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INTRODUCTION

Rapid technological advances and the increasing miniaturization of electronic compo-
nents have put in the hands of the average citizen electronic gadgets of exceptional quality.
In the medical field, imaging devices have revolutionized the medical practice. It is now
possible to carry high precision surgical procedures with minimal damage to the muscular
apparatus, resulting in reduced recovery time. We have also gained the ability to diagnose
most of our internal ailments using imaging technologies.

Unfortunately, the images that we capture are not always of good quality for various
reasons ranging from defects of the imaging sensors to the lack of dexterity by the user.
Some “noise” is introduced, and it is necessary to remove as much of it as possible prior to
using the image for its intended purpose, making image cleaning a necessary preprocessing
step to any imaging application. However, the notion of noise is vague, and its origin and
structure are very hard to model.

The image processing field is a multidisciplinary endeavor ranging from filtering the-
ory to partial differential equations (PDE), and remains an active area of research. Image
denoising models come in two broad classes: the PDE approach pioneered by J.-M. Morel
[5-7, 30], and the variational approach in which images are modeled as oscillatory spaces
and the cleaning process is reduced to functionals minimization over a suitable functional
space [39, 58, 71].

One of the most “efficient” models for image denoising is the total variation minimiza-
tion model of Rudin, Osher and Fatemi (ROF) [71]. These scholars proposed to recover
a cleaner image as the function with minimum total variation subject to constraints corre-

sponding to a priori knowledge of the statistics of the noise. The striking thing about the



ROF model is its capability to remove noise while enhancing the edges in the image. The
study of the ROF model has generated a sizeable literature, the bulk of which deals with
algorithmic considerations.

In their seminal paper [71] introducing the total variation model, Rudin et al. enforced
the constraints using the Lagrange multipliers method, and used the gradient projection
method of Rosen [69, 70] with a Lagrange multiplier update to compute approximations
of the minimizer of the associated Lagrangian. A big drawback of the ROF Lagrangian is
its nondifferentiability; Acar and Vogel [1] circumvented this with a relaxation of the total
variation functional. Using a duality argument, they constructed a family of functionals
that approximate the total variation functional uniformly, and showed that the minimizers
of these functionals yielded an approximation of the clean image recovered with the ROF
model.

Chambolle and Lions [35] also used a functional relaxation technique to construct a
minimizing sequence of the ROF model in the Hilbert space H'(£), using I'-convergence
arguments. Exploiting the functionals in [1], Dobson and Vogel [41] studied finite elements
approximation of the ROF functional and developed an algorithm for computing approx-
imations of the ROF minimizer. Hong [48] followed a similar line of reasoning to study
the so called minimal surface bivariate spline image enhancement approach. The Galerkin
method is used on spaces of smooth bivariate splines to construct a minimizing sequence
of the Acar-Vogel relaxation of the ROF model when its minimizer belongs to Wh! (€2).

The gradient descent algorithm studied by Rudin et al. [71] may be regarded as a fully
explicit numerical scheme for the total variation flow. Feng and Prohl [45] studied the
approximation of the total variation flow and established the optimal convergence rate of a
fully explicit finite elements approximation of the latter. Wang and Lucier [74] established
error rates of a piecewise constant approximation of the ROF model under the assumptions
that the image being denoised is L?-Holder continuous and the domain of the image is

rectangular; their arguments do not extend to general polygonal domains. Their approach



did not use the functional relaxation method, instead they exploited the stability property
of the ROF model to give a direct proof of convergence in L*((2).

Recently, the regularity property of the ROF model has been studied [29] and it was
shown that the model preserves the modulus of continuity of the data when the domain
is convex. The research carried in this dissertation is motivated by the latter regularity
property, and the need of a computational scheme that could be used to simulate the smooth
solutions of the ROF model.

This dissertation is the first time an interpolation argument is used in conjunction with a
finite difference scheme to construct a continuous approximation of the ROF model. It also
contains a substantial improvement on the approximation of the ROF model on arbitrary
polygonal domain. Unlike in most of the works mentioned above, relaxation methods
are not used in the construction of the minimizing sequence. This work also improves
Hong’s [48] work significantly by producing a direct approximation of the ROF model
with bivariate splines that converges in the space of functions of bounded variation. The
dissertation is organized as follows.

The second chapter is devoted to the mathematical preliminaries and the total variation
denoising model. We set up the mathematical framework in which the total variation model
of image denoising is posed, then introduce the ROF model and review its properties as
relevant to this work.

The third chapter contains the first contribution of this dissertation. In the specific
case where the image domain is rectangular, we construct a piecewise linear interpolation
function and prove its convergence to the ROF minimizer when the data are bounded and
Holder continuous with respect to the L?-norm. Along the way, we also introduce a novel
discretization of the total variation functional, which enforces more of the desired Neumann
boundary conditions.

In chapter 4, we develop three algorithms for computing the minimizer of the new dis-

crete total variation model introduced in chapter 3. These are: the dual projected-gradient



algorithm, the alternating dual projected-gradient algorithm, and the alternating dual fixed
point algorithm. The dual projected-gradient algorithm fits in the class of proximal gradient
algorithms so its convergence could be derived from the general theory of such algorithms,
however, we provide a direct proof. We also establish the convergence of the alternat-
ing fixed point algorithm, and conjecture the convergence of the alternating dual projected
gradient algorithm.

Chapter 5 deals with the approximation of the ROF model on arbitrary polygonal do-
mains. Unlike in chapter 3 where we used an interpolation scheme, here we use the
Galerkin method to construct a bivariate spline minimizing sequence. The convergence
to the minimizer is established for any data function in the space of square integrable func-
tions. For numerical simulation purposes, we study a relaxation of the ROF model from
which an algorithm is derived. A proof of the convergence of the algorithm is derived and
the details of its implementation provided.

A key tool in our analysis is the existence of an extension operator 7" from BV (£2) into
BV (R™) such that for all w € BV (Q2), T'(u) is compactly supported and the total variation
of T'(u) on the boundary of €2 is zero. For the type of domains that we are concerned with,

the result already existed in the literature and we reviewed it in the appendix A.



PRELIMINARIES AND THE IMAGE DENOISING PROBLEM

In this chapter, we present the total variation based image denoising model and give
an overview of the research efforts that have contributed significantly to the understanding
of the model. We also present a general framework on which the total variation model is

founded.

2.1 FUNCTIONAL MINIMIZATION OVER BANACH SPACES

In this section, we review sufficient conditions on the functional F' that guarantee the
existence of a solution to (2.1), and discuss the functional framework in which the denoising
problem is posed to guarantee the existence of the solution. The image denoising model

that is the object of this dissertation falls in the category of problems of the form

Find u € X such that F'(u) = in)f{ F(x), (2.1)
TE

where X is a Banach space and F' is a functional defined on X that takes values in
[—00, +00]. We remark that problem (2.1) is of interest only if ' is not identically —oc or

+00; this leads us to the following definition.

DEFINITION 2.1. A function F' : X — [—o00, 00] is said to be proper if for any =z € X,
either F'(x) > —oo or F'(z) is not defined, and there exists xy € X such that F'(z() < oc.

The domain of F', Dom(F'), is defined by

Dom(F) ={z € X: F(z) € R}. (2.2)

Let us first describe a common strategy used in proving the existence of a solution of

(2.1). The argument is carried out in the following three steps.
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(1) We construct a minimizing sequence x,, € X such that

lim F(x,) = inf F(x).

n—00 zeX

(2) If F'is coercive, i.e. Hli”m F(z) = oo, we deduce that the minimizing sequence x,, is
z|[Too

bounded. Then using the topological properties of X, we may extract a subsequence

Tp, of z, that converges to u in X, and show that v is a solution.

(3) To show that u is a solution, it suffices to argue that lim inf F'(2,,) > F'(u) from
j—00

which it follows easily that F'(u) = ml)r(l F(z).
Te

The strategy outlined above requires that both the Banach space X and the functional F'
have some favorable properties. We now discuss properties of X and F' that are sufficient
for the procedure to be carried successfully.

Let (X, || - ||) be a Banach space over R and X" its topological dual, i.e. the space of all

continuous linear functionals defined of X and taking values in R.

DEFINITION 2.2. Let (z,),>1 be a sequence of elements of X, and z € X.
(a) We say that z,, converges strongly to z if ||z, — x|| — 0 as n — oo.

(b) We say that x,, converges weakly to x, and write x,, — z, if

l(x,) — l(x) forall £ € X'

The dual X’ of X is a Banach space when endowed with its natural dual norm

Iz
€]l = sup Hz)
veX,z#0 |||

so that the concepts of strong and weak convergence are well defined on X’. A third and

often more convenient (than the weak convergence) notion of convergence may be defined

on X'.



DEFINITION 2.3. We say that a sequence of linear functional (¢,,) converges weakly-* to

¢in X', and write £,, — {, if £,,(x) — {(z) forall z € X.

We note that for any € X, the mapping ¢ +— ¢(z) is a bounded linear functional on

X'. Moreover the map F : X — (X')’ defined by the identity
<E.T,€>XN,X/ = <£, JI>X/’X = f(l’), Vee X, VWl e X'

is one-to-one, so that X is identified to a subspace of (X')". E is often referred to as the

canonical embedding of X into (X')'.

DEFINITION 2.4. We say that the space X 1is reflexive if the canonical embedding £ is

surjective, i.e E(X) = (X')".

As a direct consequence of the Riesz representation theorem, every Hilbert space is

reflexive. The following result is very useful in the study of problems of the type (2.1).

THEOREM 2.5 (Brezis [27]). A Banach space X is reflexive if and only if every bounded

sequence in X has a weakly convergent subsequence.

Now, we turn to the properties of the functional F' sufficient to the successful comple-

tion of the strategy for showing the existence of a solution of (2.1).

DEFINITION 2.6. Let (X, | - ||) be a Banach space and F' : X — R be given.

(a) F is said to be strongly lower semicontinuous at the point x if for any sequence x,,

such that ||z,, — zo|| — 0, we have

liminf F'(z,) > F(x). (2.3)

n—oo

(b) F is said to be weakly lower semicontinuous at x if for any sequence (x,,) such that

T, — To, We have

liminf F'(z,) > F(x). (2.4)

n—oo

7



(c) F is said to be strongly (resp. weakly) upper semicontinuous if —F’ is strongly(resp.

weakly) lower semicontinuous.

In general, it is very cumbersome to prove that a functional is weakly lower semicon-
tinuous. However, a simpler property of F', sufficient to achieving lower semicontinuity, is

convexity which we now define.

DEFINITION 2.7. Let F' : X — R be a functional defined from X into R

(a) The functional F' is said to be convex on X if F'is said to be convex if
Flte+ (1 —t)y) <tF(x)+(1—-t)F(y) Vz,y€ XandVt e |0, 1].
We say that F' is strictly convex if for any pair of distinct elements z, y in X,
Fltr+ (1 —t)y) <tF(z)+ (1—-t)F(y) VYte(0,1).
(b) F will be termed (strictly) concave if —F' is (strictly) convex.

We now present a result that establishes the equivalence between strong and weak semi-

continuity in the class of convex functionals.

THEOREM 2.8. Suppose that F' is convex on X. Then F' is strongly lower semicontinuous

if and only if F' is weakly lower semicontinuous.

The next result will be used later to prove the existence and uniqueness of the solution

of the model that we study in this dissertation.

PROPOSITION 2.9. Suppose that X is a reflexive Banach space and the functional F is

convex, lower semicontinuous, and proper, (A1)
and
coercive, i.e lim F(x) = oo. (A2)
[|z]|—o0



Then, the minimization problem (2.1) has at least one solution. The solution is unique if F'

is strictly convex.

Finally, we would like to characterize the solution of problem (2.1) when F' is the sum
of two functionals one of which is Gateaux differentiable. Let us begin by clarifying what

is meant by Gateaux differentiable.

DEFINITION 2.10. A functional ' : X — R is said to be Gateaux differentiable at a point

u € X if there exists F'(u) € X’ such that

lim F(u+tv) — F(u)

t—0+ t

= (F'(u),v)X/7X Yo e X. (2.5)

F'is Gateaux differentiable if it is Gateaux differentiable at every point w in its domain.

The following result is a characterization of convexity for Gateaux differentiable func-

tions.

PROPOSITION 2.11. Suppose that F' : X — R is Gdteaux differentiable on a convex subset

C of X. Then the following are equivalent

F is convex on C, (2.6)

F(v) > F(u) 4+ (F'(u),v —u) Yu,ve€C. (2.7

PROOF. Suppose that F'is convex on C. Then

Fo) > Flu)+ Fu+t(v—u)) — F(u)

> ; , Vte(0,1), Vu,v eC.

Since F' is Gateaux differentiable on C, letting ¢ — 0T in the latter inequality, we obtain
(2.7) outright.

Conversely, assume that (2.7) holds. Then for any pair u,v € C

Fu) > F((1 —=tu+tv) —t(F'((1 —t)yu + tv),v —u), Vitel0,1], (2.8)



and
Fw)>F(1—tu+tw)+ (1 —t){(F' (1 —tHu+tv),v—u), Vtel0,1]. (2.9)
Multiplying (2.8) by 1 — ¢ and (2.9) by ¢, and adding the resulting inequalities, we get
(1—-t)F(u) +tF(v) > F((1 —t)u+tv), VYte][0,1].

Since the pair u, v € C was arbitrary, we infer that F' is convex over C. U

PROPOSITION 2.12. Let C be a closed convex subset of X. Suppose that Fy and F5 are
convex lower semicontinuous, and F| is Gdteaux differentiable. Then, an element u € C is

a global minimizer of Fy + F, over C if and only if

(F/(u),v—u) + Fy(v) — Fy(u) >0 Yo eC. (2.10)

PROOF. Suppose that « € C is a minimizer of F} 4+ F» over C. Then, we have
Fi(u)+ F(u) < Fi(u+tlv—u) + Fa(u+t(v—u)), Vtel0,1], VveCl
and by the convexity of F,
Fi(u)+ Fy(u) < Fi(u+tlv —u) + (1 —t)Fa(u) + tFy(v), Vte|0,1], VYveCl,

so that

Fi(u+t(v —w) = Fi(u)
t

+ Fy(v) — Fy(u) >0 VYte(0,1), YveCl.

Since F7 is Géteaux differentiable at u, taking the limit as ¢ — 07 in the latter inequality
yields precisely (2.10).
Conversely, suppose that u € C satisfies (2.10). Then since £ is differentiable and

convex, it follows from Proposition 2.11 that

Fi(v) — Fi(u) — (F{(u),v—u) >0, VYveC.

10



Adding the latter inequality to (2.10) yields

Fi(v) + Fy(v) > Fi(u) + Fy(u), YveC;

hence u is a minimizer of F(v) 4+ F»(v) over C and the proof is complete.

2.2 FUNCTIONS OF BOUNDED VARIATION

In this section, we collect relevant results on functions of bounded variation. Through-
out the section, {2 will stand for an open connected subset of R (N > 1), unless otherwise

noted. All the results given below are found in the two books [46] and [8].
2.2.1 TOTAL VARIATION

We begin with the definition and properties of the concept of total variation. Let u be a

locally integrable function on €2, i.e, u is integrable on every compact subset of ¢

DEFINITION 2.13. The total variation of u over 2 is given by

J(u) :=sup {—/udiv(g)dx :g € CHQ,RY)and |g(z)| <1 V€ Q}, (2.11)
Q

where div(g gz

and C*(Q, RY) is the space of continuously differentiable func-

tions u : 2 — RN w1th compact support in €).

EXAMPLE 2.14. We give two examples of functions with finite total variation

(a) Let Wh1(Q) be the space of weakly differentiable functions u € L!() such that
ou

5 € L'(Q2) for all 1 <4 < N. Using Gauss-Green Theorem and a regularization
T

argument, one can show that if u € W11(Q), then

= / |Vu|dz.
Q

However, W1((2) is a proper subset of the set of functions of bounded variations as

will be illustrated by the next example.

11



(b) Let E be a ball of radius p such that £ C €2, and ¢ the characteristic function of E.

Given g € C}(Q,RY), by Gauss-Green theorem we have

—/ ppdiv(g)dr = —/ vpdiv(g)dx :/ g-vdHYN
Q E DENQ

where v is the outer unit normal vector field to OF, and HY ! is the N — 1-Hausdorff
measure on (2, see for example [8, section 2.8, p. 72] for a definition of Hausdorff

measures. Thus,
J(op) <HYN Y OENQ) < HYYOF) < .
We remark that ¢ does not belong to W1(Q).
DEFINITION 2.15. A function v € L'() is said to be of bounded variation (BV) if J(u)

is finite. We shall denote by BV (Q2) the subset of L!(€2) made of functions of bounded

variation.

We now highlight some properties of the total variation that make functions of bounded

variation a viable model for images.

PROPOSITION 2.16. The total variation functional J : L'(Q) — [0, +o00] satisfies the

following properties:
(a) J(tu) =tJ(u) foranyt € [0,00) and any u € BV (Q);
(b) J(tu+ (1 —t)v) < tJ(u) + (1 —t)J(v) forany t € [0,1] and any u,v € L*(Q);
(c) if (uy) is a sequence which converges in L'(Q) to u, then

J(u) < liminf J(u,). (2.12)

n—o0

PROOF. Establishing properties (a) and (b) is a straightforward computational exercise.
Property (c) on the other hand follows from the Dominated Convergence Theorem and

the definition of J. In fact, let g € C!(©2, RY) be such that |g(z)| < 1 for any x € .
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Then by the dominated convergence theorem, we have

/ udiv(g)de = lim [ w,div(g)dr < liminf J(u,).
Q

n—oo 0 n—oo

Now taking the supremum on the latter inequality over all such g, we obtain (2.12) and the

proof is complete. 0

REMARK 2.17. The equality in (2.12) above need not be achieved as illustrated by the

sequence

1
un(z) = - sin(nz), z € Q = (0,2m).

. . . . LY(Q
It is easily seen using the dominated convergence theorem that u,, # u = (0asn — oo.

However, since the wu,, are smooth, we have

2w 27 /2
J(u,) = / |up, (z)|dz = / | cos(nx)|dx = 4/ cos(u)du = 4.
0 0 0
So, liminf J(u,) =4 > 0 = J(u).
We now explain how one extends the total variation of a function u € BV ({2) into a

finite positive Borel measure over 2. Let u € BV (Q2) be fixed. The total variation of u

with respect to an open subset A C 2 is naturally given by

|Du|(A) = sup {/ udiv (p)dr : ¢ € CHAR"), |p(x)] < 1,Vz € A} . (2.13)
Q

Furthermore, if B is a general Borel subset of (), then we define the total variation of

over BB by
|Du|(B) := inf{|Du|(O): O D B and O open}. (2.14)

It can be shown that under the definition 2.14, | Du| is a positive Borel measure on {2 which
will be called the total variation measure of u. Consequently, by additivity of measures,

the following identity holds for all Borel subset K C ()
| Dul(2) = |Du|(Q \ K) + |Dul|(K). (2.15)

13



Although, generally, we cannot expect equality in (2.12), we can provide it in some
cases as demonstrated by the following lemma. Let n be the radially symmetric function

defined by

1
cexp (2—) .zl < 1,
n(z) = 21 -1 (2.16)

0, otherwise,

where the constant c is chosen such that/ n(x)dx = 1. Let {775(90) =& ?n <§> te> O}
R2 g

be the corresponding family of mollifiers. We observe that for each € > 0 the function 7. is
supported on the {z € R?: |z| < ¢} and / ne(x)dx = 1. Hereafter, we shall refer to the
R2

family of mollifiers {n.: ¢ > 0} as the standard family of mollifiers.

