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Many data sets in the sciences (broadly defined) deal with multiple sets of multivariate time
series. The case of a single univariate time series is very well developed in the literature;
and single multivariate series though less well studied have also been developed (under
the rubric of vector time series). A class of matrix time series models is introduced for
dealing with the situation where there are multiple sets of multivariate time series data.
Explicit expressions for a matrix autoregressive model of order one and of order p along
with its cross-autocorrelation functions are derived. This includes obtaining the infinite
order moving average analogues of these matrix time series. Stationarity conditions are also
provided. Parameters of the proposed matrix time series model are estimated by ordinary

and generalized least squares method, and maximum likelihood estimation method.
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Chapter 1

Introduction

Time series processes are ubiquitous, arising in a variety of fields, across all scientific disci-
plines including econometrics, finance, business, psychology, biometrics, ecology, meteorol-
ogy, astronomy, engineering, genetics, physics, medicine, biology, social science, and the like.
In this work, the focus is on data sets which consist of multiple sets of multivariate time
series, where the number of sets is S > 1, the number of variables is K > 1, and the number
of time points is V.

Like many other statistical procedures, time series analysis has been classified into uni-
variate, multiple and multivariate time series analysis. Models started with univariate au-
toregressive moving average (ARMA) processes and thereafter extended to multiple and
multivariate time series. However, in the time series literature, multivariate time series
analysis come under the heading of vector-variate time series and is called vector autore-
gressive moving average (VARMA) processes. In this work, we will extend the theory and
methodology of VARMA time series models to matrix-variate time series. That is, matrix
autoregressive time series models (MAR) are proposed for the first time in this study.

Matrix variate time series can be found in a variety of fields such as economics, business,
ecology, psychology, meteorology, biology, fMRI, etc. For example, in a macroeconomics

setting, we may be interested in a study of simultaneous behavior over time of employment



statistics for different US states across different industrial sectors (Wang and West, 2009).
Therefore, consider the data of Employment Statistics for eight US states, which is explored

across nine industrial sectors at time ¢ as follows

construction manufacturing ... business services

New Jersey [ Y11¢ Y12t e Y19t ]
New York Y21t Yoot Y29t
Massachusetts Y31t Y301 o Y30t
Georgia Y41t Ya2t Yaot
North Carolina Ys1t Ysot o Ysot
Virginia Ye1t Ye2t ce Yoot
Illinois Y71t Yrat o Y7ot

Ohio i Ysit Ysat e Ysot ]

where y;j; is the Employment Statistics at time ¢ from industrial sector j in state i.

As an another example, in an fMRI study, the blood oxygenation level is measured at
different brain locations (voxels) associated with different types of stimuli (Antognini et al.,
1997). Therefore, consider an fMRI data set of the blood oxygenation level at seven brain

locations for three types of stimuli (shock, heat, brush) at time ¢, viz.,

Locationl Location2 ... Location?
Shock Y11t Y12t e Y17t
Heat Yo1u Yoot Yot
Brush Y31t Y3t e Yare

where y;j; is the blood oxygenation level at time ¢ from stimuli ¢ at location j of the brain.
In both of the two examples given above, at each time ¢, the data set has two components.

In the first example, for each given industrial sector (say, “construction”), we have a vector



time series, where the variables of the vector time series are US states. On the other hand,
we have nine (number of industrial sectors) vector time series with dimension eight (number
of states). Obviously, there are some kinds of dependencies between these vector time series
(industrial sectors). Also, in the second example, for each brain location (voxel), we have
a vector time series of dimension three (types of stimuli). Clearly, there are dependencies
between the voxels (vector time series). Therefore, it turns out to be a matrix time series
data by considering all dependent vector time series simultaneously over time.

Wang and West (2009) considered a matrix normal distribution for both observational
and evolution errors of a dynamic linear model of a matrix-variate time series data to fit
and explore dynamic graphical models. We will extend fundamental concepts and results
for vector time series analysis to matrix time series. New problems and challenges arise in
the theory and application due to the greater difficulty and complexity of model dimensions,
and due to the parametrization in the matrix situation.

A comprehensive literature review of time series analysis is provided in chapter 2. This
review introduces time series data and the class of autoregressive moving average (ARMA)
models for analyzing time series data. This literature review follows a chronological order
of the development of ARMA models for univariate and then for vector time series data.
Furthermore, after introducing matrix-variate processes, the existing tools and works to
analyze matrix time series data are given. Chapter 2 will finish by introducing and defining
the matrix variate normal distribution.

One of the advantages of the matrix variate normal distribution, besides the most de-
sirable aspect of being able to estimate within and between time series variations, is that
it gives parameters-wise parsimonious models. Because of the Kronecker product structure,
the number of parameters to be estimated decreases quickly by increasing the dimension
of the matrix. This is so because when Y, is a matrix time series of dimension K x S,
the number of variance-covariance parameters that is needed to be estimated while using

the multivariate (vector) normal distribution, is KS(KS + 1)/2. However, this number of



parameters decreases to K(K +1)/2+ S(S +1)/2 by applying matrix normal distributions.

In chapter 3, we introduce a model for matrix time series and develop some theory for
this class of models. In particular, we model the matrix time series to obtain expectations
for the variance-covariances; see section 3.2. Then, after introducing matrix autoregressive
series of order one in section 3.3, we consider and describe stationary matrix processes in
general in section 3.4. In section 3.5, we propose and derive the corresponding matrix mov-
ing average representation process of order infinity for the matrix autoregressive series of
order one defined in section 3.3. Then, in section 3.6, we derive the autocovariance and
autocorrelation functions of the matrix autoregressive models of order one and its marginal
vectors. In section 3.7, we introduce the matrix autoregressive time series of order p, and
find its corresponding matrix moving average representation, and hence we derive the auto-
covariance and autocorrelation functions of the matrix autoregressive model of order p. In
section 3.8, we study the matrix autoregressive processes with nonzero mean, and we find
the intercept of such series by deriving its moving average representation. Finally, in section
3.9, we derive the Yule-Walker Equations for MAR processes.

In chapter 4, we estimate the parameters of the matrix autoregressive processes of order
p (MAR(p)), proposed in chapter 3, based on a sample of matrix observations. This chapter
will start with some preliminary material and basic results in section 4.2 that will be used
in the rest of the chapter. We estimate the parameters of the matrix time series based on
two main estimation methods, namely, least squares estimation, and maximum likelihood
estimation in sections 4.3 and 4.4, respectively. In the least squares estimation method, we
consider both ordinary least squares (OLS) estimation, and generalized least squares (GLS)
estimation in sections 4.3.2 and 4.3.3, respectively, for the MAR(1) process. In section 4.3.4,
the least squares estimators of parameters of the mean adjusted MAR(1) model will be de-
rived. Finally, in section 4.4, we will use the maximum likelihood method to estimate the

parameters of the MAR(p) model.



Eventually, in chapter 5, numerical and simulation studies are conducted to compare
different matrix autoregressive of order one (MAR(1)) models when they have different
coefficient matrices. In fact, like univariate and vector time series, the structure of the
autocorrelation functions of MAR models is dependent on the configuration of the coefficient
matrices.

The final chapter outlines some proposals for future work.



Chapter 2

Literature Review

2.1 Introduction

A time series is a sequence of observations measured at successive times or over consecutive
periods of times. Unlike observations of a random sample, observations of a time series
are statistically dependent. That is, an inherent feature of a time series is that, usually,
the adjacent observations are not independent. There is a considerable practical interest in
analyzing and determining the pattern of dependencies among observations of a time series.
Time series analysis is concerned with probabilistic and statistical methods for analyzing the
dependence among observations and making inferences based on sequential data. There are
three main goals of time series analysis: identifying patterns for characterization, modeling
the pattern of the process, and forecasting future values. This leads to development of an-
alytical methods of stochastic processes for analyzing and predicting dependent data. Time
series processes are ubiquitous in stochastic phenomenon, arising in a variety of fields, in-
cluding econometrics, finance, business, biometrics, biology, ecology, meteorology, medicine,
astronomy, engineering, genetics, physics, fMRI, social science, etc.

Let y; be a stochastic process, where the index ¢ takes integer values. In this case, y;

is a random variable at time ¢, and a time series, in fact, is a random sample from such a



process. In general, for a given time series y; the object of interest is given by

yt:f<yt—17yt—27"')+€t7 t = 1,2,...,N, (21)

where f(.) is a suitable function of past observations, and &, are independent, identically
distributed (i.i.d.) errors with mean zero and finite variance o2, which is called white noise.

Determination of the function f(.) is a major task in time series analysis. In most appli-
cations, f(.) has been considered as a linear function of past observations. The autoregressive
integrated moving average (ARIM A) models are the best examples and the most commonly
used of these kind of linear functions.

Because of convenient mathematical properties of linear functions and because they are
relatively easy to use in applications, the classic ARIM A models are the most popular
models for analyzing time series data. These models have used the information criteria
for lag selection since 1990s. Autoregressive (AR) models were introduced by Yule (1927),
moving average (M A) models proposed by Walker (1931) and Slutsky (1937), then AR and
M A type models were combined into the mixed autoregressive moving average (ARM A)
models. Later on, Box and Jenkins (1970) extended the ARM A models so as to be suitable
for particular types of nonstationary time series, so-called ARIM A process.

Like many other statistical procedures, time series analysis has been classified into uni-
variate, multiple and multivariate time series analysis. Models started with univariate
ARM A processes and thereafter extended to multiple and multivariate time series. However,
in the time series literature, multivariate time series analysis use vector-variate time series
and is frequently called vector autoregressive moving average (VARMA) processes. In this
work, we deal with multiple sets of dependent single multivariate (vector) time series. This
constitutes matrix time series, and we will extend the theory and methodology of VARM A
time series models to matrix-variate time series. That is, matrix autoregressive time series

models (M AR) are proposed for the first time in this study.



2.2 Literature review

Time series analysis started in the early twentieth century with three influential papers by
Yule (1921, 1926, 1927). Yule (1921) considered the time-correlation problem for correlations
between unrelated quantities observed over time. Yule (1926) formulated the correlations
between the time-variables, what he called nonsense-correlations, and he found the rela-
tionship between the serial correlations for the series, r;, and the serial correlations for the
difference series, p;. Yule pioneered the idea of autoregressive series and applied a second
order autoregressive process, AR(2), for modeling Wolfer’s sunspot data (successive annual
sun-spot numbers). That is, he showed that past observations of a variable can explain and
determine its motion in the present (Yule, 1927). Yule’s second order autoregressive process
AR(2) is given by

Ye = @1Yi—1 + Q2Yi—2 + & (2.2)

where y; is the observation at time ¢, a; and ay are the regression coefficients (autocorre-
lations), and ¢; are assumed to be independent random error terms with mean zero and
variance one. Yule’s work was extended to a general pth-order autoregressive, AR(p), by
Walker (1931). In that paper, it was shown that the relation between successive uninter-

rupted terms of the series y; plus a error term & is

Y = Q1Y—1 + Qolr—o + ... F QpYi—p + €. (2.3)

Walker (1931) showed that, for a large enough number of observations, n, there is a similar
equation, but without the random shock &;, between the successive correlation coefficient

(autocorrelations) values of the series terms, 7y, i.e.,

Tk = Q1Tk—1 + Q2Tk—2 + ... + QpTp_p. (2.4)



This equation for £ = 1,2,...,p, gives a set of linear equations that are usually called the
Yule-Walker equations. Slutsky (1937) proposed the moving average (M A) models, and
studied how these models could lead to cyclical processes. That is, a coherent series y; can

be decomposed into a weighted moving summation of incoherent (random) series £; as follows

Y = &t +mig1 + ..+ MgEt—q (25)

where my, ma, ..., my are weights of the random series ¢; at different lags.

Wold (1938) was the first to apply moving average processes to data and proved that
any stationary time series can be decomposed into a moving average of independent random
variables. Moving average models were not usually used because of the difficulty of finding
an appropriate model and a lack of suitable methods for determining, fitting, and assessing
these models. Therefore, to achieve better flexibility in fitting real time series data, moving
average (M A) and autoregressive (AR) processes were merged into autoregressive moving
average (ARM A) processes.

Since then, progress was made in the area of inference for time series models, dealing
with estimating the parameters, properties of the estimators, identification, and assessing
models. Mann and Wald (1943) studied the autoregressive model of Eq (2.3) and derived the
asymptotic theory for ordinary least squares parameter estimation. Champernowne (1948)
proposed a successive approximation of least squares estimates and maximum likelihood esti-
mates for autoregressive models and autoregressive models with regression terms. However,
he did not develop properties of the estimators. Cochrane and Orcutt (1949) introduced
a new method to estimate the regression parameters when the error terms are autocorre-
lated. In fact, this procedure is dealing with the problem of correlated errors in the time
series context. Bartlett (1946) and Moran (1947) developed some asymptotic properties of
estimators.

The foundation of the mathematical and probabilistic formulation and properties of AR,

MA, and ARMA processes can be found in Box and Jenkins (1970, 1976), and Box et



al. (1994, 2008). The ARM A models can be applied just for stationary time series. Box
and Jenkins (1970) used mathematical statistics and probability theory for extending the
ARM A models to include certain types of nonstationary time series, and they proposed
a class of models called autoregressive integrated moving average (ARIM A) models. The
ARMA and ARIM A models are very useful and can be applied to a wide range of time
series data in many fields. They proposed an intelligible readily accomplished three-stage
iterative modeling approach for time series, viz., model identification, parameter estimation,
and model checking. These procedures are now known as the Box-Jenkins approach, and
lead to estimating the parameters p, d, ¢, and other parameters in a suitable ARIM A(p, d, q)
model for a set of data, where p, d, and ¢ are non-negative integer values that refer to the
order of the autoregressive, integrated, and moving average parts of the model, respectively.
Box and Jenkins (1970) also investigated other models such as transfer function noise (T'F)
models, and seasonal autoregressive integrated moving average (SARIM A) models. A good
review of time series analysis is provided by De Gooijer and Hyndman (2006).

More details on the analysis, modeling, and forecasting of time series data can be found
in several well-known books and references including: Box and Jenkins (1970, 1976), Box et
al. (1994, 2008), Brillinger (1975), Priestley (1981), Shumway (1988), Brockwell and Davis
(1991, 2002), Pourahmadi (2001), and Wei (2006).

Multivariate (vector) time series analysis was pioneered during the 1980s. However,
Whittle (1953) had earlier stressed the need to develop methods for multivariate time series
analysis also called multiple series, because the majority of practical problems required an
analysis of a multiple series. He derived least squares estimators for a stationary multivariate
time series, and showed that they are equivalent to those obtained through the maximum
likelihood principle if the variates are assumed to the normally distributed. He also inves-
tigated the asymptotic properties of the parameter estimates. The multivariate (vector)
generalization of the univariate ARIM A model is called a vector ARIMA (VARIMA)

model. Quenouille (1957) was the first to determine the characteristics of vector autore-
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gressive integrated moving average (VARIMA) processes. Parzen (1969) represented the
probability structure of covariance-stationary multiple time series by considering multiple
time series as a series of random vectors. Tunnicliffe Wilson (1973) presented a practical
method for estimating parameters in multivariate stationary ARM A time series models.
His estimator was an asymptotic approximation of the exact maximum likelihood estimator
which was proposed by Osborn (1977). Wallis (1977) proposed the joint estimation and
model selection procedure with a likelihood ratio test for multiple time series models.

During the 1980s and 1990s, multivariate (vector) or multiple time series analysis came
to be pioneered due to the progress and availability of suitable softwares to implement
VARM A models. Tiao and Box (1981) proposed an approach to analyze and model multi-
ple time series, and explained the properties of a class of VARM A models. They extended
the univariate three-stage iterative modeling procedure of the Box and Jenkins’s procedure
to analyze multivariate (vector) time series, i.e., model identification, parameter estimation
and diagnostic checking. Much work has been done on the problems of identifying, esti-
mating, formulating, and explaining different kinds of relationships among several series of
a multivariate time series; e.g., Quenouille (1957), Hannan (1970), Box and Jenkins (1970,
1976), Brillinger (1975), Brockwell and Davis (1991, 2002), Wei (2006), Liitkepohl (1991,
2006), and Box et al. (2008).

In this work, we will study the relationship between a matrix of time series variables
{Yijp:i=12,...,K;j=1,2,...,5}. We can find such matrix-variate processes when we
observe several related vector time series simultaneously over time, rather than observing
just a single time series or several related single time series as is the case in univariate time
series or vector-variate time series, respectively. Therefore, let Y, be a Jh (G =1,2,...,5)

vector variate time series and let Y; denote the matrix variate time series at time ¢ given by

11



Y11t Y12 .- Yi1st

Yo1r Y22t .- Y25t
Y= (Yo Yo . Ya) = | Tl t=12....  (26)

| Yk Yr2e --- YKSt |

Matrix variate time series can be found in a variety of fields such as economics, business,
ecology, psychology, meteorology, biology, fMRI, etc. For example, in a macroeconomics
setting, we may be interested in a study of simultaneous behavior over time of employment
statistics for different US states across different industrial sectors (Wang and West, 2009).
As another example, for linguists it is important to know the lexical structure of a language
rather than isolated words. Specifically, in the Australian Sign Language (Auslan) the num-
ber of variables on a fitted glove, as different “spoken” words, are measured over time; where
variables are Y], Y5, Y3 signed in sign language in three dimensional space (XY, Z) respec-
tively, Yy = roll (of palm as it moved), Y5, = thumb bend, Ys = forefinger bend, Y7 = index
finger bend, Yg = ring finger bend (with the bends in Y, ..., Y3 going from straight to fully
bent) across four words 1 = know, 2 = maybe, 3 = shop, 4 = yes, each word is spoken three
times. Therefore in our model framework, we have K = 8, S = 12, Y; = (Y14, Yoy, ... Yas)7,
where VI = (yiie, Yiot, - - > Yin2e), @ = 1,2,...,8 (8 X 12 matrix variate time series). See
Kadous (1995, 1999).

We will extend most of the fundamental concepts and results for vector time series anal-
ysis to matrix time series. New problems and challenges arise in the theory and application
due to the greater difficulty and complexity of model dimensions, and parametrization in
the matrix situation.

In recent years, a few papers have dealt with matrix-variate time series. Quintana and
West (1987) for the first time used multivariate (vector) time series models based on a
general class of a dynamic matrix variate normal extensions of a dynamic linear model.

They considered a g-vector time series Y; with the following model

12



Observational equation: — Y," = F'O, + el e, ~ N(0,,X)
Evolution equation: 0, =GO, + Q, Qy ~ N, W, %)

Prior distributions: O ~N(M_1,Ci_1,%), S ~WHS_1,di_1)

where e; is a g—vector of observational error, €2; is a p X ¢ evolution error matrix, and
follows a matrix-variate normal distribution with mean 0, left covariance matrix W; and right
covariance matrix . The left covariance matrix W, contains the variance and covariance
of the p variables, and the right covariance matrix > contains the variance and covariance
between the ¢ variables. Matrix normal notations and properties will be defined later. This
method was further developed and applied in West and Harrison (1999), Carvalho and West
(2007 a, b).

Note, however, that in their proposed models the evolution error term €); corresponding to
the matrix of states ©, is a matrix, the response variable Y; is a vector. Wang and West (2009)
developed these proposed models when the response variable Y; is a matrix. They introduced
and analyzed matrix normal graphical models, in which conditional independencies induced
in the graphical model structure were characterized by the covariance matrix parameters.
They considered a fully Bayesian analysis of the matrix normal model as a special case of the
full graphs, and extended computational methods to evaluate marginal likelihood functions
under an indicated graphical model. Then, they developed this graphical modeling to a
matrix time series analysis and their associated graphical models. They assumed that a
g X p matrix variate time series Y; follows a dynamic linear model where both observational
and evolution error terms change over time, and for given ¢ they have a given matrix normal

distribution with

13



Observational equation: Y, = (I, ® FHO, + vy, vy~ N(0,U, %)

Evolution equation: O; = (I, ® Gy)O_1 + 4, Q~NO,U®W,X).

Wang and West (2009) applied this model and procedure to a macroeconomic time series
data set. The data were monthly 8 X 9 matrix variates over several years for Employment
Statistics for eight US states across nine industrial sectors, viz., construction, manufacturing,
trade, transportation and utilities, information, financial activities, professional and business
services, education and health services, leisure and hospitality, and government.

Hoff (2011) considered a class of multi-indexed data arrays Y = {yil,yiQ oY i €
{1,2,..mp 1,k = 1,2,... ,K}, and introduced estimation methods and accommodated a
construction for an array normal class of distributions. However in that paper, Hoff derived
some properties of covariance structures of multidimensional data arrays and focused on an
extension of the matrix normal model for a multidimensional array, but had nothing about
time series data. However, if we consider the third dimension in a three-dimensional data
array as an index of time, then the data array would be a matrix time series data. Wang
(2011) proposed matrix variate Gaussian graphical models for correlated samples to analyze
the effect of correlations based on matrix-variate normal distribution.

Triantafyllopoulos (2008) proposed and explored missing observations of any sub-vector
or sub-matrix of observation time series matrix by developing Bayesian inference for matrix
variate dynamic linear models.

Fox and West (2011) introduced and analyzed a class of stationary time series models,
first order autoregressive process, for variance matrices by using the structure of conditional

and marginal distributions in the inverse Wishart family.

14



2.3 Matrix Variate

Random matrix theory has found many of its applications in physics, mathematics, engi-
neering, and statistics. It was first introduced in mathematical statistics by Wishart (1928).
Wigner (1955, 1957, 1965, 1967) developed and applied the matrix theory in physics.

Sample observation matrices are very common to use in statistical methodologies and
applications. These matrices basically are composed from independent multivariate ob-
servations, and first introduced by Roy (1957). When sampling from multivariate normal
distributions, the columns (or rows) of such matrices are independently distributed as mul-
tivariate normal distributions with common mean vector and covariance matrix. In many
data sets, the independence assumption of multivariate observations is not valid, i.e., time
series, stochastic processes and repeated measurements on multivariate variables (Gupta and
Nagar, 2000). Therefore, the study of matrix variate distributions and their properties began
for analyzing such matrices of observations when all entries are dependent.

We usually make some assumptions on the model to make it simple and to enable the
use of existing methodologies or computation methods. Especially, for analyzing matrix
data, we often assume that columns (or rows) are independent (Allen and Tibshirani, 2012).
With the assumption of independence between the columns of a matrix, the variables of one
dimension, rows, can be considered as points of interest. Then, we just would be able to study
the relationship among the rows, but not among the columns. However, these assumptions
are not always met and sometimes we would like to find the structure between the variables
of both rows and columns. Allen (2010) gave two real examples that this assumption is not
met, i.e., gene-expression microarrays and the Netflix movie-rating data.

There is a different terminology for matrix data that both columns and rows are depen-
dent, i.e., two-way data, and transposable data. Transposable data are a type of two-way
data (matrix data) where both the rows and columns are correlated, and the data can be
viewed as a row-model, meaning the rows are the features of interest, or as a column-model

(Allen, 2010). Allen (2010) proposed a model for studying transposable data, by modifica-
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tion of the matrix variate normal distribution that has a covariance matrix for both columns
and rows.

Viroli (2012) introduced and proposed matrix-variate regression models for analyzing
three-way data where for each statistical unit, response observations are matrices composed
of multivariate observations in different occasions. In fact, Viroli extended and represented
multivariate regression analysis to matrix observations for dealing with a set of variables that
are simultaneously observed on different occasions. The matrix-variate regression model is
given by

Y, =0X, +e, i=1,2,...,n, (2.7)

where Y; is a p X s observed matrix, X; is a predictor matrix of dimension m x s, © is a
matrix of unknown parameters matrix of dimension p x m, and e; is the model errors of
dimension p x s with matrix normal distribution. By these assumptions, the parameters of

the model are estimated and the properties of the model are studied.

2.3.1 Matrix Variate Normal Distribution

Matrix variate normal distributions, like univariate and multivariate normal distributions,
have a most important and effective role in applications with nice mathematical properties
among the matrix variate distributions. A matrix variate normal distribution was first
studied in the 1980s by Dawid (1981), Wall (1988), among others. Recently, this family of
distributions is growing tremendously in many applications due to computational progress
and advances.

