
Robustness of Mixture IRT Models to Violations of Latent Normality

by

Sedat Sen

(Under the Direction of Allan S. Cohen and Seock-Ho Kim)

Abstract

Unlike the traditional item response theory (IRT) models, mixture IRT (MixIRT) models

can be useful when subpopulations are suspected. The usual MixIRT model is typically

estimated assuming normally distributed latent ability. Research on finite mixture models

suggests that spurious latent classes can be extracted even in the absence of population

heterogeneity if the distribution of the data is non-normal. In this study, we conducted two

simulation studies and an empirical study to examine the robustness of MixIRT models

to violations of latent normality. Single class IRT data sets were generated using different

ability distributions and then analyzed with MixIRT models to determine the impact of these

distributions on the extraction of latent classes. Results suggest that estimation of mixed

Rasch models resulted in spurious latent class problems in the data when distributions

were bimodal and uniform. Mixture 2PL and mixture 3PL IRT models were found to be

more robust to latent non-normality. Akaike’s information criterion (AIC) and the Bayesian

information criterion (BIC), were used to inform model selection. For most conditions, the

performance of the BIC index was better than the AIC index for selection of the correct

model.
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Chapter 1

INTRODUCTION

1.1 Statement of the Problem

Item response theory (IRT) consists of a family of statistical models that attempt to describe

the relationship between observed item responses and latent variables (Embretson & Reise,

2000). The first applications of IRT models were primarily in educational measurement (Lord

& Novick, 1968), but they also have been applied extensively in several other areas such as

psychology, public health, and personality assessment research. The standard, unidimen-

sional IRT models are also known as a strong modeling methods because their successful

applications require holding several assumptions such as unidimensionality, invariance, local

independence, monotonicity, and existence of a continuous function that describes the rela-

tionship between the probability of correct response and latent trait (Reckase, 2009). For

instance, the assumption that all examinees are drawn from a single homogenous population

implies that one set of item characteristic curves (ICCs) can be used to describe the relation-

ship between item responses and the underlying latent trait. When there might be subgroups

of respondents with different response-trait relationships, however, it may be necessary to

consider other modeling approaches. In cases in which assumptions are violated, more com-

plex models may be needed to “more accurately reflect the complexity of the interactions

between examinees and test items” (Reckase, 2009, p. 53). Mixture IRT (MixIRT; Rost,

1990; Mislevy & Verhelst, 1990) models, for example, may provide a more useful explanation

for the relationship between test items and latent construct when the invariance assumption

is violated (von Davier, Rost, & Carstensen, 2007).
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MixIRT models can be useful when subpopulations are suspected, but which differ along

some unmodeled latent variable. These models have been applied to study a number of psy-

chometric issues such as detecting test speededness (Bolt, Cohen, & Wollack, 2002; Wollack,

Cohen, & Wells, 2003) and differential item functioning (Cohen & Bolt, 2005; Cohen, Gregg,

& Deng, 2005; Samuelsen, 2005), identifying different personality styles (von Davier & Rost,

1997), and identifying solution strategies (Mislevy & Verhelst, 1990; Rost & von Davier,

1993), as well as classifying response sets (Rost, Carstensen, & von Davier, 1997).

The MixIRT model is analytically based on finite mixture models. The popularity of finite

mixture models has increased in educational and psychological sciences with extensions to

several latent variable models including latent class analysis (LCA; Clogg, 1995), structural

equation models (Arminger, Stein, & Wittenberg, 1999; Jedidi, Jagbal, & DeSarbo, 1997),

growth mixture models (Li, Duncan, & Duncan, 2001), factor mixture analysis (FMA; Lubke

& Muthén, 2005) and MixIRT models (Rost, 1990; Mislevy & Verhelst, 1990). A compre-

hensive taxonomy of the different types of latent variable mixture models are provided by

Muthén (2008). A general use of mixture models is to explain the underlying heterogeneity

in the data by allocating this heterogeneity to two or more latent classes. One issue that has

arisen with the use of these models, however, is that the extracted classes may not always

reflect a heterogeneous population structure (Bauer & Curran, 2003). Rather, it may reflect

some extraneous characteristic of the data. For instance, research on finite mixture models

suggests that non-normal distributions in the data may produce spurious latent classes even

in the absence of population heterogeneity (McLachlan & Peel, 2000; Bauer & Curran, 2003).

In the case of non-normality, in other words, it has been shown that it is possible to obtain

spurious latent classes. Similarly, violations of other model specific assumptions in these

mixture models may also result in spurious classes (Alexeev, Templin, & Cohen, 2011).

When the number of classes within a population is not known a priori, the usual practice

is to conduct an exploratory analysis to determine what the number of latent classes may be.
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This exploratory approach is done by fitting models with an increasing number of classes to

the data and then finding the best fitting among these candidate models. Selecting the best

fitting model among the alternatives can be done using information-based indices such as

Akaike’s (1974) information criterion (AIC), Schwarz’s (1978) Bayesian information criterion

(BIC) or a hypothesis test based on likelihood ratio test statistic (McLachlan & Peel, 2000).

The optimum model for the data is determined based on comparison of fit indices among

those models being considered.

The issue of extracting the correct number of classes has become a longstanding and

unresolved issue for researchers who apply finite mixture models in their research. Given

that the use of mixture models has increased in the educational and psychological research,

it is important to ensure the detection of the correct number of latent classes in the data.

Most of the research on over extraction within the latent variable modeling context has

focused on either the violation of model specific assumptions (Alexeev et al., 2011; Bauer,

2007; Bauer & Curran, 2003) or model selection statistics (Li, Cohen, Kim, & Cho, 2009;

Nylund, Asparouhov, & Muthén, 2007; Tofighi & Enders, 2007; Wall, Guo, & Amemiya,

2012). These studies also differed in the types of models inspected.

Bauer and Curran (2003) conducted a simulation study to examine the detection of spu-

rious latent classes appear in growth mixture models (GMM). This was done by analyzing

single-class data sets generated with normal and non-normal distributions. The results of that

research showed that the one-class solution had better fit for the data drawn from normal

distribution but the two-class solution had better fit for the data drawn from non-normal

distributions. Bauer and Curran concluded that the over extraction was observed because a

variety of non-normal distributions can be approximated by a mixture of normal distribu-

tions, even in the absence of true population subgroups. Bauer (2007) focused on the core

assumptions of the GMM including within-class conditional normality, correct specification

of covariance structure to accurately reproduce the means, variances, and covariances of the

3



repeated measures, within-class linear relationship between individual trajectory parameters

and exogenous predictors, missing at random assumption for missing data, and independence

of sampled individuals. Bauer examined the sensitivity of the LCA model when these assump-

tions are not met, particularly the effect of these violations on the number of estimated latent

classes. Bauer noted that the impact of non-normality is potentially of importance with test

data as data from most tests do not exhibit conditional normality. As a result, even mild vio-

lations of conditional normality resulted in the estimation of spurious latent classes. It seems

apparent, therefore, that the number of latent classes extracted from the data may represent

either true distinct subgroups or simply a result due to the mixture model attempting to

accommodate the non-normality in the data.

Tofighi and Enders (2007) provide a comprehensive evaluation of nine different fit indices

(information criteria and likelihood based statistics) with a simulation study within the

context of GMMs. Five factors were manipulated in the study: the number of time points

in the data, sample sizes, separation of the latent classes, the mixing percentage, and within

class distribution shape. Results from that study indicated that the sample-size adjusted

BIC (SABIC; Sclove, 1987) and the Lo-Mendell-Rubin (LMR; Lo, Mendell, & Rubin, 2001)

likelihood ratio test are promising in determining the number of classes.

Nylund et al. (2007) conducted a similar Monte Carlo simulation study to compare

the performance of information criteria and hypothesis tests based on likelihood ratio test

statistic used for determining the number of classes in mixture modeling. These indices were

compared on solutions for three different mixture model analyses, a LCA, factor mixture

models (FMMs), and GMMs. Results showed that for the LCA models with continuous

outcomes, FMM and GMM models, the bootstrap likelihood ratio test (BLRT) performed

better than LMR and likelihood-ratio tests for determining the correct number of classes.

Results also indicated that BIC was superior to AIC and consistent AIC (CAIC; Bozdogan,

1987) for all three types of mixture model analyses. Li et al. (2009) compared five fit indices
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on Bayesian estimates of dichotomous mixture Rasch, 2-parameter and 3-parameter models.

Results from Li et al. indicated that BIC performed better in most cases. Other indices

compared were deviance information criterion (Spiegelhalter, Best, & Carlin, 1998), AIC,

pseudo Bayes factor (PsBF), and posterior predictive model checks (PPMC).

Alexeev et al. (2011) also examined the effects of violation of model assumptions on

extracting the correct number of class in MixIRT models. Data were generated with a two

parameter logistic (2PL) IRT model. When estimated with a mixture Rasch model (MRM),

results indicated that a two-class solution was a better fit than a one-class 2PL model. In

addition, items that did not conform to assumptions of the Rasch model (RM; Rasch, 1960)

also were found to be a source of spurious latent classes. Specifically, when a MRM was

applied to data generated with a one-class 2PL, one or more additional latent classes were

detected. Alexeev et al. found that a single item with high discrimination was sufficient to

spawn a second class when the data were analyzed with a MRM.

As reported in Bauer and Curran (2003), Bauer (2007), and Alexeev et al. (2011), even

small departures from model assumptions may have effect on the number of latent classes

identified as well as on model parameter estimates. Although Alexeev et al. (2011) demon-

strated that the violations of RM assumption (i.e., equal discrimination) produced spurious

classes, there has been no study conducted to examine the effect of different distributions

of the latent variable on the number of classes identified in MixIRT models. As Bauer and

Curran (2003) showed with the GMM, it is important to know whether the non-normality

was responsible for generating additional latent classes from the data in MixIRT models.

Similar to the normality assumption made in GMM analysis, the usual MixIRT model is

also typically estimated with maximum likelihood (ML) based methods which assume within

class normality. Research on finite mixture models suggests that latent classes potentially

can be extracted, even when there is no population heterogeneity, if the distribution of the

data is non-normal (Bauer & Curran, 2003). Empirical evidence suggests, in fact, that ability
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distributions may not always be normal in educational applications of IRT to populations

with specific characteristics (Seong, 1990).

The assumption of normality is made for a number of statistical models for either depen-

dent variables or residuals (Cohen, Cohen, West, & Aiken, 2002). Latent variable modeling

applications also rely on the estimation methods that require normality assumption. Typ-

ically, IRT models are estimated using marginal maximum likelihood (MML) estimation

based on some known latent trait distribution (Bock & Aitkin, 1981; Bock & Lieberman,

1970). ML estimates of item and person parameters are typically estimated assuming a

normal ability distribution when MML estimation is used rather than conditional maximum

likelihood (CML). A standard normal prior is often assumed on the ability parameters when

using Bayesian estimation methods. However, researchers commonly use the ML method

or normal prior without checking the distributional assumption. For instance, research has

shown that the latent non-normality assumption may be more reasonable in psychopathology

data in which the level of psychopathology is low for most individuals, medium for some indi-

viduals and high for only a few individuals (Woods & Thissen, 2006, p. 282). IRT models

provide best estimates when the true distribution of the data matches with the assumed

distribution (Woods, 2004). Parameter estimates will be biased, in other words, when IRT

models estimated with normality based methods are fit to data where the latent distribution

is non-normal (Bock & Aitkin, 1981; Zwinderman & van den Wollenberg, 1990). Further-

more, evidence suggests that the normality assumption for latent trait might not be optimal

for best parameter recovery (Stocking, 1990; Wingersky & Lord, 1984). It has been showed

that a rectangular distribution of abilities yields reduced standard errors for item parameters

than a normal ability distribution (Wingersky & Lord, 1984).

6



It is not possible to know the underlying distribution of ability parameters, because it is

not directly observable, however, the effect of a non-normal ability distribution on estimates

of the parameters can be observed. Follman (1988) demonstrated that the nonparametric

marginal logistic model with no parametric assumptions on ability distribution fit data better

than the model with normal distribution assumption. As cited in Woods (2004), same data set

was analyzed by Thissen (1991) and found to have a skewed latent ability distribution. Since

the distribution of ability parameters is unobservable, the latent non-normality situation was

mostly studied with simulation analysis in the IRT literature. A list of these studies can be

found in Woods (2004).

Although the latent ability distribution is unobservable, the observed test score distri-

butions may give information about the latent ability distribution. Sinharay, Johnson, and

Stern (2006) and Sinharay (2005) show that raw score distributions are related to true ability

distribution and can be used for detecting misfit of an IRT model. Raw score distributions of

test scores can be normal, platykurtic, skewed, or U shaped depending on the purpose of the

test, however, it is more convenient to assume normality in most of the statistical analyses. In

reality, the normality assumption will often be incorrect “when individuals are non-randomly

sampled from the population (e.g., scores are obtained only from students in lower-level

classes) or when the population distribution itself is non-normal (e.g., scores are obtained

from extremely easy or extremely difficult tests)” (Sass, Schmitt, & Walker, 2008, p. 66).

Measurement properties, such as floor or ceiling effects, may also result in non-normality

(Bauer & Curran, 2004). As Nunnally (1978) stated in his psychometric theory book,“test

scores are seldom normally distributed, even if the number of items is large” (p. 160). Sim-

ilarly, Micceri (1989) demonstrated that the presence of non-normal distributions of ability

is more realistic for achievement tests because the shapes of ability distribution in most

of the achievement tests are more likely to be skewed. A number of studies have shown

that skewed, platykurtic, uniform and multimodal distributions are common distributions
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observed in educational data. For instance, Gregoire and Driver (1987) investigated several

populations and found that almost 40 percent of the distributions exhibited skewness greater

than 0.94. Positively skewed distributions can appear in the data when examinees are mostly

low-to-moderate ability, whereas negatively skewed data can be observed when examinees

are mostly moderate-to-high ability (Nandakumar & Yu, 1996). Typically, non-normal data

appear to have skewness less than 0.8 and kurtosis between −0.6 and 0.6 based on empirical

observations (Fleishman, 1978; Pearson & Please, 1975). Platykurtic data are observed when

the test score distribution shows a high negative kurtosis values. As mentioned earlier, it is

also possible to observe bimodal distributions when two radically different groups of exami-

nees are administered the same test (Nandakumar & Yu, 1996) or when items are designed

to discriminate sharply between masters and nonmasters (Subkoviak, 1976). Further, mul-

timodal distributions can be observed when different grade levels are present (Subkoviak,

1976). As another example, bimodal distributions can appear in achievement test scores from

both a privileged and an underprivileged school (Sass, Schmitt, & Walker, 2008). Addition-

ally, Micceri (1989) showed that almost one third of the distributions studied were either

bimodal or multimodal based on reviews of a total of 440 distributions from several test

centers and journal articles published between the years 1982 and 1984. Nearly all of the

distributions were significantly non-normally distributed.

1.2 Purpose of the Study

Given that a significant proportion of test score distributions are likely to be non-normal,

it is important to examine the effect of potential non-normality on the extraction of latent

classes by MixIRT models. The impact of distributional conditions on the extraction of latent

classes was examined in MixIRT models. In particular, the sensitivity of Markov chain Monte

Carlo (MCMC) estimation in the dichotomous MixIRT models to latent non-normality was

examined. Item response data were generated by a given single class IRT model with different

8



ability distributions and then were analyzed with mixture Rasch, mixture 2-parameter, and

mixture 3-parameter logistic models using normality based methods to determine the impact

of departure from normality on the extraction of latent classes.
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Chapter 2

THEORETICAL FRAMEWORK

This chapter begins with a brief description of finite mixture models. Parameterizations of

MixIRT models used in this study are presented next. Additionally, methodological issues,

estimation and model selection in MixIRT models are described. This chapter ends with a

section on latent non-normality issue in IRT models.

2.1 Finite Mixture Models

Mixture models have been extensively used in several areas including, biology, economics,

psychology and education since the contribution of Newcomb (1886) and Pearson (1894).

The general purpose of mixture models is to determine the number of underlying groups and

to estimate their proportions and specific parameters. The basic definition of finite mixture

models is presented in several textbooks (Everitt & Hand, 1981; McLachlan & Peel, 2000;

Titterington, Smith, & Makov, 1985). Following the definition in McLachlan and Peel (2000;

pp. 6–7), we assume that Y1, ...,Yn denote a random sample of size n, where Yj is a p-

dimensional random vector with probability density function f(yj) on Rp. The density for a

g component finite mixture model is defined as

f(yj; Ψ) =

g∑
i=1

πifi(yj;θi), (2.1)

where f1(yj), ..., fg(yj) are the component densities of the mixture, parameters π1, ...,πg are

often called nonnegative mixing proportions with 0 ≤ πi ≤ 1 for (i = 1, ..., g) and
∑g

i=1 πi = 1

and where Ψ is the vector of all the parameters in the mixture model,
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Ψ = (π1, π2, ...,πg, Θ
′
)
′
. (2.2)

Additionally, Θ is a vector containing the θ1, ..., θg model parameters and Θ
′
= (θ1g, ...,θng)

′

represents a vector of unknown parameters for the gth latent class. Typically, neither the

conditional densities f(yj) nor the mixing proportions πi are known. McLachlan and Peel

(2000) provide a way of generating a random vector of Yj with a g-component mixture

density f(yj). Let Zj be a categorical random variable taking on the values 1, ..., g with

the probabilities π1, ...,πg. Suppose the conditional density of Yj given Zj = i is fi(yj)(i =

1, ..., g). If the i -th observation of Yj comes from the g-th class, then zij = 1, otherwise zij = 0.

Then, Zj has a multinomial distribution and one draw on g categories with probabilities

π1, ...,πg can be parameterized as follows:

Prob(Zj = zj) = π
z1j
1 , π

z2j
2 , ...,πzgjg . (2.3)

Bauer and Curran (2003) note two purposes of finite mixture models: (i) the mixture models

can identify distinct subgroups in the population or (ii) they may approximate complex

distributions with simpler component distributions. Parameter estimations of finite mixture

models can be done using maximum-likelihood estimation (MLE) and Bayesian estimation.

The latent class model (LCM; Lazarsfeld & Henry, 1968) is a special case of finite mixture

models used for categorical response data. The LCM is used to identify latent groups that

differ qualitatively. Under the assumption of the existence of G latent classes, the marginal

probability of a response pattern (x1, ...,xI) is given as

P (x1, ...,xI) =
G∑
g=1

πg

I∏
i=1

pgi(xi), (2.4)

where πg is the probability that an individual is a member of class g, as noted above, this

is also known as the mixing proportion. Under the assumption of local independence of
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response variables the marginal probability of a response pattern can be written as follows:

P (x1, ...,xI |g) =
I∏
i=1

pgi(xi), (2.5)

where pgi is the probability of a correct response to item i from an examinee in class g. LCM

allows us to assign a posterior probability for each individual. Individuals are assigned to

the most likely class based on the posterior distribution. Using Equation 2.4 and applying

Bayes’ rule we can write the posterior probability of class membership as follows:

P (g
′ |x1, ...,xI) =

π(g
′
)p(x1, ...,xI |g

′
)∑G

g=1 π(g)p(x1, ...,xI |g)
, (2.6)

for latent class g
′
. The unconstrained LCM model equation can be re-parameterized using a

logistic transformation approach. Under this re-parameterization, the conditional probabili-

ties can be written as

pgi(x) =
exp(βgix)

1 +
∑Mi

y=1 exp(βgiy)
= exp(βgix − ζci), (2.7)

where

ζci = ln[1 +

Mi∑
y=1

exp(βgiy)]. (2.8)
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This parameterization allows us to make additional constraints (von Davier & Rost,

2007). Similarities between LCM and IRT can be seen easily from this logistic form. MixIRT

models can be obtained as a constrained LCM. In the formula above, βgix includes both item

and person effects. As a result, as the number of classes increases, the number of parameters

also increases. Similar to IRT parameterization, a more parsimonious model can be obtained

if item and class parameters are written instead of βixg

βixg = θg − αix, (2.9)

similarly

βixg = x(biθg − ai), (2.10)

which will be similar to a 2PL IRT model (von Davier & Rost, 2007). In the following

sections, MixIRT models are presented using this form in the conditional probability (see

Equation 2.7).

2.2 Mixed Rasch Model

In order to overcome the deficiencies associated with traditional dichotomous IRT models,

Rost (1990) developed a model called mixed Rasch model (MRM) that combines a RM with

an LCM. Both the RM and LCM assume local independence; however the latent variable

is continuous in the former whereas it is categorical in the latter. Rasch (1960) defined the

probability of a correct response as follows:

P (uij = 1|ξij) =
ξij

1 + ξij
, (2.11)

where uij is the dichotomous item response scored as 1 for correct response and 0 for incorrect,

and ξij is the ratio of ability, ηj, and item difficulty, δi. Similarly, using the following equalities

ηj = eθj and δi = eβi with logarithmic transformations (Baker & Kim, 2004), one-parameter

logistic RM for dichotomous type items can be written as

Pi(θ) =
e(θj−βi)

1 + e(θj−βi)
, (2.12)
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where θj is the ability parameter for examinee j which is assumed to drawn from a single

population and βi is the item difficulty parameter for item i. This model assumes unidimen-

sionality and local independence of items.

Based on the MRM, a unidimensional RM is assumed for each latent class. However,

each class has different set of item and ability parameters. As a result, this model relaxes the

invariance property of item parameters (von Davier, Rost, & Carstensen, 2007). The basic

assumption in the MRM is that the observed item response data come from a composite

population that can be subdivided into mutually exclusive and exhaustive latent classes

(Rost, 1990; von Davier & Rost, 2007). Unlike the non-mixture (i.e., single group) RMs,

the classes in a MRM reflect both quantitative and qualitative differences. The quantitative

differences occur along the latent ability modeled by the RM in each latent class and with the

same interpretation. The qualitative variable is a categorical variable which determines latent

class membership. Thus, this model includes both the RM parameters and LCM parameters.