LEMMA 2.18. Suppose u € BV (Q). If A CC ) is an open set such that

/ |Du| = 0, 2.17)
0A

/\Du| :lim/ |D(u* )], (2.18)
A =0 J 4

1
PROOF. Since u * 7, ﬂ u as € N\ 0, we already have by lower semicontinuity of the

then

total variation, the inequality
|Du| < llmlnf/ |D(u *n.)|
A
so it remains to show that
hmsup]D uxn)| < / | Du|.

Let g € C!(A;R?) be such that g(z)] < 1forallz € A and 0 < e < dist(A4, 90N).

Then, by Fubini Theorem, we have

/Q (w5, div(g)de = /Q u(div(g) * 1)z = / wdiv(g * m)dz.

Q
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Now a simple computation verifies that
lg(z)| <1Vre A= |g*n(z)| <1Vre A ={z € Q: dist(z, A) < €},
and
spt(g) C A = spt(g*n) C A

so that

[ wenaitgyr < [ 1Dul.

Taking the supremum with respect to g € C!(A; R?) in the inequality above, we get

/A(u*ne) div(g)dz < /A D,

lim sup |D(u * )| glim/ \Du]:/ ]Du|:/ |Du\+/ | Dul,
=0 =0.J A, A A 9A

from which it follows under assumption (2.17) that

Thus

limsup |D(u *n.)| < / | Du.

e—0

0

Finally, we recall an alternate formula for the total variation of u over € that shall be

instrumental in establishing a maximum principle like property for the minimizer of the

ROF functional.

THEOREM 2.19 (Coarea formula). Let a function u € BV ()) be given and define the

sublevel set of u at level t € R by
Up:={z € Q:u(x) <t}

Then, the following identity holds

(2.19)

(2.20)



2.2.2 PROPERTIES OF FUNCTIONS OF BOUNDED VARIATION

We begin with a direct consequence of property (c) in Proposition 2.16. In fact is not
hard to show that the space of functions of bounded variation, BV (), is Banach space

under the norm
[ullpv = [lullr + J(u).

A property of functions of bounded variation that is central to our contributions in this
dissertation is the existence of an extension operator over BV (2) that does not turn the
boundary of () into a singular hypersurface under the total variation measure. The next

result may be used to construct such an extension for rectangular and polygonal domains.

THEOREM 2.20 (Trace on the boundary, [46, Theorem 2.10]). Let Q C R? be a bounded
Lipschitz domain. Then for any u € BV (Q) there exists a function vo(u) € L'(9) such

that for H*-almost all x € 09,

lim — / lu(2) — 7o) ()|dz = 0. 221)
{z€Q: |z—z|<r}

Furthermore, for every g € C'(Q, R?)

/ﬂudiv(g)da:: —/Q(ngu)—i—/ Yo(u){g, v)dH?, (2.22)

oN
where v is the unit outer normal to 0X), and H* is the 1—dimensional Hausdorff measure

on R2.

The trace yy(u) of a function v € BV () is uniquely defined by the equation (2.21)

and for H!-almost every z € 99

) 1
Yo(u)(x) = 11_r>1(1) T /C(M) u(z)dz, (2.23)

where C'(z,7) = {z € Q: |z — z| < r} and |C(x,r)| is the Lebesgue measure of C(z,r).

16



The next result allows to define extensions beyond (2 of functions of bounded variation
on {2. We will use it later in our work to define an extension via successive reflections of a

function of bounded variation without creating new oscillations at the boundary of €).

LEMMA 2.21 (Pasting Lemma [46, Proposition 2.8]). Let O be an open set such that {2 CC

O. Letu; € BV (), and uy € BV (O X\ Q) be given. Then the functionu : O — R defined

by
w(e) = u(z), e
UQ(.]?), Zz ¢ Q
is an element of BV (O) and
| Dul(0) = [Du1[(Q) + |Dus| (O N Q) +/8 [Yo(u1) = ~o(us)|dH". (2.24)
Q

Moreover, the total variation of u over the boundary of §) is given by

| Du|(09) = /8 o) = ()’ (2.25)

We close this section with a result that shows that BV functions are well approximated

by smooth functions and the statement of the Sobolev inequality for BV functions.

THEOREM 2.22. Let w € BV(Q) be given. Then, there exists a sequence {u,}, €

C>=(Q) N WHY(Q) such that u,, L. o and J(un) = [o|Vug|de — J(u) = [, |Dul.

PROOF. When Q = R?, the proof is simple and uses the standard smoothing through
convolution with mollifiers argument. For ) # R?, the proof is classical and can be found
in the monographs [8, 46]. 0

For u € L'(Q), we denote the average value of u over {2 by

ug = Wﬂ/ﬁu(m) dz. (2.26)
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THEOREM 2.23 (Sobolev’s Inequality). Suppose that () is a bounded Lipschitz domain in

R2. Then there exists a constant C depending only on ) such that
|u — uql|L2@) < C/ |Dul|, Vue BV(Q). (2.27)
Q
If Q = R?, then there exists C' > 0 such that

ull 2rey < 0/2 \Du|, Yu € BV(R). (2.28)
R

2.2.3 SETS OF FINITE PERIMETER

Let E C R? be a Borel subset of R?, and € a domain of R2. We say that E is of finite

perimeter in (2 if its characteristic function

1 zek,
0 z€Q\E,

is of bounded variation on €2. The total variation J (1) is the perimeter of £ in 2 and shall
be denoted by Per(E, Q). If Q = R?, then we shall simply write Per(E).

Sets of finite perimeter play a crucial role in the analysis of the total variation based
model that we introduce in the next section. We highlight some of the properties of these

sets.

PROPOSITION 2.24. Suppose that Q) is an open domain in R?. The following are true:
(a) Per(E,Q) = Per(F,Q)) whenever the set QQ N (EAF) is Lebesgue negligible.
(b) Per(E,Q) = Per(E,R? \ Q).
(c) Per(EU F,Q) + Per(E N F,Q) < Per(E,Q) + Per(F, Q).
PROOF.  Properties (a) and (b) follow from the definition of the total variation. The

proof of property (c) is a consequence of the approximation theorem 2.22 and the lower

semicontinuity of the total variation. The details may be found in [8, 33, 46]. U
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The following result is a direct consequence of the Sobolev’s inequality for sets of finite

perimeter.

THEOREM 2.25 (Isoperimetric inequality [8]). If E is a set of finite perimeter in R?, then

either E or R? \. E has finite Lebesgue measure and

Per(E)?

in(|E|,|R? < E]) <
min(|E|, |R* \ B|) < — -

(2.29)

2.3 THE IMAGE DENOISING PROBLEM

Any attempt to reconstruct an image from degraded measurements must first account
for the source of the degradation, and choose a model of the degradation that is as close to
reality as possible. A common model of image degradation is the following. Let u : {2 —
RY(N > 1) be the perfect description — as sensed by a healthy human eye — of a natural

scene, and f the same scene as captured by an imaging device. It is generally assumed that
f=Au+n, (2.30)

where n is a realization of the noise, and A is a deterministic acquisition procedure that
may also contribute to degrading the image.

In general, we do not have the exact model of the noise, and we do not have a complete
understanding of the deterministic degrading process A. Thus, the task of recovering u
exactly from f is a daunting one; we are only able to carry out an approximation of w,
conditioned on a-priori models for A and the noise n. The noise n is understood as a
perturbation causing spurious and unstructured oscillations in the measurements f.

The goal of the denoising problem is to remove as much of these oscillations as possible
while preserving key features of the available measurements f that are discernible to the
human eye. In the special case where A is the identity operator, we get the “pure” denoising
problem; meaning that the only degradation contributed in f is the random noise and the

acquisition procedure is flawless.
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2.3.1 THE ROF DENOISING MODEL

Rudin, Osher and Fatemi [71] proposed to recover an approximation of the ideal image

u, from its corrupt measurements f, by solving the minimization problem
Find u € L*(9) such that

1
u € arg min {Ef(v) =N (v) + —/ v — f]2d$} :
veL2(Q) 2 Ja

(ROF)

where A > 0 is the threshold of the preserved scale of oscillations, and J(v) := |Dv|(),
the total variation of v on 2, quantifies the oscillations in v on €2 .

We note that for any A € R, the objective functional E{ (u) is coercive, lower semi-
continuous, and strictly convex. Therefore, the existence and uniqueness of the solution to
(ROF) are guaranteed by Proposition 2.9. Moreover, since E{ (u) is the sum of two con-
vex and lower semicontinuous functionals one of which is differentiable, it follows from

Proposition 2.12 that the solution uf\c of (ROF) is characterized by
/<u§ — A —uf)dz + A J(v) — J(u})) >0, Vve L*Q). (2.31)
Q

Furthermore, since J(u) is positively 1-homogeneous, we infer from the above characteri-

zation of u§ that

J(ul) = %/Q(f — ul)ul dz. (2.32)

Under the assumption that the variance, o2, of the noise contributed in f is such that
1Q]o? < / |f — fa|*dx, where fq is the average value of f over €2, Chambolle and Lions
[35] showgd that there exists a Lagrange multiplier \* for which the objective function in
(ROF) with scale 2—1\* is the Lagrangian functional associated to the constrained minimiza-

tion problem

arg min J(u) subject to / lu — fdx < |Q]o?. (TVD)
ueL?(2) Q

Consequently, assuming that we can estimate the Lagrange multiplier A*, the ROF model

with parameter A\* achieves a cleanup of the image f by decomposing it into
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f = u + v such that the L?>—energy of v is proportional to the variance of the additive
noise in the measurements f.

The question of estimating the Lagrange multiplier ), i.e,
Find \* such that ||[u]. — || = |Q|o?,

requires a good understanding of the role of A in the ROF model. For a fixed function
f € L*(Q), we define the function & : R, — R, by ¥()\) := [lul — fl|2, where u is
the solution of (ROF) with parameter A. The following result giving an insight on the role

played by A was first proved in [35, Lemma 2.3], and was completed by Chambolle in [31].

THEOREM 2.26 (Chambolle and Lions [35], Chambolle [31]). The function 3 maps R

into [0, [| f = fal

A = X(A)/ A is monotone non-increasing.

o), is continuous, and monotone non-decreasing. Furthermore, the function

Several scholars have studied the Lagrange multiplier estimation problem. For exam-
ple, Chambolle [31] exploited Theorem 2.26 above in designing an iterative method that
simultaneously solves the total variation denoising problem (TVD) and computes the La-
grange multiplier A*. Aujol and Gilboa [15] proposed a signal-to-noise-ratio (SNR) param-
eter selection method for approximating A\* as a value of A that maximizes to SNR of the
image recovered with the ROF model.

The ROF model is very efficient on images dominated by geometric structures, while
its performance decays on images that contains significant oscillatory components such as
textures and fine structures. This fact was justified in theory by Nikolova, [64]. She proved
that total variation based models favor flat regions, that is, the image recovered by this
model will have patches where it looks like a piecewise constant function. This is known
in the image processing community as the staircasing effect.

While the ROF model is generally efficient at detecting the geometric structure of im-

ages, it uses limited amount of information about the noise (first and second moments only)
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itself. Moreover, even in the simplest case of piecewise constant images, we observe a re-
duction of contrast in the recovered image. As a consequence, it may not be suitable for
most noise priors. For example, Nikolova [65] showed that by replacing the L?—norm in

the model by the L' —norm,

arg min AJ(u) + |u — f| (TVL))
ueL1(Q)

one obtains a new variational model that is superior to the ROF model for images corrupted
with impulse noise and outliers. A thorough analysis of the model (TVL,) is done by Chan
and Esedoglu, [37]; they prove among other things that this model is capable of recovering
the characteristic function of the disc unlike the ROF model (see section 2.3.3), without

loss of contrast.

REMARK 2.27. The fundamental assumption of the ROF model is that images are func-
tions of bounded variation. However, total variation based models perform poorly when
handed an image with textures and fine structures. The scholars in [47] showed experi-
mentally that natural images are overwhelmingly not of bounded variation. Nonetheless,
total variation image enhancement model are still popular in the community and remain

competitive with filtering methods.

2.3.2 SOME PROPERTIES OF THE ROF MODEL

In this section, we review some of the properties of the minimization problem (ROF).
We start with two important properties of this model that are the foundation of the conver-

gence analysis carried in this dissertation.

THEOREM 2.28. Let u} € BV (Q) be the minimizer of the ROF functional E{(u). Then,

for any v € BV (Q), there holds

Hv - uf;H; <2(B{(v) - B{(«)). (2.33)
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Moreover, if u3 is the minimizer of Ef (u), then
[ = uflle < (1 = gllza- (2.34)
PROOF. Let v € BV(Q) be fixed and ] be the minimizer of EJ (u). Then

B{(0) ~ B{(f) = AI0) 1)) + 5 (o = I3 — huf — £13:)

= AJ0) = I + [ (0= )] = )y da o =]

. s

—
>0by (2.31)

> v — u|f2..

DN |

Since v was arbitrarily chosen, we obtain (2.33).
On the other hand, if «{ is the minimizer of £Y(u), then by the characterizing equation

(2.31), we have

so that

2 (Bd) - B2)) <2 [ (= i~ o+ [ (@ =)+ o8~ 20)d
:2/9(u§’\—u{)(g—f)dx—/9(uf\—uf\c)Qd:L’

< |If =gz

where we have used the inequality 2ab < a? + b%. Hence, using (2.33), we obtain

<||f = g||z2 and the proof is complete. ]

f
o =5,

We now prove a maximum principle result for the total variation based image denoising

model (ROF).

THEOREM 2.29 (Maximum principle). Suppose that f € L>*(2) and let u{ be the min-

imizer of E{(u) on BV (Q). Then, u € L*(Q) and ||u|lsc < ||fllco. More precisely,

inf f(z) <wu(z) <sup f(z) fora.ex e (2.35)

zef z€Q
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PROOF. Letu € BV (1) be fixed. Let M = || f]| and set

u(x), u(z)] < M
sign(u(z))M, |u(x)| > M.

M

The sub-level sets of the function ™ are as follows

;

Q t>M,
U =U |t <M,

0, t<-—M,

where U, is the sublevel set of u at level t.
On the one hand, since |D1g|(2) = 0 and |D14|(2) = 0, it follows from the coarea

formula that
M
DuM|(Q) = / D10, |(Q)dt < |Dul(Q).
M

On the other hand, it is easy to check that |u(z) — f(x)| > |f(z) — uM(z)] for a.e.
z € Q. Thus, we have £/ (u) > E{(u) for all u € BV (Q) and it follows by uniqueness

of the minimizer of EJ (u) that |[ul||c < M. A similar truncation argument shows that

(2.35) holds. O

2.3.3 AN EXPLICIT SOLUTION OF THE ROF MODEL

Sets of finite perimeter have been instrumental in the study of the ROF model, and have
led to explicit solutions of the ROF model [3] in some special cases. More precisely, the

solution of the ROF model has been characterized through its level sets as follows.

THEOREM 2.30 (Chambolle et al. [33]). A function u € BV () solves (ROF) if and only

if for any s € R, the set {x € Q: u(x) > s} solves the perimeter minimization problem

arg min A Per(F, Q) + / s — f(x)dz. (ROFs)
E

E
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PROOF. A detailed proof of the above result is found in [33]. [
The level sets characterization theorem above is used to compute the solution of the
ROF model when f is the characteristic function of some convex sets [3, 4]. For example,

when f is the characteristic function of a ball of radius R, Bg, the solution of (ROF) is

u=max (0,1 — 2)\/R) Bx. (2.36)

2.3.4 REGULARITY OF THE SOLUTION OF THE ROF MODEL

Assuming that  is a convex domain in R?, the level sets characterization theorem
above allows for a delicate control of the curvature of the level sets of a solution. Thus, one
can establish some regularity of the solutions of (ROF). In fact, the following regularity

result was proved in [29]:

THEOREM 2.31 ([29]). If ) is convex and f is uniformly continuous with modulus w, then

the solution, u, of (ROF) is uniformly continuous with modulus of continuity w as well.

This result is similar to the stability property established earlier in Theorem 2.28 and
suggest that the inequality (2.34) may hold in the L>°(2) norm as well. In fact, a much
stronger result was established in [29], where the authors proved that if the data f of the
ROF model is already a bounded function of bounded variation, then the discontinuity set
of the minimizer is a subset of that of f. Therefore, the ROF model does not produce new

edges in the recovered image.

2.3.5 ALGORITHMIC CONSIDERATIONS

Any algorithmic consideration for the ROF model start with a viable discretization of
the energy functional E{ (u). When dealing with digital images, the most popular dis-
cretization of total variation is based on the following finite difference approximation of

the gradient. For a digital image u = (u; ;)1<i j<n, the gradient of u is defined by
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( )is Uit1,j — Uiy
(Vu)ig o= | 5 | = hew,; |» 1<4J <N, (2.37)

Uj,j+1
otu); gl g
( ’LL) 5] h
with (07 u);; = 0ifi = N, and (9, u);; = 0if j = N. The corresponding discrete model,
obtained using quadrature approximations of the integrals, then reads
) 1
arg min \ Z (V) |2 + 3 Z luij — fil, (2.38)
m RNXN . B
€ 1<i,j<N 1<i,j<N
where |(Vu); ;|2 is the Euclidean norm of the vector (Vu); ;.
Over the last two decades, several efficient algorithms for approximating the solution

of (2.38) have been proposed and analyzed. The plethora of algorithms available in the

literature for computing a solution of (2.38) are based on three main methods.

The dual method

This approach is based on the observation that problem (2.38) is equivalent to the min-
imization problem

arg min || A div(p) + f|?, (2.39)

Ipl2,00<1
where div: Y = RV*N x RVXN 5 X .= RV¥*¥ i5 the negative adjoint of the discrete
gradient V, and |p|a o =  fax |pijla withp; ; € R*andp = (p; ;) € Y.

In this framework, the primal problem (2.38) is reduce to the computation of an or-
thogonal projection onto a closed convex subset which is a smooth quadratic program with
convex constraints. Several algorithms for computing a solution of (2.39) are found in the
literature. Carter [28] studied interior point and coordinate descent algorithms. Chambolle
computed the closed form of the Kuhn-Tucker vector associated to (2.39) to come up with
a very efficient fixed-point algorithm [31], and formulated a projected gradient algorithm

in [32]. Duval et al. [42] then followed with a direct proof of convergence of the pro-

jected gradient algorithm formulated by Chambolle [32]. An optimal first order algorithm
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is obtained by following Nesterov’s framework in [63] or its generalization to objective

functions that are sum of two functionals developed by Beck and Teboulle [19, 20].

