THE REDUCTION MAP FOR THE MODULI SPACES OF

WEIGHTED STABLE HYPERPLANE ARRANGEMENTS

by

JAE Ho SHIN
(Under the direction of Valery Alexeev)
ABSTRACT

Abstract. Alexeev constructed moduli spaces of weighted stable hyperplane arrangements
generalizing the Hasset’s moduli space of curves of genus 0 with weighted n points. For
curves, the reduction map Mg(2,n) — Mg(2,n) is surjective for any weights g > 3. We
study first a combinatorial statement about tilings which is related to the surjectivity of
the reduction map for the Alexeev’s space when n = 5,6,7,8,9. We will show there is a
counterexample to the combinatorial statement when n = 10, which works as a counter-

example to the surjectivity of the reduction map for the Alexeev’s space when n = 10.

INDEX WORDS: Hyperplane Arrangements, Weighted Stable Hyperplane Arrangements,
Moduli Spaces, Reduction Map, Surjectivity, Matroids, Base Polytopes,
Puzzle-pieces, Flakes, Puzzles, Quilts, Regular Quilts, S-puzzles,
Extension of Regular Quilts.



THE REDUCTION MAP FOR THE MODULI SPACES OF

WEIGHTED STABLE HYPERPLANE ARRANGEMENTS

by

JAE HO SHIN

B.S., Seoul National University, 2005

A Dissertation Submitted to the Graduate Faculty
of The University of Georgia in Partial Fulfillment
of the

Requirements for the Degree

DocToRr OF PHILOSOPHY

ATHENS, GEORGIA

2013



©2013
Jae Ho Shin
All Rights Reserved



THE REDUCTION MAP FOR THE MODULI SPACES OF

WEIGHTED STABLE HYPERPLANE ARRANGEMENTS

by

JAE HO SHIN

Approved:

Major Professor:

Committee:

Electronic Version Approved:

Maureen Grasso

Dean of the Graduate School
The University of Georgia
August 2013

Valery Alexeev

Robert Varley
William Graham
Daniel Krashen



The Reduction Map for the Moduli Spaces of

Weighted Stable Hyperplane Arrangements

Jae Ho Shin

July 22, 2013



Acknowledgments

It is my pleasure to thank my advisor, Valery Alexeev for his support, en-
couragement and great patience for my research without which I would not
be able to finish my dissertation.

My heartfelt appreciation goes to Jae Kyoung Kim, who was always there
supporting me and stood by me.

I owe my deepest gratitude to my brother, Jae Soo Shin, who was holding
me when [ had hard times. I would also like to thank my parents for their

love and best wishes for me.

v



Contents

1 Matroids and polytopes 6
1.1 Characterizing matroids . . . . . . . .. ... ... ... ... 6
1.2 More about matroids . . . . . . ... ... ... 9
1.3 Polytopes . . . . . . .. 14
2 Base polytopes and gluing theorems 21
2.1 The facets of base polytopes and non-degenerate flats . . . . . 21
2.2 Gluing base polytopes . . . . . . . .. ... ... 27
3 Hyperplane arrangements 41
3.1 Hyperplane arrangements . . . . . .. .. ... .. .. .. .. 41
3.2 Glued matroids for £ = 3 and its representability . . . . . . . 52
4 Puzzle-pieces and their gluing 57
4.1 Puzzle-pieces . . . . . ... Y
4.2 Gluing puzzle-pieces . . . . . .. ... 67
5 Flakes, puzzles, quilts and [S-puzzles 73
5.1 Flakes, puzzles and quilts . . . . . . . ... ... ... ... 73
5.2 P-puzzle . . .. 84
6 Extension of a regular quilt 92
7 Surjectivity of the reduction map 105



List of Figures

2.1 32
2.2 e 39
2.3 40
3.1 s 45
3.2 47
3.3 e 49
34 e 49
3D 53
A1 e 62
4.2 e 62
4.3 e 64
4.4 e 65
R 65
4.6 e 66
AT e 66
A8 69
4.9 e 70
410 70
N 71
402 e 71
O S 72

vi



5.1 76
D.2 78
D.3 e 79
DA e 79
D0 s 81
0.6 82
.7 83
0.8 s 85
D.9 89
5.10 . L 90
5.AL .o 90
5.2 91
6.1 . . 94
6.2 . 94
6.3 . e 95
6.4 . . 95
6.5 . L 96
6.6 . . 96
6.7 . 97
6.8 . e 98
6.9 99
6.10 . . . e 100
6.11 . . . o 100
6.12 . . . 101
6.13 . . o 101
6.14 . . . 102
6.15 . . . 102
6.16 . . . . 103

vil



6.18 . . 104
6.19 . . . 104
6.20 . .o 104
6.21 . .. 104
TL 106
T2 106
T3 e 107
T4 107
TD 108

viii



List of Tables

2.1 22
2.2 e 29
2.3 34
24 40
3.1 49
6.1 . 104
T1 e 105
T2 e 107

1X



Introduction

Deligne and Mumford introduced the moduli space Mg’n of stable n-pointed
curves of genus g, which proved to be very useful in many fields of mathe-
matics. The genus 0 case is already rich and interesting, and Hassett gave
a generalization to the moduli space MO,B by assigning weights to n points
where 5 = (by,...,b,) is a weight vector with 0 < b; < 1 for each 1 <i <mn
[Has03]. Hacking, Keel and Tevelev gave another generalization M (k,n),
the moduli of stable hyperplane arrangements, by considering its higher di-
mensional case [HKT06|. Then, Alexeev introduced the moduli of weighted
stable hyperplane arrangements Mg(/{:, n) which can be thought of as a gen-
eralization of both moduli spaces. Mgs(k,n) is shown to be a fine moduli
space [Ale08]. We can regard Hassett’s space as a special case of Alexeev’s

space when k = 2 and write M 3(2,n) instead of Mg g.

Definition 0.1. For a connected equidimensional projective variety X and
n Weil divisors B;, a pair (X, B =Y, b;B;) is called a stable pair if

1. X is reduced, and the pair is semi log canonial, and
2. Kx + B is ample.

Weighted stable hyperplane arrangements are a particular case of this

definition. Fix n > 4. Define the weight domain

D (k,n) = {(bi) cQ0<b <1, Zbi>k}



There is a partial order on D (k,n): f > ' if for all 1 < i < n, one has
b; > b with at least one strict inequality. For any weights 5 > [, there is
a natural reduction morphism pgg : Mg(k,n) — Mg (k,n). In the curve
case (k=2), Mys and Mgz are smooth irreducible projective varieties of
dimension n — 3, and pg g is birational. Hence, pg g is surjective. However,
for the higher dimensional case (k > 3), the surjectivity of the morphism is a
much harder problem. This is because Mg(r,n) has a matroid structure and
when r > 3 the matroid geometry may be arbitrarily complicated, which is
predicted by Mnev’s universality theorem, c.f. [Laf03].

A hyperplane arrangement has a loopless matroid structure with a ground
set S = {1,2,...,n} and a rank function r : 2% — Z-o such that r (I) =
codim Mgy B; for I € S [GGMS87|. A matroid is a generalization of a span-
ning set of a vector space, and a matroid is loopless if any singleton set has
rank 1. There are several ways to define a matroid, which will be briefly intro-
duced in Chapter 1. Any matroid gives a polytope which is called a base poly-
tope, and this correspondence is one-to-one. The base polytope for a loopless
matroid (S,r) is given as {(z;) eR"|0<z; <1, z(S) =k, a(I) <r(I)},
where x (I) denotes the sum )., x;. Hypersimplex A(k,n) is defined to
be the base polytope that corresponds to the uniform matroid U, that is,
its bases are all subsets I C S with |I| = k. Explicitly A (k,n) is given as
A(k,n) ={(z;) e R*"|0<z; <1, 2(S) = k}.

Over a complex field C, a hyperplane arrangement (P*~! (By,..., By,))
can be identified with its embeded image PV into P"~! in which B; ap-
pear as intersections of PV and the coordinate hyperplanes of P*~1, where
V' is a k-dimensional vector space. An algebraic torus 7' = (C*)" /diagC*
acts on the Grassmannian G(r,n), and let Y be the closure of the orbit of
PV] € G(k,n), then Y is a toric variety. In addition, it is known that
the strata of Y induce the strata of the subdivision of A (k,n) into base
polytopes [HKTO06|, which we call a tiling or a complete cover of A (k,n).
Similarly, given a weight 8 = (b1, ..., b,), define the weighted hypersimplex to



be Ag(k,n) = {(x;) e R*|0 < z; <b;, (S5) = k}. Consider a subdivision of
Ap = Ag (k,n) into the polytopes U; (Ag N Q;) where Aj N Q; # 0 and Q;
are loopless representable matroid polytopes in A (k, n) forming a face-fitting
tiling. UQ); is called a partial tiling or a partial cover of A. By [Ale0§], the
following combinatorial statement is closely related to the surjectivity of the

reduction map.

Question 0.2. Can every partial tiling be extended to a complete tiling?
(Question 2.1 in [Ale08])

k = 3 is the first case we are interested in. A (3,4) has no non-trivial
tiling, and we assume n > 5. Until Chapter 6, we will develop combinatorial
arguments to solve this question. Recall that any matroid gives a base poly-
tope. For a face of the base polytope that is not contained in U} , {z; = 0},
one can construct a matroid from the given loopless matroid. A puzzle-piece
for a loopless matroid M is defined to be the collection of M and the matroids
that correspond to the faces of the base polytope of M that are not contained
in U, {z; = 0}. Then, gluing of base polytopes is translated into the gluing
of puzzle-pieces, which is a backbone idea of this paper. The dimension that
one has to work with for base polytopes remarkably drops down to 3 —1 = 2
for puzzle-pieces. Moreover, because it is 2-dimensional, we can use visualiza-
tion, which cuts down much computation and also helps our understanding
of the gluing. We define a puzzle to be the collection of puzzle-pieces that
correspond to face-fitting base polytopes. A quilt is a weaker notion than a
puzzle so that a flake is a puzzle and a puzzle is a quilt. We will see that
a quilt that has regular shape, which we call a regular quilt for n < 7 is a
puzzle; we will define the regular shape and a regular quilt in Chapter 5.
The author conjectures that every regular quilt for n < 9 is a puzzle. Since
a puzzle is a quilt, a reqular puzzle is defined to be a puzzle that is a regular
quilt at the same time. A complete puzzle is a puzzle that corresponds to a
complete cover of A (k,n). A S-puzzle is a puzzle that comes from a partial

cover of Ag for some weight 5. Every [-puzzle is a sub-quilt of a regular

3



quilt. Then, Question 0.2 is translated into the following question.

Question 0.3. Can every reqular puzzle be extended to a complete puzzle?

Consider again Y = T. [PV] C G(k,n), and let U be the universal family
over G(r,n) whose fibers are isomorphic to PV = P™~!. Consider the fiber
product Uy := U x Y and the GIT quotient Uy //, T, where 1 = (1,1, ..., 1).

G(r,n)

Theorem 0.4 ([Ale08|). Uy //, T is the log canonical model of the given pair
(P*=1 (By, ..., By)).

A matroid (S, r) is called inseparable or connected if there is no nonempty
proper subset A of S such that r (A) +r (A°) = r (S). If a loopless insepara-
ble matroid is representable, i.e., isomorphic to a matroid defined by the set
of columns of a matrix, then its corresponding puzzle-piece can be geomet-
rically realized as the log canonical model of the hyperplane arrangement.
Then, there is a theorem due to Alexeev that the log canonical model of any
hyperplane arrangement on P? is isomorphic to P! x P! or Bl,P?, [Alel3]
Theorem 5.7.2.

In Chapter 6 and 7, we give a partial answer to Question 0.3.

Theorem 0.5. Fvery regular quilt for A (3,n) with 4 < n < 7 is a puzzle

and can be extended to a complete puzzle.

Conjecture 0.6. Fvery regular quilt for A (3,n) with n = 8,9 is a puzzle

and can be extended to a complete puzzle.

Theorem 0.7. When n = 10, there exists a weight 5 such that the reduction
map p1p: M1 (3,10) — Mg (3,10) is not surjective.

This paper is organized as follows. In Chapter 1, we give basic defini-
tions and general facts about matroids and base polytopes. Chapter 2 is
devoted to base polytopes and their gluing. We give an equivalent condition
for when two base polytopes glue to another base polytope, which is an in-

teresting combinatorial problem. This will tell us about the decomposition
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of a puzzle-piece. In addition, it will be studied when the base polytope
comes from a hyperplane arrangement in Chapter 3, which says that its
corresponding matroid is representable. In Chapter 3 and 4, we study hy-
perplane arrangements and puzzle-pieces as preparation for the remaining
chapters. Chapter 5 and 6 are assigned for puzzles and [-puzzles, where we
will see theorems and conjectures about the completing quilts and puzzles.
In the last chapter, we construct a counter-example of the surjectivity of the

reduction map for Alexeev’s space when n = 10.



Chapter 1

Matroids and polytopes

1.1 Characterizing matroids

The notion of matroid can be defined by several axiom systems. The char-
acterization of matroid by circuits plays an important role in graph theory,
but we do not pay attention to that description in this paper. Instead, we
list below characterizations of matroid in terms of independent sets, depen-
dent sets, bases, rank function, span function, and flats. Unless separately

mentioned, S denotes {1,2,...,n} for some natural number n.

Independent sets, dependent sets and bases

A pair M = (S,7) is called a matroid if S is a finite set and Z is a collection
of subsets of S satisfying:

(I1) e 7,
(I12) if e Zand J C I, then J € 7,

(I3) if I, J € T and |I]| < |J|, then I U {z} € T for some z € J\I.(exchange
property)



S is called the ground set of M. A subset I C S is called independent if
I € 7, and dependent otherwise. For U C S, a subset B of U is called a
base or basis of U if B is an inclusionwise maximal independent subset of U.