The K x S random matrix Y has a matrix variate normal distribution with K x S mean
matrix M and covariance matrix ¥ ® €, if Vec(Y) has a multivariate normal distribution
with mean Vec(M) and covariance matrix X ® €. That is, Vec(Y) ~ Ngg(Vec(M), X 2€2),
where Vec(Y) is the vector of all columns Y from left to right, and ¥ and € are positive

definite matrices of dimension K x K and S x S, respectively; see Gupta and Nagar (2000).
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Let Y be a random matrix of dimension K x .S with a matrix variate normal distribution.

Then, the probability density of Y is given by
Y RPN - 1 1 1 T
P(YIM, Q%) = 2n) 109 5|2 2 exp { — 5757"(2 (Y - M)Q(Y - M) ) (2.8)

where My,s € RE*9 is the expected matrix value of Y € RX*S 3 is the left (row, or
between) covariance matrix of dimension K x K, and €2 is the right (column, or within)
covariance matrix of dimension S x .S. The matrix variate normal distribution is denoted by
Y ~ Niyxs(M, X ® Q).

One of the advantages of the matrix variate normal distribution, besides the most de-
sirable aspect of being able to estimate within and between variations, is that it gives
parameters-wise parsimonious models. Because of the Kronecker product structure, the
number of parameters to be estimated decreases quickly by increasing the dimension of the
matrix. This is so because when Y is a matrix of dimension K x S, the number of param-
eters that is needed to be estimated, while using the multivariate normal distribution, is
KS(KS +1)/2. However, this number of parameters decreases to K (K +1)/2+ S(S+1)/2

by applying matrix normal distributions.
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Chapter 3

Matrix Time Series - Models

3.1 Introduction

Let Y, be a stochastic process, where the index ¢ takes integer values. In our case, Y; is a
random variable at time ¢ and a time series is a random sample from such processes. In

general, for a given Y}, a time series model can be considered as
Y;:f(Y;_l,Y;_g,...)—i—Et, t:1,2,...,N, (31)

where f(.) is a function of past observations, and ¢;, t = 1,2,..., N, are independent and
identically distributed (i.i.d.) random errors with mean zero and finite variance o2, called
white noise. For standard univariate time series, this f(.) function is a real scalar function,
and for vector time series, f(.) is a real vector function.

Determination of the function f(.) is a major task in time series analysis. In most
applications, f(.) is considered to be a linear function of past observations, of which the
autoregressive integrated moving average (ARIMA) models are the most commonly used
examples.

The time series variable Y; can be univariate or multivariate. In the time series literature,

a multivariate time series is often a vector of series; however, Y; can be a matrix of time series.
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There is a vast literature for univariate and for vector time series which study properties and
features of univariate and vector time series as reviewed in chapter 2. With the one exception
of Wang and West (2009), there seems to be no literature for the representation of matrix
time series. Wang and West considered a matrix normal distribution for both observational
and evolution errors of a dynamic linear model of a matrix-variate time series Y; to fit and
explore dynamic graphical models.

In this work, we introduce a model for matrix time series and develop some theory for
this class of models. In particular, we model the matrix time series to obtain expectations
for the variance-covariances; see section 3.2. Then, after introducing matrix autoregressive
series of order one in section 3.3, we consider and describe stationary matrix processes in
general in section 3.4. In section 3.5, we propose and derive the corresponding matrix mov-
ing average representation process of order infinity for the matrix autoregressive series of
order one defined in section 3.3. Then, in section 3.6, we derive the autocovariance and
autocorrelation functions of the matrix autoregressive models of order one and its marginal
vectors. In section 3.7, we introduce the matrix autoregressive time series of order p, and
find its corresponding matrix moving average representation, and hence we derive the au-
tocovariance and autocorrelation functions of the matrix autoregressive model of order p.
Finally, in section 3.8, we study the matrix autoregressive processes with nonzero mean, and
we find the intercept of such series by deriving its moving average representation.

We note that vector time series are sometimes referred to as multiple time series, where
“multiple” refers to multiple variables (i.e., number of variables K > 1). As for univariate
series, the vector series is a single (but multivariate) series. Our work deals with multiple
series of multivariate time series, i.e., number of series S > 1. To avoid confusion, we restrict
the use of “multiple” to our matrix time series, i.e., multiple multivariate (or multiple vectors)

time series.
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3.2 Matrix Time Series

3.2.1 The Model

Consider S time series Y14, Yo, ..., Y.g:, such that each series Yj;, j =1,2,...,5, itself is a

K —dimensional vector time series. That is, we have

th = (yljtay2jt7"'7ijt)T7 J= 172""75'

Also, suppose that these S vector time series are not independent; ie., Cov(Y ,Y;) =
X)) #0, 5#7 =1,2,...,5. Due to these dependencies and considering the contribu-
tions and effects of these underlying cross-correlations to the results of any analysis, it is
necessary to put all S vector series into one model, so as to be able to analyze them simul-
taneously. To this end, we put all S vector series, Y, j =1,2,...,95, beside each other in
a matrix and then we will have a matrix time series Y;. Therefore, suppose that the matrix

time series variate Y; is given as

Yiie Yzt ..o Y15t
Yo1t Y22t --- Y25t
Yi=(YVa, Yo, Ys) = | e (3.2)
i Ykt Ykt --- YKSt ]

For the sake of convenience and simplicity in notation, the bold capital letter Y, will be used
for representing the matrix time series, the vector time series will be shown by capital letter,
but not bold Y}, and the uncapitalized letter y; will be used for a univariate time series.
Now, as for univariate and vector time series, the same model of Eq (3.1) can be considered
for the matrix time series variate Y;. In section 3.4, we will introduce and extend features of
a function f(.) for matrix time series corresponding to the function f(.) for univariate and

vector time series. We can rewrite the model in Eq (3.1) for the matrix time series Y; as
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Y. =f(Ye-1,Yio,...)+&, t=1,2... N, (3.3)

where f(Y;1,Y; 2,...) and &; (as are Y, ;,i =0,1,...) are matrices of dimension K X S.
Note that in contrast to the function f(.) in Eq (3.1), where it is a real scalar function of
a univariate time series y;;;, or a real vector function of vector time series Y ;;, here in Eq

(3.3), f(.) is a real matrix function of a matrix time series.

3.2.2 Variance-Covariance of Matrix Time Series

Knowing the structure of the variance-covariance matrix (across the random variables them-
selves, as distinct from the autocovariance function considered in section 3.6) of a matrix
time series is necessary for building a statistical model. In this section, we will define the
structure of the variance-covariance of a matrix time series. To this end, first we assume
that the matrix time series Yy, like univariate and vector time series, has zero mean and
finite variance. We use the Kronecker product of matrix white noise &, and its expectation
in order to define the variance-covariance of white noise €;. That is, first assume that W(¢)

is defined as

Ue(t) = E(e;®€]). (3.4)

Note that &, is a K x S matrix; therefore, by definition of a Kronecker product, ¥(¢) is a
KS x KS matrix. One of the purposes of introducing the matrix time series model is to
find a way to be able to analyze each vector of the matrix time series such that the effect of
all series of the matrix can be considered simultaneously. Therefore, the variance-covariance
matrix of a time series matrix needs to be well defined such that the variance and covariance
matrices of vectors can be part of the variance-covariance matrix of a time series matrix.
That is, if we partition the variance-covariance matrix of the matrix time series, then each
partition can be the variance of a vector or the covariance of two vectors. However, it easily

can be seen that the matrix ¥(¢) defined in Eq (3.4) cannot be readily partitioned in a way
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that partitions represent the variance-covariance of the corresponding vectors. To overcome
this obstacle, we define a transformation matrix T. Then, the mean and variance-covariance

of g; is defined as

E(e;) = Ok xs), Var(e)) = E(Te; ® sf) =TWe(t) = X(ksxks) () (3.5)

where the transformation matrix T is defined as

i=IK+1LIK+2,...,(1+1K,
1, if =+ 1)+ (K —1)S,
T (xsxrs) = (tij) = 1=0,1,2,...,(S—1); (3.6)
0, otherwise.

\
This is equivalent to the following equation defined by Brewer (1978)
K S
T (ksxks) = Z Z ESN @ B S (3.7)
i=1 j=1
where ngs is a K x S matrix of one’s and zero’s, in particular its [ f*" element, (e;f);;, is

given by

1, if =4 and f =7,
(eif)ij = , l=12,....K, f=1,2,...,8. (3.8)
0, otherwise,

Now we can partition the matrix X(¢) defined in Eq (3.5) into S? sub-matrices each of
dimension K x K. Then, the diagonal sub-matrices of the S x S dimensional block matrix

3(t) are the variances of the vectors Y;; and the off-diagonal sub-matrices of 3(t) are the
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covariance of the vectors Y, and Y, j # j'. That is,

Yu(t) Sp@) ... Tist)
S(0) = (my () = | ) FR0 e sl (39)
| Zai(t) Boa(t) ... Dss(t) |
where
2;(t) = Var(e ;1) = Ele jie’y), j=1,2,...,8,

EJTj,(t) = Cov(e ji, € 1) = E[s_jtu_r‘g,t], j#73, 5,5 =12...,8.

The following example shows how to find the transformation matrix T and how it looks

when K =4 and S = 3.

Example 3.2.1 We wish to find the elements t;;,1 = 1,2,3,4,7 = 1,2,3, of matriz T when
K =4 and S = 3. First note that because S = 3, the | in Eq (3.6) can take values, 0,1 and

2 only. Also, for each value of I, index i and index j are different. That is, we can write

1=1,2,3,4
[=0= = tha=tlaa=1t37="1410=1;
j=1+(i—1)3
1=25,6,7,8
l=1= = tsa=1lgs =trg =1g11 = 1;
j=24(-5)3
1 =9,10,11,12
[=2= ., =  toz=te =t11,9 =tizg12 = 1.
j=3+(-9)3

23



Therefore, the matriz T, for the given K and S of dimension 12 x 12, is given by

10 oio 0 oio 0 oio 0 0]
00 0,1 00,000,000

003 0031003000
000,00 0/000,1 00
0101000000000
000'010'0 0'0 0 0

Tiax12 = (tij) = | | | . (3.10)

00 0/0 00,010,000
000300030003010
00 1,0 00,000,000
000300130003000
000,00 0/00T1,000
000}000}000}001

This matriz, also can be found by using the quantity in Eq (3.7). That is,

4 3
Tz = ) ) EF'©E®

i=1 j=1

Theorem 3.2.1 The square matriz T defined in Eq (3.6) is nonsingular and invertible, and
T =T
Proof: Write T = (t1,ta,...,txs) where t,,,m = 1,2,...,KS, is the m'™ column of T.

Then, we can reorder the columns of the matriz T to give the identity matriz Ixs.

Example 3.2.2 (Continuation of Example 3.2.1) In the previous Example 3.2.1, write
T12><12 = (tl, tz, Ce ,t12>. Then, rewm'ting th@ columns OfT as (tl, t4, t7, th; tQ, t5, tg, tu, tg,

te, to, t12) yields the identity matriz Iys.

It is helpful to look at the variance-covariance matrix of the white noise matrix &; in a
different way and to compare it with 3(¢) defined in Eq (3.9). Consider the operator Vec of

matrix ;. Then, by the definition of Vec, we have
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Vec(e,) = Vecley, €, ... e50) = (€, ..., e%,)". (3.11)

Now, Vec(e;) is a vector with dimension K S, and its variance, 3*(t), is defined by
Var(Vec(e;)) = E[Vec(e;)Vec(e)'] = ieguks(t). (3.12)

If we partition the covariance matrix ¥*(¢) into S? sub-matrices each with dimension
K x K, so as to have the same pattern as 3(t) defined in Eq (3.9), then the diagonal terms
of 3(t) and ¥*(¢) will be the same; however, the off-diagonal terms of 3(¢) will be the

transpose of the off-diagonal terms of 3*(¢). That is:

SO =250, 55 =12...,8 (3.14)

Since for a given j, X;;(t) is the covariance matrix of the j™ vector time series Y, in the

time series matrix Y, and since X,;(t) is symmetric, therefore, in general, we have
T * ..
() =X5(1), 3.7 =1,2,...,8. (3.15)

Example 3.2.3 Let K = 4 and S = 3, then the expectation of the Kronecker product e;®el,

W, s given by
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€11 €12 €13
€11 €21 €31 €41
. €21 €22 €23
E[€t®5t]:E< ® | €12 €22 €32 €42 )
€31 €32 €33
€13 €23 €33 €43
€41 €42 €43

|
011,11 011,21 011,31 011,41 ! 012,11 012,21 012,31 012,41 !
[ [
011,12 011,22 011,32 011,42 | 012,12 01222 012,32 012,42 | 013,12 01322 013,32 013,42
[ [
011,13 011,23 011,33 011,43 | 012,13 012,23 012,33 012,43 |

023,13 023,23 023,33 02343

| |
| |
021,12 021,22 021,32 021,42 | 022,12 02222 02232 02242 | 023,12 023,22 02332 023,42
| |
| |

041,11 041,21 041,31 041,41 |

042,11 042,21 042,31 042,41

041,12 041,22 041,32 041,42:042,12 042,22 04232 04242

041,13 041,23 041,33 041,43 | 042,13 04223 04233 04243

043,12 04322 043,32 043,42

043,13 043,23 043,33 043,43

where 0,55 = Ele;jjepy]. Then, the variance-covariance matriz of the 4 x 3 white noise
matriz €;, diax12, can be obtained by premultiplying W by the transformation matriz T

given in Eq (3.10) as

013,11 013,21 013,31 013,41
023,11 023,21 023,31 02341
033,11 033,21 033,31 033,41

043,11 043,21 043,31 043,41

012,13 012,23 012,33 012,43 013,13 013,23 013,33 013,43

022,13 022,23 02233 02243 023,13 02323 023,33 023,43

032,13 032,23 032,33 03243 033,13 033,23 033,33 033,43

042,13 042,23 042,33 042,43 ' 043,13 043,23 043,33 043,43

26



Therefore, the variance-covariance matrix 3 in this example can be partitioned as

X Y X3
Y= o1 Mg X3
Y31 Mzp a3

where

€1j

E95

T _ Ty _ J
2]]’ - E[EJEJ/] = E([ |: Elj/ 82j/ €3j/ 84]7 :| )
€3j

€4j

3.3 Matrix Autoregressive Process of order one

Linear models are easy to understand and interpret, are sufficiently accurate for most prob-
lems, and are also mathematically simple. Therefore, linear functions of past observations
(lags) of Y can be good candidates for the function f(.) in Eq (3.3). In time series ter-
minology, these kinds of functions are called autoregressive functions. In particular, for
autoregressive models, the current value of the process is a linear function of past values
(lags) plus an observational error.

In this section, we expand the concepts behind univariate autoregressive models (AR)
and vector autoregressive models (VAR) to define matrix autoregressive time series models
(MAR). To this end, we start with the definition of a univariate autoregressive model (AR)
and the definition of a vector autoregressive model (V AR). After that, we extend these two
definitions to matrix autoregressive models. Let us look at these autoregressive models of

order one, in turn. Let I' be the covariance matrix of Y.

e AR(1): If the covariance matrix of Yy, I', is an identity matrix (I' = Ixg), then all

entries of the time series matrix Y, are independent, and each y;;; can be considered as
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a univariate autoregressive time series. There are many well known books for univariate
time series analysis, e.g., Box et al. (1994, 2008), Brockwell and Davis (1991), William

(2006). By definition of an AR(1) model, for a given time series y;;;, we have

Yijt :,uij—i—aijyij(t,l)—l—eijt, 1= 1,2,...,K, j = 1,2,...,5, (316)

where p;; is the intercept, a;; is a coefficient parameter, and ¢;;; is white noise such

that E(eijt) = 0, VCLT(&Z‘jt) = E(€2 ) = Oyj, and E(gijtsijt’) = O,t 7é t.

ijt

VAR(1): Assume that the covariance matrix I' is a block diagonal matrix. That is,
for every j # j', I';;; = 0 and for every j, I';; # 0. Then, all vectors Yy, Yo, ...,
Y s will be independent of each other and each of these vectors can be considered as a
vector autoregressive time series (VAR). Liitkepohl (1991, 2006), Hannan (1970), and
William (2006) are very good references for VAR models. From the definition of a
VAR model of order one (VAR(1)), we have

th = M]—’_Ajyj(t—l) +€.jt7 j = 1727"'757 (317)
where Y = (Y, Y2jt, - - - Yrcje)| i the j K —dimensional vector time series, A; is a
K x K matrix of coefficient parameters (a;,7,l =1,2,...,K), and € j; = (€11, €251, - - -

exjt)" is a K—dimensional white noise vector such that E(e ;) = 0, E(e j€”},) = Xjj,

and E(e jiel,) = 0,t # 1.

MAR(1): Now, assume that none of the previous assumptions are satisfied for the
covariance matrix I'. Then, we will have a matrix of time series which, like those for
the AR and VAR models, is needed to define a new and appropriate model for matrix

time series.
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We use the idea of the definition of VAR models in Eq (3.17) to define a new model

for an MAR process and extend the properties of the VAR model to the MAR model.

Note that in a vector autoregressive time series, each variable of the vector time series
is a linear combination of its past observations and past observations of other variables.
For instance, each univariate time series y;;,7 = 1,2,..., K, at time ¢, in the vector

time series Y j; has the feature

Yijt = Qi1Y1j(t—1) T @i2Y25(t—1) T - - - + Gk YKjt—1) + Eijts j=12...,5. (3.18)

Therefore, each y,j1,7 = 1,2,..., K, in Yj;; of Eq (3.17) is a linear combination of its
past values and past values of other variables. Now, we extend the idea of vector time
series to a matrix time series Y;. First, like the AR(1) and VAR(1) models, the model

of a matrix autoregressive time series of order one (MAR(1)) is considered as

Yt =K + F(Yt_l) + &4 (319)

where F'(Y;_1) needs to be defined such that, as for VAR processes, each y;;; is a linear
combination of its past values of its other variables, and of the past values of all other

series in the matrix Y;. To this end, the linear matrix function F'(Y;_1) is defined by

5 s
F(Yii)=)» Y AlY,E, (3.20)
j=1 r=1
where AJ r,j =1,2,...,5, are matrices of parameters with dimension K x K, with

elements a}";, defined by
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rj rj rj
yp Gy oo Qi
rj rj rj
. ay, ayy ... a
; 21 9 2K .
i (7 — _
AJ = (alf) = , r,jg=12...,9, (3.21)
rj rj rj
| 9x1 Og2 -+ QKK
and E,;,r,j = 1,2,...,5, are the S x S matrices whose elements (e;f),; are zero or

one given by

1, if l=rand f=j
(elf)Tj = , l, f = 1, 2, cee ,S. (322)

0, otherwise.

Therefore, the matrix autoregressive model of order one defined in Eq (3.19) can be

rewritten as

Yt = IL"‘F(thl) + &

s S
= ut+ Y Y AIY Ejte,  t=0+1%2.., (3.23)

j=1 r=1

where €, is a matrix white noise such that E(g;) = 0, E(e;®¢el) = ¥, and E(g;®el)) =

0,¢#t.

To illustrate the model MAR(1) defined in Eq (3.23) more fully, consider Example 3.3.1.

Example 3.3.1 Let Y; be a matrix time series with dimension K = 4 and S = 3. Then,

Eq (3.23) can be expanded as, fort =1,2,...,

3 3
Yi=p+Y Y AY, E,;+e (3.24)

j=1 r=1
=u+ A%Yt—lEll + A%Yt—1E21 + AéYt—lEfﬂl + A%Yt—lEH + Ath—1E22

+ Ath—lE32 + A?Yt—lElS + Ath—lEQS + Ath—lE?)S + &;.
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For instance, all the details of one of these terms, say A3Y,_ 1FEs, are given by

a:ﬁ ai’% a‘i’% aﬁ Yiie-1) Yi2@-1) Yi3@-1) 0
32 .32 32 32
Qo1 Ggy Qo3 A9y Ya1(t—1)  Y22(t—1) Y23(t—1)
AYY E3 = 0
ag% ag% a§§ aﬁ Ysi(t—1) Ys2(t—1) Y33(t—1) 0
i aji a3 afy al || Yare-1) Yaz(e-1) Yase-1)
4 -
Zl a?fizyil 21 a:{’?yﬂ(t—l) 21 aif’? Yi3(t—1)
L i &, 000
Z Ao; Yi1(t—1) Z A9; Yi2(t—1) Z A9 Yi3(t—1)
— i=1 i=1 zzl 0 0
Z a%zzyil(t—l) Z a%?yn(t_l) Z a%?yis(t_l)
i=1 i=1 izl 0 0
'21 ai?yu(t_n Zl ai?yiz(t_l) 21 ai%yi?)(t—l)

0 > afyisu-1) O
i=1
4
0 Zagfyig(tfl) 0
_ i=1

4
0 > afyise-1) O
=1

4
0 Z@igyw(t—l) 0

L i=1 .

Now, for given 7 = 2, the sum over all v of the second term of the model given in Eq

(3.24), 32 A2Y, |E,,, is equal to

[]e
NI

aq?yir(tfl) 0

1
Il
i
N
Il
—

[M]es
NE

agzyzr(t 1) 0

ﬁ
I
—
<.
I
R

3
Z Ath—lET‘Q =
r=1 0

NGRS
NES

agzyzr(t 1) 0

1
I
—
.
Il
—

]
M»

41 yzr(t 1) 0

T
S
Il
—
-
Il
—
1

Eventually, summing over all j = 1,2,3, the matriz autoregressive process in Eq (3.24) can

be written as
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4

3 4 3 3 4
Tzl ;:l aqlnzlyir(tfl) Tz:l 1231 aquir(tfl) rz:l ;:l aﬁyir(tfl)
3 4 3 4 3 4
Z Z a2z Yir(t—1) Z Z aggyir(t—l) Z Z agl Yir(t—1)
Yt = + r;l zjl rgl ijl r;l Zjl + E;. (325)
TZI ;1 a3 Yir(—1) 7«21 ; a5 Yir(i—1) TZI lzl a5 Yir(i—1)
3 4 3 4 3 4
72 1—21 At Yir(t—1) T; ; A Yir(t—1) 721 ; W Yirt—1)

Therefore, similar to Eq (3.18) for the vector time series, each univariate time series of
matriz time series Y, is a linear combination of past values of its own and other series and

all variables. For instance, for yss in Eq (3.25), we have

Ya3t = oz + Z Z agf’yir(t_l) + €23t

r=1 =1

3.3.1 A more suitable and appropriate definition for F(Y; ;)

For the sake of brevity and convenience in notation, and also in order to find an appropriate
linear model for a matrix time series of order one (MAR(1)) which is compatible with the
standard linear model notation and also to be compatible with AR(1) and VAR(1) models,

F(Y;_1) can be written as

F(thl) = Af(thl)- (3'26)

Therefore, we can rewrite the matrix time series Y, defined in Eq (3.23) as

Yt = M+F<Yt_1) + &

s S
= p+d Y AY, E,;+e

j=1 r=1

= /.,L+Af(Yt_1) +€t, t= O,:i:].,j:2,..., (327)
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where A is a 1 x S?—dimensional block matrix of coefficient parameters. Each block, A, is

a K x K dimensional matrix. Thus, A is a matrix with dimension K x KS? given by

A=| Al Al .. AL A2 A} .. AL A} A AL LAY AT A3
(3.28)

and f(Y;_1)is a S? x 1—dimensional block matrix where the I'" block, [ = 1,2,..., 52, is the

K x S—dimensional matrix Y, 1E,;, where E,; is given in Eq (3.22). Therefore, f(Y;_1) is

a matrix with dimension K S? x S and defined by

f1(Yi-1)
fo(Yi1)
f(Yi1) = ' (3.29)
fi(Yi1)
| fs(Yio1) |
where f;(Y;_1) is defined as
Y 1Eq;
Y 1Eo;
: j-1 S—j
(Y1) = ' = 10,...,0,Vec(Y;_1),0,...,0 =el ®@Vec(Yi—1)  (3.30)
Yi1Ey; KSxS
| Yi1Eg;
Jj—1 S—j
——  —
where e; = (0,0,...,0,1,0,...,0)%. Therefore, by substituting the right-hand side of Eq

(3.30) for each j = 1,2,...,5, into Eq (3.29), it can be shown that f(Y;_1) is a S x S block
matrix function with block size KS x 1. Moreover, the diagonal block entries of f(Y;_1) are

Vec(Y;-1), and its off-diagonal elements are K'S x 1 zero vectors. That is,
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Vec(Yi-1) 0 o ... 0
0 Vece(Yi1) 0 ... 0
f(Y1) = ‘ _ ‘ =Is®@ Vec(Yi1).
I 0 0 o 0 Vee(Yy1) | P

(3.31)
Let us define A; to be a block matrix with dimension 1 x .S, and each block is a K x K
coefficient matrix AJ which are the elements of matrix A in Eq (3.28). In fact, A; has

dimension K x K.S and is defined as
Al-lala o =128 (332

Therefore, from the definition of A; in Eq (3.32), we see that the matrix A defined in
Eq (3.28) can be rewritten as

AZ[AI AL o AT Afs]. (3.33)

J

In a manner similar to that used in section 3.2 where we compared the variance-covariance
matrix of the white noise matrix &; with the variance-covariance matrix of Vec of &; (see
Egs (3.12)-(3.15)), it is worth while to compare the MAR(1) model with the corresponding
vector autoregressive process of order one. Toward this end, let us take Vec on both sides
of Eq (3.23), i.e.,

I

Vece(Yy) = Vec(p)+ Z Z Vec(ALY, 1 E,.;) + Vec(e;). (3.34)

j=1 r=1

Applying the Vec operator rule Vec(ABC) = (CT ® A)Vec(B) for the middle term on the

right-hand side of Eq (3.34), and using the fact that E}; = Ej,, we have
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s S
Vece(Y,) = Vec(p)+ > Y (E; ® Al)Vee(Y 1) + Vec(,). (3.35)

7j=1 r=1
Therefore, the corresponding vector autoregressive model of a MAR(1) process is given
by

Vec(Y;) = Vec(pn)+BVec(Yi1)+ Vec(er) (3.36)

where B = Z Z( i ® Al) is the S x S—dimensional block matrix of K x K coefficient

j=1r=
matrices A’ given in Eq (3.21), and given by

Al A Ag Al

5.3 A2 A2 . A2 Al
B=>Y Y (E,®Al) b Cl=1 7 (3.37)

j=1 r=1 : : :

A5 A5 ... AS Al

Also, from the dimension of A;, we see that the matrix B is the coefficient matrix of
parameters with dimension KS x KS. Note that, the components of the matrix B, A;, are
the same as the components of the coefficient matrix A in Eq (3.33), except the dimension
of B is KS x KS whereas the dimension of A is K x KS?. Indeed, this follows from the
fact that B is the Vech®5(.) of A, or B = Vec(A) by assuming the A},j =1,2,...,5, to
be scalar.

