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Chapter 1

Introduction

The whole nature around us seems to be in an impassionate pursuit of two kinds. At
times, it is a pursuit to maximize or minimize that which shall bring forth the high-
est plunder, whether it manifests as the least action principle of particle mechanics,
Fermat’s principle in the world of light, the maximization of utility (reward) or the
minimization of surprise in economics, the maximum entropy principle of thermody-
namics, Landauer’s principle in information theory or as the pursuit of humanity for
joy of the highest order. At other times, it is a pursuit to find the common ground
between two worlds or two sets in general [[]

A modest attempt to model these phenomena mathematically would lead us to

classify the two kinds of pursuits into the following two problems:

1. Compute
min f(x), (1.0.1)

x€A

where A is a closed set in R™ and f is a function on R™. Most often, we are

more interested in the minimizer arg min, 4 f(x) as compared to the minimum

!Readers who wish to skip the lengthy introduction can go to page 5 for a quick summary of the
new results in this thesis.



value minye 4 f(x).

There is a vast literature on solving this centuries old problem. For example,
when f is a Lipschitz differentiable convex function and A is a convex set, this
minimization can be solved by using the projected gradient method. See, e.g.
[5]. When f is a convex function, but not Lipschitz differentiable, we can use

the proximal projected gradient descent method.

2. Given two sets A and B in R", compute the set intersection

Compute AN B if AN B is non-empty (1.0.2)

Furthermore, given a point x € R", compute Psnp(x), where Psnp denotes

ls—projection of x to the set AN B.

It is interesting to note that the Problem above can be also cast as a special

case of Problem [1.0.2| In fact, if we let B = {x,x = argmin f(y)} be the collection of
y€EeRn?

minimizers, the first problem turns out to be a set intersection problem. Alternatively,

we can also make an educated guess of the minimum value, say ¢, and set B to be
the level set B = {x, f(x) = €}. In fact, we would take that approach for tackling
the matrix completion problem and the compressive sensing problem mentioned in
the examples below.

The following is a list of some motivative examples, some of which we shall deal

with in detail in the subsequent chapters.

Ezample 1.0.1 (Matrix Completion Problem). Consider f(X) = rank(X), where X =
[%ijl1<ij<n 1 a matrix of size n x n. It is clear that f(X) for X € R™ " is not a
continuous function. Let Q@ C {1,--- ,n} x {1,---,n} be a subset of the indices
{1,---,n} x{1,--- ;n} and A be the collection of all matrices of n x n whose entries
in 2 are the same as the given entries M|q, i.e. A = {X, X|q = M|q} where M]|q

is the matrix obtained from M by setting its entries in positions €2¢ to zero and the



entries in positions {2 are kept intact. Then the minimization in ((1.0.1]) will be the

well-known Netflix problem.

Ezample 1.0.2 (Compressive Sensing Problem). Consider f(x) = ||x||p and A = {x €
R", ||®x — b||? < €}, where ® is a matrix of size m x n with m << n and b is a given
observation vector of size m X 1. Then the minimization (1.0.1]) will be the standard
compressive sensing problem. See, e.g. [I7]. In this case, f is not a continuous

function while A is a convex set.

Ezxample 1.0.3 (Nonnegative Compressive Sensing Problem). Consider f(x) = ||®x —
b|? for given matrix ® of size m x n and vector b of size m x 1 with m << n. Let
A = BN C, where C is the collection of k-sparse vectors in R™ with £ < m and
B = {x € R}, ||x|; < 1}. Then the corresponding minimization problem is the one
studied in [31].

Ezample 1.0.4 (Portifolio Selection). Consider f(x) = x'Cx — A\v'x to be the com-
bination of the expected return and the risk, where x € R", A > 0 is a parameter, the
matrix C' > 0 is a covariance matrix, and v is the expected return vector of stocks
Yi;i=1,---,n. Let B={x>0,|x|y = 1}, a convex set and C be the collection
of k-sparse vectors in R"™. Then the minimization is an extension of the so-called
Markowitz model proposed in 1952. The sparsity constraint arises because a stock

trader can only pay attention to a small number k of different stocks.

Ezxample 1.0.5 (Signal and Image Compression). Suppose that we are given a piece
of music, a vector y of length n. We would like to compress it by subsampling of y
to have z of size m << n. One is to recover y from z. Assume that the music has
a bandwidth < o. Consider f(x) = ||x — y||>. Let B be the collection of all vectors
whose FFT is a o-sparse vector. C' is the collection of all vectors whose subsamples
are z. That is, C' = {x € R",x|q = y|o}. Then minimization provides a way to
recover the signal from the intersection A = BN C. Similarly, we can formulate the

image compression problem as the minimization Problem ((1.0.1)) using 2D FFT and

3



band-limited images.

Later in this dissertion, we will study various special cases of problem using
the alternating projection method, also popularly known as the Von Neumann Algo-

rithm. We will prove convergence of the algorithm for different types of sets A and

B.

Algorithm 1: Alternating Projection Algorithm (APA)

Let yg € R™ be an initial guess. For ¢ = 1,2,---, we first project y;_; to the
set B, i.e.

X = PB(YZ‘—I)
and then project x; to the set A, i.e.

yi = Pa(x).

until a maximum number of iterations is achieved or ||x; — y;|| is less than
or equal to a given tolerance.

This algorithm has been rediscovered many times over the last many decades and
has been used for the SIP (Set Intersection Problem) for a long time. One earliest
possible reference is [66]. See also [4]. Certainly it can be easily extended to find the
intersection of multiple subsets in R™ or of any Hilbert space. We use this algorithm
to solve the minimization problem by converting into the Problem
[1.0.2] We shall establish the convergence of [I]in several cases for closed sets A and B
(not necessarily convex) and apply it to a few interesting application problems which
include sparse solution of under-determined linear systems, matrix completion, and
audio/image signal compression.

It is well known that when the sets A and B are affine linear spaces with closed
sum, Algorithm |1 converges linearly independent of starting points (cf. [3] [66]). In
the case when A and B are closed convex subsets in a finite dimensional Hilbert
space, the algorithm converges and it converges to a point in the intersection if its

non-empty. In an infinite dimensional Hilbert space, even when both A and B are

4



convex, the alternating projection method may not converge in norm. See [38] for a
counterexample. There are some standard analyses in the literature (cf. e.g. [3] and
[51]) to establish the convergence under some sufficient conditions. See [51] for ways
to accelerate the algorithm.

Before we describe the contents of each chapter, we give a summary of new results

we obtain in this dissertation:

(1) We prove the convergence, under certain conditions, of the alternating projection
(AP) algorithm when applied to the well known matrix completion problem. We
will also demonstrate the effectiveness of the algorithm by presenting numerical

evidence.

(2) We first prove the local convergence of the AP algorithm when applied to sparse
recovery problem. Then we introduce new quantities analogous to restricted
isometry constant which when bounded ensure global convergence of the algo-

rithm.

(3) We obtain bounds for the sparsity of a sparsest solution to classical sparse vector
recovery problem. We are not aware of any non-trivial lower bounds in the

literature prior to this dissertation.

(4) Convergence of the AP algorithm is well-studied in the case of convex sets but
not so in the case of non-convex sets. We will introduce a special kind of non-
convex sets, whose special case are convex sets, and prove the convergence of

the algorithm in that regimen.

(5) We will devise a new scheme to reconstruct corrupted audio and image signals.

We will also prove theoretical guarantees for success of the scheme.



We have arranged the chapters in the increasing order of complexity of sets A and

B. More specifically,

(1) In Chapter 2| both A and B are affine subspaces of R™. In this chapter, we will
present a new recovery scheme for corrupt audio and image signals in section
2.2l We will present theoretical guarantees and numerical evidence for the

effectiveness of the signal recovery scheme we propose.

(2) In Chapter [ both A and B contain certain subsets, called faces, which are
epigraphs of a special class of functions that are not necessarily convex. Recall
that the epigraph of a convex function is a convex set. Hence, this is a more
general setting as compared to when both A and B are convex sets which is
well studied in literature. We will prove the convergence of the algorithm for
this case in section and section [3.3] Also, we will show that most convex

sets are a special case of the sets we consider in this chapter.

(3) In Chapter , A is an affine linear space and B is the collection of rank r
matrices. Specifically, A = {X € R™" X|q = Mg}, where Q is a subset of
indices {(i,7),1 <1i,7 <n} and M|q is a given set of known entries of a n x n
matrix M. This is popularly known as the Netflix problem. We will prove in
this chapter the conditions for convergence of the algorithm and some related
problems. We also will demonstrate the better performance of the algorithm as

compared to state-of-the-art by presenting computational evidence.

(4) In Chapter [5] A is the affine linear space defined by {x | ®x = b} and B is the
collection of bounded k-sparse vectors in R™. The classical compressive sensing

problem given below comes under this category.

min{||x|lo: Px = b}, (1.0.3)



we need to minimize f(x) = ||x||o and we can consider the minimizers of f are
in the collection of all bounded k-sparse vectors. We shall first prove the local
convergence of the algorithm for this problem followed by global convergence.
We introduce a new quantity 7,(A) associated with any matrix A; s is the
sparsity. Conditioned on boundedness of 7,5, we will prove global convergence
of the AP algorithm. We also obtain novel bounds on the sparsity of a sparsest

solution.



Chapter 2

Alternating Projection Algorithm

for Affine Linear spaces

In this chapter we will apply the theory of alternate projections on affine linear
spaces to design a new scheme to compress or recover audio signals whose samples
in random positions have been corrupted. We will present theoretical guarantees for
the success of the scheme. We will conclude the chapter with numerical evidence for
the effectiveness of the scheme.

Before we state the new scheme, for completeness sake, we will first present the
proof of well known and classical result that the alternating projection algorithm,
when applied to affine linear subspaces of a real or complex finite dimensional Eu-

clidean space, converges linearly.

2.1 Convergence Analysis of APA for two affine
Linear Spaces

Before we state the main theorem, we would like to define what ‘angle’ between two

linear space is.



Definition 2.1.1. The angle between two affine linear spaces a+ K and b+ L, where
K and L are vector spaces, is defined to be the angle v := (K, L) between 0 and 7
whose cosine is given by

cos(y) := su —<k’l> : L L
() : p{HkHHlH ke KN(KNL)YleLn(KNL) }

Lemma 2.1.2. For any two distinct subspaces K and L of a finite-dimensional sub-
space of a Euclidean space,

cos(v(K,L)) <1
Proof. Using Cauchy-Schwartz inequality, it is clear that cos(y(K, L)) < 1. Now,
assume, on the contrary, that cos(y(K, L)) = 1. It then implies that

<k7l> . 1 1 _
Sup{—HkH i ke KN(KNL)“,le LN(KNL) }_1 (2.1.1)

Since KN (KN L)t and LN (K NL)* are subspaces of a finite dimensional Euclidean
space, they are closed. Hence, the supremum in equation is attained which
implies that there exist k € KN (K NL)* and [ € LN (K N L)* such that % =1.
It follows that k,I # 0 and (k,1)> = ||k||* ||I||>, which is the equality in a Cauchy-
Schwartz inequality. Therefore, k£ and [ are linearly dependent. Hence, we deduce

that k,l € (KNL)Nn(KNL)* = {0}. So, k =1 =0 contradicting the fact that
k,1 0. O

We now state and prove one of well known classical result.

Theorem 2.1.3 (Aronszajn, 1950[1]). Let A and B be distinct closed affine subspaces
of a finite dimensional normed linear space, for example RN, say A = a+ K, B = b+L
for vectors a,b € RY and closed subspaces K, L. Then the Alternating Projection
algorithm |1 converges linearly with rate cos(v(K, L)), independent of the starting

point. More specifically, if x is the starting point, then the algorithm converges to



Prnr(x) at a linear rate.

Proof. We will do the proof for the case when the A = K and B = L are vector spaces
and the general case follows from this case because the normed distances involved in
the proof remains invariant under a translation. So, we may assume a = 0 = b. We
will denote by Pk and Py, the projections onto spaces K and L respectively.

For notational convenience, set M := KN L. We begin by decomposing the vector
x as follows

X = Xy + Xyl

where x; € M and x,,;. € M*.
So,
PLPK(X) = PLPK(XM) + PLPK(XML) =Xy + pLPK(XML)

Hence, by repeated application of the operator P, Pk, we obtain forn =1,2,---

(PLPK)n (x) =xm + (PLPK)n (xpr1) (2.1.2)

We proceed by noting that

IPLPk (x0r2)|I” = (PLPr(xar2), PLPx (X))
= (Prx(Xpr1) — PriPr(xpr1 ), PrPr(Xars))
= (Pr(Xar1), PLPr(Xpre))
using claim 1 and 2 given below
< cos(v(K, L)) | Pr (xare )| [P Pr (xar0) |

< cos(Y(K, L)) [[xar | IPLPr (x|

10



After cancelling ||PrPrk(x5s1)| from both sides of the above inequality, we obtain

IPLPr (xar0)|| < cos(y(K, L)) x|

By simple induction it follows that for n =1,2,---

I(PLPr)" (xare)ll < cos(v(K, L))" [[xar |

Using the fact that cos(y(K, L)) < 1 from lemma [2.1.2] it follows that

[(PLPr)" (xpr1)]| = 0

. Hence, from equation 2.1.2] we get (PrPx)" (x) = xar = Prnr(x). This completes
the proof.
We used the following claims in above argument:
Claim 1: Pr(xp1) € KN M+
Proof:

Let m € M = K N L be an arbitrary element of M = K N L. Then

(Pr(xp1),m) = (xXpp1 — Pro (Xpre),m)
= <XMJ_,m> — <PKJ_(XMJ_),7TL>

=0-0=0

The first summand in the second last step is zero because x,;,. € M+ and m € M.

The second summand is zero because P (xy,1) € K+ and m € K.

Claim 2: PrPx(xp0) € LN M+
Proof-

11



It is clear that PPy (xy2) € L. To prove PrPx(xy1) € ML, we proceed as follows:

As above, let m € M = K N L be an arbitrary element of M = K N L. Then,

(PLPr(Xprs),m) = (P (Xare) — ProPr(Xare), m)
= (Pr(xars),m) — (PraPr(Xars),m)
= (P(xpe),m) =0
= (Xare — P (Xare ), m)
= (xare,m) = (P (xars ), m)

=0-0=0

The term in third step is zero because Py Pk (xy1) € L and m € L O

2.2 Corrupted Audio Signal Reconstruction

In this section, we will apply the alternating projection technique to compress audio
signals and images as well to recover them from corrupted samples. We will first
prove the theoretical guarantee and motivation behind the compression/reconstruc-
tion method which is described in subsection R.2.7]

For convenience, we begin with a single-channel audio signal which we will consider
as a vector in a N-dimensional real Euclidean space. Let x = {z,})_} € RY be the
given original audio signal which is a band-limited signal. We would like to compress
it by choosing a subsample z = x|q from x which will be enough to recover x by
using Algorithm , where ) is a subset of {0,1,--- , N — 1}. In this chapter, we will

use X to denote the discrete Fourier transform of x given by

N-1

. , —2mgk\ .
X; ::]:(X)(j):Zxkexp( i ),]:07... ,N.

k=0

12



Let o be an integer such that 0 < o < % and define N, to be the set of all o—

band-limited real signals, i.e.
N, ={xeR"| F(x)(j)=0foro<j<N-—o0}.

Fix O  {0,1,--- ;N — 1}. We can state our goal as follows: given only samples
Tp,n € ) of a o—band-limited audio signal x, we would like to uniquely recover all
the entries of the original x = {z,,,n = 0,1,--- ;N — 1}. We shall use (1] to do so.
Indeed, set A = N, and B = {y ERN | yy=ux;foric Q} Note that A is a linear
space of dimension 20 + 1 while B is affine space of dimension N — ||, see lemma
. Now, we will apply algorithm [1| between the sets A and B. We will prove (see
theorem that the algorithm will uniquely recover the audio signal if N satisfies
certain conditions.

Let us start with the following lemmas.

Lemma 2.2.1. A= N, is a linear subspace of RN which has real dimension 20 + 1

and B = {y eERN | y=u; foric Q} is an affine space of real dimension N — |Q].

Proof. The first fact that B is an affine space of dimension N — | is trivial. N, is
a linear subspace because discrete Fourier transform is a linear operator. Using the

formula for Inverse Fourier transform,

= 2kn
n = 3 s exp( 2
k=0
. Z . 2mkn . .
:x0+z23?(xkexp( )) [ since X =0 when 0 < k <n — 0|
k=1
- 21k 2k
=%+ > 2R(Xe) cos(— ) — 23(%) sin( T,
k=1
Now the result follows by noting that Xq, (X)) and I(Xx), k = 1,2,--- , 0 are inde-

pendent real parameters. Here R(x;) and I(Xy) denote the real and imaginary parts

13



of x;, respectively. O]

Lemma 2.2.2 ([61]). Let N = p be a prime number. As above, let X denote the

discrete Fourier transform of x € RN. Then, for any non-zero x € RY

Support(x) + Support(x) > p + 1.

where Support(x) is the number of non-zero components of x. Conversely, if I, and
I are two non-empty subsets of {1,2,--- ,p} such that |I1| + |Iz| > p+ 1, then there

exists a vector x such that Support(x) = I; and Support(X) = Is.
Proof. Refer to Theorem 1.1 in [61] for a proof. O

Lemma 2.2.3. Assume N = p is a prime number and || > 20, then there is at

most one vector x € RN that is contained in both the sets B and N,.

Proof. Assume y,z € BN N,. Theny —z € N, and y; — z; = 0 for ¢ € ). Hence
Support(y —z) < N — |Q] and Support(y — z) < 20 + 1. Hence, Support(y — z) +
Support(y —z) < N — || +20 + 1 < N = p which contradicts the statement of
Lemma [2.2.2]if y — z # 0. Therefore y = z. O

We are now ready to establish the following

Theorem 2.2.4. Assume N = p is a prime number and |Q| > 20. Letx € RNNN, be
a o-band-limited signal with only known samples in §2 positions. Then the Alternating
Projection algom'thm applied to sets N, and B will recover the original signal x € RY

independently of the starting point.