Under condition (I2), condition (I3) is equivalent to:

for any subset U of S, any two bases of U have the same size.

Rank function

The common size of the bases of a subset U of S is called the rank of U,
denoted by 7y, (U). We define a rank function rp; mapping 2° into the set
of non-negative integers Z>q by assigning ry, (U) to U € 25. We write r (U)
for rpy (U) if the matroid is clear from the context. In addition, we usually

write 7 (M) for r (S). Then r has the following properties:

(R1) if U C S, then 0 < r (U) < 5],

(R2) it U CT C S, thenr(U) <r(T),

R3) U, TS, r(U)+r(T)>r(UUT)+r(UNT). (sub-modularity)

Conversely, if f is a function mapping 2° into Zs that satisfies (R1)-(R3),
then f is the rank function of a matroid.
Independent sets and bases are characterized in terms of the rank func-

tion:
(R4) U is independent if and only if |U| =r (U),

(R5) U is a basis of M if and only if |U| =r (U) =r (M),

Span function

The span function span,, : 25 — 2% is defined as follows:

spany, (T) :=={s € S|ry (T U{s}) =ru (T)}
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for T'C S. span,, (T') is called the span of T or the closure of T', and we say
that T spans span,, (T"). The span function is also called the closure operator
of a matroid M and denoted by cly;. If the matroid is clear from the context,

we drop M from span,, (T) or cly (T). T also denotes the closure of T. The

span function has the following properties:
(C1)if T C S, then TCT,
(C2) if T, UC Sand U CT, then U C T,

(C3) if TC S, te S\T,and s € TU {t}\T, then t € T U {s}.
(Mac Lane-Steinitz exchange property)

Conversely, if a function f: 2% — 25 satisfies (C1)-(C3), then f is the span
function of M. Note the following properties:

(C4) r(T)=r(T),

(C5) T is a spanning set of S, i.e. T = S if and only if r (T) = r ().

(C6) T is a basis if and only if it is a minimal spanning set.

Flats

A flat is a subset I of S with F = F. Note that F is a flat if and only if
r(FU{a})>r(F) for all a € F°.
F C 29 is the collection of flats of a matroid M if and only if:

(F1) S e F,
(F2) if T,U € F, then TNU € F,

(F3) if F € Fand t € S\F, and T is the smallest flat containing F' U {t},
then there is no flat U with F C U C T.



F is also called a geometric lattice. Note that since every independent subset
is contained in a flat, it suffices to list all dependent flats for describing a

matroid.

Remark. 1t is known that conditions (I1)-(I3), (R1)-(R3), (C1)-(C3) and
(F1)-(F3) are all equivalent. We may use different descriptions of a matroid:
(S,Z), (S,7), (S,span) and (S, F); when needed, we list more information
like (S,7r,Z) and (S,r, F). Since the ground set S is finite, we may assume

that S := {1,...,n} without loss of generality from now on.

1.2 More about matroids

Dual matroid M* of a matroid M

For a matroid M = (S,Z,r), its dual matroid M* = (S,Z*,r*) is defined as
follows.
Z* ={I C S|S\I is a spanning set of M}

Its rank function r* = rj;+ is given as follows: for U C S,
r(U) = U+ (S\U) —r(5)

Restriction

The restriction M|r of M to T' C S is a matroid defined on 7" by the rank
function ryy,. : 27 — Zsg given by: for U C T,

ruir (U) = 7 (U)

Deletion

The deletion M\Z of Z C S from M is defined to be M|g\ 2.



Contraction

The contraction M/T of M over T' C S is a matroid defined on T by the
rank function ryy7 : 27° — Zs¢ given by: for U C T¢,

’I“M/T(U):’I"M(UUT)—T’M(T)

Note that deletion and contraction commute! One can check the following

properties.
(RC1) [M]a]|s = M|p for BC ACS.
(RC2) [M\A]\B = M\ (AU B) for A, B C S with AN B = 0.
(RC3) [M/A]/B = M/(AUB) for A,B C S with AN B = 0.
(RC4) [M])] /F = [M/F)|pp for F CJCS.
(RC5) [M/J]|p = [M|yor] /7 for F,J C S with F1.J = 0.

Remark. Contraction is the operation dual to deletion: contracting T" means
replacing M by (M*\T)"; see [Sch03] Chapter 39, for more information.

Loops

An element s € S is called a loop if {s} is dependent, equivalently if  ({s}) =
0. Note that:

(M1) If T consists of loops, r (T) = 0. Hence, the set of loops is denoted by

0.
(M2) r (T U@) =r(T) and r (T\@) =r(T).

(M3) T C S is a flat if and only if M /T is loopless.

10



Separators

A subset T' C S is called a separator of M if r(T) +r (T¢) = r (M). § and

S are always separators. The followings are equivalent:
(S1) T is a separator.

(S2) M|pe = M/T.

(S3) M = M|r & MT.

(S4) TUB =T and T is a separator.

Note the following properties:

(S5) For a loopless matroid, every separator is a flat.

(S6) The family of separators is closed under the complement, union and

Iintersection.

Inseparable matroids and inseparable subsets

M is called inseparable or connected or non-separable if M has no separa-
tors other than () and S. A subset 7" C S is called inseparable if M|y is

inseparable. Then,

(S7) A matroid M has the unique decomposition into inseparable nonempty
submatroids M|z, where T}, ¢ € A, are minimal nonempty separators

of M:
M = ®ieaM

T;

Each M|z, is called a connected component of M. Let s (M) denote
the number of the connected components of M. If M is a loopless
separable matroid, the number of the minimal nonempty separators is

k (M), which is not true if M is inseparable.

Note the following properties:

11



(M4) If M is inseparable, it is loopless.

(M5) If M is loopless and r (M) = 1, M is inseparable. Such matroid is
isomorphic to the uniform matroid U}, which is defined in the next

page.

(M6) Let M be a loopless matroid of rank 2. The ground set S is a disjoint

union of rank 1 flats. Moreover, M is separable if and only if M =
M|r & M

re, where T" and T are only two rank 1 flats.

(M7) Let M be a loopless matroid of rank 3. M is separable if and only if

(a) M= Ml|r @M

and T°¢ is a flat of rank 1, or

re, where T' is only one inseparable flat of rank 2

(b) M = M|y, & M|y, ® M|z, where Ty, Ty, T3 are only three flats of

rank 1 and their union is a partition of S.

(M8) For a subset F' of T¢, F' is a flat of M/T if and only if F UT is a flat
of M.

(M9) Let F be a flat, ' C S subset of rank 1. Then r (FUT) =7 (F)+ 1.

Also note that for a loopless matroid, every flat is a direct sum of inseparable
flats. Hence, if two loopless matroids have the same family of inseparable

flats, they are identically equal.

Non-degenerate subsets

Let M be an inseparable matroid. A non-empty proper subset J C S is

called a non-degenerate subset of S if M/J and M|; are inseparable.

Lemma 1.1. Let M = (S,7) be a loopless matroid. Then non-degenerate
subsets of S are flats. Hence, ) # J C S is a non-degenerate subset if and
only if J is an inseparable flat such that M/J is inseparable as well.

12



Proof. Let ) # J C S be a non-degenerate subset. By definition, M/J is
inseparable, so loopless by (M4). Hence J is a flat by (M3). O

By Lemma 1.1, we say non-degenerate flats for non-degenerate subsets

from now on.

Lemma 1.2. Let M = (S,r) be a loopless matroid with v (M) = 1. Then

there are no non-degenerate flats of S.

Proof. Let ) # J C S be a flat. Since M is loopless, () is only one flat
with rank 0. In addition, S is only one flat with rank r (S). So, one has
0 <r(F)<r(S). But, r(S) =1 implies that } and S are only two flats.

By Lemma 1.1, there are no non-degenerate flats. [

Lemma 1.3. Let M = (S,r) be a loopless matroid with v (M) = 2. Then

non-degenerate flats of S are exactly nontrivial flats, and they have rank 1.

Proof. Let 0 # J € S be a flat. One has 0 < r(J) < r(S) = 2, which
implies r (J) = 1. By (M5), J is inseparable. In addition, M/J is loopless
by (M3). So, M/J is inseparable by (M5) since it has rank 1: ry;/; (J¢) =
r(J°UJ)—r(J) =2—1=1. Hence, J is a non-degenerate flat of S. Lemma
1.1 completes the proof. n

Lemma 1.4. Let M = (S,r) be a loopless matroid with r (M) = 3. Then

non-degenerate flats of S are exactly those nontrivial flats such that:

(a) 7 (J) =1 and M/J is inseparable, or

(b) r(J) =2 and J is inseparable.

Proof. Let § # J C S be a non-degenerate flat. 0 < r(J) < r(S) = 3
implies that r (J) = 1 or 2. Lemma 1.1 shows that J satisfies (a) and (b).
Conversely, let ) # J C S be a flat. (a) Suppose that r (J) = 1 and
M/J is inseparable. Since J is inseparable by (M5), J is non-degenerate.
(b) Suppose that J is inseparable with r (J) = 2. Then, M/J has rank 1:
vy (J6) =r(J°UJ) —r(J) =3—-2=1. So, M/J is loopless by (M3),
hence inseparable by (M5), which means M/J is a non-degenerate flat. [

13



Uniform matroids

Let Z be the collection of all those subsets I of S such that |I| < k where k
is a fixed natural number with 1 < k < n. Then (5,Z) is a matroid which is

called a k-uniform matroid and denoted by UF.

Representable matroids

Let A be an m x n matrix over a field F. For a subset I of S, denote by A (I)
the submatrix of A consisting of the columns with index in I. Let r ([) :=
rank (A (1)), then (S, 7) is a matroid. Note that I C S is an independent set
if and only if the columns of A (I) are linearly independent. Any matroid
obtained in this way, or isomorphic to such a matroid, is called a representable
matroid or a linear matroid over the given field F. Note that every matroid
with 1 < |S] < 7 is representable.

Graphic matroids

Let G be a graph with the set of edges S = {1,...,n}. A subset I C S is
independent if I forms a forest, i.e., a maximal subset of edges that has no
cycles. Then (S,Z) is a matroid, and we call it a graphic matroid. Note that

a graphic matroid is reqular, i.e., representable over any field.

1.3 Polytopes

The notations 1P, SP,, and BP,; are due to Alexeev.

Compact convex polytopes

A compact convex polytope in R™ is the convex hull of a finite set of points,
which is necessarily compact. Alternatively, it can be defined to be the

intersection of a finite number of half-spaces that is compact at the same

14



time. In this paper, we assume compactness of a convex polytope and say

simply a convex polytope unless separately mentioned.

Polytopes

We define a n-dimensional (compact) polytope @ in R™ with n < m to be
the face-fitting union of a finite number of (compact) convex polytopes that
is homeomorphic to a closed FEuclidean n-ball. Note that any codimension 2

face P of a polytope (@ is the intersection of exactly 2 facets ()1 and ()5 of Q).

Incidence vectors
For a subset I C S, the incidence vector 2! of I in R" is defined by

1 ifiel
0 ifigl

o’ (i) =

Independent set polytopes

For a subset I C S and a vector x = (21, ...,x,) € R", we use the shortcut
v (I) = ,c; vi- The independent set polytope IPy; of a matroid M = (S,7)
is the convex hull of the incidence vectors z! of the independent sets I of
M. 1P, is fully determined by the following linear inequalities; see [Sch03|

Section 40.2:
zs >0 for s € S,

z(U) <r(U) for U C S.

Since z (U) < r (U) is satisfied by  (U) < r (U) = r (U), above describ-
ing inequalities of an independent set polytope can be replaced with a unique

minimal collection of inequalities:

xs >0 for s € S,
x(F) <r(F) for nonempty inseparable flats F.

15



Spanning set polytopes

The spanning set polytope SPj; of a matroid M = (S,7) is the convex hull
of the incidence vectors of the spanning sets of M. Recall that by definition,
a subset U C S is a spanning set of M if and only if S\U is independent in
M*. So, x € SPy, if and only if 1 — z € 1P+, where 1 = (1,...,1). Hence,
SP); is fully determined by the following inequalities:

0<z, <1 for s € S,
z(U)>rU)—r(S\U) for U C S.

Base polytopes

The base polytope BPy; of a matroid M = (S,r) is the convex hull of the
incidence vectors z® of bases B of M. BP,, is fully determined by the

equality x (S) = r () and the following linear inequalities:

xs >0 for s € 9,
x(F) <r(F) for nonempty inseparable flats F.

Remark. In this paper, we pay attention only to base polytopes.

Hypersimplices

We define a partial order < on R™ as follows: for two vectors x = (x1, ..., z,,)
and y = (y1,...,yn) iIn R", x < y if and only if x; < y;, 1 = 1,...,n. For a
hypercube [0,1]", 0 = (0,...,0) is the smallest element and 1 = (1,...,1) is
the largest element.

The base polytope BP); of a uniform matroid M = UF is called the

hypersimplez and denoted by A (k,n) or AF:

A(k,n)=Conv (2’ |ICS, |I|=k)={zeR"|0<z <1, z(S) =k}

16



A weight 8 is a vector § = (by,...,b,) € [0,1]"\{0}. A weighted cut
hypersimplex Ag (k,n) or Ag is defined to be:

Ag(k,n)={x eR"|0<z<f, z(S) =k}

If n and k are clear from the context, we use simply A or Ag. For linear
inequalities f; (x) < ¢; and equalities g; (x) = d;, {fi (z) < ¢, g, (v) =d;}
denotes the sub-polytope of A satisfying them.

UF-polytope

An edge of a polytope @ is a (bounded) face of dimension 1. An edge neces-
sarily connects two distince vertices of (), and we say two vertices of () are
adjacent if they are connected by an edge of ().

