of the stochastic

differential equation (2.1), and «(t) the Markov chain. The optimal stopping problem
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is to find v(s, x,7) and a stopping time 7 such that

U(S,:L‘,i) = EEIE)ES’w’i[g(Q?X(g)?a(‘g))]:E57Z7i[g(T7X(T)7O[(T))]

= sup E*"g(Y (), 0(0))] = E*"[g(Y (1), a(7))]- (2.33)

The result in Theorem 2.1.10 applies.

2. Let A be the generator of the joint process (X (t), a(t)). Assume ¢ in the domain of .A.

Define
U={(z,i) € R x M, Ag(z,i) > 0}.

Then,
UcCD. (2.34)

In order to prove (2.34), let (z,7) € U and let 7y be the first exit time from a bounded
open set W containing (x,7), W C U. Then by Dynkin’s formula, for u > 0

EPl(X(nw.atm A w)] = o)+ B[ [T Ag(X(s)a(s))ds

> g(x,1). (2.35)

If we assume that g(z,i) = g(z, i) then (2.35) will contradicts the fact that g is super-

meanvalued. Therefore, g(z,i) < §(x,7) so (z,i) € D. Thus U C D.

Corollary 2.1.13 Let € > 0, r > 0, and 6 be an F;—stopping time, such that 6 < 7. the
e—optimal stopping time.

Then,
v(z,i) = B> e ™0 (X (0),(0))] for all x,i. (2.36)
Moreover for s < 0 < T where s and T are positive real numbers, we have

v(s, i) = E5%e "0 (0, X (0), a(0))] for all z,i. (2.37)
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Proof. Consider the continuous reward function g(s,x,i) = e "go(z,i) where go(x,7) :
R x M — [0,+00) is continuous in & and bounded. Let w(s,x,7) be the optimal reward

function. Note that v(z,i) = w(0, x,7). Using (2.16), we have

lw(s, z,i) — E¥™ e go(X (1), a(r))]| < 2¢ for all s,x,i
|w(0,z,1) — E*' e go(X (1), a(7))]| < 2¢, so we have,

[v(@,1) — E™[e™ ™ go(X (7o), a(r)]l < 2e. (2.38)
Note that go(z,7) < v(z,1i), then
B e go(X (7o), (7)) < E™ e 0(X (7o), o(70))]-
Consequently, using Corollary 2.1.11, we have
0 < w(z,i) — B[ 0(X (1), al7e)) < vz, i) — E™[e™™ go(X (7e), a(7e))] < 2e. (2.39)
Recall that 6 < 7. and v(z,1) is supermeanvalued using Lemma 2.1.7 ¢), we have
E" e u(X (1), (7)) < E™ e v(X(6), o(0))].
Combining (2.39) and the last inequality we obtain
0 <wv(z,i)— Ez’i[e_rev(X(Q), a(f)] < v(w,i) — B e (X (1), 7)) < 2e.
Therefore, we have
0 < v(z,i) — E[e (X (0), (0))] < 2. (2.40)
Sending € to zero in (2.40), we have
v(z,i) = E% e (X (0), a(h))].

Now let us prove (2.37). We first apply inequality (2.40) for a time inhomogeneous optimal

reward v(s, z,7) and we obtain

0 < w(s,x,i) — E¥™ e v(0, X(0),a(0))] < 2e. (2.41)
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Moreover, we know that
E*%ie (0, X(0), a(h))] < E>> e "=2)y(0, X (), a(h))].
Consequently,
0 < w(s,z,i) — B e "0, X(0), a(0))] < v(s,z,4) — E>®e (0, X (), a(h))] < 2e.
Sending € to zero in the last inequality we have
v(s,x,i) = E5% e 0=*)y(0, X(0), a(h))].
Now assume g is unbounded. Define
gon = min(V, go), gn(s,t,i) = e Pgon(z,1), N=1,2,..

and vy optimal reward of gy. For each N, we have

on(s, 1) = E5% e "0y (0, X (0), a(8))].
Using the monotone convergence theorem, we obtain

v(s,x,i) = E5% e "0=)y(0, X (), a(h))]. (2.42)

This concludes the proof. O

2.2  Valuation of American options

2.2.1 American Options with infinite time horizon

The infinite time horizon is known as perpetual American option. Most related results in
Guo and Zhang [16] who have obtained a closed form solution with a two state Markov
chain. It is difficult to find closed-form solution with general Markov chain, we prove that
the American perpetual option in the regime switching model can be characterized as a

unique viscosity solution of the associated HJB equations. This existence and uniqueness
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are crucial to develop numerical schemes to approximate the value of the option. In this
subsection we only consider perpetual put option. Similar analysis works for perpetual call
option.

Given a strike price K and a risk free rate r, the price of perpetual American option is given

by,

v(x,i) = sup E*'[e”""(K — X (7))*]. (2.43)

T

The supremum is taken over all F;-stopping time. Recall that A the generator of (X (t), a(t))

is defined as follows:

1

(Av)(z,§) = 5x202(¢)w \dv(a, )

0x? (i) Ox
where QU(‘T’ )(2) = Zj;&i QZ](U(I"]) - U({L‘, Z))
Formally, v satisfies

2 1 2 ;
H (z Ov 0 U) = min [rv(x,i) - 5:5202(2')8 v(z, i)

T, —, —— ——
U 0% Ox? 0x?

—mﬂ(i)w — Qu(z,)(1),v(x,i) — (K —2)"| =0. (2.44)

+ Qu(z, ) (9),

Lemma 2.2.1. v(z,1) is continuous in x and | v(z,i) |< K for some K.

Proof. From the definition of v, it follows that
Ele(K — X(7))*; X(0) = 2,(0) =4 < K for all stopping time 7.

So
v(z,i) =sup BY' e (K — X(1))] < K.

T

To show the continuity of v(x,i) in z, let X; and X, be solutions of (2.1) with initials

X1(0) = z; and X5(0) = x5 respectively. We have

t

(X0(0) ~ Xa(t))? = (2 — ) + / (X1(s) — Xa(s)) pla(s))ds+

0

[ 60 = Xt atatsan,)

2



and therefore,

2

E(Xi(t) — Xo(t))? <3E | 3 — m |2 +3E (/Ot(xl(s) - Xz(s))u(a(s))ds>
—wE(AYx@wn&@»dMQmwQ7

Using the Ito isometry, we obtain

E(Xi(t) — Xo(t))> < 3E | 21 — 2 |2 +3Et/0 ((Xl(s) - Xg(s))u(a(s)>2ds

2

+3E/Ot <(X1(s) —Xg(s))a(oz(s))> ds.

Since i and o are bounded, then there exists C' such that
t
E | Xl(t) - XQ(t) ‘QS 3 | 1 — T2 |2 ‘|—C(1 + t)/ E | Xl(S) — XQ(S) |2 ds
0
Let € > 0. We can find T large enough so that, Ke "’ < 5. Then for ¢ < T, we have
t
B Xu(t) = Xo(t) P< 3| a1 — a0 [P +C(1 + T)/ E| Xu(s) - Xa(s) [ ds.
0
We set D = C(1 +T). By Gronwall’s inequality, we have
B Xi(t) — Xo(t) P< 3|z — 9 |2 P

Note that

[V

E|Xi(t) - Xa(t) [< (B ]| Xa(t) — Xa(t) |?)
In view of this, it follows that
Ee_rt | X1(t) — Xz(t) |§ 3 | Tr1 — X2 GDt.

For all stopping time 7, we have
E [e—” ((K ~ Xy (r)t — (K — XQ(T))+)}
<E [e‘”((K ~ Xy (1))t — (K — XQ(T))+)1T§T

+e((K = Xa(m)* = (K = Xa(m))* ) Lo

41

(2.45)
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and
E[e‘”((K ~ Xy (r)t — (K — XQ(T))+)1T§T]
< E[e‘” | X1(7) — Xo(7) | [TST].

Moreover, we have

Ele™ (K= Xi(7)" = (K = Xo(7))) Lor] < Ke™™

< % (2.46)
Using equation (2.87), we obtain
E [€_TT | (X1<T> — XQ(T)) | ITST} S 3 | 1 — T2 eDT.
For
xr — T |< €e=DT
-~ 6 P
we have
FE [e_” | (X1<7') — XQ(T)) | ]rgT} S 3 | Tl — T2 €DT
< %efDTeDT
G}
- g (2.47)
Adding the two inequalities (2.46) and (2.47), for all 7,we obtain
Ele™ (K = X1(7))" = (K = Xa(7)) ") Ir>7]
+E e [ (Xi(7) = Xo(7)) | Lr<r] < e
Therefore,
sup | E [e7 (K — X1(7))" — (K = Xa(1)) )] [< e
| v(xy,1) — v(x9,1) [<e.
This proves that v(x,1) is continuous with respect to . O

Theorem 2.2.2 The value function

v(z,i) =sup B [e (K — X(7))"]

T

is a wviscosity solution of equation (2.44).
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Proof. Let oy € M, we need to prove (1.18) and (1.19). First of all, let us prove the
inequality (1.19).
We have, for 7 =0, E*0®[e™ " (K — X (7))*] = (K — x0)*. This implies that

v(zo, ) — (K — )t > 0. (2.48)

Let ¢(-) € C*(R) and xy € R* such that v(x, ) — 1(x) has local minimum at x = z; in a

neighborhood N(z). Define the function ¢ as follows:

Y(x) + v(xg, ag) — Y(xg), if 1= Qp,

(i) = () + v(wo, a0) — (o) 0 (2.49)
v(x, 1), if i # .

Let v be the first jump time of a(-) and let 6 € (0, 7] be such that X () starts at 2o and stays

in N(xg) for 0 < ¢ < 6. Note that § < 7. We have a(t) = ag, for 0 < t < §. By Dynkin’s

formula, we have

0
Exg,aoe—r0¢(X(8)7 Oéo) . QO(-IO, 040) _ Emo,ao/ e—Tt( - T@(X(t)7 Oé())
0

+%X(t)202(ao)w + X(t)ﬂ(ao)w
+Qp(X (1), -)(ao)) dt. (2.50)

Recall that, for 0 <t < 0, X(t) € N(xo), and ¢ is the minimum of v(z, ag) — ¥ (x). Then

for 0 <t < 6, we have
v(X (1), ) > (X (1)) + v(wo, ap) — P (20) = (X (1), ). (2.51)
Using equations (2.49) and (2.51), we have

o0 o1 <¢(X(6’)) + (o, ag) — ¢(x0>) — w(wo, ap)

[/ 2
> g [t rax (0,00 + X 0000 T
#0025 ) + Qulix 1), ) )t (2.52)

The inequality (2.51) can also be written in the following form

(X (1) < v(X (1), a0) = (v(20, a0) = 9(0))- (2.53)
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Recall that

QU(Z‘, ')<a0> = Z qaoﬁ(fv@j?ﬁ) - ’U(:C,Oéo)).