Similar to the LCM equation, the probability of a given response pattern can be defined as

p(x1, ...,xI |θj) =
G∑
g=1

πgp(x1, ...,xI |θ, g). (2.13)

Under the assumption of local independence, the marginal probability can be written as:

p(x1, ...,xI |θj, g) =
I∏
i=1

exp[xi(θjg − βig)]
1 + exp[xi(θjg − βig)]

. (2.14)

Each examinee is characterized by a latent class parameter, g, and an ability parameter,

θjg, and similarly, each item is characterized by a latent class parameter g and a difficulty

parameter, βig. More specifically, the conditional probability of a correct response in the

MRM is given as

P (xij = 1|θj) = Pij =
G∑
g=1

πg
exp(θjg − βig)

1 + exp(θjg − βig)
, (2.15)
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where xij is the 0/1 response of examinee j to item i (0 = incorrect response, 1 = correct

response), πg is the proportion of examinees for each class, θjg denotes ability of examinee j

within latent class g, and βig denotes difficulty of item i within latent class g.

In order to ensure identification, certain constrains on item difficulty parameters and

mixing proportions should be made. For the MRM, Rost (1990) has proposed that
∑

i βig = 0.

Further, since the model is a discrete mixture model,
∑G

g πg = 1 with 0 < πg < 1. The

probability of belonging to each of the latent classes can also be estimated for every individual

using the posterior probability as in Equation 2.6. Individuals are then assigned to the latent

class with the highest probability.

It is possible that in many testing situations individual persons or subgroups of persons

may behave differently than the majority of persons in the population. In such a case, it

may be less plausible to use typical IRT models. An alternative is then to use a MixIRT

model (e.g., MRM) allowing differences between the parameters within each latent class.

These models are very useful in detecting qualitative differences in the response patterns.

The combination of an IRT model with a LCM allows each latent class to have the same IRT

model with different parameters (Rost, 1990). The MRM differs from the unidimensional RM

model in that the item and ability parameters are conditional on latent class g. Each item

has the same parameter across all examinees in the RM. Thus, the MRM permits each latent

class to have different set of item parameters.

MRMs provide a simultaneous estimation of a latent ability and latent class membership

for all examinees. The MRMs have been applied in a number of studies (Mislevy & Verhelst,

1990; Rost, Carstensen, & von Davier, 1997; Rost & von Davier, 1993; von Davier & Rost,

1997; Yamamoto & Everson, 1997). Polytomous extensions of MRM have also been developed

(e.g., Eid & Zickar, 2007; von Davier & Rost, 1995; von Davier & Yamamoto, 2004).
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2.3 Mixture IRT Models

The 3PL IRT model was proposed by Birnbaum (1968) to accommodate guessing. It does

this by adding a lower-asymptote parameter, denoted as γ. The probability of a correct

response for a 3PL model can be described as

P (xij = 1|θj) = Pij = γi + (1− γi)
exp[αi(θj − βi)]

1 + exp[αi(θj − βi)]
. (2.16)

The 2PL IRT model can be seen as a constrained case of 3PL model in which it is assumed

that the lower-asymptote parameter is zero (i.e., no guessing). The probability of a correct

response for a 2PL IRT model can be defined as:

P (xij = 1|θj) = Pij =
exp[αi(θj − βi)]

1 + exp[αi(θj − βi)]
. (2.17)

Both of these models relax the equal discrimination assumption of the 1PL model and the

assumption that the discrimination is 1.0 of the RM. Extensions of these models to mixture

distribution IRT models are very straightforward. The probability of a correct response in a

mixture 2PL (Mix2PL) IRT model can be written as

P (xij = 1|θj) = Pij =
G∑
g=1

πg
exp[αig(θjg − βig)]

1 + exp[αig(θjg − βig)]
. (2.18)

where αig denotes the discrimination of item i in class g. As noted above, MixIRT models

permit different item parameters in each latent class. For the Mix2PL model, this means that

both the item difficulty and item discrimination parameters are permitted to be class-specific.

Similarly, the mixture 3PL (Mix3PL) IRT model is assumed to describe unique response

propensities for each latent class. This model also allows item guessing parameters to differ

in addition to item difficulty and discrimination parameters. As for the MRM and Mix2PL

model, each latent class also can have different ability parameters. The probability of a

correct response for a Mix3PL model can be described as

P (xij = 1|θj) = Pij =
G∑
g=1

πg

(
γig + (1− γig)

exp[αig(θjg − βig)]
1 + exp[αig(θjg − βig)]

)
. (2.19)
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where πg are the mixing proportions, θjg is the class-specific ability parameter for person j

in class g and γig is guessing parameter for item i in class g. The MixIRT models have been

applied in a number of studies (Cohen & Bolt, 2005; Li et al., 2009).

2.4 Estimation Methods for MixIRT Models

Two estimation algorithms are described in this section, a ML algorithm and a Bayesian

algorithm. In traditional IRT models, parameter estimation can be done using MLE tech-

niques such as joint maximum likelihood estimation (JMLE), marginal maximum likelihood

estimation (MMLE; Bock & Aitkin, 1981; Bock & Lieberman, 1970) and conditional max-

imum likelihood estimation (CMLE). In principle, ML estimates of the item parameters and

the ability parameters can be obtained using standard numerical optimization procedures

(e.g., Newton-Raphson). These procedures are based on iterations which aim to find the

parameter estimates that maximize the likelihood function. JMLE estimates the structural

(item) parameters and nuisance (person) parameters together; CMLE and MMLE can esti-

mate item parameters without estimating person parameters. Although CMLE is limited to

the family of Rasch models, MMLE can be used for all type of models within IRT frame-

work. Bock and Aitkin (1981) proposed an algorithm called expectation maximization (EM;

Dempster, Laird, & Rubin, 1977) which can be used to obtain CML and MML estimates of

parameters in the IRT models (von Davier & Rost, 2007). MLE methods are discussed below.

In addition, Bayesian solutions are also available for IRT parameter estimations. These are

discussed below as well.

Parameter estimation of MixIRT models can be more complex than the traditional IRT

models due to the increase in the number of parameters that need to be estimated. Param-

eter estimation for MixIRT models can also be applied either using MLE or MCMC methods

in the Bayesian context. Unlike MLE, parameter estimation with MCMC methods relies on

a priori distributional assumptions on person and item parameters that allow us to update
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beliefs about parameters. MCMC has been found to be useful for estimation of complex

MixIRT models, because it does not require the integration of the likelihood function, which

can be difficult when many parameters are estimated (Junker, 1999). Another advantage of

Bayesian estimation is that the local maxima problem observed in MLE does not arise with

MCMC (Dai, 2009). On the other hand, the MCMC approach is often time consuming to

implement due to computational intensity especially for MixIRT models (Li et al., 2009).

MLE does not typically require the time that MCMC does and has also been used success-

fully in estimating some MixIRT models (von Davier & Rost, 2007). Unbounded likelihood

functions and sensitivity to poor starting values also can be problematic in MLE. These

problems can cause inconsistent estimates (Cheng & Traylor, 1995). On the other hand,

typical issues such as improper posterior distributions due to improper priors might occur

in the MCMC estimation (Cho, Cohen, & Kim, 2013; McLachlan & Peel, 2000).

Fortunately, there are several estimation methods and software packages available for

estimating some MixIRT models. These include the JMLE method as implemented in the

R package mixRasch (Willse, 2009), and the MMLE method as implemented along with the

EM algorithm for the MRM and Mix2PL models in the computer software Mplus (Muthén

& Muthén, 2011). The computer software mdltm (von Davier, 2005) also implements the EM

algorithm with MMLE as does the computer software Latent GOLD (Vermunt & Magidson,

2005). The CMLE method is implemented in the Winmira software (von Davier, 2001),

the mRm (Preinerstorfer, 2011) and the psychomix (Frick, Strobl, Leisch, & Zeileis, 2012)

packages in R software. MCMC estimation is possible using the WinBUGS computer soft-

ware (Spiegelhalter, Thomas, & Best, 2003), Mplus and proc MCMC in SAS software (SAS

Institute, 2008).

All of these packages allow for estimation of MRM. The Mix2PL IRT model can be fit

using Latent GOLD, Mplus and WinBUGS programs, however, only WinBUGS program has

the capability at this time of estimating Mix3PL IRT model. Thus, the computer software
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WinBUGS was used in this study for estimating all the models to be studied. Although only

MCMC estimation method was used in this study, a general description of MLE methods is

presented below. Following that, MCMC estimation methods will be described.

2.4.1 MLE Methods

Although, CMLE and MMLE methods are commonly used for MixIRT models, JMLE

method can also be applied in MixIRT models. Willse (2011) demonstrated that MRMs

can be analyzed using an R package called mixRasch (Willse, 2009). Currently, this is the

only software that can be used to estimate the MRM using JMLE. The EM algorithm is

used to estimate model parameters.

CML estimates of MRMs can be estimated using EM algorithm (Rost, 1990, 1991; Rost

& von Davier, 1995; von Davier & Rost, 1995). Item parameters of each class are estimated

within each Maximization step (M-step) and expected pattern frequencies are estimated in

the Expectation step (E-step) for each class using the observed pattern frequencies and the

estimates from M-step (Rost, 1990). This process is outlined in Rost (1990) and Rost and

von Davier (1995). Following their description, let the conditional probability of a correct

response to a RM be

P (X = x|g) =

∞∫
−∞

k∏
i=1

exp[xi(θg + βig)]

1 + exp(θg + βig)
dFg(θg) (2.20)

and

P (X = x) =
G∑
g=1

πgP (X = x|g). (2.21)

Using the elementary symmetric functions zrg of order r in class g, captures all possible

response patterns to obtain a certain score, and the continuous variables θg are conditioned

out:

P (X = x|g) = πr|g
exp(

∑k
i=1 xiβig)

zr[exp(βg)]
. (2.22)
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As can be seen, there are three parameters to be estimated in this formula; πg, πr|g, and βig.

These parameters are estimated in the M-step by maximizing the log-likelihood function:

logLg =
∑
x

n̂(x|g){log πr|g +
k∑
i=1

xiβig − log[zr(exp βg)]}. (2.23)

When setting the first partial derivatives to zero we can obtain following estimation equations

for item parameters:

β̂ig = log
nig∑k

r=0 nrzr−1/zr
. (2.24)

This equation can be used to iteratively improve item parameter estimates. Additionally,

assuming item parameters are known from the first step, the population parameters, class

size and class probabilities, can be estimated using π̂g = ng/N and π̂r|g = nr/ng, respectively

where nr is the observed sample frequency of score r and N is the total sample size (see

also von Davier & Rost, 1995). CMLE does not assume any population distribution by

conditioning out the ability parameter (von Davier & Yamamoto, 2007). As a result, the

number of parameters does not increase with sample size as it does for JMLE.

Mislevy and Verhelst (1990) demonstrated the use of MMLE for a MRM. As with CMLE,

parameter estimates can be obtained through use of the EM algorithm. However, the MMLE

method assumes a distribution (e.g., normal) on person ability (θ) and integrates the likeli-

hood over the assumed ability distribution. MMLE is based on the maximization of the

marginalized likelihood function. The probability of response pattern xij conditional on

person parameters (i.e., ζjg and θjg) can be written as

p(xij|ζjg, θj,α) =
∏
g

{∏
i

[fg(θjg, βig)]
xij [1− fg(θjg, βig)]1−xij

}ζjg
, (2.25)

where xij is the response vector coded as 1 (correct) or 0 (incorrect), βig is the difficulty

parameter for item i within class g and θjg is the ability parameter for person j for class g.

ζjg equals one if person j appears in class g and zero otherwise. The marginal probability of
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response vector X can be written as:

p(X|α, π, η) =
∑
g

πg

∫
p(X|θg, ζg = 1,α)gg(θg|ηg)dθg, (2.26)

where α, π, and α are structural parameters. The likelihood for structural parameters given

a response vector X of N persons can be shown as the product of marginal probabilities

under the assumption of local independence. Thus, the marginalized loglikelihood function

can be defined as:

LL =
∑
j

log
∑
g

πg

∫
p(X|θg, ζg = 1,α)gg(θg|ηg)dθg. (2.27)

As in traditional IRT models, a Newton-Raphson iterative process is used to obtain param-

eter estimates in addition to the EM algorithm (see also Mislevy & Verhelst, 1990).

2.4.2 MCMC Estimation

MCMC estimation uses a Markov chain to simulate observations in order to make inferences

about the parameters (Patz & Junker, 1999). This algorithm tries to obtain a stationary

posterior distribution where the chain converges. Each stage in a Markov chain represents a

sample from the joint posterior distribution of the parameters. Final estimates of parameters

can be taken as either the mean or the mode of the posterior distribution. Posterior distri-

butions of parameter estimates are simulated iteratively using sampling algorithms such as

Gibbs sampling, adaptive rejection sampling (ARS; Gilks & Wild, 1992), and the Metropolis-

Hastings algorithm within Gibbs (M-H; Hastings, 1970; Metropolis, Rosenbluth, Rosenbluth,

Teller, & Teller, 1953). A Gibbs sampling algorithm samples parameter from its conditional

distribution when other parameters are fixed (Albert, 1992). This approach is very useful

when the full conditional distributions are familiar forms (e.g., normal). However, the ARS

or M-H algorithms may be preferred over Gibbs sampling when conditional distributions

cannot be obtained in known form (Patz & Junker, 1999). This is often observed in IRT
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models because posterior distributions of IRT models are determined up to a normalizing

condition resulting in log-concave full conditional distributions (Bolt, Cohen, & Wollack,

2001).

The MCMC algorithm is a Bayesian estimation algorithm. This algorithm proceeds as

follows: Let X be observed data and θ be model parameters. Then, the joint density of X

and θ can be defined as:

P (X, θ) = P (X|θ)P (θ), (2.28)

where P (θ) denotes a prior density for θ and P (X|θ) is the likelihood function. We can

produce the following equality using Bayes’ law:

P (θ)P (X|θ) = P (X)P (θ|X). (2.29)

This equation can be rearranged as follows:

P (θ|X) =
P (X)P (X|θ)

P (X)
. (2.30)

We can obtain the posterior distribution by applying Bayes’ theorem as follows:

P (θ|X) =
P (θ)L(θ|X)∫
P (θ)L(θ|X)dθ

, (2.31)

where L(θ|X) is the likelihood function and
∫
P (θ)L(θ|X)dθ is used instead of P (X) by

integrating the numerator over θ. This expression is called as normalizing constant that

ensures that P (θ|X) integrates to one (Gill, 2002). In other words, the posterior distribution

is proportional to the product of the likelihood and the prior distribution:

Posterior distribution ∝ Likelihood function × Prior distribution

Patz and Junker (1999) provided the MCMC approach for IRT models and demonstrated

an application using a 2PL IRT model. The MCMC approach described in Patz and Junker,

estimates both item parameters and person parameters jointly as in the traditional JMLE.

MCMC estimation can be used for MixIRT models as well as IRT models (Baker, 1998;
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Junker, 1999; Patz & Junker, 1999). Bolt et al. (2001, 2002), Wollack et al. (2003), and Cho et

al. (2013) have estimated the MRM using WinBUGS. Additionally, Yamamoto and Everson

(1997) estimated the HYBRID model using MCMC methods in WinBUGS. A Mix3PL model

was also applied by Cohen and Bolt (2005) using code written in WinBUGS.

A more detailed description of MRM application with MCMC can be found in Cho et

al. (2013). Bayesian estimation of MRM requires the definition of likelihood function and

prior distributions for parameters. First step is to provide a likelihood function as shown

in Equation 2.32. Assume that the responses of the n individuals to the test items are

independent, the likelihood function of a MRM can be written as

L(g, θj) =
I∏
i=1

J∏
j=1

{[
G∑
g=1

πgP (yijg = 1|g, θjg)

]xij [ G∑
g=1

πg(1− P (yijg = 1|g, θjg))

]1−xij }ζtjg

,

(2.32)

where xij is response vector coded with zero for a wrong answer and one for a correct answer

and ζtjg = 1 if examinee j is in class g at iteration t and 0 otherwise.

As mentioned earlier, prior distributions must be specified for all unknown parameters in

order to estimate these parameters. In the context of the MRM, estimates of ability param-

eters, θjg, item difficulty, βig, group membership, g, and mixture probabilities, πg, are of

interest. For the Mix2PL model, αi, an item discrimination parameter is also estimated. For

the Mix3PL model a guessing parameter, γi, is also estimated. Selection of priors for these

parameters plays an important role in Bayesian estimation. Priors can be either uninfor-

mative or informative and can also use information from previous results. A normal prior

is often used for the distributions of ability and item difficulty. Cho et al. (2013) note that

use of normal priors has been found to yield reasonable estimates of the item parameters

in MixIRT models. Group membership has a multinomial distribution composing of one

draw on g categories with mixture probabilities (e.g., g∼Multinomial(1, πg); Congdon, 2003;

McLachlan & Peel, 2000). Dirichlet prior and a Dirichlet process with stickbreaking prior

are described by McLachlan and Peel (2000) as conjugate priors for mixture probabilities.
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Suitable conjugate priors produce effective Bayesian estimation by yielding proper posterior

densities (McLachlan & Peel, 2000). Cho et al. (2013) found no substantial differences from

use of either of these two priors in the estimation of the MRM. The MCMC algorithm is used

to sample class membership parameter for each examinee at each stage of the Markov chain

(Bolt et al., 2002; Cho et al., 2013). For instance, in a two-class MRM, class membership

parameters, g = 1, 2 are sampled for each examinee j. Then group membership parameter

of each examinee is determined as the mode of gs across iterations following burn-in (Cho

et al., 2013).

2.5 Model Selection Issues

Determining the number of classes in the data is another important issue in MixIRT models.

Several fit statistics are available for the selection of appropriate IRT model. In general,

information criterion indices or likelihood ratio (LR) test statistics can be used within the

IRT context. The former is appropriate for nonnested IRT models while the latter can be

used but only for nested IRT models (Li et al., 2009). Only information criterion indices

were used in this study because MixIRT models are not nested models (Li et al., 2009).

2.5.1 Information Criteria

Information criteria are based on some form of penalization of the likelihood function. Two of

the more widely used information criteria are AIC and BIC. There are also several extensions

of these two main indices such as CAIC and SABIC. These indices are described in Akaike

(1974), Schwarz (1978), and Li et al. (2009). Typically, these information criterion indices

are used to compare different model solutions of the same data when the ML estimates of

the parameters are obtained. Smaller values of information criterion indices indicate better

fit. However, they may provide different solutions to the same data due to differences in the

penalty function applied to likelihood. AIC and BIC indices are discussed below. AIC can
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be calculated as follows:

AIC = −2 logL+ 2d, (2.33)

where L is the likelihood function and d is the number of estimated parameters calculated

as follows:

d = m ∗ I ∗ j + 2 ∗ j − 1, (2.34)

where m can have values from 1 to 3 for the MRM, Mix2PL and Mix3PL IRT models,

respectively, I denotes the number of items, and j is the number of latent classes. For

example, j = 2 is used for a two-class MixIRT solution.

As shown in the Equation 2.33, 2d is used as a penalty for over parameterization in the

AIC index. One problem with AIC is that it does not take the sample size into account and

tends to select more complex models (Li et al., 2009). The lack of penalization for sample

size leads inconsistency in performance of AIC (Tofighi & Enders, 2007). However, the CAIC

applies a penalty function that uses both the number of parameters and the sample size:

CAIC = −2 logL+ d[ln(N) + 1]. (2.35)

In order to account for sample size, the BIC information criterion can be used. The BIC

has been found to be somewhat more accurate than AIC for selection of MixIRT models

(Li et al., 2009; Preinerstorfer & Formann, 2011). BIC tends to select simpler models than

AIC due to the inclusion of the number of parameters in the penalty function. BIC can be

calculated as follows:

BIC = −2 logL+ d ∗ ln(N), (2.36)

where L is the likelihood of the estimated model with d free parameters and ln(N ) is the

natural log of the total sample size N. As can be seen in Equation 2.36, the penalty function

for BIC includes the number of estimated parameters and the natural log of the sample size.

The sample size adjusted BIC uses [N* = (N + 2)/24] instead of N. This is proposed by

Sclove (1987) to reduce the penalty on the sample size.

25



AIC and BIC as described here are based on a likelihood estimated using MLE. Use

of Bayesian estimation requires a different likelihood function (i.e., posterior mean of the

deviance). The MLE based deviance value (−2L) will be replaced in this study with the

posterior mean of the deviance D(ξ) as obtained via MCMC estimation (Congdon, 2003)

where ξ represents all estimated parameters in the model. Likelihood function was monitored

at each iteration and final likelihood value was taken as the posterior mean of the deviance.

As shown in Li et al. (2009), AIC and BIC formula can be re-parameterized as D(ξ)+2d and

D(ξ) +d*log(N ), respectively. Both of these indices will be reported in the current study.

2.6 Latent Non-normality

Distribution of the latent variable is typically assumed to be normal in most IRT applications

particularly when unidimensional IRT models are fitted with MMLE. The assumption of

normality of the latent variable, however, has been questioned in the literature (Andersen &

Madsen, 1977; Bock & Aitkin, 1981; Mislevy, 1984; Thissen, 1991; Woods, 2004, 2006, 2007).

Consequently, it may be unrealistic to assume normality for all latent variables of interest.

If the latent variable is not normally distributed, assuming it is normal may have a biasing

effect on parameter estimates (Kirisci, Hsu, & Yu, 2001; van den Oord, 2005; Zwinderman

& van den Wollenberg, 1990).