A polytope @Q in R™ is called an U*-polytope if all its edges and vertices
are edges and vertices of AF. Note that every edge of AF is parallel to a
vector 1% — U} for some 4,5 € S.

Let B be a set of bases of U¥, and @ be a convex hull of the inci-
dence vectors of B € B, i.e., the vertices of Q) are vertices of AF. Let
IZ={ICS|IC B forsome B € B}, then 7 satisfies (I1) and (I2).

Theorem 1.5 ([GS87]). The exchange property (13) is equivalent to the con-
dition that BPy, is a Uk-polytope.

In other words, if @ is a U*-polytope, then (S,Z, B) is a matroid, and Q

is its corresponding base polytope.

Corollary 1.6 (|GS87]). A convex polytope Q in R™ is a base polytope if and
only if Q is a UF-polytope.

The following theorem says that a base polytope in AF with 2k < n is

determined by its intersection with U, {z; = 0}.
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Theorem 1.7. Let 2k < n and Q C AF be a convex hull of incidence vectors
x! where I C S has cardinality k. Then, Q is a base polytope if and only if
Q N {x; =0} is a base polytope or an empty set for alli=1,...,n.

Proof. (<) Since @ is a convex polytope, @ N{x; = 0} is a convex polytope.
By Corollary 1.6, QN {z; = 0} C Ak n{z; =0} 2 A* | is a U* |-polytope.
Any incidence vector that gives a vertex of () also gives a vertex of @) N
{x; = 0} for some i since k < n. So, it is a vertex of Ak N {z; = 0}, hence
a vertex of A¥. Take two distinct incidence vectors z' and z’2 that give
vertices of Q. Since 2k < n, ' and z2 is contained in QN {z; = 0} for some
i, by pigeon hole principle. If 2/t — 22 is an edge of Q, it is also an edge
in @ N {z; = 0}, which is an edge of A N {z; = 0}, hence an edge of AF.
Therefore, all vertices and egdes of Q are vertices and edges of AF, which
means that @ is a U¥-polytope. Since @ is convex, @ is a base polytope by
Corollary 1.6.

(=) Since Q is a base polytope, it is a U¥-polytope by Corollary 1.6,
i.e., all of its verices and edges are verices and edges of AF. So, for any
i=1,...,n, QN {x; =0} is either an empty set or a convex polytope such
that all of its verices and edges are verices and edges of AFN{x; = 0} = Ak .

By Corollary 1.6 again, @ N {x; = 0} is a base polytope. ]

Theorem 1.5 is about the adjacency of vertices of a base polytope, which
is generalized to Theorem 1.8 that is a generalized version for an independent
set polytope; see [Sch03] Theorem 40.6.

Theorem 1.8. Let M = (S,r) be a loopless matroid and let I and J be
distinct independent sets. Then x! and x7 are adjacent vertices of 1Py if
and only if |[IAJ| =1, or [I\J| =|J\I| =1 andr (I U J) = |I| = |J|, where
INJ denotes the symmetric difference of I and J, i.e., INJ = (I\J)U(J\I).

Remark. If B and B’ are two distinct bases of M, |BAB’| # 0,1 and one
always has r (BU B') = |B| = |B'|. Hence, 2 — 2% is an edge of BP,; if
and only if |B\B'| = |B"\B| = 1.
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Facets of base polytopes

For a loopless matroid M, we have an important correspondence theorem
as follows, which implies that nonempty inseparable flats in the describing

inequalities of BP,, are actually non-degenerate flats.

Theorem 1.9 ([GS87|). Let M = (S,r) be an inseparable matroid. Non-
degenerate flats of S are in 1-1 correspondence with the facets of BPy, that
are not contained in U5_, {x; = 0}. To the non-degenerate flat J there cor-
responds the matroid M|; & M/J and the facet BPy (J) := BPyj,emys =
BP ), x BPyys.

We denote by Sy (BPys (J)) = Sgp,, (BPy (J)) := J the non-degenerate
flat corresponding to the facet BP,, (J) or the matroid M|; & M/J. If the
matroid is clear from the context, we sometimes drop M or BP,; and write
simply S (BPj, (J)). For a face @ of BPy, we denote by M (@) the matroid
corresponding to ). Remark that M (Q) does not depend on which base
polytope @ is a face of. Note the following properties:

(B1) If M is inseparable, there corresponds an inequality of its associated

unique minimal collection of inequalites to a facet of BP,,.

(B2) The dimension of BP,, is |S| — x (M). By (S7), BPj, has dimension

n — 1 if and only if M is inseparable.

Intersection/union of two base polytopes/matroids

The intersection of two base polytopes BP,;, and BP, in AF is not nec-
essarily a base polytope. The following theorem describes BP,;, N BP,, in
terms of the common bases of M; and M, which can be found in [Sch03|
Corollary 41.12d.

Theorem 1.10. Let My and My be two matroids with the same ground set.
The intersection of two base polytopes BPy;, and BP )y, is the convex hull of

the incidence vectors of the common bases of My and Ms.
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Corollary 1.11. The edges of BPy;, N BPyy, are edges of BPyy, or BPyy, of
and only if BPy, N BPyy, is another base polytope.

Proof. The vertices of BPy;, N BP),, are the common vertices of BP,;, and
BP s, by Theorem 1.10. Suppose that the edges of BP;, NBP),, are edges of
BPy;, or BPyy,. Then, since BPy;, and BP)y, are Ur-polytopes and BP ), N
BP,y, is a convex polytope, by Corollary 1.6, BPy;, NBP,y, is a U*-polytope,
hence a base polytope.

Conversely, suppose that BPy;, N BPyy, is a base polytope. Let 2 — B
be any edge of BP;, NBP,,,, where B and B’ are two distinct common bases
of both M; and M,. Then, by Theorem 1.8, |B\B'| = |B’\B| = 1, which is
true for both BP);, and BPy,. By Theorem 1.8 again, z” — 27" is a common
edge of both BP;;, and BP,,. O

If BP,;,, N BPy,, satisfies Corollary 1.11, it is a base polytope of some
matroid, which we denote by M; A M, and call it the intersection of the
matroids My and Ms. By Theorem 1.10, its bases is By N By where M; =
(S,By) and My = (S, Bs).

If My = (S1,Z;) and My = (S2,Z,), the union of the matroids M; V My
is defined as follows: M; V My = (S1 U So,Z;1 V I,) where Z; V I, is defined
tobe {1 Ul |I; € Zy,I; € Z,}. Note that for any two matroids, their union
always exists. However, M; V M, is not what we want in this paper as the
counterpart of the intersection of matroids, since it doesn’t say much about
the gluing of two base polytopes BP,;, and BPj,. In the next chapter, we
will see when a glued base polytopes becomes another base polytope, and
define a gluing of matroids Mi# M, that will work as the counterpart of the

intersection of matroids.
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Chapter 2

Base polytopes and gluing

theorems

2.1 The facets of base polytopes and non-degenerate
flats

Lemma 2.1. Let J C S be a non-degenerate flat of an inseparable matroid
M. By Theorem 1.9, there correspond a matroid M|; @ M/J and a facet
Qs = BPuy, x BPyyyy of BPyy to J. Suppose that Qi € U}_, {z; =0} is a
codimension 2 face of BPy, that is a facet of Q; at the same time. Then, ()1
is contained in either BP ), % (a facet of BPM/J) or (a facet of BPM‘J) X
BP /. In other words, there corresponds a non-degenerate flat F' of M/ J or
M|y to Q1. Call Q1 = QF. By the convexity of BPy, QF is the intersection
of exactly two facets of BPy; write Qp = Q5 N Qy where J' is a non-
degenerate flat of M.

(a) In case that F is a non-degenerate flat of M/J, J = JUF if JUF is

inseparable, J' = F otherwise.

(b) In case that F is a non-degenerate flat of M|;, J = F if M/F is
inseparable, J' = (J\F) = J°UF otherwise.
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Le., there are 4 cases for J' as follows.

F is a nondegenerate flat of M| uF M/F J'
(i) M/J inseparable JUF
(ii) M/J separable F
(iii) M|, inseparable F
(iv) M|, separable | J°U F
Table 2.1:

Proof. (a) Suppose that F'is a non-degenerate flat of M/.J. Then, its corre-
sponding matroid M (F) is:

M(F)=M|;®[M)J)|r®[M/J]/F.

Since F'NJ = (), the ground sets of M|;, [M/J]|r and [M/J]/F are J,
F and (J U F)°, respectively. Considering M (F') in M|, & M/J', each of
M|y, [M/J]|F and [M/J]/F can be identified with M|, or M/J'. But,
M|; # M/J" since otherwise J' = J¢ and 7y, (J) = raryp (J) implies that
r(J)y=r(JUJ)—r(J)=r(S)—r(J°,ie, r(S)=r(J)+r(J°, which
is a contradiction since M is inseparable and J is a nonempty proper subset.
Hence, only possibility for M|; is to be M|, but this means that J = J',
which is a contradiction. Now, [M/J|/F = M/(JUF) by (RC3), and
M/ (J U F) cannot be M|, by the same reason. So, the remaining possibility
for M/ (JUF) is to be M/.J’, in which case J' = JUF.

(i) Suppose that J U F' is inseparable. Since [M/J]/F = M/(JUF) is
inseparable, J U F' is a non-degenerate flat of M. Moreover, M|; =
(M| ur]|s by (RC1) and [M/J]|r = [M|ur)/J by (RC5) imply that:

M (F) = [M|r]ls @ [M|r] /T @& M/ (JUF).

Hence, J' = JUF.
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(ii) Suppose that J U F' is separable. Let A be a nontrivial separator of
M|JUF3
"'M|ur (‘]) = TM|sur (J N A) + M| ur (‘]\A> :

But, J is inseparable, so one has either JN A = or J\A = (). Since
B := (JUF)\A is also a nontrivial separator of M|, r, without loss
of generality, assume J C A and F D B. Let F; = FN A and F; =
F'N B = B. Note that:

T‘M/J(FQ):T‘(FQUJ)—T(J):[T(FQ)‘I—T(J)]—’I"(J):T(FQ)
r(FUJ)=r(FLURKRUJ)=r(FLUJ|UFE) =r(FLUlJ)+r(F)

Then,

rayg (FY) + s (Fy) = [r(FyUJ) =7 (J)] + 7 (F)
= T(F1UJ)+’I"<F2)—’I“(J)
= r(FUJ)—r(J)
= rmys (F)

Since F' = F1UF5 is an inseparable flat of M/.J, one has either F; = () or
F, = (). But, F; = B is a nonempty separator, so one has F; = FNA =
(). Hence, F = F, = B and J = A. Moreover, J and F are only two
nontrivial separators of M|;yr. Now, by (S2), [M/J]|r = M|r and
[M/F]|; = M]|;. Recall that as other matroids M|, and [M/J]/F,
[M/J]|r has possibility to be identified with M|, or M/J'. Now,
[M/J]|F = M| cannot be identified with M/J’ since otherwise the
inseparablility of M would be violated. Hence, the remaining possibility
for [M/J]|r = M|p is [M/J]|r = M|y, ie., J' = F. Furthermore,
Theorem 1.9 forces J' = F. The corresponding matroid M (F') of F' is

written as follows:
M(F)=M|r&[M/F||;&[M/F]/J
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(b) Suppose that F' is a non-degenerate flat of M|;. Then, its corresponding
matroid M (F)) is:

M(F)=[M|,]|r® [M],]/F®&M/]

Since F' C J, the ground sets of [M|,]|r, [M|;]/F and M/J are F, J\F
and J¢, respectively. Observe that each of [M|,] |r, [M|;] /F and M/J can
be identified with M|, or M/J’. Similarly as in (a), M/J has no chance
to be M|, or M/J" by inseparability of M. Also, for [M,]|r = M|r, only
possibility is that J' = F.

(iii) Suppose that M/F is inseparable. Since M|p = [M,]|r is inseparable,
F' is a non-degenerate flat of M. By (M8), J\F is a flat of M/F since
J = (J\F)UF is a flat of M. Moreover, [M|;]/F = [M/F]||nr by
(RC4) and M/J = [M/F]/(J\F) by (RC3) are inseparable, which
means that J\F' is a non-degenerate flat of M/F. Hence, J' = F' and

one has:

M (F) = M[p @ [M/F]|pr ® [M/F]/(J\F)

(iv) Suppose that M/F is separable. Let A be a nontrivial separator of
M/F such that AN (J\F) # 0. Since [M|,;] /F = [M/F]|nF is insep-
arable, A O J\F. Let T':= J\F, then J =T UF and A D T. Let
B := F°\ A, then B is a separator of M/F"

TM/F (A) + TM/F (B) = TM/F (A U B) = TM/F (FC> =T (S) — T (F) .
Note that BNJ =0, BU (A\J) = J° and A\J = A\T. Then,

s (ANT) = rayeyr (A\T) = raye (A) — ragyr (T)
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The sum of the right hand side formulas becomes:

ruyr (B) +rauye (A) —ruyr () = rayr (AUB) —rayr (1)
= [r(S)—r(F)]—=[r(J)—r()]
= r(S)—r(J)
= rayg (J9)

By equating this with the sum of the left hand side formulas, one has:

"M/ T (B) + Ty (A/J) =TM/J (JC)

which means that A\J = () since M/J is inseparable and B is nonempty.
Since A D J\F, one has J = AUF and A = J\F. So, J\FF = A
and J° = B are separators of M/F. Note that by (M3) M/F is
loopless since F' is a flat. Then, by (S5) two separators J/F and
J¢ are flats of M/F. Now, [M/F]/J¢ = [M/F]||nr by (S2) and
M/ (J\F) = [M/F] /.J° by (RC3). Hence M/ (J\F)° = [M/F] |\r.
Moreover, [M|pry] /F = M/J because [M|ppy] /F = [M/F]|se
by (RCA), M/J = [M/F) / (J\F) and [M/F] |- = [M/F] ] (J\F) by
(S2). Since [M|nryc] |r = M|r by (RC1), one has:

M (F) = [M|py] [r ® [M|p\p)y] /F @& M/ (J\F)*

Now, by (M8) (J\F)“ = J°UF is a flat of M since J¢ is a flat of M/F.
By Theorem 1.9, J' = (J/F) is one and only one choice for .J'.