The primal-dual method

The primal-dual method is based on the simple observation that the minimization prob-
lem (2.38) may also be written as the saddle point problem
iy s 0D 43y B b= A a0
In fact, this is the first step in deriving the dual approach above. Therefore, the minimizer
of (2.38) yield a saddle point of the above objective functional. Algorithms based on the
primal-dual approach aim at computing a solution of the above saddle point problem. A
typical algorithm in this category alternates between a gradient descent in the primal vari-
able u and a gradient ascent in the dual variable p. The first primal-dual algorithm for
computing the solution of (2.38), using the approach described above, was proposed by
Zhu et al. [76], and a variant of their algorithm has recently been studied by Chambolle
and Pock [36]. A general framework for primal-dual algorithms in image processing was

investigated by Esser et al. [44].

The augmented Lagrangian method

The basic idea of the augmented Lagrangian approach is that in lieu of the problem
(2.38), one solves the following constrained minimization problem
: 1 2
min 30 (pisl gy Yl = figl (241)
1<i,j<N 1<i,j<N
The constraint is then enforced using the augmented Lagrangian method, which con-
sists in solving an unconstrained minimization problem with objective
Lo(u,pip) = D Ipigle + = £I3+ (. p — V) + éllp = Vul3, (242
s M - N 2)\ ) 2 )
1<i,j<N
where (3 is a large positive number. The algorithm is then obtained by minimizing L (u, p, i)
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with respect to (u, p) and updating the Lagrange multiplier x in a gradient ascent scheme.
The corresponding algorithm and its convergence are studied by Wu and Tai [75]. More-
over, these authors showed that w is the solution of (2.38) if and only if there exists

(p, \) € Y2 such that
V(v,q,pu) € X XY XY, Lg(u,p;u) < Lg(u,p; A) < Lg(v, g; A). (2.43)

Since, we know that (2.38) has exactly one solution, it follows that L4 has at leat one saddle

pointon (X X Y) x Y.

REMARK 2.32. Chambolle et al. [34] have shown that one can improve the performance
of total variation based imaging model by choosing a discretization of the total variation
that is inherently capable of capturing the big jump in pixel values. They illustrate this by
studying an upwind finite difference approximation of the total variation and observe that

upwind schemes deliver sharper edges than the discrete model (2.38).
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PIECEWISE LINEAR APPROXIMATION OF THE ROF MODEL ON

RECTANGULAR DOMAINS

In this chapter, we study the approximation of the ROF model
u! = arg min {Ef(u) = A (u) + 1/ lu — f\de} (ROF)
weL2(Q) 2 Jq

when () is rectangular. As mentioned in the introduction, the approximation of the ROF
model in the continuous setting has received some attention over the last two decades,
with most of the effort [35, 41] using a relaxation technique on the total variation part of
the functional Ef\c(u) to construct a minimizing sequence. In a departure with tradition,
Wang and Lucier [74] did not use a relaxation approach to construct their approximation,
instead they exploited the well posedness property (see Theorem 2.28) of the ROF model
and construct discretizations of E{ (u) whose minimum values converge to the minimum
value of EY (u).

We construct a continuous piecewise linear approximation of u/ as a linear interpolation
of the minimizer of a suitable discrete counterpart of Ef\c (u), and obtain convergence when
the data function f is bounded and L?-Holder continuous in a sense that will be specified
below. The interpolatory method used in this chapter fully exploits the geometry of €2 and
the arguments do not extend to general polygonal domains. The present chapter has been
submitted for publication [53], jointly with Ming-Jun Lai, in SIAM Journal of Numerical

Analysis.
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3.1 PRELIMINARIES AND NOTATIONS

In this section we give preliminary results and introduce the notations that we shall use
in this chapter. Throughout the chapter, {2 shall denote the open set (0,1) x (0, 1) unless

otherwise noted, and €2,,, the open set (—m, m) x (—m, m), where m is a natural number.

3.1.1 BASIC NOTATIONS

For any v € R?, we shall denote by 7,) the image of the set 2 under the translation

with the vector 7, i.e
7,Q={r+v:2ze}.

For a function u : {2 — R, we denote by 7,u the function whose domain is 7_, {2 and is

defined by
nu(z) =ulr+v), ze1_ 0.

It is well known that the translation operator 7, is a bounded linear operator from L?({2)
into LP(7_,92).
Let b > 0 be given. The p—modulus of continuity of order &, of a function v € LP((2),

is defined by

w(u, h), = sup ||1,u — | Lrnr_, ) 3.1
vi<h

where |v| stands for the Euclidean norm of v.

Letu € L?

loc

(R?) and A CC R? arelatively compact open subset of R?. The p—modulus

of continuity of u of order i with respect to A, denoted w(u, h), 4, is defined by
w(u, h)pa =w(ula, h),. (3.2)
Let 0 < o < 1, we denote Lip(a, LP(€2)) the subspace of LP(£2) defined by

Lip(a, LP(Q)) := {u € LP(Q): sup h %w(u,h), < oo} :

0<h<1
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One easily checks that the space Lip(«, L”(€2)) is a Banach space when endowed with the
norm

w(u, h),

hoz

[ullpo = l[ullze + sup
0<h<

3.1.2 AN EXTENSION OPERATOR FOR BV FUNCTIONS

We already know that a function of bounded variation, u, on a Lipschitz domain €2
admits a compactly supported extension, Tu € BV (R?), such that the total variation of
T'u over the boundary 0f) is zero. In this section, we detail the construction of such an
extension in the special case of rectangular domains.

Letu € BV () be given. The extension of u to all of R?, X [u], is defined in two steps

as follows:

1) First, define X [u] on the open set Q := {x € R? : —1 < x1, 79 < 3} using four
successive reflections of the function u across the four sides of €2 as illustrated in

Figure 3.1.
2) Finally, set X [u] = 0 outside the closed rectangle Q.

Clearly, for any u € BV (), the function X [u] is compactly supported on the open set
Q4 := (—4,4) x (—4,4). We also note — thanks to Lemma A.4 — that each reflection in
step 1 above yields a function of bounded variation whose total variation is exactly twice

that of the function that was reflected. Thus, we have

DX [u]|(Q0) = 16.J(w) and || X [u]|| 1 () = 16][ull 1. (3.3)

PROPOSITION 3.1. The operator X : BV (Q2) — BV (R?) defined above is a bounded

linear operator. Moreover, for any u € BV (Q)

| DX [u]|(09) =0, (3.4)

lim | D(X [u] *7.)] Q) = J(u). (3.5)

e—0
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FIGURE 3.1: Schematic of the extension of u by successive reflections across the sides of 2.

PROOF. That X is a linear operator is obvious and the boundedness follows from (3.3). It
remains to show that | D X [u]|(0€2) =

Let u € BV(f) be given, and uq the restriction of X[u] to O = R? \ Q. Clearly
00 = 0N and it is easy to check that the trace of vy(ug) = yo(u). Since X [u] is obtained
by pasting u and uy, it follows from the pasting Lemma 2.21 that | DX [u]|(99) =
Finally, we observe that (2 is relatively compact in €2y and since |DX[u]|(0€2) = 0, it

follows from Lemma 2.18 that | D( X [u] * 1.)[(Q) — |Du|(€2) as e — 0. O

PROPOSITION 3.2. Let f € L*(Q) be fixed. Then for any 0 < h < 1, we have
W(X[f], D201, < 4V20(f )2, (3.6)

where )y 5 = (—1,2) x (—1,2).

PROOF. Let f € L*(Q) be given, and 1 € R? be fixed with |n| < h.
17 (XTfD) = X200 00 g010) = /Q . 1 X[f1(z +n) — X[f)(x)]dz
1,2N7—n{21 2

<y ¥ XIf)(e +1) = X[f](a) o

—1<m,n<2 jm—i|=1 " T 20705
—1<7,]<2 |n—j|=1

<2 % / o VXUl ) XU

~1<i,j<2
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<3 /Q @+ ) — (@) Pde = 32)m, f — fII2

NT_nQ

Thus, we have w(X[f], h)2.0,, < 4V2w(f, h)a. O

3.1.3 A DISCRETIZATION OF THE ROF FUNCTIONAL.

We assume that 2 is endowed with a triangulation A, constructed as follows: First, €2 is
subdivided into N? square sub-domains of side length h; each rectangle is then divided into
two triangles using the Northwest-Southeast diagonal as shown in Figure 3.2. We denote
the set of vertices of the triangulation Ay, by V), := {w;; : 1 <, < N}, and associated

to each vertex w; ; a rectangle Q; ; == QN (w;; + (—h/2, h/2)2) :

Wi j+1 Witl,j+1

Wit1,5

T’LL

FIGURE 3.2: A type I triangulation of €2: T7"; is the triangle with vertexes (Wit1,5, Wid1,j4+15 Wi j+1)
and ng is the triangle with vertexes (w; j, Wit1,j, wij+1). 2 ; is used to discretize functions in
LY(9).

We are interested in constructing a continuous piecewise linear function on A, that
approximates the minimizer /. To this end, we first construct a discrete approximation of
the functional £ (1) on the space P; (A,) of continuous piecewise linear functions on Ay,.

Let v be a continuous piecewise linear function on Ay. It is well known that u is

an element of the Sobolev space W11(Q), and u is uniquely defined by its values at the
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vertices of Ay. Therefore, the space P;(Ay) is a subspace of W1(Q) that is isomorphic

to RV*N_ The total variation of an element u of P;(Ay) is given by

h? h?
Jn(u) = 5 > (Viwisl + 5 > VoW, (3.7)
1<ij<N 1<ij<N
where | - | is the Euclidean norm in R?, and the operators V, = (V*,VY) and V_ =

(V*,VY) are defined by

0, ifi=Norj=N
(Viwij =9,
% otherwise;
) (3.8)
0, ifi=Norj=N
(Viwig=9q
WAL T otherwise;
( h
and
0, ifi=1lorj=1
(ViU)iy‘j - u. ¢ — u. .
”TZ_I’J otherwise;
) (3.9)
0, ifi=1orj=1
SO S
”TW otherwise.

Finally, assuming that a suitable discrete approximation (f; j)1<; j<n of f with respect

to V), is available, we approximate the energy functional E{ (u) by
/ h 2
Bl (u) = Mi(u) + = > i — figl (3.10)

REMARK 3.3. We note that since f € L?(Q2) can be changed arbitrarily on any set of mea-
sure zero without changing the value of the energy E{ (u), we would also want the discrete
model E,{ (u) to have the same property and that will require a well defined discretization
operator from L?(Q2) into RY*¥, Consequently, we cannot use the evaluation map on V),

to obtain the discretization (f; ;)1<ij<n-
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REMARK 3.4. In a departure with tradition, the discrete gradient operators V and V_ are
set to zero at every grid point where the finite differences are not defined in both directions.
Also, we compute the discrete total variation as an average of the pointwise norm of the
forward (V) and backward (V_) gradients. We note that although Wang and Lucier [74]
use an average to define a discrete total variation, their gradient operators are the classical

ones.

3.2 EMBEDDING AND PROJECTION OPERATORS

In the previous section, we proposed a discrete approximation of the ROF functional
that hinged on a hypothetical discretization of the data f. We now clarify how such a

discretization may be obtained.

Projection operators. Short of just using the function values on V), and inspired by the
Lebesgue’s theorem, we propose to use the local-averaging discretization operator (), as-
sociated to the quadrangulation {€2; ;: 1 <4, < N}. So Q, maps L*(Q) into RV and

is defined by

1
(@)= /Q fadn, 1<ig < Nand fe Q). (D)

With a slight abuse of notation, @, shall also denote the projection of L?(£2) onto the
space of piecewise constant function with respect to the partition {€2; ;: 1 <4,j < N} of
2, in which case @)y, is defined by

1
0 |/ fy)dy forallx € Q. (3.12)
i7j QL,J

Qnf(z) =

Embedding operators. One the other hand, an element v € RV*" is extended into a
function Cpu € LP(Q2),1 < p < oo, as a piecewise constant function with respect to

{Q,;;:1<14,j <N} as follows:
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We shall also need the continuous interpolation operator P, : R¥*Y — [P(Q)) defined by
Pou(y) = D wijii(y), (3.14)
1<i,j<N
where forany 1 <i,j < N, ¢, ; : 2 — R s the continuous piecewise linear function such

that
¢ij(wi;) =1, and ¢; ;(w) =0, w € Vp \ {w;;}. (3.15)

We note that P, is an isomorphism between RY*Y and P;(A},). We conclude the section

with a result that we will need later when studying the convergence of our approximations.

LEMMA 3.5. Suppose that ) is endowed with the triangulation Ay. Then for all v €

RNXN there holds

2

h
| Patlze < 1Chullza + 35 (i + uiva)- (3.16)

PROOF. Let u € RV*N be fixed. We first observe that P,u is the continuous bivariate
spline of degree 1 over the triangulation A; whose coefficients in the Bernstein-Bézier
representation are {ui,j, 1 <,57 < N}. Therefore, using the closed form formula for the
inner product of splines in Bernstein-Bézier form [54, Theorem 2.34], we get

h?
/ Puu(y)’dy = 21 (U?H,j + U?+1,j+1 + U?,j+1 + (is1j + Uir1 i1 + Uiji1)?)
Tu

4,3

and

h2
/Td Pyu(y)*dy = 2 (“?,jﬂ + “?,j + u?—&-l,j + (i1 + wig + uit1;)?) .

Consequently, by the multinomial theorem and the elementary inequality 2ab < a? + b?,

we have

h2
/ Pyu(y)*dy < G (i1 + Wi o1 + Ui ) (3.17)

36



and

h2
/ Pa(yPdy < (il ) (3.18)
Ti,j
Furthermore, a direct computation gives
N-1 B2 N— h2
IChull72 = 1> i + ? Z Wi+ ul) + T >l (3.19)
i,j=2 ge{: ) i,j€{L,N}

Thus, using (3.17) and (3.18) we obtain

| Prul|7s = Z /Phu 2dy+/ Puu(y)?dy

1<ij<N—1
h? 2 2 h2 2 2
< 3 Z (ui,j—i-l + ui-i—l,j) + G Z (“u + ui+1,j+1)
1<ij<N 1<ij<N
2 — s I — 2 2 h? 2
=h Z Ui+ Z (i +uiy) + > ui
1,7=2 ]E%{T,QN} i,j€{1,N}
h 2
< ||Ohu||L2 + 12(Ul,N + uN,l)'
O
LEMMA 3.6. Forany f € L*(Q) and 0 < h < 1, there holds
| f = Crh@Qnflla < Kiw(f,h)s (3.20)
and
| Ph@nf — ChQnfll2 < Kow(f, h)a, (3.21)

where K\ and K are positive constants independent of h.

PROOF. By definition of the operators ), (see (3.11)) and C, (see (3.13)), we have

L S R Ry AL

1<i,j<N
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52 / (\Q”\/ |dy>2d:c

[ (] xine -xie ) o

1<i,j<N ¥ i

:/ (;‘2 /{ X[/ )—X[f](x+z)|dz)2dx
4

<2 [ 1XU@) - X[f)(o -+ 2) dod
{21 |21<van} Jo

IN

where we have used Cauchy-Schwarz inequality, and Fubini Theorem to swap the order of
integration. Now, we observe that for h < 1, for any z € Q and any z € R? such that

|z| < v/2h, we have {z, 2 + 2} C (3 25 so that

/Q X)) — X[+ 22 de < @(X[f], V2R)ag, )2
Therefore,

IF -Gl g [ [ XU - XU )P e
4
< WXL W0 g [
< 87 (w<X[f]7 \/§h>2,91,2>
< 327 (W(X[fL h)2791,2)2 since W(X[f]v \/ih)Zng <2 W(X[fL h)2791,2
< 7 (32w(f, h)2)? by (3.6);

hence the inequality (3.20) holds with K; = 32/7.

We now prove the inequality (3.21). By definition of the operators P, Q)5,, and C},, we

have

IPQuf~Cr@nflE= 3 / PaQuf () — (Qnf)ig P

1<i,j<N

<2 Z / Z th i+lj+k — (th)w) ¢l+lﬂ+’f ‘ dx

1<i,j<N Qij —1<k,I<1
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IN

2 > > B2\ @nf )i jen — (Qn)is|

—1<L,k<1 1<i+I<N
1<j+k<N

<2 ¥ Z/ (@ + (th, k) — f(x)Pdz

—1<l,k<1 1<iHI<N
1<+k<N

< 18(w(f, V2 h)ag,,)*.

Thus,

1PaQuf — ChQufll2 < 3V2w(f, V2h)20,,
S 6\/§W(f, h)?,ﬂl,z SiIlCC w(fa \/§h)2,91,2 S ZW(f, h)Q,QLg

< 48w(f, h)2 by (3.6).

Hence (3.21) holds with Ky = 48, and the proof is complete. U

3.3 A PIECEWISE LINEAR APPROXIMATION OF THE ROF MODEL

In this section, we construct continuous piecewise linear functions and prove their con-
vergence to the minimizer of the ROF model. Let f € L?*(Q) be fixed and Qy, f the dis-
cretization of f with respect to the quadrangulation {€;; : 1 < i,j < N}. Let 2" be the

minimizer of the functional
Ef (u) = M (u) + 5 > iy — (Quf)igls (3.22)

over RV*V with Jp(u) defined in (3.7). We denote the minimizer of the ROF model in the

continuous setting by

u/ = arg min Ef\c(u), (3.23)
u€BV ()

where EJ(u) is defined in (ROF).
We now construct a continuous piecewise linear function by interpolating the discrete
minimizer z/" and show that it converges to v/ for a special class of functions f. Let

P,z be the continuous piecewise linear interpolation of the discrete minimizer z/" over
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the triangulation A,. By the estimate (2.33), we have
| Bzt =l |y < 2 (B{(B2") - B{()).

Therefore, it suffices to show that (E/{(thﬁh) — E{(uf)> — 0 as h — 0, to infer that the
continuous piecewise linear functions P, z/"* approximate the solution of the ROF model.

To this aim, we shall compare both £ (P, 2/") and E{(u/) to the discrete energy EJ (/).

LEMMA 3.7. Let 2" be the minimizer of the functional E,{(u) with respect to RN, Then
1
B (Puz") < B[(27") + 5Cw(f. h)2 (Cw(f, )2 + 4]l |2) (3.24)

where C'is a positive constant depending on f.

PROOF. Since J;(2/") = |DP,z""|(9), we have

2(B{(Puet") — BL(M) = | Pt = f13 = Y0 12l — Qufisl

1<ij<N

<N PuQnf = fll2(IPa@Qnf — fll2 + 2| Pu(z"" — Qnf)ll2)+
P = Quhls = > Rl = Qufil

1<i,5<N

(. /

~
<0 by Lemma 3.5

<N PuQnf — fll2(IPa@nf = fll2 + 2| Pu(z"" = Qnf)l2), (3.25)

To finish the proof, it suffices to show that

1PhQnf — flla < Cw(f, h)s and || Pu(z"" — Qnf)l2 < 2| fl2- (3.26)

First, as a byproduct of the proof of Lemma 3.5 we have

1P (" = QupIE < D0 Bl — (Quf)igl? < 2E{(0)

1<i,j<N

Z R (Qnf)is)* < 4llfII7--

1<ij<N
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Next, by equation (3.20) in Lemma 3.6 we know that

| PhQnf — fll2 < Kw(f, h)a.