It has been suggested that the distribution of latent variable should be checked before

applying unidimensional IRT with MMLE (Woods, 2008). Several methods (described below)

have been proposed for dealing with latent non-normality in IRT including alternative para-

metric form (Andersen & Madsen, 1977), the empirical histogram method (Bock & Aitkin,

1981; Mislevy, 1984), using Johnson curves (Thissen, 1991) and using Ramsay-curves method

(RC-IRT; Woods, 2004).

In the empirical histogram approach, the latent ability distribution is approximated by

a discrete distribution on a finite number of equally spaced points (Bock & Aitkin, 1981).
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There is no restriction on the shape of the latent distribution in this approach. The com-

puter program BILOG-MG 3 (Zimowski, Muraki, Mislevy, & Bock, 2003) can be used for this

approach. Johnson curves provide another approach. This approach is implemented in the

computer software MULTILOG (Thissen, 1991). This method estimates the distributional

parameters from the data by characterizing the latent trait distribution via the Johnson

system of curves (van den Oord, 2005; Woods, 2007). The Ramsay curve IRT method was

designed to detect violations of normality and to obtain corrected estimates of item parame-

ters when the distribution of latent variable is non-normal (Woods, 2004). The latent ability

distribution and item parameters are estimated simultaneously with this approach (Woods,

2007). Simulation studies showed that estimation with the Ramsay curve method resulted

in more accurate estimates than normality-based estimation when the ability distribution is

skewed (Woods, 2004, 2006).

Latent non-normality problem has not been well studied in MixIRT models. Xu and Jia

(2011) estimated mixed Rasch and mixed 2PL models with generalized skewed normal and

standard normal distributions. Based on the results from these two distributions, Xu and

Jia demonstrated that the item parameter estimates and the ability distributional statistics

were similar in all conditions between two distributions. However, the standard errors of item

parameters were found to be larger in the skewed distribution condition.
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Chapter 3

METHOD

As noted above, the purpose of this study is to investigate the effect of non-normal ability

distributions on the number of latent class extracted in MixIRT models. To this end, this

study investigated the following two research questions:

1. Is the accuracy of detection of latent classes affected by using a normal prior on ability

parameters when the latent ability distribution is non-normal?

2. What effect do skewness and kurtosis have on the extraction of latent classes for

MixIRT models?

Analyses to investigate these two research questions were described in more detail in the

sequel. In the next sections of this chapter, two simulation studies and an empirical study

are described.

3.1 Fixed Conditions

3.1.1 Test Length

A test length of 28 items was used since this is similar to the number of items on the state test

used for obtaining estimates of item parameters for the simulation study. Tests of this length

can be considered to be an average length. In the second condition, the test length of 10

items was used in order to investigate the sensitivity of a short test to latent non-normality.
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3.1.2 Sample Size

Li et al. (2009) report results suggesting samples of 600 may be appropriate 15- or 30-item

tests for the MRM. Li et al. suggest for a 15-item test that samples of 600 would be sufficient

for a 1- to 4-group model for both the Mix2PL and Mix3PL IRT models. Cho et al. (2013)

suggest a sample size greater than 360 can be used when estimating a MRM, and Cho,

Cohen, Kim, and Bottge (2010) report accurate model selection with samples as small as

100 for a 2-class MRM. Cohen and Bolt (2005) successfully applied Mix3PL IRT model with

a sample size of 1,000. A sample of this same size also was used in Bolt et al. (2002). It is

evident that the more complex models that are estimated, the larger the sample size will

need to be to estimate those models. A sample size of 600 was proposed as the small sample

condition for the present study.

In the second sample size condition, 2,000 examinees were simulated. This represents a

large sample size condition in this study. Rost (1990) analyzed an MRM with a sample size

of 1,800 and Samuelsen (2005) used a sample size of 2,000 examinees. A summary of the

four factors included as simulation conditions is presented in Table 3.1.

29



Table 3.1: Summary of the Manipulated Conditions in Simulation Study 1

Ability distribution Test length Sample size Replications

10 600 50

Bimodal Symmetric 2,000 50

28 600 50

2,000 50

10 600 50

Normal 2,000 50

28 600 50

2,000 50

10 600 50

Platykurtic 2,000 50

28 600 50

2,000 50

10 600 50

Skewed 2,000 50

28 600 50

2,000 50

10 600 50

Uniform 2,000 50

28 600 50

2,000 50
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3.1.3 Generating Item Parameters

Generating item parameters for two simulation study were provided the item parameters

obtained from Rasch, 2PL, and 3PL model estimates of Florida Comprehensive Assessment

Test (FCAT; Florida Department of Education, 2002) mathematics test for Grade 9. Item

parameters for FCAT data were estimated using MULTILOG 7.03 (Thissen, 2003). In using

MULTILOG, all default options were used and number of options was set to four. Only 28

items in the FCAT Grade 9 data set were multiple choice items. These were coded dichoto-

mously (0 = incorrect; 1 = correct). The remaining 22 items were either short answer or

gridded response items. Only the item parameter estimates from the complete set of dichoto-

mous items were used as generating parameters in the 28-item test length condition. The first

ten dichotomous items from FCAT test data were used for the 10-item test. Estimated item

parameters for these three models are presented in Tables 3.2 and 3.3 (a - slope parameter,

b - threshold parameter, and c - guessing parameter).
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Table 3.2: Item Parameters Used for Data Generation for 10-Item Condition

RM 2PL Model 3PL Model

Item b a b a b c

1 −1.83 0.91 −1.84 0.91 −0.37 .23

2 −0.07 0.93 −0.07 1.17 0.69 .30

3 −0.15 1.21 −0.13 1.23 0.39 .24

4 0.90 0.84 0.94 0.91 1.23 .16

5 −0.38 0.94 −0.37 0.66 −0.06 .12

6 −0.59 1.14 −0.51 0.75 −0.37 .06

7 0.98 0.76 1.14 0.76 1.38 .14

8 0.51 1.06 0.45 1.28 0.88 .22

9 0.99 0.34 2.37 0.87 1.67 .28

10 0.19 1.27 0.15 1.05 0.46 .14
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Table 3.3: Item Parameters Used for Data Generation for 28-Item Condition

RM 2PL Model 3PL Model
Item b a b a b c

1 −1.72 1.05 −1.66 1.45 −0.45 .20

2 −0.09 0.88 −0.10 1.66 0.76 .31

3 −0.16 1.24 −0.16 1.60 0.40 .24

4 0.81 0.72 1.04 0.62 1.35 .19

5 −0.37 0.93 −0.39 0.74 0.05 .16

6 −0.57 1.28 −0.50 1.35 −0.34 .06

7 0.91 0.72 1.16 1.31 1.40 .15

8 0.45 1.07 0.42 1.32 0.88 .22

9 0.91 0.38 2.08 1.47 1.67 .26

10 0.16 1.27 0.12 1.25 0.48 .15

11 0.69 0.67 0.95 1.42 1.34 .25

12 0.42 0.94 0.43 1.26 0.93 .23

13 0.93 0.69 1.26 1.61 1.35 .22

14 1.22 0.98 1.24 1.17 1.29 .14

15 0.31 0.94 0.32 1.66 0.81 .20

16 1.19 0.92 1.25 1.38 1.30 .16

17 0.27 1.18 0.23 1.47 0.72 .22

18 −1.54 1.61 −1.15 1.59 −1.15 .03

19 −0.39 1.69 −0.32 1.43 −0.15 .06

20 −0.41 1.46 −0.35 0.77 −0.03 .14

21 −0.34 1.01 −0.34 1.27 0.12 .17

22 −0.30 1.22 −0.28 1.64 0.46 .32

23 0.18 1.87 0.08 1.45 0.30 .09

24 0.09 0.76 0.13 1.33 0.97 .32

25 0.10 0.70 0.15 1.01 0.72 .18

26 −0.31 1.01 −0.31 1.12 −0.09 .08

27 −0.33 0.91 −0.35 0.93 −0.32 .00

28 −0.47 1.43 −0.39 1.49 −0.01 .17
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3.1.4 Number of Replications

Each condition was simulated 50 times. This amount of replication is large for MCMC

studies with very complex models, such as those used in this study. This also may be viewed

as small when compared to estimation for less complex models. The number of replications

was chosen to provide data for analyses that should be capable of detecting the effects of

latent nonnormality, if any exist. There is as yet no data on the extent of these effects or the

effect sizes to expect for the recovery analyses.

In addition, MCMC estimation for the complex models used in this study takes much

longer than for estimation of much simpler unidimensional, single-class IRT models. The

amount of computational time that is required for MCMC estimation has been found to

vary directly with model complexity and with data characteristics such as the number of

items and sample size (e.g., Li et al., 2009). In this study, the MCMC run for MRM analyses

required times from 1 hour to 5 hours based on the sample size and test length conditions. The

amount of time that was required for the Mix2PL model analyses ranged from 2 to 13 hours.

The Mix3PL model analyses took from 6 to 36 hours to complete for the different sample

sizes and test lengths conditions simulated. All of these analyses for Simulation Study 1 were

completed using a Windows operating system on a 2.00 GHz server blade with a Quad-Core

Intel Xeon E5405 processor with 5GB RAM. Analyses for Simulation Study 2 were done

using a Linux cluster comprised of computer nodes with 4, 6, 8, and 12-core processors.

3.2 Simulation Study 1

To investigate the effect of non-normality, a Monte Carlo simulation study was conducted to

model the data, using the item parameters from FCAT test. The following conditions were

simulated: Sample size (600 and 2,000 examinees), test length (10 and 28 items), and five

ability distributions (bimodal symmetric, normal, platykurtic, skewed, and uniform). Data
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were simulated for each of the three dichotomous IRT models × 3 MixIRT models for fitting

× 2 classes for fitting (one- and two-classes) × 2 sample sizes × 2 test lengths × 5 ability

distributions = 360 conditions. Fifty replications were simulated for each condition.

3.2.1 Distribution Conditions

Five distributions were considered for the ability parameter in the first simulation study:

normal, skewed, platykurtic, bimodal symmetric and uniform. In the normal condition, the

ability distribution was randomly drawn from a standard normal distribution with unit vari-

ance (i.e., N (0, 1)). This condition was added for completeness as it is used by much of the

software available for estimating IRT models. Skewed and platykurtic data were generated

using the power method proposed by Fleishman (1978). The power method is a procedure

used to generate non-normality for Monte Carlo studies based on the priori known parame-

ters such as skewness and kurtosis. There are several other methods to generate non-normal

distributions including the addition of outliers to the data, the use of some of the known

distributions (e.g., chi-square, exponential, and Cauchy distributions), and transformation

to unknown non-normality using a skewing function (Fleishman, 1978). Although these tech-

niques can be used to generate a non-normal data, it is not possible to obtain the skewness

and kurtosis values that we wish in advance. On the other hand, Fleishman’s power method

provides the non-normal distributed data with the desired skewness and kurtosis values. One

limitation with this method is that it cannot provide all the values within parameter space.

The obtainable values can be identified using the following formula:

skew2 = 0.0629 ∗ kurtosis+ 0.0717. (3.1)

First, normal theta values were generated and then skewed and platykurtic data were

generated from these data using constants given in Fleishman (1978). The power method
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was used to generate skewed and kurtotic data by changing four constants (a, b, c, and d)

in the polynomial given below:

Y = a+ bX + cX2 + dX3, (3.2)

where X is a random variate distributed normally with zero mean and unit variance, and

a, b, c, and d are weights used to change distribution of Y. Actually, only three constants

(b, c, and d) are required for transformations as the constant a can be shown to be equal to

−c (Fleishman, 1978).

Skewness and kurtosis values were 0.75 and 0.0 for skewed data and 0.0 and −0.75 for

platykurtic data condition in this simulation study. These values were selected to represent

the typical non-normality situation. Typical non-normality refers to distributions with skew-

ness less than 0.8 and kurtosis between −0.6 and 0.6 (Pearson & Please, 1975). The constants

used to obtain these two conditions are provided in the power weights table in Fleishman

(1978). To obtain skew = 0.75 and kurtosis = 0.0, a = −0.1736, b = 1.1125, c = 0.1736,

and d = −0.0503; to obtain skew = 0.0 and kurtosis = −0.75, a = 0.0, b = 1.1336, c = 0.0,

and d = −0.0467.

In the uniform condition, ability parameters were randomly drawn from Uniform(−2,

2). The ability parameters for bimodal symmetric condition were randomly drawn from

combination of two normal distributions N (−1.5, 1) and N (1.5, 1). All of the conditions were

generated using R program. Graphical representations of the four non-normal conditions are

presented in Figure 3.1. A normal distribution curve is superimposed on each figure for

reference.
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Figure 3.1: Ability distributions for simulation study 1.

3.3 Simulation Study 2

Simulation Study 2 focused on non-normal data with various combinations of skewness and

kurtosis values. As mentioned above, for some testing conditions, non-normal ability dis-

tributions are more likely to occur than are uniform and bimodal ability distributions in
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educational and psychological data (Gregoire & Driver, 1987; Micceri, 1989). The purpose of

this simulation study was to investigate the values of skewness and kurtosis that may cause

over-extraction of latent classes. Simply, we tried to find a safe region for correct identifica-

tion of number of latent class in skewed and kurtotic data. The power method proposed by

Fleishman (1978) that was used in Study 1 also used in Study 2.

Table 3.4: Power Method Weights Adapted from Fleishman (1978)

Condition Skewness Kurtosis b c d

Condition 1 1.50 4.00 0.9296 0.3994 −0.0364

Condition 2 1.50 3.50 0.8869 0.2327 0.0187

Condition 3 1.50 2.50 0.9920 0.3452 −0.0418

Condition 4 1.00 3.50 0.8029 0.1221 0.0573

Condition 5 0.50 3.50 0.7689 0.0564 0.0708

Condition 6 0.00 3.50 0.7590 0.0000 0.0747

3.3.1 Distribution Conditions

Various combinations of skewness and kurtosis values were simulated to investigate prob-

lematic distributional parameters in terms of over extraction. Six different combinations of

skewness and kurtosis presented in Table 3.4 were simulated. Graphical representations of

the six distributions are presented in Figure 3.2. A standard normal distribution curve was

superimposed for reference on the graphs. Two sample sizes (600 and 2,000 examinees) were

simulated for two test lengths (10 and 28 items). The same generating values used for item

parameters in Study 1 were used in Study 2. In summary, the following factors were simulated

for Study 2: 3 IRT models for data generation × 3 MixIRT models for fitting × 2 classes for

fitting (one- and two-classes) × 2 sample sizes × 2 test lengths × 6 ability distributions =

432 conditions. A total of 50 replications were simulated for Study 2.
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Figure 3.2: Ability Distributions for Simulation Study 2

3.4 Unidimensionality Analyses

It is important to determine if unidimensionality holds before any unidimensional IRT mod-

eling is applied. Unidimensionality of the generated data sets were examined before esti-

mation of MixIRT models. It is often possible to have a single dominant dimension (i.e.,

essential dimensionality) rather than a single dimension (i.e., strict dimensionality) in IRT
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application. Reckase (1979) suggests that if the first component explains at least 20% of the

variance, the test can be considered to be unidimensional.

There are several methods proposed to assess test dimensionality for dichotomous type

items. Most of these methods are based on item factor analysis (IFA) models within the

context of structural equation modeling (SEM) and IRT. The full-information maximum-

likelihood (FIML) estimation (Bock, Gibbons, & Muraki, 1988), the algorithm in the soft-

ware package LISCOMP (Muthén, 1978), nonlinear factor analysis (McDonald, 1982), and

factor analysis of the tetrachoric correlations between all item pairs (Knol & Berger, 1991)

are the most popular IFA-based techniques. These approaches use different estimation algo-

rithms and data types. For instance, the FIML estimation method analyzes the entire item

response pattern while the analyses in other three approaches are based on bivariate infor-

mation. Nonparametric approaches for dimensionality assessment are also available such as

the algorithm in the computer software DIMTEST (Nandakumar & Stout, 1993) and in the

software DETECT (Zhang & Stout, 1999).

There are a number of software packages designed for both parametric and nonpara-

metric approaches including DIMTEST, Mplus, NOHARM (Fraser & McDonald, 1988), and

TESTFACT (Wilson, Wood, & Gibbons, 2003). While DIMTEST software is designed for

nonparametric approach other three programs can be used for IFA-based approach. TEST-

FACT can handle guessing parameter, but Mplus does not have any option for handling the

guessing parameter in the 3PL IRT model.

Unidimensionality of each simulated data set was examined before implementing MixIRT

model analyses. Since TESTFACT can be used to model guessing, it was used with FIML

estimation to perform an exploratory factor analysis (EFA) on each dataset in this study.

Dimensionality assessment can be done in an exploratory way using a chi-square statistic

provided by TESTFACT. This approach is based on comparison of chi-square statistics

between two analyses with different components (e.g., single factor vs. two-factor solution).
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The proportion of variance accounted for is another approach that can be used to investigate

dimensionality. The second approach is more flexible than chi-square approach and can be

used for determining the dominant factor based on use of Reckase’s 20% criteria. These two

approaches with TESTFACT software were used in this study.

3.5 Model Specifications for MCMC Estimation

In this study, the RM, 2PL, and 3PL models were used to generate the simulation data. Each

model was generated to have one class. The data generated by the RM were fitted with the

MRM and the data generated by 2PL and 3PL models were fitted with Mix2PL and Mix3PL

models, respectively. Given that our purpose is to see whether a two-class solution (i.e., a

spurious class situation) would fit where a one-class model was simulated, each MixIRT

model was fitted with one- and two-class solutions.

WinBUGS software was used for estimation of models for each of the generated data

sets. Priors for parameters can be either fixed values from a known data set (Cohen & Bolt,

2005) or some known distributions (Bolt et al., 2002; Cho et al., 2013; Li et al., 2009). Typi-

cally, a standard normal distribution N (0, 1) was used for item difficulty and discrimination

parameters in MCMC estimation of MixIRT models (Bolt et al., 2002; Cho et al., 2013;

Cohen & Bolt, 2005; Li et al., 2009). The beta distribution is generally used as a prior for

the guessing parameter in a mixture 3PL model (Li et al., 2009) as well as in a 3PL model

(Johnson & Albert, 1999). These mildly informative priors were used to obtain more stable

estimates (Cho et al., 2013). In addition to these priors, a non-informative prior with an

equal likelihood for each class was used for mixing proportions in two-group analyses in

MixIRT estimations.

As mentioned above, the ARS algorithm was used for MCMC analyses. When the target

densities are log-concave, as expected in our analyses, the ARS method is automatically

implemented in the WinBUGS software (Patz & Junker, 1999). Typically, there are three
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parts required in WinBUGS code to do Bayesian estimation. These include model specifi-

cation, specifications of priors, and specification of initial values and data. After specifying

the model in terms of the likelihood and prior distributions, initial values can be provided

either by the user or generated randomly by WinBUGS. For the mixing proportions, .5 was

used as weights. This treats both groups equally. The starting values for all other parameters

were randomly generated using the WinBUGS software. Likelihood value was specified to

compute AIC and BIC values.

The following priors and hyper-priors were used for the MRM:

βig ∼ Normal(0, 1)

θj ∼ Normal(µ(θ), 1)

µ(θ)g ∼ Normal(0, 1)

gj ∼ Bernoulli(π1, π2)

(π1, π2) ∼ Dirichlet(.5, .5),

where θj represents the ability parameter for examinee j, βig is the difficulty parameter of

item i within class g, and π1 and π2 are class membership parameters. Estimates of the mean

and standard deviation for each latent class, µg and σg, can also be estimated via MCMC. As

recommended by Bolt et al. (2002), σg was fixed at 1 for both groups. A Dirichlet distribution

was used as the prior for πg for the two-group models. Two additional priors were used in

Mix2PL and Mix3PL analyses:

αig ∼ Normal(0, 1)I (0,)

γig ∼ Beta(5, 17).

Subscript g can be dropped for the one-group analysis. Detailed WinBUGS code is presented

in the appendix.
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3.5.1 Convergence Diagnostics

Determining model convergence is another important issue that needs to be resolved with

MCMC. Lack of convergence may lead to imprecise parameter estimates and, therefore, to

false inferences. Since the starting values may have an effect on the parameter estimates, a

number of initial iterations are typically discarded in MCMC estimations. These are referred

to as burn-in iterations. Final posterior estimates are often obtained using the remaining

post-burn-in iterations. Results from previous MixIRT studies showed that a large number

of burn-in and post-burn-in iterations were needed to obtain stable posterior distributions

for all estimated model parameters. Li et al. (2009) found that 2,500 burn-in iterations were

enough for the MRM and Mix2PL model analyses and 6,000 iterations for the Mix3PL model

analyses. Cho et al., (2013) found 7,000 iterations to be needed for burn-in and 8,000 itera-

tions for post-burn-in for the MRM. The number of such iterations depends on a number of

factors, including test length, sample size and number of parameters to be estimated. Sev-

eral methods have been proposed for convergence diagnostic in MCMC estimations (Cowles

& Carlin, 1996). The convergence diagnostics by Gelman and Rubin (1992) and Raftery

and Lewis (1992) are currently the most popular methods (Cowles & Carlin, 1996). Two

R packages, Bayesian Output Analysis (BOA; Smith, 2007) and convergence diagnosis and

output analysis for MCMC (CODA; Plummer, Best, Cowles, & Vines, 2006), can be used

to conduct convergence assessment. In addition to these two methods, trace plots, density

plots and Monte Carlo error statistic can be considered.

For complex models with many parameters, it is impractical to check convergence for

every parameter, so the monitoring of a most relevant parameter would be more practical.