Proof. By Lemma [2.2.3] {x} = N, N B. Since N, and B are affine spaces, the result
follows from Theorem R.1.3l O

Now, with above results as a motivation, we will present the scheme to recover an

corrupted audio signal.

14



2.2.1 Corrupted Audio Signal Reconstruction Scheme

Based on the above discussion, we propose the following audio signal reconstruction

scheme.

Algorithm 2: Corrupted Audio Signal Recovery Scheme

Data: x|g an audio signal whose uncorrupted samples are located in indices
Q, the bandlimit o (Default value is o = [ ])
Result: X, a close approximation of the original uncorrupted audio signal x
Preprocessing: Partition the audio signal x into blocks of size N where N
is a prime number with the same order of magnitude as the
length of the signal
Initialize X = First block of x|q
repeat
repeat
Step 1: Y, = Py, (Xk)
Step 2: Xk+1 = PB(Yk)
until HXk-i-l — Xk” < €
until All blocks of x |q are processed,

Remark 2.2.5. In the above scheme, we assumed the known samples x | of the audio
signal are clean samples without noise. We can modify the above scheme to make
it more robust to noise by replacing the projection operator Pg with the projection

operator Pp_ where B. = {y € RN | |y; — x| < ¢; for i € Q}. Explicitly, if

PB6 (a) =b
then, for each 1,
.
a; if a; € [z; — €;, 2 + €]
bi: T; — € ifai<xi—ei

T;+ € ifa; > x; + ¢

\

. The € = (€1, -+ ,€en) can be initialized according to the noise model we chose for
the system. For example, the components ¢; of € could be chosen from a Gaussian

distribution.

15



2.2.2 Numerical Results

In this section, we present numerical evidence for the effectiveness of the audio recov-
ery scheme we discussed in the previous section. We apply the scheme to fragments
of three piece of music. Mozart concerto for flute and harp, K299, the OST(Original
Sound Track) of the movie Lord of the Rings, and The mission and How great thou
art by Piano guys serve as the sources of our audio signal fragments.

The implementation is in Matlab and all the computational results were obtained
on a laptop computer with a 2.50 GHz CPU (4 cores with Matlabs multithreading
option enabled) and 16 GB of memory. In our simulations, the set of observed entries
) is sampled uniformly at random among all sets of cardinality |Q2].

We observed comparable levels of audio quality for the recovered signal as com-

pared to the original signal. For example, Mozart concerto for flute and harp, K299

sampled at 50% achieved a —0.03db (= 20 log <Hﬁi’h”>) recovery. The difference in au-
dio quality of the recovered signal and the original signal was virtually undetectable
to human ears if the percentage of known samples was higher than 60%.

The results of the experiments are shown in tables and [2.3] In the tables,

we have used the following abbreviations:
e RMS error is the Root Mean Square Error given by || X; — x| /v N

e Relative Error is the ratio of Root Mean Square error and Root Mean Square

Amplitude of the audio signal given by || X} — x|/ [|x]|»

2.3 Corrupted Image Reconstruction Scheme

In this section, we will apply the analogue of the above scheme of corrupted audio
signal reconstruction to recover corrupted images. Assume that the original image is

a matrix X € RV, We denote the 2-dimensional discrete Fourier transform (DFT)
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Table 2.1: Recovery Rates for Mozart Concerto for flute and harp, K.299

Known Samples (%) RMS Error Relative Error Time (seconds)

90 9.0e-06 5.13e-04 260
80 1.12e-05 6.38e-04 269
70 6.8e-05 3.87e-03 259
60 3.01e-04 1.70e-02 260
20 9.64e-04 5.49e-02 263
40 2.59e-03 1.47e-01 252
30 5.62e-03 3.204e-01 252
20 9.722e-03 5.54e-01 263
10 1.39e-02 7.93e-01 257

Table 2.2: Recovery Rates for Breaking of the fellowship, Lord of the Rings

Known Samples (%) RMS Error Relative Error Time (seconds)

90 2.42e-05 1.911e-04 123
80 6.28e-05 4.96e-04 210
70 4.99e-04 3.94e-03 222
60 2.26e-03 1.78e-02 218
20 7.28e-03 5.75e-02 207
40 1.91e-02 1.510e-01 206
30 4.08e-02 3.226e-01 207
20 7.05e-02 2.575e-01 214

Table 2.3: Recovery Rates for The Mission and How great thou art, Piano Guys

Known Samples (%) RMS Error Relative Error Time (seconds)

90 1.082e-04 4.76e-04 261
80 2.406e-04 1.05e-03 262
70 7.166e-04 3.15e-03 262
60 3.82e-03 1.68e-02 249
20 1.28e-03 5.64e-02 246
40 3.35e-02 1.47e-01 278
30 7.22e-02 3.17e-01 275
20 1.26e-01 5.55e-01 277
10 1.80e-01 7.92e-01 241
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of a matrix Y by Y. Then the sets A and B in this setting would be given by
A::{YERNXN| Yij:01f0<i<N—00ra<j<N—a}

and

={Y e RVN | Y; = Xj; for (i,5) € Q}

We will apply the APA algorithm to the above sets to recover the original image
from the known samples Xq. Since all images used in the experiments have size
512 x 512 which is small in comparison with that of an audio signal, images were not
partitioned into blocks unlike in the case of audio signal recovery scheme we discussed
in the previous section.

The experiments are conducted in Matlab and all the computational results were
obtained on a laptop computer with a 2.50 GHz CPU (4 cores with Matlabs mul-
tithreading option enabled) and 16 GB of memory. In our simulations, the set of
observed entries 2 is sampled uniformly at random among all sets of cardinality [€].

The results of the experiments are shown in figures [2.1] and 2.3l Our results
show that recovery was not spectacular. Since the support of image’s Fourier spectrum
is large in comparison with its size, it results in the dimension of spaces A and B
being larger, hence their intersection might not be unique. We could circumvent this
issue by truncating the DFT to a smaller size by setting larger frequency components

to zero. But this would result in the degradation of the visual quality.

Remark 2.3.1. Since most real world images can be considered as approximately low
ranked matrices, we will consider an alternate way to recover missing samples of an
image using the matrix completion technique in Chapter [d, There we will replace the

set A with a set of low rank matrices and apply APA.
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Original Image

50 100 150 200 250 300 350 400 450 500

Reconstructed Image from 30% known entries

50 100 150 200 250 300 350 400 450 500 50 100 150 200 250 300 350 400 450 500

50 100 150 200 250 300 350 400 450 500 50 100 150 200 250 300 350 400 450 500

70% known entries

Reconstructed Image from 70% known entries
e = %

SRR %

50 100 150 200 250 300 350 400 450 500 50 100 150 200 250 300 350 400 450 500

Reconstructed Image from 90% known entries

”),rl»%

50 100 150 200 250 300 350 400 450 500

Figure 2.1: Top row: The original image; Rest of the rows: left column correspond
to image with missing entries and right column images are reconstructed using APA
described in section [2.3| from the corresponding images on left
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Original Image

50 100 150 200 250 300 350 400 450 500

30% known entries

Reconstructed Image from 30% known entries

150
200
250 |
300
350

400

450

50 100 150 200 250 300 350 400 450 500 50 100 150 200 250 300 350 400 450 500

Reconstructed Image from 50% known entries

50% known entries

50 100 150 200 250 300 350 400 450 500 50 100 150 200 250 300 350 400 450 500

50 100 150 200 250 300 350 400 450 500 50 100 150 200 250 300 350 400 450 500

50 100 150 200 250 300 350 400 450 500 50 100 150 200 250 300 350 400 450 500

Figure 2.2: Top row: The original image; Rest of the rows: left column correspond
to image with entries missing and right column images are reconstructed using APA
described in section [2.3| from the corresponding images on left
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50 100 150 200 250 300 350 400 450 500 50 100 150 200 250 300 350 400 450 500

50% known entries d Image from 50% known ents

50 100 150 200 250 300 350 400 450 500 50 100 150 200 250 300 350 400 450 500

70% known entries

50 100 150 200 250 300 350 400 450 500 50 100 150 200 250 300 350 400 450 500

90% known entries

50 100 150 200 250 300 350 400 450 500

Figure 2.3: Top row: The original image; Rest of the rows: left column correspond
to image with entries missing and right column images are reconstructed using APA
described in section [2.3| from the corresponding images on left
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Chapter 3

Alternating Projection Algorithm

for Convex and Non-convex Sets

In the second section of this chapter, motivated by results in its first section, we
extend the convergence of the AP algorithm to more general sets which are partially
epigraphs of a certain class of functions we will define in that section. In the first
section, we will first review some of the basics of the theory of alternate projection
algorithms on convex sets. Most of the results presented in the first section can be

found in [34].

3.1 APA for Convex Sets

Throughout this section, we will assume that the two sets whose intersection points
we are seeking are denoted by )1 and (). We will assume that )1 and (), are
closed and convex subsets of the real Euclidean subspace R™ which have a nonempty
intersection ) := ()1 N Q2. Note that all the results in this section readily extends to

the case of complex Euclidean space.
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1 if nis even
Throughout this section, we will use the cyclic notation a(n) =

2 if nis odd

and we will use Py () to denote the projection onto set Qo). For example, Py1) and
Pa(2) denote the projection onto the sets ()1 and )2 respectively.
With the above notation, the alternate projection algorithm can be concisely

expressed as

Tpy1 = Pa(n) (xn)

where z,, is the n'" iterate and the initial point z is arbitrary.
Before we prove convergence of the alternate projection algorithm for the convex
sets, we shall review some basic results about the projection operator, which shall be

needed to the prove the convergence result.

3.1.1 Preliminaries

Definition 3.1.1. The projection Ps(x) of a point x € R" to a set S is defined as a
point in S which is closest to the point x. In general, projection is not single-valued.

But it is single-valued in the case when set S is convex. More formally,

Ps(x) = argmin ||s — x||
s€S

We will review some basic properties of the projection operator to a closed convex

set:

Lemma 3.1.2. I[fPa(z) denotes the projection of a point x € R™ onto a closed convex

set A C R™. Then

(x —Paz),y — Pa(x)) <0 for ally € A (3.1.1)

where (-, ) denotes the standard inner product on R™.
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Proof. Since the set A is convex, for 0 < A < 1, we have Ay + (1 — \)P4(x) € A. So,

from the definition of projection, it follows that

lz = Pa(@)||” < ll = Ay = (1 = N)Pal2)]”

= [l = Pa(@)|* + A [ly = Pa(@)[|” = 2Mx — Pa(x),y — Pa(x)) for all A € (0,1)
Hence,
My — Pa(@)||” > 2(x — Palz),y — Pa(x)) for all A € (0,1)
Taking the limit A — 0, we get the required result. O

Next we prove that the projection operator onto a convex set is a non-expansive

operator.

Lemma 3.1.3. The projection operator P4 to a closed convex set A is non-expansive.

In other words,

[Pa(@) = Paly)|l < llz—yll
forall z,y € A

Proof. Using lemma twice, we get

(. —Pa(x), Paly) — Pa(z)) <0

and

(y = Paly), Palx) — Pa(y)) <0

Adding the above inequalities, we obtain

(Pa(r) =2 4y = Paly), Pa(x) = Pa(y)) = (Pa(z) = Paly), Pa(z) — Paly))+

(y —x,Pa(z) —Paly)) <0
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That is,
1Pa(x) = Pa@)|I” + (y — 2, Pa(x) — Paly)) <0

Rewriting the above equation and applying Cauchy-Schwarz inequality, we obtain

1Pa(x) = Pa)lI* < (& =y, Pa(z) = Pa(y)) < IPa(z) = Pa@)ll llz =yl

After cancelling the factor ||P4(z) — Pa(y)|| from both sides, the result follows. [

3.1.2 Convergence of APA for Closed Convex Sets

In this section, we will prove the following

Theorem 3.1.4 ([34]). The alternate projection algorithm applied to the closed convex
sets Q1 and Qo which has a nonempty intersection () converges to a point in the

intersection Q).

We will follow the proof in Gubin et al. [34] after necessary notational simplifica-

tion. Before we state the proof, some lemmas have to be established.

Lemma 3.1.5. For any z € Q = Q1 N Qo,

|21 — 2| < [l — 2| (3.1.2)
Proof. We have
| Zns1 — :E||2 = Hpa(n)(xn) - anQ = ||z, — tz + HPa(n)<xn) - anz
+ 2(xp, — 2, Pagn)(2n) — Tn) = ||2n — :1c||2 - HPa(n)(xn) — an2

+ 2<7Do¢(n) (In) — T, Pa(n) (wn) - CL‘>

< lan = a2l = || Patoy(@a) = 2a]|* < [l — 2]
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Lemma 3.1.6.

lim max(d(x,, Q1),d(x,, Q2)) =0 (3.1.3)

n—oo

where d(z, A) = inf{||x — y|| | y € A} denotes the distance of the point x to set A.

Proof. By the definition of the projection, we have d(z,,Q) = HPa(n)(:pn) - an

Hence, applying the lemma |3.1.5, we get

IPo(zn) = @nll = l[2n11 = Polza)ll 2 Iz = Pol@ni)ll

Hence, ||Pg(z,) — x,|| is a monotonically decreasing sequence bounded below by 0.

So it converges to a limit say lim [|[Pg(z,) — x,| =: [ Also,
n—oo

1Po(20) = 2all” = [Po(@ns1) = Zasal® = [Po(@n) — zall® = 1Po(2n) — Tasa®
= [Po(xn) — zull* = || Pagm () — Poln)||”
= IPo(xn) — zall* — |[Po(@n) — zal|?
Py () = @al|* = 20 — (), Pauy () — 24)

= Hpa(n) (xn) - an2 + 2<PQ(xn) - Pa(n) ((’En), Pa(n) (-Tn) - xn> Z H,Pa(n) (ajn) - xn”Z

where the last inequality in the last step results from applying lemma [3.1.2l Now
taking limit n — oo, we obtain Hxn — Pawn) (:L‘n)H —0
Now, let € > 0. Choose N such that ||z, — Pam)(2,)|| < €/4 for all n > N. Then

for i = 1,2, we can find k < 2 such that a(n + k) = i. So, we have for n > N

d(xm Qz) = ||xn - Pa(i) (xn>H < Hxn - xn—i—k” + Hxn-‘rk - Pa(n+k)($n+k)|| <
ke

€
||xn - In—HH + -+ ||xn+kz—1 - xn—i—k” + Hxn-l—k - Pa(n—&-k)(xn—l-k)H S ? + Z <€
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Since € is arbitrary, the result follows. O]

Lemma 3.1.7.

lim d(z,,Q) = lim ||z, — Po(z,)|| =0 (3.1.4)

n—o0 n—0o0

Proof. Assume, on the contrary, that there exist a subsequence x,,, such that

lim d(z,,,Q) >1>0

n—oQ

Since the sequence z,, is bounded, it has a subsequence, which for notational
simplicity will also be denoted by z,,, which converges to some point z*. Since
d(zy,,Q;) — 0 for every i, and @Q; is closed, 2* € Q; for i = 1,2. Therefore 2* € Q

which contradicts the assumption that d(z,,,Q) > 1> 0 O

3.1.3 Proof of the Main Theorem [3.1.4]

Proof. Let B(z,r) denote the closed ball, centered at z, of radius r. Set

By, = ﬂ B (PQ(IZ% d(zi, Q))

1=0

. Since repeated application of the lemma gives us ||, — Po(xn)|| < d(z,, Q) for
all n < m, we can conclude that the sets B,, are non-empty. Clearly B,,,1 C B,, for
all m. Hence, the sets B,, forms a nested sequence of closed, convex and non-empty

sets. Therefore (.2, B; # 0. So let * € (.2, B;. So, we have
[0 — 2" || < [len = Polan)ll + 1Polzn) — 27| < 2d(2n, Q)

Since, d(x,, Q) — 0 using lemma it follows that x, — z* O

Remark 3.1.8. Note that unlike in the case of affine linear spaces discussed in the

previous chapter, we cannot guarantee that x, converges to Pg(xp). The following
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example in the Figure readily illustrates that. In fact, Dykstra [25] invented a

more sophisticated algorithm which guarantees that z, does converge in norm to

PQ(ZEQ).

Dykstra’s algorithm can described as follows:

Algorithm 3: Dykstra’s Alternating Projection Algorithm

Set q_1 = qo = 0. Generate the sequences (x,) and (g,) by

Ty = Pa(n) (xnfl =+ %172)

and
Gn = Tn-1 + gn—2 — Tn

until the maximum number of iterations is achieved or ||z, — z,_1] is less
than or equal to a given tolerance.

Boyle and Dykstra [9] proved that the sequence z,, always converges to Pg(zo). See
also Deutsch and Hundal [2I] and Perkins [52] for convergence analysis of Dykstra’s

algorithm in more general setting.

It is a well known fact that a function is convex if and only if its epigraph is
a convex set. We shall include a proof of it in the next section. So, it naturally
motivates us to study more general sets, which are not necessarily convex, whose
'face’ is a graph of a general class of functions. The study and analysis of APA on

such sets will form the theme of the next section.

3.2 APA for General Sets

3.2.1 Preliminaries

In this section, we extend the results of previous section to sets that are not convex.
We study the sets that can be described as the epigraphs of a certain class of functions.
We will be restricting ourselves to a 'nice’ class of functions. We will then show that

convex sets are a special case of the sets we consider here. Before we delve into the
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Q:

Q2 w X2

X1

X0

Figure 3.1: Illustration that shows that the iterates x, of APA algorithm do not
necessarily converge to Pg(zg) in the general case of convex sets. The thick shaded
lines denotes the intersection ().

details, some definitions are in order:

Definition 3.2.1. We will define the Face of set A with respect to set B denoted by

Facep(A), as
Faceg(A) :={a€ A | b€ Bs.t. a=argmin|z—b|}
€A

In the cases, when the projection operator P4, where P4 denotes the projection

onto set A, is single-valued, Faceg(A) = P4(B). See figure [3.2] for an example.