Thus, the lemma is proved. ]

Corollary 2.2. Let M be an inseparable matroid, J a non-degenerate flat of
M.

(a) Let F be a non-degenerate flat of M/J. Then, M|, r is separable if
and only if F' is a non-degenerate flat of M if and only if M/F is
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inseparable.

(b) Let F be a non-degenerate flat of M|;. Then, M/F is separable if and
only if (J\F) is a non-degenerate flat of M if and only if M|y pye is

iseparable.

Proof. (a) Suppose that M| r is separable. By Lemma 2.1(a), F' is non-
degenerate. Suppose that M|, r is inseparable. By Lemma 2.1(a), J U F is
a non-degenerate flat of M. Then J and J U F are only two non-degenerate
flats whose corresponding facets contain QQr. By Theorem 1.9, F' must be
degenerate. So, we proved that M|, r is separable if and only if F' is a
non-degenerate flat. Moreover, in the proof of Lemma 2.1(a), we see that
M|r = [M/J]|F is inseparable. Hence, F' is a non-degenerate flat of M if
and only if M/F is inseparable.

(b) The proof for the first part is similar. Note that in the proof of Lemma
2.1(b), M/ (J\F)° = [M/F]|; is inseparable. So, (J\F) is a non-degenerate
flat of M if and only if M|, g is inseparable. ]

Corollary 2.3. Let M be an inseparable matroid. Let P be any codimension
2 face of BPy that is not contained in Uj_, {x; = 0}. By Theorem 1.9, P is
the intersection of two facets Q1 and Q2 of BPy, with non-degenerate flats
J1 and Jy, respectively. Let M@ Mg @ Mc be the corresponding matroid of

P. Then, there are 3 cases for J; and Jy, up to symmetry, as follows.
1. h=A J,=AUC
2. h=A4A, Jo,=C
3. J1=AUB, J,=BUC, where M/B is separable.

Proof. Lemma 2.1 (i) and (iii) give the same case (1). Lemma 2.1 (ii) and

(iv) give the case (2) and (3), respectively. O
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2.2 Gluing base polytopes

We say two base polytopes BP;, and BPy,, face-fit or simply fit if BPy, N
BPjy, is empty or a common face of both polytopes. We say BP,;, and BPj,,
meet nicely if they fit in A\ UL, {x; = 0} or BPy, NBPy;, C UL, {z; = 0}.
Denote A, := AF\ U™, {z; = 0} when k,n are clear from the context. If
BPy;, and BP, fit in A, with the common facet BP,, NBP,y,, we can glue
them through the common facet. The glued one BP,;, UBP,,, is a polytope,
but may not be another base polytope. If BP,;, UBP,,, is a base polytope,
there corresponds a loopless matroid which we denote by M;# M, such that
BP s, UBP s, = BPag 4ar,- This matroid M, #Ms is different from the union
of matroids M; V M.

It is an interesting question when the gluing of base polytopes gives an-
other base polytope, which we will see an equivalent condition in terms of
matroids in Theorem 2.6. For its proof, we need Lemma 2.4. Recall that
if @ C R™ is a full dimensional polytope, each codimension 2 face P is the
intersection of exactly 2 facets ()1 and Q5. We say Q) is convex at a codimen-
sion 2 face P if near the interior of P, () is the intersection of two half-spaces
that are determined by @; and @)s.

Lemma 2.4. Let Q C R" be a full dimensional (compact) polytope. Then, Q

s a convex polytope if and only if Q) is convex at every codimension 2 face.

Proof. 1f () is a convex polytope, near the interior of any codimension 2 face,
() appears as the intersection of two half-spaces.

Suppose that the converse statement is not true. Then there is a hyper-
plane Ly C R™ determined by a facet of () such that Lo N @ is disconnected.
Indeed, let Ly be a hyperplane in R" determined by any facet Q) of Q). Let
()1 be one of its neighboring facet, i.e., Q9 N Q) is a codimension 2 face of
Q. Let L; be the hyperplane determined by );. Then, either Ly = Ly or
Lo # L. Collect the facets @)y, ..., Q,, such that their corresponding hyper-

planes are Ly and Qp U @ U --- U @Q,, is connected, which is connected in
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codimension 2. Let {Qq, @1, ..., @} be the maximal family of those facets.
Then, since @ is convex at every codimension 2 face, QoU Q1 U---UQ,, is a
nonempty connected component of Q N Ly. f QoUQ U---UQ,, = Lo NQ
for all )y, then @ is an intersection of half-spaces determined by Q)y. So, we
may assume that there is a pair of a facet )y and its associated hyperplane
Lo C R™ such that Lo N @ is disconnected.

Fix a normal vector 72 of Ly and consider the translation of Ly by en for
¢ € R which we denote by t.(Lg). Since () is connected and convex at any
codimension 2 face, by translating L, one can find two distinct facets of @)
whose intersection is a codimension 2 face of () such that the intersection
of te(Lg) for some e and the two corresponding half-spaces, say t. (Lg) N
(Hy N Hy) is disconnected. But, this is impossible since H1NHy is convex. [

Glued base polytopes at a facet

Theorem 2.5. Fiz k = 2. Let M; = (S,7m1) and My = (S,r2) be two
inseparable matroids of rank 2 such that BPy;, and BPy., glue through a
common facet. Then, BPy, UBPyy, is a base polytope.

Proof. Since both BP;, and BP,,, are base polytopes, they are U*-polytopes
by Corollary 1.6. For any codimension 2 face P of BP,;, U BP,,, P is
contained in U, {z; = 0}. Since P is contained in the boundary of AF
which is a convex polytope, A¥ is convex at P. So, the union of two convex
polytopes BPy;, UBP;, C AF is convex at P. By Lemma 2.4, BPy;, UBP,,
is a convex polytope. By Corollary 1.6, BP,;, UBP,,, is a base polytope. [J

Theorem 2.6. Fiz k > 3. Let M; = (S,7m) and My = (S,rs) be two
inseparable matroids of rank k such that BP,, and BPy., glue through a
common facet. Let J; and Jy be the corresponding non-degenerate flats of
the common facet in My and My, respectively, with a partition of S = J; U
Jo. Take any iy # iy from {1,2}. Let F be an arbitrary non-degenerate
flat of My, /Ji, = M;,

7,5 see Theorem 1.9. Then, for any pair (i1,i2) not
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both Mi1|Jz.1uF and M;,/F are inseparable for every such F if and only if
BPy, UBPyy, s a base polytope.

Proof. (=) Since both BP,;, and BP,, are base polytopes, they are U*-
polytopes by Corollary 1.6. So, BPy;, UBPyy, is a Ur-polytope. If we prove
that BP,;, UBP),, is convex, it is a base polytope by Corollary 1.6 again. By
Lemma 2.4, we will prove that BP,;, UBP,,, is convex at every codimension
2 face P. Suppose that P is not contained in the common facet @y :=
BPy, N BPyy,. Then, P is contained solely in BP,;, or BPjy,, not in both.
Since both polytopes are convex, by Lemma 2.4, BP,;, U BP,,, is convex at
P.

Now, suppose that P is contained in ()y. Since BP,;, U BP);, is home-
omorphic to a full-dimensional ball, P is the intersection of exactly two
facets Q1,Q2 # Qo of BPy, UBPy,. We can say without loss of gener-
ality that @); is contained in BP,,, for i« = 1,2. Note that M;/J; = Ms|y,
and M,|;, = Ms/Jy by Theorem 1.9. Write the associated matroid of Qg to
be M|, & Ms|,. Recall Lemma 2.1 and we know that there corresponds a
non-degenerate flat F' of M;|;, or Ms|;, to P. Since the argument is sym-
metric, assume that F' is a non-degenerate flat of M;/J; = Ms|,,, in which
case P = BPyy,|, X (afacet of BPys,/s,) = BPap g, X (a facet of BPyy,), ).

Then, there are 4 cases as follows.

M1|J1UF MZ/F SMI (Ql) SMz (Q2)
(i) separable | separable F JiUF
(ii) || separable | inseparable F F

1v

(iii) || inseparable | separable JIUF JiUF
(iv) || inseparable | inseparable | J; U F F

Table 2.2:

We will show that BP,,, UBPy,, is convex at P = )1 N Q)2 for the cases
(1),(ii) and (iii). Note that if M|, is separable, J; and F' are its separators,
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and if M,/F is separable, J; and Jy\F' are its separators; see the proof of

Lemma 2.1.

Case (i)(ii). Suppose that M| ,ur is separable. [Mi|sur] /J1 = Mi|r by
(S2). Then, one has:

M, (F) = TM2|JQ (F) ="M/ (F) = T[Ml\Jlup]/Jl (F) =TM|p (F> =TMm (F)

Since F'is a flat of My, BP),, is contained in the half space determined by the
inequality x (F') < 7y, (F) = ryy, (F) while @ has the the same describing
inequality. Hence, BP,;, U BPyy, is convex at P.

Case (iii). Since My/F is separable, 7y, p (J1 U (Jo\F)) = rayyr (J1) +
Ty F (J2\F) implies that:

gy (J1UF) =71ag, (S) = 1agy (J2) + 7, (F)
gy () = Tag,, (F)) implies that:
ran (JLUF) =rag (J) + 7, (F) (%)
v (J1) = gy, (J1) implies that:
ran (J1) + 7o (J1) = gy (S)
Then, one has:

TM1<J1UF)—TM2(J1UF) = TMl(J1)+TM2(J2>—TM2(S>
= T (S) — M, (S>
=0

So, ry, (1 UF) = ry, (J2UF) and two facets @1, Q2 have the same de-
scribing inequality, which means that BP,, U BP,,, is convex at P.

(<) It is enough to show that in Case (iv), BPy;, U BPy,, is not convex
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at P. Since J; U F' is inseparable, one has:

TMI(Jl)—FTMQ(F):TMl(JlUF) < TMl(J1>+TM1<F)
TM2<F) < TM1(F)

The describing inequalities for the facets 1 of BP,;, and @ of BP,,, are,

respectively,

z(N)+a(F)=x(/1UF) < ry (LUF)=ry, (J1) + 1, (F) by (%)
z(F) < 1 (F)

Consider the half-spaces H;, H, determined by these two inequalities. Then
the intersection of H; and the plane {x (F) = ry, (F)} is:

L= {x(F) =1y, (F),z (i) < (H)} C A,

This plane L is contained in the half-space {z (J1) < 7, (J1)}, where z (J;) <
rar (J1) is the facet inducing inequality of @)y in BP,,. Hence, the plane L
intersects BP ), in codimension 1. But, since L N BP,,, is not a facet of
BPyy,, we conclude that BP,,, U BP),, is not convex at P = Q1 N Qs. O

Assume the same settings as in Theorem 2.6. Consider nonzero vectors
v, U1, V2 € R™ 1 such that v; L Q; fori =0,1,2. Since P = QyNQ1NQs is a
common face of BP,;, and BP,,, that has codimension 2, vy, vy, vy span a 2-
dimensional vector space of R*~! that is a normal section of P, which can be
visualized since it has dimension 2. Figure 2.1 gives its visualization, where
each picture corresponds to the case (i), (ii), (iii), and (iv) as in the proof of
Theorem 2.6. A black dot in the middle represents P. A red line and the
gray dashed line facing each other represent ()9 C BP,; and Qo C BPyy,,
respectively. Here, P is a common facet of Qo C BP,;, and @y C BPyy,:
P = BPy,, x (a facet of BPyy ) = BPuy, g, % (a facet of BPyy,, ), and
we represent (g C BP,;, and )y C BPj;, as a solid line and a dashed
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Figure 2.1:

line, respectively. Similarly, in the picture for the case (i), P is a facet of
Q12 P = BPyy,. % (a facet of BPMl/F), and () is represented as a solid
line. In the picture for the case (ii), P is a facet of Qy: P = BPyy, 50r X
(a facet of BPyy,|, ), and Q) is represented as a dashed line. Draw 60° for
the angle between the same kind of lines, 120° otherwise. Dots on the lines
represent codimension 2 faces of the base polytopes that are intersections of
appropriate facets. The colors used in the picture play a role of labeling and

tracking, which is useful especially for the case of rank 3 matroids.

Remark 2.7. The pictures tell us the convexity of BP,;, UBP,,, at the codi-
mension 2 face P C BPy, N BP,, of BP,, UBP),that is not contained in

Glued matroids

Suppose that M; and M, are two distinct inseprable matroids such that
M/ Jy = Ms|, where J; and J,, respectively are non-degenerate flats of M
and Ms with rank 1 and 2, respectively. Then, their base polytopes BP,;, and
BP)y, fit through their common facet BPy, N BPy, = BPassy) = BP ().
In this case, we say that M; and Ms fit through J, and Js.

Now, one can glue BP,;, and BP,;, to a polytope BP,;, U BP,,. If
BPj, UBP)y, is another base polytope, there corresponds a matroid M;# Mo,

which is an inseprable matroid since BPyq 4, = BPy, U BPyy, has full
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dimension. In this case, we say that the matroids M; and M, glue to a
matroid My# My through Ji and Jy. Since M;# M, is a matroid, by Theorem
1.9, M# M5 has a unique set of non-degenerate flats. Observe the following:

1. When BP,;, and BP,,, glue, all the facets of both polytopes except

BPjs, N BPyy, remain the same.

