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ABSTRACT

This thesis comprises three major parts relating to the electron and phonon dynamics in nanos-
tructures.

In the first part, a finite temperature Green’s function theory for spherically symmetric systems
is advanced, in which a self-consistent dressed random phase approximation is proposed. The finite
element method is generalized to solve the Dyson equations for the Green’s function and the
screening potential. The linear response theory is then used to obtain the electron polarizability.
By the Padé approximant, the imaginary Matsubara frequency dependence is analytically continued
to calculate the polarizability in the real frequency domain This approach has been applied to Gold
and Sodium nanosphere systems.

In the second part, a general theoretical technique is developed to describe wave propagation
through a curved wire of uniform cross section and lying in a plane, but of otherwise arbitrary shape.
The method consists of (7) introducing a local orthogonal coordinate system, the arclength and two
locally perpendicular coordinate axes, dictated by the shape of the wire; (ii) rewriting the wave
equation of interest in this system; (7i7) identifying an effective scattering potential caused by the
local curvature; and (iv), solving the associated Lippmann-Schwinger equation for the scattering
matrix. We carry out this procedure in detail for the scalar Helmholtz equation with both hard-
wall and stress-free boundary conditions, appropriate for the mesoscopic transport of electrons and

(scalar) phonons. The results show that, in contrast to charge transport, curvature only barely



suppresses thermal transport, even for sharply bent wires, at least within the two-dimensional
scalar phonon model considered. Applications to experiments are also discussed.

In the third part, a general method is developed to calculate the net rate of thermal energy
transfer between a three-dimensional conductor at temperature Ty and a low-dimensional phonon
system at temperature Tp;,. The main focus and principal result is a calculation of the rate of energy
transfer between a clean metal film of thickness d attached to an insulating, nonpolar semi-infinite
substrate. The conventional deformation-potential is employed to describe the electron-phonon
scattering. A low-temperature crossover from the familiar 7° temperature dependence to a strong
T%logT scaling is predicted. Comparison with the existing experiments suggests a widespread
breakdown of the standard model of electron-phonon thermalization in supported metallic thin

films.
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CHAPTER 1

INTRODUCTION AND LITERATURE REVIEW

In the last decade, new directions of modern research, broadly defined as nanoscience and nanotech-
nology, have emerged [1-4]. This new trend involves the fabrication, characterization, manipulation
of materials and artificial structures at the atomic, molecular or macromolecular levels, length scales
of approximately 0.1 to 100 nanometers, providing a fundamental understanding of physical phe-
nomena occuring in this same scale. Nanoscience is intrinsically cross disciplinary including diverse
research areas as engineering, physics, chemistry, material science and biology. There is no doubt
that nanoscience and nanotechnology have become important factors with considerable impact and
will be the most critical, if not dominant, basis for technological innovations in the new century.
Revolutionary consequences can be expected if the most unique properties of nanostructures, their
electronic properties, are exploited.

In typical nanostructures the motion of electrons and phonons are confined in one or more
than one directions in the nanometer scale. Their mean free paths are usually greater than or
comparable to the size of the structures. Therefore, the electron and phonon dynamics will be
significantly different from those in bulk solids. They are thus a very important area in nanoscience
research. Included in this dissertation are three different subjects: the optical (electronic) response
of metallic nanoparticles (to the electromagnetic field), electron and phonon transport through
curved nanowires, and hot-electrons in low-dimensional phonon systems. They will be introduced
separately in the following paragraphs.

As a consequence of reducing material size, the electronic properties change drastically as the
density of states and the length scale of electronic motion are reduced. The energy level structure
of electrons is now determined by the boundaries of the system, and undergoes a cross-over from a
bulk band structure to discrete energy levels (shell structure) [5-7] in clusters (or nanoparticles) of

sub-nanometer to nanometer sizes. Hence the quantum size effect obviously attracts great interest

1



from researchers searching for the novel materials with special properties, such as size-dependent
new optical properties which have never been observed in molecules and in bulk materials. Reviews
of the properties of nanoparticles and the underlying physics have been given in [17,18,20]. The
research on the structural and physical properties of nanoparticles is a very important field because
it has not only the great academic value [8], but also the promising application potential, such as
optical storage [9], solar energy conversion [11], single electron tunneling [10], catalysis [12,13], and
also biology and biomedicine [14-16].

The study of light-matter interactions has played an important role in the development of
modern physics. The optical spectroscopy method has thus been widely employed in the research
of nanoparticles and clusters [17-28]. The reason is that the optical response of nanoparticles
directly reflects their electronic structures. It can be studied either on free clusters [23-28], or on
structured geometries of nanoparticles [29-32]. The main feature observed in the optical response
of nanoparticles is the surface plasmon excitation which corresponds to the collective oscillation of
the conduction electrons with respect to the ionic background. The conduction electrons in bulk
alkaline and noble metals follows a nearly free electron behavior and their contribution to the
dielectric constant, e, is described by the Drude formula [33,34]: e(w) = 1 —w?/ [w? + iw/7], where

wp is the volume plasmon frequency of bulk materials (w; = 47ne? /m, n being number density

2
P
of conduction electrons and m the effective mass of electron), 7 is the electron relaxation time.
In the simple model of free-electron gas embedded in a spherically homogeneous positive charge
distribution [20], classical electrodynamics predicts that the surface plasmon resonance occurs at
ws = wp/ /3. This is the result of the quasi-static approximation when the radius of a sphere is
much smaller than the wavelength of the incident electromagnetic wave, and can also be obtained
through the dipolar approximation of Mie’s classical theory. Most experiments on the alkaline and
some noble metal nanoparticles reveal large deviation from this prediction, such as the red- or
blue-shift of the plasmon frequency with respect to the classical value as the particle size decreases,
depending on the materials or the experimental conditions [17,18,20]. Clearly the step function
type electron density at the nanosphere surface may not be an appropriate approximation and

quantum theory should be introduced when the particle size is not substantially larger than the

bulk Fermi wavelength (Ap ~ 0.5nm).



The application of quantum mechanics gives rise to the electronic shell structure [5-7] which
reveals the quantized motion of the delocalized conduction electrons in the mean field created by
the ions in a cluster. In different experimental conditions, the details of ionic structure have been
found not to affect the properties of alkali and other simple metal clusters [17,18]. This suggests the
use of the jellium model which is defined by a Hamiltonian that treats the electrons in the usually
quantum mechanical way, but approximates the field of the ionic cores by a uniform positively
charged background with a constant charge density p,,. For a spherically symmetric jellium model,
this charge density is determined by p;, =€ [4717’5’ / 3] ! O(R—r), where e is the elementary charge,
rs is the Wigner-Seitz radius of the conduction electrons in the corresponding bulk metal, and ©(x)
is a step function with R = r,N'/3 being the radius of a jellium sphere consisting of N atoms.
Actually, we have no way to determine the finite-size variation of ry theoretically, so that the
simplest choice is that of the corresponding bulk value [18]. We have to admit that it is really a
naive assumption. But it has proven to be an almost ideal theoretical instrument for approaching
the goal addressed in the review paper [18]: It is simple enough to be applied to spherical metal
clusters containing up to several thousand atoms, but still allows for a self-consistent microscopic
description of the average field felt by the valence electrons, thus correctly reproducing many of
the observed shell structures. At the same time it allows one to extract parameters from finite
clusters that can be directly compared to those of the bulk or planar metal surface to which it has
been applied already for about thirty years. Its success in describing the “supershell” structure in
very large alkaline clusters, for which none of the more detailed structural models have any chance
to compete, speaks of itself. Of course, there are limitations in the application of this model [18].
The conduction electrons must be strongly delocalized, a condition met by metals that are good
conductors. This is why the jellium model has been mainly applied in the study of nanoparticles of
alkali and noble metals.

Alkali metal clusters provide very good testing cases for the jellium model because the con-
duction electrons are free-electron-like and the Fermi surface is nearly spherical. Especially for
sodium, the deviations from a perfect Fermi sphere are negligible [34]. Thus a spherically sym-
metric potential is assumed to simulate the field created by the ionic cores. This is what was done

in reference [5] where the Woods-Saxon potential was used. Solving the corresponding Schrédinger



equation, they got the shell structure of the conduction electrons. Similar to nuclear physics, the
quantum states of conduction electrons are labeled with the principal quantum number n and the
angular quantum number [. The levels are degenerate due to the spherical symmetry of this back-
ground potential. The energy shells are successively filled by the conduction electrons. As for atoms,
the electronic system of a cluster with exactly the right number (the magic number) of electrons
to complete a shell is very stable. When one more atom is added to the cluster, its valent electrons
will occupy a state with considerably higher energy, and hence reduce the stability of the system.
This is just the scenario shown by the abundance spectrum of sodium clusters. A self-consistent
computation by Chou et. al. [36], based upon the jellium model of sodium cluster of 40 atoms, also
shows the above mentioned shell structure. Fig. 1.1 depicts the corresponding effective potential.
Further examples are given by Ekardt [37,38], where the density functional theory is applied and

the nonlocalized electronic exchange-correlation is

replaced by a localized potential of the Gunnarsson N
40
and Lundqvist type [41], i.e., using the local den- = 5
Y
sity approximation (LDA). In this approximation, g
=
the shell structures of sodium clusters with different % 2}
[+ 8 2p
numbers of atoms are obtained by self-consistently _g 2Tf
. . . . g 4 T A S nds
solving the single-particle Kohn-Sham equations. a A ——] 1p
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Independent work by Beck also suggests the same -6 _\J
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result [39]. All these have shown the validity of the 0 10 20

- . Radius R {orb units)
jellium model and have encouraged applications of

Figure 1.1: Self-consistent effective
potential of jellium sphere with the
dynamics computation becomes more and more time corresponding electron occupation of
energy levels [36].

this model to larger systems in which the molecular

consuming and one is bound to rely on the jellium
model predictions.

Besides the original LDA, various improved approaches have been developed to investigate the
optical properties of the alkaline clusters, such as the time dependent LDA (TDLDA) [40, 42],
the LDA based random phase approximation (RPA) [43-47], Hartree-Fock ground state based full

quantum mechanics RPA [48] and others. Numerous theoretical investigations have already pro-



vided us with very good understanding of the static and the dynamical properties of the alkaline
nanoparticles, especially the finite size effects — the red-shift of the plasmon frequency and accord-
ingly the increase of the static polarizability with the decreasing particle size. It is believed that this
effect is attributed to the electron spilling out beyond the ionic background charge boundary. The
smaller the cluster, the more prominent the spill out. It reduces the effective electron density and
thereby the resonance frequency. Depending on the element, better agreement with the experimental
results can be achieved by introducing various modifications such as shape deformation, effective
mass corrections, pseudopotentials, core polarization effects or discrete ionic structures [54].

The situation concerning the size dependence of the optical absorption spectrum is more com-
plicated for noble metal nanopartciles because the binding energies of the completely filled d-
band are close to those of the partially filled s-band [20]. The polarization of the core electrons
causes considerable screening of the conduction electrons, which contributes a non-zero suscepti-
bility x4 = €4(w) — 1, and hence results in the shift of the volume plasmon, surface plasmon and
the Mie resonance to lower frequencies. At assumption that the imaginary component of y, is neg-
ligible, one may estimate the magnitude through the resonant condition of ws = wy/[2em + eg]l/ 2,
where €, is the dielectric constant of the surrounding matrix. The screening effect on the electrons
near or beyond the surface is weaker than that on the inner ones, which induces an increase of the
plasmon frequency. The smaller the size, the larger the portion of electrons which experiences weaker
screening. In spite of some contradictory results most of the experiments support this blue-shift
with the decreasing particle size. The interplay between the d-electron screening and the spillout
effects is responsible for the overall complexity of the resonance behavior [50]. A phenomenological
two-region dielectric model has been proposed to deal with this complex size dependence [49, 50].
In this model, an effective medium with dielectric constant €;(w) is assumed for the inner sphere of
radius Ry, and the shell of thickness d is vacuum with dielectric constant ¢ = 1, where Ry = R —d,
R = rgN'/3 is the radius of a jellium sphere of N atoms, and the thickness d is in the order of
the Wigner-Seitz radius rs. Employing this model, many theoretical works with TDLDA or RPA
based upon LDA have been carried out to qualitatively and quantitatively explain experimental

observations on the optical response of noble metal clusters, and achieved great success [51-56].



So far, nearly all the jellium model calculations are within the framework of the density func-
tional theory. In these applications, the local density approximation is used to treat the exchange-
correlation, which use locally the exchange correlation energy per electron ey.(p) obtained in
many-body calculations for an infinite system of electrons with the constant density p, i.e., exc
is taken at the local value p = p(r) everywhere in this finite system. By construction, this approx-
imation is exact only in those regions of space where the density p(r) is constant, while in the
current object of nanoparticle systems the density function shows a strong variation in the sur-
face region. Although its applications have achieved considerable success in almost all branches of
physics including nanoparticle systems, its validity were never analyzed from a theoretical point of
view [54]. A fully quantum theory justification is still in need. We note that Guet and Jognson have
ever developed a fully quantum mechanical matrix RPA based on the Hartee-Fock ground state [48].
In their approach the exchange-correlation is treated nonlocally, and they observed a redshift of
the plasmon frequency with respect to the experimental measurement rather than the blue-shift
reported in the previous LDA-RPA studies. Also an improvement of the agreement between calcu-
lations and experimental data was achieved to a certain extent.

As it is well known, the finite temperature Green’s function method [61-63] is a powerful theo-
retical tool which has been shown to be very successful in dealing with both the equilibrium and
the excited state problems in condensed matter systems. To the best of our knowledge, we have not
found any previous work applying this method to compute the optical properties of nanopartices.
Recently, there has been increasing interests in the temperature effect of the optical properties and
the electron dynamics of nanoparticles [57-60]. The finite temperature Green’s function method
takes the temperature effects into account in a natural way. In the current dissertation work, we
apply this method to calculate the optical properties of any metallic nanoparticle with spherically
symmetric geometry. Our primary goal is to develop novel computational tools for the comprehen-
sive, quantitative modeling of the optical properties of these structures. In our approach, the jellium
model is chosen as the positive background potential to confine the conduction electrons, and the
mutual, repulsive Coulomb interactions between conduction electrons is treated fully quantum
mechanically. The Dyson equations for the nonlocalized screening potential and finite temperature

Green’s function in real-space and imaginary-frequence domain are set up within the framework of



a so-called “dressed random phase approximation” (DRPA). The lack of translation symmetry in
nanoparticles make the numerical solutions of these coupled self-consistent field equations a great
computational challenge. Considering the spherical symmetry, the angular and radial portions of
these equations are separated by using the angular momentum theory [66]. The finite element
method [67] is extended to the Green’s function calculations, which considerably stabilizes the
self-consistent iterations and saves the computation time. Even though great effort has been made
to develop a highly efficient numerical algorithm to solve these self-consistent field equations,
our computations are still confined by the constraints of currently available high-performance

computing capabilities.

A new class of nanomechanics is attempting to measure extremely minute amounts of energy,
of the order a few neV, and to use such calorimeters to probe fundamental properties of thermal
conduction in the nanoscale regime [76-80]. Like the related case of electrical conduction [81,82],
low-temperature thermal conduction in nanostructures is entirely different than in macroscopic
materials because the phonons are in the mesoscopic regime, where they scatter elastically but not
inelastically. Because inelastic scattering is required to establish thermodynamic equilibrium, there
is a breakdown of Fourier’s law and the heat equation, which assume a local thermodynamic equi-
librium characterized by a spatially varying temperature profile. These nanodevices have inspired
considerable theoretical work on thermal transport by phonons in the mesoscopic limit [83-97].

There has been considerable attention given to mesoscopic electron transport through curved
wires and waveguides [100], but none to thermal transport. Electron transmission probabilities in
curved wires are usually obtained by mode-matching, a method restricted to piecewise separable
geometries (wires composed of straight segments, circles, and other shapes where the wave equation
is separable). A related problem that has been studied extensively is the formation of electronic
bound states and resonances in curved wires, where the mapping to local curvilinear coordinates
is also often used [100-102]. Surprisingly, we are not aware of any work using moving frames and
then directly solving the resulting Lippmann-Schwinger equation in that basis. Nor are we aware
of the use of this method in the extensive microwave engineering literature [104, 105], where the

(more generally applicable but purely numerical) finite-element method is the technique of choice.



In this work we introduce a general method to calculate the scattering matrix for waves propa-
gating through a curved wire or waveguide. The wire is assumed to be of uniform cross-section and
lying in a plane, but the curved segment may have any smooth curvature profile. The ends of the
wire (the “leads”) are also assumed to be straight. For definiteness we consider two-dimensional

waves described by the scalar Helmholtz equation
[VZ+a]@(r)=0, r=(2y)

Here a(€) = 2me/h? in the case of electrons of energy e and mass m, whereas a(e) = €2/h%v? in the
case of scalar phonons of energy € and bulk sound velocity v. The hard wall boundary condition is
assumed for electrons, but the stress free boundary condition for the phonon case. Our approach
involves rewriting this equation and the boundary conditions in terms of new curvilinear coordinates
X and Y, dictated by the shape of the wire, such that the wave equation becomes more complicated
(the wire’s curvature produces an effective potential), but the boundary conditions become trivial.
We choose X to be the arclength along one edge of the wire, and Y is locally perpendicular. This
transformation allows us to apply the standard techniques of scattering theory, including solution
of the Lippmann-Schwinger equation, in the XY frame.

A particularly novel aspect of the phonon transport problem is that the reflection proba-
bility always vanishes in the long-wavelength limit, permitting an analytic (second-order Born
approximation) treatment at low energies. The energy-dependent transmission probability is then
expressed as a simple functional of the curvature profile x(X), making possible a straightforward

analysis of a variety of wire shapes.

The interaction between electrons and phonons at low temperatures is a subject of considerable
interest and importance, as this coupling is the primary mechanism by which an electron system
can exchange energy with its environment. At low temperatures, electron-electron scattering will
cause nonequilibrium electrons to equilibrate on a timescale that is typically much shorter than the
electron-phonon equilibration time, resulting in an electron distribution that is thermal, but at a
temperature higher than that of the lattice. Understanding the effects of these “hot” electrons is
crucial in studies of transport in semiconductors and metals at low temperatures [114]. The widely

used “standard” model of low temperature electron-phonon thermal coupling and hot-electron



effects in bulk metals [113,114] assumes (i) a clean three-dimensional free-electron gas with a
spherical Fermi surface, rapidly equilibrated to a temperature T¢j; (i) a continuum description
of the acoustic phonons, which have a temperature Tpy; (iii) a negligible Kapitza-like thermal
boundary resistance [115] between the metal and any surrounding dielectric, an assumption that is
well justified experimentally; and (iv), a deformation-potential electron-phonon coupling, expected
to be the dominant interaction at long-wavelengths. In a bulk metal, the net rate P of thermal

energy transfer between the electron and phonon subsystems is [114]

P=3SVa(T5 - Th),

where V, is the volume of the metal, and

8¢(5) k€2 Ney(er) '

b))
3rhtpopu

Here ( is the Riemann zeta function, e is the Fermi energy, N is the electronic density of states
(DOS) per unit volume, p is the mass density, v is the bulk longitudinal sound speed, and vp is
the Fermi velocity.

This model, which has no adjustable parameters, has successfully explained some experi-
ments [114, 116, 117], but others report a power-law temperature dependence with smaller expo-
nents [118,119], indicating an enhanced electron-phonon coupling at low temperatures. However,
the experiments typically involve heating measurements in thin metal films deposited on semi-
conducting substrates, and the relevant phonons at low temperature are strongly modified by the
exposed stress-free surface. An attempt to directly probe such phonon-dimensionality effects was
carried out by DiTusa et al. [119], who intentionally suspended some of their samples, necessarily
modifying the vibrational spectrum, although they found no significant difference from their sup-
ported films. We argue that the paradox reported in Ref. [119] is actually quite widespread, and
all experiments known to us on supported films actually contradict the standard model when that
model is modified to account for the actual vibrational modes present in a realistic supported-film
geometry. Our results have important implications for the thermal properties of mesoscopic and
low-dimensional phonon systems and the use of such systems as nanoscale thermometers, bolome-

ters, and calorimeters [120-122].
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Part one of the my dissertation consists of Chapter 2 to 5, including the application of the finite
temperature Green’s function method to the investigation of the optical properties, or say electron
dynamics, of nanoparticles. A brief review of the quantum field theory at finite temperature is
made in Chapter 2.1, for later use in this work. In Chapter 2, we develop the real-space Green’s
function at finite temperature for any spherically symmetric system within the framework of so-
called DRPA. Also in this chapter, by using the angular momentum coupling theory, the angular
parts of these field equations are separated and only leave the radial parts for consideration, which
dramatically reduces the computation strength. Two radial Dyson equations of Green’s function
and the nonlocalized screening electronic interaction potentials are derived, respectively. The finite
element forms of these self-consistent iteration equations are built in Chapter 3. The linear response
theory is setup in Chapter 4 to compute the susceptibility and the polarizability. Chapter 5 gives
the examples on the application of the approaches created in the previously chapters. Part two
of my dissertation appears in Chapter 6, included are our results on the electron and phonon
transport through curved nanowires which is in the manuscript style. In Sec. 6.2 we carry out
the above analysis for the two-dimensional Helmholtz equation. In Sec. 6.3 we consider electron
transport through a circular right-angle bend, recovering results obtained by Sols and Macucci [106]
and by Lin and Jaffe [107] using mode-matching methods. Our main results are given in Sec. 6.4,
where we address thermal transport through curved wires. Sec. 6.5 contains a discussion of our
conclusions and the experimental implications of this work. In part three of my dissertation, i.e.,
Chapter 7, presented is the result for hot-electrons in low-dimensional phonon systems which is in

the manuscript style. The conclusions are in Chapter 8.