B#ag

Using equation (2.49), we have

Q@(a‘ja ')(050) = Z qaoﬁ(@(x7ﬁ) - @('r? Oéo))

B#ao

- Z quoﬂ(U(xv ﬂ) - 90('% ao))
B#ag

= Y dans (v, 8) — (o, a0) + (@) = (o)) ). (2:54)
B#ag

Combining with equation (2.51), we obtain

QXD )e) = 3 s (0CX(0,) ~ o(0.0) + H(X (1) = wau) )

B#ao

> 3 (00X (0.6) ~ 0G0, 00) 40X, 00)
B#ao
= (ol ) = v(z0)) = (o) (2.55)
> 37 s (0(X(2), 8) — 0(X (1), 20))
> Go(X(0), o) (256)

Then, we obtain

Froo 0 <¢(X(9)) + v(@o, o) — Wo)) — v(wo, )
> proe /0 e”( — (X (1), ) + X (1)0%(a0) AR

8¢(X<t>> + QU(X(Zf), -)(ao))dt.

ox

+X (t)p(ao)
Using equation(2.51), we have

E:po,aoefra (Z/)(X(Q)) + v(X(@)’ @0) — 1/}(X(0))> — U(x07 CWJ))

0 2
> oo /0 o (= ro(X(0),00) + L X (170 (0) “E )
x0T 4 Qu(x (1), ) 00) ) it
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Which leads to,

E0e™ (0(X(0), ag)) — v(wo, ag) >

);
0 2
Exo,ao/o e—rt<1 ( ) ( )a w(X( )) T’U(X(t),a/o)

2
FX(Wnla )awa())wv( X(1), (o) )dr.

Noticing that v is supermeanvalued by Corollary 2.1.11, we have

B0~ (X (6), ag) < v(wo, )

therefore,

0> oo /0 e’"t(%X(t)%Q(ao)%ﬁ(t)) (X (2), a0)

+x(0n(00) 22D 1 gu(xn), -><ao>) i,

Dividing both sides by 6, we obtain

1 0,00 ’ —rt 1 2 2 a2¢<X(t))
0> §E i e EX(t) o (aO)T
#x0utan) 5~ (X (0),00) + Q). ) e0)

By letting # — 0, we obtain

()
ox

— + xou(ao) - T’U(iUo, Oéo) =+ QU(QUO, -)(ao).

So,

2
8 ;Z)l(’fO) o xou(ao)awa(::())

— Qu(zo, ) (ag) > 0. (2.57)

Combining (2.48) and (2.57), we obtain

(o) 0*(x0)
>0
H(Oé[),aﬁo,v(l'g,()éo), or = Or? ) =
which gives (1.19). Therefore, v(z, «) is a viscosity supersolution.
Next, let us prove the inequality (1.18). Let ¢() € C*(R) and x5 € RT such that v(x, ap) —

¢() has local maximum at = = x( in a neighborhood N (zg). Let 6y be a stopping time less

than ~ the first jump time of the process a(-) and such that X (t) starts at xo and stays in
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N(zp) for 0 < t < 6. We can assume without loss of generality that v(xg, ag) —p(x¢) = 0. Let

e > 0 and 7. be the e—optimal stopping time, using Corollary 2.1.13 for 0 < 6 < min(7, )

we have

v(y, o) < B[ 0(X(0), ap))]. (2.58)

Note that v(xg, ap) — ¢(z9) = 0 and attains its maximum at xy in N(xg) therefore

Define

Thus, we also have

v(X(0), ag) < (X (0)).

(2.59)

v(X(0), ) < (X(0)), o). (2.60)

Using Dynkin’s formula, we obtain

Moreover,

E* e (X (0),00) < Ee (X (6), o)

= (o, ag) + £ /00 e [Q@(X(t), ) (a)

X (@(a0) 2T o (x(0),a(0)

+lX(t)2O'2(OzO) a ¢a(ii(t))

> ]dt. (2.61)

Qe(X (), )(a0) = Y das(v(X (1), 5) — (X (1))

B#ao

Z QCMoﬁ(U(X<t)7 6) - U<X(t>7 aO)

B#ao

> Gaos(0(X (1), B) — v(X(t), )

B#ao

Qu(X (1), ) (o). (2.62)

IN

IN

IN
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Using (2.60) and (2.62), we obtain

0 2 e
E0a0e1y(X (6), ap) < ¢(0) + B /0 o [Lx (10 (0 FAE 00
X (Ola0) 22 090) 1), ) + Quix (), ) (ao) (2.63)

Ox

From (2.58) we deduce

O?H(X(t), o)
Ox?

0 = v(zo, o) — Bg) < E700 /O et [%X(t)%?(ao)
—ro(X (1), at)) + Qu(X(t), ) ()| dt.

X (0)p(ag) 2250 00)

ox
Dividing the last inequality by ¢ > 0 and sending 6 | 0, we have
1 0?p(x 0p(x
5353‘72(040) 8;20) + zop(o) 8(x0) — 1v(0, ()
+QU(ZBO, ')(Oé()) > 0.
Thus
1 0?p(x 0o (x
rv(xo, ap) — §x302(a0) g;o) — xou(ao)% — Qu(zg,)(ap) <0.

The last inequality implies (1.18). Finally, v(z,4) is a viscosity subsolution of (2.44). This
concludes the proof. O

In order to prove the uniqueness result of the viscosity solution we need the following
maximum principle for semicontinuous function, which is stated in a suitable form for our

application.

Theorem 2.2.3 (Crandall, Lions and Ishii [6]) For i = 1,2, let ; be locally compact
subsets of R and u; be upper semicontinuous in §2;, and jfful(x) the parabolic superjet of
u;(z), and ¢ be twice continuously differentiable in a neighborhood of €.
Set

w(x) = uy(x1) + uz(xs)
for x = (x1,15) € Q, and suppose T = (Z1,T2) € Q is a local mazimum of w — ¢ relative to

Q. Then for each € > 0 there ezists X; € S(1) = R such that

(Dxip(2), X;) € ‘]_Szlj_ui('fi)
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fori=1,2 and the block diagonal matriz with entries X; satisfies

Xy 0

- (% + HD%(i‘)H) I< < D*¢(&) + e(D*p(2))*. (2.64)

0 Xy

Theorem 2.2.4 (Comparison Principle) Ifvi(x,i) and ve(x,1) are respectively viscosity
subsolution and supersolution of (2.44) and are continuous with respect to x and have at

most a linear growth. Then

vy(z,1) < wvo(x, i)  for all (z,i) € RY x M. (2.65)
Proof. For any 0 < <1 and 0 <y < 1, we define

) . . 1
@(I,y,l) = Ul('rvl) - UQ(y7Z) - 5 | r—=y |2 —’}/<l’2 +y2)7
and
1
d,y) =5 |z —y [ +7(@" +9°).

Since vy (z, 1) and ve(x, 1) satisfy the linear growth, we have for each i € M

lim  ®(x,y,i) = —o0.
|z +]y|—oo

Moreover the continuity of ® in (x,y) implies that its has a global maximum at a point

(x5, ys, ) because M is finite. Therefore,

(I)(l’&; Zs, C“O) + (I)(y5> Ys, Oéo) S 2@(1’5, Ys, 050)-
So,
v1(zs, ) — V2 (@5, 0) — 29(x3) + v1(Ys, ) — va(ys, @) — 2v(y3) < 2v1 (s, ap)
2
—2vy(ys, ) — 5 |25 — ys |© —2v(25 + 3).

It follows that

—03(ys, av0) — 2(x5)) 4 vi(ws, ag) — 2y(x3)) < vi(ws, ag) — v2(Ys, )

9
—5 | 25— us ? —2y(xF + y3)-



49

Finally, we have

; | 25 — ys [°< (vi(ws, ap) — v1(ys, o)) + (va(@5, ) — va(Ys, ap))- (2.66)

By the linear growth condition, we know that there exist constants K, Ky such that

vi(z,1) < Ki(1+ | 2 |) and ve(z,i) < Ko(1+ |  |). Therefore there exists C' such that

2 2
slee—us P OO+ s |+ ws ),
which implies

| Ts — Ys |2§ (50(14- | X5 | + | Ys |) (2.67)

We also have, ®(0,0, ag) < ®(zs, ys, ap) and | ®(0,0, ap) |< C(1+4 | x5 | + | ys). Therefore,

1
(@5 +y5) < oi(ws, a0) = valys, o) — 525w | =®(0,0, )
< 3C(+ x5 |+ ys |) (2.68)
SO
A+ fas [+ ]ws]) ~
Therefore, there exists C, such that
|z |+ ys [< O (2.69)

The inequality (2.69) implies the sets {zs5,0 > 0}, and {ys,6 > 0} are bounded by C,
independent of § so we can extract convergent subsequences. Moreover, the inequality (2.67)
implies the existence zy such that

%ii% Ty =Xy = (lsii]% Ys. (2.70)

Using (2.66) with the last result, we deduce that

.2
(1521(1] 5 | 25 — ys5 |°= 0. (2.71)



50

The point (x5, ys, @) is the maximum of ®, so by the Crandall Ishii and Lions’s Maximum

principle for each € > 0 there exist X5 and Y such that

2 _
(5(905 —ys) + 2725, X5) € P>y (25, ) (2.72)
and
2 _ _
(== (@5 — ys) + 27ys, —Y5) € P*F (—va(ys, a0)) = —P> a(ys, o).
o
So
9 L
(5(935 —Ys) — 27vys, Ys) € PO va(ys, o). (2.73)
(2.72) implies by the definition of the viscosity solution that
. 1 2
min |71 (zs, ao) — §$§02(@0)XJ — xsp(ao) (5(1}5 —ys) + 27935)

—Qui (s, ) (), 1 (5, ) — (K — g;(;)ﬂ <0.