Therefore the inequalities in (3.26) hold with C' = K, and the proof is complete. U

LEMMA 3.8. Let 2" be the solution of (3.22). For 0 < ¢ < 1, set ul = X[u/] * n.. If

f € L>(RQ), then

El (2P < EL(uf) + 16| f|2h + O(h/e). (3.27)

PROOF. With a slight abuse of notation, we let u/ be the element of RV*" obtained by

evaluating u/ at the grid points w; ;. By definition of 27", we have

N
1
Ef(z"") < Bl (uf) = X Ju(Paud) + 3 > 0Pl (wig) = (Qnf)igl

ij=1
1 N
< [ VBl + 5 3 Pl ) = @il
ij=1
1 N
<\ / Vuf|dz + A / V(Pad —ul)lde + = 37 B ud (wi) — (Quf)isf
Q Q 2

1,7=1

(3.28)

Next, foreach 1 < 4,5 < N, we have

ul (wig) = (Qnf)ig)? = ul(wig) — (Quul)i)* + 1(Qrul — Quf)is*+

+ 20uf (wiy) — (Qnul)igl - (Quul — Qnf)isl (3.29)

and by the mean value theorem

1
1) = (@bl < g [ et eny) — (@) P
] i,

1
<o ow Vel [ o wPde
‘ l,]‘ x€8); ; Qij
C
5191, (3.30)

IN
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where C'is a positive constant depending only on v through its L*- norm. Thus

N
h
> Wl (wig) = (@ufigl” < O|Q|— + Z PIQuul = Quf)isl* +C'Z, (33D
i,j=1 i,j=1 <
where C, (' are positive constants depending on f, u/, and €. Now, we establish an upper
bound for the second term on the right in the inequality (3.31). By definition of the operator
@, the Cauchy-Schwarz inequality and Theorem 2.29, we have
N
> 01Qu(ul = i < luf = fllzz) + 161 F15P. (3.32)
ij=1

Taking into account (3.32) and (3.31) in the inequality (3.28), we obtain
h
B (") < B{(ud) +16] £ b + Ol - C'2 + | Puf = wlllwra) (3.33)

Since the rectangular domain is endowed with a type I triangulation, we have [see 26,

Theorem 4.4.20, p. 108]

h
| Prul —ul|lwii@) < Ch Z D! || 1oy < C’”;, (3.34)

|a|=2

where C” is a constant that depends on ||u|| 1 (). Thus, the estimate (3.33) becomes
f( fh i 2 h
B (=) < B{(uf) + 161 f|2h + Oy,

where we have used the fact that 22 < z forany 0 < z < 1. U

We now state and prove the main result of this chapter.

THEOREM 3.9. Suppose that f € Lip (a, L*(2)) N L>(S2) for some o € (0, 1]. Let 2" be
the minimizer of the functional E,J: (u) in RN*N and u/ be defined by (3.23). Then Pyz/"

converges in L*(Q) to u’ as h — 0.

PROOF. Forany 0 < h < 1 and any € > 0, we have

1Bt = of oy < 2 [B{(Paz?) — E{(=7") + B{(z"") - E{@")] .
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Next, by Lemma 3.7 we have
1
E{(Py2"") — EJ(z"") < SCLw(f h)2 (Crw(f h)z + 4| £ll2).

while Lemma 3.8 yields

h
Ef(:4) — E{(u”) < B{(uf) — E{(u!) + 16| |2k + Co%y.

Thus,
[Py — w3200y < Crw(f, h)2 (Crw(f, k)2 + 4] fll2) +
h
+ 32| f||%.h + 2055 + INE! (uf) — E{(u))). (3.35)

Now, since f € Lip (a, L*(2)) we have w(f, h)s < O(h®). Letting ¢ = h'/2(H+1) we

infer from inequality (3.35) that
[Pz = wf[[72q) < CR/OTD 4 2N(E] (uf) — B (u')), (3.36)

where we have used the fact that the function = — a” is decreasing when 0 < a < 1.

Since uf =% uf in L*(€) and Duf|(€) =% Du|(€2), it follows that for our choice of

e = p/2et)) gl () — Bf(uf) — 0as h — 0. Thus taking the limit as & — 0 in (3.36),
AUz A g

we conclude that || P, 2" — u/||12(q) — 0 as h — 0 and the proof is complete. 0
(©)

COROLLARY 3.10. Under the assumptions of Theorem 3.9, we have

Jn(Pp2?™) = J(uf),  when h — 0.

PROOF.  This is a direct consequence of the convergence of Ej (P,z"") to Ef(uf) as

h — 0. O

REMARK 3.11. It transpires from the proof above that to establish a convergence rate of
the proposed piecewise linear approximation, one will need a convergence rate of E{ (uf)

to E{ (u') which we have not been able to establish at this point. Moreover the optimal con-
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vergence rate, if one could be derived, should be of the order of O(h?) with 0 < 8 < 1/2.
The convergence is slower for smaller values of 5 and one would need very small values

of h to get significant evidence of the convergence when doing numerical simulations.

3.4 A NUMERICAL EXPERIMENT

We report here the results of a numerical test carried to confirm our theoretical result.
We use the algorithms to be introduced in the next chapter to simulate our approximation

theory for the data function
f=2551p

where B is the disk centered at (1/2, 1/2) with radius R = 1/4. Our choice of this function
is supported in the fact that it is one of the few functions for which an explicit formula of
the ROF minimizer is know. In fact, we have seen in section 2.3.3 that in this case the

minimizer u/ is given by
u’ = 255 max(1 — 2\/R,0)1p, YA > 0.

Note that the size of the discrete data Qj, f grows as 1/h? as h — 0, therefore we will
only show the result of moderate size data. The table below shows the distance between u/
and Pju109 where w1 is the approximation of 27" computed using Algorithm 4.12. It is
already apparent that the distance is decreasing with & even though we are only using an

approximation of the discrete minimizer z/".
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AR
h 273 275 27 279

275 25.0682 18.4406 17.9938 17.9808

276 26.1967 13.8377 11.5935 11.3495

277 21.0148 14.1954 9.1324  8.5836

278 17.8916 14.1036 7.3424  6.0095

279 16.1267 10.2853 7.3082  4.5298

2719 151462 7.6813 7.1739  3.6942

TABLE 3.1: The LQ(Q) distance between u/ and Pj,u1g9 Where uigg is the approximation of 2Hh
computed using Algorithm 4.12.
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ALGORITHMS FOR COMPUTING THE PIECEWISE LINEAR

APPROXIMATION

In this chapter we present a fixed point and proximal gradient algorithms for computing
approximation of the discrete minimizer used in constructing the piecewise linear approx-
imation studied in the previous chapter. We recall that to compute the piecewise linear
approximation, it suffices to compute the discrete minimizer

R2
2P = arg min \Jj, (u) + 5 Z luij — fiil? (PM)
u€RN XN 1<i j<N
where Jj,(u) is defined in (3.7). We note that the existence and uniqueness of 257 follows
from Proposition 2.9. However, since the objective function is not differentiable, comput-
ing /" is hard and only iterative approximations are possible.

For the purpose of developing algorithms for computing 27", we will show that the
minimization problem (PM) is equivalent to a saddle point problem from which a more
tractable counterpart of (PM) will be derived. Zhu et al. [76] used a similar approach
for the standard discrete total variation based digital image denoising model. However,
since we are using an averaged discrete total variation, we will deal with a pair of dual
variables, paving the way for alternating dual algorithms. This work is the first time that

such algorithms are proposed for the total variation based image denoising problem.

4.1 SADDLE POINTS AND CONSTRAINED OPTIMIZATION

In this section, we recall some classical results in convex analysis and optimization that
we will use in formulating algorithms for the approximation of the solution of (PM). Our

exposition follows the monographs [40, 43].
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4.1.1 THE SADDLE POINT PROBLEM

We recall the relevant fact about saddle point problem that we will need to establish the
equivalence of (PM) to a saddle point problem from which the algorithms will be devel-
oped. All the results presented hereafter are taken for the textbook [43].

Let L(u, p) be a function defined on the product space R" x R™ with values in R, A a
nonempty subset of R”, and B a nonempty subset of R". We start with the definition of a

saddle point.

DEFINITION 4.1. We say that a pair (u,p) € A x B is a saddle point of L over A x B if

L(u, p) < L(u,p) < L(u,p), V(u,p) € AXB. 4.1)

REMARK 4.2. We observe thatif L : A x B — R, then

sup inf L(u,p) < inf sup L(u,p 4.2)
peB uEA ( ) u€A pep ( )

The next result gives a necessary and sufficient condition for the existence of a saddle
point. Though not very practical for showing the existence of a saddle point, it is very

instrumental in our characterization of z/".

PROPOSITION 4.3 ([43]). The function L : AxB — R has a saddle point at (u,p) € AxB
if and only if

L(@, p) = max inf L(u,p) = min sup L(u, p). (4.3)

We also have a characterization for the saddle points of a Gateaux differentiable func-

tional L.

THEOREM 4.4 ([43]). Let L be a functional from A x B into R. Suppose that

A and B are convex and closed, “4.4)
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Vu e A, p+— L(u,p) is concave and upper semicontinuous, 4.5)

Vp € B, uw L(u,p) is convex and lower semicontinuous. (4.6)
Assume in addition that
Vu e A, p— L(u,p) is Gateaux differentiable, 4.7)
and
Vp € B, uw L(u,p) is Gateaux differentiable. (4.8)

Then (u,p) € A x B is a saddle point of L if and only if

<g—§(ﬂ,ﬁ),u —a) >0, YueA, (4.92)
oL
<a—p(ﬂ,ﬁ),p —p) <0, VpeB. (4.9b)

4.1.2 CONSTRAINED MINIMIZATION PROBLEMS

We now recall a fundamental result in constrained optimization and use it later to derive
a fixed-point iterative algorithm for computing 2". Let f and {g;}1<i<m be functions

defined from R" into R. The problem of interest is the following:

Minimize f(z) over R"
(4.10)
subject to: g;(x) <0, 1<i<m.

Of course problem (4.10) is of interest only if the feasible set F := ﬂ{gz < 0} is
i=1
nonempty. For our purposes in this chapter, we will assume that the constraints g; are

convex and introduce the following definition.

DEFINITION 4.5. We will say that the convex constraints g;, 1 < ¢ < m, are qualified if
either all the functions g; are affine and F # () or there exists a point v such that for any

1 <i<m,gi(v) <0and g;(v) < 0if g; is not affine.
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We now state a classical result giving a necessary and sufficient condition for the exis-

tence and a solution of the solution to problem (4.10).

THEOREM 4.6 (Kuhn-Tucker conditions,[40]). Suppose that the functions f and g;, 1 <
1 < m are differentiable and convex. Assume further that the constraints are qualified.

Then a point u € F is a solution of (4.10) if and only if there exists A\(u) € R such that

4.11)

The vector \(u) is a Kuhn-Tucker vector associated to problem (4.10).

The theorem above states that under the assumptions of convexity and differentiability,
the constrained minimization problem (4.10) with qualified constraints has a solution if and

only if the Lagrangian

Lw,\) = f()+ Y Xigi(v), (v,)) €R* x R™

1<i<m
has at least one saddle point (u, A(u)) € R™ x R and L(u, A(u)) = f(u).
4.2 CHARACTERIZATION OF THE DISCRETE MINIMIZER

In this section, we establish that the discrete minimization problem (PM) is equiva-
lent to a saddle point problem and derive a dual formulation of (PM) that we will use in
developing the algorithms.

We begin with some notations. Let X := R¥¥ and Y := X x X. Anelementp € Y

will be represented by
_ _ 1 2
p= (Pi,j)lgi,jgN = (pi,jvpi,j)léi,jSN'

The vector space Y is naturally endowed with an inner product inherited from X and de-
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fined by

(p,

1<ij<N

Q)= > pha;+pid; paeY.

The norm associated to the above inner product will be denoted

We also endow Y with the norm || - || o defined by

I2ll2 == Vv, p),

peyY.

Hp”z,oo = max |pi,j|2a

1<ig<

N

where |p; ;|2 = ¢(p}7j)2 + (p?,)? is the Euclidean norm of p; ; in R?.

Next, we associate to the gradient operators V, : X — Y and V_ : X — Y de-
fined in (3.8) and (3.9), the discrete divergence operators divy = —V* Y — X and
div_ := —V* :' Y — X, defined as the negative adjoint of V and V_, respectively:

(
_ 0 ifi=Norj=N 0 ifi=1lorj=N
dlv+(p>i’j - pl . N pl .
;L’J otherwise “=L) otherwise
) (4.12)
0 ifi=Norj=N 0 ifi=Norj=1
Y 2 2
“) otherwise 7L otherwise,
\ h h
and
( (
' 0 ifi=Norj=1 0 ifi=1lorj=1
div_(p)i; = 1 - 1
Dit1; . Di; .
o otherwise N otherwise
) > (4.13)
0 ifi=1lorj=N 0 ifi=1lorj=1
Y2 3 2
2L otherwise “) otherwise.
L h \ h

Under our new notations, we have

Jh(u)

h2
)

50

IV @)ll2 +V-()]l2) -



Furthermore, by the Riesz representation theorem and the definition of the divergence op-

erators, we also have

L. L.
Jn(u) =0 sup —(u, 5 divy(p) + 5 div_(q))x, (4.14)
pg€By 2 2
where
By :={peY: [l <1}
is be the closed unit ball of Y in the infinity norm || - ||2,~.. Therefore, the minimization

problem (PM) is equivalent to the saddle-point problem

1 1 h?
arg min sup —Mh%(u, = divy (p) + = div_(q))x + — Z lui j — fij[>.  (PDM)
ueX p,q€EBy 2 2 2 1<3,7<N
U,
We will refer to (PDM) as the primal-dual total variation model.
We now show that (PDM) has a solution. Let £ be the functional defined on X x Y2
by

A2 _ h? ,
L(u;p,q) = —7<u, div (p) +div_(q))x + 3|lu — fllx- (4.15)

We note that £ is quadratic in the variable « and linear in the dual pair (p, ¢); thus we can

apply Theorem 4.4 to show the existence of a saddle point of £. We have the following

THEOREM 4.7. A point (u;p,q) € X X B% is a saddle point of L over the set X x B% if

and only if
(p,q) € argexgin IA(div (p) +div_(q)) + 2f]|%. (4.16)
b,q Y
and
_ Ao L
u=f+ 3 (divy(p) + div_(q)) 4.17)

Furthermore, if (; p, ) is a saddle point of L with respect to X x B%, then

_ . h?
u = arg min AJy,(u) + 5 Z i — fiil?.

NXxN
u€RT 1<i,j<N
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PROOF. We note that £ is Gateaux differentiable with partial differentials

2

VuL(u;p,q) = h*(u— f) — % (divy (p) +div_(q)),
AR2

Vel p,4) = == [V (), V- (u)].

Suppose that (u;p,q) € X X B% is a saddle point of £ over the set X x BZ. Then, by

Theorem 4.4 we have
(VuL(U;p,q),u —u) >0, Yu € X;

so that taking v = @ + V,L(4;p,q) in the inequality above yields V,L(u;p,q) = 0.
Thus the point (u; p, ) satisfies the equation (4.17). To show that (4.16) holds, we use the

characterization of saddle points in Proposition 4.3 to obtain

L(0,p,q) = in L(u:p,q).
(@, p,q)  max min (u; p, q)

Now, since v — L(v;p, q) is differentiable for any (p,q) € Y2, it follows that for each
point (p,q) € B%, the minimum of v — L(v;p, q) over X is achieved at a point u such

that V,L(u;p,q) =0, i.e,
AL :
u=f+ 3 (dive(p) +div_(q)) .
So,

L(u,p,q) = max min L(u;p,q)

p,q€By ueX
h? AL ) A . 2
=~ max —2(f, 5(div.(p) + div_(q)))x — [l divi(p) + div—(a)x
p,q€ By 2 4
h? | . : 2
= max — | [[f[x — 7 [IA(divy(p) +div_(q)) + 2|k | -
p,g€EBy 2 4

Thus,

(P, ) € arg min [\(div,.(p) + div_(q)) + 2f]*.
p,q€By

Conversely, if (i; p, ) € X x B satisfies (4.17) and (4.16), then it is easy to see from

(4.16) that (4.9a) holds. Now, we notice that (4.17) means that div, (p) + div_(q) is the
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orthogonal projection of —2f /) onto the closed convex subset of X given by
K ={divy(p) +div_(q): p,q € By}. (4.18)
Thus, by the characterization of the orthogonal projection, we have

(—2f /A — div, (5) — div_(q), div+(p— ) +div_(q— @)x <0, ¥p,q € By.

But by definition of the divergence operators, the latter inequality is equivalent to

(Vo £ 9,q), (p— D,q — Qyxy <0, Vp,q € By,

where we have used (4.16) again. Hence (4.9b) holds, and by Theorem 4.4, (u;p, q) is a
saddle point of £ over X x B%.

Finally, if (@; p, ¢) is a saddle-point of £ with respect to X x BZ, then

£ e ) — : ﬁ .
(a;p, q) min max (u; p,q)

, 1
= min AJy(u) + o ||u = fIfx by (4.14).

1
Hence u = arg min AJp,(u) + ﬁHu — f|I%: and the proof is complete. O
ueX

REMARK 4.8. Theorem 4.7 asserts that solving the primal total variation model (PM) is

equivalent to solving the dual total variation model

Find (p, q) € arg min [ A(div_ (p) + div_(q)) + 2f[%. (DM)
p,q€By

Moreover, an element u € X is the solution of (PM) if and only if 2 (u — f) /A is the

orthogonal projection of —2f/\ onto the closed convex set K defined in 4.18.

4.3 THE ALGORITHMS

We have established a primal-dual and a dual formulation of the original minimization
(PM). In this section, we will develop three algorithms for computing a solution of (PM)

via the dual problem (DM) and the identity (4.17).
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4.3.1 PROJECTED-GRADIENT ALGORITHM

The dual problem (DM) is a constrained quadratic program with convex constraints.
Consequently, reasoning as [40, p. 323], we will develop a projected-gradient algorithm
for computing its solution. However, since the constraints contains an open set, and the
gradient of the objective is not coercive, we cannot use Theorem 8.6.2 of [40] to obtain
the convergence regime of the algorithm. A pointed analysis is required in this case. We
note that such an analysis has been done by Duval et al. [42] for the standard discrete ROF
model (2.38). In a more recent paper, Aujol [14] demonstrated that the projected-gradient
algorithm that they studied in [42], is a special class of the Bermudez-Moreno algorithm
[23, 1981].

The next result gives a necessary and sufficient condition satisfied by any solution (p, q)
of the dual problem (DM), and is the motivation of the proposed projected-gradient algo-

rithm.

PROPOSITION 4.9. Let f € X be given. The following are equivalent
(P, q) is a solution of (DM), (4.19)

p=Pp, (p+ 7V [divy(p) +div_(q) +2f/A])
, V7 >0. (4.20)

q = Pp, (q+ 7V_[divy(p) +div_(q) + 2f/A])
PROOF. Let (p,q) € B% be such that (4.19) holds. It suffices to proof the first identity in
(4.20); the proof of the second is identical.