CHAPTER 2

REAL SPACE GREEN’S FUNCTION FOR SPHERICALLY SYMMETRIC SYSTEMS

2.1 SELF-CONSISTENT DRESSED RANDOM PHASE APPROXIMATION AT FINITE TEMPERATURE

Condensed matter systems usually consist of many interacting particles. A complete understanding
of such systems, involving solution of the many-particle Schrodinger equation, requires the knowl-

edge of the interaction potential between particles, i.e., the Hamiltonian
H = Hy+ Hy (2.1)

with

h?v? 1
Hy = Z +U(r)|, Hy = 3 ZV(ri,rj)
4,J

i=1 B 2mMe
where Hj includes the kinetic energy and some single-particle potential U(r) felt by particles, and
Hy is the mutual interaction between particles themselves. It is impossible to directly solve the
corresponding many-particle coupling Schrodinger equations even for finite many-body systems,
such as atoms and nuclei. Therefore other techniques are invoked instead, such as quantum field
theory and Green’s function methods [61-63]. The Green’s function method has proved itself a very
powerful tool. The finite temperature counterpart of the Green’s function method was originated
by Matsubara [64]. It includes the temperature in a natural way, and provides us with both the
complete ground state and the excited state properties of the system. Since the Green’s function
method is formulated in the language of quantum field theory, we need to introduce the second

quantization form of the Hamiltonian

H = I:IO + I:IV (22)
A A 2 2 A
Hy = Z/d?’rllﬁa(r) [—F;Ze +U(r)] U, (r) (2.3)

1 13 o / N s
Hy = 52//d3rd37“ \IIL(T)‘I/L,(T)V(r,r)\I/a/(r)\Ila(r) (2.4)

aao!

11
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where \ila(r) and @L(T) are the field operators, eliminating and creating, respectively, particles at
position r with spin z component a.
The field operators satisfy simple commutation or anticommutation relations depending on

whether the particle is boson or fermion,

[@a(r),\iﬂ,(r')} = S d(r — 1)

[Ba(r), b ()] = ¥l ¥l 0] =0 (2:5)

where the upper (lower) sign refers to bosons (fermions).
In treating system at finite temperature, the grand canonical ensemble is often employed by

introducing the grand canonical Hamiltonian,
K=H—uN (2.6)

where p is the chemical potential, and N is the particle number operator. The statistical operator

and the grand partition function may be written as

o = zgt e PK = o= BO-K) (2.7)
Zo = e U=Tre PK (2.8)
where € is the grand canonical potential, and 5 = 1/kpT.

It is very convenient to work in the imaginary-time Heisenberg picture, in which any operator

O is related to its Schrédinger counterpart by
Ok = eKr/h Os e Kr/n (2.9)
The representation of the field operators in this Heisenberg picture reads,

‘i/Ka(T‘T) = ef(T/h‘i/a(r) e~ Kr/n (2.10)
Ul (rr) = KM, (p)t e KT/R (2.11)
We should emphasize that \i/}(a(m-) is not the adjoint of Wx,(r7) as long as 7 is real. Actually,

it can be analytically continued to a pure imaginary value it. As a result, \ﬂ{ . (r,it) becomes the

true adjoint of \ilKa(r, it) as in the original Heisenberg picture.
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Now we give the definition of the single-particle Green’s function as follows,
Goar (r7,7'7) = =T { p, Ty [Wicarr) ¥ (r'7)] | (2.12)

Here, T is an operator that orders the operators following itself in such a way so that the one with
the earlier time appears at the right, and also confines the sign of this operation by (—1)%, where P
is the number of permutations required by fermion operators to restore the original order. The trace
(Tr) here implies the grand canonical ensemble average, or say the weighted average over a complete
set of states in the Hilbert space, and the statistical operator plays a role of the weight. A simple
calculation, with the help of the cyclic property of the trace [Tr(ABC)=Tr(BCA)=Tr(CAB)], gives

the periodicity of the temperature Green’s function

Goo (r7,7'7") = £ Gou|rr, v (7' + BR)]

Goo (r7,7'7") = £ Gau|r(T + Bh), 77 (2.13)

Therefore, one needs only consider the Green’s function in the imaginary time domain [0, 5A].
Further simplification is reached when the Hamiltonian is time independent, where the Green’s
function is dependent only on the difference 7 — 7. One may simply write it as G/ (7, 7’;7), and

the periodic condition as
Gow (T, 757 <0) = F*Guu(r,v';7+ Bh) (2.14)

Nevertheless, this property enable us to get the finite temperature Green’s function in the domain

of the Matsubara imaginary frequency through the Fourier transformation

on
Gaw (r,7'5iwy) = / dre™" " Goor (v, 1’ 7)
0
Gaw (r,157) = % Ze—iwﬂgm, (r,x';iwy) (2.15)
W

where iw,, is odd Matsubara frequency defined by

26"—;; , for bosons

(2.16)

&
3
M1l

(2"6%)”, for fermions
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As long as Green’s function is obtained, one can, in principle, calculate all the thermodynamics

properties, such as the mean particle density and particle number, i.e.,
(a(r)) = FtGrrrr")=F > Gaalrr,rr) (2.17)
(6%

N(T,V,u) = $/trg(r7‘,r7‘+) (2.18)

To get a close form of the Green’s function is very complicated because we do not know exactly
the eigenstates of the corresponding Hamiltonian in many occasions. Hence the perturbation expan-
sion is a tool to choose, in which one usually decomposes the full grand canonical Hamiltonian into
an easily treated part Ky and a perturbation part K, = K — Ko. Our discussion is then within the

interaction picture. The representation of any mechanical operator in this picture is defined by

A~

O1(7) = eor/h Og e~ Kor/h (2.19)

It is related to its counterpart in the Heisenberg picture by

Ox =U(0,7) O1(r) U(,0) (2.20)

where the evolution operator can be easily obtained by formally solving its dynamical equation,i.e.,

o0

Ulr,7') = Zo 7(_;)””! /TT dry - - //T dr,T> [Kl(ﬁ) - K (7y) (2.21)

!
n= T

Now the exact temperature Green’s function, based upon the procedures mentioned above, can

be calculated by the following perturbation expansion

Gow (r7,7'7) =

—Tr{e‘m S0 (R [y [P AR T [f(l(ﬁ).--Kn(fn)xifh(m)@}a(rw)}}

n! JO

T {e Ko 352 (<) d [ dry - [T [Ka(n) - RG]}

n! Jo

(2.22)

Feynman diagram technique and Wick’s theorem provide us with very efficient tools to evaluate
the finite temperature Green’s function. The diagram analysis shows that the denominator of

equation (2.22) exactly cancels out the disconnect diagram in the nominator. Thus it reduces to,

«Tr {e—ﬁfﬂm [f(l(ﬁ) . Kn(fn)xﬁa(mi:g(rw)} } (2.23)

connected
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Here the field operators \i'a(rv') and @Ta(r’ 7') are associated with the unperturbed Hamiltonian Ko
(due to the nature of the interaction picture). Thus the Green’s function estimation is just to add
up all the connected diagrams according to Feynman rules [61], which expresses the full Green’s
function in terms of the unperturbed ones, G°_,(r, 7'7'), associated with the Hamiltonian Ko.
For electron systems in solid, the Hamiltonian Hy in the Eq.(2.3) takes the place of the grand
canonical Hamiltonian, replacing single-particle potential U(r) with the potential built up by the
positive background charges and absorbing —,uN term. It is time independent. The two-body
Coulomb interaction V(r — 7’) between electrons is treated as the perturbation and hence we

have

. 1 . . . .
Ki(7) = 5 > / / EBrd® e Wl (rr) Ul (W (= )W e (K7 W o (r7) (2.24)

aa’
The Feynman rules corresponding to this interaction can be easily obtained. The Dyson equation

provides a iteration method to self-consistently solve the Green’s function through an unperturbed

one. The Dyson equations for the Green’s function reads

6@.9) = ¢°@9)+ [ [d21420°@ 225 2)6(E.0) (2:25)
where X is the proper self-energy in the self-consistent iterations [61]. Here we use the generalized
coordinates representing the space, time and spin coordinates, e.g., £ = (x, 7,, &) . The integrals

include integrals over real space and imaginary time, and the summations over spin.

The diagrammatic representation of the Dyson for the temperature Green’s function is shown

0

oo (r7,7'7") are denoted by thin lines each

in Fig.2.1. where the unperturbed Green’s functions G

by
G GO GO G

Figure 2.1: Diagrammatic Dyson equation for the finite temperature Green’s function

with an arrow along the direction of » — r/, the perturbed (full or dressed) Green’s functions
Gow (r7,7'7") by thick lines with the same arrangement of the arrow directions as for GY. The
proper self-energy diagrams [61] are denoted by filled bulbs. The solid circles on the vertexes imply

the spin summations and the integrals over the space and time coordinates.
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This diagram provides a self-consistent way to calculate the finite temperature Green’s function,
which will start to work as soon as one get the unperturbed Green’s function G°. A typical approach
is to solve the single-particle Schrédinger equation for the corresponding unperturbed first quantized
Hamiltonian Hy, and then construct the unperturbed Green’s function by the following expression

(for example, in the Matsubara frequency domain),

00 iy N~ PR YE(r)
g (r7lr 77’w’n) - Zk: zwn _ Ek; + i (227)

where ¥y (r) and Ej are respectively the eigenfunctions and eigenvalues of Hy, and k denotes a set

of quantum numbers. Alternatively, it can be obtained by directly solving the following equation
(iwn — Ho + 1) G2 (v, v'siw,) = 6(r — 7') (2.28)

where p is the chemical potential, and the single-particle Hamiltonian Hy is defined as

_ n2v?
Hy= 5= +U(r) (2.29)

After an unperturbed Green’s function is obtained, the next step is to compute the self-energy.
Approximations are usually introduced at this stage. The very first ones are the Hartree and Fock

approximations (the first order diagrams), shown in Fig.2.2, We have to emphasize that here we use

e ”‘30)
= +

Figure 2.2: Feynman diagram for the Hartree-Fock self-energy

the dressed Green’s function instead of the unperturbed one because we confine ourself to the self-
consistent computation in the current work. In many situations, the Hartree-Fock approximation
gives rather good result, and at least provides a first insight into the problem under consideration.

In this research, we are interested in the polarization behavior of electrons, here the electron-

hole excitation is important. Thus we need to add up all the contributions of the bulb diagrams as
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shown in Fig.2.3. This is the random phase approximation (RPA) [61,62,65]. Here, again, we use
the dressed Green’s functions (the thick solid lines) instead of the unperturbed ones in all the bulb
diagrams. This is why we call our approach the dressed-random-phase-approximation (DRPA).
The DRPA contributes an effective two-body potential for electron-electron interactions, denoted
by the thick zig-zag line, which is the result of the screening effect on the bare electron-electron

interactions denoted by the thin zig-zag lines.

W = W + WAO\/\NV+W\/\OVWOWW+--- (231)

Figure 2.3: Ring approximation to the effective two-body interaction

In a self-consistent way, one may get the Dyson equation for this effective potential [denoted

analytically by the operator W (&, g)],
W(z,y) = V(z,9)+ //d21d22V(§3, Z)II(21, 22)W (22, 9) (2.32)
with,

V(z,y) =V(z—y)d(1: — Ty)dasa, (2.33)
here the coordinates and the integrals are defined in the same way as in Eq.(2.25). The multiplication
of the delta functions with respect to time and spin coordinates is due to the fact that the bare
potential is independent of the time and spin. II( 21, 22) is the polarization operator. The definition

of it can be found in the diagrammatic Dyson equation in Eq.(2.34),

II

W 1% 1% W
MWW — WWWWW, -+ WNOMW (2.34)

Figure 2.4: Diagrammatic Dyson equation for the effective two-body interaction

Now we are ready to evaluate the self-energy associated this effective potential. We call this

self-energy “RPA self-energy” in this dissertation because the effective potential is obtained under
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the RPA. The Feynman diagram is shown in Fig.2.5. Here we subtract the Fock self-energy because

its contribution has already been included previously in Eq.(2.30).

Lo T T

Figure 2.5: Feynman diagram for the self-energy in DRPA approximation

In our current approach we only include the Hartree-Fock and the RPA self-energy, i.e.,
Y(21, 22) = 2 (2, 25) + BR(2, 20) (2.36)

Substitute this self-energy into Dyson equation (2.25), we obtain a dressed Green’s function, which
ends our first iteration. With this Green’s function, we start next sequence of computing effective
potential via Eq.(2.32), Hartree-Fock self-energy via Eq.(2.30), RPA self-energy via Eq.(2.35) and
finally the dressed Green’s function via Eq.(2.25). Repeating the above sequence till a required pre-
cision is reached, one may get the Green’s function of the system. Based upon this finite temperature

Green’s function, one may calculate any interesting physical properties.

2.2 SPHERICALLY SYMMETRIC SYSTEMS AND RADIAL GREEN’S FUNCTION

In developing the self-consistent dressed random phase approximation in the previous section, no
pre-assumption is made on the nature of electron systems excepting the time-independence of the
Hamiltonian. We provide only a general framework of DRPA for computing the finite temperature
Green’s function of interacting electron systems confined in some background potential U(r) [see
eq.(2.3)]. The description will become simpler if there is some special symmetry for the system, for
example, the translation invariance in the homogeneous systems. One may use Fourier transfor-
mation to transfer the current formula into momentum space when this happens. The description
in this space becomes pretty simple (comparing to real space case). However, the objectives of the
current research are nanoparticles lack of translation symmetry, especially for small nanopartciles.

In a very rough approximation, one may assume a spherical symmetry. Actually, for the so called
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close-shell metallic nanoparticles consisting of magic number of atoms, spherical symmetry is often
used to simplify the problems [6,7,17,18,23,36-40].

In the following sections, we assume the spherical symmetry for our electron system. As a result,
the background potential U(r) are only determined by the position with no relation to the angular

coordinates, i.e.,

Now the angular quantum number is a good quantum number, one may make use of all batch of
methods developed in the angular momentum theory [66]. The first step is to separate the angular
portion from the radial coordinate. By using the spherical harmonic function, one expands the

two-body Coulomb potential as

oo m=l
-7 F 0,0 Y, (0 2.
V(r r) r—r lzgmzzl z7“7’ ( 790) im (0, ) (2.37)
with
dmgy ¢
no_ d<
E (T’T) = 2l+1 l+1 (238)
and
€2 . , , T
do=—, q< = min{q,q }, q> = max{q,q }, 9=

where g is the Wigner-Seitz radius of electrons in bulk materials, which is used to rescale the length
through out this work.

Similarly, one may expand the Fermion field operators (in the Heisenberg picture) as,
U, (r,7) = Z @1, (1) Yium,, (0,0) Cpua(7) (2.39)
U (r,7) = Z P, (1) Yo, (0,0) Cla(7) (2.40)

where, Cpq(7) and C’la are the creation and destruction operators in Heisenberg picture, respec-
tively. « is the spin index. n,,l,, and m, are the principal, angular and magnetic quantum number,
respectively, and g is the abbreviation of them, i.e., u = {ny,{,, m,}. Substitute them in the

definition of the finite temperature, Eq.(2.12), the following expansion is obtained,

gaa I' I‘ T Z}/lumu , P le W T (0/’ 90/) q)n/,,lu (T) (bnullu/ (T/) gao/ (M’:U’/;T) (241)
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where
Goor (,u,u/; T) =-Tr {ﬁGTT [Cla(T)C};,a,(O)}} (2.42)

It can be shown that Goqs (1, 1t'; 7) is diagonal with respect to [, and my, i.e.,

gao/ (,U,, ,U/; 7') = g (nu|nw; ll“ 7') 50“1/&#[”’ 5mumu’ (243)

Therefore, Eq.(2.41) becomes,

gaa I‘ r'; T Z }/lumu g leumu P Z (I)"Mlu ” wlu (T,) gaa’ (nﬂ‘nﬂl; l.“’T)

lymy LONOW]

(2.44)

Introducing the radial Green’s function
Glu rr' 7' Z D1, (1) Py il (r/) g (”u|nu’;lu77) (2.45)
LMW,
one may expresses the real-space Green’s function by
gaa r r'; 7' Z Yi,m, (0, ¢ Ylumu (0',@') G, (7“, 1"';7') Oac (2.46)
lymy

The Fourier transformation defined in Eq.(2.15) yields,

gozo/ (I‘, I',; an) = Z Yumu y P leum (0/’ 90/) GlM (Ta ’I"/; an) 5040/ (247)
luymy

G, (7’, r’;z‘wn) = Z 1, (1) Py il (r’) g (nuln“/;lu,iwn) (2.48)
pm,

Goos (,u, w'; iwn) = g (”u|”u/a Ly, zwn) 5aa’5lulw5mumm (2.49)

With the help of the spherical harmonic functions, the temperature Green’s function has been
successfully decomposed into the multiplication of the angular and the radial parts, which will
enable us to separate the angular part completely. The similar derivations will be applied to the

self-energy, polarization operator, and the screening potential separately in the following sections.
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2.3 HARTREE SELF-ENERGY

According to the Feynman rules and the definition of self-energy in Eq.(2.30), one writes the Hartree

self-energy as

2 1 .
sH(r,r) = %(5@ —1) /d3r0V (r —ro) g: e"“nG (ro, ro; iwy)
= Sr—1r)x" () (2.50)
where,
s (r) (2;7—;1) /d3r0V (r —rp) ;ew"”g (ro, ro; iwy) (2.51)

Substituting the expression of the Coulomb potential (2.37) and Eq.(2.47), it becomes

= (2s+1)
M (r) = 12 ZZ/d3r0F1 7,70) Yim (65 0) Yim (6o, ¢0) Yirms (60, 00) Yy (6o, 0)

Im U'm

Z e™n (ro, To; iwn)

Wn

Integrating the angular part through relation (A.10), we have

= (25 +1) [(2r +1
SH(r) = ;m >N / 2drg Fl r,10) Yii, (0,¢) C (I1;mm!m’) C (10'1';,000)

Im U'm
§ Gy (ro, To; iwn)

Wn

Summing over m and over m’ using relation (A.12), and then over [, it becomes

= 25+ 1) ;
() = ( / rédrg (21" 4 1) Fy (r,r0) Yoy (6, @) C (01''; 000 "Gy (1o, 705 iwn
(r) \/EBEQZ o( )Eo (r,70) Yoo (8, ) C ( )g: v (10,70 )
With C (00'1;000) =1 and Yy, (0, ¢) = 1/V4m, we get
~ (2s+1)
H _ 2 Wn,
by (I‘) = 471’[3712 Z/ dT’o 2l +1 F() r, 70 Ze nGl’ 7“0,7‘0,1(.0”)

Wn
Clearly sH (r) is not angular dependent, and can be expressed as,

28+ 1 kBT

D (r) =  4mR2

Z/ 2dro(20' + 1)Fy (r, o Ze’w”"Gl/ (ro,70; iwn) (2.52)

iwn,

and the radial Hartree self-energy is

»i (r, r’) = %2(5(7“ — r’)iH (r) (2.53)
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The partial Green’s function corresponding to the Hartree self-energy can be expressed as
gh (r, r'; an) = /d3r1d3r’190 (r,r1;i0,) »H (rl,rll) g (r’l, r’; an)
= /d3r190 (r,r1;i,) i (r1)G (rl, r’; an)
= O [ i (0.9 67 (i) Vi (01,0) Vi (01,1)
Im U'm/

SH(r) Gy (r1,7"5 i) Yo (6, ¢")

Integrating the angular part using the orthonormal relation of the spherical harmonic functions,

we have
gt (r, r’; iQ Z Yim (0,0) Y, (9’, <p’) Gy (r, ' an) (2.54)
where the radial Green’s function reads,

GlH (T, r’s an) = /r%drlG? (ryr15i82,) yH (r1) G (rl,rl; an) (2.55)

2.4 FOCK SELF-ENERGY

The Fock self-energy and the corresponding partial Green’s function are defined by