2. Near their intersection BPy;, N BP,y,, the cases (i)(ii)(iii) in Figure 2.1
are possible. As in Theorem 2.6, let ); € BP,;, and Q2 € BP,;, be
any pair of two adjacent facets of BP, UBPy,, Fy := Sy, (Q1) and
Fy := Sy, (Q2) their corresponding non-degenerate flats in M; and M,

respectively. In cases (ii)(iil), F} = Fb, and in case (i), F1 C Fb.

In other words, the facets of BP,;, U BP,;, are exactly all the facets of
BP);, and BP,,, except their common facet, and the non-degenerate flats of
M4 Ms is the union of all non-degenerate flats of both M; and M, minus
Ji and Js.

In addition to Theorem 2.6, it is also an interesting combinatorial problem
when the glued matroids M;# Ms becomes a representable matroid, which is
true for k = 2 case by Corollary 3.8. Theorem 3.1 gives a nice criterion for
that: if one can find a hyperplane arrangement corresponding to M;# Mo, it
is a represenable matroid. At the end of Chapter 3, we will deal with this
topic briefly. However, it still remains as a very difficult problem to give an

equivalent condition to the representability of M;# M.

Glued base polytopes at a codimension 2 face

Theorem 2.8. Fix k > 3. Let My = (S,r1) and My = (S,7r2) be two
inseparable matroids such that P C BPy, NBPyy, is a common face of BP yy,
and BP s, with codimension 2. Let Mp = Mr®Ma®Mp be the corresponding
matroid of P, where R U G U B is a partition of S and Mp = (R,TRr),
Mg = (G,rg) and Mp = (B,rg) are inseparable matroids. For i = 1,2,
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Let Qi1, Qio be two facets of BPyy, that contain P. Then, there are 6 cases

for the quadruple ((Q11, Q12) , (Q21, Q22)), up to symmetry and isomorphism.
Let J;;, 1,7 € {1,2}, be the corresponding non-degenerate flats of Qi; in M,

then those 6 cases are given below.

(Ji,Ji2) | (R_RUG) | (R, RUG) (R,RUG)
(Jo1, Jas) || (B,G) (B,BUG) | (BUR,BUG)
(i, J2) | (R,G) (R,G) (RUG,RUDB)
(Jar, Js) || (B,G) | (BUR,BUG) | (BUR,BUG)

Table 2.3:

Proof. Suppose that M; has the pair (R, RUG); see Corollary 2.3. Re-
call that an appropriate pair of a non-degenerate flat J of M; and a non-
degenerate flat F' of M;|; or M;/J determines a facet of BP,,, that contains
P. So, G is a non-degenerate flat of M; /R for 1; and R is a non-degenerate
flat of M |guc for Q1.

Mp = M|r®[M/R]|c® M/ (RUG) for Qn
= M|r® [Mi|ruc) /R® M,/ (RUG) for Qi

There are 12 cases for a facet ()3 of BP,,, that contains P as follows.
1. R is a non-degenerate flat of M,/B.
2. R is a non-degenerate flat of Ms|ryc-
3. R is a non-degenerate flat of My/G.
4. R is a non-degenerate flat of Ms|gup.
5. G is a non-degenerate flat of Msy/R.

6. G is a non-degenerate flat of Ms|puc.
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10.

11.

12.

G is a non-degenerate flat of My/B.
G is a non-degenerate flat of Ms|guc-
B is a non-degenerate flat of M, /G.
B is a non-degenerate flat of Ms|gyp.
B is a non-degenerate flat of My/R.

B is a non-degenerate flat of Ms|pyq.

In each case, the matroid Mp is expressed as follows.

1.

2.

10.

11.

12.

Mp = [My/B]|r ® Ma/ (RUB) ® M| .

Mp = M2|R@ [M2|RuG] /R@MQ/ (RUG)

. Mp = [My/G] | ® Ml ® M/ (RUG).

. Mp = M,y|p & My/ (RU B) @ [My|rus] /R.

Mp = M| ® [My/R]|c ® M/ (RUG).
Mp = My/ (BUG) & M| @ [Ma|puc] /G.
Mp = M/ (BUG) & [M/B]|c & Ma|p.
Mp = [Ms|ruc] /G & Ms|g & My/ (RUG).
Mp = M,/ (BUG) & Ms|a ® [M2/G] 5.
Mp = [Ma|ruB] /B @ M/ (RU B) & Ms|p.
Mp = Ms|gr ® M3/ (RU B) & [My/R] | 5.

Mp =M,/ (BUG) @ [Ma|puc] /B ® M,|s.
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We will check actually which case can be chosen for the facets Qo1 and Qqs.

(1) Ly := {z(B) = ro(B)} is the hyperplane in R""! that contains the
facet @y, while L1y := {x (RUG) = r; (RUG)} is the hyperplane that con-
tains (12. Using the expression of Mp, we have 1 (R) = o (RU B) — 19 (B),
rm(GUR) —ri(R) = ro(S) — o (RUB), r1(S) —ri (RUG) = ry(B).
Since z (RUG) + x(B) = z(S) = r1(S) = r(S), by the last equal-
ity, © (B) = ro(B) implies that r (S) —2z(RUG) = r (5) —m (RUG),
z(RUG) = r (RUG). Hence, Ly = Li5. Now, {z(R) =r;(R)} divides
the hyperplane Ly = Li5 into two halves, and ()5 is contained in the half
{z(R) <r;(R)} N Ly. Similarly, {x (R) =179 (R)} divides Ly = Lyy into
two halves, and 12 is contained in {z (R) <ry(R)} N Li5. But, by the
first equality and submodularity of the rank function, = (R) < ri (R) =
ro (RUB) — 1y (B) < 1y (R). Hence, z (R) < ri (R) implies z (R) < ry (R),
so (2 and (1o share P and are located in the same side. This means that
Q2N Q12 has codimension 1, which contradicts that BPy;, NBPy, D Q2NQ12
has codimension 2.

(2) Q2 is contained in {x (RUG)=ry(RUG)}. We have r; (R) =
ro (R), 71 (GUR)—1r1 (R) =13 (RUG)—13 (R), 71 (S)—11 (RUG) =719 (S5)—
ro (RUG) from the expression of Mp. Excluding one redundant equation,
one can simplify the above equations into r; (R) = re(R), 1 (RUG) =
ro (RUG). Hence, @)y is contained in

Liy={2(RUG)=r(RUG) =1y (RUG)}

In addition, {x (R) = (R) =ry (R)} divides L5 into two halves, but Qs
and @2 are in the same side {z (R) < r;(R) =7y (R)}. This means that
()2 N Q12 has codimension 1, a contradiction.

(5) and (6) are not the cases in the same way.

(3) We have r1 (R) =1 (RUG) — 13 (G), 1 (GUR) —r; (R) = 19 (G),
r1(S)—r1 (RUG) = ry (S)—r2 (RUG). After simplifying, we get r1 (RU G) =
1 (R) + 12 (G) = r9 (RUG), and by submodularity, 7, (G) < 7 (G) and
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r1(R) < ro(R). @ is contained in Ly := {x(G) =13(G)}. The facet
inducing inequalities of Q1 and Q5 are z (R) < r;(R) and 2 (RUG) <
r1 (RUG), respectively. The facet inducing inequality of @ is x (G) <
9 (G), and every point satisfying x (G) < 15 (G) also satisfies z (G) < 1 (G).
In addition, Lon{z (RUG) <1 (RUG)}is{z (G) =1 (G),z(R) <1 (R)},
which has codimension 1 since GNR=10. LyN{z (RUG) <1 (RUG)} is

contained in the intersection of two half spaces
{z(R)<r(R)}N{z(RUG) <r (RUG)}

Since originially Qs is contained in Ly N {z (R) < ryya (RUG) =11 (R)},
(22 intersects BP,;, in codimension 1, which is a contradiction.

(4) From the expression of Mp, we get r1 (R) = mo(R), 11 (GUR) —
r1(R)=ry(S)—re (RUB), 1 (S)—r1 (RUG) =ry (RUB) =1y (R), which
are simplified into 7 (R) = ry (R), 11 (RUG) +1r2 (RUB) =11 (R)+ 11 (S).
()2 is contained in LoN{z (R) < 73 (R)} where Ly := {x (RU B) = ry (RU B)}.
So, Qs is contained in {z (R) <r;(R)=ry(R)} which is a facet induc-
ing inequality for ()1;. For the points on Lo, the facet inducing inequal-
ity x(RUG) < ri (RUG) of Q12 becomes z(R) + z(S) = z(RUG) +
z(RUB) <r(RUG)+r(RUB) =r;(R)+r(5), ie, z(R) < r(R),
which is already satisfied by ()5. Hence (s intersects BP,;, in codimension
1, which is a contradiction.

(7) Wehavery (R) =19 (S)—r2 (GUB), r1 (GUR)—r (R) =12 (GU B)—
r9 (B), 11 (S) — 11 (RUG) = 12 (B), which are simplified into m (RUG) +
ro(B) =11 (S) =1r2(S) =71 (R)+72 (G U B). The facet inducing inequality
of Qs is x (B) < ro (B). For every point in the intersection of BPy, N Qa,
one has z(S5) = z(RUG) + z(B) < (RUG) + ry (B) = 11 (5), hence
the equality should hold in the intermediate inequality. The same thing
for the inequality z (S) = z(R) + 2 (GU B) < 11 (R) + 72 (GU B). There-
fore, BPy;, N @2 has codimension > 2. By assumption, the codimension of
BPy, N Q2 is < 2. So, Q)7 intersects BP),, in codimension 2.
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(8) We have r (R) =1 (RUG) — 19 (G), m (GUR) —ry (R) =19 (G),
r1(S)—r (RUG) =1y (S) —ry (RUG), which are simplified into 71 (R) +
ro (G) =1 (RUG) =1y (RUG). The facet inducing inequality of Qs is

r(RUG) <ry(RUG)=r (RUG)

By assumption Ly = {z(RUG) =71 (RUG)} already intersects Li; :=
{z (R) =r1 (R)}. But, Q12 is contained in Lo N {z (R) <7 (R)} and Qs is
contained in LisN{z (G) < ry (G)}. For every point in Q12NQ2, z (RUG) =
z(R) 4+ x(G) < ri(R)+r(G) = ri (RUG), so one has equality in the
intermediate inequality since 2 (R U G) = r (R U G) for such a point. Hence
(12 N Q)2 has codimension 2, and by assumption BP,;, N Q)2 has codimension
2.

(9)(10)(11)(12) are possible cases which can be checked in the similar

way.

Hence, for the facet Q91 and Qo, (7)-(12) cases are possible. In case
that ()21 has the non-degenerate flat B as in (7), by Lemma 2.1, G as in
(9) or BUG as in (12) is the non-degenerate flat for Q9. In case that Qg9
has the non-degenerate flat R U G as in (8), by Lemma 2.1 again, Q22 has
non-degenerate flat G as in (3) or BU G as in (6), which we already know
is not possible. In case that (J2; has the non-degenerate flat G as in (9), the
non-degenerate flat for Q99 is B as in (7) which we already counted, or BUG
as in (6) which is not a case. In case ()21 has the non-degenerate flat R U B
as in (10), BUG as in (12) or B as in (1) which is not possible corresponds
to Q2. Hence, (B,G), (B,BUG), and (BU R, BUG) are possible pairs
of non-degenerate flats for @91, Q22. So, the first line in the table can be
checked. The remaining cases do not add more possibilities.

Likewise, one can compute by hands the possible quadruples of non-
degenerate flats for ((Q11,Q12), (@21, Q22)), which are given as in the table.

The section that is normal to P can be visualized as in Figure 2.2. O]
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M My voe-——-e
BPy,
BP& ﬁm BP&
BPy, BPy, BPy,
Figure 2.2:

Using Lemma 2.1, Theorem 2.6 and Theorem 2.8, we get a useful theorem

that classifies the local pictures of the glued base polytopes at P.

Corollary 2.9. Fiz (k > 3,n). Let P C R"™! be a codimension 2 base poly-
tope that is not contained in Uj_, {x; = 0}. Suppose that one has base poly-
topes that contains P and are all face-fitting. Then, the maximal unions of
them are given up to symmetry in the table below, and any such union is a

part of one of them. The pictures of the normal section at P are given in
Figure 2.3.
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My M, M; M,
M3 Mg
. (R,G) (GUB,GUR) (G, B) (BUR,BUG)
O & B T(RUG.RUD
| (RRUG) | (GUB,GUR) (G, B) (BUR,BUG)
(ii) (R.D)
(iii) || (R,RUG) | (GUB,GUR) (B,BUG) (R, B)
(iv) | (R,RUG)| (G,GUB) |(BUR,BUG) (R, B)
(v) || (R,RUG) (G,GUB) (R,RUB)
Table 2.4:
., T
BPwu P, P,
S — ———- BPyy, ey —t——2 BPyp, Yo/ BPy,
BPy/\BPy, /\BPy, /\
VRN PN LN
\BPM2 \BPM2
BPy, Yoyt BPy, Yoo
,B{);]?\PMg /BPM3

Figure 2.3:
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Chapter 3

Hyperplane arrangements

3.1 Hyperplane arrangements

Let S := {1,...n}, F a field and V = F* for some k > 2. A hyperplane
arrangement over a field F is a pair (PV, (B, ..., B,)) where B;, i = 1, ..., n,
are hyperplanes in a projective space PV = P¥~! such that N;cgB; = 0.

Theorem 3.1 (|[GGMSS87|). A hyperplane arrangement (PV,(By, ..., B,))
with V= FF, gives a loopless representable matroid of rank k > 2. In addi-
tion, for any loopless representable matroid M of rank k > 2, there exists a

hyperplane arrangement whose corresponding matroid s M.