Notice, the operator Vech®9(.) is a block Vec operation which executes in the same way
as does the operation Vec, except that it takes each block entry with K columns as a scalar
entry. For instance, let¢ W be a block matrix with block entries W;; such that each entry

has dimension r; X ¢ given by
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Wi Wy

W —
Wi Wy
(r14r2)x2c
Then, the operation Vech®(W) is defined as
Wi
Wy
Vech'(W) = : (3.38)
Wi,
W22 2(ri1+ra2)xc

Example 3.3.2 (Continuation of Example 3.3.1 ) The MAR(1) model when K =4, S =3,

given in Eq (3.24), can be rewritten as

Yt =K + A(Ig X V€C(Yt71>> + &

where

T
VeC(Yt—l):[yn Y21 Y31 Y41 Y12 Y22 Y32 Y42 Y13 Y23 Y33 Y43 )

rJ rJ rJ rJ
ay; aip Qar3 Ay

CLrj CLrj (Irj aTj

; 21 @9 Qg3 Aoy

A = Al Al Al A2 A2 A2 A3 A3 A3 , Afn — A ‘ ‘ .
1 2 3 1 2 3 1 2 3 ri o ri

az1 Gazp Gg3 Qagy

rJ rj rj rj
ay1 Qg Qg3 Qyy

3.4 Stationary Processes

In this section, the stationarity (weak stationarity) and strict stationarity of a matrix time
series process will be discussed. Studying stationary processes is fundamental and is an

important concept for analyzing a time series.
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Definition 3.4.1 (Weak Stationarity) A stochastic matriz process {Y.} is (weakly) station-
ary if it possesses finite first and second moments that are time invariant. In particular, a
K x S matriz time series Y, is stationary if, for all t and all h € N (the natural numbers),

it satisfies

E[Y,] =v < , (3.39)

ElYin®Y]]=%®(h) < oo; (3.40)

W (h) will be called the lag function.

The condition given in Eq (3.39) means that, for all £, the mean matrix v of the matrix
time series Y is the same and finite, and the condition based on Eq (3.40) says that the
autocovariances of the matrix process are finite and only depend on the lag h but do not
depend on t. In the time series literature, the weakly stationary process is also referred to
as a covariance or second-order stationary process.

Note that, in contrast to an univariate stationary time series y, where we have v(h) =
Ely@inyye] = Elye-nyye] = v(—=h), the same is not true for a matrix time series Y; where
now W(h) # W (—h). Instead, the precise correspondence between W(h) and ¥(—h) can be

derived by replacing ¢ in Eq (3.40) with ¢ — h, i.e.,

U(h) = E[Y4-nn @Y, = E[Y, @ YL, (3.41)

Taking the transpose of both sides of (3.41) leads to

U(h) = E[Y @Y, 4] (3.42)

Furthermore, it can be shown that (see Brewer, 1978)

(Y;‘F ® Yt—h) = T(Yt—h ® YtT)T (3-43)
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where T is the transformation matrix defined in Eqgs (3.6) and (3.7). Then, by taking the

expectation on both sides of (3.43), and using Eqgs (3.40)-(3.42), we have

UT(h) = E[Y @Y 4] =TE[Y; » ®Y}]T = T¥(-h)T. (3.44)

Therefore, the precise relationship between the lag functions W(h) and W(—h) is given by

U'(h) = T®(—h)T. (3.45)

Definition 3.4.2 (Strict Stationarity) A stochastic matriz process {Y} is strictly station-
ary if for given ty,ts, ..., t,, the probability distributions of the random matrices Y, Yy,

ey Y, and Yy 4n, Yigin, - Yo, 40 are time invariant for all n and h. That is,

D
(Yer, Yooy o3 Y, ) = (Yiyin Yiouhy -+ Yiotn) (3.46)

D o
where = means “equal in distribution”.

The definition of strict stationarity means that all moments of a matrix time series are the
same along the process. Note that strict stationarity implies weak stationarity as long as the
first and second moments of the process exist. In contrast, in general weak stationarity does
not imply strict stationarity. However, if the matrix time series Y, is a Gaussian process,
with the consequence that the probability distributions of Y, for all ¢, follow the matrix
normal distribution, then weak stationarity implies strict stationarity.

If a matrix process is (weak) stationary, then one consequence is that the matrix white
noise €; elements eventually have to die out. The following proposition gives a condition for

stationarity of the MAR(1) model.

Proposition 3.4.1 (Stationarity Condition) A MAR(1) process is stationary if all eigen-

values of the coefficient matrix B have modulus less than one.
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In the time series literature, the stationary condition refers to the stability condition. The
condition in Proposition 3.4.1 is equivalent to the condition that: if all roots of the polynomial
II(z) = |Ixs — Bx| lie outside of the unit circle, these conditions holds (see Liitkepohl, 2006,

or Hamilton, 1994). That is, for |z| <1,

3.4.1 Simulation Study

In this section, we will compare stationary and nonstationary MAR(1) models by simulating
a MAR(1) process. To simulate a MAR(1) process, first we assume that the matrix white
noise €; follows a matrix normal distribution.

The K x S random matrix € is said to have a matrix normal distribution with mean
matrix M, row (within) covariance matrix 3 with dimension K x K, and column (between)
covariance matrix € with dimension S x S, if Vec(e) has a multivariate (vector) normal
distribution with mean Vec(M) and covariance matrix £ ® 3 (Gupta and Nagar, 2000).

Note that, according to the definition of the matrix white noise in section 3.3, the matrix
white noise g, of Eq (3.23) has to have mean zero. To simulate a matrix normal distribution
e with mean zero (M = 0), and row and column covariance matrices 3 and €2, respectively,
let

e =270 (3.48)

where Z is a K x S matrix of independent standard normal distributions. Then, it is easy
to see that the expectation of € in Eq (3.48) is zero. Moreover, by taking Vec on both sides
of Eq (3.48), and applying the Vec operator’s rule Vec(ABC) = (CT @ A)Vec(B), we have

Vec(e) = (22 @ £2)Vec(Z). (3.49)
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We know that any linear combination of independent normal random variables is normal.
Since Z is a matrix of independent standard normals, Vec(e) in Eq (3.49) is normal. Hence,
we just need to find the mean and variance of Vec(g). Obviously, the mean is zero, i.e.,
E[Vec(e)] = 0. To obtain the variance, taking the variance on both sides of Eq (3.49) leads

to

Var(Vec(e)) = (22 @ S2)Var(Vec(Z))(Q2 @ £2)7

= (2 @ X2)I(Q2 @ X2)7. (3.50)

Now, by using the Kronecker product rule (A® B)(C ® D) = (AC ® BD) in Eq (3.50), the

variance of the Vec of the random matrix € is given by
Var(Vec(e)) = (2 ® X). (3.51)

Therefore, by the definition of a matrix normal distribution, € in Eq (3.48) has a matrix
normal distribution with mean zero and variance-covariance {2 ® 3.

Hence, to generate a matrix normal distribution, first, we can generate a K x S matrix
of independent standard normal distribution Z; then, the simulated matrix normal € will be
obtained by using Eq (3.48).

Eventually, a MAR(1) process can be simulated by using the MAR(1) in Egs (3.23) or
(3.27).

Example 3.4.1 Figure 3.1 shows a stationary 3 X 2 matriz time series. It can be seen that
the mean and variance of the series are constant over the time, and the series fluctuate

around the mean with a constant variation.

Example 3.4.2 Figure 3.2 shows a nonstationary 3 X 2 matriz time series. Note that, all

four graphs in Figure 3.2 are for the same MAR(1) model but they are plotted for different
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Figure 3.1: A Stationary MAR(1) model

lengths of time to see how they are exploding when increasing their length (time). The left-
upper graph has length ten, the right-upper graph has length twenty, the left-lower plot has
length eighty, and the right-lower plot has length two hundred. Therefore, in contrast to
the stationary matriz series in Figure 3.1, Figure 3.2 shows that the series of nonstationary

matrix time series are exploding over time.

In the sequel, we assume that the matrix time series Y, is a stationary process. The

computer codes are in Appendix A.
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Figure 3.2: A Nonstationary MAR(1) model with different length (Time)

3.5 The Moving Average Representation of MAR(1)

The model defined in Eq (3.27) is a recursive representation of a MAR(1) model. There
is an alternative representation based upon Wold’s decomposition theorem (Wold, 1938),
which states that every weakly stationary stochastic process with no deterministic component
can be written as a linear combination of uncorrelated random variables. Therefore, any
stationary autoregressive process can be represented as an infinite order moving average
process (MA(o0)). In particular, the MAR(1) model can be written as the (infinite) sum
of independent random matrices g;, t = 1,2,...,00. The moving average representation is
useful for many purposes, such as finding the autocovariance functions in section 6 below.

In this section, we use the recursive property of an autoregressive model of Y; in Eq
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(3.27) to find its moving average representation. To this end, we will find the moving average

representation of Y, in three steps. First of all, without loss of generality, we assume that

the mean of the matrix time series Y, is zero (u

—0).

e First Step: By using the recursive property of a matrix time series Y, as in Eq (3.27),

the first step can be started with f(Y;_1). Since we are assuming the matrix time series

Y, has mean zero, Y; in Eq (3.27) can be written as

With this definition of Y}, the function f(Y;_1) can be extended as

Yt = Af(Yt—l) + Et.

J(Yio1) = fAf(Yi—2) +&€-1)

= [(Af[Af(Yi_3) +€1-2) +€1-1)

(3.52)

Now, we can simplify this recursive equation according to the definition of f(Y;_1) in

Eq (3.29). In other words, f(Y:-1) can be broken down as

f(Yi_1) =

Y. 1En

Y 1E2

Y 1Eg1

Y 1E12
Y 1E22

Y 1Eg2

Y 1Ey;

Yi—1E15

Yi_1E2g

L Yi—1Egsgs |
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[ (Af(Yi2) +er—1)E1r ]

(Af(Yi—2) +et—1)E2

(Af(Yi_2) +et—1)Eg1

(Af(Yi—2) +et—1)E12
(Af(Yi—2) tet—1)Ea2

(Af(Yi_2) +et—1)Eg2

(Af(Yi—2) +€t—1)Ex;

(Af(Yi—2) +et—1)E1s
(Af(Yi—2) +et—1)Ezs

L (Af(Yi—2)tet—1)Ess |

(3.53)



Also, note that from Eq (3.27), we have

s S

Af(Yi) =) Y AlY,,E,;. (3.54)

j=1 r=1

Hence, we can simplify f(Y,_;) by substituting this Eq (3.54) into each entry of the
first term of the right hand side of Eq (3.53). Before that, we need to use two subscripts
that are different from r and j to be able to distinguish between f(Y;_1) and Af(Y;_2).
To this end, we consider [ and m to be the same as r and j, respectively, in Eq (3.53)
for f(Yi-1). Le., in Eq (3.53) the (r,7) subscripts became (I,m), (r,j) = (Il,m) =
1,2,...,5. With respect to this convention, and by substituting Eq (3.54) into Eq
(3.53), we have

- S S ) -
(> > ALY, 2E,;)E;
=1r=1
s s ,
; _ _ -
(];1 ;::1 ArYt72ErJ)E21 Et—lEll
ei—1F2
5 s
(> > AJY; 2E,;)Esy
j=1lr=1
s S €i-1Eg1
(Z > AIY, 9E,;)E; _
le ’;1 €t 1E12
AlY, 5E,.E
(JE:I TZ::1 roe? J) 2 et—1Eo2)
5 s
fYe)=| (3 S AJY, 4E,))Ess | + | €-1Es2 |- (3.55)
=121 _—
S8 €i—1Eim
(> > ANY; oE.j)Ey,
Jj=1lr=1
— gi—1E1g
AJY, ,E, )E
(a; 2, ArYieBry)Eus er—1Eag
5 s
(22 2 ALY oE,;)Esg
j=1lr=1
| et—1Egs |
5 s
(> > ALY, 2E,;)Ess
L j=ir=1 i
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We can simplify f(Y;—1) further since we can show from the definition of E,; (see Eq

(3.22)) that

Evm, if j=1,
E, Ep — (3.56)

0, otherwise.

Therefore, for any m over all [ =1,2,...,5, we have
5 s
O - A, LE,)E,, = ZAJYt 2B, if j=1. (3.57)
7j=1 r=1 r=1

Without loss of generality, we can assume that [ and m are r and j, respectively, the

same as they were before in Eq (3.53). Hence, Eq (3.57) can be rewritten as

s S
O - A, ,E,)E, = ZAJYt oE,;, if j=1. (3.58)

7j=1 r=1 r=1

Now, let us consider f;(Y;_1), the 7' entry of the matrix function f(Y;_1), defined in
Eq (3.30). By applying Eq (3.53) and Eq (3.55), and substituting Eq (3.57) into all

entries of f;(Y:_1), we have

(Af(Yi—2)+e1—1)Eq; €t—1Eq;
(Af(Yi—2)+e1—1)Ey; et—1Eo;
fi(Yi1) = _ + .
| (Af(Yi—2)+e-1)Es; | | e-1Es; |
C s -
A'Y, SE,.; r 7
TZ::]_ r Lt—2Lrj) EtflElj
5
> AYY oE,; er_1Es;
B + . (3.59)
5 E
Z AfYt_QETj L €t-1 Sj J
L r=1 _
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Furthermore, note that, for simplicity and also in order to be able to find a model that
is compatible with the classical linear model, the right side of Eq (3.58) can be written

as

S
> AIY,LE,; = Alf.u(Y.), j=1,2,...,8, (3.60)

r=1
where A} is defined in Eq (3.32). Now, we can substitute Eq (3.60) into the entities

of the f;(Y;—1) in Eq (3.59). This leads to

AJ{fj(Ytd) er-1F1;
ATf’(Yt—Q) €115,
(YY) =| 0 + ’

| ATsfj(Yt—Z) i | €1-1Es; ]
Al
A

= | filYi2) + filer). (3.61)
| AY

Therefore, f;(Y;—1) can be written as

[i(Y—1) = Bfj(Yi—2) + fi(e—1) (3.62)

where B is given in Eq (3.37).

Eventually, by applying Eq (3.61) to the entities of the function f(Y,_1) defined in Eq

(3.29), we have
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[ hoven | [ BAY ) + Ao ]
fa(Yi1) Bfa(Yi—2) + fa(er-1)
Yen=| | =
fi (Y1) Bfj(Yi—2) + fj(et-1)
| fs(Yeer) | | Bfs(Yioa) + fs(er) |
[ [1(Yi2) 1T fi(et-1) ]
B OO -~ 0 f2(Yi_2) fa(e-1)
0O B O --- 0 : :
= +
fi(Yi-2) fi(et-1)
0 0 0 B | : :
L fS(Yt—2) i i fS(Et—l) ]

(Is @B) f(Yi2) + fler-1).

Therefore, f(Y;—1) can be written as the summation of a recursive function f(Y;_2)

and the error function f(e;_;) as follows

f(Yi1) = (s ® B) f(Yi2) + fler-1). (3.63)

e Second Step: Now, we can substitute f(Y;_1) of Eq (3.63) into Eq (3.52). This leads

to

Y, = Af(Yi1)+e

= A(Is@B)f(Yi2) + Af(er 1) + ey, t=0,+1,42,... (3.64)
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e Third Step: Finally, with this new Eq (3.64) for Y, and utilizing the recursive prop-
erty of f(Y;_1) in Eq (3.63), we can find the moving average representation of MAR(1)

as

Y, = Af(Y,1)+e
= A(ls®@B)f(Yi2) + Af(ei1) + &
= A(ls®@B)[Ls ® (B)f(Yi-3) + f(er-2)] + Af(€r1) + &
= A(Is®@B)*f(Y:3) + A(ls @ B)f(e12) + Af(ei1) + &

— A(Ls ®B)*f(Yi1) + ALs © B)’ f(e1-s) + A(Ls @ B) f(er-s) + Af(er-1) + &,
- Z A(Is @ B)"f(et—n-1) + &
n=0

For the sake of brevity and convenience in notation, hereinafter the identity matrix I
without any index will be referred to as the identity matrix Ig, while the dimension of other
identity matrices will be specified with an index. Also note that, according to properties of

the Kronecker product for given matrices A and B with appropriate dimension, we have
(A®B)"=A"® B". (3.65)

Therefore, we can represent the moving average form of the model MAR(1) with mean zero
defined in Eq (3.52) by
Y=Y AI@B")f(gn) + & (3.66)
n=0

where for n =0, A(I® B") = A.
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3.6 The Autocovariance and Autocorrelation Functions

of the MAR(1)

The concepts of autocovariance and autocorrelation functions are fundamental for analyzing
stationary time series models. These functions provide a measure of the degree of depen-
dencies between the values of a time series at different time steps. They are useful for
determining an appropriate ARMA model.

In this section, we introduce autocovariance and autocorrelation functions for the matrix
time series Y. First, like the process of defining the variance-covariance of matrix white
noise €; in section 3.2.2, we will find the expectation of Y;®Y? where the series Y; follows a
matrix autoregressive model of order one. This expectation will be the main term of the au-
tocovariance function of the MAR(1) model. Then, the definition of the variance-covariance
of white noise matrix €; in Eq (3.5) will be used to calculate the variance-covariance of Yy,
i.e., the transformation matrix T defined in Eq (3.6) will be premultiplied to E[Y; ® Y] to
obtain the autocovariance function of the MAR(1) process. The symbol W(h) will be used
for the expectation of the Kronecker product Yy, to Y7, ie., ¥(h) = E[Y;, ® Y/, and
it will be called the lag function at lag h. We will use the symbol I'(h) for representing the
autocovariance function of the MAR models at lag h. Eventually, similarly to Eq (3.5), the
relationship between the lag function ¥(h) and the autocovariance function of MAR models
at lag h, T'(h), is given by

I'(h) = T (h). (3.67)

In section 3.6.1 the autocovariance function of the MAR(1) model at lag zero (variance-
covariance of MAR(1)) will be derived. Later, in section 3.6.2, we will define an appropriate
vector e;, such that Y;e; = Yj;, in order to obtain autocovariance and autocorrelation
functions for the vector time series Y ;; and cross-autocovariance and cross-autocorrelation
functions of vectors Y, Y, 7 # j where for given (j,;’), the elements of the cross-

autocorrelation matrix function are
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Yiir (h)
7ii(0) i (0)

piv(h) = (3.68)

where ;i (h), i,/ = 1,2,..., K, are the elements of the block matrix elements of I‘fj(h)
of T'(h) in Eq (3.67). The column vector Y; of the matrix time series Y, is called the
marginal vector of matrix time series models. Finally, in section 3.6.3, we will calculate the
autocovariance and autocorrelation functions at lag A > 0 of a matrix time series MAR(1).
Moreover, in section 3.6.3, the autocovariance function at lag h > 0 for the marginal vectors
of a MAR(1) will be derived.

To obtain the autocovariance functions for any time series model, it is much easier to use
the moving average representation of an autoregressive process rather than use the autore-

gressive process directly. Recall from section 3.5 that the moving average representation of

a MAR(1) model is given by

Y= i AD"f(g1—n—1) + & (3.69)

n=0

where D = (I ® B). Also, recall from Eqs (3.28), (3.37), and (3.29) that A, D, and f(e;)
are matrices with dimension K x KS?, KS? x K52, and KS? x S, respectively. We will use
the same idea and definition that we used for defining the variance-covaraince €; in Eq (3.5)
for finding (defining) the variance-covariance of a MAR(1) model and later for obtaining the
autocovariance functions of a matrix time series Y,;. To this end, first we need to determine
the expectation of the Kronecker product Y; ® Y7. This will introduce the Kronecker
product of the term AD"f(eg;) of Eq (3.69), i.e.,

(AD"f(e,)) @ (AD"f(e)))" . (3.70)
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The expectation of this quantity needs to be determined. The following proposition is

useful for simplifying and calculating these expectation values.

Proposition 3.6.1 Let A, B and X be matrices of size px q, ¢ Xn, and n X m, respectively.

Then, we have
(ABX) ® (ABX)” = (ABX) ® (X"BTAT) = (AB®I,)(X ® X")(I,, ® BTAT). (3.71)

Proof: By twice applying the Kronecker product rule (A @ B)(C @ D) = AC ® BD in the
right-hand side of Eq (3.71), we obtain the left-hand side term of Eq (3.71).