Definition 3.2.2. An epigraph epi(f) of a function f: R" — R is defined by

epi(f) = {(x,t) eR"™: xeR"t> f(x)}
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Faceg(A)

Figure 3.2: Illustration of Face of set A with respect to set B. Faceg(A) is shaded
blue.

Lemma 3.2.3. A function is convex if and only if its epigraph is a convex set.

Proof. Assume that f is a convex function. Then, let (x1,t1),..., (X, tx) € epi(f).
So, t; > f(x;) for all ¢ = 1,2,--- k. Now, for any A\j,..., Ay € [0,1] such that
SN =1, the point (x,t) := A\ > (24, t;) = (O My, Y Ait;) has the property that

t=S Nt =Y Afl@) > f (Z /\x> — f(x).

where the last inequality is due to convexity of f. This implies that (x,t) = \; > (x;,t;) €
epi(f). Hence, epi(f) is a convex set.

Now, to prove the converse, assume epi(f) is a convex set. Let x,y € Domain(f).
Then, clearly by definition, both the points (x, f(x)) and (y, f(y)) lie in epi(f).
Since epi(f) is a convex set, it follows that (Ax + (1 — Ay, Af(x) + (1 =N f(y)) =
A, f(x)) + (1 = MN(y, f(y)) € epi(f) whenever A € [0,1]. Hence, by definition of
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epi(f), we deduce that f(Ax+(1—=N)y) < Af(x)+(1=N)f(y) for X € [0,1]. Therefore,

f is a convex function. O

Our first goal is to define that special class of functions we mentioned (but did
not define) earlier by generalizing the strict convex functions a bit further. For conve-
nience, we assume that functions in the class we define below has the unique minimum

at x = 0.

Definition 3.2.4. We will call a continuously differentiable function f : R" —
R* U {0} belonging to class A/ or in short a class A function, if it satisfies the

following conditions:

1. f(x) > 0 with equality if and only if x =0
2. Vfx)Tx>0

3. Vf(x) =0if and only if x =0

Here are some examples of class N functions:

e f(z,y) = log(1 + 2? + y?). This is a non-convex class A/ function. The graph

of the function is shown in figure [3.3]

o f(z,y) =2*+ >+ sin(%z) + sin(%). This is also a non-convex class N func-
tion. The graph of the function is shown in figure [3.4L It is not obvious
that the function vanishes only at the origin but we can prove it as follows:
First note that we can rewrite the function using trignometric identities as
flz,y) = QSin(‘BZZlLyZ) cos(#)—i—x%tyz. Now, set a = # and b = % Then
the function can be rewritten as f(a,b) = 2sin(a) cos(a — b) + 4a. A straight-
forward computation gives us f(0,b) = 0 for any b and % =2cos(2a—b)+4 =

2(cos(2a — b) +2) > 0. That is, fixing b, f is an increasing function in variable
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a. Hence, for any b, f(a,b) > f(0,b) = 0. Therefore f vanishes only when a = 0
equivalently when z = y = 0. The details of computation to check properties 2

and 3 is straightforward and is left to the reader.

10 s ?

g

Figure 3.4: Graph of the class N function f(z,y) = 22 + y? +sin(%) + sin(%)
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Now we are ready to establish our main results:

3.2.2 Convergence of APA for General Sets

In this section, we will prove the following main theorem (theorem [3.2.7] ):
Theorem: Let A and B be two sets in R™ with a unique intersection point.
Assume there exists a hyperplane H that strictly separates the sets A and B except
at their unique intersection point. Also, assume that the Faceg(A) and Faces(B) are
given by translates of graph of functions f|y and gly respectively, where f|y and g|y
are respectively the restriction of some class N functions f and g to a neighbourhood
V' of the intersection point. (Refer to figure for an illustration) Then, regardless
of the starting point, alternate projection converges to their unique intersection point.
Before we prove the main theorem, we will prove some special cases of the main

theorem which will used in the proof of the main theorem.

Theorem 3.2.5. Let f be a class N function and let set A be the epigraph of the
function f in R™™. A= {x € R"™ | x,1 > f(ay, 29, - ,2,)}. Let H be a
hyperplane, which we assume, without loss of generality, to be the hyperplane defined
as H == {x € R"™™ | w,,1 = 0}. Then, regardless of the starting point, the
alternating projection algorithm converges to the origin, the unique intersection point

of sets A and H.

Proof. Note that for any starting point x°, x! = PPy (x°) lies in A and all the
subsequent iterates also lies in A. So, without loss of generality, we can assume all
the iterates x* lies in A.

Now, let x* = (af, 2%, -+ ,2F ) € A be the k' iterate in the alternate projection
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algorithm. Begin by noting that Py (¥, 25, -+ 2k, ) = («}, 2%, .-+ 2, 0). Now,
k41 _ (k41 kel k1
X _(xl » L ""7mn+1)
ko k k
= PAPH(x17x2> T ’xn-i-l)
k ok k
= Palzy, x5, ,CEn,O)

= argmin(a; — 2%)% + -+ (a, — 2°)* 4+ (f(ar, a9, - -+, a,) — 0)?

a€A
Hence
(xllc+17x]2€+17 to ,l’f;rl) = argr{r;in(al - xlf)Q et (an - xZ)Q + (f(ala Ag, - 7an) - O>2
ac
fori=1,---,n
and
xﬁii = f(ﬂ?lf—i_l, $§+1, e 7$§+1)

So, taking the gradient of (a; — 2§)? + -+ + (a, — 2¥)* + (f(a1, a2, -+ ,a,) — 0)?
and setting it to zero, we deduce that

Foreachi=1,2,---.n

of
(xi'chl - Jff) + f(xlf+lvx12€+lv T 7xﬁ+l)%(mlf+l’xér+l’ e 7xfz+1) =0
i
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Therefore,

0
k+1+f( k+1’ 12c+1’...7 Z“)axf'(x’fﬂ,xé“,---’ ZH) —xf (3.2.1)

Multiplying both sides of the equation by ka and taking summation, we obtain

of
k+1 k+1 k:+1 k:+1 s E+1 .k+1 k+1 k k+1
E +E T, e e €L/ AL A E z;

i=1 Oz

which can be concisely rewritten as

||Xk+1H2 + ATV (T = (xF xR

where x* = (2%, .. | 2F)

Now, since f is in class N, f(x**1) > 0 and Vf(x*1)Tx 1 > 0. Therefore we

obtain

I < )
Using Cauchy-Schwartz inequality on the right side of above equation yields
I < [l

Hence, we get ||x"*!|| < ||x*||. Therefore the sequence {x*}3°, converges.
So, assume

Then by equation |3.2.1], for each i = 1,--- ,n we have

of

f( 1, 442, ) n)axl

(L17L27"' 7Ln) =0
So, either f(Ly, Lo, -+ ,L,) =0
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OR
f(Li,Lo, -+ ,Ly) # 0 and 2L(Ly, Ly, -+ ,L,) = 0 for all i = 1,--- ,n. The second

case cannot occur because %(Lh Ly,-+-,L,) =0 for all i = 1,--- ,n means that

Vf(Ly, Lo, -, L,) =0. By hypothesis, V f can vanish if and only if (Lq, Lo, -+ , L) =

0 which in turn implies that f(Lj, Lo, -+, L,) = 0, a contradiction. Hence, we can
conclude that the first case is true, namely f(Lj, Lo, -+, L,) = 0 which in turn leads
to L1 = L2 = = Ln = 0. Hence, Ln+1 = f(Ll,LQ,"' ,Ln> = f(0,0, ,0) = 0.

In short, z¥ — 0. Therefore we conclude that, regardless of the starting point, the
alternating projection algorithm iterates converge to the origin which, by hypothesis,
is the unique intersection point of the sets A and H.

O

Theorem 3.2.6. Let f and g be two class N functions. Let set A be the epigraph of
the function f in R"™1. In other words, A :== {x € R"™ | z,1 > f(x1, 29, -+ ,2,)}
Similarly let B be the set defined as B := {x € R"™ | .1 < —g(x1, 29, -+ ,2,)}
Then, regardless of the starting point, the alternating projection algorithm converges

to origin, the unique intersection point of sets A and B.

Proof. For any starting point x°, x! = P,Pp(x°) lies in A and all the subsequent
iterates also lies in A. So, without loss of generality, we can assume all the iterates
x* lie in A and similarly assume that all iterates y* lie in B.

Now, recall the alternating projection algorithm:

yr = PB(Xk) and x"! = PA(yk) = PAPB(Xk)

1

Since y* = argminy,c 5 ||b — x*|| and x**' = argmin,, ||a — y*||, it is casy to ob-

serve that y* ;= —g(y¥, 9%, --- ,y¥) and 2f1] = f(ayth, 25t ... 28+1). Using the

36



argument as in theorem above we deduce that

o (ko) gl ) S0k ) =k (22)
and
o (FET et gyt o) g—i(x‘f“, ety =yf (3.2.3)
fori=1,---,n

Now, using the fact that f and g are class N functions, a similar argument as in

above theorem yields us the following:

751" + (FF) + g(3") Va(y")Ty* = (y*,x") (3.24)

and

41+ (PO 4 g N VAT = () (3.2)

Since f and ¢ are class N functions, f and g are non-negative functions and
Vo(y*)Tyk, Vf(xMHHTxEL > 0. So, by using Cauchy Schwartz on the right hand

side, we obtain

eI < [
and
[ < [y
Therefore, for all k = 1,-- -, [|x**1|| < [|y*|| and [[y**]| < [|x*||. so the sequence
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{x* }2° , converges. So, assume

x* = L; and yk — L,

Then by equation [3.2.4] and [3.2.5], we get

| Lo|” + (f(L1) + g(L2)) Vg(Lp) Ly = (L, Ly) (3.2.6)

and

L |” + (f(L1) + g(L2)) Vf(L1)"Ly = (Ly, Ly) (3.2.7)

adding the equations [3.2.6| and [3.2.7], we obtain

1Ly — Lof|* + (f (L) + 9(L2)) (Vg(Lo) 'Ly + V. (Ly) ' Ly) =0

. Noting that the left-hand side is sum of two non-negative terms, we obtain L; = L.
Now, using a similar argument as in the above theorem allows us to conclude that
L; = L, = 0 which implies ¥, — f(L;) = f(0) = 0. In other words, x* =
(ak, ... 2F) = 0.

Hence, regardless of the starting point, the alternating projection algorithm iter-
ates converge to the origin which, by hypothesis, is the unique intersection point of

the sets A and B. |
Now, from the above theorem, we can deduce the following

Theorem 3.2.7. Let A and B be two sets in R™ ! with a unique intersection point.
Assume there exists a hyperplane H that strictly separates the sets A and B except at
their unique intersection point. Also, assume that Facea(B) and Faceg(A) are given

by the graph of functions f|yv and g|v respectively, where f|y and g|y are respectively
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the restriction of some class N functions f and g to a neighbourhood V of the inter-
section point. (Refer to ﬁgure for an illustration). Then, regardless of the starting

point, the Alternate Projection algorithm converges to their unique intersection point.

Proof. After a translation and change of coordinates if necessary, without loss of
generality assume that the hyperplane H can be described by the equation {z,; = 0}
and the unique intersection point is the origin (0,0,---,0). Then the result follows

from theorem [3.2.6] O

Facea(B)

Figure 3.5: A and B are examples of sets where Faceg(A) and Faces(B) are graphs
of class N functions.
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3.3 Convex Sets: A Special Case

In this section, we will show that if two sets A and B have the following properties:
1. A and B are closed and convex sets.
2. A and B have smooth boundaries A and 0B.
3. A and B intersect at a unique point q.

4. A and B can be separated by a hyperplane H, whose equation is say
H:(v,)=c

where v is the unit normal vector of H pointing towards A and c is some

constant. That is,

(v,a) > ¢, (v,b) <c (3.3.1)
for all a € A and b € B. Additionally ANH = BN H = {q}.

then, they become a special case of the general sets we considered in theorem [3.2.7]

We will begin by proving that a convex function is a class N function.

Lemma 3.3.1. A non-negative continuously differentiable convex function f : R™ —
RT U {0} with a unique minimizer is a class N function after a suitable translation.
In particular, strictly convex smooth functions are class N functions upto a rigid

transformation.

Proof. 1t is well known that if f is a strictly convex function, f has a unique minimizer.

Assume now that f has a unique minimizer. So, let arg min f(x) = x*. Also, suppose
xeR”

that m = f(x*) = mIiR{n f(x). Then we claim that the translate g(x) := f(x+x*) —m
xeR™
is a class NV function. In fact, it is clear that g(0) = 0 and g(x) > 0. It is also clearly

evident that Vg(x) = Vf(x + x*). Now, since f is strictly convex and continuously
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differentiable, we deduce that V f vanishes only at the minimizer x*. Hence, Vg(x) =
0 if and only if x = 0. Tt is now left to prove that Vg(x)Tx > 0.

In fact, using a variant of Kachurovskii’s theorem, stated below as lemma |3.3.2),
we obtain Vg(x)T(y —x) < g(y) — g(x). In particular, setting y = 0, we obtain
Vg(x)Tx > g(x) > 0.

O

Lemma 3.3.2 (Kachurovskii [41],1960). Let K be a convex subset of a Banach space
Voand let g : K — R U {400} be an extended real-valued function that is Frchet
differentiable with derivative dg(x) : V' — R at each point x in K. (In fact, dg(x) is

an element of the continuous dual space V*.) Then, the following are equivalent:

e g is a convex function;
e (dg(x) —dg(y))(x —y) > 0.
o dg(x)(y —x) < g(y) — 9(x)

Now, we have to show that Faces(B) and Facep(A) are graphs of class N func-

tions.

Remark 3.3.3. From now on until the end of the chapter, we will only prove statements
with respect to sets A and H. Please be aware that corresponding statements and

definitions with respect to sets B and H also holds true.

In this section we will prove that Face4(B) is the graph of a convex function in a
suitable sense. That, along with lemma|3.3.1} will complete our argument that when
the sets A and B are convex sets, we are in the setting of theorem [3.2.7]

We will begin by constructing functions the convex functions f and g. Define
the functions f : Facesa(H) — R and g : Faceg(H) — R as follows: Let a* be the

point closest to h among all points a € A that has the property Py(a) = h. Then,
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f(h) =||a* — h||. In other words, f(h) is the solution to the optimization problem

min fa—hy,
acA s.t. Pg(a)=h

That is,
fh)=  win o fa=h

acAst. Pu(a)=

for all h € Faces(H)
Similarly define

h) = i b—h
90) = gy P P

for all h € Faceg(H). See figure

(3.3.2)

Figure 3.6: H is a hyperplane separating convex sets A and B; Point h is the projec-

tion of point a onto H and f(h) = |]a — h||
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Remark 3.3.4. We have few remarks in order:

(a)

It is easy to see that the Problem has an unique minimizer. Indeed, set
of minimizers of the Problem forms a closed convex set. In fact, the set
P;;' (h) of points x € R"*! such that Py(x) = h forms a closed convex cone,
see Phelps [53] and Phelps [54] (This holds true for actually any set H in an
Euclidean space). Since A is a closed convex set and the intersection of two
closed convex sets is a closed convex set, the set P;'(h) N A of points a € A
such that Pg(a) = h forms a closed convex set. Now, the uniqueness follows
from the fact that the distance of the points in a closed convex set to any
fixed point has an unique minimizer. In particular, the distance of points in

P (h) N A to h has an unique minimizer.

From above discussion, it is clear that we can define a single-valued function
¢r : Faces(H) - A

defined by

¢r(h) = argmin  ||]a— h||
acAst. Py(a)=h

Similarly define ¢, as
bo(h) = argmin [b—h]
beB s.t. Py (b)=h

The points ¢¢(h) are determined by h and f(h). Indeed, ¢¢(h) —h = ¢¢(h) —

Pu(¢r(h)) = Bv for some scalar 5, where v is the unit normal to H (see

equation [3.3.1). From equation (¢pf(h),v) > 0 which implies that (h +
Bv,v) = () + B(v,v) = c+ B|v]|? = c+ B|IV]* = ¢+ B > ¢. Hence
5> 0. Now, f(b) = l¢;(h) — h|| = |8] ||| = |8] = B. Therefore, ¢;(h) =

h + f(h)v. Said differently, if, after a translation, the ambient space is viewed
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as span{H, v}, then ¢¢(h) would have coordinates (h, f(h)). In short, ¢¢(h)
lies on the graph of f in the new coordinate system. Hence, ¢¢(Faces(H)) lies

in the graph, in the sense described above, of f .

Lemma 3.3.5.
Facep(A) C ¢(Faces(H))

where the map ¢y is as defined in part (a) of remark|3.3.4. Similarly,

Faces(B) C ¢4(Facep(H))

. see figure for an illustration.

Proof. We begin by noting that, since A, B and H are closed convex sets, the pro-
jection operators associated with them are single-valued. Hence Faceg(A) = Pa(B)
and Faces(H) = Pg(A). So, our goal is to prove that Pa(B) C ¢¢(Pu(A)). So, let
b € B be an element of B. Let a := P4(b) and h := Py(a). We have to show that

o+ 1

= ¢¢(h) for some h € H. we claim the following:
Claim: a = ¢;(h)

Proof: By definition of ¢¢, we have to show that

a=  argmin Ha—hH

acA st. Pu(a)=h

By definition of &4, a € A and Py(a) = h. Hence, a is in the feasible set of the
optimization problem. So, we are left to prove that it is in fact the minimizer.