Item difficulty parameter estimates were monitored in this study in order to help with deter-

mining the number of burn-in and post burn-in iterations. Only data sets with the large

sample size (i.e., 2,000 simulated examinees) and the long test (i.e., 28 items) were used for

convergence assessment. The number of burn-in and post burn-in iterations were determined
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by examining the Gelman-Rubin convergence statistics. As an example of this convergence

method, Figure 3.3 presents Gelman-Rubin shrink factor plots for Item 5 of the Rasch, 2PL,

and 3PL model data sets.

Figure 3.3: Gelman-Rubin Shrinkage Factor Plots for MRM, Mix2PL, and Mix3PL models,

respectively from top to bottom.

Calculation of Gelman-Rubin convergence statistics requires at least two chains. So,

MCMC analyses for each condition in this study were done with two parallel chains. As

shown in the upper plot of Figure 3.3, two chains appear to have reached a stationary dis-

tribution, converging around 1, after about 3,000 iterations for the MRM. This can be seen

by examining the within and between chain variance for difficulty parameter estimate.
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Similarly, the middle plot in Figure 3.3 shows that two chains have reached a stationary

distribution for the Mix2PL model, converging to around 1 at about 8,000 iterations. In the

lower plot of Figure 3.3, the Gelman-Rubin statistic for the Mix3PL converges around 1 after

about 9,000 iterations.

Along with plots for individuals items, the examples of Gelman-Rubin shrink factor plots

are given in Appendix A for (1) an MRM data set with 28 items and 2,000 examinees, (2)

a Mix2PL data set with 28 items and 2,000 examinees and (3) a Mix3PL data set with 28

items and 2,000 examinees. Convergence for most items required only a small number of

burn-in iterations, but a few items required more iterations. Based on preliminary results, a

conservative number of burn-in iterations was selected for three different model analyses. Six

thousand iterations were discarded as burn-in and 6,000 were used as post-burn-in iterations

for the MRM conditions. For the Mix2PL model conditions, 7,000 burn-in iterations and

7,000 post burn-in iterations were used, and 9,000 burn-in iterations and 9,000 post burn-

in iterations were used in all Mix3PL IRT model conditions. The results of post burn-in

iterations are discussed in the Results chapter along with details.

3.6 Evaluation Criteria

Recovery of item parameters was assessed using root mean square errors (RMSEs) and bias

between the generating parameter and the parameter estimate. Lower RMSE values indicate

better estimation accuracy. Similarly, the smaller the bias, the more accurate the parameter

estimates are in the considered condition. A zero value of bias indicates the estimation

results in unbiased parameter estimates. The computational formulas for RMSE and bias for

difficulty parameters are presented below:

RMSE(βi) =

√∑I
i=1

∑R
r=1(βi − β̂ir)2
RI

(3.3)

Bias(βi) =

∑I
i=1

∑R
r=1(βi − β̂ir)
RI

, (3.4)
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where βi and β̂ir are generating and estimated item difficulty parameters for item i, respec-

tively, I (i = 1, ..., I) denotes the number of items and R (r = 1, ...,R) is the number

of replications. In addition to examination of difficulty parameters, it is necessary to eval-

uate the recovery of discrimination and guessing parameters in 3PL model. Same formula

can be used for these parameters as shown below. RMSE and bias values for estimates of

discrimination parameters:

RMSE(αi) =

√∑I
i=1

∑R
r=1(αi − α̂ir)2
RI

(3.5)

Bias(αi) =

∑I
i=1

∑R
r=1(αi − α̂ir)
RI

, (3.6)

where αi denotes generating item discrimination parameters for item i and α̂ir represents

estimated item discrimination parameters for item i and replication r. RMSE and bias values

for guessing parameters can be estimated in the same way.

RMSE(γi) =

√∑I
i=1

∑R
r=1(γi − γ̂ir)2
RI

(3.7)

Bias(γi) =

∑I
i=1

∑R
r=1(γi − γ̂ir)
RI

, (3.8)

where γi and γ̂ir are generating and estimated item guessing parameters for item i, respec-

tively. The estimates and the generating parameters should be placed on the same scale

before calculating RMSE and bias (Kolen & Brennan, 2004). Thus, in this study, the esti-

mated parameters were placed on the scale of the generating parameters using the following

transformation:

β̂∗i = β̂i − (
¯̂
βT − β̄B), (3.9)

where B represents base scale (generating parameters) and T represents target scale (esti-

mated parameters). β̂∗i denotes the equated difficulty for the estimated item i, β̂i is the

estimated difficulty parameter for item i, and
¯̂
βT and β̄B denote the means of the item

difficulty estimates for the simulated data set and generating parameters, respectively.
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As mentioned earlier, AIC and BIC values were calculated for each run. Since one-class

data sets were generated, these fit indices were used to determine whether a multiple-class

(2-Class) model had better fit than a single class model. A percentage of correct detection

of simulated latent classes was calculated based on AIC and BIC for each condition. The

percentage of correct identification is defined as the proportion of correct positives in single-

class detection.

3.7 Empirical Study

An empirical data set was analyzed to illustrate the impact of different ability distributions

on the number of latent classes detected in a MixIRT application. The purpose of this

real data analysis was to show how to interpret results for large-scale assessments in the

presence of latent non-normality in the data. MixIRT models were applied to an 8th grade

mathematics data set (with non-normal distribution of ability) collected by the Trends in

International Mathematics and Science Study (TIMSS; Foy, Arora, & Stanco, 2013) in 2011.

TIMSS administers reliable and timely tests on the mathematics and science achievement to

4th- and 8th-grade students from more than 63 countries. TIMSS was first developed in 1995

by the International Association for the Evaluation of Educational Achievement. It has been

administered every four years since then. Countries participating in the TIMSS program have

the chance to compare their students achievement in mathematics and science to students

of other participating countries. In addition to mathematics and science questions, TIMSS

provides teacher and student questionnaires during the exam. The TIMSS test is scaled to

have a mean of 500 and a standard deviation of 100. The latest administration of TIMSS

was in 2011.

One of the highest performing countries, South Korea (henceforth, Korea), was selected

for the analyses in the empirical study. Korea TIMSS 2011 8th grade mathematics test data

was negatively skewed as most of the students taking the test score highly. The RCLOG
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software (Woods, 2006b) was used to detect the skewness and kurtosis values of the latent

distribution in this data set. As have been done in the two simulation studies, this skewed

data set was analyzed with each of the three MixIRT models. The effect of the skewness on

the parameter estimates and number of latent class were examined. The TIMSS assessment

includes both multiple-choice and constructed-response items on the mathematics tests. In

this study, only the multiple-choice items were used. The empirical data set was analyzed

with one- to five-class solution MixIRT models to see whether the latent non-normality of

the data set had an effect on the number of latent classes extracted. The description of the

data set, descriptive statistics and the results from MixIRT model applications are described

in the Results Chapter.
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Chapter 4

RESULTS

The results of this study are presented in four sections in this chapter. The first section

presents the preliminary results, including convergence assessment and unidimensionality

analyses. The results of the simulation studies are presented in the next two sections which

is followed by the results of empirical study in the last section.

4.1 Preliminary Analyses

4.1.1 Unidimensionality Assessment

The data sets generated for this study were designed to be unidimensional. To ensure that

unidimensionality was achieved, additional analyses needed to be performed. Before pro-

ceeding to the MixIRT analyses, therefore, the dimensionality of each data set was first

examined with the TESTFACT computer program (Bock et al., 1988). As mentioned earlier,

the chi-quare difference test and the proportion of variance accounted for were used with

TESTFACT. Dimensionality assessment with the chi-square statistic provided by TEST-

FACT can be performed through an exploratory factor analysis (EFA). The TESTFACT

syntax was created to perform two EFAs on each data set. The number of factors extracted

was set to one and two in order to implement the chi-square procedure. Additionally, guessing

parameter values were set to .25 in TESTFACT for 3PL data sets. For each solution a chi-

square fit statistic and eigenvalues were obtained. Based on these two chi-square fit statistics,

the chi-quare difference test can be used to determine whether or not unidimensionality holds
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in the data. As explained in the TESTFACT manual (du Toit, 2003), the chi-square statistic

in TESTFACT can be used to test the difference between following two hypotheses. That

is the test of following null hypothesis against the alternative hypothesis that is presented

next.

H0 : N -factor model provides an adequate fit to the data.

Ha : (N +1)-factor model provides an adequate fit to the data.

This chi-square statistic is simply the difference between the chi-square value under H0

(i.e., the one-factor solution) and the chi-square value under Ha (i.e., the two-factor solu-

tion). Similarly, the degrees of freedom is obtained as the difference between the degrees

of freedoms of the two chi-square statistics. Since a chi-square test statistic was used, the

resulting difference value also has a chi-square distribution. Based on the hypotheses (above),

a significant p-value would indicates that a two-factor solution provides a better fit to data

than a one-factor solution.

The calculation of a chi-square test in TESTFACT, however, requires non-empty cells

in the response vector with the number of unique responses equal to 2k, where k is the

number of items (Mislevy, 1986). Very small expected frequencies may have a negative

effect on the reliability of chi-square test statistics (Mislevy, 1986). A three-step process

was followed to obtain unidimensional data sets in this study. First, each data condition

was screened for non-significant chi-square test values. Data sets that had a nonsignificant

chi-square test value were retained as they were considered unidimensional. Second, data

sets that had a significant chi-square statistic were re-examined in terms of proportion of

variance accounted for values. The data sets with dominant factors (i.e., more than 20%

proportion of variance) were retained for the analyses based on Reckase’s (1979) 20% cri-

teria. As mentioned above, the eigenvalues were computed from the tetrachoric correlation

matrix in TESTFACT. Using the eigenvalues from TESTFACT output, the proportion

of variance accounted for the first factor was computed for each data set. The data set
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was considered undimensional in the case of eigenvalue analysis verified the dominant first

factor. Third, data sets that did not meet either of these two criteria were dropped, and new

data sets were generated until fifty unidimensional data sets were obtained for each condition.

TESTFACT OUTPUT FOR A UNIDIMENSIONAL DATA SET BASED ON PROPORTION OF VARIANCE

PHASE 6: FACTOR ANALYSIS

NON-ADAPTIVE FULL-INFORMATION ITEM FACTOR ANALYSIS

------------------------------------------------------------

DISPLAY 2. THE POSITIVE LATENT ROOTS OF THE CORRELATION MATRIX

1 2 3 4 5 6

1 3.047328 1.071122 0.950484 0.862282 0.844695 0.745946

7 8 9 10

1 0.707823 0.673387 0.582313 0.514620

Figure 4.1: A Sample TESTFACT Output for Proportion of Variance Accounted for

Approach

For most of the ten-item conditions, the chi-square statistic could not be calculated.

Thus, only proportion of variance accounted for approach was available for evaluation of

these conditions. For example, as shown in the sample analysis in Figure 4.1, the first factor

explained 30% of all variation in the data. Thus, a dominant factor was assumed for this

case and the data set was used for the MixIRT analyses.
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4.1.2 Convergence Assessment

A sample assessment is presented for Item 1 (item difficulty = −1.72) to provide a brief

example of what has been done in the convergence process. Figure 4.2 presents a Gelman-

Rubin shrink factor plot, a trace plot, a density plot, and an autocorrelation plot for Item

1 for a data set generated with a Rasch model. These plots are commonly used to assess

the convergence of an MCMC estimation. Gelman-Rubin shrinkage plot is used to show that

multiple chains converges to same target of stationary distribution. Traceplot refers to a

plot that shows the iteration number and the value of the parameter at each iteration. This

plot allows us to understand if a chain reached to its stationary distribution and the chain is

mixing well. That is , it helps us to determine if the number of burn-in is enough. The density

plot is simply a histogram of the distributions of every draw. Converged chains produce a

uni-modal (bell-shaped) density plot while non-convergence is observed in the presence of

multimodal density plots. Autocorrelation plot shows the correlation between every draw. It

is expected to observe a decay in this plot if the correlation between each draw decreases.

As described earlier, MCMC analyses for each condition were applied with two par-

allel chains to determine the number of burn-in iterations using Gelman-Rubin convergence

statistics. As shown in the upper plot of Figure 4.2, the two chains appear to have reached

a stationary distribution, converging close to 1, after 5,000 iterations based on within and

between chain variance for the difficulty parameter of Item 1. So, a burn-in of 6,000 in

iterations was adopted for this item. Another way of assessing convergence can be done by

investigating the mixing between chains. That is, we can observe the strong effect of starting

values in the case of poor mixing. Mixing of parallel chains indicates good convergence due

to less influence of starting values. The history of the sampling is shown in the second graph

in Figure 4.2. The chains begin at different points and mix with well each other. In addition,

the plot of the kernel density appears to be normally distributed, and the autocorrelation

plot shows a clear decay over the subsequent 25 iterations. This is the kind of decay that is

52



characteristic of good convergence. Finally, the difficulty parameter was estimated for Item

1 to be −1.68 with a Monte Carlo error of 0.0006438 which is less than 5% of the sample

standard deviation (Spiegelhalter et al., 2003). From this, we conclude that the MCMC chain

converged.

Figure 4.2: Convergence Plot for the Sample Item

4.2 Results of Simulation Study 1

The results of the first simulation study are presented in this section. As mentioned earlier,

each data set was generated to have one class. The data generated by the RM were fitted with

the MRM, and the data that were generated by 2PL and 3PL IRT models were fitted with

Mix2PL and Mix3PL IRT models, respectively. These three models were fit with a one-class
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solution and a two-class solution using standard normal priors on ability parameters for each

simulation condition. As stated above, five distributions (i.e., bimodal symmetric, normal,

platykurtic, skewed, and uniform), two test lengths (10 and 28), two sample sizes (600 and

2,000) and three MixIRT models were manipulated in the first simulation study. In the

following parts, we first present the recovery of item parameter estimates and then present

the results of correct classification rates under different conditions of the first simulation

study.

4.2.1 Recovery of Item parameters

As previously indicated, the recovery of item parameters was assessed using RMSE and

bias between the generating parameters and the parameter estimates of one-class MixIRT

models. Item parameter estimates from one-class solution MixIRT analyses were used for

recovery analyses because the one-class solution was the MixIRT equivalent of the single-

class IRT models that were used for data generation. The estimated parameters of one-class

MixIRT models were placed on the scale of the generating parameters using the mean/mean

transformation method in order to achieve an appropriate common metric. Mean RMSE and

mean bias values for each condition were tabulated for item difficulty, item discrimination,

and item guessing parameters, separately.

In addition to reporting mean RMSE and mean bias values, the recovery of item parame-

ters were examined using analysis of variance (ANOVA) technique. As is the case with most

parametric statistical models, ANOVA is based on several assumptions including normality,

homogeneity of variance and independence of observations (Howell, 2014). Data should meet

these assumptions in order to make correct statistical inferences based on F distribution. In

ANOVA, we assume normality and constant variance for the model error term. In addition,

we assume that the residual effects (i.e., error terms) are independent from observation to

observation. Although, ANOVA is robust to violations of the normality and homogeneity of
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variance assumptions, it is not robust to violation of the independence assumption. Thus,

it is important to ensure that data fit these assumptions before conducting analyses. In the

case of violations of these assumptions, the results from analyses of the raw data may be

untrustworthy. To overcome this problem, one can perform standard statistical tests with

either transformed response variables or nonparametric techniques. In this study, the nor-

mality assumption was tested by examining the Q-Q plot of residual values, and the equal

variance assumption was tested by using Bartlett’s test.

For each item parameter, two separate factorial ANOVAs were conducted using RMSE

and bias values as dependent variables. Factor variables were the number of items (k),

number of examinees (N ), distribution condition (D), and the model type (M ). All main

and interaction effects were included in the ANOVAs. Prior to conducting each ANOVA

analysis, the normality and equal variance assumptions were tested and transformed depen-

dent variables were used when necessary. Sum of squares, mean squares, values of effect size

and F test with p-value were tabulated for each item parameter. Eta-squared (η2) was used

as the effect size in this study due to easy interpretation (Levine & Hullett, 2002). Eta-

squared permits quantifying the effectiveness of a particular intervention (e.g., sample size)

by providing information about the magnitude of the effect. Eta-squared is simply the ratio

of sum of squares of treatment to total sum of squares and ranges from 0 to 1. Thus, we can

interpret eta-squared as the percent of variance accounted for by a factor. General rules of

thumb given by Cohen (1988) suggest that eta-squared values that are greater than .14 are

considered large effects. This criterion was used in this study.

Recovery of Item Difficulty Parameters. Item difficulty parameter estimate results

are presented first. This parameter is the common item parameter for all three MixIRT

models considered in this study. Mean RMSE and mean bias values for item difficulty parame-

ters of three MixIRT models for each condition are presented in Tables 4.1 and 4.2. Condition

names are given in the first column of Tables 4.1 and 4.2 and include model name, number
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of items, and number of examinees. For example, the condition RM282000 indicates a data

condition that was generated with the Rasch model for 28 items and 2,000 examinees.

Table 4.1: Mean RMSE Values of Item Difficulty Parameters

over 50 Replications

Condition Bimodal Normal Platykurtic Skewed Uniform

RM10600 0.167 0.091 0.089 0.091 0.098

RM28600 0.140 0.093 0.094 0.094 0.095

RM102000 0.147 0.067 0.071 0.064 0.078

RM282000 0.097 0.051 0.050 0.052 0.057

2PL10600 0.340 0.197 0.192 0.182 0.195

2PL28600 0.279 0.131 0.133 0.136 0.134

2PL102000 0.362 0.108 0.124 0.113 0.153

2PL282000 0.289 0.070 0.071 0.077 0.105

3PL10600 0.591 0.301 0.291 0.311 0.346

3PL28600 0.560 0.230 0.220 0.267 0.260

3PL102000 0.606 0.256 0.256 0.282 0.282

3PL282000 0.568 0.154 0.163 0.276 0.268

Table 4.1 summarizes the mean RMSE values of item difficulty parameters for three

MixIRT models. Mean RMSE values of item difficulty parameter for MRMs were found to

be less than 0.10 for most of the conditions. The mean RMSE values were around 0.15

in only three of the bimodal data conditions. As shown in Table 4.1, mean RMSE values

of the Mix2PL and Mix3PL IRT models were larger than those for the MRM. A pattern
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of increasing RMSE values appears to be present in which RMSE values increase as the

complexity of the model increases. The mean RMSEs for the Mix2PL IRT model condition

with 28 items and 2,000 examinees, however, were less than 0.11 for all except the bimodal

symmetric distribution. For the Mix2PL analyses, mean RMSE values seemed to decrease as

the number of examinees and the number of items increased. The mean RMSE values for the

bimodal distribution were relatively higher for the Mix3PL IRT model. Mean RMSE values

were around 0.30 for normal, platykurtic, skewed, and uniform distributions. The Mix3PL

condition with 28 items and 2,000 examinees yielded the smallest mean RMSE values for

all except the bimodal symmetric distribution. These results are consistent with previous

simulation studies with MixIRT models (Li et al., 2009).

Table 4.2 summarizes the mean bias values of item difficulty parameters for three MixIRT

models. The absolute values of mean bias values for item difficulty parameters were found to

be less than 0.05 for all of the MRM conditions. The best performing conditions for MRMs

were the conditions with platykurtic distribution as they produced the smallest bias values

across all simulation conditions. MRM conditions with normal and skewed distributions

displayed similar performances to platykurtic distribution conditions. Bimodal symmetric

distribution condition yielded the largest mean bias values for the MRMs. Conditions with

uniform distributions were the second largest biased conditions for recovering item diffi-

culty parameters of MRMs. The mean bias values for item difficulty parameters tended to

increase as the model complexity increased. Mean bias values of item difficulty parameters

for Mix2PL IRT model analyses were found to be less than 0.05 for more than half of

the 2PL IRT data conditions. The mean bias values were around 0.12 in only three of the

bimodal data conditions. Consistent with the bias results of MRMs, conditions with bimodal

distributions were more biased than the conditions with other distributions. The normal,

platykurtic, skewed, and uniform distribution conditions showed similar performances in

terms of bias for item difficulty parameters of the Mix2PL IRT model analyses. Overall,
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Mix3PL conditions were the most biased conditions for all of the distributions. Mean bias

values for the item difficulty parameter were low and generally in the negative direction for

the conditions with normal, platykurtic, and skewed distributions. Consistent with previous

results reported above, the mean bias values also were the highest for the bimodal symmetric

data conditions in Mix3PL analyses.

Table 4.2: Mean Bias Values of Item Difficulty Parameters

over 50 Replications

Condition Bimodal Normal Platykurtic Skewed Uniform

RM10600 −0.043 −0.001 −0.001 −0.004 −0.016

RM28600 0.031 0.011 0.007 0.003 −0.012

RM102000 −0.049 −0.003 −0.002 −0.004 −0.022

RM282000 −0.003 0.004 −0.002 −0.005 −0.015

2PL10600 0.044 0.086 0.102 0.067 0.086

2PL28600 0.121 0.029 0.034 0.024 0.035

2PL102000 0.103 0.045 0.048 0.051 0.038

2PL282000 0.120 0.006 0.007 0.007 0.010

3PL10600 0.548 −0.108 −0.065 −0.083 0.171

3PL28600 0.516 −0.058 −0.059 −0.158 0.103

3PL102000 0.587 −0.091 −0.026 −0.171 0.145

3PL282000 0.530 −0.038 −0.014 −0.230 0.171
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ANOVA Results for Examining the Recovery of Item Difficulty Parameters.