If (5, §) € arg min|A(div_ (p) + div_(q) + 2f)|?, then
p,g€By

p € arg min | div (p) + div_(q) + 2f /A%,
pEBy

so that A div, (p) is the orthogonal projection of —A div_(g) — 2f onto the closed convex

set

MK, :={\div.(p): p € By}.
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Therefore, we have

(Adivy(p) +div_(q)) + 2f, Adivi(p —p)) >0, Vp € By,
or equivalently

(=Vi(divy(p) +div_(q) + 2f/A),p—p) 20, Vp € By,

where we have used the definition of — div as the adjoint of V. The latter inequality is

equivalent to
([p+ 7Vi(divy(p) + div_(q) + 2f/N)] —=p,p—p) <0, Vp€ By, V7> 0;
hence
p=Pg, (p+ 7V [divy(p) +div_(q) +2f/N]), V7 >0.

The proof of the second identity in (4.20) is identical to the one above, changing p to g,
and div, to div_.
Conversely, suppose there is a point (p,q7) € B} such that (4.20) holds. Then, by the

characterization of the orthogonal projection and for 7 = 1, we have

(~2f/A — (divs (p) + div_(q)), divs(p — p))x <O Vpe€ By,

(—2f/A — (div_(p) +div_(q)),div_(q — 9))x <O Vq€& By,

where we have used the definition of the divergence operators as the negative adjoint of the

corresponding gradient operators. Adding the two inequalities above, we obtain
(=2f/A = (divy(p) + div_(q)), divi(p — p) + div_(q — @))x <0, Vp,q € By.

Thus div(p) + div_(q) is the orthogonal projection of —2f /X on to the subset K of X,

or equivalently (p, ¢) satisfies (DM). O
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REMARK 4.10. Let p € Y be fixed. Then, it can easily be shown that

1 2
Pij Pij
max (1, [p;;]) " max(1, |p;;|)

Pp, (p)ij = ( > , 1<i,j<N. (4.21)

In fact, since By is the Cartesian product of closed unit disks of R?, and R? is isometrically
embedded in Y, Pp,(p);; is simply the orthogonal projection of

pij = (i ;> P;;) onto the closed unit ball of R?, which is given by (4.21).

Proposition 4.9 defines the solutions of the dual problem (DM) as fixed points of a one
parameter families of Lipschitz continuous operators. Consequently, if we can show that
for some values of the parameter 7, these operators are contractions, then the corresponding

fixed point algorithm will certainly converge. Indeed, we have the following Lemma.

LEMMA 4.11. Let I be the identity operator on Y XY, and A :' Y xY — Y xY the

linear operator defined by

—-V_odivy —-V.div_
A= T i . (4.22)

—V_divy —V_div_

The following are true

The operator A is Hermitian and nonnegative definite. (4.23)
The norm of A is bounded above as follows: ||A|| < 16/h>. (4.24)
The operator I — T A is non expansive for any T € [0, h*/8)]. (4.25)

The restriction of I — T A to the range of A is a contraction, for any 0 < 7 < h*/8.

(4.26)

PROOF. First, we show that A is nonnegative definite. Indeed, for any p,q € Y

(A Z , Z by = —(Vi(divy (p) +div_(g)), p)y — (V_(divy(p) + div_(q)), a)y
= (divy (p) + div_(q),divy(p) + div_(q))x

= || div..(p) + div_(a) % > 0;
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hence A is nonnegative definite. Now let s, € Y be given. Then,

(A Z , j by oy = (dive (p) + div_(g), divy (s) + div_(r)) x
= (p, =V (divy(s) + div_(r))y + (g, =V _(divy(s) + div_(r)))y

thus A is clearly Hermitian, and (4.23) is true.

We now show that (4.24) holds. For any p, ¢ € Y, we have

A z = ||V (diva(p) + div_ (@)% + V- (div(p) + div_(q))lIX
IV IV @iv (p) + div- (@) 13

< 2|V [* + [IV-1%) max(|| div |7, [| div_ [*)([IplI5 + llall3-)

Therefore,
1Al < V2(IV 412 + 1V - [12) max(]] div |12, || div_ [|2). (4.27)
It now suffices to established that |V.|| = |divy| < 8/h? the proof of
|V_|| = || div_ || < 8/h? follows mutatis mutandis from that of |V || = || divy || < 8/h%.
By definition of div, = -V, we have

(Viu, Viu)y = (u, —divy (Vyu)x, Vu€ X,

(divy(p),divi(p))x = (p, =V (divi(p)))y, VpeY.

Consequently, by Cauchy-Schwarz inequality,

VL@ < Idive [ Vo]l - lullk, VueX,

[dive(p)[% < IVl -l diva || - [}, VpeY,

so that taking the supremum over all v € X such that |jul|x = 1 and all p € Y such

|p|ly = 1, we obtain that |V | = || div, ||.
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Furthermore, for any u € X,
2 1 2 2
IViully = 75 > (uiry —uig)® + (uijn —uij)

2 2 2 8 2

72 Z Uiy T 2“1,;‘ + U5 4 < ﬁ”un )
1<i,j<N—1

where we have used the estimate 2ab < a? + b? to obtain the last inequality above. Hence,
IVi]|? = || divy ||* < 8/h?. Likewise, we show that [|[V_||? = || div_ ||> < 8/h?. Conse-
quently, it follows from (4.27) that || A|| < h?/16; thus (4.24) is true.

We now prove the last two properties of A. We note to begin that since A is Hermitian

and nonnegative definite, we have
L
Y xY =ker(A) & F, (4.28)
where I’ = ker(A)+ = Range(A). Moreover, all the eigenvalues of A are nonnegative and
ko= ([ =7 Al = max(1, [1 = 7[|A[l]),

where || A|| denotes the spectral norm of A (the largest eigenvalue of A). So, I — 7 A is non
expansive if and only if 0 < 7 < 2/||A||. Since ||A|| < h*/16, it follows that I — 7 A is
indeed non expansive for 7 € [0, h?/8].

Finally, since F' has an orthogonal basis made of the eigenvectors of A associated to

nonzero eigenvalues, it follows that the norm of the restriction of I — 7 A to F'is
rp = max(|1 —7A(A)], [1 = 7] Al]]),

where \y(A), the smallest nonzero eigenvalue of A, satisfies 0 < \y(A) < ||A| < 16/h%.
Hence, if 0 < 7 < h?/8, we get —1 < 1 —7Ay(A) <land —1 <1 —7||A|| < 1, so that

kp < 1. Thus I — 7 A is a contraction on the range of A for all 0 < 7 < h?%/8. O
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ALGORITHM 4.12 (Dual Projected-Gradient). Choose 7 > 0 and py, qo € By

1. For any n > 0, compute u,,
AL .
U, = f + 3 [divy (pn) + div_(g,)] - (4.29)
2. Update the dual variables p and q as follows

Pni1 = Ppy (pn + 27/AV 1 (uy)) (4.30a)

Gnt1 = Py (g +27/AV _(uy)) . (4.30b)
3. Until stopping criterion, increment n <— n + 1 and return to 1.

A heuristic for the appellation of the above algorithm is as follows. The algorithm
updates the dual variables p and ¢ in two stages: (1) we update the current state of p and ¢
with a gradient descent step of size 7; (2) we project the resulting updates onto the feasible
set of the dual problem (DM).

We are now ready to prove the convergence of the dual projected gradient algorithm.
Our proof follows the argument in [42] and completes it by also showing the convergence

of the dual sequence (py,, ¢y,)-

PROPOSITION 4.13. If 0 < 7 < h?/8, then Algorithm 4.12 converges. More precisely,
given py, qo € By, there exists (Dy,q0) € B% satisfying (4.20) such that the sequence
(Pn, qn) defined by (4.30) converges to (po, Go) and the sequence ., defined by (4.29) con-

verges to 2/, the solution of (PM).

PROOF. Let (p,q) be any solution of (4.20), and 7 € (0,h?/8) be given. Since the
orthogonal projection onto By X By is equivalent to projecting each copy of Y in Y X Y

onto the corresponding copy of By, it follows from (4.20) and (4.30) that

n n 2f /A
p +1 — PBY><BY (] —T A) p + f/
Gn+1 dn 2f/)‘
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and

2 /A
2 /A

where A is the linear operator defined in (4.22). Since orthogonal projections are non

a1
|
.-
>-<
X
w]
N
~
|
\]
=
Q3

expansive, we infer from the latter identities that

pn+1_1_7 SHI_TAH Pn —
q

Y2 da Y2

Q3

As a consequence, by Lemma 4.11, we have for any 7 € [0, 4?/8] and for all (p, §) satisfy-

ing (4.20)

o1 =P <[P~ . VYn>0. 4.31)
q

y? n — y?2

EeT

We now show that the sequence (p,,, ¢»)n>0 converges by showing that all of its con-
vergent subsequences have the same limit. Let (p,, , ¢, )x>0 be a convergent subsequence
with limit (p, ¢). Then by (4.29) and (4.30), the subsequence (py, +1, ¢n,+1) converges to

(p, ¢) and by (4.31), for all (p, ¢) solution of (DM)

p=r b ]f (4.32)
qa—q —q
so that using the equations (4.20) and (4.28), we have
2 2
PPN < ja—ray (20
q—q q—q
v2 v2
2 2
o I +rz [P , (4.33)
-4 ker(A) ||y2 -4 Flly?2

where xr is the norm of / — 7A with respect to F'. But we know from Lemma 4.11 that

kr < 1, thus (4.33) implies that we must have Zi _]_) € ker(A); hence
q—4q
divy (p) + div_(q) = divy(p) + div_(q). (4.34)

60



Since div, (p) + div_(q) is the orthogonal projection of —2f /X onto the closed convex set
K = {divy(p)+div_(q): p,q € By}, sois div,(p)+ div_(q) and it follows that (p, §) is

a solution of (DM).

Finally, rewriting (4.32) for the solution (p, ¢), we obtain that the subsequence (pp, 41, ¢n,+1)

converges to (p, ). Moreover, by continuity of the divergence operators, equation (4.34),
and Theorem 4.7, the subsequence u,,, defined by (4.29) converges to 2/*" the solution of
(PM). To finish the proof, we show that any two convergent subsequences of (p,,, ¢,) have
the same limit. Let (p,,,, ¢, ) — (9, ¢) and (Pim,, ¢m,) — (P, ¢) be two such subsequences.
We may assume without loss of generality that n, < my, otherwise we can always ex-
tract a further subsequence of (p,, , ¢,, ) for which the property holds. By the monotonicity

property of (p,, ¢,) given in (4.31) and the fact that (p, ¢) solves (DM), we obtain

3
3>

(4.35)

(=}

Passing to the limit in the latter inequality yields p = p and ¢ = ¢. Thus, the sequence

(Pn, qn) converges to a point (P, Go) solution of (DM). O

REMARK 4.14. Paralleling the argument in [14], we can show that Algorithm 4.12 is a

special case of Bermudez-Moreno algorithm.

We obtain an alternating version of the above algorithm by using a Gauss-Seidel type

update on the dual variables p and g. The resulting algorithm reads as follows:

ALGORITHM 4.15 (Alternating Dual Projected-Gradient). Choose 7 > 0 and py, qo € By.

1. For any n > 0, compute u,

Uy = f+ % [div (pn) + div_(g,)] - (4.36)
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2. Update p, do a half step update of u, then update q

Prt1 = Ppy (P +27/AV 4 (un)) (4.37a)
AL .

Upyt = [+ 3 [divi (pnt1) +div_(gn)] (4.37b)

In+1 = Ppy, (qn + QT/AV,(u,H%)) : (4.37¢)

3. Until stopping criterion, increment n <— n + 1 and go to 1.

While the proof of convergence of the alternating projected-gradient algorithm above
is still eluding us, the numerical experiments suggest that one should be able to prove the

following conjecture

CONJECTURE 1. If 0 < 7 < h?/4, then Algorithm 4.15 converges. More precisely, given
Po, qo € By, there exists (Do, Qo) € B% satisfying (4.20) such that the sequence (p,,q,)
defined by (4.30) converges to (po, Go) and the sequence u,, defined by (4.29) converges to
2P0 the solution of (PM).

4.3.2 A FIXED-POINT ITERATIVE ALGORITHM

Since the constraint of (DM) is qualified in the sense of definition 4.5, we use Theorem
4.6 to derive an alternate one parameter family of functionals for which the solutions of
the dual problem (DM) arise as fixed points. This approach was first used by Chambolle
[31] to construct a breakthrough algorithm for the standard discrete ROF model (2.38). The
peculiarity of the algorithm to follow is that we used and alternating scheme to update the
dual variables (p, q).

We observe that the dual problem is equivalent to the constrained minimization problem
with quadratic objective

Fiog) = (A [P) [P D =20 VI [P )y 1128/ (4.38)
(P, q) = { ), )x — 2( vl Yx A [12f /Al
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where A is the operator defined in (4.22), and convex quadratic constraints:

9150, @) == (pi;)* + (P};)? —1<0, 1<ij<N, (4.392)

hij(p.q) = (;;)" + (¢;;)" =1 <0, 1<ij<N. (4.39b)
Clearly, the objective function F' is differentiable with gradient field

orad(F)(p, q) = —2 Vi(divy(p) +div_(q) +2f/N\) | (4.40)

Vi (div_(p) +div_(q) +2f/})
and the constraints are also differentiable with gradient
grad(g; ;) (p,q) =2 Pii ) and grad(h; ;)(p,q) =2 0 , 1<i,j7<N. (441)
0 i
Moreover, the constraints are qualified in the sense of Definition 4.5 with p = ¢ = 0.
Therefore, the solutions of (DM) are also characterized by the Kuhn-Tucker conditions in
Theorem 4.6.
The next result which follows directly from Theorem 4.6, gives another characterization
of a solution of the dual problem (DM). Let (p,q) € Y? be fixed and define o € Y and

B €Y in terms of p and q as follows:

ais(p,q) = ‘v+ (divs (p) + div_(q) +2f/A),

Bialp,a) = |V (div (p) + div_(q) + 2//N),,

, 1<4, <N, (4.42a)

1<i,j<N. (4.42b)

THEOREM 4.16. A point (p,q) € By X By is a solution of the dual problem (DM) if and
only if for any T > 0

~ pig+ 7V (divi(p) +div_(q) +2f/X),

1+ 7a;;(p,q)
gy 7V (diva(p) +div_(q) +2f /),

1+ 706;.;(p,q)

Pij , 1<4,5<N, (4.43a)

where o and 3 are given by (4.42).
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PROOF. First we observe that the equations (4.43) are equivalent to

grad(F)(p.q) + Y aij(p,q) grad(gi;(p) + Bi;j(p. q) grad(hi;)(q) =0,  (4.44)

1<ij<N

and it follows from the latter that

> (0, 0)gii(p) + Biy(ps @)his(q) = 0; (4.45)

1<ij<N
hence we obtain the sufficient condition for the existence of a solution.
Conversely, if (p,q) € By is a solution of (DM), then (p, q) is a solution of the con-
strained minimization problem
Minimize F'(p, q),
subject to: g; ;(p) <0, 1 <4,5 <N, (4.46)
hij(q) <0, 1<4,5 < N.
Thus by Theorem 4.6, there exists a(p, q), B(p,q) € RY*N such that (4.45) and (4.44)

hold. But under the condition p, g € By, (4.45) is equivalent to

@i ;j(p,q)gij(p) = 0and B ;(p, q)hij(q) =0, 1 <4i,j <N. (4.47)

Finally, combining the latter equation with (4.44), we obtain that «(p, ¢) and S(p, q) are
defined by the equations (4.42); and the proof is complete. U
The following fixed point algorithm is a direct consequence of the equations (4.44) and

uses a Gauss-Seidel update technique.

ALGORITHM 4.17. Choose T > 0 and p°, ¢" € By..

1. For any n > 0, update the primal variable u:

u = f+ % (divy (p™) 4+ div_(¢")) . (4.48)
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2. Update the variables p, u, and q as follows:

P+ 27 /A (u")y

ntl 1<i,j<N 4.49
pl,j 1+27—/>\|V+(un)z7]|7 - Z?] f— ) ( a)
A
utr = f 4+ 5 (divy (") + div_(¢")) , (4.49b)

qgj + QT/AV_(UTH_%)Z‘J'

ntl
1+ 27/) ‘v_(w%),,j‘

/[/7.]

1<ij<N. (4.49¢)

3. Until stopping criterion, increment n <— n + 1 and return to 1.

REMARK 4.18. A similar algorithm was proposed in the literature [31] for the standard
discrete ROF model (2.38). In this case, the only dual variable is p, so the second step in

the above algorithm reduces to one update on the variable p.

LEMMA 4.19. Let 0 < 7 < h?/8 and p°, ¢° € By be given. Let (p",q") be the sequence
defined in Algorithm 4.17. Then, the sequence {|| div, (p") + div_(q") + 2f /| x }n is

monotonic nonincreasing.

PROOF. Let p°,¢° € By be fixed. An easy induction shows that p™, ¢" € By for all
n > 0. We now show that for 7 < h?/8, the sequence || div, (p™) + div_(g") + 2f /| x is

monotonic nonincreasing. Let n be fixed and define

n+1 n n+1 n

nigy = PP ey = €T 4"
" (p) = - and 0" (q) - )
Then, from (4.29) and (4.49), we have
: n : n 2 : 7 : n 2 At : n n
v (o) eiv_ () 2L 3=l v () div_(07) 4 2+ i (37) )
At . n n+i : n : n
+ - (div_(6"(q)), u T2)x + ([ div (6" (0) |13 + [ div- (3" () %)
) " ) n 4t . n . n
< vy (p*) + div(g") + 2 /A5 =5 (0" (p), Vi (w"))x + 7 divy [Pll6" (0)x
i)
_4_7- o \V4 n—&-% di 2 o 2
1 (07(0), V- (™72))x + [ div— [IF)18" (9) I -

[

(1)
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Furthermore, we also have forall 1 <i,57 < N,

n 2 n T
0"(p)ig = 5 (Vi (u)ig = IV (u)iglpi ) (4.50a)
2 1 n n
0" (@i = 5 (V- ()i = V-5l (4.500)
so that
4T n n 2 : 2| 5n 2
(H=- > 30" iV (u")ig — Tl dive 76" (p)ig]
1<ij<N
2 , i
=7 ), "0 “——V+( Migl® — |XV+(U")Z;J‘|2—|5"(p)z‘,j|2+7||d1V+ 1210" (p)i 51
1<¢,5<N

=7 Y (lldive 2 = D18 )il + (P51 = DIS V)il
A,—/

<7,7<
1<4,j<N 20

Therefore, using the estimate || div, ||*> < 8/h? obtained in the proof of Lemma 4.11, we

get

4t . n .
— L0 (), V() x + 7 divy 20 <0 if T < 8,

Likewise, we show that

4t 1 . n .
—(0"(a), V- (u"2))x + 2 div_ [*l6"(g)[|% <0 if 7 < A?/8.

Hence, assuming that 7 < h? /8, we get that for all n € N
[ divy (p"h) + div_(¢"*) + 2f /Allx < [[dive(p") +div_(¢") + 2f/Allx.  (4.51)

O
We are ready to prove the convergence of the proposed algorithm. More precisely, we

have the following result.