1

»F (r, r') = _WV (r — r’) g: elonng (r, r’; iwn) (2.56)
Gg¥ (r,r’;iQn) = /d3r1d3r2g0 (r,ry;i8,) »F (r1,r2)G (rg, r'; an) (2.57)

Substituting the expression of the Coulomb potential (2.37) and Eq.(2.47) into Eq.(2.56), one has

= (rr) = Z D Vi (0,0) Yigms (0,0) Vi, (0,9) Vi, (0,) Fy (r,7)
limq lamso
Zewwa (r, r/;iwn)
Wn

According to Eq.(A.9), coupling of the spherically harmonic functions gives,

2l + 1 \
SF (r,r') = 5;12222 2 Y (0,9) Vi (6,¢) Fy (r,7") C (Lilal) C (Lilal')

Im U'm’ 1l

Ze"""”Gl2 (7“, r’;iwn) Z C (I1l2l; mimam) C (lllgl’;mlmgm’)

W, mi1ma



23

Summing over mjms using the orthonormal relation (A.7), and then the summation over I'm’ gives,

ZYzm ©) Y, (0,¢) 5 (r,) (2.58)
where the radial Fock self-energy is
SF (rr') = — L 3@+ 1) (2 + DE, (r,r) C (lal)® S 6 Gy, (ryr'; i)
LA Ir (U + )2 £ ' z 2 \T> 7" Wn

To obtain the corresponding partial radial Green’s function, we substitute Eq. (2.58) and (2.47)

into (2.57), and get

GF (r,ri) = > > Z / dPr1d®raYig s (0,0) G (r,715820) Yii e (01,01) Yim (01, 1)
Im U\m) lhm

EF (r1,72) Yo (02, 92) Yigmy (02, 02) Gy (r2,7510) Y7y (0, ¢)

Integrating the angular parts using the orthonormal relation of the spherically harmonic function,

and then sum over Ijm) and l5m}, we obtain
G" (r,v';i,) Z Yim (0,9) Vi, (¢/,¢') GT (r, 75992, (2.59)
and the radial counterpart

GF (7", r';z’Qn) = /r%drlr%drgG? (r,r15182,) Ef (r1,7m2) Gy (rg, r’;iQn) (2.60)

2.5 POLARIZATION OPERATOR AND SCREENED POTENTIAL

The polarization operator is defined by,

II (r, r'; ipn) = (22%1) % g (r, r'; iwn) g (r’, r;iwy, — ipn) (2.61)
According to Eq. (2.47), it turns into
/., - 23 + 1 * / / / /
II (r7 r ;an) = Z Z Yllm1 y P YlQmQ (Ha 90) Yllml (9 y P ) leﬁbz (9 P )

lim lamo

Z Gy, (r,r'yiwy) Gu, (7', 1y iwn — ipy)

Wn
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Employing the coupling rule of the spherical harmonics, we get

(2 1)
II (I‘, I‘/; ipn) = 4;&’;712 Z Z Z Z 212 —|— m1+m20 (lllgl; my1 — mgm)

Im U'!m’ lymq lamo

5 (lllgl/; —mlmgm') Yim (9, go) le’m’ (0/, QOI) C (lllgl) C (l1l2l/)

Z G, (r, r' iwn) Gy, (r’, 7wy — z'pn)

TWn
Since [y + 15 — [ is even, one has C (lhlal;my — mom) = C (l1lal; —myms — m), and the non-zero CG
coefficient requires that m = mq — meo. Thus, this equation becomes

11 (I‘, r';ipn) = ij‘l’;ﬁi ZZ Z Z 2[2 +1 mC (lllzl —mimsg — )

Im Um’ lim1 lamo

C (lllgl/; —mlmgm/) Yim (6, ¢) Yirm (9/, go') C (L) C (lllgl’)

Z Gy, ('r, ' iwn) Gy, (r’, 7 iWn — ipn)

Wn

Sum over mymg using the orthonormal relation (A.7), and then over I'm’, this equation becomes,

i) = S ZZ e L (60.0) (1™ (061) € (o)
Z Gll ryr'siwn) Gy (1, 73w — ipy)
= an(e,;) i (05") 0y (7" ipy) (2.62)
im
where,
IL (r,7'sipn) = %” (20, + 1) (202 + 1) C (I1120)?
21:2 Guy (ror'sviwy) Guy (1, 73w — ipp) (2.63)

According to the Dyson equation (2.32), the screened Coulomb potential reads
w (r,r’; ipn) =V (r, r’) + //d3r1d3r’1V (r,rq) 11 (rl, r’l;z’pn) w (r/l, r’; z'pn) (2.64)

To get the radial component, we let this integration equation evolve self-consistently. The zero-order

potential is just the bare one defined in Eq.(2.37), i.e

w© (r,r’; ipn) = ZYlm o) Y (9 ,cp’) Wl(o) (r, r';ipn) (2.65)
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and thus
VVZ(D) (r,r'sipn) = Fi(r,r') (2.66)
The first-order term is
WO (e,xipy) = / Sry e,V (r,e0) 1T (r1, 1% i) WO (2,13 i)
=3 Z/d3r1d3r11flm (0,¢) Ey (r,71) Y, (61, 01) Yigm, (61, ¢1)
Im lim1 U'm
I, (lnfrl;zm Yty (04, 64) Your (01, 04) WOU (r1,7'5ipn) Vit (¢/,¢)

Integrating the angular parts via the orthonormal relation, it becomes,

w® (r,r';ipn) Z Z Z/ d7’17“112d7“’1Ylm 0,0) Y (0,¢") Fi (r,r1) 1L, (r1, 715 ipn)
Im lymy U'm/
Wl(’ ) (Tlla T/; ipn) 5ll1 5mm1 5l1l’6m1m’
Summation over lyml'm’ gives,

wW (r,r';ip,) = ZYzm e (0, YWY (ry iy (2.67)

VVl(l) (r, r’;ipn) = /r%dnr'l dri Fy (r,r) 10, (rl,rll;ipn) Wl(o) (r’l,r’;ipn) (2.68)
Similarly, the second-order term is
w® (r,r’;z’pn) = /d3r1d3r’1V (r,ry)II (rl,rll;ipn) w (r’l,r’;ipn)
= CX Y [ s (0.6) B0 Vi (01,00 Vi (1, 00)
Im Lymy U'm

T, (r1, 7 ipn) Yty (61,01) Yo (65,604) WP (), 5 ipa) Vit (6,6)

Integrating the angular parts using the orthonormal relation of the spherical harmonics, and then

summing over lymql'm/, we get,
w® (r,r’; ipn) = ZYlm (0 ) ) W(Q) (T, r's ipn) (2.69)
W (r,r'sipa) = / r3dry i 2dr By (ryra) T (1 7 ip) W (74,7 i) (2.70)
Suppose any n-th order term can be expressed as

W (r,1';ip,) Z Yim (0,9) Y, (6/,¢)) W™ (v, ipy,) (2.71)
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Then, the (n + 1)-th order term reads,
Wt (v, ip,) = /d3r1d3r’1V (r,r1) 11 (1, 5 ipn) WO (2], ' ipn )
= > > Z/d3r1d3r’1Y2m (0,9) Fi (r,71) Yo, (61,01) Yiim, (61, 1)
Im lymq U'm/

Hl1 (Tla rll; an) lerml (9,17 (pll) Yz’m’ (‘9/17 80,1) I/Vl(/n) (Tlla T,; an) le;km’ (0/7 90/)

Integrating the angular parts using the orthonormal relation of the spherical harmonics, and then

summing over lymil'm/, we get,
WO (5,2ipa) = D Vi (0:0) Vi, (0',6) WY (%) (2.72)
lm

WD (v sipy) = /T%drlrllszllﬂ () T (ra v i) W (rrsipn) - (2.73)

Therefore, we have proved that the screen potential can be expressed as
w (r, r'; ipn) = Z Yim (0,0) Y}, (0', 90') %%} (7’, r' z'pn) (2.74)
lm
W (r, r's ipn) = K (r, T’) + /r%dnr'lzdr’lFl (r,r1) 10, (rl,rll; z'pn) %%} (7"1,7"; ipn) (2.75)

As the contribution of the bare potential has already been counted in Fock self-energy, we need
to subtract it from the total potential. We denote the subtracted potential by AW. Clearly, it can

also be expressed as,

AW (r,x5ipn) = Y Yim (0,0) i, (0/,¢) AW, (r,7'sipn) (2.76)
Im
AW, (r,r'sipn) = Wi (rr'sipn) — Fy (r,1") (2.77)

The self-energy and the partial Green’s function associated with this random phase approxima-

tion can be written as

1

ZR (r,r';iﬂn) _W

Z AW (r, r'; ipn) g (r, r’;iQ — z'pn) (2.78)
ipn

gk (r, r'; an) = /d3r1d3rggo (r,ry;iQ,) nR (r1,r9;18,) G (rz, r’; an) (2.79)
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Substituting the expression of the screen potential (2.76) and Eq.(2.47) into Eq.(2.78), one has

SR (r,r';iQ) = ﬁQZZYW , @) Yigms (0,0) Y, (0/,0) Yii, (6/,¢)

lim1 lamo
Z AWy, (7“, ' Z'pn) G, (r, r’' i, — z’pn)
iPn

According to Eq.(A.9), the coupling of the spherically harmonic functions gives,

2y + 1 , ,
SR (r,r) = ghzzzz 2 Y (0,0) Vi (8,¢)) C (lilal) C (Lilal')

Im U'm’ lyls

Z AWl1 T, r’; z’pn) G, (r, r'iQy, — z’pn)
iDn

Z C (l1l2l;mymam) C (lllgl';mlmzm’)

mima

Summing over mjms using the orthonormal relation (A.7), and then over I'm’, the RPA self-energy

can be written as,
=R (r,v';i,) ZYlm o) Vi (00,¢)) 21 (r,773i0,) (2.80)

where the radial RPA self-energy is

kT

B (7’5 i) @+ 1)

> (20 + 1) (212 + 1)C (Ialal)?
l1lo

Z AWy, (r,7'5ipn) G, (7,751 — ipy) (2.81)
ipn

To obtain the corresponding partial Green’s function, we substitute equations (2.80) and (2.47)

into the equation (2.79), and get

GR (r,r5i) = D)) /d3r1d r2Yyr s (8,9) Gl (r,71500) Yy (01,01) Yim (61, 1)

Im I\m| lm}

S5 (r1,7251Q0) Vi, (02, 02) V) my, (02, 92) Gy (r2,7';i9 ) ), (¢, ¢")

Integrating the angular parts using the orthonormal relation of the spherically harmonic function,

and then summing over I{m/ and lI,m/,, we obtain
G" (r,r';iQ,) Z Yim (0,9) i, (¢0/,¢') GT (7, 75i2,) (2.82)
and the radial counterpart

Gf (r, r';iﬂn) = /r%drlr%erG? (r,r15i82,) ElR (r1,79;18,) Gy (rg,r’;z'Qn) (2.83)
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2.6 DYSON EQUATION FOR RADIAL GREEN’S FUNCTION

Collecting the previous results, i.e., Egs. (2.55), (2.60) and (2.83), and introducing transforms,

Gl (7‘ r'; an) = r' G, (r, ' an)
( 7“’) = o' 2F (7’,7"’)
(7“ 1Y) ) = rr'2f (r, r';iQn)
(r ' i,) = r2p? 10 (r,r'5i80,) (2.84)
we obtain the Dyson equations for the radial Green’s function
G, (r, r'; an) = é? (r, r’;iQn) + /drldrgé? (r,r15i82,) f (r1,79;982,) G, (rg,r'; an) (2.85)
and the Dyson equation for the screening potential

W, (r, r' ipn) =F (7“, r’) + /drldrllFl (ryr1) I, (7“1,7"’1; ipn) %% (r’l,r'; ipn) (2.86)

where the self-energies are defined by

2 (r,r5iQ,) = SR 60— o)+ 3F () + R (r,75i0Q,) (2.87)
yi (r)y = (25 IﬂthTZ/dTO (2" + 1) Fy (r, g Ze "”Gl/ (ro, 05 iwn,) (2.88)
yF N — kT / 2
SF(rr!) = IR %: (201 + 1) (2l + 1) F, (r,7") C (lal2l)
102
X Zei“’”"éZQ (r, s iwy,) (2.89)
~ kT
E}% (T, 7"/; ZQn) = w Z 2l1 + 1) (2l2 + 1)0 (lllZZ)Z
l1l2
X Z AW, (’I“, r' ipn) élg (r, i, — ipn) (2.90)

ipn,

and the polarization operator reads

~ » 28 +1 kBT 2
11, (’I”, 7"/’ 'Lpn) ir 2l 1 Zm: Z 2[1 + 1 212 + )C (lllgl)
X Z Gll T ;iwn) G12 (r T3 IWy — ipn) (2.91)

For convenience in later usage, we re-denote the unperturbed Green’s function by Go(r, r’; i, 1).

Multiplying the Dyson equation (2.85) by the inverse of this unperturbed Green’s by left side and
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integral the equation in both sides, one re-shapes it as
/drl [éal(r, 71310, 1) — il(r, r1,10) él(rl,r'; iQ) =6(r —1') (2.92)

or formally

Gl - %

where éal(r, 713482, 1) can be easily obtained via Eq.(2.28), which gives
Gyt(r,r1;i0,1) = [iQ, — Ho(l) 4+ p]6(r —1") (2.94)
with

dr? r2

2 2
j—% [d l(l“)] + U (2.95)



CHAPTER 3

FINITE ELEMENT METHOD AND ITS APPLICATION IN SOLVING THE DYSON
EQUATIONS

3.1 INTRODUCTION TO FINITE ELEMENT METHOD

The finite element method [67] is a computational technique for approximately solving the partial
differential equations that arise in scientific and engineering applications. Rather than directly dis-
cretizing the differential equation as in the finite difference approximation, it utilizes the variational
form of the equation which involves an integration of the differential equation over the domain of
the problem to get the action functional. This domain is divided into pieces called finite elements.
The solution of the differential equation is approximated by the polynomials defined in the finite
elements. The action functional of the entire system is obtained by adding up all the contributions
of individual elements, in which the continuity of the solution at boundaries of elements should be
ensured. The condition of the least action leads to an algebraic equation which gives the approxi-
mation solution. It yields not only the solution at the discrete points, but the solution in the form of
piecewise polynomial functions over the whole domain as well. The finite element method originally
developed in engineering fields has been widely used in the numerical solution of the engineering
and scientific problems. It has been introduced to solve pure physical problems recently [68,69].
This section is a brief introduction of this method. In the next sections, we will discuss its applica-
tions in the quantum mechanics, and then extend this method to solve the Dyson equations of the
finite temperature Green’s function and the corresponding screening potential.

We will begin our discussion with the classical Sturm-Liouville problem, which is expressed by

3 [ ] + e = s@) (31)

30
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defined in [0, 1] with some boundary conditions. Where p(z) and ¢(z) are continuously differentiable

in z € [0,1]. Without loss of the generality, we assume boundary conditions

Alternatively, we may combine Eq.(3.1) and the boundary conditions (3.2) to give
Lu=f (3.3)

with £ a linear operator acting on a certain class of functions that satisfy the boundary conditions
(3.2) and can be differentiated twice.

In a typical analytical approach, one first constructs an eigenvalue problem for this linear
operator L,

Li=\i (3.4)

and then solves it, getting its infinite eigenvalues {\,} and eigenfunctions {a,(z)} which satisfy

the orthonormal condition

1
/ U () Up (2)dz = 5y, m,n=12,---,00 (3.5)
0

These eigenfunctions span an infinite dimensional Hilbert space H. Projecting the inhomogeneous

function f and the solution u(z) on to this space, one has
f(x) = aniin(2) (3.6)
0

u() = byiin(x) (3.7)
0

Substitute this two expressions into the original equation (3.3), one obtains the solution of the

problem
a
n ~
u(z) = 20: = Tin () (3.8)
with
1
0= [ (o) f@ (39)
0
Unfortunately, in many situations, we can not get the analytical solution like this, and have

to use numerical methods, for example, the finite difference method. In this approach the domain
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[0,1] is divided into N pieces {z; = ih,i =0,1,2,--- N} with h = 1/N, and the derivatives are

replaced by their finite difference forms

du  w(xi+h) —u(z; —h)
L - 57 (3.10)
d%u w(wit1) — 2u(z;) + u(zi—1)
-— = 3.11
dz? h? ( )
Eq.(3.3) immediately reduces to the matrix form
Lhuh =t (3.12)

where U” is the column matrix consisting of N values {u;} of the solution at discrete points {z;},
and F" the column matrix of the corresponding function values {f;}, and £" is the matrix form of
the operator £. Solving this algebraic equation gives an approximate solution of (3.3) at discrete
point {x;}. One can image that it will tend to the real solution of our problem when the interval of
the mesh, h, goes to zero. The solutions at these discrete points {z;} are linearly independent, and
they create a finite dimensional Hilbert space, denoted by S". Comparing this algebraic equation
(3.12) and the operator equation (3.3), one may believe that the space S” is just a finite dimensional
subspace of the Hilbert space H, spanned by the first NV eigenstates of the linear operator L.

The Sturm-Liouville problem can also be described in another way—the variational principle (or
say, the least action principle). We construct the following quadratic functional (action) by inner
product

I(u) = (v, Lv) —2(v, f) (3.13)

Setting the variation of this functional with respect to u equals to zero, i.e.,

1)
2 (o) =
50 (v) =0

one obtains a linear equation,

Lyv=f

which is the same as equation (3.3). This is just the result of the variational principle, which says:
To solve the Sturm-Liouville problem, or equation (3.3), is to find such a function that minimizes
the action functional I(v), i.e.,

0
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here function v(z) is called the trial function.

The variational statement is the primary physical principle, and the language of differential
equations is only a secondary consequence. In the regime of the variational principle, our task is
to find a proper trial function v(x) to minimize the action I(v), which leaves plenty of rooms for
interpolating the trial function. In numerical work, the continuous space domain (or perhaps include
time domain) is usually divided into discrete mesh, which results in projecting the continuous
solution function onto a discrete finite N-dimensional subspace of the original Hilbert space as
in the finite difference realization. Suppose we know the eigenfunctions and eigenvalues of our
differential operator L, as a test case, let us try to get the solution of this Sturm-Liouville problem
via the variational principle. We expand our trial function (denoted by vy ) in terms of the linear

combination of the first IV eigenfunctions of the Hilbert space H,

N
UN (ZE) = Z cit;
i=1
Then the action is written
N 1 N
I(UN) = Z |:CZ2 Ai — 2Ci/0 f&z:| = Z [012)\1 — 201-@2-]
i=1 i=0

Now finding a solution changes into determining the values of {¢;}. The condition dv"/d¢c; = 0

immediately yields a system of N linear equations,
LC=F

where,

LE{)\Z(SW}7 CE{Ci}’ FE{G@}, 7;:1727"'7N

here {a;} are the projections of function f onto this N-dimensional subspace, {\;d;;} are the
projections of operator £ onto a subspace spanned by its eigenfunctions, and therefore matrix L is
diagonal, and {c¢;} are the quantities we are going to find. The solution of this algebraic equation

is very trivial, which is ¢; = a;/\;, and thus the trial solution reads

N

UN(J}) =

.!.
y’g
3 |3

=41
3

which is exactly the same to the solution in Eq. (3.8) except that the summation here is over a

finite number of eigenstates instead of infinite ones.
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This is only a simplest example of solving numerically the problem in the viewpoint of varia-
tional principle, where the eigenfunctions {@,, } act as the interpolation functions. Actually, approx-
imating the solution of a differential equation based upon this principle is not new. For example,
one often expands the wave function of a Schrédinger equation by a Gaussian basis, in quantum
mechanics/chemistry calculations. We denote those kind of interpolations as global ones because
one has to evaluate the integration over the entire domain when constructing the action defined
by Eq. (3.13). The global interpolation is time consuming and sometimes inconvenient, especially
for large systems. On the contrary, the finite element method interpolates the trial function by
polynomials defined in a finite local range surrounding the interpolation points. The simplest finite
element algorithm is the linear finite element. The domain is divided into the subdomains called

“elements”, and the corresponding mesh is
O=zp<m1<--<zny=1 (3.15)

The j —th element, denoted by e, is confined in the interval [x;_1,z;]. Clearly there are two nodes

in each element, N¢ ,. = 2. A “tent function” is defined for each node (Fig.3.1 only shows two of
them),
.
T—XT5_— .
xj_qu_ll, ifz; 1 <z<uzj
}.l = Tj+1—T ] 1
J (x) xjj_‘_l_xj y if € g < Tj4+1 (3 6)
0, otherwise.