In view of these, we have two cases: either
vi (5, a) — (K —25)" <0

or

ro1 (s, o) — 2302 () Xs — wsp(an) (3(zs — ys) + 27as)
—Qua(s, (o) < 0.
Next, we assume that vy (zs, ag) — (K — x5)™ < 0. Similarly, (2.73) implies by the definition
of the viscosity solution that,

2

. 1
min |rva(ys, ) — §y§02(a0)Y5 — ysi(ao) (5(376 —Ys) — 2’73/5)

—~Qua(ys, ) (@0), valys, a0) — (K — s)*] = 0.
Therefore, we have

(K = ys)" = va(ys, a0) < 0.
We obtain

U1($5, CVo) - 712(%, 040) - (?J(S - $5)+ < 0.
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Letting 6 — 0, we have
Ul(Im Oé()) — UQ(I‘O, Oéo) S O (274)

Recall that, the function ® reaches its maximum at (xs, ys, o). It follows that, for all x and

all i € M,
vi(x,i) —ve(x, i) — 2vz? = O(x,z,1) < O(xs,ys, )

< vy (x5, o) — v2(ys, a0) — V(2 + 43)-
Again letting 6 — 0 and using (2.74), we obtain
vi(z,1) — va(x,1) — 2722 < vi(z0, ) — V2(T0, ) — 277(20)* < 0.
So, we have
vy (z,1) — va(x,1) < 2y(2?). (2.75)
Now, let us assume that
15, 2
5757 () X5 + wsp(xp) 5( —Ys) + 2725
+Quy (x5, ) () — rvi(xs, o) > 0.
Then from (2.73), we have
Y507 (a0)Ys + ysu(ao) | 5 (25 = ¥5) — 2795

+Qu2(Ys, ) (o) — 1v2(ys, 0) <0,
and

s (s, 00) ~ va(ys, ) < 30%(00) (25X — (43)7Y5)

(o) (s = 90 + 22((as) + ()

+Qui (s, -)(a0) — Qua(Ys, -)(ao) (2.76)

Moreover, from the Maximum Principle, we have

1 2 X5 0 2
— | =+ D (zs,u5)l ) I < < D*¢(x5,ys)
€
0 =Y

+e(D*d(ws5,95))° (2.77)



52

Note that

D*¢(xs,y5) =

1 -1 1 -1
(D*¢(zs,y5))> = %( o >+%7( . )

8+8y 1 -1 10
= 5 + 4 : (2.78)
-1 1 0 1
We remark that

X5 0 ZTs
(25)°Xs — (y5)*Ys = (%,ya)( ) ( )
0 =Y Ys

and

IA
"N
<
Ned
N
| — |
SN )
~
| —_
—_
— |
[
~_
+
o
oo
o | T
N oo
2
S,
7~
| —_
—_
— |
—
~_

(2.79)

Letting v — 0 in the last expression, we obtain

1 -1 T
(25)° X5 — (y5)*Ys < (25,Y5) [(; + 6%) ( )] ( ° ) .
-1 1 Ys

Take € = §/4, this leads us to
4 1 -1 Xs 4
(25)° X5 — (y5)?Ys < (x5,u5) | < =~ (5 — ys)*.
J 11 J
- Ys

(0)*Xo — (30)*Yo < 0. (2.80)
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Moreover, using (2.70), (2.71) and letting §,y — 0 in (2.76) imply that

(v (20, ) — vo(To, ) < Qui(xg,-)(ap) — Qua(xo, -)(ap). (2.81)
Recall that (x5, ys, ap) is maximum of ® then, for all x € R and for all i € M we have

®(z,x,i) < (s, Y5, 0)
in order terms, we have
vi(z,1) — va(x,1) — 2v2% < vy (w5, 0) — va(ys, o) — 2 (75 + v3).
Letting 0 — 0, we obtain
vi(z,1) — va(z,1) — 272% < vy (w0, ) — Va2 (Yo, a0) — 275 (2.82)

taking x = xy, we have

(o, @) — va(0,7) — 2y25 < v1(T0, a0) — V2(Yo, (o) — 2y,
Consequently,
v1 (g, 1) — vo(xg,1) < v1(T0, ) — Vo0, p)-
We recall that

Qui (0, -)(a0) = Qua(wo,-)(0) = Y agslvr (o, B) — vr (0, p)
B#ao

—v3(w0, B) + v2(T0, a0)] <0,

using (2.81), we have

v1 (o, ap) — va(x0, ap) < 0.
Therefore using (2.82), we conclude that
v1(2,7) — va(z,4) — 272 < vy (w0, ) — v2(Yo, ) — 2y15 < 0. (2.83)
Letting v — 0 in (2.75) and the previous inequality, we obtain
v1(z, i) < wvg(x,i).

This completes the proof of the theorem. O
This result implies the uniqueness of the viscosity solution of (2.44) because any viscosity

solution is both viscosity supersolution and subsolution.
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2.2.2 Finite Time Horizon American Option

In reality the perpetual America option is not tradable, only the finite time horizon American
option is traded on financial markets. As for the perpetual one, the valuation of the finite
time horizon American option is concerned with optimal stopping with finite time horizon.
As a result, the associated PDE is parabolic. There is substantial literature on American
option pricing. We refer to Bensoussan [2], Bollen [3], [4], Duan [8], Kim [25], among many
others for related results.

Recall that the value of the American option put is given by
v(s,x,i) = sup E [e_r(T_S)(K —X(T)" | X(s) =z, a(s) =1], (2.84)
TGAS,T
where Ay = {7, F; — stopping time ;s < 7 < T} K is the strike price of the option, and

T < oo the expiration date. The generator of the process (X (s), a(s)) is defined as follows,

+ xu(@')% +Qf (s, x,-) ()

0*f(s, i)

(Af)(s,z,i) = %xQUQ(z') 502

where
Qf(s7$7 )(Z) = Z Qij(f(37$7j) - f(87 l‘,@))
J#i
We define the following Hamiltonian,

H(s,x,i,u, Dyu, Dyu, D2u) = min [TU(S,x, i) = M
S
—(Au) (s, ,1), u(s, z,i) — (K — x)+] —0. (2.85)

Formally, the value function v(s, z, ) satisfies

H(s,z,i,v, D, Dv,D20) =0 for (s,x,4) € [s,T) x Rt x M, (2.86)
(T, z,a(T)) = (K — x)".
As for the infinite horizon case we will firstly prove that the value function is continuous in

terms of z, so we have the following lemma.

Lemma 2.2.5 The value function v(s,xz,i) defined in (2.84) is continuous in (s,z) and sat-

isfies | v(s,x,i) |< K.
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Proof. Note that |v(s,z,7)| < K. Given z; and x5, let X; and X5 be two solutions of (1.1)

with X (s) = z; and Xs(s) = za, respectively. Applying Gronwall’s inequality, we have
E|X,(t) = Xo(t) P C |2y — a0 |* €M for some C' > 0, D > 0.
This implies, in view of Cauchy-Schwarz inequality, that
E|X(t) = Xa(t) |<C |z — 1y | P (2.87)
Using this inequality, we have

v(s,1,1) —v(s,m9,i) < sup E[e—r(T—s)
TEAS,T

(K = X,(r)* = (K = Xa(r)*|]

< sup E[!X1(T)—X2(T)|}

TEAS,T

< C|ay—axy | PL. (2.88)

This implies the (uniform) continuity of v(s, z, ) with respect to z.
We next show the continuity of v(s,z,7) with respect to s. Let X (¢) be the solution of

(1.1) that starts at ¢t = s with X(s) =2 and a(s) =14. Let 0 < s < ¢’ < T, we define

X(t) = X(t = (s =),

o (t) =alt— (s —s)).

(2.89)

It is easy to show that
BE(X(1t)—X'(t)*<O(s —s).

Given 7 € Agp,let 7" =74+ (s —s). Then 7/ > ¢’ and P(7' >T) — 0as s —s — 0.
Let g(t,z) = e (K — )" Then v(s,x,1) = " sup,¢,_, E>"'g(7, X(7)). It is easy to
show that

’g(S,l’) - g(sl7x,)| < ‘513' - :C,| + C‘xl - KHS - SI’?

for some constant C.
We define
J(s7 m? 7;7 T) = ersES’ng(T? X(T))'
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We have

J(s,x,i,7) = € Eg(t' — (s —s), X'(7"))
= e Eg(r, X'(7) + o(1)
= e Eg(r, X' (7)) (ery + €™ Eg(r', X' (7)) [(zr>1y + 0(1)
= J(s,x,i, 7 ANT) + o(1),

where o(1) — 0 as s — s — 0. It follows that

(s, x,i) —v(s,x,i)| < sup |J(§,x,i,7") — J(s,2,i,7)| — O.
TGAS,T

Therefore, we have

lim |v(s',z,4) —v(s,x,i)| = 0. (2.90)

s§'—s—0

This gives the continuity of v with respect to s.

The joint continuity of v follows from (2.88) and (2.90). This completes the proof. O

Theorem 2.2.6 The value function v(s,x,1) defined in equation(2.84) is a viscosity solution

of equation (2.86).
Proof.  We note that v(s, z,7) satisfies the boundary condition since

(T, z,a(T)) = (K —x)".

Using Corollary 2.1.13 we know that, for s < 6 < 7. where 7, is the e—optimal stopping for

some € > (0, we have
v(s,x,i) = E5%e0=*)y(0, X (), a(h))]. (2.91)
And from Corollary 2.1.11, we have

v(s, i) > E5%e 090, X (), a(0))] (2.92)

for any stopping time 6 € A;p.
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First we want to prove that v(¢,x,7) is a viscosity supersolution of (2.86), namely, for any

7 € M we have

oP(s Ls 2 2/ (92 S, T
min [rv(s,xs,z’) — dj(a—;) — %x o (2)1/1572) _
xu(i)% —Qu(s, T, ) (1), 0(s, Ty 1) — (K — x5)+] >0 (2.93)

whenever ¢ € C'%([s,T] x RT) and v(t, z, o) — 1(¢, ) has a local minimum at (s,z,) €
[s,T] x RT.

From the definition of v, we have

Y

v(s, s, Q) (K — )"

v(s, zs,05) — (K — )™ > 0. (2.94)

Let ¢ € C?([s,T] x RT) and (s,z) € [s,T] x R* such that v(¢,z,7) — ¥(t,x) has local

minimum at (s, z) in a neighborhood N(s,zs). We define a function ¢ as follows:

Y(t,x) +u(s, zs, ) — (s, ), if 1= s,

ol = P Ena) T 0w (2.95)
u(t,z,1), if i # .

Let v be the first jump time of «(-) after the state oy, and let 6 € [s, ] be such that (¢, X (¢))

starts at (s,xs) and stays in N(s,z5) for s < ¢ < 6. Since § < v we have a(t) = as, for

s <t <6, by Dynkin’s formula, we have

+ ot + 5 X %0 (o) =55
X p(a) LT o ), -><as>)dt (2.96)

Since for s <t <0, (t,X(t)) € N(s,z5), and (s, xs) is the minimum of v(¢, z, as) — P(t, z),

then for s <t < 6 we have,

u(t, X (1), 05) 2 p(t, X (1)) + v(s, @, a5) — (s, 25) = o(t, X(1), ) (2.97)



Using equation (2.95) and (2.97), we have

ESJES,OLSeiT(Gis)U(t, X(t)’ as) - U(87 x87 OCS)

0
S e / er(t5)<_rv(t,X(t),Oés)

+—8¢(t, X() + 1)((15)202(045)_a2¢(§;z(<t>)

ot 2
#xnla) 20D 4 Qe x(0). (0 )

the inequality (2.97) can also be written in the following form

w(th(t)) < U(t,X(t),Oés) - (U(Sﬂx87a8) - 1/}(87'r8))'

Recall that
Qu(t,z,)(a) = D daup(v(t,z, B) — v(t,z, ).
BFas
Using equation (2.95), we have

Qw(t’xv')(as) = Z Qo 5 t x B (t x,as))
BFos

= Z qaslg(v(t,l',ﬂ) - Qp(t7x7as))

BFas

_ Z%ﬂ( (t,2, 8) — [v(s, 24, )

BFas
il 7) — (s, 2.)))

and from equation (2.97), we obtain

Qolt. X0 )0) = X o018, X(0.5) = [ols,70.0)

BFas

(X (1) - w<s,xs>]>

>

BFas

(vl ) = bls,0) = s 2.)]
> S oy (0(t, X(0), 8) — 0(X1, X (1), 0)
> Gt X (0, )

5 s (000 X(0).8) -~ [o(5, 2, 0) 4 (2. X0,

ay)

o8

(2.98)

(2.99)

(2.100)

(2.101)
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Taking these into account, we deduce

Es,ws,ase_r(e_s)/v<t7 X(t)’ as> - U(Sy xS? aS)

0
N / €r<ts>(_rv(t,x<t),as>

8¢(t7 X(t)) 4 lX(t>20_2(as) 8277/)(15, X(t))

ot 2 ox?
+X(t),u(as)w + Qu(t, X(t), -)(045)> dt. (2.102)

Using equation (2.92), we obtain

0
[5Ts s / e*T(t*S) — rU(t, X(t), Ods)

XD o PREXD) i 200 X0

ot 2
FQu(t, X (#), -)(as))dt <0.