So, let us assume, on the contrary, that there exist a € A such that P(a) = h
and Ha — le < Hé - le Since Py(a) = h and Py(a) = h, we can write a = h + fv

and a =h+ BV for some non-negative constants 5 and B ; it is non-negative because
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a,a € A and inequality |3.3.1] Using the assumption Ha —h a—h|,
0<pB<p
Also, convexity of the set A and lemma gives us
(b—aa—a<0)
which implies
(b—a,(3—F)v<0)
Using the above inequality, namely 0 < § < 3, we get
(b—a,v<0) (3.3.3)
Now,
b—a| —[b—a|| =l - flal* -~ 2(a.5) +2
<’ 32 +26(h ) (‘hH + 5% +26(h, v)>

+2(a—4a,b)
(HhH +B2+26c) (‘hH +62+25c>+2<(5 B)v, b)
= (72 52) + 28— D)((v.B) — 0

= (82 - 8%) +2(8 = B)(c — (v.B))

>0 (3.3.4)

where in the last step we used the fact that b € B and (v,b) < ¢ for all b € B.
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Now recall that P4(b) = a. Therefore, we must have

for any a € A. In particular,

o4l <o —]

ddFacea(H))

This is a contradiction to the inequality thereby completing the proof. O
/ )

Figure 3.7: An illustration showing Faceg(A) C ¢s(Facea(H))

We are now in a position to prove that the 'graph’ of f contains Faceg(A).

Proposition 3.3.6. The graph of f contains Faceg(A) where the graph of f is in the
sense that is described in part (b) of remark

Proof. From discussion in part (b) of remark [3.3.4) it follows that graph of f is
¢r(Faces(H)). The result now follows from proposition [3.3.5| O

46



Lemma 3.3.7. Let S be any set in the Euclidean space. Then, for any x such that
|x — Ps(x)]| = dist(x, S) > 0, we have

S = PS(X) € 0S

where 0S denotes the boundary of set S defined by 0S := S\ int(S). In particular,

Facep(A) C ¢¢(Faces(H)) C 0A

Proof. Assume, on the contrary, that Pg(x) € int(S). Then, there exist € > 0 such

let s :=s+ £-X=-. Then,

2 [[x—s]|*

that Ball(s,€) € S. We can choose € small enough so that 0 < ¢ < 2||x —s||. Now,
€ Xx—s

2[jx = '

6
~ (1= gp=gp ) Ix—

(1= ey b= Poto) <l =P

Ix =8| =|lx—s+

which is a contradiction.

For proving the second part of the lemma, let Cy, := Py'(h)N A. Then, from part

(a) of remark we infer that

PC}, (h) = ¢f(h)

for all h € H. Therefore,

¢r(h) € ICy = (P ' (h) N A) C 0A
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except possibly at the intersection point. Note that we used the fact that A is closed
to So, ¢y(Faces(H)) € OA. The other inclusion was proved in lemma [3.3.5 O

We will now proceed to prove that f and g are convex functions. But before we
do that we need a lemma. Although the projection to an affine linear space is not a

linear operation in general, it has the following nice property:

Lemma 3.3.8. Let H = p + K be a affine linear space in a Hilbert space, where K
s a vector subspace and p is a point in the Hilbert space. Then, for any Xi,Xs and
scalar \,

PH()\Xl + (1 — )\)Xg) = /\PH(Xl) + (1 — )\)PH(X2>

Proof.

Pu(Axi + (1 = A)x2) =p+ Pr(Ax1 + (1 = N\)x2 — p)
=p+Pr(Ax1 —p) + (1 - A)(x2 — p))
=P+ APk(x1 —p) + (1 = A)Px(x2 — p)
= AP+ Px(x1 —p)) + (1 = A)(p + Pr(x2 — p))

= \Pu(x1) + (1 — NPy (%)

Note that we used the linearity of the projection operator to a linear space in the
third step above. O

Lemma 3.3.9. The functions f and g defined above are smooth convex functions

Proof. We will prove that f is convex. The proof of g being convex is similar.

Let hy, hy € Faces(H). Firstly, recall that

f(h) = min la—hl|,

acAst. Py(a)=h
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So, let

a;, = arg min |la — hy|
a€A s.t. Pu(a)=h;

for each i = 1,2
Then, f(hl) = Ha1 — hl” ,f(hg) = Ha1 — hQH ,PH<211) = hl and PH(&Q) = hg.

Since a hyperplane is an affine linear space, we can use lemma and get

Pr(Xa; + (1 — Nas) = MPp(ar) + (1 — A\)Prlas) = Ahy + (1 — \hy  (3.3.5)

We also have

|Aa; + (1 — N)ag — Pu(Aa; + (1 — Nag)|| = |[Aay + (1 — Nay — (Ahy + (1 — A)hy)||
= [[Mar —hy) + (1 = A)(az — hy)||
< Alar —hyf[ + (1 = A) [Jag — hy|

= Af(hy) + (1 - A)f(hy) (3.3.6)

By definition,

f(Ahy + (1 = Mhy) = la— (Ahy 4 (1 = A)hy)]|

min
acA s.t. PH(a):Ahl-i-(l—)\)hg
So, from equations and the fact that Aa; + (1 — A)ay € A since A is a
convex set, we deduce that
(O + (1= A)hs) < Af(hy) + (1= A)f(hy)

Now, we will prove that f is a smooth function. Since a function is smooth if and
only if its graph is a smooth set, using proposition [3.3.6 we obtain that f is smooth if

0A is smooth which indeed is the case by assumption in the beginning of this section.

49



Therefore, f is a smooth function. A similar argument shows that ¢ is a smooth

function. []
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Chapter 4

Alternating Projection Algorithm

for Matrix Completion

4.1 Introduction to Matrix Completion

The last two decades have witnessed a resurgence of research in sparse solutions
of under-determined linear systems, matrix completion and recovery. The matrix
completion problem was inspired by the Netflix problem (cf. Netflix [50]) and was
pioneered by Candes, Recht, 2010 [I2] and Candes and Tao, 2010 [I4]. The problem
can be explained as follows. One would like to recover a matrix M € R™" from a
given set of entries M;;, (i,7) € Q@ C {1,--- ,m} x {1,--- ,n} by filling in the missing
entries such that the resulting matrix has the lowest possible rank. In other words,

we solve the following rank minimization problem:

Xr%in rank (X): such that Ag(X) = Aq(M), (4.1.1)
E mxXn

where Aq(X) = Aq(M) means the entries of the matrix X are the same entries of
matrix M for indices (7, ) € Q. In general, Aq could be any sampling operator, like

for example a Gaussian sampling operator Aq(X) = (G, X) where G is a matrix with
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entries from a normalized Gaussian distribution. Clearly, if we are only given a few
entries, say one entry of matrix M of size 2 x 2, we are not able to recover M even
after assuming that the rank of M is 1. There are necessary conditions on how many
entries one must know in order to be able to recover M. Information theoretic lower
bound can be found in Candes and Tao [14].

There are many approaches to recover such a matrix developed in the last ten
years. Omne popular approach is to find a matrix with minimal summation of its

singular values. That is,

min {| X[,  Aa(X) = Ag(M)}, (4.1.2)

XeRmXxXn

where || X||, = 328, 0;(X) is the nuclear norm of X with & = min{m,n} and o;(X)
are singular values of matrix X. It is known that f(X) = || X]|. is a convex function

of X. So, the above problem (4.1.2)) is a convex minimization problem. By adding

1
X”X | to the minimizing functional in (4.1.2)), the resulting minimization problem

can be solved by using Uzawa type algorithms in [Cai, Candes, Shen, 2010[10]] or
solved by using its dual formulation, e.g. in [Lai and Yin, 2013[44]. The mini-
mization in (4.1.2) can also reformulated as a fixed point iteration and Nestrov’s
acceleration technique can be used. See [Ma, Goldfarb, Chen, 2011[46]] and [Toh
and Yun, 2010[63]]. This constrained minimization is usually converted into
an unconstrained minimization using the Lagrange multiplier method or the aug-
mented Lagrange minimization method. The alternating direction method of multi-
plier (ADMM) can be used to complete a matrix. See [Tao and Yuan, 2011[60]], and
[Yang and Yuan, 2012[73]], Many researchers have studied the matrix completion via
variants of the constrained convex minimization approach.

Certainly, rank completion is also studied by using other approaches. See [Jain,

Meka and Dhillon, 2010 [39]] for the singular value projection method and [Wen, Yin,
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Zhang, 2012[71], [Tanner and Wei, 2016[59]] for alternating least squares, the SOR
approaches, steepest descent minimization approaches. See [Lai, Xu, Yin, 2013[45]]
for ¢, minimization approach for ¢ € (0,1). In addition, a greedy approach, e.g. or-
thogonal matching pursuit (OMP) and iterative hard thresholding approach can be
used as well. See [Wang, Lai, Lu, and Ye, 2015 [69]] and [Tanner and Wei, 2013[58]].
Iteratively reweighted nuclear norm minimization, Riemannian conjugated gradient
method, and alternating projection algorithm in [Mohan and Fazel, 2012[48]], [Van-
dereycken, 2013[65]], [Cai, Wang, and Wei, 2016[11]], [Wei, Cai, Chan, and Leung,
2016[70]], [Jiang, Zhong, Liu, and Song, 2017[40], and etc.. Among all these algo-
rithms, the computational algorithm proposed in [69] seems the most efficient one in
completing an incomplete matrix. However, the absolute accuracy of the completed
matrices is still a question. It is a popular practice to use the relative Frobenius norm
errors, i.e., |M — My||r/|M||r where M is the kth iteration from a matrix comple-
tion algorithm, to measure the accuracy for a given matrix M of size m x n. When
the size of M is very large and so is ||[M||r and the missing rate 1 — |Q|/(mn) << 1
small or |Q2| &~ mn, the relative Frobenous norm error will be very small anyway and
hence will not be a good measure of errors, where € is the set of the indices of known
entries. Instead, we would use an absolute error measurement such as the maximum
norm of all entries of the residual matrix M — M, to check the accuracy of the com-
pleted matrices. With absolute error measurements, many of the existing algorithms
mentioned above fail to produce an accurate recovery. Certainly, the main possible
reason may be attributed to the relaxation gap stemming from the relaxation of the
rank minimization problem. It remains an open problem to find sufficient conditions
which ensure the uniqueness of the minimization. However, some sufficient condi-
tions are unrealistic, e.g. only one entry is missing. Designing efficient, scalable and

commercially useful matrix completion algorithms is an active area of research. A
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numerical study of the Alternating Projection algorithm as applied to matrix com-
pletion is found in reference Jiang et al. [40]. We were aware of the good numerical
performance of the algorithm prior to the publication of the reference. However, we
would like to analyze why the algorithm is convergent, under what kind of conditions
the algorithm is convergent, and under what situation the convergence is linear.
The rest of this chapter is organized as follows. In the next section, we study the
convergence of the AP algorithm. The section is divided into three subsections. We
first study the case when the guess rank r; is the same as the rank of the matrix to
be completed. Next we study the remaining case when 74 is not the same as the rank
of the matrix whose known entries are given. In the section |4.3] we will demonstrate
the excellent performance of the AP algorithm when starting from an initial matrix
obtained using the ORIMP algorithm in Wang et al. [69]. An application to image
processing will also be shown to demonstrate the effectiveness of the AP algorithm.
Finally, we will conclude this chapter with some remarks on the existence of matrix

completion.

4.2 APA for Matrix Completion

For convenience, we will work with square matrices. All our results would hold true
for rectangular matrices as well. Let M, be the manifold in R™ consisting of n x n
matrices of rank r and denote by Py, the projection operator onto the manifold M,..
Fix a rank r matrix M of size n x n (see remark [£.2.1)). Next consider the affine space
Agq defined as follows:

Agq :={X | Pa(X — M) =0}.

The affine space Aq consists of matrices which has exactly same entries as M with
indices in €. Although it is a convex set, Agq is not a bounded set. Starting with an

initial guess Xy = Pqo(M) or a good initial guess (see our numerical experiments near
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the end of this section), the Alternating Projection (AP) Algorithm can be simply

stated as follows:

Algorithm 4: Alternating Projection Algorithm for Matrix Completion

Data: Rank r of the solution M, the tolerance ¢ whose default value is 1e-6
Result: X, a close approximation of M
Initialize Xy = Pqo(M) or any other good guess;
repeat
Step 1: Y = P, (Xk)
Step 2: Xk-Jrl = P_AQ(Yk)
until ||Xk+1 — Xk” < €

In Algorithm [4] above, the computation of the projection Py, can be realized easily
by using the singular value decomposition and Eckart-Young-Mirsky theorem (Eckart
and Young [20]). Py, is the projection onto Ag. The computation Py, (Y%) is ob-
tained simply by setting the matrix entries of Y, in positions 2 equal to the cor-
responding entries in M. Therefore, the algorithm is simple and easy without any

computationally intensive minimization steps.

Remark 4.2.1. (a) An important issue is the distribution of Q C {(7,7),i,7 =
1,---,n}. Clearly, if a column of M is completely missing, one is not able
to recover this column no matter what rank r of M is and how large m = |Q|
is. If we let x € R ™™ be the unknown entries of M, the determinant of the
sub-matrix of any r 4+ 1 rows and 7 + 1 columns of M will be zero which forms

a polynomial equation with coefficients formed from known entries M|g. We

n

; +1)2 submatrices from M which will result in

have n?2 — m unknowns while (

2

( " )2 polynomial equations. Since we have n?> —m < n? — 2nr +1r? = (n —r)?

r+1
n

. +1)2 equations, the system of polynomial equations is overde-

unknowns and (
termined. We have to assume that the system is consistent, i.e. the system has
a solution. Otherwise, the overdetermined system has no solution, i.e. the ma-

trix M can not be completed. Hence, for the rest of this chapter, let us assume

that the overdetermined system of polynomial equations have a solution, i.e.
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M can be completed. In fact, If one randomly chose values for the entries in a
fixed location set €2 of a matrix, one will most always not be able to complete
the matrix to a rank r matrix. See Theorem [4.4.3 Hence, we shall discuss the
convergence of the AP algorithm under the assumption that the given entries

are from a rank r matrix to begin with.

As discussed in the remark [4.2.1] for the rest of this section, we shall assume
that the given entries are from a matrix of rank r. However, in general, we do not
know the rank 7 of M in advance. Thus, we have to make a guess of r. Let r, be a
guessed rank. As we know, any reasonable choice of r, must satisfy m > 2nr, — rg,
we still have either r, < r, r, =r or r;, > r. When r, = rank(M), we can show that
Algorithm [4] converge to M, linearly. Otherwise, when 7, # rank(M), Algorithm
converges to a matrix which has rank at the most r, under some conditions and may
not be the desired matrix M. Thus, this section is divided into two parts. We shall

discuss the two cases in the two subsections.

4.2.1 Convergence of Algorithm 4 When r, = Rank(M)

We start with some preliminary results.

Lemma 4.2.2. Let L be a linear subspace of R". Suppose P, denote the orthogonal

projection onto L. Then, for any x € R"
\lz|| = || P.(z)|| if and only if x € L

Equivalently,
| Pr(x)|| < ||z|| if and only if x ¢ L

Proof. The ’if’ part is clear. So, let us prove the 'only if’ part.

Let ly,ls,-- -1 be a orthonormal basis of L. Extend it to a orthonormal basis
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l1,l5,-- -1, of R". Then,

and

lzl* = (e, )* = 1PL@)I” + Y (o 1)?

i=1 i=k+1
Now it follows that if ||z|| = || Py ()|, then Y7, ., (z, 1,)* = 0, which implies (,[;) =
0 for all i > k + 1. Therefore, z = YF  (,1;)l; € L. O

Lemma 4.2.3. Let Ly and Ly be two linear subspaces of R™. Suppose Pr, and Py,
denote the orthogonal projection onto Ly and L respectively. Then, Ly N Ly = {0} if
and only if

| P, Pr, || < 1. (4.2.1)

Proof. Assume LiNLy = {0}. Let z # 0 € R". Then if Pp,(z) = 0, then P, Py, (z) =
0 < ||z||. Otherwise, Pr,(z) # 0. Since L; N Ly = {0}, Pr,(z) € Ly. Therefore, using
Lemma [£.2.2] we get

1P, Pry ()| < [Py ()| < [[Pra )] < [le]] -

Hence, we have

1PL, Pry ()| < [l]

for all non-zero x # 0 € R™. So,
| Pro Pr, || < 1.

To prove the other direction, assume ||Pr,Pr, || < 1. Assume, on the contrary, that
LiN Ly #{0}. Let x # 0 € Ly N Ly be a nonzero vector in the intersection. Then
Pr,Pp,(z) = Pp,(z) = x which implies that ||Pp, P, (x)|| = ||z||, contradicting the

assumption. O
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Lemma 4.2.4. Let M € M,. Then the projection operator Pp, is well defined

(single-valued) in a neighborhood of M and is differentiable with gradient

VP, (M) = Py, ), (4.2.2)

where T (M) is the tangent space of M at M and Py, ) is the projection operator

onto the tangent space.

Proof. Since the projection Py, of a matrix X is obtained by hard thresholding the
least n —r singular values, we see that the projection is unique if o,.(M) # 0,41 (M) >

0. Now consider the neighborhood V' of M given by

(M
VF{XEW”HW—MM<UZ)}

Then, by Weyl’s [72] or more generally Mirsky’s [47] perturbation bounds on singular

values, we have

or (M)
o7 (X) = o (M) < [|X = M||p < —
and
(M)
|041(X) — or i (M) < [ X = M| < 4
Hence, noting o,,1(M) = 0, we observe that
(M 3o,.(M
or11(X) < o (M) < (M) < o.(X).

4
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In particular,

0r(X) # 01 (X).

Therefore, Py, is single valued in the neighborhood V.

For second part of the result, we refer to Theorem 25 in Feppon and Lermusiaux
[27] which is stated below. We have changed the notations for ease of reading. In
particular, note that although the X has rank greater than r in Feppon and Lermusi-
aux [27], its easy to see that their proof goes through when X has rank greater than
or equal to r. Intuitively, it is easy to see that the gradient vector of the projection
Py, of smooth manifold M, at M will be the projection onto the tangent plane T4,

at M in general. O
The following result was used in the proof above.