Proof. Let f; € V* be a linear equation defining B;, i.e.,
B, ={uePV]|fi(u) =0}
Defining codimpy () = r one has:
dimy-span{f;|i € I} = codimpy (N;e;B;)

If NiesB; = 0, then the map (F*)" — V* by x; — f; is surjective, which

induces an injective map ¢ : V — F", where z;, i = 1,...,n, are the stan-
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dard coordinate functions of F". Then B; are indentified as the intersec-
tions of ¢ (PV) c P" ! with {z; = 0}. Hence, a hyperplane arrangement
(PV,(By, ..., By)) defines a representable matroid M = (.S, r) with the rank
function r (I) = dimspan{f;|i € I} for a subset I C S. In addition, it is
obvous that M is loopless.

Now, let M = (S, ) be a loopless matroid of rank k& which is representable
over F. Then, there is a set of non-zero vectors { fieFFlies } which is a
spanning set of F¥. Let V = (Fk)* >~ F* and consider the hyperplanes
B; ={u € PV| f; (u) = 0}. Then, one has:

r () = dimy«span{f; | i € I} = codimpy (N;crB;)

Since k = 7 (S) = codimpy (NiesB;) implies NiesB; = 0, (PV, (By, ..., B,)) is

a hyperplane arrangement. O

Remark 3.2. The dimension of the family of hyperplane arrangements in

general linear position is (kK — 1) (n — k — 1). So, the correspondence
(hyperplane arrangements) — (loopless representable matroids)

in Theorem 3.1 is not one-to-one, in general. However, we can define an
equivalence relation on hyperplane arrangements that two hyperplane ar-
rangements are equivalent if they give the same matroid. We say they have

the same type.

For a hyperplane arrangement (PV,(By,...,B,)) with dimV = k, let
M = (S,r) be its corresponding matroid. Then, Aut (PV, (B, ..., B,)) =
(FX)”(M)_I, where x (M) is the number of the connected components of M
as in (S7).

Definition 3.3. Let M be a loopless matroid of rank k. We say that for a
subset J C S with |J| > k, the hyperplanes B;, j € J, are in general linear
position if M|; = Ul
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Lemma 3.4. Let M = (S,7) be a loopess matroid of rank k. If there is
J C S such that M|; = U}, then M is an inseparable matroid.

Proof. Suppose that such M is separable, and let T" and T be two nonempty
separators of M, then r (T') +r(T°) = k. By (S7) r(T'NJ)+r(T°NJ) =
r(J). Since M|; = Uf,, is an inseparable matroid, r (T'NJ) = 0 or
r(T°nJ)=0. Let r (T°N J) = 0 without loss of generality, i.e., T°N.J = 0,
J C T since M is loopless. Then, k = r(T') +r (1°) = k + r (T7°) implies
that r (T¢) = 0, T° = (), a contradiction. O

Remark 3.5. For k = 3, (PV,(By,...,B,)) has 3 4+ 1 lines in general linear
position if and only if M is inseparable. For it suffices to prove the converse
of Lemma 3.7 for k = 3. Since M has rank 3, there is a basis, say {1, 2, 3}.
Let T; = m, J = 1,2,3. Then T} UT, UTj3 is a disjoint union that is
a proper subset of S since M is inseparable. So, there exists an element of
S—T1UT,UT3 and consider its closure, say 4 and T = m Note that the lines
Z(T;), i € {1,2,3} are in general linear position. If Z (7;), ¢ € {1,2,3,4}
are in general linear position, J = {1,2,3,4}. If not, T, is contained in one
of Ty UTy, Ty U Ty, Ty UTs since T;, i € {1,2,3,4} are distinct rank 1 flats.
Say T, C T, UT, then M |7,urursur, is separable. Since M is inseparable,
S —TyUTy,UT3UTy is not empty, and there is a rank 1 flat Tj different from
T;, i € {1,2,3,4}. If T5 is not contained in T, UTs, either T ,i_ T, UT; or
Ts g T, UTs. Suppose not, then T U T; and T, U Ty are two minimal flats
containing T3 by (F3). Since T3 UT3 N T, U T3 is a flat containing T3, one
has T7 UT3 N'T, U T3 = T3, which implies that T5 C T3, a contradiction. So,
suppose that T5 ¢ Ty UTs. Then Z (T;), i € {2,3,4,5} are in general linear
position. If Ty is contained in T} U T, there is a rank 1 flat Ty different from
T;, i € {1,2,3,4,5}. If Tj is not contained in T} U Ty, similarly one can find

a 3 + 1 lines in general linear position. Otherwise, there is a rank 1 flat 7%

different from T;, i € {1,2,3,4,5,6}. Likewise, we keep this process, which
will terminate with 341 lines in general linear position since our matroid M

is finite.
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We use the shorthand notation Z; (1) := N;erB;. If the matroid is clear
from the context, we write simply Z (I) without M.

Lemma 3.6. Consider a hyperplane arrangement (Pkil, (B, ..., Bn)), k> 2,
and its associated matroid M = (S,r). Let J be a flat of M with r (J) = s.
Then, Z (J) = P*=s=1 gnd

(a) M/J gives a hyperplane arrangement in P*=s=1.
(b) M|y gives a hyperplane arrangement in P*~L.

Proof. (a) Since J is a flat, any other hyperplane B;, i € J¢, intersects
Z (J) = P*=s=1 such that dim B;N Z (J) = k — s — 2. Write

7(I) = Nier (BiNZ(J) = Z(I)NZ(J)=Z(IUJ)

for I C J°. Evidently, 7 (J¢) = Z (S) = (). Moreover,

codimzpym (I) = codimpr-17 (I) — codimpr-1Z (J)
= r(IUJ)—r(J)
=y (1)

Hence, M/J defines a hyperplane arrangement (P*~*~1, (7 (i)),,.)-

(b) For B; = {u € PV | f; (u) = 0} with j € J,let B; := {u € V| f; (u) = 0}
N\
and consider W := <ﬂj€JBj> . W has dimension k — (k —s) = s. Let
p(j) =P <WOB]~), then p(j) are hyperplanes in PW = P*~!. Since
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Nier (W N Bg-) — W AW = {0}, p(J) = 0. Moreover, for I C J,

codimpyp (I) = codimpy Njer <W N Bj>

. L
= codimy Njer B since W = <ﬁj€JBj>
= dimy~span{f;|j € I}
= TMm, (I)

Hence, M|; defines a hyperplane arrangement (PS_I, (p (Z))ZEJ) O]

Hyperplane arrangements on P!

Consider a loopless representable matroid M of rank 2, then 1 < x (M) < 2;
see (S7). By Theorem 3.1, there exists a hyperplane arrangement on P?.
Recall that all non-degenerate flats are exactly those flats of rank 1; see
Lemma 1.3. In addition, since M is a loopless matroid of rank 2, S has a
partition into rank 1 flats by (M6).

k(M) =1 k(M) =2

Figure 3.1:

1. If k(M) = 1, M is inseparable. So, there are at least 3 point loci in

general linear position, which looks like the first panel of Figure 3.1.

2. If k(M) = 2, M is separable, and there are exactly two point loci on

P!; see the second panel of Figure 3.1.

Moreover, the following two lemmas say that every rank 2 matroid is repre-

sentable.

45



Lemma 3.7. Let M = (S,r) be a loopless matroid with v (M) = 2. Then,
there exists a hyperplane arrangement on P! whose corresponding matroid is

M. Hence M 1s representable.

Proof. We construct a hyperplane arrangement from M. Since M is a loop-
less matroid of rank 2, S has a partition into rank 1 flats by (M6): S = U, F;.
Assign to F distinct points 1 (F}) := P; on P!, which is possible if |F| > m
for any field F. Then v induces a map 1; : S — P! defined by j — P,
where j € F; for some ¢. This map defines a hyperplane arrangement
(PY, (4 (1),...,4 (n))). Note that ¢ is a 1-1 correspondence between non-
trivial flats and point loci on P!. It is easy to check that matroid conditions
(F1)-(F3) are satisfied, and M is the associated matroid of the constructed
hyperplane arrangement. Hence, M is a representable matroid by Theorem
3.1. O

Since loops do not impact the representability of a matroid, we have the

following corollary.

Corollary 3.8. Any matroid of rank 2 is representable.

Hyperplane arrangements on P31

Consider a loopless representable matroid M of rank 3, then 1 < s (M) <
3. By Theorem 3.1, there exists a hyperplane arrangement on P? whose

corresponding matroid is M.

1. If k(M) =1, M is inseparable. So, by Remark 3.5, there are at least
4 line loci in general linear position, which looks like the first panel of

Figure 3.2.

2. If k(M) = 2, there exists an inseparable flat J of rank 2 such that
M = M|;®M]| e by (M6), where M/J = M]| e by (S2) and rys (J¢) = 1.

Since M|, is an inseparable matroid of rank 2, J is a disjoint union of
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K(M)=1 k(M) =2 k(M) =3
Figure 3.2:

rank 1 flats F; such that the number of rank 1 flats is > 3 by (M6).
Then F; and J° are all rank 1 flats of M, so Z (F;) and Z (J¢) are
all line loci of the given hyperplane arrangement, which looks like the

second panel of Figure 3.2.

3. f k(M) =3, M = M|, ® M|, ® M|z, by (M6), where T1, T3, T3 are
only three rank 1 flats. So, Z (T4),Z (12),Z (T3) are only three line
loci on P2, which looks like the third panel of Figure 3.2.

Lemma 3.9. Fiz k = 3. Consider a hyperplane arrangement (P?, (B4, ..., By))
and its associated matroid M. Then the facets of BPy are in 1-1 correspon-
dence with those flats ) # F C S such that:

(a) v (F) =1 and M/F is inseparable, or
(b) v (F) =2 and F is inseparable.
Proof. Apply Lemma 1.4 and Theorem 1.9. O

Lemma 3.10. Fiz k = 3. Consider a hyperplane arrangement (P%, (B, ..., By))

and its associated matroid M. Let ' be a non-degenerate flat.
(a) If r (F) =1, Z(F) = P! has more than 2 point loci.

(b) If r (F) =2, Z(F) =P is the intersection of more than 2 line loci.
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Proof. (a) Let r (F)) = 1. M/F is an inseparable matroid of rank 2: 7;/p (F°)
r(FCUF)—r(F)=3-1=2. By (M6), the number of nontrivial flats of
M/F is > 2. By Lemma 3.6(a), M/F defines a hyperplane arrangement
(Pl, (m (z))zch) with rank function 7yp (I) = codimgpy (I) for I C F*.
Note that for any nontrivial flat I of M/F, Zy,p (I) is a point on Z (F).
Hence, Z (F') = P! has more than 2 point loci.

(b) Let » (F) = 2. M| is an inseparable matroid of rank 2. By (M6),
the number of nontrivial flats of M|p is > 2. By Lemma 3.6(b), M|p defines
a hyperplane arrangement (P!, (B; N E)jcr) with rank function ry, (1) =
codimpg Njer (B] N E) for I C F. Since any nontrivial flat I of M| has
rank 1, Zyy, (I) is a point on E and Zy (I) is a line locus on P?, since
rypp (I) = v (I). Therefore, Z (F) = P is the intersection of more than 2

line loci. O

Lemma 3.11. Fix k = 3. Let M be an inseparable matroid that has a flat
F of rank 1 such that M/F is separable. Then

(a) F is one and only one flat of rank 1 such that M/F is separable.

(b) Any flat J of rank 2 with J N F = () is separable.

(c) There are exactly two flats of rank 2 that are inseparable, which contain

F.

Proof. Suppose that F'is a rank 1 flat such that M/F is separable. Consider
the associated hyperplane arrangement on P? of the matroid M. Then, Z (F)
is a line with only two intersection points; see Figure 3.1. Since Z (F') meets
any line Z (i) with ¢ € S\ F, the hyperplane arrangement looks like the Figure

3.3. It is easy to see all three statements are true using Lemma 3.10. ]

Corollary 3.12. Fiz k = 3. Let M be an inseparable matroid that has a
degenerate flat F' of rank 1. Then F is one and only one rank 1 degener-
ate flat. Moreover, there are exactly two rank 2 non-degenerate flats, which

contain F.
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Figure 3.3:

Proof. Apply Lemma 3.9 and 3.8. O

Remark 3.13. Lemma 3.11 is not generalized to higher rank. Indeed, consider
a matroid M = (S, F) of rank 4 such that S = {1,...,7} and all dependent

flats of M are given in Table 3.1. M is a graphic matroid as seen in Figure

rank Dependent flats of M
1 None
2 {1,4,7}, {2,4,6}, {3,5,7}
3 {2,3,4,6},{2,3,5,7}, {2,4,5,6}, {3,5,6,7}, {1,2,4,6,7}, {1,3,4,5,7}
4 S

Table 3.1:

3.4, hence a regular matroid. Moreover, M is inseparable with rank 4. For

Figure 3.4:
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convenience, we mean {ay, ...,a;} by aj ---a;. Then,

rayry (1246) + ragyqry (35) = [ (12467) — (7)) + [r (357) — r (7)]
= B-1+[2-1=3
= TM/{7} (123456)

TM/{4} (1357) + Tar/{4y (26) = [7’ (13457) - (4)] + [7" (246) - (4)]
— B-1+[2-1=3
= TM/{4} (123567)

So, {4} ,{7} are inseparable flats of rank 1 such that M/ {4} and M/ {7} are

separable.

Construction of hyperplane arrangements when £ = 3

Fix k = 3. We introduce three special hyperplane arrangements below; see

Figure 3.5.