Multiply the last inequality by % > (0 and send 0 — s, gives

2
—rvu(s, x4, as) + —81#(;; 2 + %x§02(as)—a w(()(;;%s)
+xsﬂ(as)% + Qu(s, x4, ) (ay) < 0.
Therefore, we have
oY (s, xg 1 82¢ S, Xy
ro(s, g, o) — % — 53:?02(045)%
—msu(aS)M — Qu(s, xs, ) (as) > 0. (2.103)

ox

The supersolution inequality (2.93) is deduced just by combining (2.94) and (2.103).

Now, let us prove the subsolution inequality, namely, that:

min |rv(s, zs, o) — —&b(;;xs) — %x202(a5)—82¢8(;x8)
—xu(as)% — Qu(s, zs, ") (as),v(s, x5, o) — (K — x3)+] <0 (2.104)

whenever ¢ € CY?([s,T] x RT) and v(t,z, o) — ¢(t,z) has a local maximum at (s,z,) €

[s,T] x RY.
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Let ¢ € CY2([s,T] x RT) and v(t, x, ) — ¢(¢, z) has a local maximum at (s, z;) € [s, T] x RT

we can assume without loss of generality that v(s,zs, o) — ¢(s,zs) = 0. Define

D(t,x,i) = dhx), I i=a (2.105)

v(t,z, 1), if i # .
Let «y be the first jump time of «(+) from the state a;, and let 6y € [s,~] be such that (¢, X (¢))
starts at (s,z5) and stays in N (s, z,) for s <t < 6. Since 6y < v we have a(t) = «, for
s <t < 6y, and let 7p be the optimal stopping time, and for s < # < min(7p, fy) we have

from (2.91)
(s, Ty, 0y) < B30 [0y (0, X (0), a(h))). (2.106)

Moreover, since v(s,xs, o) — (s, z5) = 0 and attains its maximum at (s,xs) in N(s,x;)
then

0(0, X(0), () < $(0, X(0)).
Thus, we also have
v(0, X(0), a(0)) < ®(0, X(0)), (6)). (2.107)
This implies, using Dynkin’s formula, that

E37x57ase_r(9_s)v(97 X<9)7 as)

IN

B30T 090, X (6), o)
(%
B q)(S’IS?O‘s)*”ES’%’aS/ )

9p(t, X(t))
ot

+X () p(es)

—1®(t, X(t), at))

w +QD(t, X (t), ) (cv)

1 O?P(t, X(t))] i@

+§X (t)?0* (o) e (2.108)

Note that

QB(t, X(1),-) () = Y dap(v(t, X (1), 8) — 6(t, X (1))

B#as
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< D aus(o(t, X(8), 8) = o(t, X (1), )
BFas
< Qu(t, X(1),)(as). (2.109)
Using (2.105) and (2.109), we obtain

E57m5)as 6—7‘(9—3)/0(0’ X(0>’ Oés)

IA

ES,xs,asefTGCI)(e,X(e),as)
0
= @(s,z,) + BV / e [M

ot
d9(t, X(1))
. " ro(t, X (t), as)

Po(t, X (1))
Ox?

+X () p(as)

+1X(t)202(ozs)

> +Qu(t, X (1), (o). (2.110)

Recall that, v(s, zs, as) = ¢(s,xs) by assumption. From (2.106), we deduce
0 < E®*e0=99(9, X(0), a,) — d(s, )

0
< pon [ ] e 0,00

+8¢<t, X(t)) 4 1X(t>20'2(065) 82¢<)§£2)7 Oés)

ot 2
—i—X(zf)u(ozS)M + Qu(t, X(t),)(as)|dt. (2.111)

ox
Multiplying the last inequality by % > 0 and sending 6 | s, gives

ol ) - 20 Lo, ) PO )
—xsu(ozs)% — Qu(s, zs, ) (as) <O0.

This last inequality implies the subsolution inequality (2.104), thus v(t, z,«) is a viscosity
solution of (2.86). This ends the proof of the theorem. 0

In order to have the uniqueness of the viscosity solution we will follow almost the same
process as in the infinite horizon case. Let us first give the useful lemma which is proved in

P.L. Lions [27]

Lemma 2.2.7 Let v(t,z) defined in [0,T] x R™ the parabolic superjet is

T o(t,x) = {(agbg, ") Dot ), D26 7)), 6(t,x) € C*(0,T] x R")

and v — ¢ has a global mazimum at (t, JE)}7
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and the parabolic subjet is

Tu(t, ) = {(%, Dyo(t,z), D2o(t, x)>,¢(t, z) € C2([0,T] x R")

and v — ¢ has a global minimum at (t,x)}.

In order to prove the uniqueness result for the viscosity solution we need the following
maximum principle for semicontinuous function, which is stated in a suitable form for our

application.

Theorem 2.2.8 (Comparison Principle ) If vi(t,z,i) and vo(t,x,i) are continuous in
(t,x) and are respectively viscosity subsolution and supersolution of (2.86) with at most a

linear growth. Then

vi(t,2,4) < va(t,z,1)  for all (t,2,1) € [0,T] x RT x M. (2.112)

Proof. For any 0 < < 1and 0 <y < 1, we define
. . N 2 (T—t)(,2 | 2
(P(t,a:,y,z) - Ul(taaja?’) —Ug<t,y,2> - 5 ’ r—Yy ‘ —e€ (Z’ +y )7
and
1 _
ot z,y) = < |2 —y [P +7e (@ +y7).

Note that vy (¢, x,1) and vq(t, z, 1) satisfy the linear growth. Then, we have for each i € M

lim  ®(t,z,y,i) = —0

|| +[y|—o0
and since ¢ is a continuous in (t,x,y), therefore its has a global maximum at a point

(ts, s, ys, ). Observe that
CID(t5, Ty, Ts, Oé()) + q)(té’ Ys, Ys, Oé()) S 2q)(t(57 Tsy Ys, Oé(])-
It implies

vy (s, 5, ag) — va2(ts, x5, ) — QVG(T_t‘S)@g) + v1(ts, s, )

—vy(ts, Ys, o) — 27T (y3) < 2v1(ts, s, ) — 2v2(ts, Ys, o)

2 B
=S lws—us |’ —2veT 1) (23 + 43).
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Then
—vy(ts, Ys, o) — 2e Ty (23) + vi(ts, 25, ) — 2ve T (y3)

2
< vi(ts, 25, a0) — va(ts, Y5, a0) — 5 [ @5 — Y °
—27e ) (23 4 43).
Consequently, we have

2
5 | 25 — ys [*< (vi(ts, v5, ) — v1(ts, vs, o))

+(v2(ts, x5, a9) — va2(ts, Ys, o)) (2.113)
By the linear growth condition, we know that there exist K, Ky such that

vi(t,x,1) < Ky(1+ |z|) and va(t, x,i) < Ky(1 + |z|). Therefore, there exists C' such that we

have
2

5|$5—y5 P< OO+ | s |+ | ys |)-
So

| 251 — 25 [P< 0C (14 | 2y [™ + | 2 ™) (2.114)

We also have @(s,0,0,a0) < ®(ts5,25,ys, ) and | ®(s,0,0,a0) |< K(1+ | zs | + | ys |)-
This leads to

el (@} + y3)

IN

1
vl(tﬁy'xdaa()) - U2<t57y57a0) - S | Ts —Ys |2 _®(S70707a0)
< 30(1+ | X5 | + | Ys |) (2.115)
It comes that

ve ) (aF + )
(It s |+ 1ys|)

< 3C,

therefore there exists C, such that
|25 |+ | ys |[< C and t5 €[5, T). (2.116)

The inequality (2.116) implies the sets {z5,d > 0}, and {ys,6 > 0} are bounded by C,

independent of §, so we can extract convergent subsequences that we also denote (z4)s,
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(ys)s, (ts)s. Moreover, from the inequality (2.114), it comes that the exists z( such that

li =20 =1i d limts = tp. 2.117
lima; =z =limy;  an lim £5 = to ( )

Using (2.113) and the previous limit, we obtain
lim 2 | ’=0 (2.118)
ral SRR U B '

® achieves its maximum at (¢5, Ts, Y5, ), so by the theorem 1.2.1 for each € > 0 there exists

bis, bas, X5, and Yy such that
2 _
(b1s, g(x(; —ys) + 2velT g, Xs5) € P*Yoi(ts, x5, o) (2.119)

and
(—=bas, =3 (x5 — ys) + 2veT Dy, =Y5) € P> (—va(ts, ys, xo))-
But we know that
P2 (—valts, ys, o)) = —P* va(ts, ys, o).

Therefore, we obtain
2 (T—t) 52,—
(bas, < (w5 — ys) — 27ve"" "ys, Y5) € P=walts, ys, o). (2.120)
0

The equation (2.119) implies by the definition of the viscosity solution that

. 1 2
min [7’01 (755, Zs, 040) —bis — 5(336)202(%))(5 - xaﬂ(ao) (5(905 - y&)

+276(T_t5)I5> — Qui(ts, s, ) (o), v1(ts, 5, ) — (K — xa)ﬂ < 0.

Consequently, we have two cases; either
vy (ts, x5, 00) — (K —25)7 <0

or
— by - 2 _
rvy(ts, x5, ) — bis — wsp(ayp) (S(xé — ys) + 2veT ts)%)

L @0 @) X~ Quts 25, ) (00) <0.
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First of all, we assume that vy (¢5, x5, a9) — (K — x5)" < 0. And similarly, (2.120) implies by
the definition of the viscosity solution that,

) 1 2
min |ruy(ts, g5, a0) — bas = 5 (95)20% (@)Y = ysp(co) (5 (@5 — o)

2
—27€(T_t5)ya> — Qua(ts, Ys, ) (o), v2(ts, Ys, o) — (K — ya)+] > 0.
Therefore, we have
va(ts, ys, o) — (K —ys)™ > 0.
It comes that

v1(ts, Ts, atg) — V2(ts, Ys, an) — (x5 — ys) T < 0.