As indicated above, the normality and equal variance assumptions were tested prior

to conducting ANOVA analyses. Since raw RMSE and bias values for the item difficulty

parameter violated these assumptions, the natural logarithm of RMSE (log[RMSE]) and

bias (log[bias]) values were used in the ANOVA analyses. The ANOVA table for log[RMSE]

of item difficulty is presented in Table 4.3. Similarly, Table 4.4 summarizes the ANOVA

results for log[bias] values. Results in both of the tables indicate that model complexity is

an important factor for recovery of item difficulty parameter estimates due to large and

significant eta-squared values. Thus, we concluded that as the model complexity increased

(e.g., from MRM to Mix2PL IRT model), the difficulty of recovering the item difficulty

parameter estimates increased. This was also shown in the Tables of RMSE and bias for

item difficulty parameter estimates.

In addition, the ANOVA table for log[bias] showed that the distribution condition also

had a significantly large effect size (η2 = .378). Distribution condition was also significant

in the ANOVA analysis of log[RMSE] but with a moderate (i.e., .125) eta-squared value. As

shown in Table 4.3, a number of factors (i.e., k, N, N*D, N*M, and D*M ) were found to be

significant with small effect sizes (η2 < 0.054). As shown in the ANOVA table of log[bias]

variable, a number of factors (k, N, N*D, and D*M ) were significant with small effect size

values in addition to the model complexity and distribution conditions that were mentioned

above. Based on the results of these two ANOVAs, we can conclude that there are likely

meaningful differences in the RMSE and bias among the three MixIRT models. It appears

that there is also meaningful difference in the bias among the five distributions.
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Table 4.3: ANOVA Results for log[RMSE] of Item Difficulty Parameter Estimates

Source df Sum of Square Mean Square F p η2

k 1 9.702 9.702 44.720 <.001 .015

N 1 35.154 35.154 162.050 <.001 .054

k*N 1 0.780 0.780 3.590 .058 .001

D 4 80.851 20.213 93.170 <.001 .125

k*D 4 0.919 0.230 1.060 .376 .001

N *D 4 5.258 1.315 6.060 <.001 .008

k*N *D 4 0.335 0.084 0.390 .819 .001

M 2 266.982 133.491 615.340 <.001 .411

k*M 2 0.752 0.376 1.730 .177 .001

N *M 2 5.360 2.680 12.350 <.001 .008

k*N *M 2 0.785 0.392 1.810 .164 .001

D*M 8 4.502 0.563 2.590 .008 .007

k*D*M 8 0.966 0.121 0.560 .814 .002

N *D*M 8 1.896 0.237 1.090 .366 .003

k*N *D*M 8 0.350 0.044 0.200 .991 .001

Note. k = number of items, N = number of examinees, D = distribution condition,

and M = model type.
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Table 4.4: ANOVA Results for log[bias] of Item Difficulty Parameter Estimates

Source df Sum of Square Mean Square F p η2

k 1 38.826 38.826 32.560 <.001 .020

N 1 5.231 5.231 4.390 .037 .003

k*N 1 0.888 0.888 0.740 .389 .001

D 4 735.766 183.942 154.250 <.001 .378

k*D 4 11.174 2.794 2.340 .054 .006

N *D 4 11.918 2.979 2.500 .042 .006

k*N *D 4 0.417 0.104 0.090 .986 .000

M 2 408.226 204.113 171.170 <.001 .210

k*M 2 2.668 1.334 1.120 .328 .001

N *M 2 4.159 2.079 1.740 .176 .002

k*N *M 2 1.738 0.869 0.730 .483 .001

D*M 8 23.056 2.882 2.420 .014 .012

k*D*M 8 10.050 1.256 1.050 .395 .005

N *D*M 8 12.965 1.621 1.360 .212 .007

k*N*D*M 8 3.198 0.400 0.340 .952 .002

Note. k = number of items, N = number of examinees, D = distribution condi-

tion, and M = model type.
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Recovery of Item Discrimination Parameters. Results are presented here for item

discrimination parameter for Mix2PL and Mix3PL models. Mean RMSE and mean bias

values for item discrimination parameters for each condition are presented in Tables 4.5 and

4.6. Again, condition names that are given in the first column of Tables 4.5 and 4.6 include

model name, number of items, and number of examinees. Conditions were labeled in these

tables as was done in previous tables. So, the condition 2PL282000 indicates a data condition

generated with the 2PL IRT model for 28 items and 2,000 examinees and analyzed with the

Mix2PL IRT model. Mean RMSE values for the item discrimination parameter estimates

for the Mix2PL and Mix3PL IRT models are presented in Table 4.5. As expected, RMSE

values for the Mix2PL and Mix3PL IRT models for the bimodal symmetric distribution were

the largest. The RMSE values for the uniform distribution were the second largest. Mean

RMSE values appeared to be smaller for all of the Mix2PL conditions under the normal,

platykurtic, and skewed distributions. Mean RMSE values of item discrimination parameter

seemed to decrease as the number of examinees and the number of items increased for most

of the conditions. Mean RMSE values for the Mix3PL IRT model conditions yielded higher

values than those for Mix2PL IRT analyzes. Consistent with the results of Mix2PL IRT

model analyses, bimodal symmetric and uniform distribution conditions yielded the largest

RMSE values for item discrimination parameter estimates of the Mix3PL IRT model.
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Table 4.5: Mean RMSE Values of Item Discrimination Parameters

over 50 Replications

Condition Bimodal Normal Platykurtic Skewed Uniform

2PL10600 1.684 0.150 0.143 0.154 0.301

2PL28600 1.528 0.129 0.130 0.140 0.285

2PL102000 1.786 0.086 0.090 0.089 0.358

2PL282000 1.801 0.071 0.071 0.080 0.369

3PL10600 1.457 0.272 0.291 0.409 0.431

3PL28600 1.497 0.270 0.278 0.379 0.423

3PL102000 1.581 0.231 0.233 0.499 0.426

3PL282000 2.022 0.204 0.214 0.598 0.440

Table 4.6 summarizes the mean bias values of item discrimination parameters for the

Mix2PL and Mix3PL IRT models. Mean bias values for item discrimination parameter for

Mix2PL IRT model analyses were found to be less than 0.025 for the normal, platykurtic, and

skewed distribution conditions. The lowest performing conditions for Mix2PL IRT models

were the conditions with bimodal symmetric distributions. These are the ones that produced

the highest bias values across all simulation conditions. The Mix2PL conditions with uniform

distributions yielded the second-most biased estimates for item discrimination parameters.

Consistent with previous results (above) for the Mix2PL IRT model analyses, the Mix3PL

IRT data conditions with bimodal distributions were the most biased conditions, when ana-

lyzed with the Mix3PL IRT model. Uniform distribution conditions yielded higher mean

bias values than the normal, platykurtic, and skewed distribution conditions. There was no
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clear pattern, however, with respect to effects of the number of items and sample size on

bias calculation for item discrimination parameter.

Table 4.6: Mean Bias Values of Item Discrimination Parameters

over 50 Replications

Condition Bimodal Normal Platykurtic Skewed Uniform

2PL10600 −0.835 −0.003 −0.002 −0.001 −0.132

2PL28600 −0.759 0.023 0.022 0.024 −0.128

2PL102000 −0.890 −0.002 −0.005 −0.001 −0.172

2PL282000 −0.898 0.006 0.002 0.009 −0.181

3PL10600 −0.460 0.223 0.219 0.079 0.101

3PL28600 −0.736 0.020 0.023 −0.131 −0.156

3PL102000 −0.785 −0.045 −0.046 −0.222 −0.193

3PL282000 −1.000 −0.010 −0.001 −0.276 −0.190

ANOVA Results for Recovery of Item Discrimination Parameters. As with the

previous ANOVA analyses, the normality and equal variance assumptions were tested prior

to performing ANOVAs with RMSE and bias for the item discrimination parameter. Since

raw RMSE and bias values for the item discrimination parameter violated these assumptions,

the natural logarithm of RMSE (log[RMSE]) and square root of bias (sqrt[bias]) values were

used in the ANOVA analyses. The ANOVA tables for log[RMSE] and sqrt[bias] of item

discrimination are presented in Tables 4.7 and 4.8. As shown in Table 4.7, a number of

the main and interaction effects of the conditions of the simulation were significant. Only

the distribution shape condition had a large effect (η2 = .554), however, for RMSE of item

discrimination estimates. The model type had a moderate effect size and the other significant

64



factors (k, k*D, k*M, N, N*D, N*M, D*M, and N*D*M ) had small effects (η2 < .05) on

the RMSE calculation for item discrimination parameter. As shown in Table 4.8, only model

type (Mix2PL vs. Mix3PL) had a large and significant effect on bias calculation for the

item discrimination parameter. In addition, the distribution condition had a moderate and

significant effect, but the sample size and interaction of distribution and model type had

small and significant effects on bias calculation for the item discrimination parameter. Thus,

we can conclude that there are likely meaningful differences in both of the RMSE and bias

among the two MixIRT models and the five distribution conditions.

65



Table 4.7: ANOVA Results for RMSE

of Item Discrimination Parameter Estimates

Source df Sum of Square Mean Square F p η2

k 1 0.425 0.425 7.620 .006 .001

N 1 2.365 2.365 42.460 <.001 .003

k*N 1 0.036 0.036 0.640 .424 .000

D 4 450.909 112.727 2023.820 <.001 .554

k*D 4 0.748 0.187 3.360 .010 .001

N*D 4 8.257 2.064 37.060 <.001 .010

k*N*D 4 0.375 0.094 1.680 .152 .001

M 1 65.031 65.031 1167.520 <.001 .080

k*M 1 0.487 0.487 8.750 .003 .001

N*M 1 3.113 3.113 55.890 <.001 .004

k*N*M 1 0.040 0.040 0.710 .400 .000

D*M 4 39.614 9.904 177.800 <.001 .049

k*D*M 4 0.155 0.039 0.690 .596 .000

N*D*M 4 4.952 1.238 22.220 <.001 .006

k*N*D*M 4 0.169 0.042 0.760 .552 .000

Note. k = number of items, N = number of examinees, D = distribution condition,

and M = model type.
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Table 4.8: ANOVA Results for Bias

of Item Discrimination Parameter Estimates

Source df Sum of Square Mean Square F p η2

k 1 0.009 0.009 0.940 .333 .002

N 1 0.184 0.184 19.640 <.001 .041

k*N 1 0.011 0.011 1.180 .279 .002

D 4 0.281 0.094 9.980 <.001 .062

k*D 4 0.010 0.003 0.340 .794 .002

N*D 4 0.042 0.014 1.490 .219 .009

k*N*D 4 0.028 0.009 0.990 .398 .006

M 1 1.747 1.747 185.960 <.001 .383

k*M 1 0.016 0.016 1.710 .193 .004

N*M 1 0.002 0.002 0.180 .674 .000

k*N*M 1 0.026 0.026 2.760 .098 .006

D*M 4 0.148 0.074 7.900 .001 .033

k*D*M 4 0.009 0.004 0.450 .636 .002

N*D*M 4 0.001 0.001 0.120 .724 .000

k*N*D*M 4 0.008 0.008 0.840 .360 .002

Note. k = number of items, N = number of examinees, D = distribution condi-

tion, and M = model type.
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Recovery of Item Guessing Parameters. Table 4.9 presents mean RMSE values of

the item guessing parameter estimates for each condition. Table 4.10 summarizes mean bias

values of the item guessing parameter. Condition names that are given in the first column

of Tables 4.9 and 4.10 was labeled as in previous tables. As can be seen in Table 4.9, the

skewed data conditions yielded the highest mean RMSE values for the item guessing param-

eter. For most of the conditions with 28 items, mean RMSE values for the item guessing

parameter appeared to decrease as the number of examinees increased. However, no clear

pattern emerged with regard to changes in the number of items. The mean RMSE values for

item guessing parameters were relatively lower than those for item difficulty and discrimi-

nation parameters. This is because the item guessing parameter estimates are between zero

and one whereas estimates for discrimination and difficulty parameters can take on larger

absolute values.

Table 4.9: Mean RMSE Values of Item Guessing Parameters

over 50 Replications

Condition Bimodal Normal Platykurtic Skewed Uniform

3PL10600 0.059 0.066 0.065 0.071 0.063

3PL28600 0.050 0.068 0.066 0.088 0.058

3PL102000 0.051 0.069 0.069 0.090 0.059

3PL282000 0.039 0.054 0.054 0.113 0.055

Table 4.10 summarizes the mean bias values of item guessing parameters for the Mix3PL

IRT models. Consistent with the RMSE statistics, mean bias values in the skewed data

conditions were higher than those for the other distributions. The mean bias values for item

guessing parameters were generally in the negative direction for the normal, platykurtic,

skewed, and most of the uniform data conditions. For the item guessing parameter estimates
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for the Mix3PL IRT model analyses, the bimodal symmetric conditions yielded lower mean

bias values than those for item difficulty and discrimination parameters of previous MixIRT

analyses. For the bimodal symmetric distribution conditions, bias was consistently positive,

which indicated that the guessing parameter was overestimated.

Table 4.10: Mean Bias Values of Item Guessing Parameters

over 50 Replications

Condition Bimodal Normal Platykurtic Skewed Uniform

3PL10600 0.006 −0.016 −0.010 −0.020 −0.003

3PL28600 0.006 −0.018 −0.014 −0.035 −0.006

3PL102000 0.009 −0.013 −0.007 −0.036 0.001

3PL282000 0.006 −0.013 −0.008 −0.053 −0.001

ANOVA Results for Recovery of Item Guessing Parameters. Two separate

ANOVAs were performed using the natural logarithm of RMSE (log[RMSE]) and the square

root of bias (sqrt[bias]) as dependent variables since the raw RMSE and bias for the item

guessing parameter violated the assumptions of ANOVA. The only difference between

ANOVAs for the item guessing parameter and previous ANOVAs is the lack of the model

factor. This was because only the Mix3PL IRT model had the item guessing parameter.

The ANOVA tables for log[RMSE] and sqrt[bias] of item guessing are presented in Tables

4.11 and 4.12. As shown in Table 4.11, the distribution condition had a significant and a

moderate (η2 = .121) effect while the interaction of distribution and sample size (i.e., N*D)

had a small (η2 =.023) and significant effect on the RMSE calculation for item guessing

parameter. As shown in Table 4.12, the number of items (k) had a moderate (η2 =.074) and

significant effect while the sample size (N ) and distribution (D) conditions had small and

significant effects on the bias calculation for item guessing parameter estimates.
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Table 4.11: ANOVA Results for RMSE

of Item Guessing Parameter Estimates

Source df Sum of Square Mean Square F p η2

k 1 0.295 0.295 1.000 .318 .002

N 1 0.061 0.061 0.210 .650 .001

k*N 1 0.312 0.312 1.060 .305 .003

D 4 15.369 3.842 13.020 <.001 .121

k*D 4 1.494 0.374 1.270 .283 .012

N*D 4 2.875 0.719 2.440 .047 .023

k*N*D 4 0.378 0.094 0.320 .865 .003

Note. k = number of items, N = number of examinees, andD = distribution

condition.
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Table 4.12: ANOVA Results for Bias

of Item Guessing Parameter Estimates

Source df Sum of Square Mean Square F p η2

k 1 0.060 0.060 16.040 <.001 .074

N 1 0.044 0.044 11.860 .001 .054

k*N 1 0.000 0.000 0.130 .716 .001

D 4 0.046 0.012 3.110 .017 .057

k*D 4 0.002 0.001 0.140 .969 .003

N*D 4 0.012 0.003 0.800 .526 .015

k*N*D 4 0.008 0.002 0.520 .725 .009

Note. k = number of items, N = number of examinees, andD = distribution

condition.
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Figure 4.3: RMSE Plots for Item Difficulty Parameter Estimates

Summary of the Recovery Assessment of Simulation Study 1. Two evaluative

criteria were used for the item parameter estimates: the mean RMSE and bias of the esti-

mates. For the difficulty parameter, the MRMs tended to produce the smallest RMSE and

bias values. The RMSE results for item difficulty parameter estimates are illustrated for each

data condition in Figure 4.3. As can be seen in Figure 4.3, the accuracy of the item diffi-

culty parameter appeared to decrease as the model complexity increased. The distribution

condition also appeared to have an important effect on the recovery of the item difficulty

parameter (see Figure 4.3). It was more difficult to recover item difficulty parameters, par-

ticularly, for the bimodal symmetric and uniform conditions. Compared to the effects of the

model complexity and distribution factors, the number of examinees and items seemed to be

relatively less important factors on the recovery of item difficulty parameter estimates.
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Figure 4.4: RMSE Plot for Item Discrimination Parameter Estimates

The RMSE results for item discrimination parameter estimates are illustrated for the

Mix2PL and Mix3PL IRT models in Figure 4.4. For the discrimination parameter, conditions

with bimodal symmetric distributions tended to produce more biased estimates than those

with other distributions. The conditions with uniform distributions appeared to have the

second most biased estimates. ANOVA analyses also provide evidence for the significance

of effects of distribution type on the recovery of item discrimination parameter estimates.

The item discrimination parameter estimates from Mix3PL model analyses appeared to be

more biased than those from the Mix2PL IRT model analyses. The number of examinees

and items did not appear to affect recovery of the item discrimination parameter.
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Figure 4.5: RMSE Plot for Item Guessing Parameter Estimates

The RMSE results for item guessing parameter estimates are illustrated for the Mix3PL

IRT model in Figure 4.5. Almost all of the conditions yielded very small RMSE (<0.10) and

bias (<0.020) values for item guessing parameter estimates. Mix3PL model analyses appeared

to have difficulty producing accurate item difficulty and discrimination estimates. ANOVA

analyses with RMSE and bias values showed that distribution type had an important effect

on the recovery of the item guessing parameter.

4.2.2 Correct Positive Rates

The proportions of correct positive detection for the three MixIRT models were calculated

based on minimum AIC and BIC between one-class and two-class solutions. For instance,

the number of classes for the given data set was defined as correct, when the considered

information index for a one-class solution was smaller than that for the two-class solution.

These proportions are presented in Tables 4.13, 4.14, and 4.15 for each condition of the

MRM, Mix2PL, and Mix3PL IRT models, respectively. Condition names that are given in

the first column of Tables 4.13 to 4.15 include model name, number of items and number

of examinees. For example, the condition RM102000 indicates a data condition that was

generated with the Rasch model for 10 items and 2,000 examinees.
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Table 4.13: The Correct Positive Rates for MRM Analyses

over 50 Replications

Condition Bimodal Normal Platykurtic Skewed Uniform

AIC BIC AIC BIC AIC BIC AIC BIC AIC BIC

RM10600 0 0 6 49 10 47 3 41 0 3

RM102000 0 0 0 39 0 40 0 22 0 0

RM28600 0 0 42 50 41 50 33 50 19 49

RM282000 0 0 35 50 31 50 1 50 0 0

Table 4.13 summarizes the correct positive rates for MRM analyses. As shown in this

table, the BIC index performed well in the MRM analysis for the normal, platykurtic, and

skewed conditions. The proportions of correct positives for the BIC index for the bimodal

symmetric and uniform conditions, however, were low except for the uniform distribution

condition with 28 items and 600 examinees. The proportions of correct positives for the

bimodal symmetric distribution was zero for all of the conditions. The performance of the BIC

index appeared to increase as the number of examinees decreased and as the number of items

increased. The overall performance of AIC was lower than BIC for the MRM analyses. The

AIC did not provide high correct identification rates in the normal distribution conditions,

especially with 10 items. Similarly, for the platykurtic and skewed distribution conditions,

the AIC index showed poor performance for 10-item conditions. The performance of AIC

index was higher for 28-item conditions, however, than those for 10-item data conditions

that were generated under normal, platykurtic, and skewed distributions. The proportions

of correct positives for AIC were zero for all of the bimodal symmetric distribution conditions.

The second lowest performance of the AIC index was observed with the results of uniform
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distribution except for the condition with 28 items and 600 examinees. In that condition,

19 out of the 50 replications were correct detections. The performance of the AIC index

appeared to increase as the number of items increased. However, the proportions of correct

positives for the AIC index were lower in large sample size conditions. Both AIC and BIC

showed good performance in data conditions with 28 items and 600 examinees except in

the bimodal data condition. Based on the results of the AIC and BIC indices, latent non-

normality seemed to be a problem for the data conditions with the bimodal symmetric and

uniform distributions.

Table 4.14: The Correct Positive Rates for Mix2PL IRT Model Analyses over 50 Replications

Condition Bimodal Normal Platykurtic Skewed Uniform

AIC BIC AIC BIC AIC BIC AIC BIC AIC BIC

2PL10600 12 50 16 46 15 48 1 29 15 50

2PL102000 18 49 2 40 7 46 0 6 2 32

2PL28600 48 50 49 50 47 50 20 49 34 50

2PL282000 34 50 47 50 45 50 0 24 2 50

Table 4.14 presents the correct positive rates for Mix2PL IRT model analyses. For almost

all conditions, the correct positive rates of the BIC index were found to be close to 100

percent. This was not the case for the skewed data conditions. For the skewed data conditions,

the BIC index showed good performance (49 out of 50 correct detections) for the 28 items

and 600 examinees condition. The BIC index showed 100% performance for all of the 28-item

conditions except for the skewed distribution. For the 10-item conditions, the performance

of the BIC index decreased as the number of examinees increased. The results of the AIC

index in the Mix2PL IRT model analyses provided higher correct detection rates than those
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of the MRM analyses. Overall performance of AIC index was worse than the BIC results in

Mix2PL IRT model analyses. Correct positive selection rates for AIC ranged from 0 to 20

percent in more than half of the conditions. Consistent with the results for the BIC index,

the performance of the AIC index was generally lower in the 10-item conditions than in the

28-item conditions. Further, the performance of the AIC index decreased as the number of

examinees increased. The AIC index showed poor performance for the data conditions with

skewed and uniform distributions. Based on the results from AIC index, latent non-normality

appears to cause detection of spurious latent class in the Mix2PL model. Results based on

the BIC index, however, were more accurate for this model in these conditions.