THEOREM 4.20. Let 0 < 7 < h?/8 and p°, ¢° € By be given. Then, every cluster point
of the sequence {(p",q")}n>1 is a solution of the dual problem (DM), and the sequence

{u"},>1 converges to the solution =" of the primal problem (PM).
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PROOF. Let 0 < 7 < h?/8 be given. Let (p™,¢") be a subsequence of (p",¢") that
converges to (p, 7) Then, by the equations (4.49), the sequence (p™** g™ *1) converges to

the point (p, ¢) defined as follows:

__ Diyj +7V(divi(p) + div(q) + 2F/N)i

Dij = ; — - — , 1<4,7<N,
T L4 TV (dive (p) + divo(q) + 2f /Al 4.52)
. ¢ij + TV_((?thr(_p) + (‘ilv_(_q) + 2f//\)z-,j7 l<ii<N
’ 1+ 7|V_(divy(p) + div_(q) + 21 /)4
Furthermore, by Lemma 4.19, we know that
| dive (B) + div_(@) + 2f /Allx = [[divy (p) +div_(@) + 2f/Allx.  (453)

Now, repeating the core computation in the proof of Lemma 4.19 with the pairs (p, ¢) and

(p, q), we get that for any 7 < min(1/| divy [|?,1/]| div_ ||?)
Dij =Pijand gi; = ¢, V1<i,5<N. (4.54)

The case 7 = 1/|| div, ||> = 1/|| div_ ||? requires a more delicate analysis that we now

undertake. We have

Digl = Lor [Vi(divy(p) +div_(q) + 2f/A)is| =0, V1<i,j<N,
(4.55)

|67i,j| =1lor |V_(d1V+(]3) + le_((j) + 2f/)\)17]| = O, V1 < Z,j < N.
Clearly, only the pairs (7, j) for which we have exclusively |p; ;| = 1 or |g; ;| = 1 are worth

pursuing further. If |p; ;| = 1, then by (4.52) and the Cauchy-Schwarz inequality, we have

N e sy, 2 _ _ N e sy, 2
1+ 27|V (v (2) v (@) 450 gl = [l + 27y 9 (v () +iv (@) + 20 i)

< |pij? 4 27D ||V 4 (divy (p) +div_(q) + 2f /N)i ],

Since we assumed that |V (divy (p) + div_(q) + 2f/A); ;| # 0, it now follows from the

latter inequality that |p;;| = 1, so that |p;;| = |p;;| = 1 and (4.52) imply

Pij = V(divy(p) +div_(q) + 2f/N)iy;
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thus by (4.52) again, we get

;5“_}517(1_‘_7) Dii
O

In conclusion, we have shown that for 0 < 7 < 1/|| div, ||, the sequence (p™+*1, g™ *1)

converges to (p, q) so that the equation (4.52) now reads

Bij = Dij + TV+(C.11V+(_]5) + C.hV—(_Q) + Qf//\)i,j’ 1 <ij<N
’ 14 7|V (divy(p) + div_(q) + 2f/A)i ]

Gy = qij + TVJ(.hVJF(,ﬁ) + ('hv,(?) + 2]‘/)\)M7 L<ij<N
’ 14+ 7|V_(divy(p) + div_(q) + 2f/N)i ]

(4.56)

Therefore by Theorem 4.16, (p, §) is a solution of (DM); and by Theorem 4.7, the sequence
{u™} converges to the solution z/*"* of (PM). Since || div, || < 8/h?, the result remains true

for 0 < 7 < h?/8 and the proof is complete U

4.4 NUMERICAL EXPERIMENTS

In this section, we report the results of numerical experiments with the three algorithms
presented in the previous section. The test images that we used are found in Figure 4.1. We

use the following abbreviations to identify the three algorithms under consideration here.
ALGI1: The projected-gradient algorithm 4.12
ALG?2: The alternating projected-gradient algorithm 4.15.
ALG3: The fixed point algorithm 4.17.

It should be noted that in our tests, we did not attempt to choose the parameters 7 and A for
optimal performance of the algorithms. The algorithms are implemented in the MATLAB®
[72] programming language.

Table 4.1 through Table 4.4 below show the capability of Algorithm 4.12 to remove
noise for various noise levels. The inputs for all four algorithms are obtained by adding
a zero mean Gaussian noise with standard deviation o to the images in Figure 4.1. The

parameter 7 is set to 1/8 in all three algorithms and the maximum number of iterations
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is set to 1000. Each algorithm is terminated when the change in mean square error at
consecutive steps is below 1078, The numbers in each column identifying an algorithm are
the Peak-Signal-to-Noise-Ratios, measured relative to the ground truth images in Figure

4.1, with the number of iterations and the CPU time used to reach that value in parenthesis.

(C) Bank. (D) Boats

FIGURE 4.1: The images used in the numerical experiments. The images in the top row are of size

256 x 256, while those in the bottom row have resolution 512 x 512.
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Ao ALGI ALG2 ALG3

1
o1 15 31.1832(1000, 31s)  31.1951(72, 2.5s)  31.1872(1000, 32s)
1
6 20 29.6665(1000, 31s)  29.6820(101, 3.5s)  29.6742(1000, 32s)
1
3 25 27.5282(1000, 30s) 27.5323(806, 27.5s) 27.5681(1000, 32s)

TABLE 4.1: Comparison of the algorithms using the image in Figure 4.1a. The numbers are
PSNR(number of iterations, CPU time in seconds).

Ao ALGl1 ALG2 ALG3

15 31.8105(1000, 31s) 31.8653(36,1.5s) 31.8157(1000, 32s)

20 30.3494(1000, 34s) 30.3587(345, 12s) 30.3603(1000, 31s)

o1 3] 42

25 28.3146(1000, 30s) 28.3206(696, 24s)  28.3606(1000, 32s)

TABLE 4.2: Comparison of the algorithms using the image in Figure 4.1b. The numbers are
PSNR (number of iterations, CPU time in seconds).

A o ALG1 ALG2 ALG3

i 15 31.4563 (635, 103s) 31.4520(209, 43s) 31.4571(1000, 164s)
% 20 29.9481(620, 101s) 29.9446(292, 61s) 29.9496(1000, 166s)
% 25 27.8264(716, 115s) 27.8239(477, 95s) 27.8384(1000, 114s)

TABLE 4.3: Comparison of the algorithms using the image in Figure 4.1c. The numbers are
PSNR(number of iterations, CPU time in seconds).

A o ALG1 ALG2 ALG3

i 15 30.5134(1000, 158s)  30.5148(102, 22s)  30.5166(1000, 164s)
% 20 29.1286(1000, 169s)  29.1311(127, 27s)  29.1350(1000, 167s)
é 25 26.9855(1000, 158s) 26.9904(663, 122s) 27.0197(1000, 165s)

TABLE 4.4: Comparison of the algorithms using the image in Figure 4.1d. The numbers are
PSNR(number of iterations, CPU time in seconds).
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Our numerical experiments suggest that the alternating projected-gradient algorithm is
the most of efficient of the three algorithms. For moderate noise levels, the speed up is
a few order of magnitudes. To further confirm this observation, we compared ALG2 and
ALG3 to ALGI, see Figure 4.2. The comparison is done as follows: (1) First we generate
a ground truth by running 10° iterations of ALG1. (2) We find the number of iterations

that each of ALG2 and ALG3 is going to use to get to within 10~!3 of the ground truth

computed using ALGI.
A=1/16, t1=1/8, 0=20
B ALG2
10 "¢ \\ ===ALG3]
L 3 o o .
510" | .. 1
i
Q \s
S -8 .
;3')_ 10 " | \‘ -
c ~‘s
g R
=10 '\, f
Q“
s\
1072 E
10° 10" 10° 10° 10"
lterations

FIGURE 4.2: The alternating projected gradient algorithm (ALG?2) takes about 46000 iterations to
get to within 10™13 of the solution of ALG1 generated with 10° iterations. ALG2 is consistently
faster than ALG3 and ALGI.
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APPROXIMATION BY BIVARIATE SPLINES ON ARBITRARY

POLYGONAL DOMAINS

In this chapter, we investigate the approximation of the total variation based denoising
model on non rectangular polygonal domains. We assume that €2 is a polygonal domain
endowed with a quasi-regular family of triangulations {A},},,~o and construct a bivariate
spline approximation of the minimizer of the ROF functional.

Until now, the preferred approach in the approximation of the ROF model has been to
used relaxations [1, 35] of the functional E/’\c (u). In a departure with that tradition, we use
the Galerkin method on a suitable lattice of bivariate spline spaces to directly generate a
minimizing sequence for E{ (u).

Motivated by the work of Acar and Vogel [1], Hong [48] investigated the use of bivariate

spline spaces for image enhancement using the minimal surface functional

&l (u) = / V 1+ |Vu|?dz + %/ lu — f|*dx. (5.1
Q Q

Although the latter functional is defined on BV'(£2), she only constructed a minimizing
spline sequence in the case where the minimizer of Ef (u) belong to the Sobolev space
W1 (Q). The main result of this chapter is a significant improvement of her work. We
apply the Galerkin method with continuous bivariate spline space, directly on the ROF

functional,

Ef(u) == M\J(u) + % /Q lu — f|*dz,

to obtain a minimizing sequence of F{ (u) for any f € L*(1).
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5.1 SPLINE FUNCTIONS ON TRIANGULATIONS

In this section, we review the concept of bivariate spline function and cover the prop-
erties of spline functions that we will use in the chapter. Throughout the section and the
chapter, we assume that € is a polygonal domain, possibly non-rectangular, endowed with
a triangulation A, 0 < h < 1 such that no triangle in A, has an edge with length greater

than h. The presentation follows the monograph [54].

DEFINITION 5.1. Suppose that A, is a triangulation on €2 and d is a fixed natural number.

(a) A spline function on the triangulation Ay, is a function s defined on € such that for

any triangle 7' € Ay, s|7 is a polynomial.

(b) We say that a spline function s is of degree d, if s| is a polynomial of degree less
than or equal to d for any 7" € A,. We denote the set of spline functions of degree d

by
SN AL ={s5: Q= R:s|p € Py VT € A},

where PP, is the vector space of bivariate polynomials of degree less than or equal to

d.
(c) The space of smooth spline functions of order r and degree d is defined by
SHAL) =C" (NS HAL) ={s €C"(Q): s|r € Py, VT € Ay}
The space of bivariate spline functions S '(A},) is isomorphic to RY where N depends
on d and the number of triangles in Aj. The space of smooth splines of order r is character-
ized as the solution set of a rectangular system of linear equations enforcing the smoothness

at the interior edges of the triangulation. A Convenient representation of spline spaces as

subspaces of an R" are obtained through the so called Bernstein-Bezier representation.
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FIGURE 5.1: The i-th barycentric coordinates of P is the ratio of the area of the triangle 7; and that
of the triangle 7' = (uy, ug, us).

5.1.1 BERNSTEIN-BEZIER REPRESENTATION

The Bernstein-Bezier representation of bivariate spline functions of degree d is built
upon the Bernstein-Bezier basis, hereafter B-basis, of P4, the space of polynomials of de-
gree less than or equal to d. To define the B-basis, we need the concept of barycentric
coordinates. Suppose T' = (uq(z1,y1), u2(x2, y2), us(zs3,ys)) is a triangle of the affine

plane R?%. Let P(x,y) be an arbitrary point in the plane.

DEFINITION 5.2. The barycentric coordinates of P relative to T are the triplet (A1, A2, A3)

solution of the linear system

;

>\1 ‘|‘)\2 —|—/\3 =1

)\11'1 +)\2$2 +)\3.CE3 =X (52)

\ My + Ay +Ayzs =

Let d € N be fixed. The points {&;: i + j 4+ k = d} C R? defined by

Uy + k S
= LTI ik =d

are called the domain points of 7'; their barycentric coordinates with respect to 7" are given
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by {(i/d,j/d,k/d): i+ j+ k = d}.

DEFINITION 5.3. A Bernstein-Bezier bivariate polynomial of degree d relative to 7' is
defined by

&

where (A1, A1, A3) are the barycentric coordinates of P(z,y) relative to 7.

It is easy to show using the multinomial theorem and the equations (5.2) that the col-

7. i + j 4+ k = d} form a basis of P, and the

lection of Bernstein-Bezier polynomials { B; ik

following partition of unity holds

> Bilwy) =1, V(z,y) €R’ (5.4)
ijk \ Ly Y ) Y . .

i+j+k=d

As a consequence, any bivariate spline function s € S '(A}) is uniquely represented by a
tuple (c];.: T € Ay, i + j + k = d) such that
sle= Y ey By, VT €A, (5.5)
i+j+k=d

Thus, the space of bivariate spline functions on 2 with respect to A, S; Y(A), is
identified to an R where N = #(Ay) (d+2) and #(Ay) is the number of triangles in A,.

2

Moreover, the space of smooth bivariate splines, S} (Ay), is a subspace of RY of the form
SH(Ay) = {c e RY: A(r)ec = 0}, (5.6)

where A(r)isan (r 4+ 1)(d + 1)E x N matrix encoding the smoothness condition across

the interior edges of the triangulation A, and E is the number of interior edges of Ay,.
When solving variational equation on bivariate spline spaces, we often need to compute

the inner product between two bivariate spline functions. The next result gives a simple

formula for evaluating the inner product when the spline functions are expressed in B-form.
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THEOREM 5.4 ([54]). Let T be a triangle in R?, and d € N be given. If p = Z cijkBg’kd
itk

and p = Z 6ijsz;f are bivariate polynomials of degree < d written in B-form, then

it+j+k
Ap . t4+v\[(J+p\[(k+kK
p(z,y)a(z,y) dedy = or—rm z:cm%m(. >< ->( )76ﬂ
/T G2 i i J b
v+ptr=q

where Ar is the area of T and (a

b) is the number of combinations of a objects chosen b at

a time.

For computational purposes, the latter inner product may be written in condensed form

as

/T p(z,y)q(z, y) dedy = G Ar ¢"G(d)e,

2 (57

where ¢ and c as the coefficients of ¢ and p in the Bernstein-Bezier basis and G is a (d+2)

2

square matrix that may be preassembled in a computational library.
Later when we construct a spline minimizing sequence of the ROF model. we will need
a convenient family of triangulation that ensure the convergence of our sequence. We now

introduce a definition of such a convenient family.

DEFINITION 5.5. We say that a family of triangulations {A,: h € I C R,} of Q is
quasi-regular if there exists 8 > 0 such that

diam(T)
PT

<pB, VYTeA, Vhel,

where diam(7") is the longest edge of 7" and pr is the radius of the incircle of 7.

Constructing such families of triangulations is not too hard. It is sufficient to ensure
that the smallest angle in the triangulations remains bounded away form zero as the trian-

gulation size goes to zero.
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EXAMPLE 5.6. Let by > 0 fixed and A}, a triangulation with mesh size i, and smallest
angle 6. We construct a family of triangulations A,, with mesh size hy/2" iteratively
as follows: Given A,,, we obtain A, ; by subdividing each triangle 7' € A,, into four
triangles by connecting the midpoints of the edges of 7' as illustrated in the figure below.
The resulting family of triangulations {A,,: n € N} is quasi-regular with constant

2

b= sin(6y/2)

FIGURE 5.2: Midpoints refinement of a triangle into four smaller triangles.

5.1.2 RELEVANT PROPERTIES OF BIVARIATE SPLINES

Spline functions have been used with much success in the numerical computation of
partial differential equations [51, 52, 55-57] and more recently for the numerical simula-
tion of the Darcy-Stokes equation [16]. In general, splines function may be used under
Galerkin methods to approximate variational equations over function spaces that are well

approximated by spline functions. Their appeal to us in this work is twofold:

(a) Bivariate spline functions yield good approximation of Sobolev functions, i.e, func-

tions that are elements of the Sobolev spaces W™ (), m € Nand p > 1.

(b) The derivative operators D?Dg are bounded linear operators between the spaces

S (Ap) and S;Y 5(Ap). We will refer to this property as Markov Inequality.
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THEOREM 5.7 (Markov inequality [54, Theorem 2.32]). Suppose a quasi-regular triangu-
lation, Ay, of Q) is given, and p € [1,00) and d € N be fixed. There exists a constant K
depending only on d such that for all nonnegative integers o and  with 0 < o+ 3 < d,

we have

K
IDPDssllan < 5 lsllan, Vs € 53 (An), (5.8)

where p = min{pr: T € A} and pr is the radius of the incircle to the triangle T.
The next result gives the approximation power of the space of continuous spline func-

tions in Sobolev spaces; we use this result in our construction of a spline minimizing se-

quence for the ROF functional.

THEOREM 5.8 ([54, Theorem 10.2, p. 277]). Suppose that Ay, is a quasi-regular triangu-
lation of ), and let p € [1,00]| and d € N be given. Then for every u € WP (Q), there

exists a spline s, € SY(Ay,) such that
|1 DSDS (1 — 5,)||e < Kh 0 Plu|gpr, VO < a+ B < d, (5.9)
where K depends only on d and the smallest angle in Ay, and

lulas1p =Y 1D Dyullis.

a+pB=d+1

5.2  APPROXIMATION OF THE ROF MODEL BY CONTINUOUS SPLINES

In this section, we describe how we arrive at a family of continuous bivariate splines

that approximate the minimizer of the functional
1
Ef(u) := A (u) + 5/ |u — f|*dz, u€ BV(Q). (5.10)
Q

The approximation of the minimizer of the above functional by continuous splines is
possible because the space SY(A},) possesses very good approximation power in high or-

der Sobolev spaces as illustrated by Theorem 5.8. In using the approximation power of
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spline functions exhibited by Theorem 5.8, we will need to control the norm of high order

derivatives of the mollification of a BV function. This is done as in the lemma below.

LEMMA 5.9. Suppose that Q) is a bounded polygonal domain. Let u € BV (2) be fixed.
Then for any integer m > 0, any pair of nonnegative integer (o, B) such that o+ = m+1,

and any € € (0, 1), we have

HD?Dg(nE * Tu)H < %]DTu](RQ), 5.11)

L1 (@)
where C'is a constant depending only on «, 3 and ), and T : BV (Q)) — BV (R?) is the

extension operator guaranteed by Theorem A.8.

PROOF. Let m a nonnegative integer be fixed, and ¢ € (0, 1) be given. Let u € BV (§2) and
© € CH(Q) be given. Let o and 3 be two nonnegative integers such that o + 8 = m + 1;

we may assume without loss of generality that & > 1.Then, we have

0
/ DDE (ne « Tu)pdr = — / DD (. « Tu)—spdx
Q R2 811

dp
=— | DS'DYnx Tu——d
- 1 2 Te * u@ml T

)
— _/ Tui™ * =2 dz with i7" (x) = D2~ Dn.(~x)
R2 axl
9

—— [ Tu i e
R

2 8x1

Thus
| DD T s < 7 | DTul B,
Now, by Young’s inequality, we have
19 % plloo < 119" | 222) 01| 220
and a simple computation shows that

‘1/2

~m ﬁ a—
173y < Yo | D5 DG and llplliacey < VIl
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where |(2| denotes the area of 2. Consequently, we obtain

B, p)

[ DD Tweds < Lo D) (5.12)
Q

where
= /[0l | pe~' gy

On taking the supremum in (5.12) over all ¢ € C}(£2) such that ||¢|| < 1, we obtain

1/2
‘ . (5.13)

by duality and a denseness argument that

5,)

< Gl B

HD?Dg(ne i TU)‘ L1(Q)

— 22| DTu|(R?).