Letting 0 — 0, we obtain
U1(t0,$0, Oéo) — ’Ug(to,xo, Oéo) S 0 (2121)

Note that the function ® reaches its maximum at (¢, x5, ys, o). It follows that for all
xR, t€[s,T], and i € M, we have
Ul(tv z, 7’) - UQ(t7 z, Z) - 27€(T7t)x2 = @(ZE, z, Z) < (I)(t(;, Ts,Ys, 050)
< v1(ts, x5, o) — va(ts, ys, o) — vl (23 + y3).
Again letting 6 — 0 and using (2.121), we obtain

(T—t)..2

vi(t,z,1) —va(t, x, 1) — 2ve"

< 0y (to, o, ) — wa(to, To, arg) — 27T ()% < 0.

so, we have
vi(t, x,0) — va(t, i) < 2ye T2, (2.122)
Second of all, let assume that

2 —
Tvl(t57 ZIs, O{O) - b16 - fL’éM(OéO) <S(a’,‘5 — yé) + 2’76(T t&)x(s)

—%(9@5)202(0@)){5 — Qui(ts, xs,-)(ap) <0



and from (2.120), we have

1 2
U2 (ts, Ys, o) — bas — 5(%)202(040)5/5 — ysi(ayp) (5(% —Ys)

—276( N )y5> - sz(té,y& -)(ao) > 0.

Combining the last two inequalities, we obtain

r(v1(ts, s, o) — Va(ts, Y5, ) < %02(040) ((26)° X5 — (y5)°Y5)

+ () (%(% — y5)? + 2yeT o) [(x5)2 + (yé)QD
+QU1<t5, Ly, '>(Oé0) - QU2(t67 Ys, ')(Oé(]) + bis — bas.

Note that from the equation (1.38), we have

0¢(ts, s, _
b = by = LTI 00 () + 3.
Therefore, we have
1
r(vi(ts, x5, an) — va(ts, Y5, o)) < 502(040) () X5 — (y5)°Y5)

+ulao) @(% — )" + 26T (a5 + <y5>2D

+Qui(ts5, 5, ) (o) — Qualts, ys, -) () + veT ™) ((25)? + (ys)?). (2.123)

We know from the Maximum principle that

1 Xs
= (3 1D otts s )l ) 1< < D2, 0lts. 5.5
0

—Y;5

Moreover,
of 1 -1 [ 1o0
D, 0(ts, x5, ys) = 5 + 2yeT)
-1 1 01
and
8 1 —1 8/}/6(T7t5) 1 —1
(D, ,y¢(ts, 5,y5))* = 5 T

66
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_{_4,)/2 2(T—ts) L0

01
8+ 8’}/(56 (T—ts) (
+472e2(Tt) : (2.124)
01
Note that
X(; 0 ZTs
(26)°Xs — (y5)°Ys = (25,Y5)
0 Y5 Ys
2 1 -1
S (LU(;, y5) |:5
-1 1

8 + 8’}/(56(T t) (1 -1

Letting v — 0, we obtain

(25)* X5 — (v5)°Ys < (25, 5)

1
( ) @21
Ys

Take € = g, this leads to

(26)2Xs — (y5)?Ys < (w5, s) |5 = 3(xs — ys)*
Ys
Using (2.118), we obtain
: 2 9 . 4 1 -1 Ts
limsup(z;)°Xs — (y5)°Ys < limsup(wzs,ys) | <
610 610 ) -1 1 Ys

4
= limsup 5(3:5 —y5)? = 0. (2.126)

610
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Letting v — 0 in (2.123), we have
1
r(vi(ts, s, o) — va(ts, Ys, ) < 502(%) ((z5)* X5 — (y5)*Y5)

() (s = 09 ) + Qur(, 7)) = Qualts s )

and taking the limsup as § goes to zero and using (2.126), we obtain

T(Ul(to, Zo, O[Q) — Ug(to, Zo, Oé())) S Q’Ul(to, Zo, ')(Oz()) — Qvg(to, Zo, ')(O{O). (2127)

Recall that (ts, x5, ys, o) is maximum of ®. Then, for all z € R, t € [s,T], and for all
1 € M, we have
q)(thax?i) < CI)(t&;l’é’y&OéO)-

It comes that

U1 (ta €, Z) - U2(t7 Z, 2) - 276(T_t)x2 <

v1(ts, Ts, ) — va(ts, Ys, o) — QVG(T_ta)(mg + yg)

Letting 0 — 0, we obtain

U1 (ta €, Z) - U2(t7 €, Z) - 276(T7t)x2 <

(T-1)

v1(to, o, g) — va(to, To, ap) — 27e T2 (2.128)

Taking x = xg, and t = ty, we have

v1(to, o, 1) — va(to, o, %) — 2’76(T7t°)9€g <

v1(to, To, ) — va2(to, o, ap) — 276(T_t0)$3‘

Consequently,
v1(to, o, 1) — va(to, To, 1) < v1(to, o, p) — va(to, To, Qo).

We recall

Q1 (to, o, ) (ag) — Qua(to, %o, ) (o)

= Z Gagalv1(to, 2o, B) — vi(to, Zo, o)
B#ao
—vs(to, Zo, B) + v2(to, 2o, 0)] < 0. (2.129)
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Using (2.127), we have

v1(to, To, ) — va(to, To, ) < 0.

Therefore using (2.128), we conclude that

vi(t, @, 1) — vg(t, x, 1) — 2yeTDz? <
v (to, Zo, o) — va(to, o, o) — 2y T~0g2 < 0 (2.130)
Letting v — 0 in (2.122) and the previous inequality, we have
v1(t, i) < wvo(t,x,i).
This completes the proof of the theorem. O

The uniqueness of the viscosity solution follows from this theorem because any viscosity
solution is both supersolution and subsolution. It is difficult to find closed-form solutions
the associated PDEs. In the next chapter, we develop numerical schemes to approximate the

value of the American options.



CHAPTER 3

Numerical methods

In this chapter we consider numerical approximations to the solutions of the HJB equations
associated with the valuation of American option under switching regime. We use explicit

finite difference methods and establish the convergence of those schemes.

3.1 Infinite time horizon American option

In this section we construct a scheme to approximate the value of a perpetual American put
option. Similar analysis works for a perpetual call option.
We want to solve numerically the equation

2 2 :
H < av 8 U> _ min |:7’U(ZE,Z'> - %I202(2)8 U(.T,Z)

iTv, —, — -
T 0x Ox 0z?

a2 ot ). o) - (5 2] =0 (3.

We use the method of Barles-Souganidis to construct our scheme. Let h € (0, 1] denote
the length of the finite difference interval of variable x and let By (R* x M) denote the space
of bounded functions u(z,4) defined on Rt x M continuous in terms of the first variable x

such that sup |u(z, )] < K. We will approximate the value function v(z,%) by a sequence of

. ) ,
functions v"(z,i) and the partial derivatives dv(w, i) and Ov(, 1) by
Ox 0x?
h . h .
. + h,i) —v"(x,1)
Ax h — v (:E ) >
v"(x, 1) ;
and

szh(x i) = vh(x + h, i)+ Uh(x — h,i) — 211’"0(%@').

h2

70



71
Using A, and A2

(Av")(2,4) = =2?0*())A20"(x, 1) + 2p() A0 (2,4) + Qu'(x, ) (4)

V" (z + hyi) + 0" (x — hyi) — 20" (2, 4)
12

v (z i) — ol (x,i
+ o) +h’£ @0 4 vz, (). (3.2)

— N =

= —2%0%(i)

[\)

Recall that Qf(x,-)(i) = Z#i ¢ij(f(x,7) — f(z,7)). Rearranging these terms, we have

(Ao (z, ) = % [ (%x202(i) + w(@')h) (@ + by i)
+ =220 (i) (@ — h, i) — o"(z, ) (2202 (i)
+:c,u(z')h)} + Qu"(x, ) (3).

Define
An(f, ) () = % [ (%x202(i) + x,u(z‘)h) F@+h,i)

3020 (0) (e — ) — [, 1)(a0()
Fau@n)] + Q1. )
In discrete form we have the equation

1
min {Uh(xa Z)ﬁ (Th? + 2%0%(i) + zp(i)h + h? Z Qij)

J#i

_%x202(i) <u @+ 7 i) 2’2“ =h, i)) — ap(i)u(z + b, z‘)%
— Zqijuh(x,ﬁ),uh(x, i)— (K — x)+} =0. (3.3)
J#i

In order to approximate the solution of (3.3), we define the following scheme.

SRt xQx MxR x B(R" x M) — R such that,

S(h,x,i,t,u) = min {% (rh2 + 2202 (i) + zp(i)h + h? Z qij>
J#

1
—§x202(2’)

(u(:c +h,i) Z u(z — h, z’))  ouliulz 4+ b0

—thiju(x,j), ht—(K—az)%) } (3.4)

J#i
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We want to prove that the solution of the following equation whenever it exists is an approx-

imation of the viscosity solution of (3.1)

S(h, x4, un(w, 1), up) = min {w <rh2 + 220%(i) + zp(i)h

2 o o, [un(x+h,i)+uy(z — h,i) 4 ,
+h ;qi]) - %x (i) ( + —}: ) — zp(i)up(x + h, i)

1Y qgun(a, ), b (wn (i) — (K — 2)*) } —0. (3.5)

J#
In order to use the Barles-Souganidis theorem to prove the convergence we need to check

the following hypotheses:

e Monotonicity

S(h,x,i,t,u) < S(h,z,i,t,v) if v<u forallh<0,xeXh
i€ M,t €R and u,v € B(RT x M).

Note that the coefficients of u in S(h,z,i,t,u) are negative, this implies the mono-

tonicity of our scheme S.

e (onsistency

lim S(h,y,i,w(y, i) +€,w+e€)

Yy—x h
e—0h—0

= F(D*w(x,q), Dw(x, i), w(x, i), z)

for every test function w(-,7) € C*(R), for every i € M.

We have the consistency because,

lim S(h’7 y,%w(ya@) + €, W + 6) — lim min {w(y,z) +€ (Th2 + yQOQ(i)

y—x h y—T h2
e—0h—0 e—0h—0 ( + h ) _'_ w(y h Z) + 26
_ 1 ~ [ w(y 1 —
2 2 2 ) )
+yp(i)h +h Z%’j) — 5y o (D) < 2 )
J#i

Yy . )

— 2@y + b))+ ) = D qiw(y, ) + iy, i) + e — (K —y)* }
JF

S(h,y,i,w(y,i) +€,w+e)
y— h

= min {rw(m,i)



_%x%?(@')p%(x, i) — xp(i) Dw(w, i)

~Qu(, i), w(w,i) - (K — )" }
= F(D*w(z, i), Dw(z,1), w(x, i), x)

o Stability
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(3.6)

We want to show that for all A > 0 there exists a solution v, to (3.5) and a constant

C independent of h such that |ju,] < C.

We next construct a strict contraction mapping to show the existence and uniqueness of

solution to (3.5). Let

ap(x,i) = % (%x202(i) +x,u(i)h)
bp(z,i) = %xzﬁ(i)

en(z,1) = (% [x202(i) + zp(i)h + rh? + h? Z qij] ) :

J#
Then equation (3.5) can be written as follows:

u(r,i) = max {ah(x, u(x + h,i) + by(x, ) u(x — hyi)

+h' " qgulz, ), enle, i) (K — x)+}ch(x, i),
i

Let 7j, be the operator on Bg(RT x M) defined by:

Thu(z,i) = max {ah(x, i)u(x + h,i) + bp(x, ))u(z — h, 1)

hz qiju(z, g), cn(z, i) (K — aj)+}ch(az, i)t

J#i

Theorem 3.1.1. 7}, is a contraction mapping.