Figure 3.1: 1-D finite element mesh and piecewise tent function



35

As shown in Fig. 3.1, qﬁ? (x) is nonzero only in the two adjacent element containing node x;. It
goes up and down linearly in these two elements and has an unit maximum at x = x;. Actually it

is required that the interpolation function vanishes at all the other nodes but = = z;, i.e.,
¢} (i) = 65 (3.17)

These N functions serve as the basis of the Hilbert subspace S". We may approximate our trial

function by projecting it onto this subspace, i.e.,
N
(@) =Y u;j ¢ (x) (3.18)
j=1

with the coefficient corresponding to the basis function qﬁ? for node-j being the values of the solution
at this same node. Now the calculation of the action integral defined in Eq.(3.13) turns into the

summation of sub-actions for all the elements, i.e.,

N
I(vn) = T;(vn) (3.19)
j=1
where,
)= [ deon(e) (£ - 2() ) (3.20)

7j—1

In element e, the trial function includes only two terms,
(@) = uj—1 ¢}y (2) +uj ¢} (2) (3.21)
The sub-action is itself a 2 by 2 matrix,
Li(op) = U/ U7 — 207 FI (3.22)
where U7 is the transpose of matrix U7, defined by

U’ = (Ujfl,u]') . (323)

Elements of the matrices L and F' are defined by

i, / do ¢l (z) L(z) @h(z),  mum=j—1,j (3.24)

7j—1

Bo= [ e ), m=j—1,] (3.25)

j—1
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We would like to emphasize that the condition in (3.17) is actually a basic feature of the finite
element interpolation. It guarantees that the expansion (3.18) gives vy (z;) = uj, where {u;} are
just the solution we are looking for. Nevertheless, condition (3.17) also assures the continuity of
the solution at the boundaries between successive elements, which make the summation of two

successive sub-actions a direct summation, e.g.,
Li(wn) + La(on) = (07 U071 ) { (17 @ L) (U7 U7 ) —2(FF @ FF1) )

Finally the total action is a N by N matrix defined by the direct summation of the sub-action

matrices, v
I(vp) = @ILi(vy) =ULU — 2UF (3.26)
=1
with ’
U = (uy,ug,us, -+, uN) (3.27)
L = L'ol*elle, - oLl” (3.28)
F = FloF’oFg, - oFY (3.29)

here the solution at the very first point z; = 0 is eliminated due to the boundary condition u(0) = 0.

The variational condition 01 (vp,)/du; = 0 results in the algebraic equation,
LU=F (3.30)

which leads to the solution of our problem.

During the creation of the finite element form, the integrals defined in Eqgs. (3.24) and (3.25)
are calculated to get the sub-action matrices for all the elements. The two basis functions qS?_l
and qb? (actually, only the descent branch of the former and the ascent branch of the latter) are
encountered again and again in different elements when j goes from 1 to IV, but all of them are in
the same form. So we treat them systematically through introducing the local coordinate systems

that map the subdomain [z;_1, x;] onto interval [0, 1] by transformation
§=x/se, —j+1 (3.31)

where se; is the size of j-th element (here in the current example, all the elements have the

same size). Each element has N°

rode = 2 nodes, and two basis functions. They are the descent

branch of qb?_l(x) and the ascent branch of d)? (x), which actually span a subspace of subspace S”.
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Now each element is associated with a subspace.
1k

We are only interested in one of the elements \(\p\l\(f) 2%

since these two basis functions are the same for

all the elements. We rename and re-define them

in a local coordinate system as (see Fig.3.2),

4

o

0

e1(§) =¢ ° 1
Figure 3.2: linear basis functions in

p2(8) =1-¢ (3.32) local coordinate system

By introducing the local coordinates and local

basis functions, Eqgs. (3.24) and (3.25) are re-shaped as
1
L‘ZJJ/ = /0 @M(f) E(g) @V(g) Sej d§7 v = 17 Ngode (333)
1
Bz [ eu© 505 s p=1, N (330

It can be easily shown that the matrix equation (3.30) is identical to Eq.(3.12) obtained by the
finite difference method with the derivatives involved in the linear operator £ defined by Eq.(3.11).
The linear element is only the simplest application of the spirit of the finite element method. In
practice, one have plenty of flexibility to improve the stability and the precision. For example, one
may create finite element form based on inhomogeneous mesh using dense element for important
regions, which is impossible in the finite difference method. One can also employ higher order

interpolation functions, such as Lagrange polynomial (with NF_;, = 3 nodes in each element, seen

ode

in Fig. 3.3),

€

N

o (E—&)

u(§) = = (3.35)
i VE# € — &)

These functions satisfy ¢, (§,) = 6,.. In the later parts of the current dissertation, we use cubic
polynomials for our interpolation functions, which gives us much stable result.

In all the previous part, we only focus on the interpolation for the solution functions. However,
one can even interpolate the derivatives, for example the Hermite interpolation (shown in Fig. 3.4)
which interpolates both the function itself and its first order derivative,

Nsode 1

Uh (5) = Z Up,oPu,o (3.36)
0

po o=
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where 0 = 0 represents interpolation for the function itself, and o = 1 for the first order derivative.

The interpolation functions must satisfy the following conditions,

QOMO(EV): 5/JJI7 Sou,l(fu): 0

dppo/d§ = 0, depy,1/dE = o (3.37)
which gives the explicit expression,

p10(6) = 1-3+26%, on()=¢6-28+¢

p20(§) = 3¢ —26%, () = -+ (3.38)

Hermite interpolation does not increase the node number in the element but get higher order

polynomials and also solve for the first derivative besides the solution itself.

14 fp_lo(cf) (/720(4::)
2. £ .
§ 0 "' ....... N .‘.,__ | é
\/II
?, (&)
Figure 3.3: Quadratic Lagrange polynomials Figure 3.4: Cubic Hermite polynomials

3.2 FINITE ELEMENT FORM OF SCHRODINGER EQUATION

In this section, we will apply the finite element method to solve the stationary Schrodinger equation.
In fact, this equation can be constructed through the variational principle [70], by considering the

action

I(y) = [ d*r o Vr(r) - V(r) + " (r) [U(r) — € ¢(r) (3.39)
2me
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If treating ¢ and ©* as independent quantities (with their conjugate relation temporarily ignored)
and calculating the variation with respect to 1", we get the stationary Schrodinger equation

h2
B 2me

V2(r) + U (r)g(r) = ep(r) (3.40)

Similarly the variation with respect to i yields the same equation for *. All the equations are
consistent if ¥* is the complex conjugate of 1.

The numerical solution of the quantum mechanical problems involves the discretization of the
Schrodinger equation or the action defined upon the continuously space. There are in general two
approaches. One discretizes the differential equation, while the other one the action integral. They
are in two levels. In the differential equation level, one may projext the Schrodinger equation
onto a finite-dimensional subspace of a infinite-dimensional Hilbert space to get the matrix form
of it. One can also use the finite difference method, in which a proper difference form of the
derivatives should be chosen, special attention should be paid to treat the higher order derivatives.
The action description is usually in a weak form, dealing with the lower order derivative. Here
in the stationary case, only the first derivative is included, which is a great advantage for the
numerical computing. Actually the boundary condition has already been involved when the action
in Eq.(3.39) is built. This can be seen by integrating the corresponding differential equation and
applying partial integral for the terms where the secondary derivatives are involved. Discretization
from the level of the variational principle allows a considerable freedom to choose the interpolation
method. One can use either the interpolation functions defined globally on the domain of the
problem as in the quantum chemistry calculations, or the localized interpolation functions in the
finite element analysis. To create a finite element form, we first divide the domain of our problem

into elements {ej, 7 =1 to N} with even size s. Each element has N¢_, nodes. There are totally

node

e —
node

Ninode = N X (Ne

® e 1)-order polynomial ¢” (z) such

— 1) 4+ 1 nodes. Assign each node a (
that

QSI;L(J“’N) = 5mm m,n = 07 Nnode (341)

and

ol () = (3.42)
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with
j:1+m0d(m7Nﬁode)? €:x/s_j+17 M:m+1_<.]_1)( SOde_l) (343)

where the polynomial {¢, (&), u = 1to N ;. } are the same to all elements, we call them the local

node
representation of the interpolation functions, which is introduced just to simplify the evaluation of
the matrices in building up the actions. The use of global counterpart of the interpolation functions
{(bﬁl(m)} is convenient for the generalized description of the finite element method especially when
comparing with the other methods.
Now we expand the wavefunction as
Nnode
U(z) = i} (@) (3.44)
i=0
where 1; is the value of the wave function at node z;, which is assumed by the condition (3.41).

Substitute this expansion into the definition of the action (3.39), we obtain the matrix form of the

action
I=9" (H-eM)® (3.45)
and
‘IIT = {¢87¢T’w;7 T '7¢}k\7node} (346)
N
M = > eM (3.47)
j=1
N .
H = Y aoH (3.48)
j=1

The elements of M7 and H7 in the local coordinate presentation are given by

) 1

M = [ sedoee (3.9
) 1 h2

By = [ o GO RO + 50OV +i - D900 € (350)

The variational principle leads to the matrix form of the Schrodinger equation

HU =cMV (3.51)
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which is a generalized eigenvalue problem due to the multiplication of matrix M called the mass
matrix in the terminology of the finite element method. A modern algebraic algorithm has already
been developed for solving this problem (see for example ref. [71]).

Regarding the matrix form of the Schrodinger equation, a short remark will be given in the
following, which provides us with an alternative way for constructing the finite element form.
Combining the kinetic and the potential terms into an operator H, the Schréding equation (3.40)

can be formally expressed by

Hlp) = €ly) (3.52)

One can explain this as either an eigenvalue problem of the differential equation, or an algebraic
eigenvalue problem. Actually the matrix form of Schrédinger equation (quantum mechanics) can be
obtained by simply projecting this differential operator equation on to a complete and orthonormal
set {dm},

(Om|dn) = Omn (3.53)

Z ’¢m><¢m‘ =1 (3.54)

Projecting Eq.(3.52) on this basis yields

(Om|H|1h) = € (Pml¥) (3.55)

Substitute the complete condition (3.54) gives

n

Since the basis |¢)’s are orthonormal, ¢, |1)) is just the projection of |1) onto |¢y,), i.e., ¢,. Therefore,
Eq.(3.56) changes into

> (m|H|n) cn = € cm (3.57)

n

This is just the Heisenberg’s matrix mechanics
One may also obtain the above matrix equation by the following procedures, in which the
complete condition will not be mentioned. The expansion of |1) in terms of this {¢,,} basis reads

) = Z Cn|bn) (3.58)

n
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Substitute this expansion into Eq.(3.52), we have

Y caHlgn) =€ caldn) (3.59)

Projecting Eq.(3.59) onto (¢,,| yields

> (mlH|bn) cn =€ cn{pmldn) (3.60)

n

Employing the orthonormal condition (3.53), one obtains the matrix form of the Schrédinger equa-
tion

> (m|H]n) cn = ecm (3.61)

n

If we define H = {(m|H|n)} and ¥ = {¢;,}, we have the matrix form of Schrédinger equation
HY = ¥ (3.62)

It is helpful to compare the matrix form of Schrodinger equation (3.62) with its finite element
form defined by (3.51), where the matrix multiplier appears in the right hand side of the eigenvalue
equation. This is easily understood because in the finite element approach a non-orthonormal basis
is used. Now we try to re-derive the generalized matrix eigenvalue equation (3.51) following the
procedures from Eq.(3.58) to (3.65), but utilizing the finite element basis defined by Eqs.(3.41) and
(3.42). We avoid the derivations by following the way from (3.55) to (3.57) because of the problem
in the completeness of the finite element basis (we will discuss this at the end of the section). We
expand the wave function in the finite element basis (here only the global form of the finite element

basis is involved just for convenience) as

) = bnloh) (3.63)

here the coefficients are {1, }, the values of the wave function at the nodes. Substitute this expansion

into Eq.(3.52), we have
D Hlgh) =€ > tnldn) (3.64)

Project this equation onto (¢? |, one has

S T (OLHIGE) v =€ Y b (gl ]00) (3.65)

n
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Here, the matrix elements (4" |¢") are nothing but the elements of mass matrix M defined previ-
ously. Thus we reach the generalized matrix eigenvalue problem,i.e.,

n

where the (m|H|n)", for one dimensional systems, is expressed as

(mlHn)h = (gt [H|gh) = / ol () H ¢ (z)dx

= [ohw [—Q’fj L U(o)| éhia)as (3.67)

One may notes that there is a second order derivative included in (3.67) acting on a basis
function here, but in Eq.(3.50) appeared are the product of the two first derivatives of the basis
functions. It is not surprise as we have pointed out previously that this is due to the partial integral

when building up the action. We can also apply this trick here when calculating the matrix element,

) = [ () S AR 4 g ) U)ol s

e} (z)
[(Zs:;tm(xa) dz

hQ

2Mme

dgh (z)

+ dx

— ¢ (1) ] (3.68)

Ta

Here we assume that our problem is confined in domain [z,, zp]. For an infinite extending systems,
i.e., defined in (—oo, +00), it is physically required that the wave function vanishes asymptotically
as x — +o0o, then the last two terms can be dropped. But for those systems with a nonzero
wavefunction at boundaries, for example the scattering problem, this term should be kept (the
action should be revised). In summary, we emphasize that the finite element forms for problems
under investigation can be built up at the level of the differential equation.

Finally we intend to add some words on the completeness of the finite element basis. By defi-
nition it is required that the interpolation polynomials involved in the finite element analysis must
satisfy conditions (3.17), or should the first derivatives also be interpolated, condition (3.37). These

conditions simply gives the following feature

Ninode

> o (n) Bl (@) = (Nnode + 1) Sx (3.69)
m=0

Therefore, it is understood that the completeness of the finite element basis is there, at least for

this discretized system in the numerical realization.
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3.3 FINITE ELEMENT FORM OF DYSON EQUATIONS FOR RADIAL GREEN’S FUNCTION AND

SCREENING POTENTIAL

In this section, the methods developed previously are used to create the finite element form of
the Dyson equations for the radial Green’s function and screening potential. The work domain is
[0, Rmax] with Rpyax the cutoff radius. It is divided into N elements. The cubic Lagrange polynomials

{¢m(r),m =1,2,3,4} are chosen as the basis. There are N¢

rode = 4 nodes in each element, and all

together N, o5e = 3 N + 1 nodes {r;,i = 0,3N}. The expansion of the Green’s function in this basis

reads
él(ry r'; id,) = Z ¢Z(7”) ékn(zgm 1) ¢Z<T/) (3.70)
kn

According to the property of these interpolation function as we discussed in the previous sections,
the coefficients ékn(zﬂn,l) is nothing but the value of the Green’s function between these two

discrete points r; and r,, i.e.,

Grn (i, 1) = Gi(rg, o3 i) (3.71)
Substitute the expansion (3.70) into (2.92) of section 2.6, multiple by the function ¢”,(r) from the
left of the resulting equation and carry out the integrals with respect to r, to obtain

D 10920 + 1) My = Hppo() = Sk (i,D)] G (i, 1) 91 (1) = () (3.72)
kn

This equation holds for arbitrary variable r/, which yields the finite element form of the radial

Dyson equation

> Tk, 1) G (iQn, 1) = G (3.73)
k
Formally, we have

I'G =1 (3.74)

where 1 is the identity matrix. The corresponding matrices are defined by
Lo (i, 1) = (i€ + 1) My — Hp (1) = Sk (i92,1) (3.75)
where the matrix M, is defined by

Rmax
M, = /0 qﬁfn(r) qﬁi,;(r) dr (3.76)
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The matrix element H?, (1) is

Rmax 2 2
#u0) = [ oho) | i+ U v ehiar
0

2me dr?

Frmax Kdd
h 2
= — —+Il(l+1 + U

/0 On(r) [2me dr dr ( )r (r)

PR (r)dr (3.77)

where, “—” and “—” represents the action on the function at left and right side, respectively. In
the last expansion of this equation only the first order derivatives appear. This is due to the fact
that, we have proved in Appendix B, the radial Green’s function itself tends to zero asymptotically
when 7 goes to 0 and oc.

The self-energy matrix is defined as
Rimax ~
S (i, 1) = / drdr' g (r) S (r,1'3 1) ¢l () (3.78)
0
Expanding the self-energy in the same basis {¢,,(r)}, one has
il (r,r'5i80,) Z Ol (r) i (1, )(b?(r’) (3.79)
and inserting at Eq.(3.78), we finally have the finite element form of the self-energy matrix
Siem (i, 1) ZM;“ i (I, 1) My, (3.80)
Please keep in mind that here the self-energy is just the one defined in (2.87) of section 2.6, i.e.,

Sij (10, 1) = 5y (ri, 55 12) (3.81)

Similarly, as in Eq.(3.79), expanding all the quantities involved in the Dyson equation Eq.(2.86)

of the screening potential in the finite element basis gives the finite element form
Z Omk — Z ]k anal) Win (anvl) = Fylnn (382)
k

which is formally expressed as

(1—FIL)W = F (3.83)
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where the matrix elements are defined by

Fylnn = I (Tma Tn) (3.84)
Win (ipn7l) = W(Tkarn§'ipnal) (385)
ij’ (anJ) = ZMjmﬁ (Tm,Tn,ipn,l) Mk (386)

with Fy (r,7"), W (r,7’;ipp, 1), and Il (r,7',ipn, ) defined in chapter 2.

We close this section with a simpler example, the Hartree-Fock approximation. It can be easily
shown that, when only the Hartree-Fock self-energy is considered, solving the Dyson equation for
the Green’s function changes into solving a simple Schrodinger equation-like equation for the wave-
function with the self-energy as a static nolocal potential [61]. The radial portion of the equation

reduces to

{_ K2 [d_2 i+ 1)] +U(7“)}95z('r) = /E?F(r, ) @u(r')dr’ + e @i(r) (3.87)

2me | dr? r2

where [ is the angular quantum number. In the same finite element basis, we can get the matrix
form of this equation with nolocal potential, which is

Z HHF Dei(ry) = ¢ ZMWW ;) (3.88)
J

HiF () = H(1) — 25F(0) (3.89)
where we denote the j-th node by r; in the wavefunction @;(r;) in order not to confuse with the
quantum numbers, H?j(l) is defined in Eq.(3.77), and E%F(l) is the same to the self-energy in
Eq.(3.80) only if it is the Hartree-Fock self-energy. Once again we get a generalized eigenvalue

problem, which is expressed formally as
HWy = ¢ My (3.90)

The eigenenergies {¢;,,} and the eigenstates {@;y, ()} can be obtained, for example, by solving
this equation with a code for algebraic eigenvalue from the FORTRAN program library LAPACK
[71]. Now we can simply construct the radial Green’s function under the Hartree-Fock approxima-

tion
Gin(ri) @, (15)

GHF 1, 1) =
" (Z ’ ) Z.Qn_eln_F:U

(3.91)
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where n is the principal quantum number, €2, is the Matsubara frequency, and p is the chemical
potential. This Green’s function is used as a reference when computing the frequence summations
in this work, because one can easily get the analytical sum of this reference Green’s by contour

integral.