3.6.1 Variance-covariance of matrix time series Y,

We first obtain the expectation of the Kronecker product Y; ® Y. Then, this expectation
will be used to find the variance-covariance matrix (autocovariance function at lag zero) of
the matrix time series Y;. To this end, first consider the matrices A, D™, and the matrix
function f(e;) in Eq (3.70); these correspond to the matrices A, B, and X, respectively, of
Proposition (3.6.1), with dimensions p = K, ¢ =n = KS?, and m = S. Then, by applying

Proposition (3.6.1), the Kronecker product (AD"f(g;)) ® (AD"f(g;))” can be written as
(AD"f(e))) @ (AD"f(e1)" = [AD" @ I][f () ® /7 (e))][Is @ D" A]. (3.72)

Let us take the autocovariance function at lag zero, i.e., ¥(0). Recall from Eq (3.4), that
we used the symbol We for the variance-covariance of the stationary matrix process €; of
MAR models. Note that according to the white noise definition, the error matrices &,’s are
uncorrelated. Therefore, the expectation of the Kronecker product Y; ® Y/, ®(0), given in

Eq (3.69), can be written as follows
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¥(0)=E(Y,®Y]/)

=E ( D ATeB")f(ema)] @ [ D fErmm)dA® B")TAT}) + E(e, @€l

n=0 m=0

=Y E ( [AQ®@B")f(gt—n-1)] @ [fT (e1-n1)A® B“T)AT}> + E(e;®@el). (3.73)

Now, by using Eq (3.72) and Eq (3.4), and using the fact that of all the matrices in Eq

(3.73), only the matrix function f(e;) is random, ¥(0) in Eq (3.73) can be rewritten as

@ (0)

Y E ( [AI®B") @1] [f(eron1) @ fF(ern)] IT0 (A& BnT)AT}) +¥e

n=0

I
NE

[AQI@B") ®@I] E[f(ei-n-1) ® fF(€1-n-1)] IT®@ I @B")AT] + We. (3.74)

3
Il
o

Therefore, we need to determine the expectation of the Kronecker product of the matrix
function f(e;) of its transpose, E[f(st_n_l) ® fT(et_n_l)]. To this end, first note that

according to Eq (3.29), we have

i fi(et)
f2(€t)

fle) @ fT(er) = f(:) @ | fle) fe) - fFe) - [ |- (3.75)
j\Et

L fs(é‘t)
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With respect to the definition of the Kronecker product, this can be written as

flen) ® fT(Et) =

- fi(e)
fa(er)

® (e =
fi(er)

fs(é't)

fS(Et) ® fT(€t)

fi(er) @ [T (er)
faer) @ [T (er)

fi(er) ® fT(e)

4 KS3xKS3

(3.76)

By substituting Eq (3.30) into each j™ term f;(e;) of the right hand side of Eq (3.75),

7=1,2,...,5, and then taking the Kronecker product, we have

fle) @ fM(e) =

[Vec(e;),0,0,...,0] @ f(e;)
[0,Vec(et),0,...,0] @ fT(e;)

0,0,...,0,Vec(e,)] @ f7(e,)

Vec(€t> ® fT(et)’ 07 07 s 70
0, V@C(€t) X fT<€t), 0, . 70

07 07 s 707 V€C(€t> ® fT(Et)

(3.77)

Then, by using Eq (3.31) for f(e;), the expectation value of the j* term of the matrix

f(e)) ® fT(g;) given in Eq (3.77) can be obtained as follows, for j = 1,2,...,9,

Elfi(e)) ® ()] = E[0,...,0,Vec(e;) @ f"(e4),0,...
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Vecl(g),0,0,...,0

0,Vec'(g),0,...,0

0,0,...,0,Vecl (&)

(3.78)



from Eq (3.12), we have E[Vec(g;)Vec(e;)T] = ¥, so

> 0 0 --- 0
T o1 o X 0 --- 0
Elfi(e) ® f*(e)] = |0,...,0,T . . ,0,...,0
0O 0 0 --- X
[ -1 S—j
=10,...,0,T" 'I®%%),0,...,0| =el @ T" 1(I®X")  (3.79)

where X* is the covariance matrix, and the transformation matrix T* is defined as was the

transformation matrix T in Eq (3.6), except that now instead of index K the index is KS.

That is,
i =UKS)+ 1,I(KS)+2,...,(l+ 1)(KS),
Lot j=(1+1)+ (G- 1(KS)—1)S,
>(‘<K5'2><K5'2) = T(ks)sx(xs)s = (tij) = 1=0,1,2,...,(5 = 1);
\ 0, otherwise.

(3.80)
Analogously to the equivalent formula for the transformation matrix T defined in Eq (3.7),
the transformation matrix T* given in Eq (3.80) can be written as the following equivalent

form
KS S

Tiigursy = »_ Y By NS @B, (3.81)

=1 j=1
Therefore, taking expectations on both sides of Eq (3.77), and using the results of Eq (3.78)

forall j =1,2,...,5, we obtain
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E[Vec(er) @ fT(e4)],0,0,...,0

Elfe) ® ey = | & EV e @ £1(e], 0.0

0,0,...,0, E[Vec(e;) ® [T ()]

™ 1®X%),0,0,...,0

0, T '(I®X*),0,...,0

= ' . ' : (3.82)
1 0,0,...,0,T" ' (I®X")
Hence, the expectation value of the Kronecker product f(e;) ® f7(e;) is given by
Elf(e) @ ff(e)] =10 T (1o ). (3.83)

Finally, by substituting Eq (3.83) into Eq (3.74), ¥(0) can be obtained as

NE

U(0) =) [ATeB")®I] E[f(en1)® [M(ern1)] T&TeB")AT] + ¥

3
Il
=)

[AleB")®I] IoT (1% Ie (IeB")A"] + ¥

[
WE

i
o

[
NE

AIeB") eI IeoT 'Ie=)IeB")AT] + ¥,

3
Il
=)

[
WE

[AIeB") eI IeoT 'Ie=B")AT| + ¥

3
Il
=)

[
NE

[AD"®1I] 1o T 1o XB"")AT] + e.

i
o

Note that the two last equalities are obtained by using the Kronecker product rule (A ®
B)(C ® D) = AC ® BD. Therefore, the lag function at lag zero for the MAR(1) model is
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T(0)=EY,@Y/)=) [AD"®I] 1T (1o 'B"")A”] + ¥, (3.84)
n=0

Let I'(0) be the variance-covariance of the matrix time series Y, (or equivalently based on
Eq (3.67), I'(0) is the autocovariance function at lag zero). Then, according to the definition
of the variance-covariance of a matrix variable given in Eq (3.5) (similarly to Eq (3.67) for

autocovariance function at lag zero), we have
') =Var(Y,) =TE(Y,®Y]) =T¥(0) (3.85)

where T and ¥(0) are given in Eq (3.6) and Eq (3.84), respectively.

3.6.2 Marginal Vector Y, of Y,

Now, we can study the properties of each vector time series Yj;,7 = 1,2,...,S5, of the
matrix time series Y, separately. Furthermore, this study will help us to find the block
entries, I';;7(0), 4,7/ = 1,2,..., 5, of the variance-covariance matrix I'(0). First, note that
the time series vector Y;; can be obtained from the matrix time series Y; by multiplying Y,

by an appropriate vector e;. That is,

th :Ytej, j = 1,2,...,5, (386)
Jj—1 S—j
——  —
where e; = (0,0,...,0,1,0,...,0)". Similarly to Eq (3.86), we can define other terms of

MAR(1) model of Eq (3.69) as

€.jt = stej, ‘/j(éft) = f(et)ej, j = 1, 2, Ce ,S, (387)
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where V; is an S x 1 block matrix function, such that the j™ block is the vector Vec(e;)

with dimension K.S x 1 and the other blocks are zero. That is,

j—1 S—j T

. = | —~~— ——
Vile) = | 9,70, Vec(e,),0,....0 | - (3.88)

Note, V;(e;) is the j column of the matrix function f(e;) defined in Eq (3.31), and therefore

has dimension KS? x 1.
Therefore, according to the moving average representation of Y; in Eq (3.69), the moving

average representation of the vector time series Y j; is given by

Yi = Y AI®B")f(ein1)e; + e
n=0

— Z AT®@B")Vj(ern_1) + € (3.89)
n=0

Now, the moving average representation of the vector time series Y;; in Eq (3.89) can
be used to determine the block entries, I';;(0), 7,7/ = 1,2,..., 5, of the variance-covariance
matrix I'(0). The elements I';;(0), 5,7 =1,2,...,.5, are the variance-covariance matrices of

Y;i7(0),7,5' =1,2,...,5; that is,
T7,(0) = Cov(Yye, Yin), 5.4’ =1,2,...,8. (3.90)

Note that there is the same analogous pattern between I'*(0) and I'(0) as exists between X*

and ¥ in Egs (3.13)-(3.15). That is, we have
*(0) = Var(Vec(Y:)) = E[Vec(Y)Vee(Y,)] (3.91)

T7,(0)=T5,(0,  jj=12...5 (3.92)
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From Eq (3.89) for Y;, and using the fact that the matrix white noise ;’s and therefore
the vector function Vj(e;)’s are uncorrelated random variables (white noise), the variance-

covariance matrix I';;(0) can be derived as follows. First, we write

I*JTJ,,(()) = Cov(Y, Y n) :E(Y-jtY.jT’t>

> ([Z AT® B, (e )Y AlLe BV, <st_m_1>]T) t Ele el

— i A(I®B") E[Vi(e1-n-1)Vi" (€t-n-1)] @ B"")AT + Ele je’].  (3.93)

To derive the expectation E[V;(e;)V;” (e;)], first note that based on the definition of the

vector function Vj(.) in Eq (3.88), we have

0 0

0 Vec(e)Vecl (&)

Vi(e)Vy" (er) = =E;; @ Vec(e;)Vec' (e).  (3.94)

©c o o O

Now, by taking the expectation on both sides of Eq (3.94) and using the result of Eq (3.12),

we have

E[Vi(e)Vy" (e1)] = By © = (3.95)

Moreover, from Egs (3.12)-(3.15), we know that E[e j,e”;,,] = X;,. Therefore, by substituting

this and Eq (3.95) into Eq (3.93), I'}.,(0) becomes
L0 = > AT©BY (B, @ I)(I0B")AT + i
n=0

using the Kronecker product rule (A ® B)(C ® D) = AC ® BD gives us
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I7,0) = > A(E; @B"S'B")AT + 3,

Ji
n=0
= nYV*PN T * ..
- ZA;(B EBT)A;/ _'_Ejj/’ j7j/:1727"'757
n=0
where A; and its relation with the coefficient matrix A are as given in Eq (3.32) and Eq
(3.33), and B is defined as in Eq (3.37). Therefore, the variance-covariance matrix of the j*

marginal vector Y ; of the matrix time series Y, defined in Eq (3.88) is equal to
- nyV*PN T * .
I7,0) =) AlB"S'B")Al +37,, j.i =128 (3.96)
n=0

Now, let us use the variance-covariance matrix of the vector time series Y ;; obtained in
Eq (3.96), I';;»(0), to simplify and rewrite the variance-covariance matrix of the matrix time

series Yy, MAR(1), I'(0), defined in Eq (3.85), with block entries. That is,

T'u(0) Ti(0) ... Tis(0)
T(0) = (T;;7(0)) = Var(Y,) = TE(Y; ® Y)) = :Bﬁm L22(0) f'F?m) . (3.97)
| T1(0) Tsa(0) ... Tss(0)

3.6.3 Autocovariance function at lag h > 0

In section 3.6.1, we found the variance-covariance matrix of the matrix time series Yy, I'(0),
which is equivalent to the autocovariance matrix function at lag zero. In this section, the

autocovariance function of the matrix time series Y; at lag h > 0, I'(h), will be derived.
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Like the derivation of the autocovariance function at lag zero, first the lag function W(h)
will be obtained, and then the autocovariance function I'(h) can be found according to the
Eq (3.67), I'(h) = TW®(h), similar to the derivation of the variance-covariance matrix I'(0)
given in Eq (3.85).

First, note that the moving average representation of Y, in Eq (3.66) for Y, can be

broken down and rewritten as

Yion = Y AI®@B")f(ersnn1) + i
n=0

h—1 00
= Y AT@B")f(ern-n1)+ > ATSB™ ") f(ern1) +rn.  (3.98)
n=0

n=0

Then, to derive the lag function ¥(h) of Y, in Eq (3.98), we take

U(h)=E(Y,,®Y))

=L < [ i A(T@B") f(errh-n-1)+ Y AT@B"™)f(g1_n1) + &14]

@[ AT®B™)f(erm1) + T) . (3.99)

m=0

Since the matrix white noise elements &; are uncorrelated (i.e., E[e;1, ® €] = 0, for h # 0,

hence E[f(ei1n) @ f1 ()] = 0; likewise, E[f(en) ®€l] = 0), Eq (3.99) can be simplified as

(h) => E(AI@B"™)f(ermn)] @ [fT(€1—n) T @ B"")AT)) (3.100)

+ E(AT®B" ) f(e)] @ [e/]).

Now, by applying Proposition (3.6.1) to both terms (AD"*" f(g,_,_1))®(f" (€;_p_1)D"T AT)
and (AD" 1 f(g;)) ® €l ( where D"™" = 1@ B"™") in Eq (3.100), and by using the fact that

except for g; and f(g;), all matrices in Eq (3.100) are not random, W(h) can be rewritten as

60



=Y E(AQ®B"™") 1] [f(er-n1) ® [T (ern1)] IT© 1o B"T)AT)

+E(AT@B" ) @1)[f(e) ®&/])

Z I B"™") @1 E(f(ern-1) @t (€1n1)] I® (I B"")AT]

+[AI@B" @I Elf(e) ® &/]. (3.101)

We already know E[f(g;) ® fT(&;)] from Eq (3.83); and we need to derive the E[f(g;) @ €]].

Toward this end, first note that according to Eq (3.29), we have

e | [ fe) el |
fa(er) foler) @ el
fle) ®@el = / Qe = : : (3.102)
fi(er) filer) @ el
I fs(er) | I fs(er) @ e |

Now, substituting Eq (3.30) (for &; instead of Y,_1) into the j* element, j = 1,2,..., S, of

Eq (3.102), we have

[Vec(e:),0,0,...,0) @ el Vec(e;) @ €l',0,0,...,0
0,Vec(e),0,...,0l @ el 0,Vec(e) @el',0,...,0

fle) ®@ef = 0 Vete) feer ) )@ . (3.103)
0,0,...,0,Vec(e;)] @ el 0,0,...,0,Vec(e;) @ €F

Recall from Eq (3.4) that ¥ = Fle; ® €]]; hence, it is easy to show that

E[Vec(e;) @ €l] = Vech™ (¥g) (3.104)

61



where W¢ is defined in Eq (3.4), and Vecb™(.) is defined in Eq (3.38) (for K instead of c).
That is,

Vech™ (Be) = _ : (3.105)

Peg
€ KS2xK

We prove Eq (3.104) as follows. First, partition We xsxxs as (Per, Peo, ..., Peg) such
that each We;,7 = 1,2,...,5, is a matrix with dimension K.S x K; likewise, partition &,
as (€1¢, €9, ...,€.) such that each € j;, 7 = 1,2,...,5, is a K-dimensional vector. Then,
from Eq (3.4), it is easy to show that Fe j; ® €| = ¥g;. Finally, the proof follows from the
definitions of Vec(.) and Vecb(.) operators.

Eventually, by taking the expectation on both sides of Eq (3.103), and substituting from
Eq (3.104), we have

E[f(e)) ® e]] =1 ® Vech™ (Te). (3.106)

Therefore, by substituting Eq (3.106) and Eq (3.83) into Eq (3.101), the lag function
W(h) becomes

oo

T(h)=> [AIeB"") eI IeT '(1ex")] Ie (IeB" A"

n=0

+AIB" ) @II® Vech™ (e)]

= i [AD"""®1)] o T "1 =*B")AT] + [AD" ' @ I]I® Vech® (Pe)).

n=0

(3.107)

Finally, the autocovariance function at lag h > 0 for the matrix time series Y; as defined
in Eq (3.67) is obtained by multiplying the transformation matrix T into the lag function
W(h) as follows
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D(h) = (T (h)) = Cov(Yrun, YT) = TE(h). (3.108)

Similarly to the derivation of the autocovariance function, I'(0), at lag h = 0 for the
MAR(1) model in section 3.6.2, finding the block entries I';;(h) of the autocovariance func-
tion at lag h > 0 will be helpful in simplifying the autocovariance function I'(h) of the
MAR(1) model. In particular, it will be necessary to study the features of a specific marginal
vector time series Y j; of the matrix time series Y,. To this end, first note that according to
the moving average representation of Y;; in Eq (3.89), and with a similar process to derive

W(h) in Eq (3.99) and in Eq (3.100), T'7, (k) can be written as

I‘?j’(h> - COU( Jt-l—h?Y )ZE(th+hY.T,t)

= ( Z AI®B")WV;(eithn-1)+ Z AI® BnJrh)Vj' (€t—n-1) + €.jt+h}

n=0

ZA I®Bm (Et m— 1) +€.j/t]T>
m=0

- f: ATI®B"™) E[Vi(e;_n1)Vi' (e1-n )] B"AT (3.109)

+A(I®B" ) E[Vj(e)e ).

We know E[V;(e:)V;" (e:)] from Eq (3.95). Furthermore, we need to determine E[V; (e)elsy].
Toward this end, first use the definition of the vector function V;(e;) in Eq (3.88), and with

respect to the fact that X* = E[Vec(e;)Vec(ey)T] given in Eq (3.12), it is easy to show that

E[Vec(e)el,] = =, j=1,2,...,8, (3.110)

where E;, with dimension K S x K, is the j%" block column of the block covariance matrix
3*. Then, from the definition of V}(e;) in Eq (3.88), we have Vj(e;) = e; ® Vec(g;); hence,

we have
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ElVi(e)el ) =e;@%%,  jj' =125 (3.111)

Therefore, by substituting Eqs (3.95) and (3.111) into Eq (3.109), and using the Kronecker

product rule, we have

I7.(h) = > AIeB"") (B; @ )1 B A" + AToB"')(e; ® X))

n=0

= Y A(E;;  B""EB")A” + A(e; B

n=0

n=0
Therefore, for h > 0, we have

= n *TN T _ * ..
I7.(h) = ZA}(B 'y B T)A;, +A;f.Bh D) jji=1,2--,8, (3.112)

n=0

where A;r-, B, and X7 are as given in Egs (3.32), (3.12), and (3.110), respectively.

3.7 Matrix Autoregressive Process of order p (M AR(p))

3.7.1 The model

So far, a matrix autoregressive process of order one (M AR(1)) has been introduced, and
its autocovariance and autocorrelation functions have been found by applying the moving
average representation of the M AR(1). As we have seen, the moving average representation
has some advantages that help us to find the autocovariance and autocorrelation functions
of an autoregressive process easily. In this section, the matrix autoregressive process of order

p>1(MAR(p)) will be introduced. After introducing the M AR(p) model, a reparametriza-

64



tion technique will be used to rewrite the M AR(p) as a M AR(1) model. Then, all results of
the M AR(1) model derived in the previous sections can be generalized to properties of the
M AR(p) model.

Let Y; be a matrix time series given in Eq (3.2). Then, the matrix autoregressive time

series Y, of order p is given by

Yt = Alf(thl) + AQf(Yt,Q) 4+ ...+ Apf(thp> + E (3113)

where A,,v = 1,2,...,p, are the coefficient matrices with dimension K x K S? of different
lags (v) that correspond to the coefficient matrix A given in Eq (3.28) for the MAR(1)
process of Eq (3.27) but now with p lags, and &, is the K x S matrix error term process.
Furthermore, the matrix functions f(Y;_,), v = 1,2,...,p, are the same as for the matrix

function f(Y;) in the first order matrix autoregressive process of Eq (3.29) according to

fi(Yeon)
f2(Yiy) [ Y. B |
f(Yiy) = : (Y = Yoy B | rj=12....8,
fi(Ye) : v=1,2,....p:
| YivEsj |
I fs(Yiow) |

likewise, A, with elements (A7),, r,j =1,2,...,S, v=1,2,...,p, is defined analogously to
AJ of Eq (3.21). In order to be able to represent and to rewrite the matrix autoregressive
model of order p > 1 into a matrix autoregressive model of order one, we need to reparame-
terize the terms of the model given in Eq (3.113). To do this reparametrization, let us define

new variables and parameters as follows
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Y, f(Yt—l) €y
Y, Y, 0
X = o C(Yi) = f¥es) . W= , (3.114)
| Yt—p—irl 1 | f(Yt—p) ] | 0 ]
Al Ay ... A, A,
J o0 0 0
Apsp=1 0 J ... 0 0 |- (3.115)
0 0 ... J 0 |

Remember that both Y,’s and &;’s are matrices with dimension K x S. Therefore,
the dimension of both X; and uw; is Kp x S. Also, f(Y;) is a matrix with dimension
KS? x S. Hence, C(Y;_1) is a matrix with dimension KS?p x S. Furthermore, A,y s
a block matrix that consists of p? matrices each of dimension K x KS?. The coefficient
matrices A,,v = 1,2,...,p, in the first row of the block matrix A, are the same as the
coefficient matrices of the M AR(p) model given in Eq (3.113). We define a matrix J, like
A’s, as a K x KS? matrix that has S identity matrices Ic and S(S — 1) matrices zero with

dimension K x K in the following order

S S
e e e
Towse = [Lie, 0, 0,1x,0, .. 0,1k, 0, ..., Ic]. (3.116)
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This J matrix has matrix elements Jy;, j = 1,2,..., 52, which can be written as

j=rS+r+1,
Jlj :IK, lf
r=0,1,...,(S=1);
. 0, otherwise.

Note, by defining the block matrix J in this way, we have Jf(Y,_,) = Y;_,. Now, with
respect to the new variables and parameters in Eq (3.114) and Eq (3.115), the matrix au-
toregressive model of order p in Eq (3.113) can be rewritten as a matrix autoregressive model

of order one that is given by

Xt = AC(thl) + Uyg. (3118)

Thus, all results of the M AR(1) model can be generalized to the M AR(p) model by using
the reparameterized model given in Eq (3.118). Therefore, to do this, we first obtain the
moving average representation in section 3.7.2, and the autocovariance and autocorrelation

functions of the M AR(p) are derived in section 3.7.3.

3.7.2 Moving average representation of M AR(p)

In this section, a moving average representation of the matrix autoregressive process of order
p defined in Eq (3.113) will be derived. First, because any M AR(p) process can be rewritten
in the M AR(1) form of Eq (3.118), and secondly, by using the K x Kp matrix J*

p—1

J* =[I,0,...,0), (3.119)

the M AR(p) process Y, defined in Eq (3.113) can be found by Y; = J*X;, where X; is the

new response variable defined in Eq (3.114).
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However, first we need to obtain the moving average representation of the stochastic
process X;. Then, in the next section 3.7.3, we will use the moving average representation of
X; to obtain its lag functions and corresponding covariance and correlation matrices. Toward
this end, first, by following the same process as was used in section 3.5 to obtain Eq (3.62),
it can be shown that for each f;(Y;—1),7 =1,2,...,5, when Y, follows the MAR(p) model

given in Eq (3.113), we have

fi(Yio1) =By fi(Ye2) + By fi(Yiz) + ...+ By fi(Yiopo1) + fi(€-1) (3.120)

where the K.S x KS matrices B,,v = 1,2,...,p, have the same structure as has the matrix

B in Eq (3.37). That is,

Al AL AL, o Al
Al A2 A2 A2

BV _ v2 _ vl v2 vS : U= 1, 2’ ) (3121)
Al ] \anoan oAl

Then, with respect to the relationship between the f;(Y;—1) and Y, in Eqgs (3.29)-(3.31), it

is easy to show that

J(Yio1) = (I@B1) f(Yi2) +(I®By) f(Yi—s)+...+(1I®B,) f(Yip_1)+ fer1). (3.122)

Therefore, following the same idea for defining the autoregressive process X; in Eq (3.118)
which is a congruence equation of the matrix autoregressive process of order p, Yy, in Eq
(3.113), we can define the congruence equation of f(Y;_;) defined in Eq (3.122). To this

end, the matrix function C(Y;-1) given in Eq (3.114) can be written as follows
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f(Yi1)

S ELC

f(Yt—p)

0 0 o0
| P 0 o0
0 ... Ixg

= GpypC(Yio2) + f(u-1)

where D, =1® B,, v =

property and its given by

1,2,...

0 -

f(Yi o)
f(Yi3)

F(Yiip) |

f(et-1)

(3.123)

,p. Hence, the matrix function C'(Y;_;) has a recursive

C(Yt_l) = GpoC(Yt—2) -+ f(llt_l) (3124)

where G, is a p X p block matrix such that each block is a K'S? x KS? matrix, and f(u;;)
is a p X 1 matrix function such that the first block is the K.S? x S matrix function f(&;_ ;)

and the other blocks are zero. That is,

I®B1 I®B2 I®Bp_1 I®Bp r -
f(Et—l)
Ixqe 0 0 0
0
Gpxp = 0 Ipge ... 0 0 o flam) = (3.125)
0
i 0 0 . Ixqe 0 | - -

Now, by applying the recursive property of the matrix function C(Y;_1) of Eq (3.124)
to Eq (3.118), it can be shown that the moving average representation of X; is given by the

following geometric sum of the past matrix error terms
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X, = i AG"f(wyp1) + wy (3.126)

n=0
where A and G are defined in Eq (3.115) and Eq (3.125), respectively. To verify Eq (3.126),
note that we can start with the MAR(1) model in Eq (3.118), and substitute the recursive

formula of C(Y;_1) in Eq (3.124) into Eq (3.118) as follows

Xt = AC(Yt_l) + wy
= A[GC(Yt72) + f(llt71)] + w
= AGC(Yt72) + Af(ut,l) +w

= AG*C(Yi3) + AGf(up2) + Af(u) +uy

= i Aan(ut,n,1> -+ uy.

n=0

With this moving average representation of the MAR(p) model, we can now find the

autocovariance and autocorrelation functions of the MAR(p) model.