Proof.  We want to show that there exists § € (0, 1) such that

17nf = Tngll < BIIf -9l forall — f.g€ BR" x M)
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where || - || is the sup norm. Note that,

Tuf(2,7) — Thg(x,i) = cp(x,4)” ! max [ah(a:, i) f(x+ h,i)
+bp(z,7) f(x — hyi) +

hz qijf(xaj)v Ch(xv Z)(K - ‘T)+
J#i
—cp(x,4) ! max [ah(x, i)g(x + h,i)
+bp(x,1)g(x — h, 1)
—l—hz ¢ij9(x, 5), cn(x, i) (K —x)"
J#
enl,i) " an(e, ) (f@+ hi) = glo + h,1))
+bh<x7i)(f($ —h, Z) - g(x —h, Z))
1> ai(f(. ) - gle.1)]. (38)
i
Recall that ¢;; > 0 for j # ¢ and ap(z,7) > 0 and by(x,7) > 0 for all (z,7) € Bxk(RT x M).

IN

Then, we have

T f(x,1) — Trg(w, i) < . . (ah(%i) + bn(z, 1) + hZ%y) 1f = gll-

cn(x, 1) o

Finally, note that

(ah(x, i)+ bz, 1) +h)2 qij>
Ch(‘rai)
:1:202(1') + l’/L(Z)h + h? Zg;ﬁz qij

= 1. 3.9
2202(i) + xp(i)h +rh* +h? Y., 4 = (3.9

Therefore, we have

17nf = Tugll < 1f = 9ll-

This ends the proof. O

Remark 3.1.2 Because of the contraction mapping principle, the fixed point u; of the
contraction 7, is a solution of the equation (3.5) and |jus|| < K since 7, is defined on
Bg(R* x M). Therefore, we have the stability of our scheme. We can now prove the con-

vergence of our scheme.
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Theorem 3.1.3 Ash — 0, the solution vy, of (3.5) converges locally uniformly to the unique

continuous viscosity solution of (3.1).

Proof. Define

v*(x,i) = limsup vy (y, 7) and  wv.(x,7) = liminf vy (y, ). (3.10)
Yy—x Yy—z
110 R10

We first claim that v* and v, are respectively sub- and supersolutions of (2.44). To prove this
claim, we only consider the subsolution case, because the argument for the supersolution is
similar. Let z( be a strict local maximum of v*(z, i) — ®(x) for some ® € C;°(RT). Without
loss of generality, we may also assume that v*(zg,7) = ®(xo) and that & > 2sup, ||vs|

outside the ball B(zg,r), where r > 0 is such that
v (x,i) — P(x) < 0=v"(xg,1) — P(20) in B(zo, 7).
Then, there exist sequences h,, > 0 and y,, € R" such that: as n — oo

h,, — 0, Yn — X0, U, (Yn, @) — v*(xg, 1), and (3.11)

Y 1s a global maximum point of vy, (-,7) — D(+).

Denote €, = vy, (Yn,7) — P(yn), we have obviously €, — 0 and vy, (x,7) < &(x) + ¢, for all
r € RT.
Recall that

S(hna Yn, Uh, (ZL’, Z)7 Uhn) = 0.

The monotonicity of S and (3.11) imply that
S(hos Yns @(Yn) + €, @ + €a) < Sy Y, v, (2,7),03,,) = 0. (3.12)

Therefore,

< 0.




76

It comes that,

F(D*®(z,i), D®(x,9), P(z,7),2) =
p Shysiw(y.i) +ewto

Y
Yy—xTo h -
e—0h—0

0. (3.13)

This proves that v* is a viscosity subsolution. By Theorem 2.2.4, we see that our sequence

converges locally uniformly to the unique viscosity solution of (3.1). O

3.1.1 Numerical examples

In our examples we use a two state Markov chain, and we use the expression first state for

the state when «a(t) =1 and second state for the state when «(t) = 2.

Example 1. Perpetual American call option
First we consider a perpetual American call option with exercise price
K =70, discount rate r = 0.06, the return vector p = (—0.8,—0.2), the volatility vector is

o = (0.7,0.5) and the generator

In Figure 3.1 we have the corresponding graphs of value and reward functions. This example
corresponds to the case when the stock has negative returns. In the first state the return is
-0.8 and in the second state the return is -0.2. We see from the first picture of Figure 3.1 that
the value function and the reward function intersect when the stock price is approximatively
80 and this is the first time the two curves meet, then the optimal policy is to exercise the
option at that time for a payoff of 10. In the second picture, the two curves intersect when
the stock price is approximatively 84 and the payoff of exercising the option at that time is

14.
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Figure 3.1: Perpetual American call option
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Example 2. Perpetual American put
We study a perpetual American put option with exercise price K = 75.5 discount rate
r = 0.06, the return vector u = (0.6,0.2), the volatility vector is ¢ = (0.5,0.7) and the

generator
Q=

In Figure 3.2 we have the corresponding graphs of value functions and reward function. In
this case the stock has positive returns. In the first state, the return is 0.6 and the first time
the reward function is different from value function is when the stock price is 68, so the
optimal policy is to exercise the option at that time for a payoff of 7.5. In the second state,
the return is 0.2 and the first time the value function is different from the reward function
is when the stock price is 61, so the optimal policy is to exercise the option at that time for

a payoff of 14.5.
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3.2 Finite time horizon American options

In this section, we consider American options with finite time horizon.

3.2.1 Convergence

As we have done for infinite time horizon we will prove the convergence of finite difference

scheme to the unique viscosity solution of the equation

H(t,z,i,v, D, Dyv, D2v) = 0
{ , (3.14)
o(T,2,a(T)) = (X(T) - K)*
where H is defined as follows
H(t, 2,4, u, Dyu, Dyu, D2u) = min [ru(t, T, i) — %f’l)
1, o . O%ult,x,i) L ou(t, x,i)
2t 7 (¥) Ox? wuli) ox
—Qu(t,z, ) (i), ult, i) — (K — a:)+] —0. (3.15)

Given a positive integer N, let gy denote the truncated function gy(z,7) = min((x —
K)* N) of g(z,i) = (x — K)", where g is the payoff of American call option. We consider
the corresponding optimal stopping problem with the reward function gy in lieu of g for N

large enough. Let vy denote the corresponding value function, i.e.,

un(s,x,i) = sup E [e_T(T_S)gN(Oé<X(T),i) | X(s) =, a(s) =1].

TEA&T
We can show, as in the untruncated case, that vy is the unique viscosity solution of the

equation

Hn (i, s,2,v,Dv,Dyv, D20) = 0, for (s,z,4) € [0,T) x RT x M,

(3.16)
(T, z,a(T)) = gn ()
where Hy is the following Hamiltonian
5 .
Ha (i, s, 2, u, Deu, Dyu, D2u) = min [TU(S, T, i) — W (3.17)
s

—(Au)(s,z,1),u(s,x,i) — gn(z, z)} =0. (3.18)
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Moreover, note that gy — g as N — oo. It follows that vy — v, for all (s, z,4). In view
of this, we only need to find a numerical solution for vy.

Let B([0,7] x R* x M) denote the space of bounded functions u(t,z,i) defined on
[0,7] x Rt x M and continuous in (t,z). Let A > 0 denote the spatial step and k > 0 the

time step. We consider the finite difference operators Ay, A, and A? defined by

Agult,z. 1) = u(t+k,x,i) —u(t, z,17)

)

u(t, z,1) ‘

o

u(t,x + h,i) —

~—

Ayu(t,z,i) =

b‘

and

~ u(t,x 4 hyi) +ult,x — h,i) — 2u(t, z,19)
A2u(t,r,i) = 3 :

The corresponding discrete version of the Hamiltonian Hy is given by
1
min [ru(t,x, i) — Agul(t,x,i) — §x202(i)Aiu(t,x,z) —xp(i)Ayu(t, z,1)

(3.19)
—Quft,z,) (i), ult, z,7) — gN(x,i)] ~0.

Rearranging these terms, we obtain

min [u(t,x,i)(r—i—l—i—f%()+x'u()> _U(t—l—:,x,@') .
—u(t,x + b, z)( 2h2 ) | xu}fz)) (e —h Z)x;ﬂ(l)

—Qu(t,x, ) (i), u(t, Z)—gN(ac,i)} ~0.
Define a mapping Sy : RT x Rt x RT x M x R x Bg([0,7] x RT x M) — R

, :16202(@) 1 zu(i)
Sn(k,h,z,i,y,u) = min {yh(r + h— T + 7 + ;qij)
YE)
hu(t + k, x, 1) NZ el () , 20 (i)
—T—u(t,quh,z)( o +x,u(z)> u(t,x — h,1) o7
—h Z Qiju(ta l’,j), hy - th<I7 Z)] .

J#i
Then, (3.19) is equivalent to Sy = 0.

Moreover, note that all coefficients of u in Sy are negative. This implies that Sy is

monotone, i.e., for all u,v € Bg([0,7] x RT x M), k,h € R*, x € R, y € R, and i € M,

we have

Sy (k,h,x,i,y,u) < Sy(k, h,z,i,y,v) whenever u > v.
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Definition 3.2.1 The scheme Sy is said to be consistent if, for every i € M, x € RT,

t € [0,T) and for every test function w(-,-,1) € CH*([0,T] X R) we have

. Sn(k,h,z,i,w(t, z,1) + €, w + €)
1m
z—x, k—0, e—=0,h—0 h

= Hy(t, 2,i,w, Dyw, D2w).

Lemma 3.2.2 The scheme Sy is consistent.

Proof. For i € M, let w(-,-,i) € CY?([0,T] x R). We write

Sn(k,hyz,i,w(t, z,1),w) w(t+k,z,i) —w(t, z,1)

= min {Tw(t, 2,1) —

_lzgaz(i)w(t, 24 h,i)+w(t,z— h,i) —2w(t, z,1)
2 . h?
o) XEEHRD T G2 )0t 20) — () ).

Sending z — z, k — 0, ¢ — 0, and h — 0, we can show that

Sn(k,h, z,i,w(t, 2,1) + €,w + €)
h

— Hy(t, z,w, Dw, Dyw, D2w).

The consistence follows.