CHAPTER 4

ELECTRON POLARIZATION AND LINEAR RESPONSE THEORY

4.1 ELECTRODYNAMICS OF ELECTRON POLARIZATION

The polarization process of electrons in an external electron field is usually described by the density

of polarization, P(r,t). The charge density due to the polarization can be calculated by,
py(1,t) = =V - P(r,1) (4.1)

and the time derivative reads,

Oipy(r,t) = =V - 0, P(r,1) (4.2)

According to the continuity equation of the current and charge, one has
(9tP(I‘, t) = JM (43)

Formally, we get
P(r,t) = / t At Ty (r,t)e™,  p=o0" (4.4)
-0
Substitute the inverse Fourier transformation of Jy(r,t’) in this equation and integrate over ¢/,
we obtain the relation between the density of polarization and the current density in frequency
domain, i.e.,
i

P(r,w) = o+

Ju(r,w) (4.5)

Then the frequency dependence of the dipole moment due to the polarization can be simply obtained

by,

p) = [drPew)

= —/d?’rJM(r,w) (4.6)

w

48
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Considering Ohm’s law,
w) =Y opu(r,w)E,(r,w) (4.7)

we may rewrite the Eq.(4.6) as

= %Z/d‘graw(r,w)ﬂ,(r,w) (4.8)

where p, v = 1,2, 3 represent the components of electric field E, current density Jy and the dipole
moment p, 0, is the conductivity density tensor.
Now we have got the basic physical quantities to describe the electron polarization. In order to

relate the dipole moment with the potentials for the later use, we choose the Landau gauge
o(r,w) = 0 (4.9)
1
E(r,w) = —-0;A(r,w) (4.10)
c

From Eq.(4.10), we get

A similar derivation to that of obtaining Eq.(4. 5), we have

Ar,w) = ——E(r, w)

w

Using this relation, Eq.(4.7) and (4.8) can be rewritten as

_ % S (v, ) Ay (1, ) (4.11)

) = —% 3 / Pro () ) Ay (1, ) (4.12)

When the wavelength is largely greater than the size of the sample, one may approximate the

electric field E(r,w) by an uniform field and then the dipole moment can be rewritten as,

pu(w) = Zauu(w)Eu<W) (413)

_ % Ay (@) Ay () (4.14)

where o, is the polarizability tensor, defined by

() = é / Pro,(r,w) (4.15)
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4.2 LINEAR RESPONSE THEORY FOR ELECTRON DENSITY

The Hamiltonian of a macrosystem of electrons in an external electromagnetic field reads,

Hp = H, + Hy

where Hy is the potential energy part and Hj, is the kinetic energy term defined by,

Hy=Y" / d3r— [(mv . %A(r,t)) \i/j,(r)} . [(—mv - %A(r,t)) \ilg(r)] (4.16)

2Mme
here o is the spin index. A simple derivation changes the Hamiltonian into the following form,

Hy = H + Hi (4.17)

where H is the Hamiltonian that includes the potential and kinetic energy terms of the macrosystem

before the electromagnetic field is applied. While the interaction Hamiltonian can be expressed by

Hy = 1 /d3r an Z [\i/:r,(r)vlilg(r) - (V@L(r)) \ila(r)} - A(r,t)

c 2met ~
+3/d3ri2¢ﬁ (r)¥,(r) |A(r, )2 (4.18)
c 2mec 4 a 7 ’ '

The density of the current induced by the external electromagnetic field is define by

0H

Ju(r,t) = —c—— 4.19
;U'( ) 514“ ( )

A simple calculation gives,
Tulr,t) = J, (r) + 7, (x, 1) (4.20)

with
ah (ot R
T =5 Z ()9, 95 (0) — (8,8} () ¥o ()| (4.21)
2 A A

TP (x,t) = —% 3B () o (1) Ap(r, 1) (4.22)

By introducing J, E and J, E , one may rewrite the interaction Hamiltonian as

Hy= —% Z/d3r [jf(r) + %J/P(r,t) A, (r,t) (4.23)
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In order to calculate the mean value of the current density, we have to know the density matrix.
The evolution of the density matrix satisfies the following equation of motion in the Schrodinger

picture.

ihdyp = [Hr, ) (4.24)

Since the interaction Hamiltonian is switched on at ¢ — —oo, the initial condition for the density
matrix reads,

Jim_p(t) = oy (1.25)
where p, is the density matrix of the equilibrium grand-canonical ensemble of the macrosystem

before the perturbation, and satisfies,

[H,p,] =0 (4.26)

Introducing the Heisenberg representation of the density matrix, the current density and the inter-

action Hamiltonian,

pt) = eHh)e /N (4.27)
ju = eth/ﬁj'uefth/ﬁ (428)
Hy = Hhppe=itt/h (4.29)

we obtain the equation of the motion in the interaction picture,

oy p(t) = [H(t), p(t)] (4.30)

The formal solution of this equation of motion yields the density matrix,

) = p(—o0) + 5 [t [E(e). )] (4.31)

To first order in I;TI, it reduces to
) = p(—oc) + 5 [t [i(t).(-0) (4.32)
o)~ i+ o [ dt[Ele). ) (4.33)
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Here we have very easily gotten the solution of the density matrix in the Heisenberg representation.

Then the corresponding Schrodinger representation becomes,

) 1 [t .
pt) ~ py +e M — / dt [Hl(t’), ;30} etHt/h (4.34)

Now we are ready to calculate the mean total current density, which reads

<@mm=ﬂm@mm+ﬂ&ﬁwﬁﬁ;a@meWW@mﬁ» (4.35)
Employing the operator identities,

Tr(ABC) = Tr(BCA) = Tr(CAB) (4.36)

Tr([A, BIC) = Te(B[C, A)) (4.37)

the mean current reduces to

(Tu(e,)) = Tr [poTu(r,1)] +rh~{% / ; dtp, [j“(r,t),ﬁl(t’)}}

I LA P ~
= TR+ TP+ 5 [ aa(Tu0. @)]) (439)
Here the mean current density <j£? (r,t)) is easily obtained via the definition, which is
2
q
(J(0,1)) = = ——(n(r)) Ay(r, 1) (4.39)

where (n(r)) is the mean particle number density. Since this current is only due to the external

field, it does not exist when ¢t — —oo. Therefore the response of the current to the external field is

1 t - ~ q2
9. 0) = [ [ Futes ) Be)]) = L), (4.40)
Substitute Eq. (4.28),(4.20) (4.29) and (4.23) into the commutator in (4.40), and keep only the first

order term in A,(r',t'), we obtain the linear response of the current to the external field A. It is

just the macro-current density, which is denoted by,

t
Ju(r,t) = Z/d3r'/ dt' [C, (v, t;x' ) + Cp, (v, 150, )] Ay (x/, ) (4.41)
with
1
CEV (r,t, r',t’) = —%xiy (r,t;r',t') (4.42)
2
CB, (r, ;0. 1) = —%(n(r))éuﬁ(r —r)o(t—t) (4.43)

X;lju (r,t;x',t") = —if(t — ') [jlf (r,t), T (r’,t’)]} (4.44)
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where C’P and CD are the susceptibility, and J, 7P is the Heisenberg representation of current density

j,jp,i.e.
TP (x,t) = H/h TP (r) e~ iHY/D (4.45)

To relate these susceptibilities with the polarizability, we need to prove the time-translation
invariance of the density-density correlation function, y© L (rt,r't'). Expanding the right hand side
of Eq. (4.44) by substituting Eq.(4.45) gives,

XEV (I',t; r’,t’) — 0t — )Ty {/30 [eim/hji’ (r) et/ eth’/thP (r/) e—th//h]}
— it — )Ty {ﬁg [eiH(t—t’)/thP (r) e—iH(t—t’)/h7 jVP (r,)”
= —if(t—t')( {ij’ (r,t —t'); T (¢, o)b
_ P 1ot
= Xuw (r,t—t i ,O)
Clearly the correlation function is just the function of ¢ —#’. Then we denote it by XE,/ (r,r'st —t).

The Fourier transformation of Eq.(4.41) reads
Z/d?’ ! CP (r,r;w) +CB, (r,v;w)] Ay (r',w)

=~ zy: [/ Xyuw (r,r';w) 43 + th <n(r)>5,w] Ay (r',w)

Comparing with Eq.(4.11), one gets the expression of the conductivity and the polarizability tensor

owlr) = o | [ () @+ 2 e (1.46)
au(w) = —% [//xgy (r,r;w) drd’®r’ + %(IQ(NWW] (4.47)

where, (N) is the total number of particles in the system.

4.3 T-ORDER CORRELATION FUNCTION AND THE FINITE TEMPERATURE GREEN’S FUNCTION

For convenience, we rewrite the current density in Eq.(4.21) as

O Qg,’fe S (#0080 () — (0,5106)) T )]
— 2me Z/d3Xd3X Ul (r +X)D,(X, X ),y (r + X')
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with

D% =605 (357 - 57
1

)

where ”+” and ”—" represent that the differential operator acts onto the function at its left and
right, respectively.
Now we turn to the Heisenberg representation of the current operator 7, 5 in the imaginary time

domain. It reads

ji(r;T) _ eHT/hjE(r)efH‘r/h

2
qh ~ -
— <2mei> ;/d?)rdsr/q;f,(wrx, 7)D (X, X)Wy (r + X, 7) (4.48)

where,

Ul (r,7) = /MGl (r)eHT/P

Uy(r,7) = /MG (r)e HT/M
The imaginary time 7-order correlation function is defined by

ICEV(rr’,T) = (T [jlf(r,T)jf(r’,O)b

2
— qh 3 13/ 13% 13 o o~ .
= — <2mei> /d Xd°X'd°Yd’Y Z(TT{\I/U(I'—FX, 7)D, (X, X)W, (r + X', 7)

UL + Y, 00D, (Y, Y) U0 (r' +Y,0)})

2
- <2;1:Z_> / BXPX'BPYA*Y' D, (X, X)D,(Y,Y')L (1) (4.49)
e

with

L) =-S T {\T/j,(r +X, ), (r+ X, ) (Y, 008, + Y, 0)}>

oo’

The only useful combination given by Wick’s theorem for the current case is as follows
L) = =ST {xij,(r +X, 1), (r + X, 1)U, (1 + Y, 0)* T (f 4 Y 0)"}>
- iZTT {@U(r + X)L (Y, 00T, (¢ + Y, 0) T (r + X, ﬂ“})
= UZU: Goo(r + X' ' +Y;7)Goro (v + Y, r + X; —7)

= (2s+1)Gr+X ¥ +Y;7)G(0r' + Y r+X;-7) (4.50)
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The Fourier transformation yields,

2 1
( Sﬂ—; ) Z Gr+ X' v +Y;iw,)G(' + Y r + X;iw, — ipn) (4.51)

Wn

L (an) =

Consequently the Fourier transformation of the T-order correlation function reads,

(25 + 1)hg?

/CEV (r, r'; ipn) = — 15m?

> / BXAEX'BYPPY' D, (X, X')D, (Y, Y)
Gr+ X', v +Y;iw,)G(r + Y r + X;iw, — ipy) (4.52)

where, ip, is the Matsubara frequency for Bosons.

Considering the following integral,

L(X,X) = /dSYd3Y’Dy(Y, YNG(r+ X', v +Y;iw,)G( + Y r + X;iw, —ipy)

= /d3Yd3Y’(5(Y)5(Y') {Q(r + X, +Y; iwn)%g(r’ +Y' v+ X;iw, — ipn)

0 . . .
“5y Gr+ X' r' +Yiw,)G(r' + Y, r + X iw, — zpn)}
12

0
= G(r+ X1 iwn)a—/g(r’, r + X;iwy, — ipn)
T

v

pe G(r+ X' r'5iwn)G (v, v + X iwy, — ipy) (4.53)

/
v

From this integral, we can then construct another one,
I, = / d3Xd*X'D, (X, X1 (X,X)

) , L0
aXLg(r_'_X’r’udn)ax;/

= / dB3XA3X'§(X)6(X) { G(r',r + X iw, — ipy)

o 0

. ’oog / e

Q(r—i—X,r,zwn)—aXM ax;/g(r,r—i—X,zwn ipn)
~ 92 9 G(r + X', r'5iwn)G (v, v + X iw, — ipp)

0X], 0z,
+ 0 Gr+ X' r';iw )ig(r' r + X;iwy, — ipp)

ax;/ ) ) n aXM ) b n n

= —G(r r"iwn)ig(r’ r;iw, —ipn) — G(r,1'’; iwn)a—zg(r' r;iWwn, — iPp)
azn“ b ) al{/ ) ) ) ) 8$”8$L ) i
62 /. - / . . /- / . .

_mg(r, r';iw,)G(r', ryiwy, — ipp) + 8—%g(r,r ,zwn)a—xug(r , T3 iwy, — 1Py

(4.54)
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Clearly the integral I5 is the integral in Eq.(4.52). Substitute it in this equation, T-order correlation

function reduces to,

(25 + 1)hg?

15m? Qu(r, r';ipy) (4.55)

ICE,/(I', v’y ip,) =

with

Quu(r,x'sipy)

(92 82
=2 { G(r,x'siwn)G(x', 13 iwn — ipn) + G(r, 1’5 iwn) G(r',r;iw, —ipy)

” 0x,0x), 0x,0x),
———G(r,r';iw )ig(r’ r;iw, — iPp) — G(r,r'siw )ig(r' r;iw, — iPp)
aa’:u ) ) n 8'%;/ ) ) n n 8x;/ 9 ) n axu ) ) n n

(4.56)

4.4 T-ORDER CORRELATION FUNCTION FOR THE POLARIZABILITY FOR SPHERICALLY SYMMETRIC

SYSTEMS

For the spherically symmetric systems, only three equivalent principal tensors contribute to the
conductivity and the polarization due to the cancelation of the off diagonal elements. Therefore we
consider here only the principal element along z-direction, i.e., Qs3(r,r’,ip,). It will be obtained by
integrating over the angular coordinates of r and r. According to the definition of the radial Green’s
function Eq.(2.46), the spherical polar coordinate representation of the derivative in z direction,

0 0 1.5
g—cosea—i-;sm 686089

(4.57)

and the recurrence relation of the spherical harmonic function, we have

Qs3(r,7'5ipn) = /deQ’ng(r,r',ipn) = Qs3(r,r'yipn) + Q43(r', 73 ipy) (4.58)
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with

Qss(r, 7’5 ipy)

1 %Gy (r,r'siwy . ) . .

=3 l%: —érar’ ) LG (! ryiwy — ipn) 4+ (L+ )Gy (7, 5wy — ipn))|
OG(r,r';iwy,) O ) ) . .
—= Z l 5 a7 [lGl_l(T/,T;lwn —ipp) + (1 + l)GH_l(r/, 75wy — zpn)]
lzwn

2 oG (r, 1 iwy, . . . )

+§ Z —l( 57 ) [Z2Gl_1(r’, T iwn, — ipp) — (L + 1)2Gl+1(r’,r; Wy, — zpn)]
Liwny,

2 OG (15 iwn) o , , 9 ‘ ‘

—i-@ lZ — 5 [l G (v ryiw, —ipn) — (L+ 1)°Gra (v s diw, — zpn)]
Gi(r, 75 iwn)Gr_1 (7, 750w, — ipn) (4.59)
lyiwn

Introducing the transformations:

~ . 2 .
Qs3(r, s ipn) = r2r'* Qa3 (r, 7’5 ipn)
=~ 2 4 ,

Q33 = r*r"“Qa3(r,7'; ipn)

él(r, rsiwn) = ' Gy(r, 1 iwy)
Eq.(4.58) and (4.59) become,
Qa3(r,r'yipn) = Qss(r,r'sipn) + Qis(r',7ipn) (4.60)
with

Qa3(r, 75 ipy)
207 I ; » _
L Z M [lGl_l(r/, 5wy — ipn) + (1 + )G (v, 7w, — an)]

3 o oror’
8G ) O T, _
-3 l% l r@: in) 97 [lGl—l(T/,T;iwn —ipn) + (L + DG (v ryiwn, — zpn)}
2 8él(r,r’;iwn) 9~ ;o . 9= ;o .
+§ g — 7 [l Gio1(r', ryiwy, —ipn) — (L+ 1)°Graa (v, 5 iws, — zpn)}

2 8él(r,r’;iwn) 95 ;o . 9~ ;o )
+? Z S = a— [l Gr1(r' ryiw, —ipp) — (L+ 1)°Grea (7', 3wy, — zpn)}

lviwn

Gi(r,r'yiwn)Gi_1(r', 1y iwy, — ipn) (4.61)

Liwn
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One may see through Eq.(4.61) that é33 (r,7’;ipy) is symmetric under exchanging r and r’. Thus,it

is real,i.e.,
Qs3(r,r5ipn) = 2ReQa3(r,7';ipn) (4.62)

Finally, we get the principal tensors of the 7-order correlation function for spherically symmetric

systems along z-direction,

(25 + 1)hg?

59m? Re Qgg(r 'y ipn) (4.63)

1653(7“, 7“,3 ipn) = /deQ’I%%(r,r'; ipn) =

where

IC33(7' r'yipn) = r2p? IC33(r ' ipn)

4.5 DYNAMICAL POLARIZABILITY AND OPTICAL ABSORPTION CROSS SECTION

Employing the Lehmann representation (see for example, Fetter and Walecka [61]), it can be easily
shown that the Matsubara frequency dependence of the susceptibility defined in Sec.4.2 is the same
to that of the 7-order correlation function in Sec.4.3. Also, converting between the expressions
in the real and the Matsubara frequency domains is just the analytical continuation. Hence the
polarizability defined by (4.47) immediately changes into their counterpart in Matsubara frequency

domain, and are related to the 7-order correlation function by

2
v (ipn) = { / / Ky, (r,x'sip,) d*rd’r’ + hi(Nﬁw} (4.64)
an m

For the spherically symmetric systems, the integral over the angular coordinates gives

O‘W(ipn) =

[/ / K (7" 3p0) drdr'+%(12<N>5uu] (4.65)

an
Due to the isotropic nature of the system, all the principal tensors are the same and the others are

zero. We consider only one of them, denoted by «,

a(ipy) = —

Fi (ipn)? [//Egg (r,7'sipn) drdr’ + %(12<N>5W] (4.66)
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where 1653 (r,7’;ipy,) is defined in the last section.
If the close form of a(z) is known, the real frequency dependence can be simply obtained by
the analytical continuation

a(w) = lim a(w+in) (4.67)
n—0%

Unfortunately, we usually do not have the analytical expression of it. In the Matsubara fre-
quency domain, however, we can calculate only the polarizabilities at the discrete points
{zn =ipn,n=1,2,---,N} (where n = 0 is dropped, it need special treatment). These discrete
values «(zy,) can be fitted to the N-point Padé approximant Py(z), through which the analytical
continuation can be made.

In the Thiele’s reciprocal-difference method [73], the N-point Padé approximant Py(z) is

expressed by a continued fraction

Py(z) = f_jr c2 (i; z) - (CZN_(EN__T;V;;L(Z) (4.68)
where the coefficients ¢; are to be determined so that
Pn(zi) = a(z), ,i=1,2,---N (4.69)
The coefficients ¢; are then given by the recursion relation
91(z) = a(zi), ¢ =gi(z), 1=1,2,--- N (4.70)

go(z) = 1 (z-1) — g”‘l(z), v>2 (4.71)

(2 = 2-1) go—1(2)

This Padé approximant can further reduce to

_ An(2)
~ Byn(2)

where An(z) and By(z) are the polynomials of order (N — 1)/2 for odd integer N. For the even

Py (2) (4.72)

integer N, however, the orders of Ax(z) and By(z) are (N — 2)/2 and N/2, respectively. They
satisfy the following recursion relations
Apnt1(2) = An(2) + (2 — 2n) cnt1 An—1(2) (4.73)
Bnt1(2) = Bn(2) 4 (2 — 2zp) ¢nt1 Bn—1(2) (4.74)

where

Ay=0, Ay=a,, DBy=B =1 (4.75)



CHAPTER 5

APPLICATIONS TO SPHERICALLY SYMMETRIC NANOPARTICLES

5.1 SYSTEMS AND BACKGROUND POTENTIAL

The dynamical response of the conduction electrons in metallic nanoparticles has been a subject of
numerous experimental and theoretical researches, which results in the specific optical absorption
at 400 ~ 600nm range. The main feature is the surface plasmon oscillation of these electrons with
respect to the positive charged background. These conduction electrons are delocalized and able to
explore the entire volume of the metallic nanopartices without being substantially scattered by the
ionic cores [44]. Thus the jellium model is used to approximate the ionic cores by a homogenous

positively charged background. The corresponding positive charge density is

_ 3e
P10 = 473

O(R—r) (5.1)

where ©(x) is a step function. The size of the nanoparticles is measured by the radius of the N-atom

jellium sphere, R, is related to the Wigner-Seitz radius rs for bulk samples by
R=rN'/3 (5.2)

A simple electrostatics calculation gives the background potential felt by the electrons,

Ne | (r)2 _ ,
UGr) = 2R [(R) 3} ) <R (5.3)
_Ne? r>R

ot
In this hybrid approximation, the interaction of ionic cores on the electrons is replaced by this
average field, while the correlation effect of the many-conduction-electron system is treated quantum
mechanically by the self-consistent DRPA developed in the previous chapters. In the current
research, we focus on the spherically symmetric metallic Sodium and Gold nanoparticles, distin-

guished by the bulk values of the Wigner-Seitz radius rs.

60
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5.2 COMPUTATIONAL PROCEDURES

5.2.1 INITIAL GREEN’S FUNCTION AND A MODEL POTENTIAL

To start a self-consistent iteration on the Dyson equation (2.85) or on the algebraic finite element
form (3.73), an initial Green’s function is required to compute the self-energy. There is almost no
confinement on the initial Green’s function. However a better guess results in a shorter time for
the Green’s function to converge. Then a better model potential is needed. The spherical square
potential with finite depth is the simplest choice. Even though it can give a rather good description
of the static electron properties, the step function like shape at the boundary can not reproduce
physically the finite size effect. The effective potential obtained in the self-consistent density func-
tional computations is an idealy candidate, but it is given by the numerical data [37]. The numerical
fitting to the data shows that it decays exponentially outside the nanoparticle with the screening
length Lg about one third of the bulk Fermi wavelength. A combination of this two potentials yields

a model potential

7‘/0’ r S R
Un(r) = (5.4)
—‘/Oe(R_T)/LS, r>R
with
Ep
Vo=Wp~+ —Mm 5.5
T BT U s/R)? (5:5)

where Wp and Ep are the bulk work function and Fermi energy, respectively. d is a measure of
the characteristic length of the electron leakage of a nanoparticle [37]. The second term in the
definition of Vjj above is actually a Fermi energy of the free electron gas confined in a sphere of
radius (R + d), which is often involved in the shell model description of ground electronic state of
nanoparticles [17].