3.7.3 Autocovariance and autocorrelation functions of M AR(p)

In this section, the autocovariance and autocorrelation functions of a matrix autoregressive
process of order p will be derived. Since we have the moving average form of the matrix
autoregressive process of order p in Eq (3.126), it is easy to find the autocovariance functions
of a MAR(p) model following analogous arguments used in section 3.6 for the MAR(1)
process.

Let Wy (h) be the lag function of the MAR(p) model of Eq (3.113) at lag h, and let Wx (h)
represent the lag function of the MAR(1) process defined in Eq (3.118) at lag h. Therefore,
the stochastic process X; can be used to obtain properties of the M AR(p) process Y;. That

is, the mean of the the MAR(p) model is
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E[Y,] = J*E[X/] (3.127)

and we can apply Proposition (3.6.1) to obtain the lag function at lag h of the MAR(p)

model from quantity Y, = J*X;. That is,

Uy (h) = E[(JX) ® (IX) ] =T oDEX, @ X(Ie J7)

= (T D¥x(h)(Ix I (3.128)

After finding the lag function Wy (h), the autocovariance function at lag h, I'y (h), can be
found similarly to the derivation of Eq (3.67) by premultiplying the transformation matrix

T given in Eq (3.6) by the lag function. That is,

Ty (h) = TOy(h). (3.129)

3.7.3.1 Autocovariance function at lag zero

Similarly to the derivation of the autocovariance and autocorrelation functions for the matrix
autoregressive model of order one in section 3.6, we start with the variance-covariance of the
random process X; which is also the autocovariance function at lag zero. To this end, first
let Wx(0) be the expectation of the Kronecker product matrix autoregressive process X;
into its transpose. That is,

Uy (0) = B[X; ® X]]. (3.130)

Then, since X; involves f(u;) (from Eq (3.126)) we need to find the expectation of
the Kronecker product f(u;) ® f7(u;). First, note that in section 3.6, it was shown that

Elf(e) ® fT(e)] =12 T '(I® X*) ( see Eq (3.83)). From Eq (3.125), we have
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fle) @ ff(e) O 0
T 0 0 0 T
fla) @ f (wy) = =E, ® f(er) ® [ (&1) (3.131)
0
0 0 0

where Ef; is a p X p matrix where all of its entries are zero except the first entry. Indeed,
the matrix E}; is defined analogously as the E;;’s in Eq (3.22), except that the E;; matrices
had dimension S x S whereas now E}; has dimension p x p. Then, taking expectations on

both sides of Eq (3.131), we have

Elf(u)® ff(w)) =B, o I T (1o X%). (3.132)

Furthermore, similarly to this process, and with respect to the definition of u; in Eq (3.114),

and noting that Ele; ® €] = ¥e (see Eq (3.4)), it can be shown that

v 0 0
T 00 0
U, =FEuw®u, )= =E}, @ We. (3.133)
0
00 0

Now, substituting the moving average representation of the autoregressive process X,
given in Eq (3.126), and using the fact that the random matrix error &;’s and therefore the
linear matrix function f(u;)’s are uncorrelated, we can show that the expectation of the

Kronecker product of the X;, ¥ x(0), of Eq (3.130) becomes
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Tx(0) = BE(X, ® X))

= E(D_AG" f(wpn )] @[> AG™ f(wrn1)]") + E(w @ )

= Z E([AG"f(W—n_1)] @ [fT (W—p_1)G"TAT]) + E(u; @ ul). (3.134)

Then, by applying Proposition 3.6.1 and using the results of Eq (3.132) and Eq (3.133),
Eq (3.134) can be simplified as

NE

Wy (0) [AG" @ 1] E[f(w) ® f(u)|I® G""A"] + E(u, @ u))

3
Il
=)

NE

AG"QI[E}), @1 T ' (1o 29))Ie G"AT]| + ¥, (3.135)

3
I
o

Then, by using Eq (3.128), we can find the lag function of the MAR(p) model defined in
Eq (3.113), ¥y (0). That is, we obtain

Uy (0) = (J* @ D)Tx(0)(I® I7). (3.136)

Eventually, from Eq (3.129), we can find the autocovariance function of the MAR(p)
model at lag zero, I'y(0), by premultiplying the ¥y (0) in Eq (3.136) by the transformation
matrix T as follows

T'y(0) = TUy(0). (3.137)

3.7.3.2 Marginal vector X j; of X,

In this section, we will study features of the j** marginal vector of a matrix time series Y,
of order p for j = 1,2,...,S. This study is important both for finding the block entries of
the autocovariance matrix I'x (0), and also for perusing and analyzing a single vector of the

MAR(p) model itself. First, note that similarly to the marginal vector Y, in Eq (3.86) for
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the MAR(1) process, the marginal vector X ;; of the MAR(p) process can be obtained from

the matrix process X; by multiplying X; and the vector e;, that is,
X,jt:Xtej, ]: 1,2,...,5. (3138)

Let T';; x(0) be the jj"" block entry of the autocovariance matrix I'x(0). Based upon the
definition of the random process X; in Eq (3.114), X j; is a vector with dimension Kp given
by X%, = (Y], Y].T(t_l), . ,Y].T(t_pﬂ)). Hence, the variance-covariance matrix I';; x(0) has
dimension Kp x Kp. To calculate the variance-covariance matrix I';;» x (0), first we need to
find the moving average representation of the random vector X j;;. To this end, from the

moving average representation of the matrix process X; in Eq (3.126) and its connection to

the vector X j; in Eq (3.138), we have

X‘jt = Xte]' = Z AG"f(ut,n,l)ej -+ u:€; = Z AG”Wj(Ut,nfl) -+ u ¢ (3139)

where W;(w;_,—1) is a vector function and u j; is a vector of white noise, with dimension
KS?p and Kp, respectively; W;(u;_,_1) contains elements V;(e;_,_1) which are as defined
in Eq (3.88), that is,

Vi(et-n-1) € jt
0 0
Wi(w—p-1) = _ ; u = ' . (3.140)
0 0

Therefore, by using the moving average representation of X j; in Eq (3.139), and with respect
to the fact that the €,’s and hence the W;(u;)’s are white noise, the autocovariance matrix

(at lag zero) I'j;» x(0) can be written as
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I, x(0) = Cov(X ji1, X ju) = E[X ;s X7,
= B|(YAG W (1)) (Y AG" Wy (u1) | + Elu il
n=0 m=0

— Y AG'E [Wj(utfnfl)wﬁ (uHH)] G"TAT + Efuu?,). (3.141)
n=0

Recall from Eq (3.95) that we found E(V;(e;)Vi" (€;)) = E;; ® ¥*; therefore, according to

the definition of the W;(w;—,—1) in Eq (3.140), it is easy to show that
E[W;(wp )W) (Won1)] = E}, ®Ej;y @ 27, (3.142)

and Efuju’,] = Ef, ® X7, where Ef is similar to that used in Eq (3.133). Therefore, by
substituting E[u,jtu.j;-,t] = E}; ® X7, and Eq (3.142) into Eq (3.141), and then by applying
the Kronecker product rule (A ® B)(C ® D) = AC ® BD, the variance-covariance matrix

I x(0) can be simplified to, for j,j' =1,2,...,5,

I7, x(0)=> AG"(E} @ E; @ X )G""AT + B, @ 5. (3.143)

n=0

To obtain the block entries of the autocovariance function at lag zero of the matrix
autoregressive precess of order p, I';; v(0), defined in Eq (3.137), first note that Y, can be

found by premultiplying X ;; by the K x Kp matrix J* defined in Eq (3.119), that is,
Y= JX . (3.144)

Therefore, based on Eq (3.144) and using the result in Eq (3.143) for I';;» x(0), we can derive

the autocovariance function I';;v(0) as follows, for 7,5/ =1,2,...,5,
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IT,v(0) = E[Y; Y]] =T E[X ;X5 )37 = 3T, x(0)3*"

= Z J'AG"(E}, ® Ej; @ 2°)G"TATTT 4+ (B}, @ B7,)T

n=0

=Y JAG'(E}, @ Ej; @ 2)G"TATTT + 3, (3.145)

n=0
3.7.3.3 Autocovariance function at lag » > 0

Let Wx(h) be the lag function defined to be the expectation of the Kronecker product
Xiyn @ XTI, Similar to Eq (3.98) for the matrix time series Y;,5, the moving average

representation of the random process X, defined in Eq (3.126) can be rewritten as

Xitn = Z AG" f(wypn_1) + wp

n=0
h—1

= Y AG"f(Wnon_1 +ZAG”+hf(ut net) + Ui (3.146)
n=0 n=0

From Eq (3.146), and using the fact that the matrix function f(u:)’s are a function of
matrix white noise g, and hence are uncorrelated, the lag function Wy (h) can be written as

follows

Wx(h) =EXyn® X;‘F]

h—1 o)
= B( Y AG f(urnn) + D AG () + s
n=0

® ( i AG" f(wy_pm_1) + ut>T

Z [AG™" f(t—n-1)] @ [fT (w—1) G"AT]) + B([AG" f(u,)] @ [uf]).

(3.147)
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Now by applying Proposition 3.6.1, the lag function ¥x (k) in Eq (3.147) becomes

o0

Ti(h) = S (AG™ @ DE(f(wnt) ® " (1)) (I® GTAT)

n=0

+(AG" ' @ DE(f(w) ®u)). (3.148)

The expectation of the Kronecker product f(u;_, 1) ® f7(u;_,_1) was given in Eq (3.132).
According to the definition of f(u;) and u; in Eq (3.125) and Eq (3.114), respectively, and

with respect to Eq (3.106), it can be shown that
E(f(u) @w) =ef @ I® Vech(¥e) (3.149)

where €] is a p-dimensional vector given by ] = (1,0,...,0)T, and Vech(¥¢) is as defined in
Eq (3.105). Therefore, by substituting these results into Eq (3.148), ¥ x (h) can be obtained

as

Uy (h) = i(AG”*h D (E, 0l T (I 2))Ie GTAT)

n=0

+ (AG" ' @ 1) (e} @ I® Vech(Pe)). (3.150)

Analogous to the derivation of the autocovariance function at lag zero in Eqs (3.136) and
(3.137), the autocovariance function of the MAR(p) model Y; at lag h > 0, I'y(h), can be
obtained by finding the corresponding lag function W (h), and then by premultiplying it by

the transformation matrix T. That is,
Uy (h) = (T oD)P¥x(h)(Ie I, T'y(h) = Ty (h). (3.151)

Block entries of this new autocovariance matrix I'y (h) can be obtained in the same way as

for the autocovariance matrices I'(0) and I'(h) in sections 3.6.2 and 3.6.3.
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Similarly to the case of h = 0 in Section 3.7.3.2, we can derive the variance-covariance

matrix I';; v (h) for b > 0. Toward this end, first note that, from Eqs (3.138) and (3.146),

X ji+n can be written as, for j,j' =1,2,...,5,
h—1 00
Xjtrn = Xeyn€; = Z Aan(ut+h—n—1)ej + Z AGn+hf(ut—n—1)ej + Ut n €
n=0 n=0
h—1 00
= > AG"Wj(Wnon-1) + > AG" W (1) + Wi (3.152)
n=0 n=0

By definition, the variance-autocovariance matrix (at lag h > 0), I';;» x(h), can be ob-

tained as

IT x(h) = Cov(X jen, X ju) = E[X junX )
h—1 ©

—E [( S AG W (Wiinn) + Y AGTI ()
n=0 n

=0

+ Wien)) (D AG" Wi (W) + u.j't)T}

m=0

=> AG"E [Wj(ut_n_l)wf(ut_n_l)] G""A" + AG" ' E[W;(u)u,).

n=0

(3.153)

From Eq (3.142), we know E[Wj(ut,n,l)ﬂ/f(ut,n,l)}, but we need to determine the
E[W;(u,)u’;,]. To this end, first note that from Eq (3.140) Wj(u,) and uj, can be written

as

Wj(ut) = 971? & V}(st), u e = ezf X € jrt- (3.154)
Hence, we have

Wi(uu’ly, = (e @ Vi(ey)) (ef © €.j’t)T = (efe}’ ® Vi(eel,) = B, @ V(er)el, (3.155)
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where Ef| is the same as in Eqs (3.131), (3.132), and (3.133). Now, by taking expectations

on both sides of Eq (3.155), and using the result of Eq (3.111), we obtain
EW;(u)ul,]=E) ®e; @35,  jj=12,...,5 (3.156)

By substituting Eqs (3.142) and (3.156) into Eq (3.153), the variance-covariance matrix

I';; x(h) is obtained as

I7, x(h)=> AG"™(E}, @ E;; @ 2°)G"TAT + AG" ' (B, @ e; @ 27).  (3.157)
n=0
Eventually, by using the relationship between the vectors X j; and Y, in Eq (3.144), the

variance-covariance function I‘?j, v (h) is derived as follows, for j, 7' =1,2,...,5,

Ihy(h) = EY oY) = 3 BIX i X 5] 3 = I Ty x (h) I

=> JAG"™(E}, @ Ejy @ B1)GMTATTT + JFAGM (BY, @ e; @ )

n=0

(3.158)

3.8 Matrix Autoregressive Process with Nonzero Mean

So far, we assumed that the matrix time series Yy, given in Eq (3.2), has mean zero; based on
this assumption, we introduced and explored the autoregressive process of the matrix time
series Y. In practice, this assumption may not be satisfied and it is worth investigating
and analyzing models with nonzero mean. To this end, let p be the intercept matrix of the
matrix time series Y; each with dimension K x S. Then, the matrix autoregressive process

of order one (MAR(1)) of the matrix time series Y, as first introduced in Eq (3.27) is
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M1 MH12 ... H1S

Ho1  M22 ... H2g
Yt =u+ Af(Yt_1> + &4, o= . . . . (3159)

HK1 MHK2 .. MHKS

Now we can find the moving average representation of the matrix time series with nonzero
mean in Eq (3.159). First, note that it is easy to show that the matrix function f(Y;_;) in

Eq (3.159) has the following recursive property

f(Yia) = f(p) + U@ B) f(Yia) + fer). (3.160)

Based on the recursive model given in Eq (3.160), the autoregressive process Y; in Eq (3.159)

can be simplified as

Yi=p+Af(Y1)+e
= p+Alf(p) + TOB) f(Yio) + fle)] +&
—p+Af(p)+ATB) F(Yis) + Af(ery) + &
=p+Af(p)+ AT@B) [f(p) + T@B) f(Yis)+ fler2)] + Af(er1) + &
=pu+Af(n) + AI®B) f(u) + AT@B)” f(Yis) + A(I® B)f(er-2)

—+ Af(éftfl) + &

:HH(A+Aa®m+Aﬂ®By+m+Aa®mﬁﬂm

+AI@B)" (Y, 0)+ XT: AI®B) f(e;i1)+e.  (3.161)

=0

If all eigenvalues of the coefficient matrix B (hence all eigenvalues of I ® B ) have modulus

less than one, then it can be shown that the sequence A(I®B)?, i = 0,1,2,..., is absolutely
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summable (see Liitkepohl, 2006). Therefore, the infinite sum > A(I® B)"f(g;_;_1) exists
i=0

in mean square. Furthermore, it can be shown that

A
Ixs: — (I1® B)

(A+A(I®B)+AI®B)’+...+ AI®@B)") f(p) —" f(p). (3.162)

Also, because it is assumed that all eigenvalues of B, and therefore also of I ® B, have
modulus less than one, then (I® B)™"! converges to zero rapidly as 7 — oo; hence, the term
A(I® B)™™ f(Y;_,_2) can be ignored in the limit. Therefore, if all eigenvalues of B have
modulus less than one, then the moving average representation of the matrix autoregressive

process of Y; in Eq (3.159) is

Yi=v+)Y AA®B)" fg—ni) +e&, v=p+

n=0

ey (O CALS)

Then, according to the properties of the moving average representation, it is easy to show

that the expectation of the matrix time series Y; in Eq (3.163) is equal to v. That is,

E[Y,] =v. (3.164)

The matrix autoregressive process of order p (MAR(p)) defined in Eq (3.118), also can
be found when the matrix time series Y; has intercept matrix g # 0. In order to convert a
MAR(p) model, with nonzero intercept p, to a MAR(1) model, we can use exactly the same

model as we used in Eq (3.118) except that we add one extra term py. That is,

Xt = MUx + AC(Yt_l) + w (3165)

where the reparameterized variables and parameters X;, C(Y;_1), u;, A are defined as in
Eq (3.114) and Eq (3.115). Also, py like X; and wu, is a p x 1 block matrix where each

block matrix is a K x S matrix. The first block entry of the block matrix py is the K x S
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intercept matrix p, the intercept of the matrix time series Y;, and other block entries are

zero. That is,

Py = . (3.166)

0

- (px1)

With some algebra similar to that for the nonzero mean MAR(1) model through Eqs (3.161)-
(3.163), it can be shown that the moving average representation of autoregressive process

given in Eq (3.165) is equal to

X, =vx+ Y AG"f(u_n_1)+u (3.167)

n=0

where A and G is defined in Eqgs (3.115) and (3.125), respectively, and vy is equal to

vx =+ g C(w). (3.168)

KS2p — G)

Moreover, from the moving average representation of X; in Eq (3.167), we have

E(X,) = vx. (3.169)

3.9 Yule-Walker Equations for MAR Processes

Let Y, be a stationary MAR(1) process, with matrix white noise variance-covariance I'(0) =

TY(0) = TE[(Y; —v) ® (Y; — v)T], given by

Yt =K + Af(Yt_l) + &¢

S S
=pu+> > AIY E,; +ep (3.170)

j=1 r=1
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The mean-adjusted form of Eq (3.170) can be written as
s s
=> Y Al(Yi1 —v)E; +e (3.171)
j=1 r=1

where v = E(Y) is defined in Eqgs (3.163) and (3.164). Kronecker multiplication of Eq
(3.171) by (Yi_p, — v)7T gives us

S
Z Ai(thl - v)Em- ® (thh - ’U)T + & @ (Yt,h — 'U)T.

7j=1 r=1

IE

(Yi—0)® (Y —v)" =
(3.172)

Alternatively, this quantity, by using the Kronecker product rule (AC ® BD) = (A ®

B)(C ® D), can be written as

s S
(Y, —0)@ (Yo —0)" =) > (Al D)((Yim —v) @ (Yo — 0)") (B @ Ix)

j=1 r=1

+&® (Y —v) (3.173)

Now, by taking expectations on both sides of Eq (3.173), for A > 0, and recalling that
U(h) = E[(Y:—v)® (Yin —v)T] (see section 3.6, Eq (3.99) and section 3.8, Eq (3.164)),

we have

= Y (A @DT(h—1)(E,; @ 1x), (3.174)

j=1 r=1

For h = 0, let us use Eq (3.171) for (Y; — v)? and substitute it in the first term on the

right side of Eq (3.172). Then, Eq (3.172) can be rewritten as
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S S
(Yi—v)® (Yi—v)" =3 S Al(Y, - ETJ®ZZE]T Y., —0)TAL"

7j=1 r=1 j'=1r'=1

S S
+Y DAY —v)E el +e @ (Y, —v). (3.175)

j:l r=

—_

Here, by using the same Kronecker product rule as was used to obtain Eq (3.173), Eq (3.175)

can be written as

s S S S
0T
(Yt — ’U) Yt — ’U Z Z Z Z Aj X E] rl Yt—l — ’U) &® (Yt—l — ’U)T) (Erj &® Az‘, )

j=lr=1j4'=1r'=1

+ zsj zsj AlRD)((Yic1—v)@el | )JAQE,) + & @ (Y, —v).
j=1 r=1
(3.176)
Taking expectations on both sides of Eq (3.176) leads to
S s S 8
TO0)=> Y > D (AlQE;)¥(0)(E,; & ALY e (3.177)

j=1 r=1 j'=1r'=1

where We is given in Eq (3.4). To solve this equation for ¥(0), Vec can be taken on both
sides of Eq (3.177). Then, by applying the Vec operator rule Vec(ABC) = (CT® A)Vec(B),

we have

Vec(®(0) =Y Y Y > (E; ® AL) ® (Al @ By )Vec(®(0)) + Vee(e)  (3.178)

=1 r=1 j/:]_ r'=1

or

Vee(w(0)) = (Tes: — ZZZZ (E,, © A7) (Ai@Ej,T,)>1VeC(\Ilg). (3.179)

j=1 r=1j'=1r'=1
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s S S S ) ,
The invertibility of (IK2 s2—>. 2. > > (E; @A) @ (Al ® ijrz)> follows from the sta-
j=lr=1j5'=1r'=1
tionarity of Y;. Therefore, the Yule-Walker equations for the MAR(1) stationary processes
are given in Eqgs (3.179) and (3.174).

To obtain the Yule-Walker equations for a matrix autoregressive model of order p > 1

(MAR(p)), first note that from Eq (3.113), we have
(Y, —v) = ZA F(Yi —v) + &4, (3.180)

and by using Eqgs (3.26) and (3.27), for each v, A, f(Y;_, —v) can be written as
S
Avf(Yiy —v) =3 AL (Yew — 0)E,;. (3.181)

Hence, by applying Eq (3.181) in Eq (3.180) we have

(Y, —v) Z Z Z Al (Y, , —V)E, +e. (3.182)

v=1 j=1 r=1

Note that AJ € A,, v =1,2,...,p. Then, by Kronecker multiplying this quantity on the
right side with (Y;_, —v)T, and then by using the same Kronecker product rule as was used

to obtain Eq (3.173), we have

p S

(Ye—0)@ (Y —v)" =) Y Y (AL @) (Yo —v) @ (Yo —v)") (B, @ Ix)

v=1 j=1 r=1

+e® (Y —v)t. (3.183)

Now, taking expectations on both sides of Eq (3.183), for A > 0, and using the independency

of the matrix error terms, leads to
p

S S
SN (AL @D (h - v)(Ey @ ). (3.184)

v=1 j=1 r=1

85



If AJ

7o =1,2,...,S v =12 ... p, and lag functions ¥(0), ¥(1),..., ¥(p — 1) in Eq
(3.184) are known, then the recursive equation given in Eq (3.184) can be used to obtain
lag functions W(h) for h > p. Therefore, we need to derive the initial lag functions ¥(h) for
|h| < p. The MAR(1) process X; given in Eq (3.118) can be applied to determine the initial
lag functions.

First, note that we have Jf(Y:) = Y; where J is defined in Eqgs (3.116) and (3.117).
Hence, X; defined in Eq (3.114) can be rewritten as a function of the C'(Y;) defined in Eq

(3.114) as follows

Then, using the Tracy-Singh product for multiplying Eq (3.185) on the right side by X7 we

have

X, 0 X! = (L, © 1)C(Y,)) s (CT(Y)(L, ® J)T)

= (L, ®J)=<I)(C(Y,) x CT(Yy)) (I (L, ® I)T). (3.186)

The Tracy-Singh product () is a block Kronecker product introduced by Tracy and Singh
(1972), and is defined as follows.

Definition 3.9.1 (Tracy-Singh product) Suppose the m x n matrix A is partitioned into
block matrices A;; with dimensions m; X nj, i = 1,2,... .14, 1 = 1,2,...,¢,, and the p X q
matrix B is partitioned into block matrices By, with dimensions pr X q, k = 1,2,...,71y,
l=1,2,...,¢, such that ), m; = m, Zjnj =mn, Yy Pk =0p, and Y ;q = q. Then, the

Tracy-Singh product A >< B s defined as

AxB=(A;;>xB); = ((Aj ®Bu)u) (3.187)

ij

where A;; @ By is of order m;pr X njq, Ay > B is of order m;p X n;q and A > B is of
order mp X ngq.
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The second equality in Eq (3.186) follows from the same property as we have for the Kro-

necker product, that is (see Liu and Trenkler, 2008)
(A = B)(C D) = (AC = BD). (3.188)

On the other hand, by using the MAR(1) representation of X; given in Eq (3.118) and

Tracy-Singh multiplying on the right side of Eq (3.118) by X!, we have

Xy X{ = (AC(Y4-1)) < (CT(Yim1)AT +uf ) + up s X
= (A > I) (C(thl) > CT<Y,5,1)) (I > AT) + AC(thl) > utT + u; X XtT
(3.189)

The second equality in Eq (3.189) follows from the Tracy-Singh product rule of Eq (3.188).