Note that the equation Sy(k, h, z,i,w(t, z,1),w) = 0 is equivalent to the equation

, 1 hw(t+k, 2,1 L 220%(i ,
wy(t, z,i) = max [ch,k(Z,i) ( ( p ) +w(t,z+ h,Z)( Zh( )4 zu@))
L z220?(i) , ,
—H’d(t?Z_th) 2% +hZQijw(taz7j))7gN(27Z>i|
JFi
where

1 h?
cnp(z,0) = 7 (rh2 + m + 2202 (i) + zp(i)h + h? Z qij>.
J#

We define an operator 7, on B([0,T] x R x M) as follows,

—l—w(t,z+h,z‘)(

) 2 _92(;
Tw(t, z,i) = max { 1 (hw(t +k,2,1) 220 (1)
2

chi(z,1) k 2h

. L Z2o?(i . ,

+z,u(z)> +w(t,z — h,i) Qh( ) +h E Qijw<t7zal>>agN<sz):|
J#i

Lemma 3.2.3 For each N, k, and h, ’];CA,Z 18 a contraction map.
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Proof. To show that Tk]\}fl is a contraction, we need to show that there exists 0 < 3 < 1 such

that
175 — Tl < BIf —gll - forall  f.g € B([0,T] x RT x M)
where || - || is the sup norm. Note that

Thw(t, z,0) — Tul(t, z,1)
hw(t + k, 2,1) L (220 (i) _
i— vl 2+ b)) (5 4 o)

= max |cpp(2,4) "

k

+w(t, z — h, i)223h<i) + hz qiw(t, Z,j)) 9N (2, z)] — max {ch,k(z, i)t (—hu(t +k:k’ 2,1)
; 7 2 _2¢;
+u(t, z + h, i) (Z gh(z) + Zu(z)) + u(t,z — h, Z)Z ;h(z) +h Z giju(t, z,j)) L gn (2, z)} .

J#
This implies that

Thw(t, z,9) — Tul(t, z,1)

{Ch,k(% i)l <hw(t —|—kk:, 2,1) otz 4 h) (ZQZZ(Z') N z,u(z'))

<

2 _2(-
ey ) (S 2u) e~ ) S5O n Y aute) )|
i

Moreover, we know that g;; > 0 for j # i and the other coefficients are also nonnegative,

then we have

. . g h o 2%0R(i L 22
Thw(t, z,0) — Thul(t, 2,1) < cpp(z,i) ! [E + T() + 2u(7) + T() + thij] lw —ull.
JF#i

In addition, note that

, h  2202(i - 220%(i
chi(z,1) = [E + 2h( ) + zp(i) + —Zh( ) + h g qij} + rh,
J#i

which implies that,

K3==chﬂai)‘1{ﬁ L 2o(@)

2 2 < 1.

L 220%(1)
+ zu(i) + o —i—h;qzj
jF#i

Therefore,

170w = Thull < Bllw —ull.
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Definition 3.2.4 The scheme Sy is said to be stable if for every h,k € R*, there exists a

bounded solution upy € B([0,T] x RT x M) to the equation
Sn(k,h,x, i, u(t,z,i),u) = 0. (3.21)
with the bound independent of k, and h.

Let us denote By([0,7] x RT x M) subset By([0,7] x RT x M), such that for every
u € By([0,T] x RT x M) | |lu|]] < N.

Lemma 3.2.5 Ifw € By([0,T] x R x M), Then || T} w| < N.

Proof. Note that

, 1 hw(t + k, z,1) N2l 0) ,
Thw(t,z,i) = max [Ch7k<27i) < k: +w(t,z + h, 2)( o7 + zu(z))
L 22 (i) _ 4
—H"}(ta Z— h7 Z)T + h ; qijw(ta Z?])) ) gN(Z7 Z)] )
which implies,
2 _2(; 2 2(;
’]Z\,[Lw(t, 2,1) < epp(z,4) 77 {% 4z ;h(l) + zu(i) + z Zh(Z) + hz%} max [||w||,gN(z,i)}

J#i
Therefore, we have

IZ5(t, 2,0) | < max [, lgw]]] < .

Remark 3.2.6 The result of this last lemma shows that for any h, k € R*, ’];A;L s an operator

on By([0,T] x R x M). And since T}, is a strict contraction, it has a unique fized point

in By([0,T] x R* x M) that we denote uy,

Lemma 3.2.7 The scheme Sx is stable.
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Proof. Note that the solution of the equation (3.21) is just a fixed point of the contrac-
tion ’];L]\i and by the contraction mapping principle such a fixed point exists. And using
Lemma 3.2.5 we conclude that the equation (3.21) has a unique solution ukN , in the set
Bn([0,T] x Rt x M) thus we have, ||ugs| < N. 0

We are now in the position of proving the convergence of our scheme to the unique

viscosity solution. For all k, and h in RT, z € R, and i € M we define,
W), e [0,7),

vﬁh(t,x,i) = {
gn(z,1), ift="T.

Theorem 3.2.8 As h — 0, and k — 0 the sequence v,]xh converges locally uniformly on

[0,T] x Rt x M to the unique viscosity solution of (3.16).

Proof. Define

vn(t,z,i) = limsup v, (t,y,4) and vy (t,2,i) = liminf o) (t,y,7). (3.22)
y—>w,kl0,h10 yﬂ.}?,kio,hlo

We claim that v} and v,y are respectively sub- and supersolutions of (3.16).
To prove this claim. We only consider the v} case, since the argument for v,y is similar.

Namely we want to prove that for any i € M, we have
HN(t(b X, 'L.a U}k\[a th)7 DJ:<D7 Diq)) S 0

for any test function ® € CY%([0,7] x RT) such that (o, zo) is a strict local maximum of

vy (t, 1) — ®(t,x). Without loss of generality we may also assume that v} (tg, xzo,7) =

®(ty,z9) and because of the stability of our scheme we can also assume that, & >

2supy, 5, ||, || outside of the ball B((to, xo),) where 7 > 0 is such that
oy (t,x, i) — O(t, x) < 0= ovx(ty, zo,7) — P(to, o) in B((to, xo),7).

This implies that there exist sequences k,, > 0, h,, > 0 and (¢, y,) € [0,T] x [0, C] such that;

as n — oo we have

kn - 07 hn - 07 Yn — To, tn - t07 U]{;\i“hn (tna Yn, Z) - U]*v(to»ffoﬂ)a (323)
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and (t,,y,)is a global maximum point of v , (-,-,i) — ®(-,-).

We denote ¢, = v,]x“hn (tn, Yn, 1) — ®(tn, yn), we have obviously €, — 0 and
O (tx,1) < Ot x) + €, for all (t,2) € [0,T] x RY.
Recall that

SN(kna hnu Yn, &, Ul]c\i,hn (t7 T, i)7 Ul]e\i,hn) =0.

The monotonicity of S and (3.23) imply that

SN<kn>hnaynai>(D(tnayn)+€naq)+€n) < SN(knahnaynaa?”]ﬁ;\i,hn@?ajai)?wﬁ;\;,hn)

=0 (3.24)
therefore
lim SN (Eny Py Yy 1 P (L, yn) + €0, @ + €,) <0
n N
Consequently,
HN(t07x07i7v7\77Dt®7Dw¢7Di¢)> =
Sk, h L, D(y, 1 )
hm ( ? 7y’ 7/7 (y’ 7’) + E7 + 6) S O (325)
y—x0,kn—0,e—0,h—0 h

This proves that v} is a viscosity subsolution and, using the uniqueness of the viscosity solu-
tion, we see that vy = v}, = v.n. Therefore we conclude that the sequence (’U}]LV ©)N converges
locally uniformly to vy and we already know that (vy)y converges locally uniformly to v

the unique viscosity solution of (2.86), finally we have

lim lim v, = .
N—oo h—0,k—0
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3.2.2 Numerical examples

In our examples we use two state Markov chains, and we use the expression first state for

the state when «(t) = 1 and second state for the state when a(t) = 2.

Example 1. American call option
For this example we study an American call option with expiration 7' = 0.25 (1 quarter
of a year), exercise price K = 70 discount rate r = 0.06, the return vector u = (—.6,0.4),

the volatility vector is o = (0.3,0.4) and the generator

The corresponding option prices are given in Figure 3.3. We see that when the market is
bad as it is in the first state the American call option price is relatively smaller than when
the market is good as we see on the second figure. Figure 3.4 describes the free boundary
for the two states. And Figure 3.5 gives the continuation domain when we fix ¢ = 0 for both
the first and second states. We then deduce that, in the first state when the market is bad,
the first time the value function v(0,x,1) and reward function g(z,1) intersect is when the
stock price is x = 80 for and option price of 10 dollars. And when the market is good those
two curves intersect at the point (83,13). So the optimal policy is to exercise the option as

soon as those curves intersect.
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Example 2. American put option
For second example we consider an American put option with expiration 7" = 0.25 years,
exercise price K = 80 discount rate r = 0.06, the return vector u = (—0.6,0.4), the volatility

vector is 0 = (0.3,0.4) and the generator

Figure 3.6 describes the put option price surface. We see that when the market is bad
as it is in the first state the American put option price, unlike what we have for the call
option, is relatively greater than when the market is good as we see on the second state’s
graph. Figure 3.7 describes the free boundary for the two states. And Figure 3.8 gives the
continuation domain when we fix t = 0 for both the first and second states. We then deduce
that, in the first state when the market is bad, the first time the value function v(0, x, 1) and
reward function g(x, 1) intersect is when the stock price is z = 65.50 for and option price of
14 dollars. And when the market is good those two curves intersect when the stock price is
68 and the option price is 12 dollars. So the optimal policy is to exercise the option as soon

as those curves intersect.
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CHAPTER 4

Optimal stock liquidation under regime switching model with finite time

horizon

Introduction

Decision making in stock liquidation is crucial in successful trading and portfolio manage-
ment. One of the main factors that affects decision making in a marketplace is the trend of
the stock market. It is necessary to incorporate such trends in modeling to capture detailed
stock price movements. In a recent paper of Zhang [42] the regime switching model is pro-
posed and developed. Such switching processes can be used to represent market trends or
the trends of an individual stock. In addition, various economic factors such as interest rates,
business cycles etc. can also be easily incorporated in the model. In [42], a selling rule deter-
mined by two threshold levels, a target price and a stop-loss limit is considered. One makes
a selling decision whenever the price reaches either the target price or the stop-loss limit.
The objective is to choose these threshold levels to maximize an expected return function.
In [42], such optimal threshold levels are obtained by solving a set of two-point boundary
value problems.

In this chapter, we consider an optimal selling rule among the class of almost all stopping
times under a regime switching model, this is a more general type of selling. We study the
case when the stock has to be sold within a pre-specified time limit. Given a fixed transaction
cost, the objective is to choose a stopping time so as to maximize an expected return. The
optimal stopping problem was studied by McKean [28] back to the 1960’s when there is
no switching, see also Samuelson [35] in connection with derivative pricing and Oksendal

[32] for optimal stopping in general. In models with regime switching, Guo and Zhang [15]
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considered the model with a two-state (m = 2) Markov chain. Using a smooth-fit technique,
they were able to convert the optimal stopping problem to a set of algebraic equations under
certain smoothness conditions. Closed-form solutions were obtained in these cases. However,
it can be shown with extensive numerical tests that the associated algebraic equations may
have no solutions in some cases. This suggests that the smoothness (C?) assumption may
not hold in these cases. Moreover, the results in [15] and [32] are established on an infinite
time horizon setup. However, in practice, an investor often has to sell his stock holdings by
a certain date due to various non-price related consideration such as year-end tax deduction
or the need for raising cash for major purchases. In these cases, it is necessary to consider
the corresponding optimal selling with a finite horizon. It is the purpose of this chapter
to treat the underlying finite horizon optimization problem with possible non-smoothness
of the solutions to the associated HJB equations. We resort to the concept of viscosity
solutions and show that the corresponding value is indeed the only viscosity solution to the
HJB equation. We also establish the convergence of a (explicit) finite-difference scheme for
solving the HJB equations. The main results of the chapter include treatment of an optimal
stopping in a general regime switching model and the corresponding numerical investigations
of these solutions. It is well known that the optimal stopping rule can be determined by the
corresponding value function; see, for example, Krylov [26] and @Ksendal [32] for diffusions,
Pham [33] for jump diffusions, and Guo and Zhang [15] for regime switching diffusions. A
main focus of this paper is to completely characterize the value function in terms of viscosity
solutions.