Replacing the background potential U(r) in the definition of H ?j(l) in eq.(3.77) with Un(r) and
ignoring EZ-HjF = 0 in eq.(3.89), the solution of the generalized algebraic eigenvalue equation (3.87)
gives a set of eigenstates {go?n} and eigenvalues {e?n}. Then the initial Green’s function reads

=0 ~0
~0 (s _ Gin (i) Pi (15)
G;: (iIQ,1) = B )
i (1€, 1) iy — €+ p (56)

where the chemical potential u takes such a value that the mean electron number obtained through

this Green’s function equals to the total number of conduction electrons in the nanoparticle.
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5.2.2 AUXILIARY GREEN’S FUNCTION FOR FREQUENCY SUMMATION

In calculating the mean electron density or the Hartree self-energy in this work, we often encounter
the frequency summation on the Green’s function. However, we have to cut off the summation at
some finite frequency iwjs. Sometimes we can not make it very large due to limitations computer
resources. The smaller cutoff will definitely introduce considerable systematical error/deviation
because our Green’s function decays with frequency asymptotically following the 1/w, law. The
contributions beyond the cutoff frequency should be somehow compensated. To do this, one usually
introduces an auxiliary Green’s function that shows the same asymptotical behavior of the original
Green’s function and can be analytically summed up to infinite frequencies. The Green’s function
built up in Eq.(3.91) of Sec.3.3 under the Hartree-Fock approximation satisfies this requirement
and is then used as the auxiliary one in this work. Here we ignore subscripts and rewrite it as

é? (r, s iwy,) Z (ZZJZ = Zji"+lz (5.7)
where ¢, and ¢, are obtained by solving the finite element form of the radial Hartree-Fock equa-
tion, i.e., Eq.(3.87).

The frequency summation of this auxiliary Green’s Y

function can be easily obtained by considering the fol-
lowing Cauchy integral (the integral contour is shown in

F1g51), X

1 dze®"
Ip = lim — 5.8
= R o 7€ (€= + 1) (z — \) (58)

where n — 0T ensures that the integrand is finite as

Re z — —oo. Obviously, the integrand has poles at x =
A along the real axis and at z, = :I:W = iwp, Figure 5.1: Integral contour
along the imaginary axis. Here the poles z, are just the

Matsubara frequencies for fermions. There will be countable infinity poles along the imaginary axis

as R — oco. In the same limit, it can be shown that the integrand f(z) = e/ [(e”" + 1) (z — )]

goes to zero. Thus Jordan’s lemma [74] implies

lim Ip=0 (5.9)

R—o00
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While the residue theorem says that this integral equals to the summation of all the residues
inside the contour C'. The residue for the pole \ is 1/ (eﬁh)‘ + 1), and the one for pole z, = iw, is

—1/ [0 (iw, — A)]. Therefore we have

zwnn )\77 1
lim lim 5.10
ngng ﬁh Z iwp — N n—0+ ePhA 4 1 efhr 11 (5.10)
This gives the frequency summation for the auxiliary Green’s function,
@ln (’l“) @ln(r/)
h ZGZ ror'y i) = A B +1 (5.11)
Wn

We drop & in the denominator of this equation because (€, — p) has the dimension of energy.
According to the above result, the frequency summation of the Green’s function can be expressed

as

len—m) +1 ' B > {C:’z (r,r'siw,) — Gi* (r, r’;iwn)} (5.12)

iwn n TWn=—1Wps

ﬁhZGz r,r'; zwn) = —ﬁln( ) Pinlr )+ ! - G

Here the first term is the infinite sum, while the second term is the finite one which decreases with

the frequency according to a 1/(iw,)? law.

5.2.3 DETERMINING THE CHEMICAL POTENTIAL
The mean electron number density reads
(n(r)) = G (r, 757 = —n) (5.13)
where 7 — 0%. The Fourier transformation defined in Eq.(2.15) gives
1 ‘
T)) =2 Z |Y'lm(9a (p)|2ﬁ Z ewnnGl(Ta T iwn) (5'14)
lm iw
Integrating over the angular coordinates give the radial electron distribution,
() = [ ()
2 1 o .
= 3 Z(2l + 1)ﬁ Z "G (r, 15 twy,) (5.15)
l iw
Finally the mean electron number is calculated by the following integral

(N) = /(n(r)>r2dr (5.16)
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Here the frequency can be computed by the method described in Eq.(5.12). Obviously, the mean
electron number is a function of the chemical potential. Changing it results in the change of the
means electron number. However the total conduction electron number remains unchanged. There-
fore the value of the chemical potential is such an one that makes the mean electron number equals
to the total conduction electrons. To match the mean electron number with the total conduction

electrons, a binary searching is used in the current work.

5.2.4 FEEDBACK METHOD AND CONVERGING CRITERIA

In order to accelerate the convergence of the

3.10
self-consistent iteration of the Green’s function "";igizg
) 3.0 —2=0.75
and the self-energy through Dyson equations, the ’ ——2=0.7006

>
feedback method is employed in the self-energy i__; 3.08

iteration. It is formally expressed by

-
Seeo

B = ASTT 4 (1A (5.17) 306

50 100 150 200 250
# of iterations

where the self-energy matrix 536" in the m-th iter-

ation is the one calculated directly from Eq.(2.87)
using the m-th iteration of the Green’s function.

The parameter 0 < A < 1 measures the strength

Figure 5.2: Variation of the chemical
potential with the number of iterations.
For a 1 nm Gold nanoparticle, at temper-
ature T=2500 K, the spatial interval of the

mesh h = Ap/8.
of feedback. This iteration transfers back to the

original one when A = 0. The parameter A is something like a damping coefficients. There is a
critical value A, at which the iteration spends the shortest time to converge. It converges very
slowly as long as A > A., but will not converge as A < A.. There is no prior knowledge of what
value it should take, and we have no way but try different values. Fig.5.2 shows the variation of
the chemical potential with the number of iterations for a test case of 1 nm Gold particles at tem-
perature T=2500K. A = 0.75 is a critical case with shortest iterations. The oscillation will appear
when the feedback parameter is too small, for example, when A < 0.7006, and the iteration will

never converge.
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To monitor the self-consistent iterations, one can also observe the variation of either the Green’s
function or the self-energy between two successive iterations. The self-energy is usually more sen-
sitive than Green’s function. Therefore, in this research, we trace the variation of the self-energy.
The relative error of the self-energy matrix in two successive iterations is calculated by

2y 1/2

Ziwnz,m ‘i;n(rl’ S iwn) - E;n*l(ri,rj; iwn)
ox = = 5 (5.18)
Ziwn l,m,n ‘E?L(Th T3 iwn)

The iteration will end as soon at the relative error dx; satisfies the criteria.

(52 < €x (5.19)

where ey, is the required precision (shown by the horizontal dashed line in Fig.5.3).

Similarly, the error on the Green’s function is estimated by
~ ~1 2y 1/2
D iwon Lirj ‘an(ﬁ,rj;iwn) — G (i, g iwn)‘
0 = ~ 5 (5.20)
Ziwn I,m,n Gim(rl'? Tjs iwn) ‘

In Fig.(5.3) and Fig.5.4 plotted are the variation of the relative errors on the self-energy and

the Green’s function, which show similar picture as observed in Fig.5.2.
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Figure 5.3: Variation of the relative error on Figure 5.4: Variation of the relative error
the self-energy in two successive iterations on the Green’s function in two successive

with the times of iteration iterations with the times of iteration
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5.2.5 ANGULAR QUANTUM NUMBER AND FREQUENCY CUTOFF, TEMPERATURE AND MESH

INTERVAL

To start any practical computation, one has

. 15 | =——h=rs6 302

to set finite cutoffs for the angular quantum ceohonsg 303

T -3.04

number and the Matsubara frequency, as well i 308

20 F -3.06

as the temperature and the size of intervals for 5 i o
3 L

-3.09

the spatial mesh. We estimate these parameters 25 L bnnd L
. | 15 20 25 30 35 40 45 50

in the Hartree-Fock approximation. The main i
30 L

reason is that the program consumes much less

N N N N N
5 10 15 20 25 30 35 40 45 50

time to get a converge result in this approx-
imation. Nevertheless this approximation has
already included most of the contribution of  Figure 5.5: Variation of the chemical potential
electron correlation. Now let us consider the with the angular quantum number cutoff
changes of the chemical potential with the angular quantum number cutoff denoted by l,ax for
the meshes with different intervals. Shown in Fig.5.5 are the angular momentum cutoff dependence
of the chemical potential for a Gold particles with the radius of 1 nm, at T =2500K. The insertions
are the magnification of the key parts of these dependences, where the symbols represent the calcu-
lated data points. At smaller cutoff, we get higher chemical potential. This is because the important
contribution of higher angular momentum states is ignored and the code has to increase the value
of the chemical potential so that the calculated mean electron number matches the total number of
conduction electrons involved in the system. As the cutoff increases the contribution of these higher
angular momentum states has already been included, and thus the chemical potential decreases.
Since the contribution of the very high angular momentum states is usually very small, there is no
further decay on the value of the chemical potential. For [, > 20, the chemical potential tends
to a stable value. Thus we set [ax = 20 through out this work. The inserted figure shows us that
the effect of the mesh interval is very weak on the values of the chemical potential, only about five
out of a thousand.

In Fig.5.6 the temperature dependences of the chemical potential for a Gold sphere with dif-

ferent mesh intervals are plotted. It shows a slowly linear increase of the chemical potential with



67

temperature below 1300K. A nonlinear variation appears at higher temperatures. However, the
over all variations are within 5%. Once again a very weak dependence on the mesh interval h is
observed. To be more specific, we plot the distribution of the radial electron density in Fig.5.7 for
three different temperatures, where ng(r) is the corresponding bulk conduction electron density.
The variation of the electron density over a wide temperature is much small. This is reasonable
because the characteristic energy for the conduction electrons in nanoparticles is usually much
larger than the thermal energy associated with the temperature of several thousand Kelvins, for
examples, the surface plasmon frequency is several electron volts and the typical gap between the
single-electron energy levels is greater than 0.5eV. Therefore we will be very safe to set the work
temperature for our finite temperature Green’s function computations at T = 2500K . At this tem-
perature, only 32 Matsubara imaginary frequencies are needed in our computation, which greatly
reduces the computation time. The resulting frequency cutoff is about 40eV, much larger than the

plasmon oscillation energy.
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Figure 5.6: Temperature dependence of the Figure 5.7: Distribution of the radial elec-
chemical potential for a Gold sphere with tron density for a Gold sphere with the
the radius of 1nm radius of Inm at different temperatures

5.3 RESULTS AND DISCUSSION

In this section, the results are given for the test cases of Gold and Sodium nanospheres with

radius around Inm. First we will show the result for the Hartree-Fock approximation. By this
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approximation, one can get a rough insight into the electron dynamics of the system, especially the
electron-hole pair excitation. The Green’s function obtained in this approximation is to be used as

the initial Green’s function for the RPA computation.

5.3.1 HARTREE-FOCK APPROXIMATION

Fig.5.8 and 5.9 show the finite size effect of the electron leakage obtained in the Hartree-Fock
approximation for Gold and Sodium nanospheres, respectively. The electron leakage is measured
by the ratio of the mean number of spilling out electron to that of the total conduction electrons,
i.e., (AN)/(N). The mean number of spilling out electrons is calculated by integrating the radial
density outside the jellium sphere, i.e.,
oo
(AN) = /R (n(r))r3dr (5.21)

The numerical fitting on the data in the figures actually indicate a power law dependence of the

i Au,, i Na,
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Figure 5.8: Electron leakage from Gold Figure 5.9: Electron leakage from Sodium
nanospheres in Hartree-Fock Approxima- spheres in Hartree-Fock Approximation
tion

leakage on the number of atoms consisting of the nanospheres,
(AN)/(N) ~ N3 ~1/R (5.22)

This result explains why nanoscale particles have a higher static polarizability than their macro-

scopic counterpart.



69

According to classical electrodynamics a homogeneously charged conductor sphere of radius R
has a static polarizability [20]

a=R3 (5.23)

The spilling out effect results in the enlargement of the effective size of the charged sphere. If the

characteristic range of the leakage is §, then a estimation of the static polarizability is
a=(R+96)> (5.24)

which results in higher polarizability. The smaller the size of the jellium sphere the larger the

leakage thickness , and consequently the bigger the polarizability.
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Figure 5.10: Imaginary part of the dynam- Figure 5.11: Imaginary part of the dynam-
ical polarizability for Gold nanospheres in ical polarizability for Sodium nanospheres
Hartree-Fock Approximation in Hartree-Fock Approximation

The imaginary parts of the dynamical electron polarizabilities for Gold and Sodium nanospheres
are shown in Fig.5.10 and Fig.5.11, respectively. They show clearly the finite size effect of the
peak frequencies — the blue shifts with the decreasing cluster size. These sharp peaks represent
essentially the electron-hole excitation that excite electrons at the levels below the Fermi surface
to the empty ones above the Fermi sea. The larger peak frequency for smaller sphere is due to the
bigger gap between the levels [75]. These blue shifts can also be understood through the electron-

hole excitation spectrum obtained in the free electron approximation [62,75]. The excitation occurs
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within the region, in the (w, ¢) plane, confined by the relation

2 2

q q
— — < < — 2
oy IVF S W S oo + qur (5.25)

where vp is the Fermi speed, and ¢ is the single-particle momentum. In infinite systems, the electron
can have any momentum with values from 0 to oo. For finite size samples, however, the momentum
is no longer conserved and there is a lower bound on the average momentum due to the constraint
of the uncertainty principle. Electrons in an smaller sphere have a larger minimum momentum and

thus the larger electron-hole excitation energy.

5.3.2 DRPA APPROXIMATION

Employing the Green’s function obtained in the Hartree-Fock approximation as the initial Green’s
function, the Green’s functions for nanospheres with different radii are calculated under the DRPA
approximation. Fig.5.12 and Fig. 5.13 are the size-dependence of the leakage for Gold and Sodium
nanospheres. For the Gold nanospheres, the size effect obtained in DRPA approximation is not
obviously different from that in the Hartree-Fock approximation, i.e., both of them give the R~!
law. Comparing to results under the Hartree-Fock approximation, a bigger leakage is observed for
the Sodium nsnosphere of 20 atoms, while the lower leakages are observed for the ones with the
number of atoms larger that 20. It still follows a power law size-dependence but with the exponents
greater than -1. At present, we have not understood this result. We will search for the answers in

our future research.
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Figure 5.12: Electron leakage from Gold Figure 5.13: Electron leakage from Sodium

nanoparticles in DRPA Approximation nanoparticles in DRPA Approximation



CHAPTER 6

MESOSCOPIC ELECTRON AND PHONON TRANSPORT THROUGH A CURVED WIRE!

1Shi-Xian Qu and Michael R. Geller, Phys. Rev. B 70, 085414(2004).
Reprinted here with permission of publisher, 01/27/2005.
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6.1 INTRODUCTION

A new class of nanomachines is attempting to measure extremely minute amounts of energy, of
the order a few neV, and to use such calorimeters to probe fundamental properties of thermal
conduction in the nanoscale regime. [76-80] Like the related case of electrical conduction, [81,82]
low-temperature thermal conduction in nanostructures is entirely different than in macroscopic
materials because the phonons are in the mesoscopic regime, where they scatter elastically but not
inelastically. Because inelastic scattering is required to establish thermodynamic equilibrium, there
is a breakdown of Fourier’s law and the heat equation, which assume a local thermodynamic equi-
librium characterized by a spatially varying temperature profile. These nanodevices have inspired
considerable theoretical work on thermal transport by phonons in the mesoscopic limit. [83-97]

In this work we introduce a general method to calculate the scattering matrix for waves prop-
agating through a curved wire or waveguide. The wire is assumed to be of uniform cross-section
and lying in a plane, but the curved segment may have any smooth curvature profile, [98] such

as that shown schematically in Fig. 6.1a. The ends of the wire (the “leads”) are also assumed to

(@),

> X

(b)  4r

v i

Figure 6.1: (a) An example of the type of two-dimensional curved wire geometry
considered in this paper. The shape of the wire is used to define local orthogonal
coordinates X and Y, with X the arclength along one of the edges. The width of the
wire is b. (b) Scattering problem in the XY frame. Here the wire appears straight,
but the curvature induces an effective potential V' that causes scattering.

be straight. For definiteness we consider two-dimensional waves described by the scalar Helmholtz
equation

[V2+a]d(r) =0, r=(2,9) (6.1)
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which is appropriate for electrons or scalar phonons in flat wires with rectangular cross-section. [99]
Here a(e) = 2me/h? in the case of electrons of energy e and mass m, whereas a(e) = ¢2/h?v? in
the case of scalar phonons of energy € and bulk sound velocity v. Electron spin is of no importance

here and is neglected. The boundary conditions at the edges of the wire are

®(r) = 0, (for electrons)

n-Ve&(r) = 0, (for phonons) (6.2)

where n(r) is a local outward-pointing normal. Here we have assumed conventional hard-wall
boundary conditions for the electronic states, but stress-free conditions for the elastic waves because
in this case the wires are usually freely suspended.

Although the wave equation in Eq. (6.1) is certainly simple, the scattering problem described
here is complicated because the boundary conditions (6.2) are applied along the curves defining
the two edges of the wire. Our approach involves rewriting Egs. (6.1) and (6.2) in terms of new
curvilinear coordinates X and Y, dictated by the shape of the wire, such that the wave equation
becomes more complicated (the wire’s curvature produces an effective potential), but the boundary
conditions become trivial. We choose X to be the arclength along one edge of the wire, and Y is
locally perpendicular. This transformation allows us to apply the standard techniques of scattering
theory, including solution of the Lippmann-Schwinger equation, in the XY frame.

A particularly novel aspect of the phonon transport problem is that the reflection probability
always vanishes in the long-wavelength limit, permitting an analytic (second-order Born approxima-
tion) treatment at low energies. The energy-dependent transmission probability is then expressed
as as a simple functional of the curvature profile x(X), making possible a straightforward analysis
of a variety of wire shapes. The fact that long-wavelength phonons have perfect transmission is
a consequence of the rigid-body nature of the underlying system: An elastic wave with infinite
wavelength is just an adiabatic rigid translation of the wire, which must transmit energy perfectly.

There has been considerable attention given to mesoscopic electron transport through curved
wires and waveguides, [100] but none to thermal transport. Electron transmission probabilities in
curved wires are usually obtained by mode-matching, a method restricted to piecewise separable
geometries (wires composed of straight segments, circles, and other shapes where the wave equation

is separable). A related problem that has been studied extensively is the formation of electronic
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bound states and resonances in curved wires, where the mapping to local curvilinear coordinates is
also often used. [100-102] Surprisingly, we are not aware of any work using moving frames and then
directly solving the resulting Lippmann-Schwinger equation in that basis. [103] Nor are we aware
of the use of this method in the extensive microwave engineering literature, [104, 105] where the
(more generally applicable but purely numerical) finite-element method is the technique of choice.

In the next section we carry out the above analysis for the two-dimensional Helmholtz equation.
In Sec. 6.3 we consider electron transport through a circular right-angle bend, recovering results
obtained by Sols and Macucci [106] and by Lin and Jaffe [107] using mode-matching methods.
Our main results are given in Sec. 6.4, where we address thermal transport through curved wires.

Sec. 6.5 contains a discussion of our conclusions and the experimental implications of this work.

6.2 APPLICATION TO SCALAR WAVE EQUATION

We now explain our method in detail and apply it to the scalar scattering problem stated in

Egs. (6.1) and (6.2).

6.2.1 CURVILINEAR COORDINATE SYSTEM

First we use the shape of the wire to define a curvilinear coordinate system, the arclength X along
one edge and a locally perpendicular coordinate Y. Which edge one chooses is of course arbitrary.
The direction of increasing Y will be chosen so that X, Y, and z form a right-handed coordinate
system. Both edges are assumed to be a smooth plane curves. [98]

The unit tangent vector

_dr  dx dy
ey = X = ax e, + rie ey (6.3)
and normal
_dy dz
ey = _d—X e, + d—X €y (64)

define local orthonormal basis vectors for the XY frame. The sign in Eq. (6.4) is chosen so that

ex X ey = e,. We then use the Frenet-Serret equation

de
d—)? = k(X)ey (6.5)
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to define a signed curvature x(X) of the Y =0 edge. According to this definition, x(X) is positive
when Y increases toward the center of curvature. We will also make use of the metric tensor
(1-kY)?2 0
0 1

in the XY system.

6.2.2 HELMHOLTZ EQUATION IN CURVILINEAR COORDINATES

Next we make a coordinate transformation from r to R=(X,Y), and rewrite the wave equation in

terms of these coordinates. A convenient way to do this is to use the identity

0

2 _ -1 o
V* = (detg) 2 ox, (det g)2 g, X, (6.7)
The Helmholtz equation (6.1) then becomes
(0% + 0% =V +a]®(R) =0, (6.8)

where we have separated the combination 8% + 832/ from the many terms that appear on the
right-hand-side of Eq. (6.7), and combined the remaining ones into an effective potential V. The
potential V is itself a differential operator; an explicit expression will be given below. The boundary

conditions (6.2) are now

®(R) = 0, (for electrons)
dy®(R) = 0, (for phonons) (6.9)

on the edges Y =0 and Y =b, with b the width of the wire. A scattering state ®(R) becomes fully
determined once we specify its behavior as X — +oo.