Theorem 4.2.5 (Theorem 25 in Feppon and Lermusiaux [27]). Consider X € R™*™

;:1 aiuiv; be its SVD decomposition,

with rank greater than r and denote X = )
where the singular values are ordered decreasingly: o1 > o9 > -+ - 0,1k. Suppose that
the orthogonal projection Py, (X) of X onto M, is uniquely defined, that is o,.(X) >
0r11(X). Then Py4,, the SVD truncation operator of order r, is differentiable at X

and the differential in a direction Y is given by the formula

Vy Pum, (X) =Py, (pr, (x))(Y)

Oy Orii B ~

i — O T + Oryj

where

1
0 —=(upjof £ Ui“rlj)

., = %
are the principal directions corresponding to the principal curvature of the manifold

of rank-r matrices.
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We are now ready to establish the convergence of Algorithm [4] under a sufficient

condition.

Theorem 4.2.6. Assume Ta,(M)NTw, (M) = {0}. Then Algorithm[j converges to
M locally at a linear rate, i.e. there exists a neighborhood V- around M such that if

Xo €V, then there exists a positive constant ¢ < 1 such that

Xk = M| < ¢ [| X0 — M, (4.2.4)

where Xy 1s the kth iteration from Algorithm 1.

Proof. For notational convenience, let

f(X) = Pag(Ppm, (X)),

Note that Agq is an affine space, the gradient VP4, of the projection P4, is the
projection onto the tangent space of the affine space Aqn. By Lemma and chain

rule, we have

(VX)) = Pra, o) (P, ) (X))-

as Ty (M) =Ty, (X) for all X.

Now from the definition of differentiability of f at M, we have

IS0 = FM) = V(M) - (X = M)

=0.
XM I|X — M]||

Hence, there exist an open ball V| say a ball V' = B, (M) centered at M of radius rg
around M such that, for all X € V

If(X) = f(M) = Vf(M) - (X - M)
X — M|

<,

where € = % > 0.
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Using our hypothesis and Lemma [£.2.3] we have

IVSODI = || Pragoon Pran| < 1

. Therefore, for all X € V', we use M = f(M) to have

[F(X) = M| = [[f(X) = fF(M)]]
< [FX) = f(M) = V- (X = M)|[ +[[VF(M)- (X = M)
< e[ X = M|+ [[VFM[I(X = M)
= (e + [[VFADI) X = M]]

1+ |Vf(M
< LEIVIONL ey

where w < 1since [|[Vf(M)]| < 1 as discussed above.

w < 1, we can rewrite the above inequality as follows:

Setting ¢ =
|f(X) — M| <c||X —M| forall X € V. (4.2.5)
Hence, if X}, € V = B, (M), we use X1 = f(X) to have

[ Xbr = M| = [[f(Xi) = M| < c[| X = M| <rg

which implies Xy, € V = B, ,(M). So, if the initial guess X, € V, we have, by

induction,
X, € Vforall k
and
[ Xk = M| < | Xo — M.
We have thus completed the proof. ]
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We will now derive certain equivalent conditions for hypothesis T 4, (M)NTp, (M) =
{0} of the above theorem. Let us recall the following fact well known in the literature.

For the sake of completeness, we include a proof.

Lemma 4.2.7. The tangent space T, (M) has an explicit description as follows:
T, (M) = {XM + MY | X eR”" and Y € R”X”} . (4.2.6)

Proof. First recall that the tangent space Ty, (M) to a manifold M, at a point M is
the linear space spanned by all the tangent vectors at 0 to smooth curves v : R — M.,
such that v(0) = M.

Now let M € M, be a n X n matrix of rank r. We can write M = X,Y," where
X0, Yy € R and both X, and Yy have full column rank. This is possible because
M has exactly rank 7.

Let v(t) = X(t)Y(t)" be a smooth curve such that X(0) = Xy and Y (0) = Yj.
Hence, v(0) = XoY," = M. Since X, and Y; have full column rank, X and Y, have a
r X r minor that does not vanish. Since nonvanishing of a minor is an open condition,
there exist an open neighbourhood of M to which if we restrict the curve v, we can
assume X (t) and Y (¢) have full column rank. In other words, we can assume, without
loss of generality, that X (¢)" X (¢) and Y'(t)TY (t) are invertible r x r matrices for all

t.
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Using product rule, we obtain

7(0) = X(0)Y(0)" + X (0)Y(0)"
= X(0)Y, + X,V (0)7
= X(0)(X] Xo) ™ (X] Xo)¥yT + Xo(Y)Y)(¥5 Y)Y (0)
= (X)X X0) ' X] ) (Xo¥y) + (Xo¥g) (Vo0 ¥) 1Y (0)7)
= ()0 X0) X ) M+ M (Y0 Y)Y (0)")

e{XM+MY |X eR”" and Y e R""}.
Now, to prove the reverse inclusion, let
AM + MB € {XM + MY | X e R™" and Y € R""}
. Consider the smooth curve () = X (¢)Y (t)" defined by
X(t) = t(AX,) + Xo

and

Y(t)=t((YoB)") + Y.

An easy computation shows that v(0) = M and 4(0) = AM + M B. Hence, we get

the equality

Tog, (M) = {XM + MY | X € R"" and Y € R"™"}

T

This completes the proof. O
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One can consider Ty, (M) as a linear space in R"™ by rewriting it as

(X7)

T, (M) = Range(Th) = T - | X e R and Y € R™"

Ya

where T}y is a block matrix of size n? x 2n? consisting of 2n3 blocks of size 1 x n, X!
and X; denotes the i row and j™ column of a matrix X respectively.

Explicitly, Ty, would take the form

MlT Ol---10of -~ -]~ loI/ ML O | ---| ---]--c|---10

Ty =
0 |0 0 ]\4]»T 0 101 0 0 | M| O 0
where the each row corresponds to each index in {1,2,--- n} x {1,2,--- n}.

Let T5: and T5y denote the matrix obtained from Tj; by choosing the rows cor-

responding to €2 and Q¢ respectively.

1 4
Example 4.2.8. Suppose M = and = {(1,2),(2,1)}. Then
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Ty =
0 0|4 8/0 02 8
and ) _
4 8/0 00 01 4
0 0[1 2|2 80 O
Ty =

Ezxample 4.2.9. Suppose M = | 9 3 12| and Q = {(1,1),(1,3),(2,2),(3,1)},

6 2 8
Then )
-39 6/ 0 000 O0O0l-3 -1 —4|/0 0 010 0 0
—4 12 8/ 0 0 0] O O O] O 0 0l00 0|-3 -1 —4
Ty =
0O 0 0|-1 3 2|0 0O0]O0 0 019 3 12| 0 0 0
i O 0 0|0 O0O0|-39 6|6 2 10 0 0|0 0 0 |
-13 2,0 0 0|0 O O/OO0 O|]—-3 -1 —-4/0 0 O
O 00|-3 9 6/0 0 0|9 3 12| 0 0 010 0 O
T]\g}[c = 0O 00|—4 12 8/ 0 0 0|00 01O 0 019 3 12
0O 00|00 O O|—-1 3 2|/00 016 2 810 0 0
0O 00| 0 O 0]|—4 12 8/00 010 0 0|6 2 8
and

65



Tv=|-13 2,0 0 0[0 0 O0/0 0 0|-3-1-4/0 0 0

o o o000 O0O}|-1 3 20 0 0|6 2 8|0 0 0

o o0 00 O O0O|-412¢80 0 O0O}0 O 0|6 2 8

Next we need

Lemma 4.2.10. The tangent space T, (M) at M can be given explicitly as follows.

Tao(M) = {X € R™" | Py(X) =0} (4.2.7)

Proof. Recall that
Ay i ={X | Po(X — M) =0}.

Since Po(X — M) = Po(X) — Po(M) = Po(X) — Pa(Pa(M)) = Po(X — Pa(M)), we
get that the set Aq is a translation of the linear space {X € R™*™ | Po(X) = 0} by
Po(M), ie.

Ag = {X e R | Po(X) = 0} + Po(M)

Hence we have that the tangent space of A at M is equal to the tangent space of
the vector space {X € R"*" | Po(X) =0} at M — Po(M). But the tangent space of

a vector space at any point is the vector space itself. Hence the result follows. O
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With the above preparation, we have following proposition:

Proposition 4.2.11. The following statements are equivalent:

1. Tao (M) N Taq, (M) = {0}
2. Rowspace (T]\%C) C Rowspace (TJ\S}[)
3. Rank (T3}) = 2nr — r?, where r = Rank(M)

4. The matriz V(M) of size |Q| x |Q| defined by

4
0 i # iz and j1 # jo
<Mj17 Mj2> il = 7;2 and jl 7é j2
Q
Vv(ilJl),(iQ,jz)(M) = ' ‘ (428)
(M, M) i1 # iy and j1 = js
M+ M| iy = iy and ji = o

\

has rank 2nr — r?, where M; stands for the jth column and M* for the ith row

of M.

Proof. (1) <= (2) Note that the elements of T4, (M)NTr, (M) consists of matrices
of the form X M + MY such that the elements in positions € is zero by Lemmas 4.2.7
and [4.2.10] Hence, observing that T, (M) can be considered as the range of Ty, and
that the rows of Ty, correspond to each index in {1,2,--- ,n} x{1,2,--- ,n}, we can

conclude that T s, (M) N T, (M) = {0} if and only if

NullSpace (T§) € NullSpace (T5¥)
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which is equivalent to

NullSpace (TJ\(}I)L O NullSpace (Tjg\};)L
The result follows by noting that

Rowspace (T]\%) = NullSpace (T]{};)L

and

Rowspace (Tz\%) = NullSpace (T]\S})L .

(2) <= (3) We begin by recalling that dimension of a tangent space is equal to

dimension of the manifold. So, dim (T, (M)) = 2nr — r?. Now
2nr —1r? = dim(Tn(M)) = dim(Range(Ty)) = Rank(Ty) = Rank (Rowspace (Ty)) .

Now the equivalence (2) <= (3) follows by recalling that Ty and T were obtained
from Ty, by choosing the rows corresponding to €2 and §2¢, respectively
(3) <= (4) The equivalence follows from fact that V(M) = T3 (T]\S}[)T. Hence

Rank(V(M)) = Rank(T5L). O

Remark 4.2.12. Note that the size of the matrix T} is || x 2n? which is considerably
larger than the size of the matrix V(M) which has size || x |Q|. Therefore, since
rank computation is a memory intensive process, it is much efficient to check the
statement (4) of above proposition as compared to statement (3).

In general, the rank of V(M) is less than or equal to 2nr — r2. The equality occurs

when the tangent spaces intersect trivially.

The following example is an illustration of the linear convergence of the error when

the condition T4, (M) N T, (M) = {0} is satisfied.
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Ezample 4.2.13. We find a 15 x 15 matrix M of rank 2 which has 28% of entries

missing. A straightforward computation shows that Rank(V®(M)) = 2nr—r2. Hence,

M satisfies the condition Tx, (M) N T, (M) = {0}. Hence, by Theorems and

0.3474
0.1502
0.3853
0.2174
0.2124
0.1026
0.2429
0.3848
0.3698
0.3631
0.2081
0.5203
0.4871
0.0287
0.2602

and

0.1502
0.3853
0.2174

0.1026
0.2429

0.3631
0.2081
0
0.4871
0.0287
0.2602

0.0897
0.0414
0.1079
0.0577
0.0493
0.0238
0.0600
0.0895
0.1015
0.0880
0.0480
0.1334
0.1231
0.0122
0.0617

0.0897

0.1079
0.0577

0.0238
0.0600

0.1015
0.0880
0.0480
0.1334
0
0.0122
0.0617

0.3971
0.2196
0.5912
0.2760
0.1453
0.0701
0.2290
0.2658
0.5311
0.3138
0.1369
0.5792
0.5111
0.1183
0.1997

0.3971

0.5912
0.2760
0.1453
0.0701
0.2290
0
0.5311
0.3138
0.1369
0.5792
0.5111
0.1183
0.1997

0.4644
0.2450
0.6542
0.3160
0.1940
0.0936
0.2798
0.3538
0.5943
0.3919
0.1850
0.6812
0.6090
0.1173
0.2577

0.2450
0.6542

0.1940
0.0936
0.2798
0.3538
0.5943

0.1850
0
0.6090
0.1173
0.2577

0.4168
0.2731
0.7544
0.3141
0.0662
0.0318
0.1972
0.1248
0.6536
0.2395
0.0542
0.5942
0.4961
0.2001
0.1230

0.4168

0.7544
0.3141
0.0662
0.0318

0.1248
0.6536
0.2395
0.0542
0.5942
0
0.2001
0.1230

0.7576
0.4415
1.1986
0.5394
0.2317
0.1117
0.4141
0.4257
1.0640
0.5511
0.2139
1.0977
0.9538
0.2658
0.3353

0.7576
0.4415
1.1986

0.2317
0.1117
0
0
.0640
.5511
.2139

.9538

1
0
0
1.0977
0
0.2658
0

.3353

o

.8206

o

.4293

-

.1445
5562
3503
1691
.4982
6385

= O O O O ©o

.0419
7003
.3347
1.2049
1.0797
0.2007
0.4628

0.8206
0.4293

0.3503
0.1691
0.4982

1.0419
0.7003
0
1.2049
1.0797
0.2007
0.4628

where 0 stands for the unknown entries.

-

= O O

(=

0

e

o =

o

= O O O O ©o

.8161
.4358
.1660
5582
3303
1594
4864
6028
0562
6776
.3141
.1953
.0652
.2154
.4422

3279
1859
5024
2305
1109
0535

o O O O O o O

1846
0.2032
0.4488
0.2496
0.1036
0.4769
0.4178
0.1057
0.1558

0.3279

0.5024
0.2305
0.1109
0.0535
0.1846

0.4488

0.2496
0.1036

0.1558

0.3851
0.1574
0.3985
0.2358
0.2539
0.1227
0.2785
0.4595
0.3894
0.4217
0.2498
5797
5487
0156
3070

f=]

.3851

o

.1574

0.1227

0.4595

o

.3894

0.2498

o

.5487

o

.0156

o

.3070

o

o o

o

o O O O O O O O O O ©o o o o ©

o o©oO O ©

| we know that Algorithm {| will converge in a linear fashion.

0825
0493
1343
0594
0228
0110
0439
0421
1186
0575
0208
1192
1028
0311
0341

.0825

.1343
.0594

.0110

0575
0208
1192
1028

0341

0.4742
0.2386
0.6315
0.3160
0.2216
0.1070
0.2974
0.4033
0.5806
0.4246
0.2133
0.6992
0.6328
0.0991
0.2867

0.2386

0.3160
0.2216

0.2974

0.5806
0.4246
0.2133
0.6992
0.6328
0.0991
0.2867

0.7684
0.4502
1.2231
0.5484
0.2302
0.1110
0.4176
0.4232
1.0845
0.5540
0.2120
1.1126
0.9651
0.2738
0.3353

0.7684
0.4502
1.2231
0.5484

0.1110
0.4176

1.0845
0.5540

0.9651
0.2738
0.3353

Notice from the graph in Figure [£.1] that as the iterations progress, the X,

eventually land in a neighborhood of M where the convergence become linear.
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0.6113
0.3087
0.8176
0.4080
0.2835
0.1368
0.3823
0.5159
0.7511
0.5451
0.2726
0.9011
0.8148
0.1297
0.3673

0.6113

0.8176
0.4080

0.1368
0.3823
0.5159

0.5451
0.2726
0.9011
0.8148
0.1297
0.3673

would

0.3832
0.1999
0.5325
0.2594
0.1647
0.0795
0.2332
0.3002
0.4852
0.3282
0.1575
0.5627
0.5047
0.0927
0.2173

0.3832
0.1999
0.5325

0.1647
0.0795
0.2332
0.3002

0.1575
0.5627
0.5047
0.0927
0.2173
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Figure 4.1: Linear Convergence of the Iterations from Algorithm

The construction of T§} enables us to choose € such that T3} is of full rank. We

end with this subsection with the following

Corollary 4.2.14. Given M with rank r, for any integer m such that 2nr — r? <
m < n?, there exists a subset  with m = |Q| such that V** is of full rank, equivalently
Tae (M) N Trg, (M) = {0} and Algorithm[j] can find M in a linear fashion for a good

wnitial guess.

Proof. We mainly choose €2 such that the corresponding rows of Ty; which form T3

of rank 2nr — r2. Then Theorems [4.2.11| and [4.2.6/ can be applied. ]

4.2.2 Convergence of Algorithm [4 When r, # Rank(M)

In this subsection, we show that the algorithm does converge under certain reasonable
assumption irrespective of whether our guessed rank r, is same as the rank r of matrix

M or not. We begin with two trivial results.
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Lemma 4.2.15. Let Y), and X1 be the matrices we obtain in the step 1 and step 2

of the k' iteration of Algorithm @ Then

(Ye)ig if (i,5) € Q

M; ; Otherwise.

Xpp1 =

That is, Xy11 is the orthogonal projection of Yy, onto Aq.

Lemma 4.2.16. Let X, = UXV' be the standard singular value decomposition
with 3 = diag{oy, -+ ,0,}. Then

Vi1 =USVT

where X = diag{o, - -- 07,0, , 0}

Also Y41 1s the orthogonal projection of X1 onto M, .

M, , the collection of nxn real (complex) matrices of rank 74, forms a quasi-affine
real (complex) variety and is a manifold of real (complex) dimension r,(2n — 7).

It is well known that Y}, obtained from X by SVD truncation, is the orthogonal
projection of Xj onto M,,. Hence, X; — Y} must be orthogonal to the tangent space
of M, at Yj. Recall from earlier section that tangent space of M, at the point X
is given by

Tpm,,(X) = {AX + XB,AcR™™ Be R”X”}

Lemma 4.2.17. Y}, satisfies:
(AY, + YiB, X, — Yy) =0 for all k, A € R™"™ and B € R™".

Proof. Let X, = USVT and Y}, = UXVT, where ¥ = diag{oy, -+ ,0,} and ¥ =

diag{oy,---,0,,,0,---,0} be the singular value decompositions of X} and Y}, respec-
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tively.