Table 4.15: The Correct Positive Rates for Mix3PL Analyses

over 50 Replications

Condition Bimodal Normal Platykurtic Skewed Uniform

AIC BIC AIC BIC AIC BIC AIC BIC AIC BIC

3PL10600 46 50 10 50 9 50 14 50 7 48

3PL102000 18 50 1 36 2 33 3 46 0 44

3PL28600 50 50 49 50 48 50 50 50 48 50

3PL282000 46 50 42 50 14 50 17 50 7 50

Table 4.15 presents the correct positive detection rates for Mix3PL model analyses. In all

distribution conditions, BIC supported selection of the correct one class model in 100 % of

the replications except for the 10 items and 2,000 examinees conditions. The conditions with

the normal and skewed distributions yielded the lowest BIC detection results. The number of

correct selections was higher for the AIC for the Mix3PL model in comparison to the other

mixture IRT models. Consistent with previous results, however, the number of correct model
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selections by AIC was lower than for BIC. Further, AIC was less accurate in selecting the

correct model in all of the uniform data conditions except for the 28 items and 600 examinees

conditions. The AIC generally was less effective at detection of the correct model for the 10

items and 2,000 examinees one-class condition as well. The performances of both AIC and

BIC indices appeared to improve as the number of items increased and as the number of

examinees decreased. These results suggest that the Mix3PL models may be more robust to

latent non-normality than either the MRM or Mix2PL IRT models.

Summary of the Correct Positive Detection Rates of Simulation Study 1.

According to the results of the AIC index, latent non-normality appeared to be a problem for

MRM analyses, when using a normal prior for ability parameters. In addition, the BIC index

showed that MRM analyses of the data with bimodal symmetric and uniform distributions

tended to produce spurious latent classes. The performance of the BIC index, however,

was better than the AIC index in determining the correct number of latent classes in the

MRM analyses. The performances of both indices appeared to increase as the number of

items increased and as the number of examinees decreased. For the Mix2PL IRT model

analyses, the correct positive rates of the BIC index were close to 100% for most of the

conditions. Results for the AIC index suggested that non-normality caused spurious latent

class detections for the Mix2PL model. Analyses for this model with 28 items showed fewer

over-extraction problems, however, than for the 10-item conditions. As with the MRMs,

the correct positive rates for Mix2PL model analyses increased as the number of examinees

decreased. A pattern of increasing correct positive rates appeared to be present in which

correct positive rates increased as the complexity of the model increased. The Mix3PL IRT

model analyses resulted in over-extraction of latent classes in a few conditions based on the

BIC index. However, the performance of the AIC index showed that spurious latent class

was also a concern for non-normally distributed data conditions, especially for the 10-item
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conditions. AIC model selection for the Mix3PL analyses with 28 items yielded higher correct

positive rates than the 10-item data conditions.

4.3 Results of Simulation Study 2

The results of the second simulation study are presented in this section. As with the results

for Simulation Study 1, each data set was generated to have one class. The data that were

generated by the RM were fitted with the MRM, and the data that were generated by 2PL

and 3PL models were fitted with the Mix2PL and Mix3PL IRT models, respectively. These

three models were fit with a one-class solution and a two-class solution using standard normal

priors on ability parameters for each simulation condition. As stated above, six combinations

of skewness and kurtosis values were used to generate simulated data in this second simulation

study to investigate the effects of these distributional parameters on detection of spurious

latent classes. Six distributions, two test lengths (10 and 28), two sample sizes (600 and

2,000), and three MixIRT models were manipulated in the second simulation study. The

first three distribution conditions were generated to have the same skewness value (i.e., 1.5)

and different kurtosis values while the last three conditions were generated to have the same

kurtosis values (i.e., 3.5) and different skewness values. The kurtosis values were 4.0, 3.50,

and 2.50 for Conditions 1, 2, and 3, respectively. The skewness values were 1.0, 0.50, and

0.0 for Conditions 4, 5, and 6, respectively (see also Table 4.16). Below, the recovery of

item parameter estimates are presented followed by the correct classification rates under the

different conditions.
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Table 4.16: Six Data Conditions for Simulation Study 2

Condition Skewness Kurtosis

Condition 1 1.50 4.00

Condition 2 1.50 3.50

Condition 3 1.50 2.50

Condition 4 1.00 3.50

Condition 5 0.50 3.50

Condition 6 0.00 3.50

4.3.1 Recovery of Item parameters

As indicated above, the item parameter estimates from one-class solution MixIRT analyses

were used to calculate RMSE and bias values for recovery assessments. The estimated param-

eters of one-class MixIRT models were placed on the scale of the generating parameters using

the mean/mean transformation method. Mean RMSE and bias values for each condition were

tabulated for item difficulty, item discrimination, and item guessing parameters, separately.

The recovery of item parameters was also examined using ANOVA analyses. As with the first

simulation study, the normality assumption was tested by examining Q-Q plot of residual

values, and equal variance assumption was tested using Bartlett’s test. ANOVA analyses

were conducted using transformed RMSE and bias values when necessary.
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Recovery of Item Difficulty Parameters. Item difficulty parameter results for the

second simulation study are discussed first as this parameter is common to all three MixIRT

models. The mean RMSE and mean bias values for the item difficulty parameter for each

condition are presented in Tables 4.17 and 4.18. The condition names that are given in the

first column of Tables 4.17 and 4.18 include model name, number of items, and number

of examinees. For example, the condition 3PL10600 indicates a data condition that was

generated with the 3PL model for 10 items and 600 examinees.

Table 4.17: Mean RMSE Values of Item Difficulty Parameters

over 50 Replications

Condition COND1 COND2 COND3 COND4 COND5 COND6

RM10600 0.146 0.108 0.097 0.102 0.105 0.104

RM28600 0.132 0.095 0.092 0.098 0.096 0.095

RM102000 0.103 0.065 0.066 0.059 0.059 0.062

RM282000 0.086 0.057 0.056 0.057 0.055 0.058

2PL10600 0.251 0.206 0.205 0.188 0.196 0.206

2PL28600 0.178 0.138 0.136 0.137 0.134 0.143

2PL102000 0.177 0.129 0.127 0.123 0.131 0.121

2PL282000 0.121 0.100 0.099 0.092 0.087 0.092

3PL10600 0.350 0.368 0.325 0.373 0.352 0.354

3PL28600 0.334 0.344 0.370 0.314 0.314 0.261

3PL102000 0.392 0.399 0.382 0.388 0.358 0.323

3PL282000 0.437 0.432 0.490 0.329 0.258 0.214
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As shown in Table 4.17, mean RMSE values for the item difficulty parameter of MRMs

were found to be less than 0.10 for most of the conditions. The mean RMSE values were

below 0.15 for the rest of the MRM conditions. The mean RMSE values appeared to decrease

as the kurtosis values decreased from Condition 1 to Condition 3. However, no clear pattern

emerged for the mean RMSE of item difficulty parameter with regard to change of skewness

values across the last three conditions. Overall, the mean RMSE of item difficulty estimates

indicated good recovery for the MRMs. In Table 4.17, the mean RMSEs for item difficulty

parameters in the 2PL data conditions ranged from 0.087 to 0.251. Mean RMSEs of item

difficulty parameter tended to decrease as the number of examinees and items increased

for the MRMs and Mix2PL IRT analyses. Additionally, the mean RMSE values tended to

decrease as the kurtosis values decreased in the 2PL data conditions. Similar to the MRM

results, skewness values displayed no clear pattern in terms of mean RMSE values in the

MiX2PL analyses. A pattern of increasing RMSE values appeared to be present in which

RMSE values increased as the complexity of the model increased. The mean RMSE values

for the Mix3PL analyses were larger than those for the Mix2PL model and MRM analyses.

Unlike the results of the mean RMSE for the MRMs and Mix2PL model, kurtosis showed

no clear pattern in the Mix3PL IRT model analyses. The mean RMSE for the item difficulty

parameter estimates, however, appeared to decrease as the skewness values decreased for

Condition 4 to Condition 6. Further, the mean RMSE values for item difficulty parameter

estimates tended to decrease as the number of items and sample size increased in these last

three conditions for the Mix3PL model analyses.
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Table 4.18: Mean Bias Values of Item Difficulty Parameters

over 50 Replications

Condition COND1 COND2 COND3 COND4 COND5 COND6

RM10600 −0.081 −0.025 −0.001 0.006 −0.004 0.008

RM28600 −0.062 0.014 0.009 0.014 0.007 0.015

RM102000 −0.076 −0.021 −0.025 −0.022 −0.011 −0.001

RM282000 −0.052 −0.008 −0.009 −0.017 0.001 0.003

2PL10600 0.102 0.070 0.074 0.064 0.102 0.101

2PL28600 0.008 0.037 0.042 0.033 0.026 0.048

2PL102000 0.039 0.053 0.049 0.045 0.054 0.036

2PL282000 −0.017 0.032 0.038 0.015 0.022 0.026

3PL10600 −0.201 −0.234 −0.191 −0.215 −0.210 −0.208

3PL28600 −0.256 −0.268 −0.300 −0.232 −0.189 −0.167

3PL102000 −0.323 −0.336 −0.316 −0.328 −0.278 −0.230

3PL282000 −0.416 −0.406 −0.467 −0.300 −0.227 −0.164

Results for bias in recovery of item difficulty estimates are shown in Table 4.18. The mean

bias values for were less than 0.025 for all conditions except Condition 1. The condition with

the most bias for the MRM was Condition 1, which had the highest kurtosis value of 4.0. The

mean bias values appeared to decrease as the kurtosis value decreased from Condition 3 to

Condition 1 for the Rasch model data. No clear pattern appears to be present for skewness

and bias for the MRM item difficulty parameter estimates. The mean bias values for item

difficulty parameter of 2PL IRT model data conditions ranged from −0.017 to 0.102. The
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mean bias values tended to decrease as the number of items and sample size increased for

the 2PL model data conditions. No clear pattern in mean bias emerged for the difficulty

parameter estimates for the Mix2PL for either skewness or kurtosis. A pattern of increasing

bias values appeared to be present in which mean bias values increased as the complexity

of the model increased. Mix3PL model estimates showed the most bias. The absolute mean

bias values for item difficulty parameter estimates of Mix3PL model ranged from 0.164 to

0.467. The condition with the smallest skewness value (Condition 6) yielded the least biased

estimates for each item and examinee conditions for the Mix2PL model analyses. The item

difficulty parameter estimates from first three conditions for Mix3PL analyses appeared to

be more biased than those for the last three conditions.

ANOVA Results for Examining the Recovery of Item Difficulty Parameters.

Normality and equality of variance assumptions were tested prior to the conducting ANOVA

analyses for item difficulty parameter estimates. Since raw RMSE and bias values for item

difficulty parameter failed to meet the ANOVA assumptions, the natural logarithm of RMSE

(log[RMSE]) and square root of bias (sqrt[bias]) values were used in these ANOVA analyses.

The ANOVA tables for log[RMSE] and sqrt[bias] of item difficulty are presented in Tables

4.19 and 4.20. As shown in both tables, the model complexity appeared to be an important

factor for recovery of item difficulty parameter estimates due to large and significant eta-

squared values. As mentioned above, the factors with larger effect size values were considered

to be an important factor. Thus, we concluded that the model complexity had a negative

impact on the recovery of item difficulty parameter estimates. That is, it was more difficult

to recover item difficulty parameter estimates as the model complexity increased (e.g. from

Mix2PL to Mix3PL IRT model).

In addition, a number of factors are shown to have been significant, albeit with small

effect sizes, in the ANOVA tables. The number of items (k), sample size (N ), distribution

condition (D), and four of the two-way interactions of these factors (i.e., N*D, k*M, N*M,
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and D*M ) were found to be significant in RMSE calculations. In addition to significant effect

of model type, the distribution condition (D) and number of items (k) were significant in

bias calculation (see Table 4.20). Based on the results of these two ANOVAs, it appears that

there were meaningful differences in the RMSE and bias among the three MixIRT models.

Distribution conditions appeared to be the second most important factor for RMSE and bias

calculation of item difficulty parameter.
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Table 4.19: The Results of ANOVA for RMSE

of Item Difficulty Parameter Estimates

Source df Sum of Square Mean Square F p η2

k 1 5.310 5.310 41.090 <.001 .008

N 1 28.004 28.004 216.680 <.001 .040

k*N 1 0.042 0.042 0.330 .567 .000

D 5 15.485 3.097 23.960 <.001 .022

k*D 5 0.569 0.114 0.880 .493 .001

N*D 5 1.456 0.291 2.250 .047 .002

k*N*D 5 0.110 0.022 0.170 .974 .000

M 2 452.501 226.251 1750.620 <.001 .641

k*M 2 1.663 0.831 6.430 .002 .002

N*M 2 20.991 10.495 81.210 <.001 .030

k*N*M 2 0.114 0.057 0.440 .644 .000

D*M 10 8.238 0.824 6.370 <.001 .012

k*D*M 10 2.092 0.209 1.620 .096 .003

N*D*M 10 1.310 0.131 1.010 .429 .002

k*N*D*M 10 0.299 0.030 0.230 .993 .000

Note. k = number of items, N = number of examinees, D = distribution condition,

and M = model type.
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Table 4.20: The Results of ANOVA for Bias

of Item Difficulty Parameter Estimates

Source df Sum of Square Mean Square F p η2

k 1 0.404 0.404 26.660 <.001 .051

N 1 0.014 0.014 0.940 .332 .002

k*N 1 0.029 0.029 1.940 .165 .004

D 5 0.680 0.136 8.980 <.001 .086

k*D 5 0.144 0.029 1.900 .093 .018

N*D 5 0.023 0.005 0.300 .914 .003

k*N*D 5 0.025 0.005 0.330 .898 .003

M 2 1.023 0.512 33.760 <.001 .130

k*M 2 0.054 0.027 1.780 .170 .007

N*M 2 0.035 0.017 1.150 .317 .004

k*N*M 2 0.001 0.001 0.050 .955 .000

D*M 10 0.074 0.008 0.540 .843 .009

k*D*M 10 0.016 0.002 0.130 .998 .002

N*D*M 10 0.014 0.002 0.100 1.000 .002

k*N*D*M 10 0.012 0.004 0.250 .858 .002

Note. k = number of items, N = number of examinees, D = distribution

condition, and M = model type.
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Recovery of Item Discrimination Parameters. Detailed results for the item dis-

crimination parameter estimates for the Mix2PL and Mix3PL models are shown in Tables

4.21 and 4.22, respectively. Table 4.21 presents mean RMSE values for item discrimination

parameter for each condition. The mean RMSE values for Mix2PL IRT model estimates

of item discrimination parameter ranged from 0.108 to 0.267. Condition 1 had the highest

kurtosis value and yielded the most biased item discrimination estimates for 2PL data condi-

tions. The mean RMSE values for 2PL data conditions appeared to decrease as the number

of examinees and items increased for most conditions. The Mix3PL model discrimination

parameter estimates were more biased than those for the Mix2PL IRT model. Condition 3

(skewness = 1.5 and kurtosis = 2.5) yielded the most biased item discrimination estimates

among the 3PL data conditions. The mean RMSE values appeared to increase as the kur-

tosis decreased from Condition 1 to Condition 3 and as skewness decreased from Condition

4 to Condition 6. The conditions with more items and examinees generally had lower bias

values than conditions which had fewer items and examinees. Table 4.22 summarizes mean

bias values of item discrimination parameter. The results of mean bias were consistent with

the RMSE results for discrimination parameter estimates. The Mix3PL model estimates

were more biased than those for the Mix2PL model estimates. Generally, the Mix2PL model

estimates were positively biased, but the Mix3PL model estimates were negatively biased.

As shown in Table 4.22, the mean bias values for item discrimination parameter estimates

tended to increase as the number of examinees increased.
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Table 4.21: Mean RMSE Values of Item Discrimination Parameters

over 50 Replications

Condition COND1 COND2 COND3 COND4 COND5 COND6

2PL10600 0.230 0.172 0.166 0.161 0.168 0.178

2PL28600 0.267 0.154 0.165 0.157 0.151 0.155

2PL102000 0.170 0.116 0.116 0.108 0.127 0.121

2PL282000 0.210 0.130 0.126 0.126 0.113 0.120

3PL10600 0.432 0.478 0.529 0.345 0.310 0.287

3PL28600 0.748 0.747 0.839 0.463 0.331 0.253

3PL102000 0.430 0.423 0.507 0.295 0.295 0.280

3PL282000 0.783 0.825 1.046 0.446 0.273 0.208
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Table 4.22: Mean Bias Values of Item Discrimination Parameters

over 50 Replications

Condition COND1 COND2 COND3 COND4 COND5 COND6

2PL10600 −0.167 0.018 0.013 0.013 0.028 0.027

2PL28600 0.112 0.038 0.043 0.042 0.038 0.037

2PL102000 0.071 0.032 0.020 0.031 0.044 0.041

2PL282000 0.097 0.048 0.045 0.051 0.043 0.046

3PL10600 −0.157 −0.197 −0.215 −0.106 −0.053 −0.009

3PL28600 −0.163 −0.152 −0.205 −0.053 0.008 0.060

3PL102000 −0.348 −0.345 −0.394 −0.191 −0.118 −0.044

3PL282000 −0.387 −0.390 −0.504 −0.190 −0.076 0.011

ANOVA Results for Examining the Recovery of Item Discrimination Parame-

ters. Two separate ANOVAs were performed using natural logarithm of RMSE (log[RMSE])

and square root of bias (sqrt[bias]) as dependent variables since the raw RMSE and bias for

item discrimination parameter failed to meet ANOVA assumptions. The ANOVA results for

log[RMSE] and sqrt[bias] of item discrimination parameter are presented in Tables 4.23 and

4.24, respectively. As shown in Table 4.23, a number of factors were significantly related

to RMSE calculation for item discrimination parameter estimates (p < .05). However, only

model type (Mix2PL vs. Mix3PL) appeared to have a large effect on the RMSE calculation.

Recall that RMSE values for item discrimination parameters estimated with Mix3PL IRT

model analyses were relatively larger than those for estimated item discrimination parame-

ters in the Mix2PL model analyses. ANOVA results for log[RMSE] also provided evidence

for this difference. Other significant factors for log[RMSE] include the distribution condi-
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tion (D), five two-way interactions (k*N, k*D, N*D, N*M, and D*M ), and one three-way

interaction (N*D*M ). However, all of these factors produced small to moderate effect sizes.

Only the interaction of the distribution condition and model type (D*M ) was found to be

significant (p < .05) for sqrt[bias]. This interaction factor does not have much of an effect

size and (η2 = .024). As noted earlier, only factors with significant and large effect sizes were

considered to be important in this study.
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Table 4.23: ANOVA Results for RMSE

of Item Discrimination Parameter Estimates

Source df Sum of Square Mean Square F p η2

k 1 0.123 0.123 1.130 .287 .000

N 1 0.027 0.027 0.250 .618 .000

k*N 1 0.432 0.432 3.960 .047 .001

D 5 55.933 11.187 102.770 <.001 .114

k*D 5 1.302 0.260 2.390 .036 .003

N*D 5 6.904 1.381 12.680 <.001 .014

k*N*D 5 0.349 0.070 0.640 .668 .001

M 1 264.735 264.735 2431.990 <.001 .540

k*M 1 0.071 0.071 0.650 .419 .000

N*M 1 23.693 23.693 217.650 <.001 .048

k*N*M 1 0.012 0.012 0.110 .743 .000

D*M 5 34.775 6.955 63.890 <.001 .071

k*D*M 5 0.428 0.086 0.790 .560 .001

N*D*M 5 7.180 1.436 13.190 <.001 .015

k*N*D*M 5 0.259 0.052 0.480 .795 .001

Note. k = number of items, N = number of examinees, D = distribution condition,

and M = model type.
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Table 4.24: ANOVA Results for Bias

of Item Discrimination Parameter Estimates

Source df Sum of Square Mean Square F p η2

k 1 0.000 0.000 0.010 .918 .000

N 1 0.017 0.017 1.350 .245 .003

k*N 1 0.018 0.018 1.360 .244 .003

D 5 0.065 0.013 1.010 .412 .011

k*D 5 0.037 0.007 0.580 .717 .006

N*D 5 0.016 0.003 0.250 .942 .003

k*N*D 5 0.006 0.001 0.100 .992 .001

M 1 0.005 0.005 0.420 .516 .001

k*M 1 0.001 0.001 0.080 .777 .000

N*M 1 0.008 0.008 0.590 .443 .001

k*N*M 1 0.017 0.017 1.340 .247 .003

D*M 5 0.145 0.029 2.250 .049 .024

k*D*M 5 0.041 0.008 0.640 .671 .007

N*D*M 5 0.034 0.007 0.530 .751 .006

k*N*D*M 5 0.001 0.000 0.020 .979 .000

Note. k = number of items, N = number of examinees, D = distribution

condition, and M = model type.
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Recovery of Item Guessing Parameters. Detailed results for the item guessing esti-

mates for the Mix3PL models are shown in Tables 4.25 and 4.26. As shown in Table 4.25, the

mean RMSE values for item guessing parameter estimates were less than 0.10 for more than

half of the conditions. The first three conditions yielded more biased item guessing parameter

estimates. The mean RMSE tended to decrease as the skewness value decreased across the

last three conditions (from Condition 4 to Condition 6). Generally, the mean RMSE values

appeared to increase as the number of examinees and items increases. Similar results are

presented in Table 4.26 for mean bias values. The first three conditions yield more biased

estimates than the last three conditions. The mean bias values for the item guessing param-

eter estimates also increased as the skewness value increased across the last three conditions.

However, there was no clear pattern with regard to the change in the kurtosis value across

the first three conditions. The mean RMSE and bias values for item guessing parameter

appeared to be lower than those for item difficulty and discrimination parameter estimates.