(a) Let S = ALUBUC. Suppose that M; = (A% ) and My = (B, ry) are
inseparable matroids of rank 2 such that B is a nontrivial flat of M; and A is a
nontrivial flat of M,. Recall that M; and M, are representable over some field
F with |F| > 1 by Lemma 3.7. By Lemma 3.10, M; and M, define hyperplane
arrangements H; := (Pl, (Pl, ...,Pn_|A‘)) and Hy = (Pl, (Ql, ...,Qn_‘B‘)),
respectively. Since B is a flat of M of rank 1, Z; (B) is a point locus.
Zn, (A) is also a point locus by the same reason. Embed those two hyper-
plane arrangements into P? as two distinct lines = P! that intersect each
other at Zy, (B) = Za, (A). For each i € A, let L; be the embedded image
of P! for H,. Similarly for each i € B, let L; be the embedded image of P!
for Hy. Draw a line passing through Zyy, (i) and Zyy, (i) on P? for i € C' and
denote it by L;. Hence, we get a hyperplane arrangement (P2, (L1, ..., L,))
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which gives a representable loopless matroid M by Theorem 3.1. This hyper-
plane arrangement is not necessarily unique, but if the underlying field is large
enough, for instance infinite, we can construct one such that no non-trivial in-
cidence relations are made outside of Zy; (A)UZy, (B). Note that M/A = M,
and M/B = M,. Since M; and M, are inseparable, r; (C) = 2 = ry (C).
Then, Zy (A) and Zy (B) have at least 3 distinct point loci. So, there are

at least 4 lines in general linear position, and M is inseparable.

(b) Let S =AU BUC. Suppose that M; = (A, r;) and My = (B¢, rg)
are inseparable matroids of rank 2 such that C' is a nontrivial flat of both
M, and M,. Pick two distinct points O;,0, € P?2. Draw a line passing
through O; and O,, and denote it by L¢o. For ¢ € C| assign a line L; = L¢
to i. Let Ay, ..., Ap, be all nontrivial flats of M; that are contained in A.
Since M is a loopless rank 2 matroid, A is their disjoint union. For each
A;, draw a distinct line passing through only O; but not O, and denote
it by La,. Assign the line Ly, to any | € A;. Similarly, let B be the
disjoint union of flats By, ..., B,,, of My of rank 1. For each B;, draw a
distinct line passing through only O, but not Oy, and denote it by Lp, which
should be assigned to any [ € B;. Hence, we construct a unique hyperplane
arrangement (P2 (Ly,...,L,)), and a loopless representable matroid M by
Theorem 3.1. Furthermore, M|4. = M; and M|ge = Ms. Since M; and

M, are inseparable, there are at least 3 distinct rank 1 flats for each. So,

without counting the line Lo, there are at least 4 lines in general linear
position, which means that M is inseparable. Note that this matroid M
satisfies Lemma 3.11, where C is one and only one degenerate flat of rank
1, and A, B are only two inseparable flats of rank 2. Also, note that this

hyperplane arrangement can be obtained in (a).

Remark 3.14. The corresponding matroid to the hyperplane arrangement
constructed in (b) satisfies Lemma 3.11 and Corollary 3.12, where C' is the

degenerate flat of rank 1, and A° and B¢ are the two non-degenerate flats of
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rank 2 (which contains C').

(c) Let S= AU BUCUD. Suppose that M; = (A°\D,r;) and My =

(B°\D, ry) are inseparable matroids of rank 2 such that B is a nontrivial
flat of M; and A is a nontrivial flat of M. Using Construction (a), there is
a hyperplane arrangement with the associated matroid on A L B U C being
inseparable. Now, for a partition of D = UL, D;, draw a line passing through
Z (A)N Z(B) for each D;. As in (a), we can draw D; without generating
extra nontrivial incidence relations except at Z (A) N Z (B). In this way, we
construct another hyperplane arrangement, and the corresponding matroid
M which is inseparable, since it already has 4 lines in general position. In
this construction, M3 := M| pup is a rank 2 inseparable matroid, and we
see that My, My, M3 detemines a matroid.
If M; and Mj3 are given first, we can consider a separable rank 2 matroid
M, whose nontrivial flats are {AU D} and {C'}. Then, draw a hyperplane
arrangement of M; on P2, For a partition of D = UJL, D; into rank 1 flats,
draw a line for each D; that passes through the point Z,;, (B) C P?. Draw
a line for B that passes through Z,;, (B) too, then pick a point # Z,;, (B)
for C' on this line and draw lines that connect Z (C') and the points on the
line Z (A). This way of construction gives an alternative for the construction
(b).

To summarize, given rank 2 inseparable matroids M; and M3, there are
two types of hyperplane arrangements that can be constructed, which de-

pends on the degeneracy of the rank 2 matroid M.

3.2 Glued matroids for £ = 3 and its repre-
sentability

Theorem 2.6 gives an equivalent condition phrased in terms of matroids for
when the union of two full dimensional base polytopes BP,;, UBP,;, becomes

another base polytope, where M; and M, are inseparable matroids of rank

92



Figure 3.5:

k > 3. As in Theorem 2.6, let J; and J,; be the non-degenerate flats of
My and My with r (J;) = 1 and ry (J3) = 2, respectively, that correspond
to BPy, N BPys,. In addition, suppose that H; and H, are hyperplane
arrangements whose corresponding matroids are M; and M, respectively.
By Theorem 3.1, if one can find a hyperplane arrangement corresponding
to Mi#Msy, Myi#Ms is a representable matroid. In other words, if one can
draw all together in P¥~1 the hyperplanes of H; except Zy; (J;) and the
hyperplanes of Hy except Zy, (Jo) in a way that gives My# My, My#M, is
the corresponding matroid of the resulting hyperplane arrangement, hence
representable. If the hyperplanes Zy, (7), j € Ji, and Zy, (), j' € Jo, for
fixed ¢ = 1,2 behave independently in both hyperplane arrangements H;,
such a drawing is always possible, and M;# M, is represnentable. When
k = 3, we can slightly weaken this condition as in Theorem 3.17. We review

first the gluing of matroids for k = 3.

Lemma 3.15. Fiz k = 3. Let M; = (S,r1,F1) and My = (S,19, F2) be
rank 3 inseparable matroids such that My/Jy = Ms|y,, where J; and Ja,
respectively are non-degenearte flats of My and My with ry (J1) = 1, 1o (J2) =
2. Then, My and M, glue to a matroid My#Ms if and only if there is at
most one rank 1 flat F C Jy of My that is not a rank 1 flat of My, in which
case ' is a degenerate flat of M.
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Proof. By (M8), T'is a flat of M, /J; if and only if J;UT is a flat of M;. Rank
1 flats T' C Jy of My are exactly rank 1 flats of Ms|y,. Since My|;, = My/J;
by assumption, 1" C Js is a rank 1 flat of M, if and only if J; UT is a flat of
M. Since J; is a rank 1 flat of M;, M| ,ur is separable if and only if T is
a rank 1 flat in M;.

(<) If every rank 1 flat T C J; of My is a rank 1 flat of My, Mi|sur
is separable, hence by Theorem 2.6, no matter M,/T is separable or not,
BP,;, UBPyy, is a base polytope; see Table 2.2. Therefore, Ms|;, = M/ J;.
Since My/Jo = M|y, = Uﬁhl’ M, and M, glue to a matroid M;# M.

Else if there is a rank 1 flat F' C J; of M, that is not a rank 1 flat of M,
by assumption F' is only one such rank 1 flat and F' is a degenerate flat of
My, i.e., My/F is separable. By Theorem 2.6 again, BP,;, U BP,,, is a base
polytope which implies that M; and Ms glue to a matroid M;# M.

(=) Suppose that F' C J, is a rank 1 flat of M, that is not a rank 1 flat
of My. Then, M| urF is inseparable. By Theorem 2.6, My /F is separable,
i.e., F'is a degenearte flat. But, by Lemma 3.11, F' is one and only one such
flat. O

Definition 3.16. Fix k£ = 3. For a loopless representable matroid M =
(S,7), we say two disjoint subsets A, B C S behave independently in M if for
any pair of elements (a € A,b € B), one has {a} # {b} and {a, b} = {a}U{b}.
In other words, in its associated hyperplane arrangement, the lines Z (a) and
Z (b) are distinct, and no other lines pass through their intersection point
Z(a)NZ(b) = Z(a,b).

Theorem 3.17. Fiz k = 3. Let My = (S,r1,F1) and My = (S,re, Fa) be
rank 3 inseparable matroids that are representable. Suppose that My and M-
glue to a matroid My#Ms through J, € Fi and Jy € Fo with 1 (J1) = 1,
ro (Jo) = 2. By Lemma 3.15, there is at most one rank 1 flat F C Jy of My
that is not a rank 1 flat of My, in which case F s a degenerate flat of Ms.
Suppose that:
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1. Ji and Jy behave independently in My if every rank 1 flat T C Jo of

M, is non-degenerate.

2. Jy and Jo)\F behave independently in My if F' is a degenerate rank 1
flat of M.

Then, M,# M, is representable.

Proof. Let "y = (P3;,, (Zu,(1))ies) and Hy = (P, (Za,(7))ies) be two
hyperplane arrangements whose corresponding matroids are M; and Ms, re-
spectively. Let T be any rank 1 flat of M;/J; = Ms|,. Suppose that (1)
every rank 1 flat T" C Jy of My is non-degenerate. Then, T" and J; behave
independently in M, i.e., Zy, (T) is a line in H; that makes only triv-
ial incidence relation with the line Z;, (J;) in ‘H;. Then, we can choose
an isomorphism fo, = po f; : P3, — P3, where f; : P3, — P}, and

¢ : P3; — P3,, are isomorphisms; see the following diagram. For a generic

P?WQ f_ P%wl
2
fi ¢ € PGL3(F)
P3.

choice of ¢ € PGL;3 (F),

e (vo f1)(Zuy (j1)) with j; € Jy are different from Zy;, (j2) with jo € Jo,

and

e (vo f1)(Zua, (1)) N Zag (J2) is a point and no other lines pass through
it.
Take the lines fo (Zy, (i) for i € J; and Zy, (i) for i € J, on P, , which

gives a new hyperplane arrangement on P?, say Hs. By Theorem 3.1, there
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corresponds a loopless representable matroid Mj. Hs has 4 lines in general
linear position, since H; already has four. So, M3 is an inseparable matroid.
By construction of H3, all nontrivial incidence relations but J; and .J; in both
H1 and Hs, remain the same, while J; and J; are discarded. So, M # My =
M3 which is representable.

Suppose that (2) F' is a degenerate rank 1 flat of M;. Similarly as in the

case (1), we choose ¢ such that
e (vo f1)(Zu (j1)) with j; € Jy are different from Zyy, (j2) with jo € Jo,

o (o f1)(Zua (1)) N Zar, (Jo) for jo € Jo\F is a point and no other lines
pass through it, and

e (pof1)(Zay (J1UF)) = Zy, (J1 UF), which is a point.

Take the lines fo (Zy, (¢)) for i € Jy and Zy, (i) for i € J, on P, , which
gives a new hyperplane arrangement on P?, say Hs. By the same argument,
M4 My = M3 which is representable. O]
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Chapter 4
Puzzle-pieces and their gluing

Assume S = {1, ...,n} unless separately mentioned.

4.1 Puzzle-pieces

Abstract hyperplane arrangements

Let M = (S,r, F) be a loopless matroid of rank k, F the geometric lattice of
M. For any flat F' € F, M/F is a loopless matroid by (M3). Consider the
set of loopless matroids H (M) = {M/F | F € F} and define a partial order
on it: for any two flats FF C J € F, M/J < M/F. Define the dimension
of M/F in H (M) to be dimyy (M/F) = k—1 —r(F). Now, assign to
ie S @)= M/{i}. We call (H (M), (¢ (i));cq) an abstract hyperplane
arrangement. In other words, ¢ (i), ¢ € S, are abstract hyperplanes, and flats
of M other than S give local incidence relations. Since there corresponds a
loopless matroid to every hyperplane arrangement, the abstract hyperplane
arrangement of a loopless representable matroid M can be thought of as the

type of the hyperplane arrangements; see Remark 3.2.

Remark 4.1. For a loopless matroid M of rank 3, any two distinct lines, say
¥ (1) and ¥ (2), meet at a point. Indeed, 1 (1) = M/{1} # M/{2} = ¢ (2)
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implies {1} N{2} = 0. Write F} := {1}, F, := {2}, and F3 := F} U F,. Then,
F3 is a unique rank 2 flat that contains £ and Fy by (M9). Hence, v (1) and
¥ (2) meet at a point.

Puzzle-pieces

Let M = (S,r) be an inseparable matroid of rank k. For any face @ of
BP), that is not contained in U, {x; = 0}, there exists a sequence of faces
Q1 > -+ > Q. that are also not contained in U, {x; = 0}, where @, is
a facet of Qj_1, c =n—-1—-dim@, Q. = @ and dim@; = n —1 — j for
j=1,...,c. Let Fy := Sy (Q1) and My = My, := M. By Theorem 1.9, as in
Lemma 2.1, there exists a sequence of matroids M, ..., M, that correspond

to @1, ..., Q., respectively, and a sequence of subsets Fi, ..., I, of S such that:

1. Mj = M;; @ ---® M, ;41 where M;,;, | =1,...,j + 1, are inseparable

matroids.
2. Each Fj is a non-degenerate flat of M;_;; for some [.

3. Mj is obtained by replacing M;_;; with M;_y,|r, © M;_1,/F; in the

direct sum decomposition of M;_;.

The set P (M) of such matroids is called a puzzle-piece.

We define a puzzle-piece for a separable loopless matroid M as follows.
M can be written as a direct sum of inseparable matroids by (S7), and P (M)
is defined to be the set of the direct sum of elements of P (L) where L are
summands of the given direct sum decomposition of M. We say that two
puzzle-pieces P (M) and P (M') are isomorphic as puzzle-pieces if P (M) =
P(M)Y®NorP(M)=P(M)®N for some matroid N. P (M) =P (M)
N means that for every matroid L € P (M) appears L' @ N for a matroid
L' € P(M') and vice versa. We say that P (M') is a sub-puzzle-piece of

P (M) if there is an element N of P (M) that is isomorphic to M’ as puzzle-
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pieces. We call a sub-puzzle-piece of P (M) a face of P (M). We call sub-
puzzle-pieces of M with dimension d strata of M with dimension d.