Example 3.9.1 Let A = (A;;) and B = (By) be two partitioned matrices given by

A11 A12 Bll B12
A. — s B =

A21 A22 B21 B22
Then, according to the Tracy-Singh product defined in Eq (3.187) we have

A1 ®By1 A ®Bio, Ap @By Ap @By
! |
AB A;;<B A< B A ®Bo A ®Bg | A2 ®@Ba Az ® By
> = |--—-—- - - - - _- —- - - = - = |- - - - - - - - e e - == - .

| |
AsyxB i1 ApxB A1 @B11 A1 @By | A @B11 A @B

|
A1 ®Bo1 Ao ®Baz 1 Ao @ Ba1 Az ® Boo

Let ®x(0) = E(X; > X7) and ®c(v)(0) = E(C(Y:) < CT(Yy)). Then, by taking the

expectation on both sides of Eq (3.186), we have
Px(0) = (I, ® J) > I) ey (0) (T (T, @ I)7), (3.190)
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and, similarly for Eq (3.189), and using the fact that the matrix error terms are independent,

we obtain
Px(0) = (A= I)®cy)(0) (I AT) + Ef; ® ¥e (3.191)

where E, is similar to that used in Eqgs (3.133) and (3.142), and W¢ is defined in Eq (3.4).
The ®¢(y)(0) can be obtained first by combining Eqs (3.190) and (3.191), which leads to

(L, ®3) =< I) oy (0) (I (I, ® J)") = (A= I) oy (0) (I AT) + Ef; ® ¥e. (3.192)
Then, by taking Vec on both sides of Eq (3.192), we have
ZVec(Poy)(0)) = Vec(El, @ Te) (3.193)
where
Z = (1o (L, ®3)")" @ (L, @ 3) aT) = (10 A7) @ (AsaT)). (3.194)
Multiplying Z” and then (Z7Z)™" on both sides of Eq (3.193) leads to
Vec(®coy)(0) = (Z"Z) ' Z"Vec(E}, @ We). (3.195)

The invertibility of the first term on the right side of Eq (3.195) follows from the station-
arity of the matrix time series X;. Eventually, by obtaining the ®¢(y)(0) from Eq (3.195),
®x(0) can be found by utilizing Eq (3.190).

Note that, by using the definition of the Tracy-Singh product in Eq (3.187) for X; and
XT instead of A and B, respectively, and with respect to the definition of X; in Eq (3.114),

we have
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Y
T Y
XXy = . MY Y Y
L Yt—p+1 ]
Y, ®Y! Y. Y., ... Y.@Y[, ,
] Y ® Y YooY, YY), (3.196)
Y ® Y/ Y @Y o Y ,a®YD |

Therefore, by taking expectations on both sides of Eq (3.196), ®x(0) can be partitioned by
the lag functions ¥(0), (1),...,¥(p — 1), as follows

¥ (0) W (1) Y(p—1)
By (0) = \I'(.—l) \I'FO) \Il(p.— 2) | (3.197)
U(—p+1) ¥(—p+2) ... ()

Hence, the Yule-Walker equations for the stationary MAR(p) processes are given in Egs
(3.197) and (3.184).
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Chapter 4

Matrix Time Series - Estimation

4.1 Introduction

In this chapter, we will estimate the parameters of the matrix autoregressive processes of
order p (MAR(p)), proposed in chapter 3, based on a sample of matrix observations Y7,
Y, ..., Yy. There are several different procedures that can be used to estimate time series
parameters. All of these methods may have the same or almost the same answer, but may
be more or less efficient for any model. We estimate the parameters of the matrix time series
based on two main estimation methods, namely, least squares estimation, and maximum
likelihood estimation in sections 4.3 and 4.4, respectively. In the least squares estimation
method, we consider both ordinary least squares (OLS) estimation, and generalized least
squares (GLS) estimation in sections 4.3.2 and 4.3.3, respectively, for the MAR(1) processes.
In section 4.3.4, the least squares estimators of parameters of the mean adjusted MAR(1)
model will be derived; and in section 4.3.5, the least squares estimators are given for MAR(p),
p > 1, processes. Finally, in section 4.4, we will use the maximum likelihood method to
estimate the parameters of the MAR(p) model. We start with some preliminary material

and basic results in section 4.2 that will be used in the rest of this chapter.
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4.2 Basic Results

Before starting any analysis to estimate the parameters, let us introduce some important
properties and rules of matrix operations, matrix multiplication, and matrix derivatives that
will be used through this chapter. For given matrices A, B, C, and D with appropriate

dimensions, we have the following rules and relationships

(A®B)(C®D) = (AC @ BD) (4.1)
Vec(AB) = (BT @ I)Vec(A) (42)
(Vee(A))" (D @ B)Vee(C) = tr(ATBCD) (4.3)
tr(AB) = tr(BA) (4.4)
HrAB) _ g (4.5)
8tr(!*@iATC) _ @”(%TEAB) — CTAB” + CAB (4.6)
%lec) — (A'CBA™T (47)
AL _ (yry (43)
A) _ DIA) (19)
(A9B) ' =(A'oB™) (4.10)
(A®B)” = (AT @ BT) (4-11)
tr(A + B) = trA + trB (4.12)

where T is the transpose operator, ® is the Kronecker product, Vec is a matrix operator
defined in Eq (3.11), and ¢r is the trace operation which gives the sum of the diagonal
entries of a square matrix. Also, for given matrix A and vectors b and 3 with appropriate

dimensions, we have
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o(b™B) _ 9(8"b)

B = o8 = b (4.13)
O(AB) _ AB'AT) _ r

oaT A, B A (4.14)
d(B"AB) _
T (A+ATB (4.15)

These can be found from any of the many basic texts on matrix algebra, e.g., Seber (2008),

Harville (1997).

4.3 Least Squares Estimation

The ordinary least squares (OLS) estimators are derived in section 4.3.2 for the MAR(1)
model. In section 4.3.3, we derive the generalized least squares (GLS) estimators for the
MAR(1) model. The corresponding estimators for the adjusted MAR(1) model are obtained
in section 4.3.4. Finally, in section 4.3.5, we will extend the least squares estimators for the

MAR(1) model to MAR(p) processes. We begin, in section 4.3.1, with some basic results.

4.3.1 The Model

We will start with the matrix autoregressive process of order one (MAR(1)). Let Y, be a
matrix time series of dimension K x S, and assume that it has the same structure as the

matrix autoregressive processes of order one that is given in Eq (3.27). That is,
Yt =K + Af<Yt—1) + & (4.].6)

where all terms have their typical meaning, that is, g is the intercept matrix allowing for
the possibility of a nonzero mean E[Y], &; is the K x S observational error matrix with

properties Ele;] = 0, Ele; ® €] = ¥, and Ele; ® eX] = 0 for t # r, which is the white noise
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or innovation process. The matrix A is the matrix of coefficient parameters with dimension
K x KS? given in Eq (3.28), and f(Y; 1) is a matrix function of the matrix Y; ; with
dimension K S? x S defined in Egs (3.29)-(3.31).

Assume that Yy, Yo, ..., Yy are matrix observations from a stationary matrix time
series Y; at equal intervals of time. That is, we have a sample of size N for each of the K S
variables of the matrix time series Y; for the same sample period. Moreover, it is assumed
that presample values for the matrix variable f(Y,) are available. In order to simplify the
notation and put all matrix observations in one compact model, we partition a matrix time

series into sample and presample values; that is,

Y = (Y, Ys,---,Yy)  with dimenstion (K x SN) (4.17)
0= (p A) " (K x (KS*+9)) (4.18)
X; = ! 4 ((KS*+5) x 9) (4.19)
f(Y4)
X = (X0, Xy, , Xn_1) " (KS*+S) x SN (4.20)
€= (g1, ,EN) 4 (K x SN) (4.21)
y = Vee(Y) 4 (KSN x 1) (4.22)
B = Vec(0) 4 ((K?5* + KS) x 1) (4.23)
w = Vec(e) 4 (KSN x 1) (4.24)

By using the notations of Eqs (4.17)-(4.21), the MAR(1) model in Eq (4.16) for ¢ =

1,2,..., N, can be written as the following compact linear model

Y =60X+e. (4.25)

By taking Vec(.) on both sides of Eq (4.25), and using the Vec operation rule given in Eq
(4.2), we have
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Vec(Y) = Vec(0X) + Vec(e)

= (X" ®@Ix)Vec(8) + Vec(e). (4.26)

Therefore, with respect to the notations in Eqs (4.22)-(4.24), Eq (4.26) can be written as

y=(XT9I)8 +w. (4.27)

This model will be used to find the least squares estimator of the matrix parameter @ by

obtaining the least squares estimator for the parameter vector 3.

4.3.2 Ordinary Least Squares (OLS) Estimation

The ordinary least squares (OLS) method is generally applied when estimating the unknown
parameters of linear models. The OLS estimators are the best linear unbiased estimators
(BLUE) when errors of the linear model are assumed to be uncorrelated. In this section, we
use the OLS estimation method to estimate the coefficient matrix A of the autoregressive
matrix process defined in Eq (4.16) and the intercept matrix p, based on N matrix sample
observations. In the compact model defined in Eq (4.25), we put all these parameters together
in the matrix @ = (u, A) (see Eq (4.18)). Our goal is to estimate the coefficient matrix € in
the general linear matrix model given in Eq (4.25). To this end, first assume that the matrix

error terms &; in Eq (4.16) have an identity covariance matrix, i.e.,

Var(e,) = 0’lgg, t=1,2,...,N. (4.28)

The OLS method minimizes the sum of squares of the errors. Therefore, to apply the
OLS method, we use the model defined in Eq (4.27) to find the estimator of the vector

parameter 3. Then, based on the relationship between 3 and 0 in Eq (4.18), the estimator
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of @ can be obtained. To this end, we need to minimize the sum of squares of the errors of
the model. Thence, first let S1(3) be the function of the sum of squares of the errors of the

model (4.27) as follows

S1(B) = wlw
= (y-X"0InB) (y - (X" ®Ik)8)
=y'y -y X' 0Ix8 - 8" (X lk)y + 8/(XX" @ 1Ix)8. (4.29)

By taking the derivative on both sides of Eq (4.29) with respect to the vector parameter 3

and using the matrix derivative rules in Eqs (4.13) and (4.15), we have

951(8)
B

= 2(X® Ig)y + 2(XX" @ Ix)3. (4.30)
Then, by setting Eq (4.30) equal to zero, the following normal equation can be obtained
(XX" ® IK)B = (X ®Ix)y, (4.31)
or, equivalently,
B=[XX" @I (X ®Ix)y. (4.32)

Recall from Eq (4.18) that 8 = Vec(0). By applying the rules given in Egs (4.10) and (4.1),

Eq (4.32) can be written as

Vec(/O\) = B = [(XXT @ Ix)] ' (X ®1g)y
= (XXT) '@ Ix)(X @ Ik)y

= (XX") ' X @ Ix)y. (4.33)
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Then, by using the Vec operation rule in Eq (4.2) and with respect to Eq (4.22) that

y = Vec(Y), we have
Vec(8) = Vec(YXT(XXT)™). (4.34)

Therefore, the OLS estimator of 0 is equal to

~0oLS
6" = YX"(XX")". (4.35)
The Hessian matrix of S1(3) is required to be positive definite to ensure that ,@ in Eq
(4.32) minimizes the function S;(3). The Hessian matrix of S1(3) is the second derivative

of the function S;(8), and is given by (see Eq (4.13))

0%51(8)

This is obviously a positive definite matrix, and confirms that B is the minimizer of the sum
of squares of the errors function S;(8) defined in Eq (4.29).
~OLS
There is another way to derive the OLS estimator 6 obtained in Eq (4.35). First,

consider the matrix autoregressive process as
Yt = OXt—l + &4 <437)

where 6 and X; are defined in Eq (4.17). Then, by postmultiplying X , on both sides of
Eq (4.37), we have

Y X! =0X, X | +eX],. (4.38)
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Taking the expectation of both sides of this equation and using the fact that F[e;] = 0 yields

E[YtX?—l] = OE[Xt—lxtT—1]- (4.39)

Now, E[Y,XZ ,] and E[X; ;X! ] can be estimated, respectively, by

N
1
E[Y, tl::NE: —n—YXT (4.40)
— 1_ N
E[X,_XT || = NZ i XT = NXXT. (4.41)

By substituting these estimated values from Eqs (4.40) and (4.41) into Eq (4.39), the fol-

lowing normal equation will be obtained

1 ~
NYXT BNXXT (4.42)

~OLS
Hence, 0 g YXT(XXT)7! as before (in Eq (4.35)).

4.3.3 Generalized Least Squares (GLS) Estimation

The generalized least squares (GLS) method is another procedure to estimate unknown
parameters of linear models. The purpose of using the GLS method is to provide an efficient
unbiased estimator for the parameters by taking into account the heterogeneous variance of
the errors. The OLS estimators in such cases are unbiased and consistent, but not efficient.

Therefore, let 3. be the covariance matrix of the white noise matrix ;. Then, the

covariance matrix of the e defined in Eq (4.17) is equal to

Var(e) = (Iy ® X.). (4.43)
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Furthermore, we assume that the K'S x KS covariance matrix 3. can be broken down
and written as the Kronecker product of two covariance matrices Yy x and gy with

dimension K x K and S x S, respectively. That is, we can write

Yo = Qoxs @ Ygxk. (4.44)

For the sake of brevity and convenience in notation, in the sequel the two covariance matrices
Qg5 and Xk« ¢ will be shown without the subscripts. Hence, the variance-covariance matrix

of € given in Eq (4.43) can be rewritten as

Var(e) = (In @ Q@ X). (4.45)

Now, to find the GLS estimator, let S3(3) be the squared Mahalanobis distance of the

residual vector w defined in Eq (4.27). That is,

S$H(B)=w(Iy@223) 'w

= y-X'elks) (IneQ ' o2 )(y - (X' ©1k)8). (4.46)

Then, applying the rule of Eq (4.2) and using the relationship between the defined variables
in Eq (4.17), we have w = Vec(Y — 0X). Hence, S3(3) can be rewritten as

Sy(B) = (Vee(Y —0X) Iy @ Q' @ X H(Vee(Y — 6X)). (4.47)

Now, applying the equality given in Eq (4.3) to Eq (4.47), we have

S2(0) = (Vec(Y — X)) Iy @ Q'@ X1 (Vec(Y — X))

=tr[(Y — 0X)"S71(Y — 6X)(Iy ® Q17 (4.48)
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By expanding the quadratic term inside the trace in Eq (4.48), and using the fact that
the trace of the sum of matrices is the sum of the trace of each matrix (see Eq (4.12)), S2(0)

in Eq (4.48) can be simplified as

S9(0) =tr[YI'E'YIy@Q H) —tr[Y'S'0X(Iy @ Q1)

—tr[ X' IY Iy @ Q7]+ tr[XT0TS 10X (Iy @ Q71)]. (4.49)

Note that, in the last term in Eq (4.49) we used (Iy ® Q)7 = (Iy ® Q71); this follows
from Eq (4.11) and using the fact that the covariance matrices €2 and ¥ are symmetric.

To derive the GLS estimator for the matrix parameter @, we need to minimize the function
S9(0) in Eq (4.49). Thus, it is required to take the derivative of the function S;(0) with
respect to @, and set it to zero. To this end, first for the sake of compatibility of the notations
of trace terms in Eq (4.49) with the matrix derivative rules of traces (given in Eqs (4.5) -
(4.7)), let us rewrite the function S»(8).

The first term of S3(6) in Eq (4.49) is not a function of 8, so we can keep it as it is. In
the second term of Eq (4.49), let A = Y'E™! B = X(Iy ® Q71); then based on the rule

for the trace of the product of matrices given in Eq (4.4), we have

tr(AB) = tr[Y'S'0X(Iy @ Q1)) = tr[0X(Iy @ Q) Y'ES ! = tr(BA). (4.50)

Likewise, for the third term of S5(8) in Eq (4.49), let A = X", B = 60"S7'0X(Iy ® Q7Y);

then by using Eq (4.4), we have

tr(AB) = tr[XT0"S 'Y Iy @ QY] = tr[0" 'Y (Iy @ Q@ HXT] = tr(BA).  (4.51)
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Similarly, by using the same rule for the fourth term of Eq (4.49), and setting A = X773

and B = 6X(Iy ® Q7 !), we obtain

tr(AB) = tr[XT0TS 10X (Iy @ Q7] = tr[0X(Iy @ @ HXT0"S 7 = tr(BA).  (4.52)

Then, adding Eqgs (4.50) - (4.52), the function S3(@) can be rewritten as

S9(0) =tr[Y'E'YIy@ Q) —tr[0X(Iy @ @ HY'Z

—tr[@" 'Y (Iy @ @ HXT] + tr[0X (Iy @ @ H X772 1. (4.53)

Now, by using the differentiation rules of traces given in Eqs (4.5)-(4.7), the derivative of
each term in Eq (4.53) with respect to 6 is derived. Based on the rule in Eq (4.5), we have,
for the second term,

otr[0X(Iy @ @ HYTE ™
00

=27'Y(Iy ® Q@ HXT”. (4.54)

Similarly, the derivative of the third term in Eq (4.53) with respect to 87 is given by

otr[@T =Y (Iy ® Q1 X7]

T =XIyeQ Y= (4.55)

then, by using of the derivative rule in Eq (4.9), the term becomes

otr[@" =Y (Iy ® 1) X7

_ —1 —1 T
- =Y (Iy @ Q)X (4.56)

Finally, taking the derivative of the fourth term, using the rule given in Eq (4.6) by setting
A=0.B=XIy®Q2 HX?, and C =X = =" leads to

otr[@X(Iy ® Q@ H)XTe"x ™1
00

=22710X(Iy ® Q1) X", (4.57)
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Thence, by combining Eqs (4.54)-(4.57), the first derivative of S5(0) in Eq (4.53) with respect

to @ is obtained as

05,(0)

g = 22 Y (Iy @ @ X' 286X (Iy o @ )X (4.58)
0
By setting &S;é )‘0 6= 0, we have
_on-1 (Y(IN @ QX" - 0X(Iy ® Q‘l)XT) = 0. (4.59)

~GLS
Therefore, the GLS estimator 6 of the matrix parameter 0 is equal to

07" = Y(Iy 0 @ HXT (X(Iy © @ H)XT) L. (4.60)

~GLS
Note that if the column (within) covariance € = I, then the 8 of Eq (4.60) reduces to

~OLS ~GLS ~OLS
the @ g of Eq (4.35); i.e., the OLS and the GLS estimators are the same, b 0 t .

4.3.4 Mean Adjusted Least Squares Estimation

In this section, we derive the OLS and GLS estimators for the matrix autoregressive process
when the mean of the model is adjusted. In section 4.3.4.1, the mean adjusted model will be
introduced. We will obtain the OLS and GLS estimators of the model parameters in section
4.3.4.2 for the known adjusted mean. An estimator for the mean of the adjusted model will

be proposed in section 4.3.4.3 when the mean of the model is unknown.

4.3.4.1 The Model

Assume that the matrix autoregressive process in Eq (4.16) has mean v. Note that, the
MAR(1) model in Eq (4.16) has intercept p; however, the mean of the matrix Y, is equal

to v, E[Y] = v. Then, the mean-adjusted form of the MAR model is given by
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Y, —v=A(f(Yi1)— f(v)) +&. (4.61)

In order to consider this modification in the least squares approach, some notations defined

in Eqs (4.17) - (4.24) are redefined as follows

Y=Y, —-v,Ys—v, -, Yy —v) with dimension (K x SN) (4.62)
A=A " (K x (KS?)) (4.63)
XY = [ Y = f(v) ] 4 (KS%) x S) (4.64)
X0 = (X5, X9, X)) 4 (KS?) x SN (4.65)
vy’ = Vec(Y?) 4 (KSN x 1) (4.66)
a = Vec(A) 4 (K%S8%) x 1) (4.67)

Then, the mean-adjusted MAR(1) model defined in Eq (4.61) for t = 1,2,..., N, has the
following compact form

YO = AXO + ¢ (4.68)
where € is the same as in Eq (4.21).

4.3.4.2 Least Squares Estimation with Known Mean

Suppose that the mean of the MAR(1) model is as given in Eq (4.61), and suppose v is
known. Then, by applying the same process used in section 4.3.1 for the unadjusted model,
it can be shown that the OLS estimator of coefficient vector a is analogous to Eq (4.32) and

equals

% = (X'XT @ 1) 'X% @ Ix)y". (4.69)
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Therefore, analogously with Eq (4.35), we have the OLS estimator of the parameter matrix

A, AOLS ag
AOLS — yOxOT(x0x0T)1, (4.70)

Also, by following the same procedure as in section 4.3.3, it can be shown that the GLS

estimator of the coefficient matrix A, AGLS , in this case is equal to

AGES — YOIy @ @ XY (X0(Iy @ Q)X (4.71)
This is analogous to Eq (4.60).

4.3.4.3 Least Squares Estimation with Unknown Mean

In applications, usually the mean v of the process is unknown, and it needs to be estimated.
The mean matrix v of the model in Eq (4.61) can be estimated by the matrix of sample

means. That is,
1N

Then, by substituting the 7 into the sample matrix Y in Eq (4.62), the OLS and the GLS
estimators of coefficients given in Eqs (4.69)-(4.71) will be modified as follows. First, let Y?
and )A(? be the estimated mean adjusted matrix observation of Y and mean adjusted matrix

of past observations X?, given in Eqs 4.62 and 4.64, respectively; i.e.,

YO = (Y1—-v,Yy—v, - Yy —D) with dimension (K x SN) (4.73)
<0 1/

%'~ v @) | (K8 x ) (4T
X0 = (X0, X9, X)) " (KS?) x SN (4.75)
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Then, the OLS and GLS estimators of the coefficient matrix A, AOLS and AGLS , are

analogous to Eqgs (4.70) and (4.71), respectively, as

AOLS _ ?oxw(}’io}’@:ﬁ)q (4.76)

AGLS _ {,—O(IN 2 Q‘l)XOT()ACO(IN ® Q—l))A(OT)—l, (4.77)

4.3.5 The Least Squares Estimation for MAR(p)

The OLS and GLS estimators for the matrix parameters of the 6 and A for the MAR(1)
model given in sections 4.3.3 and 4.3.4, respectively, can each be extended to the MAR(p)
model by making the following modifications. In particular, the matrix parameter 8 and the

variable X; given in Eqs (4.18) and (4.19), respectively, are modified to

0= (u,ALAy - A) with dimension (K x (KS%p + 9)) (4.78)
] I ]
f(Yy)
Xi=| f(Yis) " (KS*p+S) x S) (4.79)
| f(Yipt1) |
X = (X, Xy, , Xn_1) " (KS*p+S) x SN (4.80)
B = Vec(0) 4 ((K*S?’p+ KS) x 1) (4.81)

Then, the OLS and GLS estimators of the matrix parameter @ are the same as those
given in Eqs (4.35) and (4.60), respectively, except the variable X will be replaced by the
new X defined in Eq (4.80); i.e.,
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~OLS

0 =YX'(XXT)! (4.82)
AGLS I\~ T 1y~ Ty -1
0 =YIyeQ )X ' X(IyzQ HX" )" (4.83)

Likewise, for finding the least squares estimators for the mean adjusted MAR(p) model,
the matrix parameter A and the matrix variable X! in Eqs (4.62) and (4.63), respectively,

are modified to

A= (A Ay JA) with dimension (K x (KS°p)) (4.84)
Y0 )
X0 = d (Yt‘l). AL " (KS2p) x S) (4.85)

J(Yipi1) — f(v)

XO - <X87 X(l)v e JX(I)Vfl) g ((K52p> x SN (486>

a=Vec(A) " (K%S%p) x 1) (4.87)

Then, by considering these modifications, the OLS and GLS estimators of A in Eq (4.84)

are the same as those given in Eqs (4.70) and (4.71), respectively; i.e.,
A0S — yOx 0T (x0x0T)-1 (4.88)

ACES = YOIy @ Q7 HX" (X(Iy © Q71X (4.89)

4.4 Maximum Likelihood Estimation (MLE)

In contrast to least squares estimation where we minimize the sum of squares of the residuals

without any assumptions on the distributions of the error terms, in the maximum likelihood
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estimation (MLE) method, we need to assume a probability distribution for the residuals.
The Gaussian (normal) probability distribution is often considered for the distribution of the
residuals to perform MLE. The univariate and multivariate (vector variate) normal distri-
butions are used for univariate and multivariate models, respectively. However, in our study
we are dealing with a matrix variate model, which is a matrix time series process. Therefore,
we need to consider an appropriate matrix variate probability distribution for the matrix
white noise €; of the matrix time series Y;.