0
Suppose that 2 is endowed with a quasi-regular triangulation Ay, and let d € N be
given. As a finite dimensional space, SY(A},) is a closed and convex subset of L?((2). Thus,

the ROF functional has a unique minimizer in SY(Ay). Let s¢(f) be the spline function

defined by

s¢(f) = arg min \J (u / lu — f|*dz. (5.14)
uESO(Ah

We are ready to prove that our construction of minimum splines above yields a mini-
mizing sequence for the ROF functional. Let &, be a monotonically decreasing sequence
of real numbers such that h,, \ 0. Let A,, be a quasi-regular triangulation with mesh size

h.,, and smallest angle 6,,. We have the following result:

THEOREM 5.10. Suppose that the sequence of triangulations { A, }, is such that

inf 6, > 6 > 0. (5.15)

neN

Given d € N, the sequence {s’(f)}, defined by

st(f) = arg rmn A (u / lu — f|*dx (5.16)

ueSY(An
is minimizing for the ROF functional E{ (w).
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PROOF. To begin with, choose a finite rectangular covering, {R;: i = 1,2,..., N}, of the
boundary of 2, and let T: BV (Q)) — BV (RR?) be the corresponding extension operator,
the existence of which is guaranteed by Theorem A.8. We recall that 7" is also a bounded
linear operator from W1(Q2) into W1!(R?), and for any u € BV (Q), T'w is supported on
the relatively compact open set €2 U CJ R;.

i=1

Let0 < ¢ < 1and d € N be fixed. Let uf = n. * Tw/ and s/ € SY(A,) be as in

Theorem 5.8. Then by Lemma 5.9, we have

B\
Jul = sl w11y < C(d,0) <—> , (5.17)

€

where C' depends solely on d and 6. Moreover, since T : WH(Q) — WH1(R?) is linear
and bounded, and 7T'u is compactly supported for every u, it follows from the BV version
of the Sobolev’s inequality [see 46, Theorem 1.28, p.24] that
luf = s!llz2@) < T (uf = D)oy < C’/RQ V(T(u! = s!))|dz
< OIT (! — sD)lwisey < CITNuf = sl lwingy,  (5.18)
with C' a universal constant depending only on 2 and the covering {R;: i = 1,2,..., N},
and ||T°||. is the operator norm of 7.

We now proceed to show that by choosing a suitable regularization scale €, we achieve

the convergence of E{ (s¢(f)) to Ef(uf) as n — oc. In fact, we have

E{(sn (/) = EX(u!) = E{(s1(f)) = B{(s]) +E{(s]) = B{(uf) + B} (ul) — E{ ()

< E{(s!) = B{(u) + B{(uf) — E{(u)).

So to finish the proof, it suffices to show that E{ (uf) — EJ(u/) and E{(s/) — El(uf) as

n — 00. First, we observe that the convergence of E{ (uf) to E{ (u') follows from the fact

2
that DO f as e — 0, and (by Lemma 2.18),

|Du|(Q) — |DTu!|(Q) = J(u) as € — 0.
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We will be done if we can show that for our choice of €, EJ(s!) — Ef(uf) as n — oo.

Indeed, we have

1
B{(s!) = Bladl = | [ 9sf1do [ (Fullas] + 3 16! = 713 = 1od - 712

<A [ 196! = ubld+ 5 [Isf = ul sy + 20t — Tl = sl o)
< [ 90t =l do+ L = ol laf = 5!z + 20! = Tl
< [rt gl = sl + 1 = Sl | (1! = st lwnoco + led = o)
< (O A S ! = o + = il ed = st s

where we have used the estimate (5.18). Now, using the estimate (5.17) and letting

e = hy % we infer from the latter inequality that

B (s]) = E{(u)] < (1 + C|T|.)C(d,6) [A + C(d, 6, )y~ V* + C(f,u?)] /%,

where
C|T).C(d, 0
CUF, ) = | i@y sup N2y and €(d, 0, T) = TILLCLLE),
0<e<1 2
Thus, £ (s,(f)) = E{(u’) as h,, — 0, and the proof is complete. n

COROLLARY 5.11. Under the assumptions of Theorem 5.10, the sequence {se(f)}, satis-

fies the following two properties:

s2(F) DO o asn — oo, foranyp € [1,2], (5.19)
and
J(5E(f)) — J(u) asn — oo. (5.20)

PROOF. We recall that €2 is assumed to be a bounded domain; therefore it suffices to
establish (5.19) for p = 2. The result for 1 < p < 2 follows from the fact that L*(Q) is

canonically embedded into L”(€2). The case p = 2 follows easily from Theorem 2.28 and
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Theorem 5.10. In fact, by equation (2.33) we have

VneN, fsa(f) = ol e <2 (B{(sa() — B{(w)):

thus by Theorem 5.10 above, we have ||s,,(f) — ufH%Q(Q) — 0asn — oo.

Finally, we observe that

1

Hoal)) = 00) = 5 | ELCsn(9) = BLw) 4 g1 = FIEs = ) = 1]

Thus, by Theorem 5.10 and Corollary 5.11, taking the limit of the latter identity as n — oo

yields (5.20) and the proof is complete. U

5.3 COMPUTATION OF THE SPLINE APPROXIMATION

Suppose that we have set a mesh-size h and chosen a corresponding triangulation A, of
Q. Let s{(f) be the minimizer of EJ (f) with respect to SY(Ay,). Although we have reduced
the problem to a very tractable function space, the computation of the spline minimizer
remains as challenging as the original minimization problem in the BV space. Nonetheless,
we are now able to derive the Euler-Lagrange equation. In fact, it is easy to show that s¢( f)

necessarily satisfies the nonlinear equation

A/ YUY o A/ Vs|da + /<u —flsde=0Vs€S8i(A), (52D
O\ F(u) F(u) @

where F'(u) := {z € Q: Vu = 0} is made of the flat regions of .

In particular, if F'(s¢(f)) is negligible, the Euler-Lagrange equation (5.21) reduces to

)\/ de—f—/(u—f)sdx:O, Vs e SHAL) (5.22)
o |Vul Q

which is now amenable to variational techniques.

REMARK 5.12. In practice, the mesh size of an admissible triangulation is dictated by the
structure of the image f. An image with a significant amount of textures will require a finer

triangulation to preserve textures in the recovered image. The choice of the parameter A
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will also be influenced by the textures and the noise information contained in f.

For the purpose of this section and the necessity of a stable numerical scheme, we do
not solve the minimization problem (5.14) or its Euler-Lagrange equation (5.21) directly.
Instead, we solve a perturbation of this problem. We recall that the difficulty in dealing

with (5.21) is due to the fact that the associated Lagrangian
1
L(p,zw) = Alpl + 5(z = [)*, ¥(p,2,2) €R* xR x R”

is not differentiable with respect to p at p = 0. As mentioned above, one way to mitigate
this difficulty is to find a differentiable relaxation of the Lagrangian L such that the corre-
sponding energy is a perturbation of E{ (u). This approach has been successfully used in
two occasions in the literature [1, 35].

We will use a similar technique to construct an algorithm for computing a numerical
approximation of the spline minimizer s¢ (f). In fact the relaxation that we use has already
been used in the literature for the discrete ROF model under the appellation Huber-ROF
model [36], and was shown to produce smoother images than the original ROF model with
no staircase effect as is customary for the ROF model.

Let € > 0 be fixed and @, the continuously differentiable function defined by

1
—:(:2—1-5 if0<|z|<e
d (x) = { 2€ 2 (5.23)
|| if |z| > €
and consider the problem
1
arg min {E’{é(u) = /\/ O (|Vul)dr + —/ lu — f|2dx} . (5.24)
ueSY(Ay) ’ Q 2 Ja

We observe that the relaxation functional E{}E is strictly convex and lower semicon-
tinuous on SY(A;) with respect to the L?-norm. Consequently, the minimization problem
(5.24) has a unique minimizer that we denote by s¢(f, ¢). We have the following charac-

terization of the minimizer s¢(f, ¢).
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PROPOSITION 5.13. A function u € SY(A) is a minimizer of the functional E{e in

SY(A) if and only if u satisfies the variational equation

1
)\/QWVu-Vsdx—i—/Q(u—f)sdx:O Vs e S)A), (5.25)

where

1
aVb:=max(a,b) = §(a+b+|a—b|). (5.26)

PROOF. First, we observe that E{ .(u) is Gateaux differentiable with directional deriva-
tives at any point u € SY(A}) given by

1
Ef _ _ . — 9 . 2
(dEy (u), s) _)\/Qe\/\Vulvu Vsda:+/9(u flsde Vs e S;(Ay) (5.27)

Therefore, u is a minimizer of Ej\te(u) in SY(A},) if and only if dE{’E(u) =0, i.e (5.25)
holds. U
The following result holds and is at the core of the relaxation algorithm that we will

propose for computing a numerical approximation of s¢ (f).

LEMMA 5.14. The family of functionals Efg(u) converges uniformly in S(Ay) to Ef\c(u)

2
as € \, 0. Moreover, we have s}(f, €) % st(f).

PROOF. Let ® be the continuous function defined by ®(x) = |z|. It is easy to show that

sup | (z) — ®(z)| <e.

z€R a
Therefore, for any u € S(A},) we have the estimate

B o (u) = B{ (u)| < A/Q |Pc([Vul) = @(|Vul)| dz < AlQ2e,

and it follows that Eig converges uniformly in SY(Ay) to FY.
Next, we note that Theorem 2.28 remains true on S9(A},). Therefore, rewriting equa-

tion (2.33) in SY(A},) for s¢(f), we obtain
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Isi,(f,€) = s (72 < 2(EL(s3(f,€) = EX(s3(£))
< 2(B{ (s3(f, €)= B (s (f, ) +2(EL (i (f, €)= B (53 ()

< 2A|Q|€+f3§,€(8ﬁ(f> €)) = B (sh (/) +ES (s() — EX(si(f))

J/

~

<0

< 4Nl
Thus, [|s$(f,€) — st (f)llz2@) < 24/A|Qe, and it follows that sf.(f,€) converges to s (f)
in L?(Q) as € goes to 0. O

We now develop an algorithm for computing approximations of the minimizer s¢( f, €)

and study its convergence.

ALGORITHM 5.15. Start from any bounded nonnegative function v° € SY(A,) and let

1
u"t = arg min)\/ V" | Vul? dz + —/ lu— fl*dz ¥n >0, (5.28a)
wesy(a,)  Jo 2 Ja
"t = arg min/ v|Vu" 2 + lalx = ;1 (5.28b)
0<v<l/e JQ v eV |Vun+ |

A standard argument using Lax-Milgram Theorem (see [27, Corollary 5.8 p. 140])

shows that u™"! is characterized by the variational equation
2ALU”VU"+1 -Vsdx + /Q(u’”rl — f)sdz =0, Vs SHA). (5.29)
The existence and uniqueness of ©" ! follows by observing that the bilinear form
an(u,v) = /QZAU”VU Vv + uvdz

is continuous — thanks to Theorem 5.7— and coercive on S9(Ay,) x SI(Aj) with respect to
the L?-norm. Consequently, the equation (5.29) has a unique solution.
We fix € > 0 and for the sake of notation conciseness, consider the functional £ defined

by

E(u,v) = / Av|Vul? + %) dx —l—%/ lu — f|* dx. (5.30)
O 0
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It is easy to check that

u"™ = arg min E(u,v") and v"* = arg min E(u", v). (53D

u€SY(Ay) 0<wv<l/e

n+1

LEMMA 5.16. The sequence {u"}, is bounded in H'(Q)) and satisfies
VneN, Vs e S)(An), |Is —u"||f2q) < 2(E(s, ") — E(u",0"™)). (5.32)
In particular, we have

vneN, [u"™ — w72 < 2(B(u",v") — B(u™, "), (5.33)

PROOF. First, we observe that in view of Theorem 5.7, proving the boundedness of {u"}
in H'(Q) is equivalent to proving its boundedness in L*(€2). Let n € N be given. Then by

definition of u", we have

Bl o) < 5O = 5l + [ e < g1+ 2L
QU 2 €
Consequently, we get |[u™ — f||? < | fIPagey + 29 and deduce by the triangle in-
q Y, we g 2(Q) = 12(9) s y g
equality that
2|1

ooy < 20 sy + yf 2
We now show that [|u" — s[|72) < 2(E(s,v""") — E(u",v"1)). In fact, for any
s € SY(Ay), we have
Bs."™) = B o) = [ W (0 = 1Va )+ 505 = 1F = = ) da
_ /Q)\v"_l|V(s — )P gls — P do

22"V - V(s — u) + (u" — f)(s — u")dax
0

J/

—0by (5.29)
1
= / MV (s —u™) P + =|s — u" > dz
0 2

1
> §||s - u”||%z(m since v~ > 0.
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In particular, for any n € N,

[t = u gy < 2B, 0") — B, o)

=2(E(u",v") — E(u"“, U"+1)) +2 (E(u"“, v”“) — E(u”“, V"))

(.

~
<0by (5.31)

Thus, the sequence { F'(u",v™)}, is monotone nonincreasing and [[u" — u"*!(| 2y — 0.
U

We are now ready to prove the convergence of the sequence {u"}, to the minimizer

si(fie)-

THEOREM 5.17. The sequence {u,}, constructed in Algorithm 5.15 converges in L*(Q)

to the minimizer Sﬁ(f, €) OfE£,6<U)~

PROOF. In view of Proposition 5.13, it suffices to show that any cluster point u of the
sequence {u"}, with respect to the L?-norm satisfies the Euler-Lagrange equation (5.25).
To begin, we note that the sequence {u"}, has at least one cluster point as a bounded
sequence in a finite dimensional normed vector space.
Let u be any cluster point of {u"}, in L?(Q2) and {u"*}, a subsequence such that
L2(Q) L?(Q)

u™ — u. Since [|[u™ Tt — w2 — 0, it follows that u"**! —— u as well. By

Markov inequality — Theorem 5.7 — we also have

HY(Q) HY(Q)
u™ — g and u™ T Sy
k—o00 k—ro0

Therefore, by Lebesgue dominated convergence theorem, we get

1 1 2 1 1 1

ng

v Vurs| € koo [Vul € eV |Vaul

Next, we establish that u satisfies the variational equation

1
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Indeed by definition of v+, for any s € SY(A},), there holds

2/\/ V" Vs - Vu"t dr + /(u"‘“Jrl — f)sdx =0, VkeN. (5.35)
Q Q
Since Vu™*! converges strongly to Vu in L*(Q2) x L*(2) and v"*Vs converges strongly
to L, it follows that

eV |Vu|

/ V™*Vs - Vu™* doe — Vu-Vsdras k — oo. (5.36)
Q

Similarly, as u™**1 converges strongly to u in L*({2), we infer that

/(u"‘“Jrl — f)sdx — /(u — f)sdxas k — oco. (5.37)
Q Q

On passing to the limit as £ — oo in (5.35) and taking into account (5.36) and (5.37),

we obtain (5.34) and the proof is complete. U

REMARK 5.18. A similar relaxation functional was used in [35] to derive a minimizing se-
quence of the ROF functional in the Hilbert space H'(2). More specifically, these authors

used the following C'! function to obtain a relaxation of the ROF model

;U—E if |[x| <e
1
Ve (r) = |I|—E ife <|z|] < -
2 €
e , 11
- e flel > =
\233 2(6 e) if |z -

The algorithm that we studied above is a minor modification of the one they proposed
for constructing a minimizing sequence of the ROF model in the Hilbert space H*(2). The

difference is the way we update v"™. Their update is given by

" = arg min E(u", v).

e<v<l/e
This choice is made so as to guarantee that £(u,v") used in defining u™! is the energy

functional associated to a continuous and coercive bilinear functional on H'((2).
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In our case, since we are working on a finite dimensional space, relaxing the lower
bound on v does not pause any problem and we get a continuous (thanks to Markov In-
equality) and coercive bilinear functional on the spline space SY(A},) with respect to the

L?-norm.

5.4 IMPLEMENTATION OF THE ALGORITHM

In this section, we explain how to compute the sequence w,, in Algorithm 5.15. We
exploit the B-form representation of bivariate splines and solve the following constrained

variant of (5.29):

Find u"*' € 8}(A},) such that for any v € S; ' (Ay,)

QA/U”Vu"H-Vudx—i—/u"“vdx—/fvdx.
Q Q Q

Clearly, any solution of (5.38) is a solution of (5.29).

(5.38)

Let Q, be the orthogonal projection operator from L?(£2) on the spline space SY(Ay).
Then, it is easy to see that the constrained variational system (5.38) is equivalent to
Find " € SY(A}) such that forany T € Ay andany i + j + k = d,
(5.39)
2\ /T Quir (0" Ve - VBT di + /T u Bl dr = /T Qu(f) Bl da.
The latter variational problem is more amenable to computation on a computer as all the

data are now in spline spaces, and the integrals are easily computed using Theorem 5.4.

REMARK 5.19. Although, the computation of the operator Q, on a typical L? function is
hard, in practice when we deal with digital images, we use a (penalized) least-square fit to

evaluate Q,(f) based on the pixel values of the image.