The chapter is organized as follows. In the next section, we formulate the problem under
consideration and then present the associate HJB equations and their viscosity solutions. In
Section 3, we obtain the continuity property of the value function and show that it is the only
viscosity solution to the HJB equations. In Section 4, we construct the corresponding finite
difference method for solving the HJB equation and establish its convergence. In Section 5,

we give a numerical example. Real market data is used to illustrate our results.
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Our main objective is to find the optimal reward function of a selling transaction when

movement of the market a driven by a hidden the Markov chain with n arbitrary states.

4.1 Problem formulation

Given an integer m > 2, let a(t) € M = {1,2,...,m} denote a Markov chain with an m x m
matrix generator Q@ = (¢ij)mm, i-€., g > 0 for i # j and X7 ,q; = 0 for i € M. Let
X (t) denote the price of a non-dividend stock. It satisfies the following stochastic differential

equation

dX (1) = X (t) (u(a(t)dt + o(a(t))dW (1)), (4.1)

where x is the initial price, T' is a finite time, p(7) is the rate of return, o(7) is the volatility,
and W (t) is the standard Wiener process. Both W (-) and «(-) are defined on a probability
space (2, F, P) and W (-) is independent of «af(+).

In this chapter, we consider the optimal selling rule with a finite horizon T. Given the
transaction cost a > 0, the objective of the problem is to sell the stock by time T so as to
maximize E[e™"("=*)(X (1) — a)], where 7 > 0 is a discount rate.

Let 7, = o{a(s),W(s); s <t} and let A, denote the set of F;-stopping times such that
s <7 < T a.s. The value function can be written as follows

v(s,x,i) = Sl{ip E [e””(f’s)(X(T) —a) | X(s) =z, a(s) =1 . (4.2)
TENs, T
Given the value function v(s,z, i), it is typical that an optimal stopping time 7* can be

determined by the following continuation region
D =A{(t,z,7) € [0,T) x R x M; v(t,z,i) >z —a},

as follows:

" =inf{t > 0; (¢, X(t),a(t)) € D}.
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We know from Corollary 2.1.13 that, if 7" < 400 then
v(s, i) = E5%ie ") (X (17) — a)]. (4.3)

Thus 7* is the optimal stopping time.

Let A denote the generator of (X (t),a(t)). Then, we have

(Af)(s,2,1) = a0 (i) L Py 2

where

Qf(S,ZE, )<Z> - Z%‘j(f(s,x,j) - f(S,JI,i)).
J#i

The corresponding Hamiltonian has the following form

a .
H(i,s, 2,1, D, Dy, D2) = min [ru(s, i) — 24020

0s
(Au)(s,z,i),u(s,z,i) — (r —a)| =0. (4.4)

Note that X (t) > 0 for all t. Let R = (0, 00). Formally, the value function v(s, z, ) satisfies

the HJB equation

H(i, s, z,v,Dv, Dyv, D2v) =0, for (s,x,i) € [0,T) x RT x M, (45)
(T, z,a(T)) = (z — a).

We will prove that in fact the value function is a viscosity solution of (4.5).

4.2 Properties of value functions

In this section, we study the continuity of the value function; show that it satisfies the
associated HJB equation as a viscosity solution; and establish the uniqueness. We first show

the continuity property.

Lemma 4.2.1 For each i € M, the value function v(s,z,i) is continuous in (s,x). More-

over, it has at most linear growth rate, i.e., there exists a constant C' such that | v(s,x,1) |<

C(1+ |x]).
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Proof. for the continuity in (s,z) the argument is similar as in Lemma 2.2.5 and for the
linear growth the argument is similar as in Lemma 1.0.3.

O

Theorem 4.2.2 The value function v(s,x,1) is the unique viscosity solution of equation

(4-5).

Proof.  First we prove that v(s,z,i) is a viscosity supersolution of (4.5). Given (s,xs) €
[0, T] x RT, let ¢ € C?([0,T] x R") such that v(t, z, a) — 9 (t, z) has local minimum at (s, z)

in a neighborhood N (s, z;). We define a function

Y(t, x) +v(s, zs, ag) — (s, x,), if 1= g,

otz = § Ve T (10
v(t,x,1), if i # .

Let v > s be the first jump time of a(-) from the initial state «;, and let 6 € [s,~] be such

that (¢, X(t)) starts at (s,z,) and stays in N(s,z4) for s <t < 6. Moreover, a(t) = as, for

s <t < 6. Using Dynkin’s formula, we have,
B> e 07000, X(6), ) — (s, 2, )

0
—  ESTs0s / e—r(t—s) ( — 7"90(t7 X(t), as)

+890<t7 X(t)a QS)) T lX(t)202(048)82(p(t7;i§t>7 Oés)

ot 2
+ Qu(t, X (1), -)(as)> dt. (4.7)

X (1)l LT

Recall that (s, ) is the minimum of v(¢, x, o) — ¢ (¢, z) in N(s,z). For s <t < 6, we have

v(t, X(t),as) > (t, X(t)) + v(s, s, a5) — VY(s,25) = o(t, X (1), as). (4.8)
Using equation (4.6) and (4.8), we have
B0 o= 0900 X(6), o) — v(s, s, )

0
Z E5,$saas / e_r(t_s) ( — T,U(t, X(t)7 Oés)

+—aw(t’af(t)) + %X (t)%?(as)—a w(;;;((t))

ex(oule) X4 o, x(0), )0 ot (49)
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Moreover, we have

Qolt. X0, )0w) = 3 ot X(0).5) - plt. X(0),01)

BFas
> 3 s (006, X(0).9) - (0, X(0).00)
BFas
> Qut, X(t), ) (o). (4.10)
Combining (4.9) and (4.10), we have
E5%%se (9 X(0),as) —v(s, x5, as)
> E5%ss a9 —T(t s)( )
) (4.11)
+aw< )y Lo, w tx);( )
X 2D D 4 Qute, X(0). e )

It follows from Corollary 2.1.11 that

0 2
E5%sas / efr(tfs) ( o TU(t, X(t), as) + adj(t, X(t)) + %Xz(t)ﬁz(as)a w(t, X(t))

ot O0x?
+X(t)u(a5)w + Qu(t, X (1), -)(ozs)>dt <0.

Dividing both sides by 6 > 0 and sending § — s lead to
aw(& l’s) + 1.%30'2(@3) 82%0(8, $s)
ot 2 Ox? (4.12)

% + Qu(s,xs, ) () <O0.

By definition, v(s,z,7) > x — a. The supersolution inequality follows from this inequality

—ru(s, Ty, ag) +

s pu(cs)

and (Corollary 2.1.13).
The proof for the viscosity subsolution inequality is similar to the supersolution part
except that we need to treat points (¢, z) such that v(¢,z,i) > = — a, for i € M.

In this case, take ¢ = (v(t,z,i) — (r — a))/2 > 0 and let
=inf{s <t <T: v(t,X(t),at) > (X(t) —a)+e} Ay,

where + is the first jump time of a(t) with «a(s) = as. It can be shown as in Pham [33] that

E7¢ > 0. Following Corollary 2.1.11, Dynkin’s formula with 7 = 8 A 7°, and let § — 0 in the
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resulting inequality, we have

06(s,X(s)) 1y o o, PHX(s), )

rv(s, X(s),as) — ot - §X(5) o (as) 02
X (o) P gy x(5), )00 <0

This gives the subsolution inequality. Therefore, v(t, x,7) is a viscosity solution of (4.5).
Finally, the uniqueness is just similar to the uniqueness of the finite time horizon Amer-

ican option obtain in chapter 2. O

Remark 4.2.3 In the infinite time horizon case the optimal reward or value function is

defined as follows,

v(x,i) = suTlpE [e7(X(7) —a) | X(0) = z,a(0) = i] (4.13)

where the supremum taking over all possible stopping time 7. We can similarly prove that
v(z,1) is the unique viscosity solution of the nonlinear PDE

min {rv(x, i) — %ﬁa?(i)% - x,u(i)avg;’ D _ Qu(x,-)(i),v(x, 1) — (x — a)} = (4.14)

Remark 4.2.4 Due to the similarities of this problem and the finite time horizon American
option we can just use the scheme we developed in order to approrimate the value of finite

time horizon American option to approximate the value of the viscosity solution of equation

(4.5).

4.3 A Numerical example

In this section, we present a numerical example using the IBM stock daily closing from
October 28, 2002 to August 28, 2004. We consider the switching process «(t) where a(t) €
M = {1,2} represents the trends of IBM stock. In particular, a(t) = 1 stands for the

up-trend and a(t) = 2 the down-trend. The generator of «(t) is given by

(4.15)



price

100

95

90

85
80
75

70¢ i i i i i i i i
0 50 100 150 200 250 300 350 400

—— IBM closing value |

Time in (days)

Figure 4.1: IBM: 10/28/2002-08,/28,/2004

102



103

The IBM daily closing prices during this period are plotted in Figure 1.

Based on these closing prices, we calibrate the model using the method introduced in [42]

and obtain

A = 2.0367, = 1.9821.

The corresponding stationary distribution v = (v1,15) = (u/(A + p), A/(A + p)) =
(0.4932,0.5068).

And for the volatility and return we have, we have the following vectors

o = (a(1),0(2)) = (0.3478,0.3385) r = (r(1),7(2)) = (0.2501, —0.3570),

where o(1) represents the volatility when IBM is up and o(2) represent the volatility when

IBM is down. The same holds for the return vector.

Then the averaged volatility & = \/v102(1) + 1902(2) = 0.3431. and the average return
7 =uvr(1) + ver(2) = —0.0576.

We take the transaction fee a = 0.05 per share and the discount rate is ro = 0.06.

In Figure 2, the first picture gives the continuation region with the dished line when the
averaged volatility and return rate is used in a model without switching. In this case, the
selling action should take place when ¢ = 48 at 83 per share which corresponds to 9.2%
return in 48 days and normalized to 48% annual return.

The second and third pictures in Figure 2 give the continuation regions when the market
is in uptrend and downtrend, respectively. Suppose we can detect a trend change in two to
three days, which is typical with the help of Wonham filter. Then one should be able to
detect a trend change from up to down near ¢t = 25. In this case, one should sell at t = 25

at 84.7 per share which amounts a 11.4% gain in 25 days and equals 114.9% annual return.
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This example shows that by differentiating different market modes (up or down trends),

a better selling decision can be made to achieve a higher return.
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Future research problems
Find a formula to evaluate European options under regime switching model.

Study the analytical properties of the free boundary problem associated to the optimal

stopping of a switching diffusion.

Develop numerical methods to approximate the free boundary of a switching diffusion.
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