The probability distribution that can be applied to implement the MLE of the matrix
time series is the matrix normal distribution. Then, with regards to this assumption on the
matrix white noise terms of matrix time series, we build a likelihood function for the MAR
models. First, let us define the matrix variate normal distribution briefly. We will write
the matrix normal distribution of X%, by X ~ Npun(M,Q ® 3), and a vector normal
distribution of X,,, by X ~ N,,(u, ).

Definition 4.4.1 (Gupta and Nagar, 2000) The random matriz X,,«, has a matriz normal
distribution with matriz mean M, x,, and covariance matriz QR if Vec(X) ~ Nyp (Vec(M),
Q®E), where & = Q,xp, and X = X, «,m are positive definite matrices, and N,,, represents

a mn-variate (vector variate) normal distribution.

Theorem 4.4.1 (Gupta and Nagar, 2000) The probability density function (p.d.f.) of the
matriz normal distribution of Xyxn, X ~ Npysn (M, Q @ X), where M, Q, and ¥ have

dimension m X n, n X n, and m X m, respectively, is given by

P(X|M, 2, 5) = (2m) ™2 Q2|52 exp{ —1tr[S~ (X — M)Q (X — M)},

X eR™ MeR™™ Q>0,2>0. (4.90)

Now, assume that the first order matrix autoregressive (MAR(1)) time series given in Eq
(4.16) has a matrix normal distribution. In particular, assume that the K x S matrix white

noise process €; of the matrix time series Y; in Eq (4.16) has a matrix normal distribution
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with mean zero and covariance matrix 2 ® 3, where €2 and X have dimensions S x .S and

K x K, respectively. That is,
Ep ~ NKX5<O,Q®E>. (491)

Then, by using the fact that e,’s are independent, the matrix error € = (&1,€2,...,€n)
defined in Eq (4.21) has the matrix normal distribution with mean zero and covariance

matrix Iy ® Q ® 3. It can be written as
€~ Nigxsn(0,(Iy ® Q) @ X). (4.92)
Hence, according to Theorem 4.4.1, the p.d.f. of € is given by
p(e|Q, X)) = (2m) KIN2|Q|~KN/2| 55| =5N/2 exp{—%tr[Eile(IN ® Q Hell}. (4.93)

In order to determine the MLE of the intercept, p, of the matrix time series Y separately,

the MAR(1) model defined in Eq (4.16) is rewritten as
Yt o Af(Yt_l) + &+ (494)

Moreover, in contrast to the least squares estimation in section 4.3, in this section we
consider the MAR(p) model rather than MAR(1) model. However, the results of section 4.3
can easily be extended to MAR(p) models as was described in the end of section 4.3.

To this end, consider the MAR(p) model with intercept p as
Yt — U= A1f<Yt_1) + AQf(Yt_Q) + ...+ Apf(Yt_p) + &4, (495)

and assume that N matrix sample observations Yi,Y,,..., Yy are available. Then, in a

similar manner used for the least squares method in section 4.3, the notations in Eqs (4.17)-
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(4.21) can be redefined for the MAR(p) model given in Eq (4.95) such that we can write all

N observed matrix series in one compact linear model. That is,

Y=(Yi—p,Yo—p,- Yy — ) with dimension (K x SN) (4.96)

0= (A,Ay -, A) 4 (K x (KS?p)) (4.97)
vy

X, = ﬂ?tﬂ " (KS%p) x 8) (4.98)
| f(Yipra) |

X = (X, X, -+, Xn_1) " ((KS%*p) x SN (4.99)

e:=(e1,€2,  ,EN) " (K x SN) (4.100)

Therefore, the compact form of the MAR(p) model in Eq (4.95) with /N matrix observations
can be written as

Y =60X+e (4.101)

where it is assumed that e has the matrix normal distribution given in Eq (4.92). Hence, Y in
Eq (4.101) has matrix normal distribution with mean X and covariance matrix (Iy®€)®3.

That is,

Now, by applying the definition of the matrix normal distribution, we can write the
likelihood function of the compact model given in Eq (4.101), or in particular the likelihood

function of the MAR(p) model based on the N sample observations as follows,
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L(p, 0,9, Y, X) = (2r) " KN2| Q|- KN2 5| ~5N/2
exp{—1tr[Z7H(Y — 6X)(Iy ® Q1) (Y — 0X)"]}
— (27’[‘)_KSN/2|Q|_KN/2|E|_SN/2><

exp{—3 Ztr Y —p— (0X0)) Q7 (Ys — p— (6X:0)) ]}
(4.103)

Then, by taking the log function on both sides of Eq (4.103), the log-likelihood function
of the MAR(p) model is obtained as
1 1 1
InL(p,0,92,32]Y,X) = (KSN) In(27) — é(KN) In|Q| — §SN In |X|

— S [T (Y - = (0K (Y — - (6X)) ).

t=1

l\'>|>—t

(4.104)

In order to obtain the MLEs of the parameters, the log-likelihood function should be maxi-
mized with respect to the parameters p, 6, €2, and Y. For simplicity and ease of implemen-
tation, the quadratic quantity in the last term of the log-likelihood function in Eq (4.104) is

expanded, and the log function is rewritten as
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1 1 1
In L (0,2, B[Y, X) = - n(2m) — 5(KN) n|Qf =SSN In|%

N
1
—1 —1~T -1 —1~T
Y, 0 Yt]—iré;:l:tr[E pQ Y]

»OX, QYT+ - Ztr 1y, Q]

t=1

N
1 _ _
r[E Q! EZtr[E LoX,_ QT
>y, QX! 67 - —ZtrE LuQ X! 97
(3

KSN) 1
N

N
}

N
?v
Z lox,_,Q'XT 67 (4.105)

=1

To derive the MLE, we need to set the first partial derivatives of the log-likelihood
function to zero and solve them with respect to the parameters. For the sake of compatibility
with our notations, and for ease of use of the trace derivative rules given in Eqs (4.5)-(4.7),
let us reorder the terms after each trace operator in the log-likelihood function of Eq (4.105)
by using the trace operator rule given in Eq (4.4). For instance, to obtain the derivative
with respect to w, by using the rule in Eq (4.4), we can reorder matrices after the trace
operator in those terms that have p. Hence, in the term tr[X ' puQ2 'Y7], let A = ! and

B = uQ Y] then,
tr[AB] = tr[2 ' puQ Y]] = tr[pQ 'Y E T = tr[BA]. (4.106)

Similarly, by using the same rule, in the term tr[X 'Y, Q 'u”], let A = 'Y, Q' and B =
p”; in the quantity tr[S ' uQ ' u’], set A =X P and B = uQ 'u”; intr[2 710X, QT
let A = 7'0X,_1Q" and B = p”; and finally in the term tr[S'uQ 'X7 07], let
A =%"and B = uQ'XT 67]. Thence, the Eq (4.105) can be rewritten as
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1 1 1
nlL(w, 8,8, , = —= n(2m) — = n — = n
In L(p,0,9,3Y,X 2KSN1 2KNIQ 2SN]E]

N

N
1 1
-5 > w[ETY, QY]]+ 5 > tr[p Y5
] =1

=1

1 N
+§Ztr[zflext QYT+ Ztr e Y,0Y

i=1

N

=1
N
+ o> w[ETY,Q7X] 0 - S Q' X[ 67E
i=1 =1
N
— 1Ztr[z—lext,lﬂ—le 07]. (4.107)
2 : t—1

Now, the first partial derivative of each trace function of the log-likelihood function in
Eq (4.107) with respect to p is derived as follows. By using the derivatives rule given in Eq
(4.5), we have

O tripQ YIS

alJ[ — E_lYtQ_l7 (4108)
Ty -1 -1
a tT‘[/L ?MTYtQ ] _ Q_IY;TE_I, (4109)
y-1oX, Q7!
0 tr(p : i 12 ] QX7 675, (4.110)
v
ot Q_1XT eTz—l
rlp 8;1 | _sex, 0. (4.111)

Moreover, by using the matrix derivative rule in Eq (4.9) and results obtained in Eqs (4.109)
and (4.110), the derivatives of tr[u”27'Y, Q! and tr[u” X 7'0X,_ Q'] with respect to u,

respectively, are given by
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Otr[pfE Y, Q7Y 0 tr[plE Y, QN
trl i ]_—( trl Sal ]> - ly,Q (4.112)

O tr[pTES'0X, Q7Y /0 tr[uTE0X, QN T
| 127 _( rl il ]> =¥ 0X, .0 (4.113)

Finally, the derivative of tr[uQ~'u” X' with respect to p can be obtained by using the

matrix derivative rule in Eq (4.6), as

O tripQ tuTx
op

=22 u (4.114)

Thence, the derivative of the log-likelihood function given in Eq (4.107) with respect to

p is obtained as

O L(p, 0,2, X) _ i(E‘IY Q' -316X, 0 -2 lu0 )
(9,[1, £ t t—1
N
=3 (Y- 6X,y) - N (4.115)

i=1

dlnL(p,0,9Q,2|Y,X)
op

By setting ‘ﬂ DOS = 0, we have

~

i\,l, - (Yt - OXt—l)' (4116)

|M2

1
N “
i=1

- N - N
Let Y = % ;Yt and X = % ;Xt_l, then the estimator of the K x S intercept matrix p

given in Eq (4.116) is equivalent to

=Y -6X. (4.117)
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Accordingly, the derivatives of the log-likelihood function given in Eq (4.107) with respect

to 8, X, and €2, respectively, are given by

OlnL(p, 6,9, 2[Y, X)

> Y0 'X, -2 XY - 29X, 07X )

I
.MZ

=D (Vi - X, - 0> (X QX)) (4.118)

=1 i=1

dln L(p, 0,9, 2[Y, X) 1 B PR T 1
s =—5SN % Ly s 1[Z(§Yt9 yr — S Y Lt
=1
1 1 1
— 5,usrlyf — EYtsrlxtT_ﬁsvT — 560(,5_19*13(?
1 1 1 _
+ Q2 TS SHQ X 0" + 70X Q2 LT

1
+ §9Xt—1ﬂile—19T)]zil
1
- NS ¥
5 S
1 N
+ 52_1[Z(Yt 2 HXt—l)Q_l(Yt —H— 9Xt—1)T]E_1
=1
N

1
- _5[]\75 - Z(Yt il Hthl)Q_l(Yt K Othl)T]’

i=1

(4.119)

OlnL(p, 0,0, %Y, X) _ —lNK Q-1
o0 2

+ Q7Y (Y= p— (6X-1) ' STHY, — p— (6X,-0))]Q27!

=1

N —

= JINK 9= S (Y0— o (0K )75 (Y0 (0X,1)]

=1

(4.120)
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Therefore, by setting to zero the partial derivatives given in Eqs (4.118)-(4.120), the MLEs

are obtained as

N N
~ o~—1 ~—1 -1
0 = [Z(Yt — p)$2 lel] [Z(Xt—1ﬂ X;—1>] ’ (4.121)
i=1 i=1
~ 1 N ~ ~—1 ~
=g ;(Yt —n—-60X,_1)Q (Y,—pn—6X,,)7, (4.122)
. 1 . 1 ~
Q=7 (Y —5—6X,)"S (Y, — i —0X,). (4.123)

By substituting p given in Eq (4.117) into Eq (4.121), the estimated coefficient matrix

parameters 0 can be simplified as
~ l ~—1 — ~—1_ l ~—1 —~—1_ 5]
0 — [Z(Ytﬁ X )~ YO XT] [Z(Xt_lﬂ X )~ X0 XT] L (4124)

i=1 i=1

Now, assume that the column or within covariance matrix 2 of the K x S matrix white

noise process €; in Eq (4.91) is an identity matrix. That is,
Ep ~ NKXS(();IS®E)~ (4125)

Then, the maximum likelihood estimators of the parameters p, 8, and X, respectively, are

given by

p=Y -6X. (4.126)

~ N _ N _ -1

0 = [Z(YtXtTfl) - YXT] [Z(XHXL) —XXT| (4.127)
i=1 i=1

O _ _

8= 552 (Y= 0X)(Yi— o= 60X, )" (4.128)
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Remember that p is the intercept of the matrix time series Y;. Hence, @ is the MLE
estimator of the intercept. For determining the MLE estimator for the mean of the matrix

time series Yy, Eq (3.168) in chapter 3.8 can be used. It is given by

Uy = iy + ————— C(). (4.129)
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Chapter 5

Numerical Study

In this chapter, numerical and simulation studies are conducted to compare different matrix
autoregressive of order one (MAR(1)) models when they have different coefficient matrices.
In fact, like univariate and vector time series, the structure of the autocorrelation functions
of MAR models is dependent on the configuration of the coefficient matrices.

Recall from chapter 3 (see Eq (3.23)) that a K x S matrix time series Y is said to have

a matrix autoregressive of order one (MAR(1)) model if it is given by

s s
Y, = p+) Y AY, E;+e, t=0,+1,42, ..., (5.1)
j=1 r=1
where p is the K x S intercept matrix, AJ, 7,7 = 1,2,...,5, are K x S coefficient matrices

defined in Eq (3.21), E,j, r,j = 1,2,..., 5, are the S x S matrices defined in Eq (3.22), and
g, is K x S matrix error terms, where K is the number of variables (rows of the matrix series
Y;), and S is the number of multiple series (columns of the matrix series Yy).

In section 5.1, we will show how to simulate an MAR(1) model with length N by consid-
ering a matrix normal distribution for the matrix error terms €;,, t = 1,2, ..., N. The process
of calculating the autocorrelation function (ACF) of MAR(1) models is briefly described in
section 5.2. Finally, the chapter will finish by illustrating a numerical study. The computer

codes for this study are in Appendix B.
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5.1 Simulation of Matrix Autoregressive Models

Let Y; be an MAR(1) model with dimension K x S as given in Eq (5.1) by
s s
Y, = p+) Y AY, E;+e, t=0,+1,42, ..., (5.2)
j=1 r=1

where g, is the white noise matrix that has a matrix normal distribution with mean 0, row
(within) covariance matrix %, and column (between) covariance matrix € with dimension

K x K and S x 8, respectively. That is,
g~ Ngxs(0,2® X). (5.3)

Assume that all coefficient matrices AJ, the intercept matrix g, and the covariance
matrices X and 2 are known. To simulate MAR models with given parameters, as was
discussed in section 3.4.1, first we can generate a matrix of independent standard normal
random numbers Z; then, by premultiplying and postmultiplying this matrix of independent
random numbers by the squared roots of the row and column covariance matrices 3 and €2,

respectively, we obtain the first matrix observation. That is,

el = 227,07, (5.4)
then, by assuming that Y, = 0, we can obtain the first MAR observation as

Yi=p+e;. (5.5)

In other words, the first MAR observation is the sum of the matrix of the intercept and
a matrix normal observation. The second MAR observation can be obtained by using the
first MAR observation Y7, and applying Eq (5.2) by adding a new random normal matrix

observation. That is,
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5 s
Y, = p+> Y AIYE,+e (5.6)
j=1 r=1
where, now, €5 is a new matrix normal observation given by g5 = E%ZQQ%. This simulation

process can be continued to obtain an MAR(1) time series with length V.

5.2 Autocorrelation function of MAR(1)

In this section, we briefly explain how to find the autocorrelation functions of a MAR(1)
model by using the Yule-Walker equations. These autocorrelation functions can be used for
further investigations such as in structural diagnostics studies.

Again, assume that all parameters of the MAR(1) model, i.e., the coefficient matrices
A7 and the covariance matrices ¥ and € are known. First, by using Eq (3.177), we can

obtain ¥(0) as follows

95}

s S S
=SS S (Al @ B ) W(0)(Ey @ AL ) + e, (5.7)

j=1 r=1 j'=1r'=1
or equivalently (see Eq (3.179))
S S s 8§ ’ .
Vee(W(0)) = (IKW -y Z @A) ® (Al Ej,r,)) Vee(We),  (5.8)
j=1 r=1 j/=17/=1

where, from Eq (3.5), we have g = T 'Xz. Note that, here, we have g = Q ® X;
therefore, ¥¢ = T1(Q2 ® X). Then, by applying Eq (3.174), the lag function ¥(h) can be

obtained for all lags h =1,2,..., as

=> D (Al eD¥(h—1)(E,; 1) (5.9)

j=1 r=1
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Eventually, the autocovariance function of the MAR(1) model at lag h, I'(h), can be obtained

by premultiplying the transformation matrix T as follows

T(h) = TU(h). (5.10)

Alternatively, the autocovariance function I'(h) can be estimated by using the empirical
autocovariance function. Assume that the matrix samples Y1,Ys,..., Yy and presample
matrix observations Y_,11,Y_,12,...,Y( are available. First, the mean of the series, v,

can be estimated by

- 1
B=Y=—-— ) Y, (5.11)
N+p, T
Then, we can estimate the lag function W(h) as
N—h

. 1 _ _
V(h)=——"— Yiin—Y Y, - YY) A2
W= 3ymr & (Y98 (%-) (5.12)

Eventually, similarly to Eq (5.10), the estimated autocovariance function T'(h) can be ob-

tained by using the transformation matrix T as

L'(h) = T®(h). (5.13)

5.3 Illustration

In this section, we will consider different combinations of eigenvalues for coefficient matrices

Al rj=1,2...,5, in Eq (5.1), and review the structure of the autocorrelation function
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(ACF) and partial autocorrelation function (PACF) of matrix autoregressive processes of
order one (MAR(1)) for true models. For convenience, as in section 3.4.1, let us consider
MAR(1) processes with dimension K x S = 3 x 2. Then, all coefficient matrices AJ’s are
K x K = 3 x 3 matrices, one for each series j = 1, 2.

We will study the patterns of the ACF and PACF of stationary MAR(1) models. Recall
that an MAR(1) model is stationary if all eigenvalues of the coefficient matrix B defined

in Eq (3.37) have modulus less than one. Also recall from Eq (3.37) that the relationship

between the coefficient matrix B and the coefficient matrices AZ, r,j = 1,2...,5, is given
by
Al AL ... Al
B:ii E; ® Al) = Al Az A (5.14)
j=1 r=1
AS AS ... AS

Note that, having all eigenvalues of coefficient matrices A7 in modulus less than one
does not guarantee that eigenvalues of coefficient matrix B are in modulus less than one.
Therefore, to generate a stationary MAR(1), we choose the eigenvalues of coefficient matrices
Al r.j=1,2...,8, such that the eigenvalues of the coefficient matrix B be less than one
in modulus.

To generate a 3 x 2 stationary MAR(1) model, first assume that all 3 x 3 coefficient
matrices AJ’s are known and given. Then, as explained in section 5.1, we can simulate a
stationary MAR(1) by using the given coefficient matrices, and the known intercept matrix
w, the given 3 x 3 row (within) and the given 2 x 2 column (between) matrices ¥ and
2, respectively. For the sake of consistency in our comparisons, let us to fix these matrix

parameters as follows
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12.16  34.24 1.82 —042 —0.67
3.57 —0.68

p=| —42.37 —2769 |, Q= , Y= —042 193 —0.39
—0.68 1.45

426  36.12 —0.67 —0.39 257

(5.15)

5.3.1 Negative Eigenvalues

Assume all eigenvalues of all 3 x 3 coefficient matrices AZ’s are values between negative one
and zero. In other words, let A1, Arj2, ..., Arjx be the eigenvalues of A7, r,j=1,2...,S;
then, assume that for all 7 = 1,2,..., K, =1 < \;;; < 0. Also assume that the intercept
matrix p, the row and column covariance matrices 3 and {2 are known and have the same
values as in Eq (5.15). We choose randomly numbers between negative one and zero to set

eigenvalues A,;;, r,7 = 1,2, and 7« = 1,2, 3. These values are set as follows

Mg = —0.29, Apa = —0.17, A5 = —=0.01;  Ajoq = —0.57, Ajg0 = —0.56, Ajp.3 = —0.001

)\21 1 = —018, )\2172 == —080, )\2173 == —042, )\2271 - —054, )\2272 - —008, )\22,3 - —055
(5.16)

Now, we need to generate the coefficient matrices AJ with these given sets of eigenvalues.
To this end, for each set of given eigenvalues, we first generate the matrix D with entries
of uniform random values between zero and one, then we put the given eigenvalues on the
diagonal of D, and zero on the lower off diagonal elements. Therefore, D is a upper trian-
gular matrix that has given eigenvalues in its diagonal entries. Furthermore, we generate an
invertible matrix S with the same dimension of a given set of eigenvalues by using the “gen-
PositiveDefMat” function in the software package R. Eventually, we generate the coefficient

matrix AJ such that it has eigenvalues \.;;, i =1,2,..., K, by AJ = SDS™*.

121



80
|

i
il
i
it
i
i
I

60

20

-20

T
WWNNPRP P
T e TEis
NFPNRPNPRP

Figure 5.1: A stationary MAR(1) model with negative eigenvalues of coefficient matrices,

K=35=2

Their corresponding coefficient matrices AJ are given by

Al =

Al =

—020 0.60 0.70
—0.01 —0.24 0.67
0.00 0.02 —0.02
~0.18 0.05 0.81
0.02 —0.81 0.13
0.00 —0.01 —0.42

2
) Al

2
) A2

—0.54
0.02
0.06

—0.64
—0.05
0.00

—0.01 0.27
—0.58 0.20

—0.05 —0.01

1.07  0.61

0.00 0.43 (5.17)
0.0l —0.53

Figure 5.1 shows a simulated stationary MAR(1) series with those known parameters in Eq

(5.15) and the coefficient matrices AZs given in Eq (5.17). The small box on the right hand

of Figure 5.1 identifies the corresponding series of the K x S = 3 x 2 matrix time series Y.

Then, we calculate the cross-ACF for the stationary MAR(1) series plotted in Figure 5.1

by using the Yule-Walker equations described in section 5.2 of this chapter. First, note that,
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from Eq (5.4), we have ¥g¢ = @ ® ¥; then, by using the relationship between We¢ and Xg

in Eq (3.5), we can calculate e as follows

Ve =T 'S =T HT V) (5.18)

where T is the transformation matrix defined in Eq (3.6). Therefore, because now all of the
parameters of Yule-Walker equations are known, we can calculate the lag functions W(h),
h=1,2,.... Once we have these lag functions, the autocovariance lag function I'(h) can be
found from Eq (5.13).

This cross-ACF is given as a level plot in Figure 5.2. Note, because K = 3 and S = 2 we
have K x S = 6 series. Therefore, 6 x 6 = 36 individual cross-ACF's exist. In other words,
for each lag, we have a 6 x 6 cross-autocorrelation matrix (see Figure 5.2). All 36 individual

ACFs are extracted from the level plot in Figure 5.2, and are shown in Figure 5.3 for lags

h=1,2,...,40.

12 3 4 5 6
) NS S S S I S I IS S S S [ — —

lag=7 lag=8 lag=9
6 - L
5 L
4 - L
31 r los
2 L
14 L
lag=4 lag=5 lag=6
B -6
~ 5
% i L, 0.0
s ] -
B -1
lag=1 lag=2 lag=3
6 L +-05
5 L
4 - L
3 L
2 L
14 - --1.0

Variablel

Figure 5.2: The ACF of the MAR(1) series of Figure 5.1 (negative eigenvalues)

Now, for each lag h, if the level plot of the autocorrelation function matrix in Figure 5.2

is split into four equal K x K = 3 x 3 parts (submatrices), then the two diagonal matrices
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will represent the autocorrelations of each vector time series (within the variables of each
vector series, i.e., for j = 1,2 = 5) at lag h, and the offdiagonal matrices will represent the
cross-autocorrelations between the vector series S =1 and S = 2 at lag h.

Figures 5.3 (a) and (d) show the extracted individual ACFs of the diagonal submatrices
after splitting the level plot in Figure 5.2 into four parts. In fact, Figures 5.3 (a) shows the
individual ACFs between variables of the vector series S = 1, and Figure 5.3 (d) shows the
individual ACFs between variables of the vector series S = 2.

On the top of each plot in Figures 5.3, there is a pair of numbers that specifies the exact
individual ACF of series. These pairs are obtained by (i + (j — 1)K, 7 + (j' — 1)K), where
,i = 1,2,...,K, and 7,5/ = 1,2,...,5. In our example, we have K = 3, and S = 2.
Therefore, in Figure 5.3 (a) where S = 1, the pairs on top of each plot are obtained by
(1,i'),1,7 = 1,2,3; and in Figure 5.3 (d), where S = 2, the pairs on top of the plots are
obtained by (i 4 3,7 + 3),4,i' = 1,2, 3.