In the XY frame the wire appears straight, as illustrated in Fig. 6.1b. The scattering potential
vanishes in the leads because the wire is straight there. We are now able to use conventional

scattering theory.

6.2.3 UNPERTURBED SCATTERING STATES

The unperturbed (V' =0) scattering states for both spinless electrons and scalar phonons are labeled

by three quantum numbers o, n, and ¢, and can be written in the form

ngne(R) = Cne egikMXXn(Y)7 (610)
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where
kne = v/ a(e) — (nm/b)? (6.11)
is the wave number along the wire,
/2/b sin(nwY/b) for electrons
Xa(Y) = (6.12)

\/(2—0p0)/b cos(nmY/b) for phonons

is a trigonometric function satisfying the transverse boundary conditions of Eq. (6.9), and
o 1/2

Cne = ——
ne /—27T

is a real normalization constant. o is a chirality index, defined by

Okpe
Oe

(6.13)

+1 if moving in +X direction
o= (6.14)

—1 if moving in —X direction

and n is an integer-valued branch index. The transverse eigenfunctions x,(Y) are normalized

according to
b
/ AY xn(Y) X (Y) = G- (6.15)
0

The dispersion relation given by Eq. (6.11) is shown in Fig. 6.2.

200 ‘

ORNWA

150+

-
53333

Figure 6.2: Dispersion relation for unperturbed scattering states, for both spinless
electrons and scalar phonons. « is equal to 2me/h? in the case of electrons, or
€2/h?v? in the case of phonons. o is 1 on the right half of the figure, and —1 on
the left. b is the wire width.



7

The allowed values of the quantum numbers o, n, and € are as follows: The allowed energies

form a continuum, from €, to co. Here

32”22 for electrons

mb

€min = . (616)
0 for phonons

For each value of energy, the branch index takes the values in a set S of integers defined by

1,2,...,N for electrons

5= (6.17)
0,1,2,...,N for phonons
where
N(e) =Y 0Oale) - 5] — 1, (6.18)
n=0

with ©(x) the unit step function. For electrons, N is the number of propagating channels below
energy €, whereas for phonons the number of propagating channels is N+ 1. Finally, for each allowed
value of € and n, o takes on the values £1.

The free scattering states satisfy the orthonormality and completeness conditions

/dzR ¢¢*7n€<R) ¢o’n’€’(R) = 600’ 5nn’ 5(6 - 5/) (619)

and

/OO de Z Z Qs:'ne(R) (z)anG(Rl) = 5(R - R/)v (620)

fmin =41 nes

where n takes the values given in Eq. (6.17).

6.2.4 EFFECTIVE POTENTIAL

The terms 0% + 02 have been separated out from the right-hand-side of Eq. (6.7) so that the
eigenfunctions ®(R) reduce to that of a straight wire when V' = 0. Accordingly, the effective

potential is given by

K2Y?2 - 2kY K'Y K
o Xt O (6:21)

V= 1—krY

There will be no singularities in V' as long as

—o00 < kb < 1. (6.22)
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The condition (6.22) guarantees that both the Y=0 and Y =b edges of the wire are smooth.
In applications where the radius of curvature |x|~! is much larger than b, Eq. (6.21) can be

simplified. To leading order in b the effective potential reduces to

V = —2kY 0% — K'Y (1 +3kY) Ox + x Oy. (6.23)

6.2.5 LIPPMANN-SCHWINGER EQUATION

The scattering problem in the XY frame can be solved by standard methods. The Lippmann-

Schwinger equation for an eigenfunction ®(R) with (electron or phonon) energy € is
B(R) = ¢in(R) + / PR Go(R,R', )V B(R), (6.24)

where ¢i, (R) is a free scattering state coming in from the left, and where Go(R, R/, €) is the Green’s

function for the unperturbed Helmholtz equation, satisfying
(0% + 0% + a(e)|Go(R, R, e) = (R — R), (6.25)

along with the boundary condition that Go(R, R/, €) vanishes as | X — X’| — oo. The Lippmann-
Schwinger equation gives the solution of Eq. (6.8) subject to the condition that ®(R) reduces to
the incident state ¢i,(R) when X — —oo.

The unperturbed Green’s function for both electrons and phonons is
& () XY
R R e =L E Xn(Y) Xn (V') ik x—x | 92
Go(R,R',¢) 5 2 o e (6.26)

We note that the summation in Eq. (6.26) is not restricted to the values given in Eq. (6.17). In
particular, off-shell values of k,. are included. Furthermore, in the electron case the n = 0 term in
the summation vanishes, because the transverse eigenfunction x¢(Y') vanishes.

We will also need to write Eq. (6.24) in the alternative form
B(R) = du(R) + [ @R GR.R0)Vou(R), (6.27
where G(R, R/, €) is the Green’s function of the perturbed Helmholtz equation, satisfying

G(R7 R,a 6) = GO(Ra Rlve)

+ / P*R'Gy(R,R",e) V GR", R/, ¢). (6.28)
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6.2.6 TRANSMISSION PROBABILITY

The transmission coefficient matrix ¢, (€) gives the probability amplitude for a right-moving elec-
tron or phonon to forward scatter from branch n to branch n’ at energy e. We define t,,,,/(¢) to be
zero if one or both branches have minima above e.

We can obtain a formal expression for t,,/(¢) by writing the X — oo limit of the unperturbed

Green’s function as

Go(R, R/, e Z ORnc(R ¢R"6(R/), (6.29)

C
nGS

ne ne
where the subscripts R denote right-moving (¢ = +1) waves. The summation in Eq. (6.29) is now
restricted to n < N because the higher lying contributions are exponentially small in the X — oo
limit. Then from Eqgs. (6.24) and (6.29) we obtain

. ? V|®

lim ®(R) = ¢rpe(R) — 5 Y (PR V2) Drne(R) (6.30)

X—00 2
nes

where the incoming right-moving wave is assumed to be in channel n;. Therefore we conclude that

Lm @ = g (6.31)
and
Xh—1>noo(1) Z tn n ¢Rne> (632)
nes
where
i <¢Rn’6|v|q>>
[ =0,y — ———" .
nn (6) nn 2 kn’eci/e (6 33)

is the amplitude for an incident wave (R,n,€) to forward-scatter to (R,n’,€). tp,(€) is called the
transmission matrix.

We emphasize that for the case of electron transport, t(e) is an N x N matrix, where N varies
with energy as indicated in Eq. (6.18). For phonons, t(€) is N+ 1-dimensional.

The expectation value in Eq. (6.33) involves the exact scattering state ® with boundary condi-

tion corresponding to an incident state (R,n,w). Using Eq. (6.27) we write this as

<¢Rn’e‘v‘®> = <¢Rn’e’v|¢Rne>

/¢Rne (R R 6) R’ QSRne(R,)’ (6.34)
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where V; and V act on R and R/, respectively. The numerical method we use consists of expressing
Eq. (6.28) in a basis of unperturbed scattering states, solving this equation by matrix inversion,
and using Eq. (6.34) to obtain the transmission matrix in Eq. (6.33).

Finally, we define the energy-dependent transmission probabilities Te; and Ty, for electrons and
phonons that determine the electrical and thermal currents. For electrons, the relevant quantity is

the ratio of transmitted to incident charge current, given by

N

Tel(e): Z ‘tnn’

n,n’/=1

2 = Trift. (6.35)

For thermal transport by phonons, the relevant quantity is the fraction of transmitted energy

current, [86] given by
N

Vo !
Ton(e) = Y Vi ¢
n

n,n’'=0

2

: (6.36)

nn’

where v,,(¢) is the phonon group velocity in the straight wire, which can be written as hv2k,./e.
Because the bulk sound velocity v is a constant here, and the scattering is elastic, we can equivalently

write Eq. (6.36) as

Ky 2
Tph(e) = Z % ’tnn’ ) (637)
I ne
n,n'=0
with the kpe given by Eq. (6.11).
6.2.7 LANDAUER FORMULA
The charge current I and linear conductance
G = lim = (6.38)
= lim — .
v—0V

are related to the electron transmission probability Te(e) through the Landauer formula [81,82]

(&

j —
27Th 0

Oode Tei(e) [k (e) — nfr (e)]. (6.39)

Here nii!(€) and nk(¢) are the Fermi distribution functions in the left (1) and right (r) leads, with
chemical potentials y; and p, differing in proportion to the applied voltage V' = (u; — pr)/e.

Similarly, the thermal current Iy}, and conductance

Gy = lim — (6.40)
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are determined by the phonon transmission probability T, (€) according to [84-86]

o0

I = glh [ decTn0) [nf () = nf (0] (6.41)

ng (¢) and ng (e) are Bose distribution functions in the left and right leads, with temperatures T}

and T;.

6.3 ELECTRON TRANSPORT

We turn now to an application of our method to coherent
electron transport through a circular right-angle bend
with outer radius R and width b. In this case the cur-

vature profile is

K(X) = = O(X) O(=E — X), (6.42) R

where © is the unit step function. The origin of the X Figure 6.3: Section of quantum
coordinate is taken to be one of the locations where the wire with circular right-angle bend.
straight and curved sections of the wire meet.

As explained above, the numerical method we use to calculate t,,/(¢) requires the matrix ele-

ments (Gone|V|dormrer) of the effective potential (6.21) in the unperturbed scattering states (6.10).

However, matrix elements of the second term in Eq. (6.21), which contain the curvature gradient

K (X) = =[6(X) —8(X — Z8)], (6.43)

involves integrals of a delta function ¢ times functions F'(©) of ©. Integrals of this form, involving
products of generalized functions, have to be evaluated carefully, as we show in Appendix C. Apart
from this technicality, the application of our method to this geometry is straightforward.
Mesoscopic charge transport through bent wires has already been studied extensively, [100] and
we will only consider one case of this, namely R = 1.2b. First we calculate the individual electron
transmission probabilities |t,,,/ (€)|? from Eq. (6.33) for the lowest few channels n and n’. The results
are given in Fig. 6.4 and are in excellent agreement with the mode-matching results of Sols and

Macucci [106] for the same value of R/b (see Fig. 2a of Ref. [106]). Our result for |11 (€)|? also agrees
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qualitatively with that calculated by Lin and Jaffe [107] for a right-angle bend with a slightly larger
curvature (see Fig. 8 of Ref. [107]).
The total electron transmission probability Te(€), defined in Eq. (6.35), is presented in Fig. 6.5

for the same curved wire. At energies given by
e=n?Ayq with n=1,23,..., (6.44)

where Ag = w2h%/2mb?, additional channels in the wire become propagating and contribute to the
transmission probability. The threshold energies (6.44) follows from Eq. (6.11) and Fig. 6.2. The

principal effect of the curvature in the wire is to soften the transitions at these thresholds.
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Figure 6.4: Individual electron transmission Figure 6.5: Total electron transmission
probabilities |t,,/|? as a function of energy probability T.. System parameters are the
for a circular right-angle bend with R/b = same as in Fig. 6.4.

1.20. Here A = w2h%/2mb?.

6.4 PHONON TRANSPORT

We turn now to the main emphasis of our work, the calculation of transmission probabilities for
two-dimensional scalar phonons with energy ¢ = hw and (bulk) sound velocity v to propagate
through curved wires. We are not aware of any previous work on this problem.

As before, we consider a circular right-angle bend with outer radius R and width b, with
curvature profile given by Eq. (6.42). The method of solution is the same as that outlined in
Sec. 6.3 and Appendix C, except that the transverse parts of the unperturbed scattering states,

defined in Eq. (6.12), are now different. In Fig. 6.6 we give the individual phonon transmission
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probabilities |t (€)|?, defined in Eq. (6.33), for the lowest channels in a smoothly bent wire with
R =2b. In Fig. 6.7 we do the same for a more tightly bent wire, with R = 1.001 b (inner radius is

1073 b). At energies given by
e=nlg with n=1,23,..., (6.45)

where A}, = mhv /b, additional channels in the wire become propagating and contribute to thermal
transport. In both examples, transmission is nearly perfect in the low-energy € < Ay limit, where
there is only a single propagating channel. At higher energies, scattering does occur. However it is
mostly in the forward direction, and the fraction of transmitted energy Ty (€), defined in Eq. (6.36),

is essentially unchanged from that of a straight wire.
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Figure 6.6: Individual phonon transmission Figure 6.7: Individual phonon transmission
probabilities |t,,/|? as a function of energy probabilities |t,,/|? as a function of energy
for a circular right-angle bend with R = 2b. for a circular right-angle bend with R =
Here Ay, = mhu/b. 1.001b.

In Fig. 6.8 we plot the thermal conductance Gy, in units of the “quantum” of thermal conduc-

tance

k2T
Gy="1 =~ 0957 pWK 2, (6.46)

for a curved wire of width b = 100 nm and outer radius R = 1.001b. The scalar phonon velocity is
taken to be v = 8.5x10° cm s™1, the longitudinal sound speed in Si. The thermal transport is hardly
affected by the curvature in the wire, as can be seen in Fig. 6.9, which compares an expanded plot
of Gin/Gq to that for a straight wire. The greatest suppression occurs near 200 mK and is only

about 0.5% of the thermal conductance quantum.
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Figure 6.8: Dimensionless thermal conduc-
tance Gin/Gq as a function of tempera-
ture, for a 100nm curved Si-like quantum
wire, with outer radius R = 1.001b. Here
Gq = nk3T/6h, which is itself linearly pro-
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Figure 6.9: The solid curve is the same as
Fig. 6.8. Dashed curve is the dimensionless
thermal conductance for a straight Si-like
wire with b = 100 nm. Thermal transport
is hardly suppressed by the bending.
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portional to temperature.

It is physically unrealistic to consider a

100nm wire bent more sharply than R =

1.001 b, because the inner radius of 0.10 nm

transmission prob.
oo oo
N D O e

o o ]

in this case is already approaching atomic 0

dimensions. However, for a wire of width go_;:
5

b =10 pm and the same inner radius of cur- g EE

vature, we have R = 1.00001b, the trans- : .0(;

mission probabilities for which are shown

Figure 6.10: Individual phonon transmission
probabilities [t,,/|> as a function of energy
for a circular right-angle bend with R =
1.00001 b.

in Fig. 6.10. The transmission probabilities
when R = 1.00001b are similar to that for
R = 1.001b, shown previously in Fig. 6.7, as
is the thermal conductance. We find in that in a 10 ym Si-like quantum wire with R = 1.00001 b,
the greatest suppression in Gy, occurs near 2 mK and is again only about 0.5% of the conductance

quantum in magnitude.
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6.5 DISCUSSION

We have introduced a general method to calculate the transmission of scalar waves appropriate
for mesoscopic electron and phonon transport through a curved wire or waveguide. Applications
to electron transport accurately reproduce results obtained by other methods. Phonon transport
through curved wires is considered here for the first time.

Our results demonstrate that curvature hardly suppresses thermal transport, even for sharply
bent wires, at least within the two-dimensional scalar phonon model considered. This behavior can,
to some extent, be understood by considering transport in the extreme long- and short-wavelength
limits. In the long-wavelength, low energy limit, Ty, — 1, a consequence of the rigid-body nature of
the wire. T}, also approaches unity for short wavelengths, because in this limit the phonons cannot
sense the curvature.

Because the phonon reflection probability always vanishes in the long-wavelength limit, a simple
perturbative (Born approximation) treatment is possible at low energies. For example, the energy-

dependent n = 0 transmission probability is

ltool® =1 — Jroo|, (6.47)
where, to leading nontrivial order,
ihv 2p 2p ieX/hv
roo = —— d“Rd“R e
2¢eb
X Vi Go(R,R/,€) Vy X'/ (6.48)

Vi and Vi act on R and R/, respectively. This result allows the low-temperature thermal transport
though a variety of wire shapes to be addressed quite simply. Although an analogous perturba-
tive expression can be derived for the electronic transmission probability as well, the form of the
transverse part y, of the unperturbed scattering states, as dictated by the hard-wall boundary
conditions, then leads to a divergence in the Born series, [108] consistent with the fact that T¢ — 0
in the long-wavelength limit.

We conclude with a brief discussion of the experimental implications of our mesoscopic thermal
transport results, the charge-trasport case having already been discussed in the literature. [100,109]

Thermal transport in carbon nanotubes has been studied experimentally by several groups, [110—-
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112] and nanotubes would be interesting systems to use to investigate the effects of bending on
transport. To apply our method of analysis to this system would require the consideration of
scattering of elastic waves in a curved, hollow tube. Although they were obtained for scalar phonons

in two-dimensional strips, our results do suggest that the effects of curvature will be small, if not

completely negligible, in these systems.



CHAPTER 7

HOT ELECTRONS IN LOW-DIMENSIONAL PHONON SYSTEMS!

1Shi-Xian Qu, Michael R. Geller and A. N. Cleland. Submitted to Phys. Rev. Lett, 03/15/2005.
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The coupling between electrons and phonons plays a crucial role in determining the thermal
properties of nanostructures. The widely used “standard” model of low temperature electron-
phonon thermal coupling and hot-electron effects in bulk metals [113,114] assumes (i) a clean
three-dimensional free-electron gas with a spherical Fermi surface, rapidly equilibrated to a temper-
ature T; (i) a continuum description of the acoustic phonons, which have a temperature Tpy; (iii)
a negligible Kapitza-like thermal boundary resistance [115] between the metal and any surrounding
dielectric, an assumption that is well justified experimentally; and (iv), a deformation-potential
electron-phonon coupling, expected to be the dominant interaction at long-wavelengths. In a bulk
metal, the net rate P of thermal energy transfer between the electron and phonon subsystems
is [114]

P =SVa (T3 - T}, (7.1)

where V, is the volume of the metal, and

8¢(H) k% 6% Nei(er) .

b))
3rhtpopuy

(7.2)

Here ( is the Riemann zeta function, er is the Fermi energy, N is the electronic density of states
(DOS) per unit volume, p is the mass density, v; is the bulk longitudinal sound speed, and vp is
the Fermi velocity.

This model, which has no adjustable parameters, has successfully explained some experiments
[114, 116, 117], but others report a power-law temperature dependence with smaller exponents
[118,119], indicating an enhanced electron-phonon coupling at low temperatures. However, the
experiments typically involve heating measurements in thin metal films deposited on semicon-
ducting substrates, and the relevant phonons at low temperature are strongly modified by the
exposed stress-free surface. An attempt to directly probe such phonon-dimensionality effects was
carried out by DiTusa et al. [119], who intentionally suspended some of their samples, necessarily
modifying the vibrational spectrum, although they found no significant difference from their sup-
ported films. We argue that the paradox reported in Ref. [119] is actually quite widespread, and
all experiments known to us on supported films actually contradict the standard model when that

model is modified to account for the actual vibrational modes present in a realistic supported-film
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geometry, illustrated in Fig. 7.1. Our results have important implications for the thermal proper-
ties of mesoscopic and low-dimensional phonon systems and the use of such systems as nanoscale
thermometers, bolometers, and calorimeters [120-122].

The Hamiltonian we consider (suppressing spin) is H = ), ek CLCk +>,, hwy, ahan +6H, where
CL and ¢y are electron creation and annihilation operators, with k the momentum, and aIL and a,, are
bosonic phonon creation and annihilation operators. The vibrational modes, labeled by an index n,
are eigenfunctions of the continuum elasticity equation v2V x V x u—v2V(V -u) = w?u for linear
isotropic media, along with accompanying boundary conditions. vy and v are the bulk transverse
and longitudinal sound velocities. 6 H = %61;‘ fVe 1d3r YT V - u is the deformation-potential electron-
phonon interaction, with u(r) = Zn(2pwn)7% (£, (r) an + £ (r) aIL] the quantized displacement field.
The vibrational eigenfunctions f,(r) are defined to be solutions of the elasticity field equations,

normalized over the phonon volume V};, according to fV hd3r £ - £, = dpy. It will be convenient to
P

T
k—q

rewrite the electron-phonon interaction as 6 H = >y .. [9nq CL L qCk AntGnq O oCk a}], with coupling
constant gnq = %eF(prn)_%Vel_l fveld?’r V - £, e7%T  Note that we allow for different electron and
phonon volumes.