<AYk + YkB,Xk — Y}g = Trace Xk — Yk AY}C + YkB))

— Trace (V(E — 5) UTAYk) + Trace (V(E - f])UTYkB>

((
\
= Trace V(S = £)UTAUSV) + Trace (V(S - £)UTUSV' B)
— Trace (VTV (-5 UTAUE) + Trace (V(E - z":)i:vﬁa)

(=

— Trace (2(Z — %) UTAU> + Trace (V(E - f])f]VTB>
=0.
The last step uses the fact that (X — ) = (£ — X)X = 0. O

From the definitions, it follows that

| Xk — Yl > [| Xkt — Yel| = || Xos1 — Yiaa|| for all &. (4.2.9)

From equation (4.2.9)), we observe that || X — Y%|| is a non-increasing sequence bounded

below by 0, it thus converges to its infimum. Thus, we have

Lemma 4.2.18. The sequence

[ Xk — Y|
CONVETGES.
So let
L = lim||X;, — Y% (4.2.10)
Next we have
Lemma 4.2.19.
X1 — Xill® + [ Xesr — Yl = [ Xe — Vael? (4.2.11)
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Proof. The result (4.2.11)) follows from Lemmas [4.2.15 and 4.2.16| In fact we have

used the fact (Xj1 — Xg, Xpr1 — Yi) = 0 to have (4.2.11]). O

Lemma 4.2.20. The series

D Xker = Xa)®
k=1

converges. In particular

H)(k+1 —-)(kH — 0.

Proof. We use (4.2.11)) and (4.2.9) to get
1Xh = Yall* > [ X1 = Xell® + [ X1 = Ve

summing both sides from k£ = 1 to n we get

S = Yl 2 37 X Xl 3 X — Vi
k=1 k=1 k=1

From which it follows that

10 = Vil 2 X0 = Yall? 3 1 X = Xl 2 D 1 Xen — Xl
k=1 k=1

Thus the partial sums of the 3 || X411 — Xi|* forms an non-decreasing sequence

bounded from above. The result follows immediately. m

Lemma 4.2.21. The series

2

> (X = Yi)ae
k=1

converges. In particular

H()(k‘_’Y%)QC — 0.

73



Proof.

1 Xkt — Xell” = [[(Xn1 — Xe)all® + 1(Xer1 — Xi)oe|®

= [[(Xks1)o — (Xi)al” + |(Xir1)or — (Xi)oe|”

= | Ma — Mo||* + ||(Xys1)ae — (Xi)ae |

= [|(Xit1)ae — (Xi)ae|*.

Now noting that (Xii1)oc = (Yi)qe the above equation simplifies

1 Xe1 = Xl = | (Yi)ar — (Xi)ae||”

Summing both sides and using Lemma [4.2.20] the result follows. O

With the above preparation, we are finally ready to establish the main convergence

result in this subsection.

Theorem 4.2.22. There exist a subsequence of (Yy)q that converges, say without loss
of generality, (Yi)o — y*. Assume that there are only finitely many rank-r matrices
Y such that Po(Y') = y*. Then there exist subsequences Xk, and Yy, which converge,

say Y* and X* such that

Xy, = X" and Yy, — Y™

QCZY*

Furthermore, we have X* qc and

X* € Ag and rank(Y™) <r,. (4.2.12)

Proof. By Lemmal4.2.18) || X} — Yi| — V'L, we see that the sequence | Mq — (Yi)al|| =
1(Xe)a — Vi)l < 2V for all k > 1 without loss of generality. It follows that

|(Yi)all , £ > 1 are a bounded sequence and hence, [|(Yy)q|| < C; < oo for a positive
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constant C and (Y;)q — y* without loss of generality

Under the assumption that there are finitely many Y™ € ./\/l—Tg such that Po(Y') = y*,
we next claim that Y, k£ > 1 are bounded. Indeed, for any matrix Y € /\/l—rg, the set
of matrices with rank < rg, if we write the entries in Yo as variables, say x € R —m
while the entries Y|q are known, the determinant of any (r 4+ 1) x (r 4+ 1) minor of
Y will be zero and is a polynomial function of variables x with coefficients based on
the known entries Y|g. Thus, vanishing of all (r + 1) x (r + 1) minors would form a
set of ((Tﬂrl))2 polynomial equations with variables x and coefficients from entries in
Y'|q. By our assumption, this set of polynomial equations have finitely many solutions
when the coeffficients of the system is derived from the ) entries of y*. Since the
zeros of these polynomial equations are continuously dependent on the coefficients of
polynomial functions, we see that there are finitely many solutions to the polynomial
system when coefficients are derived from (Y})q that are sufficiently close to y* .

We can bound the zeros by using the coefficients. More precisely, these polynomial

equations can be reduced to a triangular system (cf. Chen and Moreno Maza [1§]),

that is, writing x = (z1,- -+, x,2_,,) for a fixed order of these unknown entries,
(
fl (xl) =0,
fa(1,22) =0,
(4.2.13)
anfm(xly ) aanfm) =0
\
for a set of polynomial functions fi, -, f,2_,, by using one of the computational

methods discussed in Aubry and Maza [2]. Certainly, for each k£ > 1, these f; are
dependent on k in the sense that the coefficients of f; are dependent on the values
Yi|q. Then we can use any standard bound of the zeros of univariate polynomials to

find a bound of these variables x iteratively from the reduced system above. Indeed,
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the bound on z; of this system is obtained by max{1l,|a;|,i = 1,--- ,r 4+ 1} with
coefficients a; of the first univariate equation f; = 0 which are dependent on Yj|q.
Since Y|q is bounded by C, we see x; is bounded in terms of Cy. Then x5 can be
bounded from the second equation which is now univariate if assuming x; is known.
To can be bounded in terms of the coefficients of f; and the bound on z;. And so on.
In summary, all the entries of Y, with indices in ¢ can be bounded in terms of the
entries in Yy|q. In other words, ||Yx| < Cy < oo with a positive constant Cy for all
k > 1 which is dependent on C above.

It now follows that there exists a subsequence Y}, which converges to Y*. Next
by , X}, are bounded because of Y}, are bounded and hence, Xj,,k > 1 have
a convergent subsequence and X, — X* when k; — oo without loss of generality.
By Lemma we have (Y*)qe = (X*)qe. Finally, it is easy to see which
follows from the facts that set Ao and set /\/l—rg are closed sets. These complete the

proof. O]

Although we do not know how to check if there are only finitely many matrices
Y € M, satisfying (Y)q = x, we can see if the norms of Y, are bounded or not
from the algorithm. If they are bounded, the conclusions of Theorem hold. In
general, X* # Y™ as r, is not equal to rank(M). For example, when r, < rank(M),
Y* will not be equal to M and hence, Y* does not satisfy (Y*)q = Mg in general.
Of course X* satisfies the interpolation conditions (X*)q = Mg, but rank(X™*) may
be bigger than r,. That is, informally speaking, when r, < rank(A/), the chance of
X* = M is bigger than the chance Y* = M. On the other hand, when r, > rank(M),
there are more possibilities of matrices with rank = r, satisfying the interpolatory
conditions. Anyway, if X* — Y™ # 0, the guess r, is not correct and we need to

increase 7.
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Finally, even though X* # Y™ in general, they satisfy the following nice property.

Proposition 4.2.23. Let X* and Y* be matrices in Then,

Y*(X*)T — Y*(Y*)T and (Y*)TX* — (Y*)TY*.

Proof. Using Lemma |4.2.17, we obtain

(AY* + Y*B,X* —Y*) =0

for all A, B € R™™" which implies

(AT YHX* =Y + (B, (V") (X" =Y")) =0

for all A, B € R™*". Hence,

Y¥X* - Y*)T =0and (Y*)'(X* - Y*) =0.

Rearranging the above equations, we obtain the required result. O]

4.3 Numerical Results

In this section, we first present some results based on the simple initial guess X, =
Po(M). The robustness of Algorithm [4 was demonstrated in Jiang et al. [40]. We shall
not repeat the similar numerical experimental results. We mainly present numerical
results based on a good strategy to choose quality initial guesses which lead even
better performance of Algorithm [d] That is, we recall an efficient computational
algorithm called ORIMP for matrix completion in Wang et al. [69]. We use the
ORIMP algorithm to get a completed matrix which serves as an initial guess X,. Our

numerical experimental results show that this new initial guess gives more accurate
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completion. We measure the error matrices by using the maximum norm of all entries
of the matrices. One can see that the maximum norm error is very small and hence,
the recovered matrix is very accurate. We shall also use Algorithm [4|to recover images
from their partial pixel values and demonstrate that Algorithm [4] is able to recover
the images better visually. Thus, this section is divided into two subsections.

Our implementation is in Matlab and all the computational results were obtained
on a laptop computer with a 2.50 GHz CPU (4 cores with Matlabs multithreading
option enabled) and 16 GB of memory. In our simulations, we generate n X n matrices
of rank 7 by uniformly sampling r pairs of n x 1 matrices (u;, v;) and the rank r matrix
is Y wuv]. The set of observed entries €2 is sampled uniformly at random among all

sets of cardinality [€2].

4.3.1 Numerical Results: Initial Matrices from the OR1MP

Algorithm

In all the experiments in this subsection, we used the initial matrix Xy from the
ORIMP algorithm in Wang et al. [69] based on the Py(M) using a few iterations,
that is, Xog = ORIMP(Po(M)).

Ezample 4.3.1. In this example, we show the maximum missing rate that Algorithm [4]
can recover a matrix when its rank is fixed. Together we show the computational
times. Abbreviations used in Tables in this example are as follows:

M.R. = Missing Rate, the fraction of missing entries = 3,

O.R. = oversampling ratio = 5—"—,

M.C.E. = Maximum Component Error = max; ;|(X,ecovered)ij — M,

A.R.E. = Average Relative Error = || Po(Yy) — Po(M)||» / || Pa(M)]| &,
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Table 4.1: Numerical results based on 100 x 100 matrices averaged over 20 runs

Rank M.R. O.R. M.C.E ARE Time
2 0.80 5 9.5202e-04 3.7217e-05 0.4171
5 0.61 4 6.0350e-04 1.0894e-05 0.2648
10 043 3 4.4343e-04 4.4977e-06 0.2778
20 0.28 2 6.0317e-04 2.0486e-06 0.8492
35  0.25 1.3 1.2698e-06 0.0015 2.8798
50 0.025 1.3 0.0013 7.2350e-07  1.2605

Table 4.2: Numerical results based on 250 x 250 matrices averaged over 20 runs

Rank M.R. O.R. M.C.E ARE Time
10 0.76 3 6.6930e-04 3.0595e-06  1.2283
20 0.53 3 2.2215e-04 1.0460e-06  1.3495
50 0.28 2 2.0560e-04 3.3083e-07 2.2624
75 0.18 1.6  2.6951e-04 2.0955e-07 4.5208
100 0.168 1.3  3.9345e-04 1.6690e-07 14.3622
125  0.025 1.3 6.2102e-04 1.1374e-07 8.8464

Table 4.3: Numerical results based on 500 x 500 matrices averaged over 10 runs

Rank M.R. O.R. M.C.E AR.E Time
25 0.70 3 2.8565e-04 5.5169e-07  4.5253
50 0.62 2 1.6818e-04 2.4458e-07 10.7270
100 0.28 2 8.6199¢-05 8.0210e-08 11.3425
150 0.23 1.5 1.2031e-04 5.6053e-08 35.3097
200 0.04 1.5  1.5896e-04 3.2623e-08 24.1821
250  0.0250 1.3  3.3090e-04 2.8449¢-08 46.9267

Table 4.4: Numerical results based on 1000 x 1000 matrices averaged over 10 runs

Rank M.R. O.R. M.C.E AR.E Time
50 0.70 3 6.8718e-05 1.3722e-07  30.1813
100 0.52 2.5 3.7074e-05 5.2213e-08 50.0631
200 0.10 2.5 2.6120e-05 1.2338e-08 42.7043
300 0.05 1.85 5.1339¢-05 1.0448e-08 83.9782
400 0.04 1.5 7.1099e-05 8.0391e-09 186.2271
500 0.0025 1.33 2.4592e-04 6.5708e-09 226.3912
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Example 4.3.2. Next we provide another tables to show that our algorithm is very
effective in recovering the original matrix. We let the missing rate = 0.1,0.2,--- ,0.9
and find the largest rank our algorithm can complete within maximum norm error
< le — 3, that is, every entry of the completed matrix is accurate to the first three
digits. That is, for a fixed missing rate 9§, we randomly find the known indices set (2
with |Q|/(n?) =1 — 6 and then we randomly generate a matrix M of size n x n with
rank r > 1. We use Mg, 2, and r to recover M (the stopping criterion is le — 5 of
the consecutive iterations), check if the completed matrix M approximates M in the
maximum norm within e = le — 3, and repeat the computation in 10 times. If all 10
computations are able to accurately recover M, we advance r by r+ 1 and repeat the
above procedures until the accurate recovery is less than 10 times for a fixed r. In
this way, we can find the largest rank for a fixed missing rate. As we use two initial

guesses, we summarize the computational results in Table

missing rates | 0.1 | 0.2 | 0.3 104 ]05|06|0.7]08|0.9
largest ranks | 30 | 16 | 19| 14 9 7 5 2 1| OR1IMP
largest ranks | 13 | 14 | 13| 10 9 7 3 2 1 Mo,

Table 4.5: maximum ranks based on matrices of size 100 x 100 with initial values
from ORIMP (second row) and from the initial matrix Mg (third row)

From Table [4.5] we can see that using ORIMP algorithm to generate an initial
guess for Algorithm [4] is much better when the rates of missing entries are small.
When the rate of missing entries are large, the performance is similar. If this table is
compared with the ones in Wei et al. [70], we remind the reader that we use a much
tougher criterion € = le — 3 in the maximum norm to find the maximum rank than
the relative Frobenius norm error used in Wei et al. [70].

If we use the standard relative Frobenius norm error, we have largest ranks that
Algorithm {4 can recover 100% times listed in Table with two different initial
guesses. We can see that the performance increases greatly when using a completed

matrix from OR1IMP algorithm.
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missing rates | 0.1 | 0.2 0.3 (04 |05|0.6|0.7]08|09
largest ranks | 132 | 106 | 83 | 68 | 41 | 40 | 25 | 14 4 | ORIMP
largest ranks | 33 291 25 24| 19| 15| 11 8 4 Mq

Table 4.6: maximum ranks based on matrices of size 200 x 200 with initial values
from ORIMC (second row) and from the initial matrix Mg (third row)

4.3.2 Comparative Performance Analysis with other Algo-

rithms

In this section, we would compare our algorithm with two among the many popular
matrix completion algorithms, namely Singular Value Thresholding (SVT) algorithm
and Tteratively Reweighted Least Squares Minimization (IRLSM). The algorithms are
described in appendix [A] and

This section contains some numerical results of comparison with SVT, IRLSM with
our APA for matrix completion. Let eapa = M — Mupa,errrsmy = M — Mirrsu
and esyr = M — Mgyr. They are the average computed based on 100 repeated

experiments.

missing% times | |leapal|oo times | |lerrosa||oo | times | [lesvr||oo
60 | 1.20e+00 | 4.91e-08 | 1.39e+00 3.84e-02 2.19 0.3613
50 | 4.85e-01 | 3.63e-08 | 8.47e-01 8.68e-07 | 2.19 0.2515
40 | 2.60e-01 | 2.82e-08 | 5.86e-01 7.07e-07 | 2.17 0.1721
30 | 1.52e-01 2.43e-08 | 4.82e-01 7.47e-07 2.13 0.1291
20 | 9.78e-02 1.78e-08 | 4.32e-01 8.28e-07 1.29 0.0878
10 | 6.59e-02 | 9.45e-09 | 4.08e-01 8.84e-07 1.12 0.0592

Table 4.7: Size of Matrix is 100 x 100, rank = 10 over 100 repeated experiments
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missing % times | |leapalloo times | ||lerrnsm]|oo | times | ||esyr|oo
60 | 7.32e4+0 | 1.939e-01 | 3.61e-01 8.806e-01 2.59 0.8064
50 | 1.63e+0 | 6.275e-08 | 2.24e+00 6.210e-03 2.27 0.4727
40 | 6.97e-01 | 4.414e-08 | 1.15e+00 1.414e-06 2.31 0.3184
30 | 3.68e-01 | 3.485e-08 | 7.79e-01 1.238e-06 | 2.32 0.2306
20 | 2.26e-01 | 2.708e-08 | 6.75e-01 1.305e-06 2.35 0.1705
10 | 1.37e-01 | 1.547e-08 | 6.05e-01 1.511e-06 1.54 0.1106

Table 4.8: Size of Matrix is 100 x 100, rank = 15 over 100 repeated experiments

missing% times ||€APAHoo times HelRLSMHoo times ||€SVTH00
60 | 4.16e+01 | 4.232e+00 | 5.27¢-01 | 2.445e+00 | 4.16e+00 1.2944
50 | 6.71e4+00 | 1.270e-07 | 8.81e-01 3.730e-01 | 2.45e+00 0.8157
40 | 1.79e+00 | 6.986e-08 | 2.68e+00 3.288e-06 | 2.35e+00 0.5205
30 | 8.30e-01 | 5.130e-08 | 1.49e+00 2.013e-06 | 2.40e+00 0.3730
20 | 4.47e-01 | 3.952e-08 | 1.07e+00 1.828e-06 | 2.42e+00 0.2720
10 | 2.60e-01 | 2.275e-08 | 9.35e-01 1.808e-06 | 2.55e+00 0.1849

Table 4.9: Size of Matrix is 100 x 100, rank = 20 over 100 repeated experiments

missing% times | |leapalloo times | ||errosa||oo times | ||esvr||oo
60 | 6.00e+01 | 3.322e+00 | 7.77e-01 | 3.231e+00 | 6.06e+00 1.7071
50 | 2.39e+01 | 3.536e-01 | 7.28e-01 | 1.610e+00 | 2.39e+00 1.1471
40 | 5.21e+00 | 1.244e-07 | 4.29e+00 6.544e-02 | 2.34e+00 0.8052
30 | 1.93e+00 | 7.600e-08 | 3.05e+00 3.611e-06 | 2.51e+00 0.5559
20 | 8.78e-01 | 5.649e-08 | 1.77e+00 2.526e-06 | 2.51e+00 0.4075
10 | 4.59e-01 | 3.467e-08 | 1.35e+00 2.452e-06 | 2.51e+00 0.2869

Table 4.10: Size of Matrix is 100 x 100, rank = 25 over 100 repeated experiments

missing rate times | ||eapal|oo times | ||errLsarl|oo times | |lesvr]|oo
60 | 1.67e+01 | 2.341e-08 | 3.84e+02 8.450e-06 | 3.07e+01 0.3177
50 | 1.02e+01 | 1.973e-08 | 3.05e+02 8.666e-06 | 3.89e+01 0.2210
40 | 6.71e+00 | 1.705e-08 | 2.80e+02 1.072e-05 | 4.57e+01 0.1589
30 | 4.79e4-00 | 1.294e-08 | 2.81e+02 1.311e-05 | 5.31e+01 0.1189
20 | 3.39e+00 | 7.924e-09 | 2.57e+02 1.470e-05 | 5.89e+01 0.0830
10 | 3.09e+00 | 3.638e-09 | 2.54e4-02 1.654e-05 | 6.44e+01 0.0548

Table 4.11: Size of Matrix is 1000 x 1000, rank = 50 over 100 repeated experiments
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4.3.3 Image Recovery from Partial Pixel Values

We shall use Algorithm {4 to recover images from partial pixel values.