Table 4.25: Mean RMSE Values of Item Guessing Parameters

over 50 Replications

Condition COND1 COND2 COND3 COND4 COND5 COND6

3PL10600 0.081 0.085 0.081 0.078 0.074 0.073

3PL28600 0.109 0.108 0.119 0.089 0.089 0.073

3PL102000 0.129 0.130 0.129 0.105 0.094 0.080

3PL282000 0.160 0.164 0.188 0.115 0.085 0.066
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Table 4.26: Mean Bias Values of Item Guessing Parameters

over 50 Replications

Condition COND1 COND2 COND3 COND4 COND5 COND6

3PL10600 −0.030 −0.033 −0.032 −0.027 −0.023 −0.021

3PL28600 −0.049 −0.049 −0.055 −0.037 −0.031 −0.024

3PL102000 −0.060 −0.061 −0.060 −0.046 −0.039 −0.028

3PL282000 −0.078 −0.080 −0.092 −0.054 −0.038 −0.026

ANOVA Results for Examining the Recovery of Item Guessing Parameters.

Two separate ANOVAs were performed using natural logarithm of RMSE (log[RMSE]) and

raw data of bias as dependent variables. ANOVAs for item guessing parameter do not include

a factor called model type as estimates from only Mix3PL model include this parameter. The

ANOVA tables for log[RMSE] and bias of item guessing are presented in Tables 4.27 and

4.28, respectively. As shown in Table 4.27, a number of factors were significant, including

the number of items (k), sample size (N ), distribution condition (D), and two two-way

interactions (k*N and k*D). Only the number of items, however, had a large effect on

the RMSE calculation for the item guessing parameter. Only distribution condition and

sample size were significant, albeit with small effect sizes, for bias of the item guessing

parameter. There appears to be meaningful differences in the RMSE among the two test-

length conditions as is evidenced by a large and significant effect size (η2 = .255).
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Table 4.27: The Results of ANOVA for RMSE

of Item Guessing Parameter Estimates

Source df Sum of Square Mean Square F p η2

k 1 55.840 55.840 164.990 <.001 .255

N 1 6.388 6.388 18.870 <.001 .029

k*N 1 4.133 4.133 12.210 .001 .019

D 4 17.799 3.560 10.520 <.001 .081

k*D 4 11.107 2.221 6.560 <.001 .051

N*D 4 3.515 0.703 2.080 .068 .016

k*N*D 4 2.207 0.441 1.300 .262 .010

Note. k = number of items, N = number of examinees, and D = distribution

condition.
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Table 4.28: The Results of ANOVA for Bias

of Item Guessing Parameter Estimates

Source df Sum of Square Mean Square F p η2

D 5 0.059 0.012 2.350 .040 .025

k 1 0.014 0.014 2.740 .099 .006

N 1 0.038 0.038 7.620 .006 .016

D*k 5 0.007 0.001 0.290 .916 .003

D*N 5 0.010 0.002 0.400 .849 .004

k*N 1 0.000 0.000 0.000 .963 .000

D*k*N 5 0.001 0.000 0.030 1.000 .000

Note. k = number of items, N = number of examinees, and D = distri-

bution condition.

97



Figure 4.6: RMSE Plot for Item Difficulty Parameter Estimates

Summary of the Recovery Assessment of Simulation Study 2. Two evaluative

criteria were used in this simulation study for the item parameter estimates: the RMSE

and bias of the estimates. The RMSE results for item difficulty parameter estimates are

plotted for each data condition in Figure 4.6. The results of Simulation Study 2 showed

similar patterns to that of the Simulation Study 1. For example, the difficulty parameter

estimates from the MRMs tended to produce smaller RMSE and bias values than item

difficulty estimates from the Mix2PL and Mix3PL IRT model analyses (see Figure 4.6). As

shown in Figure 4.6, the accuracy of the item difficulty parameter appeared to decrease

as the model complexity increased. Apart from the model type, the distribution condition

also appeared to have an important effect on the recovery of item difficulty parameter. It

was more difficult to recover item difficulty parameters in Condition 1 than in the other
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conditions (see Figure 4.6). The increase in the kurtosis values appeared to increase the

RMSE and bias values for the item difficulty parameter estimates while skewness did not

show any clear pattern. ANOVA analyses also showed that the model type and distribution

conditions were important for RMSE and bias calculation for item difficulty parameter.

Figure 4.7: RMSE Plot for Item Discrimination Parameter Estimates

The RMSE results for item discrimination parameter estimates are plotted in Figure 4.7.

For the discrimination parameter, conditions with the highest kurtosis values yielded the

highest RMSE and bias values. Mix3PL analyses in Condition 3 yielded the most biased

estimates (see Figure 4.7). The model type appeared to be an important effect for RMSE

and bias calculation for item discrimination parameters across the two MixIRT models. The

Mix2PL model analyses yielded fewer biased item discrimination estimates than Mix3PL

model analyses. Consistent with the results for item difficulty, ANOVA results of RMSE
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values showed that the model type and distribution conditions were the most important

factors for RMSE calculation of the item discrimination parameter.

Figure 4.8: RMSE Plot for Item Guessing Parameter Estimates

The RMSE results for item guessing parameter estimates are plotted for Mix3pl IRT

data conditions in Figure 4.8. As with the first simulation study, almost all of the condi-

tions yielded very small RMSE (<0.10) and bias (<0.02) values for item guessing parameter

estimates. Mix3PL model analyses had difficulty producing accurate item difficulty and dis-

crimination estimates. Results were better for estimating the guessing parameter. As shown

in Figure 4.8, the last two data conditions (Condition 5 and Condition 6) yielded the least

biased guessing parameter estimates. ANOVA analyses with RMSE values showed that the

number of items had an important effect on the recovery of the item guessing parameter in

the second simulation study.

4.3.2 Correct Positive Rates

As with the first simulation study, the proportion of correct positives for three MixIRT

models were calculated based on minimum AIC and BIC between one-class and two-class

solutions in this simulation study. The number of classes for the given data set was defined

as correct when the considered information index for a one-class solution was smaller than

that of the two-class solution. These proportions are presented in Tables 4.29, 4.30, and 4.31
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for each condition of the MRM, Mix2PL and Mix3PL IRT models, respectively. As stated

above, condition names that are given in the first column of Tables 4.29 to 4.31 include model

name, number of items and number of examinees. For example, the condition 2PL282000

indicates a data condition that was generated with the 2PL IRT model for 28 items and

2,000 examinees. Also note that six different distribution conditions were generated in this

simulation study. The first three simulation conditions were generated to have the same

skewness value (i.e., 1.5) and different kurtosis values. Kurtosis values were 4.0, 3.5, and

2.5 for Condition 1, Condition 2, and Condition 3, respectively. The last three conditions

were generated to have the same kurtosis values (i.e., 3.5) and different skewness values.

The skewness values were 1.0, 0.5 and 0 for Condition 4, Condition 5, and Condition 6,

respectively.

Table 4.29: The Correct Positive Rates for MRM Analyses

over 50 Replications

Condition COND1 COND2 COND3 COND4 COND5 COND6

AIC BIC AIC BIC AIC BIC AIC BIC AIC BIC AIC BIC

RM10600 6 42 1 40 2 36 4 42 6 41 9 47

RM102000 0 15 0 3 0 2 0 31 0 35 2 35

RM28600 40 50 20 50 14 50 41 50 43 50 45 49

RM282000 0 50 0 50 0 45 2 50 12 50 25 50

The correct positive rates for MRM analyses are presented in Table 4.29. BIC correctly

detected the correct model in all replications for the MRM analyses with 28-item conditions

except for Condition 3 and Condition 6. The correct positive rates for the BIC index were

low under the 10-item and 2,000-examinee conditions. The performance of the BIC index
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appeared to increase as kurtosis increased across the first three distribution conditions from

Condition 3 to Condition 1. The performance of the BIC index appeared to be lower under

the first three conditions than the performances under the last three conditions. The correct

positive rates for the BIC were lowest for Condition 2 (3 out of 50 correct model selections)

and Condition 3 (2 out of 50 correct model selections) for 10-item and 2,000-examinee con-

ditions. Overall, the performance of the AIC index was lower than the BIC index for the

MRM analyses. According to the results from the AIC index, detection of spurious latent

classes appeared to be a problem for conditions with the extreme skewness and kurtosis

values generated in this study. Correct positive rates for the AIC index were low in the

10-item conditions for the MRM. AIC index was generally higher only in the 28-item and

600-examinee conditions. The correct positive rates for the AIC index appeared to increase

as the number of examinees decreased, and the sample size increased.

Table 4.30: The Correct Positive Rates for Mix2PL Analyses

over 50 Replications

Condition COND1 COND2 COND3 COND4 COND5 COND6

AIC BIC AIC BIC AIC BIC AIC BIC AIC BIC AIC BIC

2PL10600 3 30 2 29 0 20 9 40 16 45 12 45

2PL102000 0 2 0 1 0 0 0 17 6 42 12 44

2PL28600 19 50 10 50 1 50 42 50 47 50 47 50

2PL282000 0 29 0 33 0 26 6 48 29 49 45 50

Table 4.30 presents the correct positive rates for Mix2PL model analyses for the six

distribution conditions. For all of the 28-item and 600-examinee conditions, BIC correctly

identified the generating model in all 50 replications. The correct positive rates for BIC index

102



were lower, however, for the Mix2PL model under the first three distribution conditions. The

BIC detection rate was higher, however, the remaining three conditions. The correct positive

rate for BIC appeared to increase as the kurtosis value decreased across the first three

conditions (Condition 1 to Condition 3). No clear pattern existed with regard to increase

or decrease of skewness across the last three conditions in terms of correct selection of the

BIC. AIC was less effective at selection of the correct model except for the 28-item and

600-examinee condition. The correct positive rate of the AIC was lower for the first three

conditions. Apparently, increase in the kurtosis values lead to detection of spurious latent

classes. The correct positive rates for AIC for Mix2PL analyses appeared to increase as

the number of items increased and as the sample size decreased. As with the results of the

MRM analyses, overall performance of the AIC index was lower than that of the BIC index

for Mix2PL analyses. Based on the results of the AIC index, latent nonnormality appeared

to yield to detection of spurious latent classes. The results based on the BIC index showed

fewer spurious latent class problems for Mix2PL analyses. Only the first three data conditions

(Condition 1 to Condition 3) with 10 items and 2,000 examinees resulted in the selection of

two-class solutions based on the BIC index.

Table 4.31: The Correct Positive Rates for Mix3PL Analyses

over 50 Replications

Condition COND1 COND2 COND3 COND4 COND5 COND6

AIC BIC AIC BIC AIC BIC AIC BIC AIC BIC AIC BIC

3PL10600 21 50 31 50 33 50 15 48 15 50 12 49

3PL102000 3 48 5 47 5 46 1 45 4 46 1 37

3PL28600 46 50 49 50 50 50 50 50 49 50 50 50

3PL282000 32 50 34 50 22 50 46 50 48 50 43 50
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Table 4.31 presents the correct positive rates for Mix3PL IRT model analyses. In almost

all distribution conditions, BIC supported selection of one class. The BIC index selected

the correct model for more than 90% of the replications in all of the distribution conditions

except Condition 6, with skewness of 0 and kurtosis of 3.5 (i.e., Condition 6). Condition

6 with 10 items and 2,000 examinees yielded the lowest result (37 out of 50) in terms of

the BIC index. The conditions with 28 items showed 100% correct detection with the BIC

index. For the 10-item conditions, the correct positive rate of the BIC decreased as the

number of examinees increased. The number of correct selections was higher for AIC for the

Mix3PL model compared to the previous models. Consistent with previous results, however,

the number of correct selections by AIC was lower than for BIC. Further, AIC had lower

numbers of correct detections in all of the distribution conditions with 10 items and 2,000

examinees. Performances of the AIC index appeared to improve as the number of items

increased and as the number of examinees decreased. Consistent with the results of MRM

and Mix2PL IRT model analyses, overall performance of the AIC index was lower than the

performance of the BIC index. The first three distribution appeared to yield more spurious

latent class problems than last three distribution conditions. Apparently, the Mix3PL models

were more robust to latent non-normality than either the MRM or Mix2PL models based

on results for both the AIC and BIC.

Summary of the Correct Positive Rates of Simulation Study 2. For the second

simulation study, the first three distribution conditions yielded more spurious latent class

problems than the last three conditions for the three MixIRT model analyses. Therefore, the

results of the first three distribution conditions did not select the correct solution for the

most of the sample size and number of items conditions in terms of the AIC index. Overall

performance of the AIC index was lower than that of the BIC index. The performances of

both indices appeared to increase as the number of items increased. However, the correct

positive rates decreased as the number of examinees increased. A pattern appeared to exist
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with regard to model complexity. Mix2PL models appeared to be more robust to latent non-

normality than MRMs, in turn, Mix3PL models were more robust than Mix2PL models.

4.4 Results of Empirical Data

In this section, the effect of a non-normal ability distribution is illustrated on a sample

data set from a large testing program, the TIMSS (Foy, Arora, & Stanco, 2013). The first

part in this section describes the data that were used for the MixIRT analysis. Next, some

preliminary analyses are presented in terms of number of latent class, unidimensionality, and

distributional characteristics. The last part of this section presents the results of MixIRT

analyses using MCMC algorithm.

4.4.1 Data

Data were taken from the TIMSS 2011 8th grade mathematics test. The TIMSS 2011 assess-

ment included 14 student achievement booklets and 28 blocks (14 mathematics and 14 sci-

ence). Each student took only one booklet which included two mathematics and two science

tests. Each booklet was composed of similar proportions of item types, including multiple

choice, short answer, and extended response items. In addition, each booklet was arranged

to have similar proportions of content in the domains of number, algebra, geometry, and

data and the cognitive domains of knowing, applying, and reasoning. Six blocks were made

publicly available for TIMSS 2011 assessment. Only four booklets (Booklet 1, Booklet 2,

Booklet 5, and Booklet 6) can be obtained using pairs of the available blocks. Administra-

tion of Booklet 5 to Korean students was selected for the MixIRT analyses.

Booklet 5 was composed of Block 5 and Block 6 with 32 items including multiple choice,

short answer, and extended response items. Of those, 18 multiple-choice items were used

for the example in this study. There were 369 examinees who had taken Booklet 5. The

Korean sample was the highest performing sample and was included in this study to provide
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a data set with a negatively skewed ability distribution. The original TIMSS data set was

analyzed with a 3PL IRT model and item parameter estimates were reported for each item

at the TIMSS web site. The mean test score for all Korean students was 613, and the overall

average of the participating countries was 500.

4.4.2 Preliminary Analyses

Before proceeding to MixIRT analyses, it was necessary to investigate the data to determine

whether it was unidimensional, had a single class and had a non-normal ability distribution.

First, the dimensionality of the data set was assessed using TESTFACT software package.

TESTFACT was selected because our data set was composed of only dichotomous items

and this software was also used in simulation studies in this study. As mentioned previously,

the chi-square difference test and the proportion of variance accounted for approaches are

available from the TESTFACT software. In order to calculate chi-square difference test

statistic and eigenvalues, two EFAs were employed by setting the number of factors to one

and two. Guessing parameter was also set to .25 in the TESTFACT syntax. The chi-square

values and degrees of freedom (df ) values for each analysis were used to calculate the chi-

square and df values for the chi-square difference test. Using the calculated chi-square test

statistic, the null hypothesis and the alternative hypothesis are presented below:

H0 : 1-factor model provides an adequate fit to the data.

Ha : 2-factor model provides an adequate fit to the data.

The chi-square difference test statistic yielded a value of 33.28 with df =17 (p=.003).

This result suggested the alternative hypothesis of non-normality was more supported. As

noted earlier, the chi-square difference test may not be reliable in situations in which small

numbers of empirical frequencies appear in some response patterns. In the case of lack of

support from chi-square difference test, the eigenvalues can be used to investigate the pro-

portion of variance accounted for the first factor. The proportion of variance accounted for

106



approach showed that the first factor explained 41.7% (i.e., 7.52 out of 18) of the variation

in the data set (see Figure 4.9). Based on Reckase’s (1979) 20% criterion, this data set was

determined have a dominant first factor structure and, therefore, to be unidimensional.

PHASE 6: FACTOR ANALYSIS

KOREAN TIMSS DATA

NON-ADAPTIVE FULL-INFORMATION ITEM FACTOR ANALYSIS

------------------------------------------------------------

DISPLAY 2. THE POSITIVE LATENT ROOTS OF THE CORRELATION MATRIX

1 2 3 4 5 6

7.521330 1.535346 1.260061 1.135829 1.002908 0.893594

7 8 9 10 11 12

0.782123 0.698084 0.671704 0.616699 0.517880 0.417175

13 14 15 16 17

0.331778 0.309256 0.177240 0.157874 0.041616

Figure 4.9: Positive Latent Roots of the Correlation Matrix Output From TESTFACT

Second, the WINMIRA software package was used to examine whether the Korea TIMSS

data came from a single-class. WINMIRA software was selected because it allows us to esti-

mate the MRM with conditional maximum likelihood (CML) estimation. CML estimation

was used for this analysis as it provides results which are independent from distributional

characteristics of the ability parameter. An iterative EM algorithm was employed to identify

latent classes, and the CML estimation was used to obtain item and person parameters in

WINMIRA. Several MRM models were fit to the data, each were conducted with varying

number of latent classes from one to five, because the latent classes were not known before-

hand. The best fitting model was identified based on the smallest indices that were provided
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by WINMIRA. The summary of two fit indices (AIC and BIC) and the loglikelihood (i.e.,

LL) values for one- to five-class solutions are presented in Table 4.32. As shown in Table 4.32,

AIC selected the four-class solution whereas the BIC index selected the one-class solution.

As is the case with simulation study and previous research, AIC index selected the model

with the larger number of latent classes. Based on the BIC result, the Korean sample data

set was determined to have a single-class solution.

Table 4.32: Model Fit Statistics for Winmira Analyses

of Korean TIMSS Data

Model LL AIC BIC

1-Class −2,841.07 5,720.15 5,794.45

2-Class −2,788.30 5,654.59 5,807.12

3-Class −2,761.50 5,640.99 5,871.73

4-Class −2,735.71 5,629.42 5,938.37

5-Class −2,723.03 5,644.05 6,031.22
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Figure 4.10: Histogram of Sum of Raw Scores

For Korean Sample Data (N =369, k=18)

Third, the distribution of the ability parameter of the Korean sample data was examined

to determine whether or not it had a non-normal ability distribution. Before proceeding to

characteristics of latent ability distribution, we first describe what the empirical distribution

of the data set looked like. The frequency of the total raw scores is presented in Table 4.33.

These scores are plotted in Figure 4.10. As was expected, the total raw scores for the most

of the students were distributed on the right side of the plot (see Figure 4.10). Additionally,

more than 80% percent of the students scored higher than the mean score of 8 (see Table

4.33). Thus, this data produced a negatively-skewed empirical distribution.
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Table 4.33: Frequency of the Raw Scores

for Korean Students with Booklet5

Raw Score Frequency Cumulative Frequency

3 1 1

4 3 4

5 5 9

6 8 17

7 5 22

8 12 34

9 26 60

10 19 79

11 29 108

12 33 141

13 36 177

14 31 208

15 37 245

16 43 288

17 46 334

18 35 369

The empirical distribution appears to have a non-normal, skewed distribution. This does

not guarantee that the latent ability distribution is also distributed non-normally. Fortu-

nately, it is possible to detect non-normality of the latent ability distribution with a method

called Ramsay-curve IRT (RC-IRT) analysis. The RC-IRT method estimates the latent den-

110



sity as a B-spline-based density (Woods, 2008; Woods & Thissen, 2006) simultaneously with

estimation of item parameters. This method can be employed with a software package called

RCLOG version 2 (Woods, 2006b).

RCLOG program was designed to detect and correct non-normality in the data set. This

software was shown to perform well for estimation of IRT models for data sets with non-

normal latent ability distributions (Woods, 2006; Woods & Thissen, 2006). Item and ability

parameters are estimated through a combination of Bock-Aitkin IRT with Ramsay curves

(Woods & Thissen, 2006). The RCLOG program produces a series of Ramsay curves for the

latent distribution based on different number of breaks (two to six) and orders (two to six).

Breaks refer to the locations on the horizontal axis where different polynomials are joined

together while order denotes the order of the polynomial B-splines (Woods, 2006, p. 255). As

the number of breaks and order increased the number of parameters and the flexibility of the

density increase (Woods, 2006). As suggested in RCLOG manual, the numbers from two to

six are used for breaks and order in this study. That is, we obtain 25 combinations of breaks

and order (e.g., 2-2, 2-3, 6-6). The best model is selected from among the candidate models

(i.e., 25 Ramsay curves) considered using the fit indices that are provided by the RCLOG

software. The available fit indices on the RCLOG software are AIC, BIC, and the Hannan-

Quinn (HQ; Hannan, 1987) criterion. A more detailed explanation of RCLOG software and

RC-IRT method can be found in Woods and Thissen (2004), and Woods (2006b).

The 3PL model was fit to responses to the 18 items on the Korea TIMSS data set.