The quantity we calculate is the thermal energy per unit time transferred from the electrons to
the phonons,

P=2) hw, [Tk >k —q) - Tk — k+q)], (7.3)
kqn

where
I (k = k = q) = 27 [gnql|* [nB(wn) + 1]
X np(ek)[l — np(ek—q)] 0(ek—q — €k + wn) (7.4)

is the golden-rule rate for an electron of momentum k to scatter to k — q while emitting a phonon

n, and

3P (k — k + @) = 27 |gng|* 15 (wn)

x np(ex) [1 — np(€xrq)] 0(€krq — € —wn) (7.5)

is the corresponding phonon absorption rate. ng is the Bose distribution function with temperature

Ton and np is the Fermi distribution with temperature T,. The factor of 2 in (7.3) accounts for
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spin degeneracy. It is possible to obtain an exact expression for P; the result (suppressing factors

of h and kp) is

m2v*e2 o) " "
P = 87T41 Z/{; dw 5(&] _wn) (e‘*’/Tel—l - ew/Tphfl)

| gk Lexp[(Z4 + 52 % ) /Tul])
X /d3k [w—i—Telln( T BT )}
k| Itexp[(Gir +5, T35 —1)/Tall)

The logarithmic term in P can be shown to be negligible in the temperature regime of interest

and will be dropped. Carrying out the k integration then leads to

4 w
_ vl 2 ‘/el D w . w
P= 24§(5)/0 dw F(w) <€w/Tel —1  ew/Tpn _ 1>’ (7.6)

where F'(w) = ), Up d(w — wy) is a strain-weighted vibrational DOS, with

1 . fn ILof* (!
U= — / Py AL IUR o) (7.7)
Var Jv, r—1r'*+a

Here wp is the Debye frequency. U,, can be interpreted as an energy associated with mass-density

fluctuations interacting via an inverse-square potential [123], cut off at distances of the order of the
lattice constant a. We have reduced the calculation of P to the calculation of F'(w). Allen [124] has
derived a related weighted-DOS formalism.

We now calculate F(w) and P for a metal film of thickness d attached to the free surface of
an isotropic elastic continuum with L — oo; see the inset to Fig. 7.1. The film and substrate are
assumed to have the same elastic parameters, characterized by a mass density p and bulk sound
velocities vy and v). Where material parameters are necessary we shall assume a Cu film; however,
the qualitative behavior we obtain is generic. The evaluation of F(w) requires the vibrational
eigenfunctions for a semi-infinite substrate with a free surface, which have been obtained in the
classic paper by Ezawa [125]. The modes are labeled by a branch index m, taking the five values
SH, +, —, 0, and R, by a two-dimensional wavevector K in the plane defined by the surface, and
by a parameter ¢ with the dimensions of velocity that is continuous for all branches except the

Rayleigh branch m=R. With the normalization convention of Ref. [125] we have
Fw) = ) Urk 6(w—crK)

K
+ Y ) / de Upke 0(w — cK). (7.8)

m#R K
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Figure 7.1: (inset) Conducting film of thickness d attached to insulator. The top
surface of the metal is stress-free. (main) Temperature dependence of the thermal
power exponent x for a 10nm (solid curve) and 100 nm (dashed curve) Cu film.

The range of the parameter ¢ depends on the branch m, and is summarized in Table 7.1. The

frequency of mode mKec is cK.

m range of ¢
SH [vg, 00]

+ [v1, 0]

0 [V, v1]

R cr (discrete)

Table 7.1: Values of the parameter ¢ for the five branches of vibrational modes of a semi-infinite
substrate.

Turning to an evaluation of (7.8), the SH branch is purely transverse, so Ugyy = 0. The normal-

ized eigenmodes for the + branches are

K -1 —i1aKz oKz a1
b = 47rcA{[:Fa 2(6 ) e K)+Z62
> (e_iBKZ—i-Ci ezﬂKz):|eK+ |::|: %( zaKz_i_Ci eiaKz)
+oipTE (e ¢y elﬁKﬂ } (7.9)

where a=+/(c/v)?2 — 1 and B=+/(c/v;)? — 1. Here

¢y = (8% — 1) £ 2iv/af)?
T (B 12 +4af

with  [Cx| = 1. (7.10)
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Then

3 3
c2 K2
V f) =Fi——
o7 ViaraA v} (
and Uy = (3K /av!Vy) I (Kd, c), where

ef'iaKz _ C:I: eiaKz) 6iK-r (711)

Z
I.(Z,c) = Re/ dz da’ Ko(v/(z—2")2 + a2Z2/d?)
0
« [eia(xfx/) _ Cieia(:er:r’)]'

Ko is a modified Bessel function. To obtain Uy we use translational invariance in the zy plane to

write (7.7) as

UnKe = dz dz' / d’R

V meC(R z) V' £ . (0,2))
R2+ (z—2")2+a?

: (7.12)

where R = (z,y) is a two-dimensional coordinate vector. Then we scale out K, do the angular
integration, and use the identity [;° dR R Jo(R) [R*+ s?]~! = Ko(|s]), where Jy is a Bessel function
of the first kind.

Next we consider the m = 0 branch, for which

K . .
f, = ZwﬁcA{ [iC e Kz L ige PRz L igA elBKZ] ek
+ [ —Ce K7 e PRE g elﬂKZ] ez}eiK'r, (7.13)

where v = /1 — (¢/v1)?,

_ (=1 —4ipy _ 4
AS@oiprasy M T oy
Then
2K3C .
1

and Uy = (|C|*cK/BvtVa) Io(Kd, c), where

IO(Z,c)E/OZda:dm’Ko(\/( 22 + a2Z2[d2)e” @ F),

Finally, for the Rayleigh branch,

_ |:806(’0KZ (1—2:; ) enKZ:| ez}eiK-l" (715)
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where ¢ = /1 — (cr/v)?, 7 = /1~ (cr/v)% and K = (o —n)(¢ — 0+ 2¢n°)/2¢n0°. cr is the
velocity of the Rayleigh surface waves, given by cr = £ vy, where £ is the root between 0 and 1
of €6 — 8¢* 4 8(3 — 2v2)¢? — 16(1 — v?), with v = v¢/v. For Cu, v = 0.52 and & = 0.93; hence

R = 2.4x10° cms~!. Using (7.15),

3
K2(p?—1)
Vo= oe ) (“‘;CA ) giKor s (7.16)

and Ug = (2mck K /K v{Ve) Ir (K d), where

Z
In(2)= [ dede’ Ko(/la—a 2+ 222 @)e A,
0

The final summations in (7.8) are carried out with the aid of the identity lim oo Y x d(w —

cK) = wA/2mc? and elsewhere replacing K with w/c. Then we obtain

_ w2 V] ’CQ "
Flo) = ﬁ—d{’cf () 4 /dcﬁ o(22,0)
- /dc %[Lr(%d,c)—i—l_(%d,c)]}. (7.17)

This expression, combined with (7.6), is our principal result. Evaluation of (7.17) can be further

simplified by the use of the powerful identities

I:(Z,c) = Re[(2Z - “)f(Z,a) + E£e¥7 f*(Z, )

+ 2i(8f<ZS>)S:a], (7.18)
I(Z,¢) = Lf(Ziv) - £(2,~iv), (7.19)
In(Z,c) = Lf(Zip)— <= f(2,~ip), (7.20)

where f(Z,s) = fozdx Ky (\/m ) e’ thereby reducing the I, to a single one-dimensional
integral f.

The I,, have distinct large- and small-Z character, crossing over near Z = 1. Because of the
integration over ¢ in (7.17), F' and P accordingly exhibit a broad crossover behavior. However,
once wd < cgr, all branches will have assumed their low-frequency forms. We define a crossover

temperature

T* = heg/kpd (7.21)
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dividing regimes determined by the small and large wd/cg behavior of F. In the large wd/cg limit
the m == modes in (7.17) can be shown to be dominant, and lim, 4 f de 114 ( ,¢) = Twd.
Therefore, we obtain F(w) — Foux(w) = w?/vf, independent of d, leading to a high-temperature
behavior P — X Vo [®(wp/Te) T — ®(wp/Tph) Tgh], where ¥ is the coefficient (7.2), and where
d(y) = [41¢(5) 1f0 dr z*/(e® — 1). ®(10) is about 0.97, and ®(y) rapidly approaches 1 beyond
that. Thus, at temperatures above T™ but sufficiently smaller than the Debye temperature, the ®
factors are equal to unity, and we recover the bulk result (7.1).

The low temperature asymptotic analysis is somewhat complicated and will be presented else-

where. Briefly, using the small Z expansion

F(Zs) — —ZWmZ+(1+m2+9p1)Z - 22%mz
2

- %8(% +In2+9(1)Z? + O(Z°n 2), (7.22)

where 1) is the Euler polygamma function, we find F(w) — Fu(w) x [ (24) ln(%l) + O(‘Z—:)] in

CR

the small wd/cg limit. Here

d
27Tc2ﬁ ¢ 2o

/”1 CR|C|2 > cr[2—Re(§+E-)]

is a constant determined by v, v;, and cg. Each T° function in (7.1) therefore crosses over at
low temperature as T° — A( )ln (T*), with A = A7®/189¢(5). For a Cu film, A ~ 0.815 and
A ~ 3.998. There are also mixed-temperature regimes possible, where only one of the two terms in
(7.1) has crossed over.

The most striking consequence of the crossover is that the temperature exponent increases. In
Fig. 7.1 we fit P (with either Vg or Vj}, zero) to a power-law 7% with a temperature dependent
exponent z, and plot the exponent for 10nm (7% = 1.84K) and 100nm (7™ = 184 mK) Cu films.
z(T) is nonmonatonic, displaying a pronounced maximum near 7*, and drifts upward as 7" — 0.
Such behavior has not (to the best of our knowledge) been observed, even though many experi-
ments [114, 116,117, 119] have achieved T" < T* The physical origin of the crossover is that, at
low temperature, the stress-free condition at the metal surface penetrates into the film, reducing
the strain and hence electron-phonon coupling there. The characteristic distance over which the

boundary condition has an effect is of the order of a bulk wavelength. When 7" > T™, only a thin
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outer surface layer of the film has a significantly diminished strain, and bulk behavior is expected.
However, when T" < T™* the entire metal film experiences a reduced strain.

The experiments of Refs. [116] and [117], both using Cu films, observe an approximate T°
dependence even well below T™ It is therefore interesting to compare the observed prefactors with
the coefficient ¥, evaluated for Cu. Using a free-electron gas approximation [126] and measured
elastic properties [127], we obtain 5.97 x 10" Wm ™3 K=, which is at least an order of magnitude
smaller than observed, consistent with our assertion that there is some unidentified mechanism
enhancing the thermal coupling. Nobel metals are far from free-electron systems because of their
complex Fermi surfaces. We attempt to address this shortcoming by regarding the “Fermi surface”
quantities Ngj(ep) and vp as independently adjustable parameters, to be obtained empirically from
heat capacity and cyclotron resonance data. Carrying out this analysis, the details of which will
be presented elsewhere, leads to the modified prefactor ¥ = 1.14 x 108 Wm ™3 K5, which is still
considerably smaller than measured.

Although not included in the model considered here, disorder in a bulk metal film is expected
to produce a crossover from the 7° dependence to a T scaling when the phonon elastic mean free
path ¢ becomes smaller than the thermal wavelength [128,129], a behavior which has not been
reported experimentally until very recently [130]. Thus, the crossover predicted here should not be
appreciable affected by disorder unless ¢ < d. Although thin films are known to scatter phonons
strongly, measured values of ¢ are still much larger than d in the temperature regime of interest
here [131].

In conclusion, we argue that a wide variety of experiments contradict the predictions of an
essentially exact application of the standard model of electron-phonon thermal coupling in metals

to a supported-film geometry, suggesting a widespread breakdown of that model.
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CONCLUSION

A self-consitent dressed random phase approximation has been advanced to compute the finite tem-
perature Green’s function for the spherically symmetric nanoparticles. The finite element method
is applied for the first time to solve the Dyson equations for the finite temperature Green’s function
and the screening potential, which provides an efficient and easy to operate methods, and leaves
considerable freedom for users to choose the interpolation polynomials. The linear response theory
is used to calculate the dynamical polarizability of the electron systems.

The corresponding large scale computer codes have been completed in the frame of the FOR-
TRAN language. The dynamical polarizabilities for Gold and Sodium nanospheres are calculated,
and the finite size effects have been discussed. The validity of codes and the methods involved in
this work have been proved by these test cases.

A general method is introduced to calculate the transmission of scalar waves appropriate for
mesoscopic electron and phonon transport through a curved wire or waveguide. Applications to elec-
tron transport accurately reproduce results obtained by other methods. Phonon transport through
curved wires is considered here for the first time.

The curvature hardly suppresses thermal transport, even for sharply bent wires, at least within
the 2-D scalar phonon model. Nanotubes would be interesting systems to investigate the effects of
bending on transport.

A general method is developed to compute the net rate of thermal energy transfer between a
three-dimensional conductor at temperature T and a low-dimensional phonon system at tempera-
ture Tpp. The standard electron-phonon coupling model is applied to a semi-infinite substrate with
free surface. It predicts a low-temerature crossover from the familiar 7° temperature dependence to
a strong T log T scaling. Comparison with existing experiments suggests a widespread breakdown

of the standard model of electron-phonon thermalization in metals
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APPENDIX A

SOME USEFUL RELATIONS FOR THE CLEBSCH-GODAN COEFFICIENTS

A.1 REDEFINED CLEBSCH-GODAN COEFFICIENTS C

Considering the feature of this work, we also use the redefined Clebsch-Godan (CG) coefficients

~ 20 +1\ 2
C (llllg; mmlmg) = 2[2 T 1 C (llllg; mmlmg) (Al)

where, C (ll1l2; mmimsg) is the conventional CG coefficients [66]. According to the following equa-

tion,
9 1\ /2
C (llyly; mmyms) = (—1) ™ <2ll2%> C (I1lal; —mymaom) (A.2)
and the orthonormal relations
> C (ol maimam) 7C (Llal's mamam’) = Sy S (A.3)
mi,m2
> C (lalalymamam) C (Iulals mymbm) = 6yt Smgm, (A.4)
lym
we obtain the corresponding relations for C ,
> C (lhlaymmyma) C (Ulyly; m'mima) = GG (A.5)
m1,ma
Z C (ll1lo; mmyms) C (ll1l2; mm’lmé) = 5m1m/15m2m/2 (A.6)
lym
and
~ ~ 21 +1
S C (hislsmamam) C (hlol's mymam’) = 2;:_1 Sy (A7)
mi,m2
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~ ~ 2 +1
Z C (lllgl; mlmgm) C (lllgl; m’lm’zm) = ﬁélmémmé (AS)

Im

By this redefinition, the coupling rule for spherical harmonics [66] becomes

(2l + 1)]1/2 ~

%ml(@,so)l”zgm(@m):Z{ = C (l1lal; mimam) C (11121; 000) Vi, (0,¢)  (A.9)

lm

Then we have relation,

i 2+ 1)1Y2 ~
/dQ lams Yliom2Ylym, = [%] C (l1l2l3;mimams) C (11l2l3;000) (A.10)

A.2 SOME SPECIAL CG COEFFICIENTS

Consider the following CG coeflicients,

B 1 1/2
C(0l,l,;0mm) = <2l +1> C(0l,l,; 0mm)

[(lu — L) (L — L) (L +m) (1, — m)!} 1/2 (—1)oHu+m
—

L+ +1)(lp+m) (1, —m)! l+m—o)l(oc—1,—m)!
Here, the requirements (I, — 1) > 0 and (I, — [,,) > 0lead to the conclusion that the CG coefficients
are zero unless [, = [,. When [, = [, , the requirements (I, + m — o) > 0 and (=l, —m+0) >0

imply that o = [, +m, and then the summation gives,
C(0l,1,;0mm) = (21, + 1)) /2
Therefore, we have
C(0ldy; 0mm) = (20, +1) 72 6,4, (A.11)

Then we calculate the following summation (5 > 0),

(25 +1)(20 — )1V 1 21— o)l(j + o) ji(—1)oHm
20475+ 1) } j! — Z ol2l—j—0) (I+m—-0)l(j—1l—m+0)!

Zé’(jll;Omm) = [
To make the equation valid, the following conditions should be satisfied,

o >0, 20—0 >0, 20—j—02>0, (l+m—0)>0, (J—l—-m+0o)>0



107

they yield the following limitation,

0< o <2—j

c—1l< m <j—-l+o

Set [ + m — o = k, the summation becomes,

J

. @I+ D)= QL= o)+ o)
;C(]ll,Omm)—[ (20 +j+1)! ] j!; (2l —j—o)lo! kzzo /ﬂ']— El(j — k)!

Considering formula [72],

S (-1 = (-1)" =1

k=0 k m

One may notes that the last summation in the equation becomes zero. Thus, we have
> " C(jll; 0mm) = 0
m

Considering eq. (A.11), we get

> " C(jll; 0mm) = (20 +1)1/25;4 (A.12)

m



APPENDIX B

THE ASYMPTOTICAL BEHAVIOR OF THE RADIAL GREEN’S FUNCTION

The radial Green’s function for a particle in a spherically symmetric potential reads,

, R [1 a2 , I(1+1) ) 1 ,
{zwn —Vir)+p+ T ag2 T2 ] }Gl(r,r Jiwn) = W&(r — 1) (B.1)
Set,
él(r, iwn) = ' Gi(r, 1’5 iw) (B.2)

we have the equation for él(r, Tl iw),

{iwn—vvnﬁ i [d2 i+ 1)

dr? r2

} } Gy(r, 75 iwy) = 6(r — 1) (B.3)

2me

In the limitation = — 0, it reduces to,

[d2 M} e 27 5 — 1) (B.A4)

a2~ 2 Gy(r,r") = 72

Integral over range [’ — ¢,r’ + €] and then take the limitation € — 0, one may get the discontinuity

condition of the derivative of the asympototical Green’s function, which is

9 ~ /
EGZ(T,T)

9 ~ /
- gGl(r,r)

2Me
. — ? (B5)

r=r/t r=r
Suppose the solution of the homogeneous counterparty of eq.(B.4) take the form 7%, and substitute

it into this counterparty, we get
s(s=1)=11+1)

The solutions of it are s = [ + 1, —1. Therefore, one may expresse the asymptotical behavior of
Gi(r,7") as,
A<pttl e <y

Gylr,rr) = (B.6)
A>rfl, r> 7“/
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The continuity of él(r, r’) and the discontinuity defined in eq.(B.5) at r — 7’ give,

2me 1—1 A = _ 2me 1(1+1)

A< = - e
@ +nn2 (20 + 1)h?

Thus the asymptotical form of the Green’s function is,

G (.11 —r”l/r’l, r<r
A rl) ~
—r’lﬂ/rl, r>r

here we eliminate the constant 2m. /(2] + 1)h%. The fisrt order derivative is,

—rl/r’l, r<r

0 ~
a—Gl(T,’I“/) ~
r r’Hl/'rl“, r>r

and the second order derivative is,

1/,01+1 /
92 - r'/r r<r
O G, ~ |

! Or
or'o 7n/l/errl’ —
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(B.7)

(B.10)

Clearly, the Green’s function vanishes when both r and r’ go to zero. The first order derivative

for [ > 0 tends to zero when both r and 7’ go to zero. It is finite when r < 7/, and is 0 when r > 7’/

for [ = 0. The second order derivative is undefined in the same limitation.



APPENDIX C

INTEGRALS INVOLVING PRODUCTS OF DIRAC DELTA FUNCTIONS AND STEP FUNCTIONS

Here we discuss integrals of the form

/Oo dz F[O(x)]6(x), (1)

—o0
where F' is twice continuously differentiable, and ©(x) and d(x) are the unit step and Dirac delta
functions, respectively. Integrals of the form (C.1), which involve products of generalized functions,
depend sensitively on how ©(z) and d(x) are defined. It will be necessary to define ©(z) and 6(x)
according to their appearance in this work.

The step function ©(z) appearing in Eq. (C.1) originated from the curvature profile of Eq. (6.42)
used to describe a circular segment of wire connected to a straight lead, and the delta function
comes from its derivative with respect to arclength in Eq. (6.43), which is required by the effective
potential V' of Eq. (6.21). Therefore we require ©(x) to be smooth (on some microscopic scale) and

continuous, and é(x) to be related to it by

d
%6(:0) = d(z). (C.2)
We also require, of course, that
lim ©(z) =0 and lim O(z) = 1. (C.3)

The precise shape of ©(x) near z = 0 is immaterial, but with no loss of generality we can require
that ©(0) = 3.
Integrals of the form (C.1) are now well defined. For example,
/ dz©(z)d(z) = 3, (C4)
as expected, but

, (C.5)

Lol

/ " dr [0 5(x) =
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instead of i. These results are obtained by integrating by parts and using the behavior of O(x) as

T — Fo00, not by evaluating ©(0) and [©(0)]2. More generally,

/Zdaz O@)]" 5(x) = i o (forn>0) (C.6)
which is different from the naive value of [©(0)]" = ()", unless n = 1.
The reason why
| _deFiew@)]sw) # Fle) 1)

in some of these examples is because the delta function is distributed over a small but finite region of
x, whereas O(z) and F[©(z)] are generally not slowly varying over that length scale. We conclude,
therefore, that integrals of the form (C.1) appearing in the evaluation of matrix elements of V,

have to be evaluated using integration-by-parts (or with an equivalent method).