Ezxample 4.3.3. Let us use the standard images knee, penny and thank as testing
matrices of pixel values. The image knee is of size 691 x 691. The image penny is a
matrix of size 128 x 128 and the image thank is of size 300 x 300. For image knee, we
use a missing rate 0.85 to generate Mg and use rank=25 to find an approximation
of the image knee by using the well-known matrix completion OR1MP algorithm in
Wang et al. [69], then we feed the approximation as an initial guess to Algorithm
to get a better approximation. Also we use the same known entries Mq as an initial
guess in our Algorithm M| to find an approximation of the image directly. All these
images are shown in Figure[d.2l We do the same for the images penny and thank. See
Figures [4.3]and [.4] Visually, we can see that starting from an initial guess obtained
from the OR1IMP algorithm, our Algorithm 4| produces a much better approximation
to the image. For image penny, we are able to see the face of Lincoln and the word as
well as number 1984 are much cleaner although the root-mean square error (RMSE)

may not be better. Many images have been experimented with similar performance.

4.4 Remarks on Existence of Matrix Completion

Recall M, is the set of all matrices of size n x n with rank r and M, is the set of all
matrices with rank < r. It is clear that M, is the closure of M, in the Zariski sense
(cf. Zariski [74]). It is easy to see that dimension M, is 2nr — r? (cf. Proposition
12.2 in Harris [36] for a proof). Then the dimension of M, is also 2nr — r2. Also, it

is clear that M, is an algebraic variety. In fact, M, is an irreducible variety.

Lemma 4.4.1. M, is an irreducible variety..

Proof. Denote by GL(n) the set of invertible n x n matrices. Consider the action

of GL(n) x GL(n) on M,(R) given by: (G1,G3) - M — G1MG;", for all G1,Gy €
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15 % known entries

100 &,
200
300

400

500

600

100 200 300 400 500 600

ecovered by APA started from OR1MP

100 200 300 400 500 600 100 200 300 400 500 600
RMSE is 0.11536 RMSE is 0.1071

__Recovered by APA started with MO

100 200 300 400 500 600
RMSE is 0.1197

Figure 4.2: Top row: The original image and the image of 15% known entries; Rest
of the rows: Outputs from Algorithm ORIMP, Algorithm [4] with initial guess from
the Algorithm ORIMP and Algorthm [4] from the 15% known entries based on rank
25.

84



50 % known entries
- L -

20 40 60 80 100 120

Recovered by OR1MC

20

40 40

100

120 120 §

120 20 40 60 80 100 120
RMSE is 0.12226

20 40 60 80 100

Recovered by APA started with MO

L

20 40 60 80 100 120
RMSE is 0.19778

Figure 4.3: Top row: The original image and the image of 50% known entries; Rest
of the rows: Outputs from Algorithm ORIMP, Algorithm [4] with initial guess from
the Algorithm ORIMP and Algorthm 4| from the 50% known entries based on rank

25.
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50 % known entries

50

100

4 Thanks

50 100 150 200 250 300

Recovered by the OR1MP algorithm Recovered by APA started from OR1MP

50 50

100

100

150

200

50 100 150 200 250 300 50 100 150 200 250 300
RMSE is 0.054496 RMSE is 0.15854

Figure 4.4: Top row: The original image and the image of 50% known entries; Rest
of the rows: Outputs from Algorithm ORIMP, Algorithm [4] with initial guess from
the Algorithm ORIMP and Algorthm [4] from the 50% known entries based on rank
25.
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GL(n). Fix a rank r matrix M. Then the variety M, is the orbit of M. Hence, we
have a surjective morphism, a regular algebraic map described by polynomials, from
GL(n) x GL(n) onto M,. Since GL(n) x GL(n) is an irreducible variety, so is M,..
Hence, the closure ./\/l—rg of the irreducible set M, is also irreducible c.f (cf. Example

[.1.4 in Hartshorne [37]). O

Consider the map

CI)QM—)(Cm

given by projecting any matrix X € M, to its entries in position 2 which form a
vector in R™. Thus, ®q(M,) are exactly the set of all r—feasible vectors in C™.
As the projection ®g is 'nice’ (a polynomial map) unlike a Peano curve mapping
[0,1] — [0, 1]%), we expect that dim(®q(M,)) is less than or equal to dim(M,.) which
is less than the dimension of C™. Thus, ®o(M,) is not able to occupy the whole
space C™. The Lebesgue measure of ®q(M,) is zero and hence, randomly choosing a
vector x € C™ will not be in ®q(M,) most likely. Certainly, these intuitions should

be made more precise. Recall the following result from Theorem 1.25 in Sec 6.3 of

Shafarevich and Hirsch [57].

Lemma 4.4.2. Let f : X — Y be a reqular map between irreducible varieties. Sup-
pose that [ is surjective: f(X) =Y , and that dim(X) = n, dim(Y') = m. Then

m <n, and
1. dim(F) >n—m for anyy €Y and for any component F of the fibre f~1(y);

2. there exists a nonempty open subset U C'Y such that dim(f~1(y)) = n —m for

yelU.
We are now ready to prove

Theorem 4.4.3. If one chooses randomly the entries of a matriz in the positions 2,

probability of completing the matrix to a rank r matrix with given known entries is 0.
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Proof. We mainly use Lemma . Let X = M, which is an irreducible variety
by Lemma Let Y = ®g(M,) which is also an irreducible variety as it is a
continuous image of the irreducible variety M,. Clearly, ®q is a regular map, we
have dim ®o(M,) < dim(M,) = 2nr —r2 < m. Thus, ®o(M,) is a proper lower
dimensional closed subset in C™. For almost all points in C™, they do not belong to
®q(M,). In other words, for almost all points x € C™, there is no matrix X € M,

such that ®q(X) = x. O

Next define the subset yo C M, by
Xo = {X € M, | &' (o(X)) is zero dimensional } .

As we are working over Noetherian fields like R or C, it is worthwhile to keep in mind
that all zero dimensional varieties over such fields will have only finitely many points.

Next, we recall the following result from Proposition 11.12 in Harris [36].

Lemma 4.4.4. Let X be a quasi-projective variety and w : X — P™ a reqular map;
let Y be closure of the image. For any p € X, let X, = 7 'n(p)) C X be the fiber of
7 through p, and let p(p) = dim,(X,) be the local dimension of X, at p. Then pu(p)
18 an upper-semicontinuous function of p, in the Zariski topology on X - that is, for
any m the locus of points p € X such that dim,(X,) > m is closed in X. Moreover,
if Xo C X is any irreducible component, Yo C Y the closure of its image and p the

minimum value of u(p) on Xo, then

dim(Xo) = dim(Yp) + p. (4.4.1)

As we saw that dim(®o(M,) < dim(M, ), we can be more precise about these

dimensions as shown in the following



Lemma 4.4.5. Assumem > dim(M,). Then xq is open subset of M, and dim(M,) =
dim(®g(M.,.)) = dim(Pn(M.,.)) if and only if xq # 0.

Proof. Assume dim(M,) = dim(m) = dim(®o(M,)). Then using Lemma
, there exists a nonempty open subset U C ®q(M,) such that dim(®g'(y)) = 0
for all y € U. This implies that ®;'(y) € xq. Hence xq # 0.

We now prove the converse. Assume yq # (). We will apply Lemma above
by setting X = /\/l—rg, Y = (IDQ(M—TQ) and m = ®g. Couple of things to note here are
that it does not matter whether we take the closure in P™ or in C™ since C™ is an
open set in P and the Zariski topology of the affine space C™ is induced from the
Zariski topology of P™. /\/l—rg is an affine variety. Therefore, it is a quasi-projective
variety.

By our assumption, yq is not empty. It follows that there is a point p € Y

such that 7=!(p) is zero dimensional. Since zero is the least dimension possible, we

have 1 = 0. Hence, using (4.4.1) above, we have dim(M,) = dim(®q(M,)). But

dimension does not change upon taking closure. So, dim(®q(M,)) = dim(®q(M,)).
Also, using Lemma [{4.4.6] xq = {x € X : dim(¢ '¢(z)) < 1} is an open subset of
M. ]

In the proof above, the following result was used. See I.8. Corollary 3 in Mumford

[49).

Lemma 4.4.6. Let ¢ : X — Y be a morphism of affine varieties. Let ¢~ '¢p(x) =
Z1U---UZ; be the irreducible components of ¢~ ¢(z). Let e(z) be the mazimum of the
dimensions of the Z;;i = 1,--- ,j. Let Sp(¢) := {x € X : e(x) > n}. Then, for any
n > 1, S,(¢) is a Zariski closed subset of X. Equivalently {z € X : dim(¢ ¢ (z)) <

n} is an open subset of X.

Finally, we need the following
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Definition 4.4.7. The degree of an affine or projective variety of dimension £ is the

number of intersection points of the variety with k hyperplanes in general position.

For example, the degree of the algebraic variety M, is known. See Example

14.4.11 in Fulton [32], stated below for convenience.

Lemma 4.4.8. Degree of the algebraic variety M, is

T )
("7

1
i=0
We are now ready to prove another main result in this section.

Theorem 4.4.9. Assume that there exist a finite r-feasible vector x € C™ over the
giwven . Then, with probability 1, any randomly chosen r-feasible vector y 1is finite
r-feasible. In other words, if one randomly chooses a feasible vector 'y in the positions
Q, then, with probability 1, the matrix can be completed into a rank-r matriz only in

finitely many ways. In additional, the number of ways to complete will be less than
n—r—1 (n+z)

o ()

Proof. We begin by noting that, both M, and ®g(M,) are irreducible varieties.

or equal to

So, the closure ®g(M,) is also an irreducible variety. By the assumption and using

Lemma |4.4.5, dim(M,) = dim(®q(M,)). Hence, applying Lemma {4.4.2| there exist

a nonempty open subset U C W such that ®;'(y) is zero-dimensional for all
y € U. In other words, If we choose the m entries in positions {2 of a matrix from
the open set U, then there are finitely many ways to complete the matrix. The result
now follows by recalling that a Zariski open set in an irreducible variety is a dense
set whose complement has Lebesque measure zero.

When we fix m entries of a matrix M, the set of matrices of rank r which has those
entries in the positions € are exactly the intersection points of the variety M, with m

hyperplanes, namely the hyperplanes defined by equations of form M;; = constant.
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Since m > dim(M,) = 2nr — 2, the number of intersection points would be lesser
than degree of M, generically. Now using the exact formula for the degree from

lemma [4.4.8 the result follows. O

Regarding Theorem [4.2.22] we have the following open problem: given x € C™,

how to check if there are only finitely many matrices Y € M, satisfying (Y)q = x.
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Chapter 5

Alternating Projection Algorithm

for the Sparse Recovery Problem

5.1 Introduction to Sparse Recovery Problem

The matrix completion problem we considered in the last chapter is closely related
to the following classical problem in the area of compressed sensing known as sparse

vector recovery problem:

mini}gnize 1 X1, (5.1.1)

subject to Ax =b,

where A € RN x € RN b € R",n << N and ||x]|, is the ¢y quasi-norm of a vector
x. Recall that the fy quasi-norm of a vector is the number of non-zero components
of the vector.

Sparse solutions of underdetermined linear systems have been studied for last

twenty years starting from [Chen, Donoho, Saunders, 1998[19]] and [Tibshirani, 1996[62]]
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and then became a major subject of research as a part of compressive sensing study
since 2006 due to [Donoho, 2006[23]], [Candés, 2006][17]], [Candés and Tao, 2005[13]],
and [Candés, Romberg, and Tao, 2006[15]]. Many numerical algorithms have been
developed since then. Several algorithms are based on classic convex minimization
approach (cf. e.g. Hale et al. [35], Beck and Teboulle [6], Lai and Yin [44], and etc.).
Several algorithms are based on iteratively reweighted ¢; minimization or ¢ mini-
mizations (cf. [Candés, Watkin, and Boyd, 2008[16]], [Daubechies, DeVore, 2010,[20]]
and [Lai, Xu, and Yin, 2013J45]]). Several researchers started the ¢, minimization
for ¢ € (0,1), e.g. in [Foucart and Lai, 2009[30]] and [Lai and Wang, 2011[43]].
Various other algorithms are based on greedy or orthogonal matching pursuit (cf.
e.g. [DeVore and Temlyakov, 1996[22]], [Tropp, 2004[64]], and [Kozlov and Petukhov,
2010[42]]). some algorithms are also based on the hard thresholding technique such
as in [Blumensath and Davies, 2009[7]], [Blumensath and Davies, 2010[8]], [Foucart,
2011[29]] and etc. Various other numerical methods were also proposed. See, e.g.
[Dohono, Maleki, and Montanari, 2009]24]], [Rangan, 2011[55]], [Gong, Zhang, Lu,
Huang, and Ye,2013[33]], [Wang and Ye, 2014[68]] and etc.

To the best of our knowledge, the method in Kozlov and Petukhov [42] is the most
effective in finding sparse solutions. Thus, we shall apply the alternating projection
method to the sparse recovery problem and establish some sufficient conditions for
local and global convergence of the algorithm. We will conclude the chapter by

deriving upper and lower bounds for sparsity of a minimizer of the problem [5.1.1]

5.1.1 Notation

Let £,(RY) denote the collection of all s—sparse vectors in RY,

L(RY):={zeRY| |z[,=s}
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and P, and P4 denote the projection onto the set £,(R™) and the affine space
A = {x : Ax = b}, respectively. It is easy to know A = Null(A) + xq, where
xo € RY satisfies Axq = b. Note that the projection P, (x;) can be computed easily

by setting the smallest n — s components of the vector x; to zero.

5.2 APA for Sparse Recovery Problem

Our algorithm can be stated as follows:

Algorithm 5: Alternating Projection Algorithm for ¢, Minimization

Data: Sparsity s of the solution x,, the tolerance ¢ whose default value is
le-6

Result: x; a close approximation of x,

Initialize x( to a random vector in the affine space A;

repeat
Step 1: y, = P, (xx)

Step 2: x311 = Palyr);

until The smallest no — s components of X1 have magnitude less than €;

We will now discuss the convergence of Algorithm [f] Then we shall present its

numerical performance in the next section.

5.2.1 Convergence of the APA Algorithm for Sparse Recov-

ery Problem
Local Convergence

In this section, we will prove the local convergence of the algorithm. Before we begin,

we need some elementary results.
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Lemma 5.2.1. Let L,(R™) be the collection defined as follows.

LR =| fzeR"|z;=0 VjeIY,
T

where the indez set T ranges over all the subsets of {1,2,--- ,ny} which has cardinality
s. Here, | |; stands for the disjoint union over Z. Then Ls(R™) consists of a disjoint

union of affine spaces.
Proof. 1t is easy to see that the statement is correct. O]

Lemma 5.2.2. The set of vectors in RY for which P (x) is single-valued, is given

by the open set
Vo={z e R"™ | |z;,| > |ai,| > - |z, |, @i, | # |2}

consisting of vectors which has the property that if one arrange the components in

decreasing order of magnitude, then s and (s + 1) terms are distinct.

Proof. We first start by noting that the projection P, (x) is obtained by setting the
smallest N —s components in magnitude of the vector x to zero. Hence, the projection
is single-valued if the N — s smallest components of x are in unique positions(indices).

Hence we must have that the (N — s)* and (N — s + 1) components of  must be

distinct. Now we will show that the set Vj is an open set. Let x = (21,29, ,zxn) €
RY with ’xn’ > ‘x12| > ""$iN‘> ’wis-u’ 7'é "I.is . Let

o] o

' 4

Consider an open ball B(x) centered at x of radius e. We have, for all y € B(x)

andje{]-)Qa"' 7N}7

il = 251l < ly; =25 < lly = x| <
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Therefore, we have

[1%igy | 4[]
2

|yij+1| S |xij+1| + ||yij+1| - |$ij+1|| < |xis+1| +e<

for j > s. Similarly,

| |$is+1 | + |x7/s
2

|yZJ| > |ZL‘1]| - ||$ZJ| - |yl]|| > |':Cis —€>

for j < s. Hence, we deduce that, for ally € B.(x) and j € {1,2,---, s}, |y;;| > |ui,

Y

which implies that y € V; and, therefore, B.(x) C V. ]

Next let us recall the following well-known theorem, whose proof we reviewed in

Chapter 2.