Similarly, these pairs show the cross-ACFs between series of the vector time series S = 1
and the vector time series S = 2. In particular, in Figure 5.3 (b) we have j = 1, and j’' = 2;
hence these pairs are obtained by (i,7" + 3),7,7 = 1,2, 3; and in Figure 5.3 (¢) where j = 2,
and j' = 1, they are obtained by (i + 3,4),4,i" = 1,2, 3.

Note that the plots in Figures 5.3 (a) and (d), when ¢ = ¢’ ( diagonal plots ) are autocorre-
lation functions of the individual variables in each of the vector time series S =1 and S = 2,
respectively. However, plots when i # ¢’ (off-diagonal plots) are the cross-autocorrelation
functions within the variables in each vector time series. On the other hand, the plots in
Figures 5.3 (b) and (c), are cross-autocorrelation functions between the series of the two

vector time series S =1 and S = 2.
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Figure 5.3: (a) Autocorrelations functions for lag h = 1,2,...,40 for series in Figure 5.1
when S = 1 (negative eigenvalues)

5.3.2 Positive Eigenvalues

Now, assume that all eigenvalues of all 3 x 3 coefficient matrices AJ’s have values between
zero and one, ie., 0 < Ay;; < 1,7 =1,2,..., K. Then, similarly to the case of negative
eigenvalues in section 5.3.1, we used the same known intercept matrix p, and the same known

row and column covariance matrices ¥ and €, respectively, as given in Eq (5.15). Then, by
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(b) Cross-autocorrelations functions between series of S = 1 and series of S = 2
1 ., 40 (negative eigenvalues)

using these parameters, we simulate a stationary MAR(1) series, when the eigenvalues of all

coefficient matrices are positive. Figure 5.4 shows a simulated MAR(1) model with

)\11,1 - 022, )\1172 = 0267 )\11,3 = 0317

)\21,1 = 041, )\21,2 = 023, )\21,3 = 046,
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Aiz1 = 0.69, Aj25 = 0.30, Aj9.3 = 0.005

)\2271 - 009, /\22,2 = 053, )\2273 - 002

(5.19)
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Figure 5.3: (c) Cross-autocorrelations functions between series of S = 2 and series of S =1
for lag h = 1,2,...,40 (negative eigenvalues)

The coefficient matrices AJ with these given eigenvalues are generated similarly as for
those in the negative eigenvalue case by AJ = SDS™! where D is an arbitrary upper
triangular matrix with given eigenvalues set on diagonal entries, and S is an invertible
matrix generated by using the “genPositiveDefMat” function in the software package R. We

choose uniform random values between zero and one for upper off diagonal entries of D.
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Figure 5.3: (d) Autocorrelations functions for lag h = 1,2,...,40 for series when S = 2
g g ) ) b

(negative eigenvalues)

The corresponding coefficient matrices AZ of the given eigenvalues in Eq 5.19 are obtained

as follows
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Figure 5.4: A stationary MAR(1) model with positive eigenvalues of coefficient matrices,
K=3S5=2

0.09 0.38 0.73 0.68 0.61 0.63
Al=1] —016 011 037 |. Af=] 005 021 0.69
—0.08 0.12 0.58 —0.02 0.01 0.11
043 0.82 0.38 0.07 0.15 0.24
Ay=1| —002 017 002 |, Ai=| 001 051 011 |- (5.20)
0.00 0.09 0.51 0.01 0.07 0.07

As in the negative eigenvalues case, we obtain the cross-ACF of the MAR(1) series in
Figure 5.4 by using the Yule-Walker equations, and the cross-ACF is shown as a level plot
in Figure 5.5.

Eventually, we extracted all 36 individual ACFs from the level plot in Figure 5.5, and

they are shown in Figures 5.6. Figures 5.6 (a) and (d) show the individual AFCs for within
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Figure 5.5: The ACF of the MAR(1) series of Figure 5.4 (positive eigenvalues)

variables of the vector series S = 1 and S = 2, respectively. On the other hand, they are
the extracted individual ACFs of the diagonal autocorrelation matrices of the split level
plot in Figure 5.5. Split level plot means, similarly to that the negative eigenvalues case,
the autocorrelation matrix of the level plot at lag h is split into four parts (submatrices).
Figures 5.6 (b) and (c¢) show the the offdiagonal cross-autocorrelation matrices of the split
level plot in Figure 5.5 between the vector series S =1 and S = 2.

Similarly to the negative eigenvalues case, the pairs on top of the plots are represent-
ing the individual series. They are obtained by using (i + (j — 1)K, i + (j/ — 1)K) where
i, =1,2,...,K,and j,j' = 1,2,...,S. For example, in Figure 5.6 (a), (z +(—-1DK,i +
(/ = 1)K) = (1,1) (top left plot) corresponds to j = j/ = 1 and i = i = 1, and
(z' + (- DK, 7+ (j — 1)K) = (1,3) (top right plot) corresponds to j = 5/ = 1 and
i = 1,7 = 3. Similarly, in Figure 5.6 (b), (i + (j — 1)K, i + (j' — 1)K) = (3,4) (bottom left

plot) corresponds to j =1, 7' =2, and i = 3,7 = 1.
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Note that, analogous to the negative eigenvalues case, the plots in Figures 5.6 (a) and
(d), when i = i’ ( diagonal plots ) are autocorrelation functions of the individual variables

in each of the vector time series S = 1 and S = 2, respectively. However, plots when

i

vector time series. Furthermore, the plots in Figures 5.6 (b) and (c¢), are cross-autocorrelation

(off-diagonal plots) are the cross-autocorrelation functions within the variables in each

functions between the series of the two vector time series S =1 and S = 2.

(1,1) (1,2) (1,3)
© © _| © ]
S o o
o
4 LTI | \ |
I I | . e, i e
3 'H” 1 s 'HU'
T T T T T 7 T
0 10 20 30 40 0 10 20 30 40 0 10 20 30 40
h h h
(2,1) (2,2) (2,3)
<
: [{e]
1l . ;.
_I‘ ‘l |IIIIIII [ L N T g _ g -
= = o
Q@ T Q Qo
S So il g 3° ‘ !
- | | ‘l - | |||| |I. TTT TR LL LR TR
™ o~ o~ H|
7] ? ] ?
T T T T T T
0 10 20 30 40 0 10 20 30 40 0 10 20 30 40
h h h
(3,1) (3.,2) (3,3)
— — [{e]
=1 . °]
_‘ || I,IIIIII T ey aeeeeees o |
—
59 7 5o Il il 59 -
] ] |‘ “ 1l l,..m.. S
® N
? ] S S H”
|
T T T T T T
0 10 20 30 40 0 10 20 30 40 0 10 20 30 40
h h h

Cross-autocorrelations functions for lag h = 1,2, ...,40 for series in Figure

Figure 5.6: (a)
1 (positive eigenvalues)

5.4 when S =
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Chapter 6

Summary and Future Works

In this dissertation, we introduced a class of matrix time series models called matrix autore-
gressive (MAR) models for dealing with a new feature of time dependent data (matrix time
series data). These types of data, essentially have two main components which can be consid-
ered as rows and columns of matrix observations (sometimes called two-way or transposable
data). Moreover, they usually are collected over time; hence, they are time dependent, and
therefore they constitute a matrix time series data set. If “t4me” be considered as a third
component, then in the literature sometimes they are referred to as three-way data sets.
After introducing a matrix autoregressive model of order one and p for dealing with the
situation where there are multiple sets of multivariate time series data, their infinite order
moving average analogues are obtained, and this moving average representation is used to
derive explicit expressions of cross-autocovariance and cross-autocorrelation functions of the
MAR models. Stationarity conditions are also provided. We estimate the parameters of the
proposed matrix time series models by ordinary and generalized least squares methods, and
the maximum likelihood estimation method by considering the matrix normal distribution
for the matrix error terms. By applying matrix time series models, the number of parameters

to be estimated is dramatically decreased by increasing the dimension of the matrix time
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series data relative to thinking about the problem in a traditional way (columns-fold vector
time series).

This is the beginning of the development of modeling and analysis of matrix time series
data, and much exciting and interesting work remains to be done. Some of these important

future work can be listed as follows:

e Test for determining the matrix autoregressive order and checking the model adequacy;
e Testing of normality of a matrix white noise process;

e Studying to find any possible relationship between the stationarity of some individual
vector time series, Y, 7 = 1,2,...,5, and the stationarity of the matrix time series

Yy

e Studying to see if there is a connection between the cointegrated vector time series,

Yji,j=1,2,...,5, and the stationary matrix time series Y; = (Y14, Yo, ..., Y.s1);

e Introducing finite matrix moving average (MMA), and matrix autoregressive moving

average (MARMA) processes (mixed model);
e Estimation of MARMA models;
e Specification and checking the adequacy of MARMA models;
e Introducing matrix state space models;

e ctc.
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Appendix A

This appendix provides the R codes for the simulation in the stationarity study of matrix
time series in chapter 3, section 3.4.1. In this program, we can generate a stationary or
nonstationary matrix autoregressive of order one (MAR(1)) by controlling systematically

the stationarity conditions of matrix time series data given in section 3.4.

# Simulating Matrix Time Series

#Assume that Y is matrix normal with mean matrix mu and row and column

#dispersion matrices Sigma and Gamma, respectively.

#Isn’t Y = AZB + mu, where Z is a matrix of independent N(O, 1)’s, A is
#the square root matrix of Sigma (the dispersion matrix of the rows) and
#B is the square root matrix of Gamma. It should be easy to write this

#function in R.

K=3

# generate the two covairance matrix for Omega (Covaraince matrix of columens),
# and Sigma (the covaraince matrix if rows) Sigam.epislon will be the Kronecker

# product of Omega and Sigma (Look at the notations in the estimation part)

install.packages("clusterGeneration")

library(clusterGeneration)

Omega= genPositiveDefMat(dim=S, covMethod=c("eigen"), rangeVar=c(1,4), lambdaLow=1, ratioLambda=4)

Sigma=genPositiveDefMat (dim=K, covMethod=c("eigen"), rangeVar=c(1,5), lambdalow=1, ratioLambda=6)

Sigma.epsilon=0Omega$Sigma %x% Sigma$Sigma # Covaraince matrix of error matrix epsilon (K by S)

#finding the Squre root of Omega:
#0mega.eig <- eigen(Omega$Sigma)

#0mega.sqrt <- Omega.eig$vectors %+’ diag(sqrt(Omega.eig$values)) %+’ t(Omega.eig$vectors)

#finding the Squre root of Sigma:
#Sigma.eig <- eigen(Sigma$Sigma)

#Sigma.sqrt <- Sigma.eig$vectors %x% diag(sqrt(Sigma.eig$values)) %*% solve(Sigma.eig$vectors)
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Mnorm=function(K, S){
Z=matrix( rnorm(K*S,mean=0,sd=1), K, S)
# Now we can generate the random normal matrix distribution with mean zero and
# covariance matrix "Sigma.epsilon"
epsilon=Sigma.sqrt¥%*) Z %*), Omega.sqrt
return(list(epsilon))

}

#A=Mnorm(X,S)

# this function produce the matrix E"{M\times N}_{ij}

matrix.E=function(M,N,i,j){
E=matrix(nrow=M, ncol=N,0)
E[i,jl=1
return(E)
}

#matrix.E(4,3, 2,1)

# generate coefficient matrix A_r~j

#Put the eigenvalues on the diagonal, O everywhere below the
#diagonal, anything you wish above the diagonal.

#If that’s too simple, multiply on one side by S and on the other
#by S~ (-1) where S is any invertible matrix.

#If you want the matrix to be symmetric, use O above the diagonal

#as well as below, and make S an orthogonal matrix.

library (MASS)
library(clusterGeneration)
#install.packages(’eigeninv’)

#library(eigeninv)

Arj=function(dim, ev= runif(dim, 0, 10)){
D<- matrix(runif(dim~2), dim,dim)
D [upper.tri(D)]=0
diag(D)=ev
S= genPositiveDefMat (dim=K, covMethod=c("eigen"), rangeVar=c(1,4), lambdalow=1, ratioLambda=4)$Sigma
A=S %x% D %x*Y, solve(S)
return(A)

}
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#Arj=function(dim, ev= runif(dim, 0, 10)){

# A= eiginv(ev,dim)
# return(A)
# }

#install.packages("matrixcalc")

#library("matrixcalc")

K=3
5=2
N=200

#mu=matrix (runif (K*S, -44,54),K,S)

for(m in 1:100){
VectorSimu=matrix(nrow=N+1, ncol=K*S, 0)
Sample=array(dim=c(K,S,N+1),0) # will hold the simulated matrix TS
A=array(dim=c(K,K,572)) # will hold coefficient matrix A_r~j
Eigenvalues=vector(length=S"2%K) # will hold eigenvalues of all A_r"j matrices
sumev=0 # will hold the sum of eigenvalues vectors of each A_r~j
for(i in 1:87°2){
# the ranges of random eigenvalues impose for the coeficient matrices
ev=runif (K,0,1)
sumev=sumev+ev
Eigenvalues [((i-1)*K+1): (i*K)]=ev
A[,,i]l=Arj(K,ev )
}
Eigenvalues

sumev

# find the sum of all A_r~j to check what is the eigenvalues of the sum-matrix!
Atotal=matrix(nrow=K, ncol=K,0) # will hold sum of all coefficient matrices A_r~j
for(i in 1:872){

Atotal=Atotal+Al[,,i]

}
EigenTotal=eigen(Atotal)

EigenTotal$values

# find the modulus of eigenvlus of total matrix

ModulusET=vector (length=K)
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for(i in 1:K){

ModulusET [i]=sqrt (Re(EigenTotal$values[i]) "2 + Im(EigenTotal$values[i])"2)
}

ModulusET

#

AvectorTS=matrix (nrow=K*S, ncol=K*S)
for(j in 1:8){
for(r in 1:S){
AvectorTS[((j-1)*K+1): (j*K) , ((xr-1)*K+1): (r*xK)]1=A[,, (j*r)+(j-1)*(S-1)]
}}

EivalVectorTS=eigen(AvectorTS)$values

EivalVectorTS

# find the modulus of eigenvlus of coeffeicnt matrix for Vector TS
ModulusEVTS=vector (length=KxS)
for(i in 1:(Kx8)){
ModulusEVTS [i]=sqrt (Re (EivalVectorTS[i]) "2 + Im(EivalVectorTS[i])"2)
}

ModulusEVTS

HHHHHHEEEE R R R R
# simulate ’N’ Matrix Time Sereis put them in a array
for(i in 2:N+1){
F=0
for(j in 1:8){
for(r in 1:8){
F=F+A[,, (G*xr)+(j-1)*(S-r)] %*), Samplel,,i-1] %+% matrix.E(S,S,r,j)
}r
mr=Mnorm(K,S)
Samplel[, ,i]=F+mr [[1]]+mu
VectorSimu[i,]=AvectorTS J%*% as.matrix(VectorSimul[i-1,])+vec(mr[[1]])+ vec (mu)
#print (Samplel,,i])
#print (VectorSimuli,])

}

# put arry in a matrix
FinalSample=matrix(nrow=N,ncol=K*S)
for(i in 1:K){

for(j in 1:8){
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FinalSamplel[, (i*j)+(i-1)*(S-j)]=Sample[i,j,2: (N+1)]
3

# check the stationary condition

if (ModulusEVTS[1]1<.95)1{

print(" ModulusEVTS: ")
print (ModulusEVTS)
print (" Eigenvalues: ")
print (Eigenvalues)
print (" ModulusET: ")

print (ModulusET)

£=2:200

par (mfrow=c(1,2))

matplot(,FinalSample[2:200,], xlab="Time ",type="1")

matplot(,VectorSimu[2:200,], xlab="Time ", type="1")

exit

write.

write

write.

write.

write.

write

write.

write.

table(VectorSimu, "StationaryMAR1-PositiveEigen.txt")

.table(FinalSample, "FinalSamplel-Statioanry-Pos.txt")

table(mu, "mul-Statioanry.txt")
table(AvectorTS, "Al-Statioanry-PositiveEigen.txt")

table(Sigma.epsilon, "Sigma.epsilon-Statioanry.txt")

.table(Omega$Sigma, "Omega-Statioanry.txt")

table(Sigma$Sigma, "Sigma-Statioanry.txt")
table(Eigenvalues, "Eigenvalues-PositiveEigen.txt")
}#end of if

}# end of for loop with counter "m"
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Appendix B

The R codes that we used in chapter 5 to find autocorrelation functions of the matrix
autoregressive model of order one (MAR(1)) are given here. Note that, for simulation we
assumed that all parameters of the model are known. Then, we used Yule-Walker equations

to find autocovariance and autocorrelation functions.

# find correlation matrix for MAR(1)
K=3

5=2

SigmaW=read.table("Sigma.epsilon-Statioanry-v2.txt")

AvectorTSW=read.table("Al-Statioanry-v2.txt")
SigmaW=read.table("Sigma.epsilon-Statioanry-Neg.txt")
AvectorTSW=read.table("A1-Statioanry-Neg.txt")
SigmaW=read.table("Sigma.epsilon-Statioanry-Pos.txt")

AvectorTSW=read.table("Al-Statioanry-NegativeEigen.txt")

SigmaW=Sigma.epsilon

#AvectorTSW=AvectorTS
AW=array (dim=c(X,K,S"2)) # will hold coefficient matrix A_r~j
for(j in 1:8){

for(r in 1:8){

AW[1:K,1:K, ((G*r)+((j-1)*(S-r)))]= as.matrix(AvectorTSW[((j-1)*K+1): (j*K) , ((x-1)*K+1):(x*K)])

#generate matrix E_rj

matrix.E=function(M,N,i,j){
E=matrix(nrow=M, ncol=N,0)
E[i,jl=t

return(E)
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install.packages("matrixcalc")
library(matrixcalc)
# Here we are using Yule-Walker equations

# Finally, my code is giving the correct answer of Yule-Walker equations for MAR(1) #0k

T<- commutation.matrix( S, K )

#T will give the Transformation matrix T in the Matrix Time Series Models paper!

# Find the \psi(0) given in Eq (9.9) and (9.10)
HH=matrix (nrow=K"2%S~2,ncol=K~2*S"2,0)
for(j in 1:8){
for(r in 1:8){
for(j1 in 1:8){
for(rl in 1:8){
HH=HH+((matrix.E(S,S,j,r) %x%AW[, , (J1*xr1)+(G1-1)*(S-r1)1) =% (AW, , (j*r)+(j-1)*(S-r)1x/matrix.E(S,S,j1,r1)))
}
}
1}

ZZ=solve( diag(K~2*S~2)- HH )Y%x%vec(solve(T)%*}, as.matrix(SigmaW))
PsiO=matrix(ZZ, K*S,KxS)

Gamma0=T%*%Psi0

h=40 # number of lags

D= diag(diag(GammaO))
D=sqrt (D) # will be used to obtaion correlation matrix

R=array(dim=c (K*S,K*S,h)) # will hold Correlation matrix rho

for(i in 1:h){
P=get (paste("Psi",i-1,sep=""))
Sum=matrix (nrow=K*S,ncol=K*S,0)
for(j in 1:8){
for(r in 1:8){
Sum=Sum+ (AW[,, (j*r)+(j-1)*(S-r)1%x% diag(S))%*% P %*% (matrix.E(S,S,r,j)%x%diag(X) )
1
G1=T%*%Sum
G2=T%*%Sum

# Here we are changing the Gamma to be same as the Gammaprime (Gamma when we consider the
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# vec of K\times S matrix as vector time sereis) becasue the standard formula to obtain rho
# matrix does not properly work with Gamma that obtaiend from MAR (off diagonal blocks of

# Gamma of MAR are transpose of the off diagonal block elements Gammaprime of VAR )

for(l in 1: S){
for(m in 1:8){
if (1'=m){
G2[(((1-1)*K)+1) : (1*K) , (((m-1)*K)+1) : (m*K) I=t (G2[(((1-1)*K)+1) : (1*K) , (((m-1)*K)+1) : (m*K)])
}
3

Ro=solve (D) %*%(G2) %*%solve (D)
# reorder the Ro matrix (off diagonal part) to get corrleation matrix for MAR models same as it was

# for Gamma in MAR cases

for(l in 1: S){
for(m in 1:8){
if (11=m){
Ro[(((1-1)*K)+1) : (1*K) , (((m-1)*K)+1) : (m*K) I=t (Ro [(((1-1)*K)+1) : (1*K) , (((m—1)*K)+1) : (m*K)])
}
3}

R[,,i]=Ro

assign(paste(’Psi’, i, sep=’’), Sum)
assign(paste(’Gamma’, i, sep=’’), G1)
assign(paste(’rho’, i, sep=’’), Ro)

}

z <- cor(mtcars)

require(lattice)

levelplot(R,panel = panel.levelplot,region = TRUE)
names (R)=C(1:20)

idx=seq(1:6)

Ri=setZ(R,idx)

#lag=c(’lag=1’,’lag=2’,’lag=3’,’lag=4’,’lag=5’,’lag=6’,’lag=7",’lag=8’,’lag=9’,’lag=10",
#’lag=11’,’lag=12’,’lag=13",’lag=14",’lag=15",’lag=16",’lag=17’,’lag=18’,’lag=19’,’1lag=20’)
lag=paste("lag=", 1:h, sep="")

dimnames (R)=1ist(1:6,1:6,lag)
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levelplot(R[,,1:9], xlab="Variablel", ylab="Variable2",colorkey = TRUE,region = TRUE)

#ploti=levelplot(R[,,1], xlab="Variablel", ylab="Variable2",colorkey = TRUE,region = TRUE)
#plot2=levelplot(R[,,2], xlab="Variablel", ylab="Variable2",colorkey = TRUE,region = TRUE)
#plot3=levelplot(R[,,3], xlab="Variablel", ylab="Variable2",colorkey = TRUE,region = TRUE)

#plotd4=levelplot(R[,,4], xlab="Variablel", ylab="Variable2",colorkey = TRUE,region = TRUE)

#grid.arrange(plotl,plot2,plot3,plot4,ncol=2 ,nrow=2)

# S=1, K=1,2,3

par (mfrow=c(3,3))

for(i in 4:6){

for(j in 1:3){
plot(R[i,j,],type="h",xlab="h’,ylab=’corr’ ,mgp=c(2,1,0) ,main=paste(’(’,i,’,’,j,’)’),cex.main=1)
}

}

plot(R[4,6,],type="h", xlab=’h’,ylab=’corr’)

par (mfrow=c(2,2))

# Here, I plot the ACF of some pairs

#par (mar=c(.1,2.1, .1, 2.1))

#par (oma=c(0,0,.25,.25))

par(mai=c(0.65,0.45,0.3,0.1)) # give enaough margin for plots
#par (mar=c(0.15,0.15, 0.15, 0.15))

#par (oma=c(.5,0.5,0.5,0.5))

#mar=c(5.1,4.1,4.1,2.1)

# oma=c(10,10,10,10)

el=expression((i~’,’~j)~’="(1,2)"~""""~ (i~plain("’")~?,’>~j~plain("’"))~’="(2,2))
plot(R[2,4,],type="h", xlab=’lag’, mgp=c(2,1,0), ylab="", main=el , cex.main=1)

abline(a=0,b=0)

#title(main= labelsX)
el=expression((i”’,’7j)"’="(3,1)~"""""~ (i~plain("’")~?,’~j plain("’"))~"’="(3,1))
plot(R[5,5,],type="h", xlab=’lag’, mgp=c(2,1,0), ylab="", main=el, cex.main=1)

abline(a=0,b=0)
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#title(main="(5, 5)")
el=expression((i~’,?~j)~’="(3,1)" """~~~ (i~plain("’")~?,’>~j~plain("’"))~’="(3,2))
plot(R[5,6,],type="h", xlab=’lag’, mgp=c(2,1,0), ylab="",main=el, cex.main=1)

abline(a=0,b=0)

#title(main="(5 , 6)")
el=expression((i~’,’~j )~’=7(3,2)~ """~~~ (i"plain("’")~’,’~j~plain("’"))~’="(2,1))
plot(R[6,3,],type="h", xlab=’lag’, mgp=c(2,1,0), ylab="",main=el, cex.main=1)

abline(a=0,b=0)

152