We now derive the linear system associated with the variational problem (5.39) and
discuss the existence of a solution as well as an iterative algorithm for computing it. Let

E be the number of interior edges of A, and N the number of triangles in A,. First, we
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recall that there exists a matrix A, of dimension F(d + 1) X (d;2) N such that

Apc™t =0, (5.40)

d+2

where ¢"™! is a length (“}

)N vector representing the B-net of u" !,
Next, given a listing {7}, T5, ..., Ty} of the triangles in A;, we write ¢"™! in block

form as follows

n+1 (Cn—i—l,l

c — Cn+1,2

yoo,C

9

where for each i = 1,2,..., N, ¢"" are the coefficients of u"*!|7, in the B-basis of P,
ie

un+1

_ TL+1,i Tz,d
T, = § Cire Bjke .
jtk+l=d

Furthermore, for the triangle 7; and using the lexicographical ordering of the index set

{j+k+(=d,0<j<k</{<d}, we define the local stiffness, S™* by

j d+ 2
SZZ(A)Z/ Qoa—2(2X")VBI - VB[ du, 1§p,q§( J2r ) (5.41)
T;

the local mass matrix M* by

. d+2
M, = / BBl dx, 1gp,q§( ; ) (5.42)

k3

and the local load vector F* by

5 d+2
Fj = /T Qu(f)Bydx, 1<p< ( ) ) (5.43)
LEMMA 5.20. For each i = 1,2,..., N, the local stiffness matrix S™'(\) is symmetric

nonnegative definite, while the local mass matrix M is symmetric positive definite. Conse-

quently, the matrix S™'(\) + M* is symmetric positive definite.

d+2

PROOF. Indeed, for any ¢ € R” with D = (]

CTS"’i()\)c:/ 2\vy |Vp|?dz and cTMiCZ/ p|*dz,

T;

), we have
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where p is the polynomial with coefficients ¢ in the Bernstein-Bezier basis of P; with
respect to T;. Thus, S™()\) is clearly nonnegative definite, and M" is positive definite.
Both matrices are symmetric by construction, and the matrix S™¢()) inherits its properties
from S™*(\) and M". O

Consequently, the variational equation (5.39) is equivalent to the linear system

S™EN) + M 0 . 0 L F!
. cth
0 SWEN\) +M? 0 : o F?
. cth .
0 0 ‘ = |, G4
0 e 0 S"N(A)+ MN ' FY
cn—l—LN
A} A2 . AY 0

where we have written the continuity matrix A, in block form according to the listing
{T1, T3, ..., Tx} of the triangles in A,. Since, we know that the variational equation (5.38)
has a unique solution, the system of equations (5.44) must be consistent. Also by Lemma
5.20, the coefficient matrix of the above overdetermined system has full rank. Therefore,
there is a unique solution which can be recovered using the best linear system solver that
may be found or developed. However, this approach poses some practical issues, such as
the supplementary storage required to assemble the system’s coefficient matrix.
Alternatively, we may use Lax-Milgram Theorem [27, Corollary 5.8, p. 140] to see that
the variational equation (5.38) is equivalent to the constrained minimization problem
Minimize L c'(S"(\) +M)c— F'c
2 (5.45)

subject to: Agec = 0,

where S™(\) is the block diagonal matrix

S\ 0 .. 0
: 0 S™(\) 0
S ()\) = )
0 0
0 0 S™N(\)
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with M and F' given by

MY 0 0 F!
0 M2 0 F?
M = . F = ,
0 . 0
0 0 MV FY

and Aj has full rank. The full rank assumption on Ag is equivalent to saying that A,
enforces a minimal set of conditions for continuity across the edges of the triangulation.
Let ¢* be a solution of the constrained minimization (5.45). Then, there exists a vector

of Lagrange multipliers p* such that the pair (c*, p*) solves the saddle point system

St +M AL [ e F
= . (5.46)
AO 0 22 0

Moreover, since S™(\) + M is positive definite and Ay has full row rank, the pair (c*, p*)
is the unique solution of the saddle point system (5.46). We now summarize the spline

algorithm

ALGORITHM 5.21. Given a function f € L*(QQ), choose a triangulation Ay, of ), the
degree d of the spline, and the flat region parameter ¢ > 0. Let c® be the B-net of a

nonnegative constant function defined on ().

1. Assemble the smoothness matrix Ay, the total variation matrix S°(\) and the mass

matrix M, compute the orthogonal projection Q4(f), and the load vector F'.
2. For any n > 0, compute the B-net ¢! by solving the saddle point system (5.46).

3. Compute the orthogonal projection Qaq_»(1/eV |Vu™*1|), where u™* is the spline

with B-net ¢"', and update the total variation matrix S™**(\).

4. Until a stopping criterion is met, increment n. <— n + 1 and go to step 2.
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The storage cost for using a direct solver to solve the above saddle point system (5.46)
quickly become prohibitive as the degree of the spline function is increased, and an iterative
method with low storage cost is desirable. One such method is the method of multipliers
[24] which can be described as follows.

Let v > 0 be fixed and consider the augmented Lagrangian functional

1
Lle,w) =5 e (S"(N) + M)e = Fle+ p" e + %HAOCHQ (5.47)

Given an approximation ;. of the vector of multipliers p*, we compute an approximation
c+1 of the solution ¢* as the minimizer of the functional £;(¢) = L(e, p;,) and update
the multipliers’ estimate according to the rule ;| = ;. + p Apcp41. Thus, we obtain the

following iterative algorithm.

ALGORITHM 5.22 (Method of Multipliers). Choose v > 0 and p > 0. Pick an initial

vector of multipliers p,. For each k = 0,1,2,.... Solve the linear system
(S™(A) + M + yAT Ag)crp1 = F — Aj puy, (5.48)
and update the multiplier by the rule
Hiy1 = My + pAoCrir- (5.49)

The method of multipliers algorithm above is a special case of the augmented La-
grangian algorithm studied in [18]. Consequently, since S™(\) + M is symmetric positive
definite, the sequence c;, converges to the solution ¢* provided that 2y — p > 0 [18, Theo-
rem 4, p.128]. Moreover, if A is of full rank, then under the same condition, the sequence
of Lagrange multipliers p; also converges to p* [40, Theorem 9.4-1, p. 362]. In practice
when using the method of multipliers algorithm, care should be taken not to choose p so

large as to make the matrix S™(\) + M + yAZ Ay ill conditioned.
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5.5 NUMERICAL EXPERIMENTS

In this section, we report the results of some numerical experiments done using the
algorithm described above for denoising digital images. It is well known (some of these
observations have been confirmed by theory) that the ROF model : (1) is excellent on
piecewise constant images up to a reduction in contrast; (2) finite difference algorithms are
vulnerable to the staircase effect, whereby smooth regions are recovered decomposed into
piecewise constant subregions; (3) is ineffective at discriminating textures and noise. Two
examples illustrating the issues raised above are provided, using both the finite difference
and spline methods. However, we will see that the staircase effect is tamed by the spline

algorithm method.

The semidiscrete spline model and algorithm. The algorithm described in the previous
section assumes that the data f is a function on a continuum domain, however, digital
images are merely samples of such function, the size of which may not be sufficient to
estimate the orthogonal projection Qg4( f). Therefore, we solve the following variant of the
model (5.45).

For a digital image f of size m x n, we identify f to the piecewise constant function,

f.defined on Q = (1/2, m +1/2) x (1/2, n+ 1/2) by

flx)=f; w€(—1/2,j+1/2) x (i—1/2,i+1/2),

forany 1 < i < mand1 < j < m. Let a triangulation {77, 75, ..., Ty} of Q be fixed,
we compute the spline approximation using Algorithm 5.21 with a minor twist to step 2.

Instead of solving the saddle point system (5.46), we solve the following system

S"(\)+0To Al| [ e or
(A) 0 _|oF | (5.50)
AO 0 jv’ 0

where f is the column vector representing the image f, and O is a N x N block diagonal

d+2

observation matrix. The 7—th block of O, O; with dimensions n; x ( 5

), is such that
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T,d

each row is obtained by evaluating the B-basis functions, szk ,

N
falls within triangle 7'. Moreover, we must have Z n; = nm, so that O has dimensions
=1

at a pixel location that

nm X N (df).

How do we obtain the triangulation? We compute a mesh of the domain (2 using the
mesh generating MATLAB function distmesh developed by Persson and Strang [66]. The
distmesh function aims at generating a triangulation with maximum smallest angle; thus,

produces meshes in which most triangles are close to being equilateral.

Example 1: piecewise constant image. In this test, we use the ROF model to clean up real-
ization of a Gaussian noise added to the a binary image made of five geometric shapes. For
comparison purposes, we ran the spline algorithm 5.21 and the finite difference alternating
projected gradient algorithm 4.15. We used 7 = 1/8 for the finite difference algorithm. For
the spline algorithm, we computed a continuous cubic spline with ¢ = 1/4. In both cases,
we use A = 1/8. The spline algorithm is less capable to accurately resolve the edges than
the finite difference alternating projected gradient algorithm, as seen by comparing panel
(D) and panel (F) in Figure 5.3. The performance of the spline algorithm may be improved
by choosing a triangulation that is adapted to the edges in the image. However, generating
such triangulations augment the computational cost of the algorithm as we would have to

identify the edges in a preprocessing step.

Example 2: Piecewise smooth image. 'We now show the performance of the spline algo-
rithm on a natural image with minor textures. The parameters for this test are A = 1/8,
e = 1/20, and 7 = 1/8. Both the projected gradient algorithm and the spline method effec-
tively reduce the noise. The finite difference method produces shaper edges than the spline
method, see panel (D) and panel (F) in Figure 5.5. However, the finite difference method
results in an image with more blocky regions than the one recovered by the spline method,

see panel (B) and panel (C) in Figure 5.4.
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(A)

® © B

FIGURE 5.3: (A) The original cartoon image overlayed with a triangulation made of 562 triangles
and 316 vertices. (B) The noised image obtained by adding a white noise with o = 25 to the cartoon
image. (C) The image recovered with the projected gradient algorithm. (D) The difference between
the noised and recovered images. (E) The image recovered by fitting a continuous cubic spline over

the triangulation in image (A). (F) The difference between the spline and noised images.

(B) (©)

FIGURE 5.4: The spline method is less vulnerable to the staircase effect. (A) Portion of the noised
image in Figure 5.3(B). (B) The same portion from the image recovered using the projected gradient

algorithm. (C) The same portion form the image recovered with the spline method.
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(E)

(B) (D) (F)

FIGURE 5.5: (A) The clean portrait of a toddler. (B) The noised image obtained by adding a
white noise with o = 25 to the image in (A). (C) The image recovered with the projected gradient
algorithm. (D) The difference between the noised and recovered images. (E) The image recovered
by fitting a continuous cubic spline over a mesh made of 1271 triangles and 688 vertices. (F) The

residual image of the spline fitting algorithm.
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A

EXTENSION OF BOUNDED VARIATION FUNCTIONS

In this chapter, we cover the construction of an extension operator over the space
BV (Q). Our exposition follows the monographs [46] and [8]. In the sequel, 2 will de-

note a bounded domain of R?, unless otherwise noted. We define the sets

S={x=(r1,19): —1<x1,29 <1},
Sy ={zr=(x1,22) € 5: 0 < x5 < 1},
SOZ{I:(CI)l,O)Z —1<£L'1<1}

By(z) = {y € R?: |y — x| < p}.

An essential tool in the definition of the trace of a function of bounded variation is the

Lebesgue theorem.

THEOREM A.1 (Lebesgue). If u € L'(R?), then for almost all v € R*
lim—2/ |f(2) — f(z)|dt = 0. (A.1)
By ()

The following special properties of finite Radon measure is central in the construction

of the trace operator; a proof is found in [46].

LEMMA A.2 ([46]). Suppose that Q) is an open domain on R? that lies on one side of its

boundary. Suppose that y is a finite Radon measure on Q) C R2. Then, for H1-almost every

x € 0f2
1o HBy(x) N Q)
p—0 p

= 0. (A.2)
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A.1 EXTENSION BY REFLECTION

We first study the case of a rectangular domain showing that we can define an extension
operator through reflection across the sides of the domain. We begin with an important
lemma defining the trace on one side of the rectangle and extending the extension of the
Gauss-Green Theorem to functions of bounded variation. We note that it is not always
possible to define the trace of a function of bounded variation on the boundary of §2. In
fact, like with Sobolev spaces, the trace operator is closely linked to the geometry of the

domain §).

LEMMA A.3. Suppose that u € BV (S,). Then there exists a function u™ € L'(—1,1)

such that for H,—almost every x € (—1,1)

lim = / lu(z) — 't (2)]dz = 0, (A3)
5 (x)

p—0 p

where Sf(x) = (x — p,z + p) x (0, p). Furthermore, for every g € C;(S,R?)

1
/ udiv(g)dr = —/ (Du, g) —|—/ utg - vdH', (A.4)
Sy sy -1

where v = (0, —1), and H' is the 1-dimensional Hausdorff measure on R.

PROOF. The proof is done in two steps. First suppose that u € C*>°(Q2) N BV (2), and for

¢ > 0 define u, : (—1,1) — R by

uc(y) = u(y, e). (A.5)

We have for any p € (0,1] and forevery 0 < € < e < p

/| — ug|dH <// dx<// V| dz. (A6)

Letting ¢ — 0 in the above inequality with p = 1 shows that u, is Cauchy in L'(—1,1);

hence converges to u™ € L*(—1,1). On the other hand by Gauss-Green theorem, we have
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for any g € C(S,R?)

1l 1l 1
/ / udiv(g)dr = —/ / Vu - gdx + / ucg, - vdH,. (A.7)
—1Je —1Je -1

Letting e — 0 in the latter identity yields (A.4) at once for any smooth u. To obtain (A.3)

we notice that for any x € (—1,1) and any 0 < p < min(1 — =, 1 + x), we have

/s+ lu(z) —ut(x )|dz_/pd17/ u(z +n,) — u*(2)|dt

p(z)
/dn/ u(z +n,t) —u" (2 +n)|di+
+p/ (4 ) — u* () dn.
—p

Now we infer from (A.6) and Fubini Theorem that

p p
/ dn/ |u(z +n,t) —u™(z +n)|dt §p/ |Vuldz.
—p 0 Sy ()

Thus

1 1 [°
—/ —ut(x)|dz < —/ |Vuldz + —/ lut(z +n) —ut(z)|dn.
() P Sy (x) PJ-p

But by Lemma A.2, we have for #,-almost every = € (—1, 1)
1
lim — |Vul|dz =0
0P s (@)
and so by Lebesgue’s Theorem applied to u™ € L'(—1,1), we obtain inequality (A.3)
when u is smooth.
For v € BV(Q), let u,, € C*(Q) N BV(Q2) be such that w, L@, and
/ |Vu,|dx — |Du|(2). Then, from (A.3), we easily get that for 7{;-almost every = € 02
Q
.1 n
lim — lu(z) —u' (x)|dz =0, ¥Yn e N.
AN AEAO
So all the traces u; are equal and defining u™ = w,", we obtain (A.3) at once from the

above inequality. Finally, writing the Gauss-Green identity (A.4) for each u,,, then taking

the limit as n — oo yields (A.4) for v and the proof is complete. U
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We have the following result showing that one can extend a BV function u over a
rectangular domain by reflection across one side of the domain without making that side

into a singular curve for w.

LEMMA A4. Thelinearmap R : BV (Sy) — BV(S) defined by Ru(x1, x2) = u(xy, |2|)

is bounded and satisfies
|DRu| ((—=1,1) x (=r,r)) <2|Du| ((—=1,1) x (0,7)) ¥Vr € (0,1]. (A.8)
In particular, we have

|DRu|(S,) = 0. (A.9)

PROOF. Let u € BV (S, ) be fixed. The restriction of Ru to S\ S belongs to BV (S\ S,)
and its trace on .Sy is equal to the trace of v on Sy. Consequently, by Gauss-Green theorem

we have

[ Ruditgrie =~ [ (Dug) - [ (Du.g). vgeCUSE)
S Sy S

where

g(x1,72) = (g1 (71, —22), —g2(21, —T2)).
On taking the supremum over all g such that |g(x)| < 1,Vz € S, we get that Ru € BV (S)
and J(R(u)) < 2J(u). In fact, we have

J(R(u)) = 2J(u), (A.10)

since it is easy to check that J(R(u)) > 2J(u).
A similar argument with g € C!((—1,1) x (—r,r),R?) yields (A.8) and the proof
is complete. On taking the limit as r goes to 0 in inequality (A.8) above, we see that

|DRul(Sy) = 0. O
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A.2 GENERALIZATION TO LIPSCHITZ DOMAINS

In this section, we construct an extension operator of the space BV (2) into the space

BV (R?) when  is a Lipschitz domain. We begin with the definition of a Lipschitz domain.

DEFINITION A.5. We say that an open set € is Lipschitz continuous if for every z € 0f) =:
I there exist a rectangular neighborhood R of z in R? and a bijective map H : S — R such

that

(L1) H and H~! are Lipschitz continuous, and H ~' maps negligible sets to negligible

sets;
(L2) H(Sy) =QNR;
(L3) H(Sy) = RNT.

The map H is called a local chart.

We will need the following result on the right-composition of a BV function with an

invertible Lipschitz function satisfying property (L1) in Definition A.5.

LEMMA A.6. Let Q) be a bounded domain in R? and ¢ : Q — ) be a Lipschitz invertible
map satisfying property (L1). Then the mapping #.,: u — wo ™ is a bounded linear map
between the spaces BV (2) and BV (') and

J(#,4u) < Lip(p)J(u), Vu € BV(), (A1)

where Lip(y) is the Lipschitz constant of ¢. Furthermore #., maps W(Q) in WhH(QY)

and
V(#,u)(y) = Vule ™ (v) [Vl (v)] " forae ye . (A.12)

PROOF. See the proofs of Theorem 3.16 and Corollary 3.19 in [8, pp. 127-130]. U
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We will also need the following standard result.

LEMMA A.7 (Partittion of unity). Suppose ) is bounded and let {U;: i = 1,2,...,n} be

an open cover on its boundary 0S). Then there exist a family of smooth function {0;,i =

0,1,...,n} C C=(R?) such that

(@) > O;=1onR’and0<6; <1 Vi=0,1,...,n

=0

In our study of the approximation of the image denoising problem, we needed to extend
the solution in BV () to a function in BV (R?). We will see below that in the specific
case of Lipschitz domains, we can construct an extension operator that coincide with the

standard extension of WP(Q) to W1?(R?) for any p € [1, o0].

THEOREM A.8. Suppose that () is bounded Lipschitz domain. Then there exists a linear

and continuous extension operator T : BV () — BV (R?) such that
(a) |DTu|(T") = 0 for any u € BV (Q);

(b) the restriction of T to W1(Q) is a bounded linear operator into W (R?).

PROOF. Since I' := 0f2 is compact and Lipschitz continuous, there exists an rectangular
open cover {R;,i = 1,2...,n} and bijective Lipschitz maps ¢;: S — R; such that the
properties (L1), (L2) and (L3) hold for each 1 < ¢ < n. Let {6;}1<;<, the a partition of

unity subordinate to the open cover { R;}1<;<,,. Given u € BV (Q2), we write

n n
U= E O;u = E u;, with u; = 6;u.
i=0 i=0

We observe that forany i = 1,2,...,n,u; € BV(R;NQ), and uy € BV (2) with compact

support. Now, we extend each u; to R?, distinguishing between ug and u;, 1 < i < n.
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Extension of uy.  Since ug has compact support in {2 a natural extension is the zero exten-
sion defined by
up(z) itz € Q,

uo(z) =

0 if v ¢ Q.

Given g € C}(R?,R?), we have

/ ug div(g)dz = —/udiV(Qog)d«T—i‘/UV(eO) -gdx
R2 Q

Q

so that on taking the supremum on all g with |||g|||ec := sup,ecge |g(2)] < 1, we obtain
J (o) < C(o)llullsy with C(6o) = [6o]loc + [V (00)] oo,

and it follows that ||ug|| gy < C||u||pv. Moreover the support of wy is relatively compact

in Q.

Extension of u;, i = 1,2,... k. Let v; be the restriction of u to R; N €2 transfered to S
via the local chart ¢;, i.e. v;(y) = uo ¢(y) fory € S;. By Lemma A.6 v; € BV (S, ), and
Lemma A.4 guarantees that Rv; € BV (S) and |[DRv;|(Sy) = 0. We know from Lemma

A.6 that w; = #,, Rv; belongs to BV (R;) and u; = u on R; N 2. Now, define

0;(v)w;(x), ifxe Ry,

U; =

0 ifz ¢ R,

so that w; € BV (R?) and ||@;|| gy < C||u|| gy where C; depends only on 6; and ¢;. More-

over, the support of #; is relatively compact in I?; and we have

D] (99) = 0.

The operator T'.  The extension operator is then defined by T'u = Z u; and possesses all
i=0
the desired properties by construction. 0
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