Theorem 5.2.3 (Von Neumann [67]). If Ly and Ly are two closed subspaces of a

Hilbert space X, then the sequence of operators
Pr.sPraPry, ProProPr,, ProPr, Pr,Pr,, - - -
converge to Pr,nr,. In other words,
Jlim (Pr,Pr,)*(z) = Prinr,(2)

forallz € X.

With the above preparation, we are ready to prove local the convergence of the

theorem.

Theorem 5.2.4. If x, is an isolated point of Ly(RN) N A. Then, Algorithm @ will

locally converge to x, linearly.

Proof. Let T = Supp(x,) be the support of x, and s = ||x,]|,. Consider an open set

V of vectors which has the property that their n — s smallest components are are in
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unique positions(indices). In fact, V; can be concretely described as
Vi={xeRY | |o;|>|zy| > Jai, | 2] # 50,1} -

Clearly x, € V. Let B(r) be an open ball centered at x, and of radius r completely
contained inside V. Since B(r) C V, for any x € B(r), the projection P, (x)
is uniquely defined. Since affine spaces in a finite dimensional Euclidean space are
closed, one can shrink the ball B(r), if necessary, such that the restriction £,(R"2)|p()
of the set of s—sparse vectors to the open set B(r) is an affine space. Then under

the assumption of the hypothesis in this theorem, the result follows from Theorem

.23 O

A sufficient condition that guarantees that x, is an isolated point is that the

tangent spaces of L (RY) and A intersect trivially.

Lemma 5.2.5. Assume A has the following property:
L,(RY) N Null(A4) = {0}, (5.2.1)

where Null(A) is the null space of A. Furthermore, assume that x, € L,(RY) N A.

Then x, is an isolated point of L,(RN) N A.

Proof. Assume, on the contrary, that x, is not an isolated point of the set £,(R"?)N.A.
Then, since A and L,(RY) are locally affine spaces, there exist a linear space L of
dimension greater than or equal to 1 such that L + x, C £,(R") N A. Since each of
the intersecting spaces are affine spaces locally, L must lie also in the intersection of

their tangent spaces. Hence,
L g T,CS(RN)(X*) N NUH(A)

where T, gn)(x,) is the tangent space to L,(RY) at the point x,. Now, since L,(RY)
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is an union of linear spaces, let us assume x, € Ly C L,(R") lies in a linear space Ly

contained in L (RY). Therefore, we have

L C Tp,(x,) NNull(4) = Lo N Null(A) € £,(RY) N Null(4) = {0}

which leads to the contradiction as L is of dimension greater than or equal to 1. Note
that, in order to derive the equality in the last equation, we have used the fact that

the tangent space of a linear space is the linear space itself. O
The discussion above leads to the following result

Theorem 5.2.6. Under the assumption in Lemma Algorithm @ will

locally converge linearly.

Proof. We simply combine Lemma [5.2.5] and Theorem together to have this

result. O

Global Convergence

Now we will investigate conditions under which the above algorithm will converge
globally. We shall assume, without loss of generality, that A has full row rank. We
say A satisfies the n—condition if A satisfies the following property: there exists a

positive number 7, < 1 such that

Moxs) < 10 5.2.2
MSXSCAT(IIXIE—?()*IA_I’”X” 01( X ) =7 ( )

where o1(M) is the largest singular value of matrix M. We will abuse the notation a
bit and let

J(A) = a My
n ( ) MSXSCAT(IXIA—?()_lA_Ian Jl( x )

Note that the n—condition is different from the classic restricted isometry constant
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0s which is recalled as follows. The RIC is the smallest 6 > 0 such that

(1= d)lIxllz < 1 Ax13 < (1+ 8)lIx|l2 (5.2.3)

for all s-sparse vectors x € R™. It is equivalent to

JR— —l— —
0y = jJmax |AgAs — Id||2—2 (5.2.4)
#(S)<s

according to [31]. Similarly, we can rewrite 7, in the following way. For any index

sets S, 99 with #(51) < s and #(5;) < s and for any vector x,y € R", we see

(ASIXSI)T(AAT)_l(ASQySQ) - Xg1y52 = <(Ag1 (AAT)_1A52 - Id)XS17y52>

S X:S'rl (Msxs - Id)y52 S HXS1 H20'1<Ms><s)Hy52H2

or
AL (AAT)1Ag —1Id ,
max {(As,( ) % JXs1,¥5:) < 01(Msxs) < 1. (5.2.5)
x5;70,¥5, 70 HX51”2”y52||

Therefore, we obtain the following characterization for n,(A)

Theorem 5.2.7. We have

nA) = max ALAAT) My - (W@ gloe (5:26)
#(S1) <o #(52)<s

Let x,y € R™ be two vectors with sparsity ||x||p < s and ||y|lo < s. If sup(x) N
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sup(y) = (), then

|<(AAT)_1ASQY7A51X>| :|<(AAT>_1AS2YaAS1X> - <(Id51,52Y7X>|
=[(A§, (AAT) " Ag, — Tds, s,)y, X)]
<||Ag, (AAT) T Ag, — (1d)s, s, [l2s2 1[I

<nslxl2[lyl2- (5.2.7)

Let us recall a concept called the (s,t)-restricted orthogonality condition s, =

05+ (M) of a matrix M € R™*™ is the smallest § > 0 such that
[(Mu, Mv)| < 0lull2[[v] (5.2.8)
(cf. Chapter 6 in [31]). That is, according to [31],
05 = max{|[ My Mslla-s2, SN T = 0,#(S) < s, #(T) < s}. (5.2.9)

Returning to the n—condition, we assume that A is of full row rank.

Theorem 5.2.8. Define by M = (AAT)"Y2A a normalized sensing matriz. Then
1e(A) = 0, (M), (5.2.10)
Proof. Indeed, we have

Mrup, M
”MYTMS||2—>2=maX{‘< rur, Mgvs)|

, S-sparse vectors ur, vg}

[ar|l2[[vs]l2
AT(AAT) 1A
= max{ [(As ) Arur, VS>|, s-sparse vectors ur, vg}
[url2fvs2
< AS(AAT) M Ap — (Id) 57|22 < 7 (5.2.11)

It thus follows 05 s < n,. Similarly, we have the other direction. This completes the
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proof of (5.2.10)). O

As many properties of ; ; are known, the relation in ({5.2.10) helps understand 7
better. For example, 05 ; < 095 and da5 < 05 + 6, 5.

We are now ready to establish the following convergence result.

Theorem 5.2.9. Suppose that A is of full row rank and satisfies the n—condition

with nys(A) < 1/2. Then Algom'thm@ will globally converge linearly.

Proof. Let x* € R™ be a solution of (5.1.1)) with x* € AN B. Starting with an initial

guess yg, we find

Xps1 = Palyr) = AT(AAT) ' — (AT(AAY A — L) ye

Also, we have

Vi1 = Xes1[)* = lyrer — X + [1x° = g1 ]]? + 2(ye1 — X5 X5 — Xpp1)

and

1Ver1 — Xes1l* = |Pe(xpt1) — Xt I < 1% = xpq1 ]

Combining the right-hand sides of the above two equations together leads to

it — X** < 2(yre1 — X5, Xpp1 — X5)
= 2(ypi1 — X, AT(AAT)_lb — (AT(AAT)_IA — Lnsn)yr — X°)
= 2yps1 — X5 (AT(AAT) A = L) (X5 = y2))

< 2llyrir = X mas(A) llyr — X7
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In other words, we have

[¥ki1 = X7 < 2mas(A) yr — X7

for all £ > 1. Since, by hypothesis, 21,,(A) < 1, we have

[yrea =7 < llyr =7

. This completes the proof. 0

5.3 Numerical Results

We have used Algorithm [5|to compute sparse solutions and compare the performance
of several existing algorithms. Mainly, we compare with the iteratively reweighted ¢,
minimization (CWB for short) in Candes et al. [16], the L' greedy algorithm (KP)
proposed in Kozlov and Petukhov [42], the FISTA in Beck and Teboulle [6], the hard
iterative pursuit (HTP) in Foucart [29], and generalized approximate message passing
algorithm (GAMP) in Donoho et al. [24], Rangan [55]. LV stands for our Algorithm |

Our implementation is in Matlab and all the computational results were obtained
on a laptop computer with a 2.50 GHz CPU (4 cores with Matlabs multithreading
option enabled) and 16 GB of memory. In our simulations, we generate n X n matrices
of rank 7 by uniformly sampling r pairs of n x 1 matrices (u;, v;) and the rank r matrix
is Y- wuv]. The set of observed entries €2 is sampled uniformly at random among all
sets of cardinality [€2].

We present the frequency of recovery of Gaussian random matrices of size 128 x 256
with sparsity varied from 10 to 70 over 500 repeated runs with a tolerance le — 3
in maximum norm. In Figure (left figure), we show the performance of various

algorithms. Next we repeat the same experiments based on uniform random matrices
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of size 128 x 256. The performance of frequency of recovery from various algorithm

is shown in Figure (right).
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Figure 5.1: Frequency of Sparse Recovery by Various Algorithms from Gaussian
random matrices (left) and from uniform random matrices (right)

5.4 Bounds on the Sparsity of a Sparsest Solution

In this section, we will prove bounds on the sparsity of a sparsest solution of the
linear system Ax = b, where A is a m x n matrix. We will assume x* is a sparsest

solution of the system. Formally,
x* = argmin ||x||, s.t. Ax=Db
X

We will assume b # 0 for the case b = 0 is not interesting. After a scaling if necessary;,
we will also assume, without loss of generality, that ||b|| = 1. Before we state the

bounds, we need some definitions:

Definition 5.4.1. The spark of a matrix A, denoted by spark(A), is the smallest
number k such that there exists a set of k columns in A which are linearly dependent.
That is,

spark(A) = m;{)l %[l s.t. Ax=0

where ||x||, denotes the number of non-zero components of the vector x.
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Now we define a new matrix A as follows: for each i = 1,2,--- ,n, the i column
A; of the matrix A is obtained from i column A; of the matrix A by orthogonalizing

it with respect to the vector b. In other words,

and
A=[Ar [ Ay || Ay

More concisely, after normalizing the system Ax = b so that ||b|| = 1, A can be
described as

A= (I-bb"HA

where [ is an m x m identity matrix.

Now we are ready to prove the first bound

Theorem 5.4.2.

{x| Ax =b} C {x | Ax = 0}

In particular,

spark(A4) < [x*|l

Proof. Now note that for any scalars aq,--- , a,,, we have

Ay + -+ oA, = ar (A — (A1, b)b) + - - + o, (A, — (A, b)b)

= O[lAl + -4 anAn - <O[1A1 + -+ anAn7 b>b (541)
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So, if x = (1, ,x,) € {x | Ax = b}, then

= l’lAl R wnAn — <ZE1A1 4+ 4 ZEnAn,b>b

—b—(b,b)b=0

The last step follows from the assumption that ||b|| = 1.
For proving the second part of the theorem, note that {x | Ax = b} C {x | Ax =

0}. So, we have

S ark A = mln x < mln < _ X*
park(d) = win [y < _min el = [l

Now we will need the following proposition to prove our next two main results

Proposition 5.4.3. If x is a vector such that Ax = 0, then exactly one of the

following holds true:
e Ax =0
o There exist a non-zero scalar X such that A(¥) = b.

Proof. Assume x = (z1,--- ,,) is a vector such that Ax = 0, then using equation

[.4.1], we get

O:AX:$1A1+---+$nAn

Now we have two cases:
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Case 1: (x1A1 + -+ 2,A,,b) =0

In this case, using equation [5.4.2) we get

so, Ax =0

Case 2: (1141 + -+ x,4,,b) #0
For this case set A\ := (2141 + -+ + 2,4,,b). Then, we get A() = b. It is clear
that the two cases cannot hold together. Indeed if Ax = 0 and A(¥) = b, then b =0

which contradicts our assumption that b # 0. Thus the proof is complete. O
We are ready to prove our next two results,

Theorem 5.4.4.
spark(A) < spark(A)

Proof. Using equation we can easily observe that {x | Ax = 0} C {x | Ax = 0}.

Hence,

spark(A) := min ||x||. < min x||, =: spark(A
park(A) o I Ho_xe{xle:O}H lo =: spark(A)

Theorem 5.4.5. FEither of the following holds true always:

(i) spark(A) = spark(A) < [x*]|

(ii) lx*l, = spark(A) < spark(A)

Proof. Let X = argmin ||x||,. Therefore, ||X||, = spark(A). Now, using proposition
x s.t. Ax=0

5.4.3] either Ax = 0 or there exist a non-zero scalar A such that A(%¥) = b.
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case 1: Ax =0

In this case, from the definition of spark, we get spark(A) < [|x||, = spark(A). Now

the statement in part (i) of the theorem follows by using theorems [5.4.2| and |5.4.4}

case 2:
there exist a non-zero scalar A such that A(§) = b. Since x* is a sparsest solution to

the system Ax = b, we have

X
* < -
Il < H .

= ||x[|, = spark(A)
0

. Combining the above equation with theorem we obtain ||x*||, = spark(A).
Now, using [5.4.4] we obtain the statement in part (ii).

]

Lastly, we wish to derive another lower bound for the sparsity. So, define the
matrix A,u, as

A = [A | b]

. That is, A,y is the augmented matrix obtained by concatenating the vector b as a
new column to matrix A.

Then, we have the following lower bound on sparsity

Theorem 5.4.6.

Spark<Aaug) -1< ||X*||0

Proof. Since Ax = b, we have A, = 0. Hence,

HX*HO +1= > Spark(AaUg)

0
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Remark 5.4.7. From the above theorems we can observe two things:

1. We always have a lower bound for the sparsity of a sparsest solution, namely

max{spark(A), spark(Aa.) — 1} < [Ix*|,

2. If spark(A) # spark(A) (hence spark(A) < spark(A)), then we know exactly

the sparsity of a sparsest solution. In fact, when spark(A) < spark(A), [|x*|| =

spark(A) and is bounded from above by spark(A).
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Appendix A

Iteratively Reweighted Least

Squares Minimisation

We will describe the IRLSM (Iteratively Reweighted Least Squares Minimisation)
algorithm for matrix completion devised by M. Fornasier, H. Rauhut and R. Ward in

2011, [28]

Definition A.0.1. Define the e-stabilization X, of a matrix X € R"*"™ as
X, =UX. V*

where X = UXV* is the singular value decomposition of matrix X, ¥ = diag(oy, -, 0y,)
and ¥, = diag(max{o;, €}). The singular values below the threshold € is increased to

the threshold.

The authors have proved the convergence of the algorithm conditional on the

sampling operator satisfying certain restricted isometric property. Before we state

their result (theorem [A.0.3]), we need the following definition:

Definition A.0.2 (Recht et al. [56]). Let . : R"*? — C™ be a linear map. For every

integer k, with 1 < k < n, define the k—restricted isometry constant d;, = §x(*) > 0
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Algorithm 6: IRLSM algorithm for low-rank matrix recovery:

Data: .#(M) obtained from sampling a rank r matrix M using the sampling
operator .#.

Result: X', a close approximation of the original rank r matrix M

Initialize W? = I € R™", Set ¢y :=1, K >r and v > 0

repeat

Step 1: X! := argmin (x)— ||(Wl_1)1/2XHi, where . is the
sampling operator

Step 2: ¢ := min{e_1,vox 1 (X'}

Step 3: Compute U’ € R™*" and X! = diag(o!, -, o)) € R™" for which

XZ(XZ>* — Ul(El)Q(Ul)*

Step 4: W; = U{(2L)~1(U!)* where X, denotes the e-stabilization of the
matrix, see definition [A.0.1]
Step 5: The algorithm stop if € = 0; in this case, define X7 := X! for

j > 1. In general, the algorithm generates an infinite sequence (X');cn
until || X! - X! <¢

to be the smallest number such that
(1= 60) XI5 < [ (X) g < (14 68) [1X[5

holds for all rank—k& matrices X.

Theorem A.0.3 (Fornasier et al. [28]). The IRLSM algorithm with parameters v =

1/n and K € N. Let . : R"™P — C™ be a surjective map with restricted isometry

constants (see definition |A.0.9) O3k, 045 satisfying n = % <1- % Then, if

there exist a rank r matriz X satisfying . = M , where M € C™, withr < K — 12_—’777,

the sequence (X')en converges to X.
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Appendix B

Singular Value Thresholding

Algorithm for Matrix Completion

In this section, we will describe the SVT (Singular Value Thresholding) algorithm for
matrix completion devised by J. Cai, E. Candeés and Z. Shen in 2010, [10].
The authors have proved that the SVT algorithm converges to a solution of the

relaxed-version of the matrix completion problem described below:

1
min 71X, + 5 IX||7  subject to  Pqu(X) = Po(M), (B.0.1)

A definition is in order before we state their algorithm.

Definition B.0.1. Define the shrinkage operation Shrink(X, 7) of a matrix X € R™*"
as

Shrink(X, 7) = UD,(X)V*

where X = UXV* is the singular value decomposition of matrix X, ¥ = diag(oy,- -, 0y,)
and D, (X) = diag({(o; — 7)+}). t4 is the positive part of ¢, that is ¢, = max(0,1).

The shrinkage operation effectively applies an soft-threshold to the singular values of
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the matrix X.

Algorithm 7: SVT algorithm for low-rank matrix recovery:

Data: Po(M) obtained from sampling a rank r matrix M at positions (2
Result: X*, a close approximation of the original rank r matrix M
Initialize Y = 0 € R™*"2, Set 7 > 0 and a sequence of step sizes {0 }x>1
repeat

Step 1: X* := Shrink(Y*"!,7)

Step 2: Yk =Yk + 5kPQ(M — Xk)
until a stopping criterion is reached. For example,

Xkt X’“H < €

Theorem B.0.2 (Cai et al. [10]). If 0 < inf §; < supdy, < 2, then the iterates {X*}

obtained using SVT algorithm converges to the unique solution of the optimization

problem [B.0.1].

Remark B.0.3. Please note that 0y in the theorem [B.0.2] are step sizes and not to be

confused with the restricted isometry constants described in the Appendix A.
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