All possible RC-IRT models with order up to five and number of breaks up to five were

fit using the RCLOG software package (see Figure 4.11). As shown in the examples in the

RCLOG manual, 121 quadrature points were specified ranging from −6 to 6. The SD on the

prior for the spline coefficients was 75. Graphical representations of possible latent ability

distributions are plotted in Figure 4.11. Results of fit statistics for each break-order pair and

corresponding skewness and kurtosis values are presented in Table 4.34. The Ramsay curve
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with three breaks and order of two has the smallest AIC, BIC, and HQ values. Based on

the minimum fit index criteria, the Ramsay curve with three breaks and order of two was

selected as the best model. This model indicated that the latent ability distribution had a

skewness value of −1.21 and a kurtosis value of 2.53 (see bolded row in Table 4.34).
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Figure 4.11: Candidate Ramsay Curves for TIMSS Items (N =369, k=18)

Note. Elements of each column from top to bottom represent break points from two to six,

and elements of each row from left to right represent order numbers from two to six. Numbers

in each box correspond to −2(likelihood2−2 − likelihoodother)
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Table 4.34: Fit Indices From 25 Ramsay Curves

Breaks Order AIC BIC HQ Skewness Kurtosis

2 2 2347.29 2355.12 2350.40 0.00 0.00

2 3 2348.72 2360.46 2353.38 −0.23 0.17

2 4 2347.13 2362.78 2353.34 −0.62 0.87

2 5 2348.41 2367.97 2356.18 −0.66 0.67

2 6 2349.79 2373.28 2359.12 −0.68 0.55

3 2 2342.99 2354.73 2347.66 −1.21 2.53

3 3 2345.59 2361.24 2351.80 −0.61 0.30

3 4 2346.80 2366.36 2354.57 −0.78 0.51

3 5 2348.79 2372.27 2358.12 −0.73 0.39

3 6 2350.48 2377.87 2361.36 −0.91 0.74

4 2 2351.24 2366.89 2357.46 −0.17 0.35

4 3 2347.56 2367.12 2355.33 −0.89 0.95

4 4 2348.12 2371.60 2357.45 −0.66 −0.01

4 5 2349.78 2377.18 2360.67 −0.83 0.30

4 6 2351.93 2383.24 2364.37 −0.70 0.06

5 2 2346.25 2365.82 2354.02 −1.10 1.22

5 3 2346.84 2370.32 2356.17 −0.68 −0.22

5 4 2348.87 2376.26 2359.75 −0.81 0.02

5 5 2350.85 2382.16 2363.28 −0.69 −0.22

5 6 2353.01 2388.23 2367.00 −0.72 −0.13

6 2 2349.29 2372.78 2358.62 −0.58 −0.13

6 3 2348.37 2375.76 2359.25 −0.77 −0.23

6 4 2356.70 2388.00 2369.13 −0.42 −0.77

6 5 2352.05 2387.27 2366.04 −0.71 −0.37

6 6 2354.22 2393.35 2369.76 −0.67 −0.41
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4.4.3 MixIRT Results

In this part, we illustrate MCMC estimation of three MixIRT models by fitting them to the

Korean sample data set. The MCMC algorithm was implemented in WinBUGS as described

in simulation studies. The following priors and hyper-priors were used for the MRM:

βig ∼ Normal(0, 1), i = 1, ..., I, g = 1, ...,G,

θj ∼ Normal(µ(θ)g, 1), j = 1, ..., J ,

µ(θ)g ∼ Normal(0, 1), g = 2, ...,G,µ1 = 1,

g ∼ Multinomial(1,πg[1 : G])

where J is the total number of examinees, I is the total number of items, and G is the number

of latent classes. θj is the ability parameter for person j, and βig is the difficulty parameter of

item i within class g. As was done in Bolt et al. (2002), the standard deviation for each latent

class, σg, was fixed at 1 for each group. A Dirichlet distribution with equal proportions was

used as the prior for the group membership parameter. For example, a Dirichlet distribution

with (.5, .5) was used as the prior for πg for the two-class model and (.5, .5, .5) was used as

the prior for the three-class model. In addition, .5 was used as initial values for the mixture

proportions. Two additional priors were used in the Mix2PL and Mix3PL model analyses:

αig ∼ Normal(0, 1)I (0,)

γig ∼ Beta(5, 17).

As was done in Simulation Studies 1 and 2, the numbers of burn-in and post-burn-in

iterations were 6,000, 7,000, and 9,000 for the MRM, Mix2PL, and Mix3PL, respectively.

Each of the three MixIRT models were estimated with from one to five latent classes. The

best fitting solution was identified based on information criteria indices, AIC and BIC.

Results for fit indices of the three MixIRT models are presented in Table 4.35. As can

be seen in this table, AIC selected the three-class solution and BIC selected the two-class

114



solution for the MRM. Both AIC and BIC selected the one-class solution for the Mix2PL and

Mix3PL models. As was the case with simulation studies and previous research, AIC may

be overestimating the number of latent classes. Thus, the two-class solution was identified

as the best fit for the MRM and the one-class solution as the best fit for the Mix2PL and

Mix3PL models based on the BIC index. These results appear to be consistent with results

from the two simulation studies in this dissertation with respect to performances of the AIC

and BIC indices.

Table 4.35: MCMC-Based Fit Statistics for MixIRT Analyses

of Korea TIMSS Data

Model MRM Mix2PL Mix3PL

AIC BIC AIC BIC AIC BIC

1-Class 5,237.00 5,312.00 5,074.00 5,219.00 5,058.00 5,273.00

2-Class 5,027.00 5,179.00 5,085.00 5,378.00 5,155.00 5,590.00

3-Class 5,015.00 5,246.00 5,075.00 5,516.00 5,248.00 5,901.00

4-Class 5,046.00 5,355.00 5,220.00 5,810.00 5,369.00 6,242.00

5-Class 5,082.00 5,469.00 5,292.00 6,031.00 5,415.00 6,506.00

Estimates of item parameters for the selected models are presented in Table 4.36. For

the MRM, one unique set of item difficulty (b) parameter estimates is provided for each

of two classes (i.e., b1 and b2). For the one-class Mix2PL model, one set of estimates is

provided for item difficulty (b) and discrimination (a). For the Mix3PL, item difficulty,

item discrimination, and item guessing (c) parameter estimates are reported for the one-

class model. Mixture proportion estimates in two-class MRM estimation were .51 and .49,

respectively for Class 1 and Class 2.
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Table 4.36: Item Parameter Estimates from the MixIRT Analyses of the Korean Sample

MRM Mix2PL Mix3PL

Items b1 b2 a b a b c

Item 1 −1.331 −1.515 1.311 −2.253 1.300 −1.969 0.276

Item 2 2.310 1.645 1.909 0.251 2.386 0.426 0.096

Item 3 0.656 0.155 1.686 −0.688 1.955 −0.386 0.187

Item 4 1.360 −0.406 2.126 −0.426 2.816 −0.180 0.155

Item 5 0.483 0.597 1.372 −0.764 1.439 −0.513 0.161

Item 6 0.141 1.067 0.836 −1.104 1.120 −0.319 0.279

Item 7 −0.593 −0.855 1.555 −1.526 1.637 −1.247 0.231

Item 8 2.333 2.225 1.249 0.564 2.501 0.781 0.141

Item 9 −0.866 −0.236 1.250 −1.767 1.213 −1.480 0.253

Item 10 −1.151 0.238 0.959 −2.153 0.953 −1.711 0.271

Item 11 −1.849 −1.862 1.850 −2.203 1.838 −2.102 0.232

Item 12 −1.065 −2.047 2.347 −1.594 2.353 −1.462 0.233

Item 13 0.372 0.294 1.264 −0.921 1.653 −0.403 0.252

Item 14 −0.554 −1.774 2.046 −1.400 2.274 −1.161 0.228

Item 15 −0.991 −0.902 1.480 −1.803 1.458 −1.607 0.226

Item 16 0.990 −0.142 1.821 −0.561 2.403 −0.245 0.188

Item 17 1.479 2.998 0.595 0.971 1.276 1.434 0.201

Item 18 −1.984 −1.812 1.882 −2.255 1.889 −2.129 0.252
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Chapter 5

DISCUSSION

5.1 Summary

This study investigated the effect of non-normal latent ability on the number of latent classes

extracted in MixIRT models. Two simulation studies were conducted to determine the effects

of different types of distributions and different amounts of kurtosis and skewness for different

length tests and different sample sizes on detection of latent classes. In addition, an empirical

study was presented illustrating how the effects of latent nonnormality might be detected in

real data.

Five different distribution conditions, two test lengths, and two sample sizes were manip-

ulated in Simulation Study 1. Distribution conditions included normal, platykurtic, skewed,

uniform and bimodal symmetric. Simulation Study 2 focused on examining the effects of

six extreme non-normality conditions that might be realized in practical testing conditions.

These six conditions were simulated by manipulating different combinations of skewness and

kurtosis values along with two test lengths, two sample sizes, and three different MixIRT

models. All of the data sets in Simulation Studies 1 an 2 were generated to have a single

class and were analyzed with one- and two-class solutions. The best solution was determined

based on AIC and BIC values for each MixIRT model. Finally, data from a large-scale testing

program were used to demonstrate how to detect non-normality and how to estimate the

effects of non-normality on the number of latent classes.

For the MRM analyses conducted in Simulation Study 1, the two-class MixIRT model was

consistently found to be a better representation of the data than the one-class model under
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both bimodal and uniform data conditions. As expected, the MRM analyses of the data

with normal and both of the typical non-normal ability distributions, i.e., the skewed and

platykurtic distributions, showed fewer over-extraction problems based on the BIC index.

The correct positive selection rates for the normal and the two typical non-normal distribu-

tions were very low based on the AIC index. Thus, the overall performance of AIC appeared

to be worse than that of the BIC in the context of latent non-normality. This appears to be

consistent with results from previous research suggesting that AIC tends to select the more

complex model, in this case, the model with more latent classes (e.g., Li et al., 2009).

The results for the Mix2PL and Mix3PL model analyses showed similar patterns in terms

of relative performance of the AIC and BIC information criterion indices. AIC selected models

with two-classes more than did BIC. As was the case for the MRM, this result was consistent

with previous research on model selection that found AIC to select more complex model

solutions. For most of the simulated conditions, unlike results for the MRM, non-normality

did not appear to lead to over-extraction for either the Mix2PL or MiX3PL models. More

complex models such as the Mix2PL and Mix3PL, in other words, appear to be more robust

to violation of latent normality in that both tended to yield fewer spurious latent class

solutions.

The recovery of the generated parameters was assessed in each simulation study by cal-

culating RMSE and bias statistics for each condition. In Simulation Study 1, recovery of

parameter estimates from the MRMs was generally better than that for the Mix2PL model

estimates and recovery estimates for the Mix2PL model were better than for the Mix3PL

model. Recovery of generated parameters also varied across different distribution conditions.

In Simulation Study 1, recovery was less accurate in the bimodal symmetric and uniform

distribution conditions than for the normal, platykurtic and skewed distributions.

The results for Simulation Study 2 showed similar patterns to those of Simulation Study

1. For example, overall performance of the AIC index was poorer than that of BIC. Recovery
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declined as model complexity increased as shown by increases in RMSE and bias as the model

complexity increased. In addition, the more complex Mix3PL model yielded fewer spurious

latent class detections than the simpler MRM. Results suggested that latent non-normality

may be causing extraction of spurious latent classes and to some extent the Mix2PL model.

Results based on both AIC and BIC suggest that over-extraction is likely for the MRM.

The results of the empirical study also showed some similarities to the results from the

two simulation studies. The Korean sample data set from TIMSS mathematics assessment

used for the real data example appeared to have a non-normal, skewed ability distribution.

This skewed data set was analyzed with three MixIRT models with solutions for from one

to five classes. Two fit indices (i.e., AIC and BIC) were used to identify the best solution

for the three MixIRT analyses. For the MRM analyses, the two-class model appeared to be

best fitting solution despite the fact that only one class was present based on analyses with

the CML, a distribution-free estimation method. The Mix2PL and Mix3PL indicated only a

single class model based on both AIC and BIC indices. As with the two simulation studies,

more complex models appeared to be more robust to violations of latent non-normality.

Skewness caused extraction of a spurious latent class only for the MRM.

5.2 Conclusion

A few important conclusions can be made based on the findings. First, results suggested that

latent non-normality may be capable of causing extraction of spurious latent classes for the

MRM analyses. More complex models, however, such as the Mix2PL and Mix3PL appeared

to be more robust to latent non-normality in that both tended to yield fewer spurious latent

class solutions. The robustness of the Mix2PL and Mix3PL models to latent non-normality

could be due to effect of penalization used to calculate the AIC and BIC. With respect to the

penalty term used in the information indices considered here, the more parameters added to

the model, the larger the penalty term.
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Second, the performance of fit indices in this study was consistent with previous research

on model selections (e.g., Li et al., 2009; Preinerstorfer & Formann, 2011), which have shown

that AIC tended to select the more complicated MixIRT model and BIC the correct MixIRT

model compared to AIC. The performance of these information indices used to determine

model fit also may be a function of the underlying distribution of the data. Although the

results of the two simulation studies demonstrated spurious latent class problems, it was not

clear whether the underlying non-normality caused over-extraction or whether the fit indices

overestimated the correct model solutions.

Third, interpretability of the latent classes in any model needs to be a consideration

in determining model selection. Relying only on statistical criteria may not always yield

interpretable solutions. Results in this study suggested that it may be misleading, even under

the most ideal conditions, to use the AIC index for identifying number of latent classes. Thus,

the solution accepted should be expected to have sufficient support not only from statistical

criteria but also from the interpretability of the classes (Bauer & Curran, 2003).

Finally, results of this study suggest that latent non-normality not only caused over-

extraction but also resulted in poor estimation of the item parameters. When dealing with

empirical data, as opposed to simulated data, it is advisable to test the distribution of

ability for the possibility of non-normality. The RC-IRT method provides a useful tool for

this kind of analysis. Final model selection also should be interpreted cautiously when severe

non-normality is present. Several methods have been proposed for the correcting the non-

normality in the traditional IRT analyses (Bock & Aitkin, 1981; Mislevy & Bock, 1990;

Woods, 2004). No solution has been proposed, however, for handling this problem in the

context of MixIRT model estimation. It is also important that model selection should include

interpretability of the results rather than solely on statistical evidence.
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5.3 Future Research

As with any simulation study, generalization based on the results of this dissertation is limited

to the number of conditions manipulated here. The conditions simulated here were based

on practical testing conditions of test lengths, sample size, and typical types of non-normal

distributions likely to be realized in practice. Results of this dissertation clearly indicate the

impact of latent non-normality on estimates of item parameters from dichotomous MixIRT

models. Additional manipulation of these conditions might be useful to consider for studying

the impact of different priors in the estimation of model parameters.

The objective of this dissertation was to explore the impact of different ability distribution

conditions on extraction of spurious latent classes for dichotomous MixIRT models. It would

be useful to extend results of this study to determine whether more complex MixIRT models,

such as polytomous MixIRT models and multilevel MixIRT models are also susceptible to

the kind of over-extraction problem observed here. It would be useful to conduct MixIRT

analyses with polytomous type data sets in order to examine the effect of non-normal ability

distribution. It also would be useful to explore the effects of non-normality using other

estimation techniques such as maximum likelihood and with different MixIRT models, such

as mixture random item models.
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Appendix A

Gelman-Rubin Shrink Factor Plots

Figure A.1: Gelman and Rubin Shrink Factor Plots for MRM with 28 Items
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Figure A.2: Gelman and Rubin Shrink Factor Plots for Mix2PL IRT Model with 28 Items
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Figure A.3: Gelman and Rubin Shrink Factor Plots for Mix3PL IRT Model with 28 Items
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Appendix B

WinBUGS Codes for Data Analyses

#################

### MRM #########

#################

model

{

for (j in 1:NE) {

for (k in 1:NI) {

r1[j,k]<-resp[j,k]

r2[j,k]<-resp[j,k]

}}

# 1group model

for (j in 1:NE) {

for (k in 1:NI) {

tt1[j,k]<- exp(theta1[j] - beta1[k])

p1[j,k]<-tt1[j,k]/(1 + tt1[j,k])

r1[j,k]~dbern(p1[j,k])

l1[j,k]<-log(p1[j,k])*r1[j,k]+log(1-p1[j,k])*(1-r1[j,k])

}
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}

loglik[1]<-sum(l1[1:NE,1:NI])

# Priors for 1group

for (j in 1:NE) {

theta1[j] ~ dnorm(0, 1)

}

for (k in 1:NI) {

beta1[k]~dnorm(0,1)

}

# 2group model

for (j in 1:NE) {

for (k in 1:NI) {

tt2[j,k]<- exp(theta2[j] - beta2[gmem2[j],k])

p2[j,k]<-tt2[j,k]/(1 + tt2[j,k])

r2[j,k]~dbern(p2[j,k])

l2[j,k]<-log(p2[j,k])*r2[j,k]+log(1-p2[j,k])*(1-r2[j,k])

}

theta2[j] ~ dnorm(mut2[gmem2[j]],1)

gmem2[j] ~ dcat(pi2[1:G2])

}

loglik[2]<-sum(l2[1:NE,1:NI])
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# Priors for 2group

pi2[1:G2]~ ddirch(alpha2[])

for (j in 1:G2){

for (k in 1:NI){

beta2[j,k]~dnorm(0,1)

}

}

for (j in 1:G2) {

mut2[j]~ dnorm(0.,1.)

}

for (j in 1:2){

par[j]<-NI*j+2*j-1

AIC[j]<--2*loglik[j]+2*par[j]

BIC[j]<--2*loglik[j]+par[j]*log(NE)

}}

###################

### Mix2PL MODEL###

###################

model

{

for (j in 1:NE) {

for (k in 1:NI) {

r1[j,k]<-resp[j,k]

r2[j,k]<-resp[j,k]
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}}

# 1group model

for (j in 1:NE) {

for (k in 1:NI) {

tt1[j,k]<- exp(a1[k]*(theta1[j] - beta1[k]))

p1[j,k]<-tt1[j,k]/(1 + tt1[j,k])

r1[j,k]~dbern(p1[j,k])

l1[j,k]<-log(p1[j,k])*r1[j,k]+log(1-p1[j,k])*(1-r1[j,k])

}

}

loglik[1]<-sum(l1[1:NE,1:NI])

# Priors for 1group

for (j in 1:NE) {

theta1[j] ~ dnorm(0, 1)

}

for (k in 1:NI) {

a1[k]~dnorm(0,1)I(0,)

beta1[k]~dnorm(0,1)

}

# 2group model

for (j in 1:NE) {
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for (k in 1:NI) {

tt2[j,k]<- exp(a2[gmem2[j],k]*(theta2[j] - beta2[gmem2[j],k]))

p2[j,k]<-tt2[j,k]/(1 + tt2[j,k])

r2[j,k]~dbern(p2[j,k])

l2[j,k]<-log(p2[j,k])*r2[j,k]+log(1-p2[j,k])*(1-r2[j,k])

}

theta2[j] ~ dnorm(mut2[gmem2[j]],1)

gmem2[j] ~ dcat(pi2[1:G2])

}

loglik[2]<-sum(l2[1:NE,1:NI])

# Priors for 2group

pi2[1:G2]~ ddirch(alpha2[])

for (j in 1:G2){

for (k in 1:NI){

beta2[j,k]~dnorm(0,1)

a2[j,k]~dnorm(0,1)I(0,)

}

}

for (j in 1:G2){

mut2[j]~ dnorm(0.,1.)

}

for (j in 1:5){

par[j]<-2*NI*j+2*j-1

AIC[j]<--2*loglik[j]+2*par[j]
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BIC[j]<--2*loglik[j]+par[j]*log(NE)

}}

###################

### Mix3PL MODEL###

###################

model

{

for (j in 1:NE) {

for (i in 1:NI) {

r1[j,i]<-resp[j,i]

r2[j,i]<-resp[j,i]

}}

# 1-group 3PL model

for (j in 1:NE) {

for (i in 1:NI) {

tt1[j,i]<- exp(a1[i]*(theta1[j] - beta1[i]))

logit1[j,i]<-tt1[j,i]/(1 + tt1[j,i])

p1[j,i]<-c1[i]+(1-c1[i])*logit1[j,i]

r1[j,i]~dbern(p1[j,i])

l1[j,i]<-log(p1[j,i])*r1[j,i]+log(1-p1[j,i])*(1-r1[j,i])

}}

# Priors for 1-group 3PL model
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for (j in 1:NE) {

theta1[j] ~ dnorm(0, 1)

}

for (i in 1:NI) {

a1[i]~dnorm(0,1)I(0,)

beta1[i]~dnorm(0,1)

c1[i]~dbeta(5.,17.)

}

# 2-group 3PL model

for (j in 1:NE) {

for (i in 1:NI) {

tt2[j,i]<- exp(a2[gmem2[j],i]*(theta2[j] - beta2[gmem2[j],i]))

logit2[j,i]<-tt2[j,i]/(1 + tt2[j,i])

p2[j,i]<-c2[gmem2[j],i]+ (1-c2[gmem2[j],i])*logit2[j,i]

r2[j,i]~dbern(p2[j,i])

l2[j,i]<-log(p2[j,i])*r2[j,i]+log(1-p2[j,i])*(1-r2[j,i])

}

theta2[j] ~ dnorm(mut2[gmem2[j]],1)

gmem2[j] ~ dcat(pi2[1:G2])

}

# Priors for 2-group 3PL model

pi2[1:G2]~ ddirch(alpha2[])

for (k in 1:G2){
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for (i in 1:NI){

beta2[k,i]~dnorm(0,1)

a2[k,i]~dnorm(0,1)I(0,)

c2[k,i]~dbeta(5., 17.)

}

}

#mut2[1]<-0

for (k in 1:G2) {

mut2[k]~ dnorm(0.,1)

}

loglii[1]<-sum(l1[1:NE,1:NI])

loglii[2]<-sum(l2[1:NE,1:NI])

for(k in 1:2){

par[k]<-3*NI*k+2*k-1

AIC[k]<--2*loglii[k]+2*par[k]

BIC[k]<--2*loglii[k]+par[k]*log(NE)

}}
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