We mean by Sp . (P (M')) or Sy (M') the ordered sequence of flats
(Fy, ..., F.). If Sy (M') is a singleton, we write it without parentheses. In
this notation we may replace the matroid, puzzle-piece, or non-degenerate
flat as before with each other as long as it makes consistent sense.

Let Q (M) be the set of BP), itself and the faces of BP), that are not
contained in U, {z; = 0}. Let P, (M) be the set of faces of P (M), i.e.,
P (M) =P (M)\{M}, and Q, (M) = Q(M)\ {BPy} which is the set
of the faces of BP,, that are not contained in U}, {z; = 0}. There is a 1-
1 correspondence between P, (M) and Q, (M) by Theorem 1.9. Define a
partial order on P, (M) such that for Ly, Ly € P, (M), L1 < Ly if Q1 < Qo
where @Q1,Q2 € Q. (M) are the faces of BPy, that correspond to L, Lo,

respectively. We can give a geometric structure of a puzzle-piece as follows:

1. For any inseparable matroid N of rank s, define the dimension of N to
be dim N := s — 1.

2. For L=N;@---® Ny € P (M) where N; are inseparable matroids,
define dim L := dim Ny + --- +dim N; = k — x (L).

Define dim P (M) := dim M. A 0-dimensional puzzle-piece is called a point,

and 1-dimensional puzzle-piece is called a line. Observe that
dim L + codimpp,, @ =k —1 or dim@ —dimL=n—k

where Q € Q. (M) is the corresponding facet of L € Py (M).

Fix F = C. Consider a hyperplane arrangement (PV, (B, ..., B,)) and
its associated matroid M of rank k. Suppose that M is inseparable. B;,
i = 1,...,n, are thought of as the intersections of PV C P! with {z; = 0},
where x; are the standard coordinate functions of P"~!. Since the torus

T = (C*)" /diagC* acts on P"~! T also acts on the grassmanian G(k,n).
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For [PV] € G(r,n), let Y := T.[PV] be the closure of its orbit, U the
universal family over G(r,n) whose fibers are isomorphic to P*~!. Consider
the fiber product Uy := U Xqgk,n) Y and the GIT quotient Uy //1T. For
the dimensions, dimV = k, dimUy = n+ k — 2, dimT = n — 1, and
dimUy//1 T = k — 1. The automorphism group Aut (PV, (B, ..., B,)) is

trivial. (Recall that we assumed M is inseparable.)

Theorem 4.2 (|Ale08]). (a) Uy//1T is the log canonical model of the hy-

perplane arrangement.

(b)) YNG.(r—1,n—1) =Uy//1T. (For the notion of Y NG.(r—1,n—1),
see the Hacking-Keel-Tevelev’s paper [HKT06].)

The strata of codimension ¢ > 0 of a puzzle-piece P (M) is defined to be
the set of matroids L € P4 (M) such that x (L) = c+ 1.

Theorem 4.3 (|[HKTO06]). Let X = UX; be a stable variety, A = UBP; the
polyhedral decomposition of A into the base polytopes BP; that are associated
to X;. Then the strata of UX; are in 1-1 correspondence with the strata of

UBPl\ U?:l {SU]' = 0}
Combining Theorem 4.1(a) and 4.2(a), we obtain the following theorem.

Corollary 4.4. The strata of P (M) are in 1-1 correspondence with the strata
of Uy //1T which is a variety.

Hence, if M is a loopless representable matroid over C, the strata of the
puzzle-piece P (M) are in one-to-one correspondence of the log canonical

model Uy //1 T of the associated hyperplane arrangement.

Puzzle-pieces when k = 2

Let M be an inseparable matroid of rank 2, then P (M) has dimension 1,

hence a line. Codimension 1 strata of P (M) are points. Evidently, there
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are no codimension 2 strata of P (M). So, P (M) can be identified with
the abstract hyperplane arrangement of M. M is representable over C by
Corollary 3.8. If M is separable, P (M) has dimension 0, hence a point.

Puzzle-pieces when k = 3

Assume that M is an inseparable representable matroid of rank 3, then P (M)
has dimension 2. Codimension 1 strata of P (M) are lines, and codimension
2 strata are points. If P (N) is a point or a line, we sometimes say simply N
is a point or a line as long as the meaning is clear. We can identify the set
of lines of P (M) with the set of non-degenerate flats of M. Indeed, take a
line P (M|, & M/J) for a non-degenerate flat J of M. If J has rank 1, M|,
is an inseparable matroid of rank 1, M/J is an inseparable matroid of rank
2. So, P(M];) is a point, and L := P (M/J) is a line that is isomorphic
to P(M|; & M/J) as a puzzle-piece. Similarly, if J has rank 2, P (M/J)
is a point and L := P (M|,) is a line isomorphic to P (M|; & M/J) as a
puzzle-piece. So, there is a bijection between the lines of P (M) and the
non-degenerate flats of M.

Recall that dim L + codimpp,,@ = k — 1 where Q € Q, (M) is the
corresponding facet of L C Py (M). Every facet Q € Q (M) corresponds to
a line € P (M) and every codimension 2 face P € Q (M) corresponds to a
point € P (M), and vice versa.

Now, any line L is identified with an abstract hyperplane arrangement.
We can visualize the puzzle-piece M by giving the pictures of local incidence
of lines at points. Draw a solid line for L = M/J, a dashed line for L =
M];. For two lines Ly, Ly, draw 60° for the angle between them if both are
obtained from M by the same operation (restriction or contraction), draw
120° otherwise.

If M is a separable representable matroid of rank 3, P (M) has dimension
0 or 1; see Figure 4.1, where the first line pictures are hyperplanes in P? and

the second line pictures are their corresponding puzzle-pieces.
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Figure 4.1:

Remark 4.5. Since codimension 2 face of a base polytope is the intersection
of exactly two facets, any point of a 2-dimensional puzzle-piece is the inter-
section of exactly two lines. Then, any two distinct lines of P (M) can be
represented as two sides of the connected part of the boundary of one of the
polygons in Figure 4.2, up to symmetry, where each side of the connected
part represents a line in P (M) and the vertices on it represent points in

P (M).

/\
VAN

Figure 4.2:

Indeed, let Ly and Lo be any two distinct lines of P (M). For eachi = 1,2,
its non-degenerate flat F; has rank 1 or 2. If r (F;) = 1, L; is isomorphic to
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P (M/F;) as puzzle-pieces. If r (F;) = 2, L; is isomorphic to P (M |g,).

Assume that there is no degenerate flat of rank 1.

1. Suppose that r (Fy) = r (Fy) = 1, then L; and Lo are lines in ‘H (M).
By Remark 4.1, L; and Ly meet at a point M/J of H (M) with J =
Fy U F,. If J is inseparable, by Lemma 1.4, J is non-degenerate flat. So,
Ly:=P(M|;®&M/J)=P(M|;)is aline in P (M), and by Remark
4.5, Ly and Ly meet L3 once, but they do not meet each other. The
line segment for L3 is drawn to be a dashed line with length |J| —
|Fi| — |F3|. The line segment for L;, i = 1,2, is drawn to be a solid
line such that the angle between L; and L3 is 120°. For the length
we need to choose a point on it, equivalently a non-degenerate flat
T; of M/F;. Its length is the number of indices of the points on L;
except two vertices, ie., |[(F)|—|J—F|—|T;| =n—|J| - |T;|. I
J is separable, L; and Ly are two lines of P (M) that meet at the
point P (M|p, & M|p, ® M|(rur,):). The line segments are drawn in
the same way. By Remark 4.5, we can keep this process at the vertices

as long as the lines are forming a connected part of the boundary of a

polygon.

2. Suppose r (Fy) = r (Fy) = 2, then P (M/F;), i = 1,2, are two distinct
points on H (M). If those two points are connected on H (M), call
it Ly. Choose a line L, = M/J; # Ly on H (M) that passes through
the point M/F;, where J; are flats. L} and L) meet at a point on
H (M), and if there corresponds a non-degenerate flat to this point,
there corresponds a line L} of P (M). Consider those lines of H (M)
lying on P (M). Draw the lines Ly, Lo, L}, L5, Ly, Ly of P (M) following

the same directions as above.

3. Suppose that r (Fy) = 1, r (Fy) = 2 without loss of generality. Choose
aline L # Ly on H (M). Do the same thing as above two cases.
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Assume that there is a degenerate flat F' of rank 1. By Lemma 3.11, F' is

only one such flat.

4. Suppose r (Fy) = r(Fy) = 2, then F; and F, are only two non-
degenerate flats of rank 2 by Lemma 3.11. Choose a line L, = M/.J;
on H (M) such that J; # F are non-degenerate flats of rank 1. Draw
those lines Ly, Lo, LY, L}, of P (M) in the same way as before, which

will form a rhombus as in the third panel of Figure 4.2.

For the other cases, the process is essentially the same as before, so we omit

those. Figure 4.3 gives pictorial examples of Remark 4.5.

Figure 4.3:

The polygons in Figure 4.2 can be drawn in a triangular guide grid as in
Figure 4.4, where the unit length of line segment is assumed to be 1. Figure
4.5 gives the classification of polygons that appear in a grid, up to symmetry.
For fixed n, the boundary of a guide grid is a regular triangle with side length
n — 3. Figure 4.6 is a guide grid when n = 6. This triangular guide grid with
boundary is coordinatized by the following discrete set up to permutation
group Ss:

{(:L’,y,z) cZzy,z>landw +y+2 :n}
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Figure 4.4:
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Figure 4.5:

Then, a center P := P (Ms @& Mg @& M¢) can take a point (|A],|B],|C|)
in a guide grid up to S3, where Mp = U|1D\ denotes a loopless matroid of
rank 1 with ground set D. Figure 4.7 explains how much information we
have when moving from one point in a grid to another point: if two centers
P =P (My, & Mp, ® Mg,) and Py := P (Ma, ® Mp, ® Mc,) take points
in a grid that lie on the same line, exactly one of |A;| = |As|, |B1| = |Ba|,
|Cy| = |Cy| is true, say without loss of generality |A;| = |As|, |B1| # |Bal,
|Cy| # |Cs|. In addtion, if P, and P, are connected by a line, i.e., by a
1-dimensional puzzle-piece, then their points in a grid are connected by a
line segment, and exactly one of Ay = Ay, By = By, C; = (5 is true, and
the other two equalites change to strict containments in opposite way, say
without loss of generality A; = A, By 2 By, and C C Cs.
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Log canonical model of a hyperplane arrangement on P?
The following two theorems are due to Alexeev; see [Alel3] Theorem 5.7.2.

Theorem 4.6. Fix k = 3 and F = C. Consider a hyperplane arrangement
and its log canonical model Uy //1T (by Theorem 4.2(a)). Then, Uy//1 T
is obtained by successive blowups of P? at a certain number of points and at

most one contraction of a curve.

Corollary 4.7. The log canonical model of any hyperplane arrangement on
P2 is isomorphic to P! x P! or Bl,P%.

Then, puzzle-pieces when k£ = 3 work as type for log canonical models of

66



hyperplane arrangements on P2

4.2 Gluing puzzle-pieces

Since there is a 1-1 correspondence between P (M) and Q (M), we can define
the gluing of puzzle-pieces that have the same rank and the same ground set
as the counterpart of gluing of base polytopes. If two base polytopes BP,
and BP,;, glue to BPys, 4, through the common facet BPy, N BPy, €
Q. (My) N Q. (M), we say that two puzzle-pieces P (M;) and P (Ms) glue
to P (M1#Ms) through the corresponding facet Py (M;) NPy (My). Gluing
of puzzle-pieces is just combinatorial translation of the topological gluing of
base polytopes. For k = 2,3 cases, this translation is very useful since one

can draw 1- or 2-dimensional local pictures for the gluing.

1-dimensional puzzle-pieces

For k = 2 case, the gluing is extremely simple, since all strata are points.
Let My = (S,r1) and My = (S,r2) be rank 2 inseparable matroids, J; and
Jo be nontrivial flats of M; and M,, respectively, then J;, i = 1,2, are
non-degenerate flats of M; by Lemma 1.3. If J; U Jy is a partition of S,
one has Mi|;, = Ms/Js since both are loopless matroids of rank 1 with
ground set J; by (M3), hence isomorphic to U \%hl by (M5). Similarly, one has
M/ Jy = Ms|y,, so BPy, and BP, glue to a base polytope by Theorem 2.5.

2-dimensional puzzle-pieces

For k = 3 case, suppose that M; = (S,r1) and My = (S,rs) are inseparable
flats of rank 3. We say that two full dimensional puzzle-pieces P (M;) and
P (Ms) face-fit or simply fit if their corresponding base polytopes BP,,, and
BP s, meet nicely, i.e., BPy,NBPy, € Q. (M;)NQ, (My) or BPy,NBP,y, C
U™, {x; = 0}, which counts the case BPy;, N BP,;, = 0. We say BP,;, and
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BPM2 ﬁt m A+ if 0 7é BP]\/[1 N BP]\/[2 € Q+ (Ml) N Q+ (MQ) Note the

following.

e BP,;, and BP,,, fit in A, and BP,;, NBP,,, has codimension ¢ < k—1 if
and only if P (M;) and P (M>) fit and P (M;)NP (M) has codimension
c<k-—1.

e If BP,,NBP,;, C UL, {x; = 0}, then P (M;)NP (M) has codimension
k,ie., P (M) NP (M) = 0.

If two puzzle-pieces P (M;) and P (M) fit and P (M) NP (M) has codi-

mension ¢ < k — 1, those can be depicted in a grid as polygons such that:

(G1) The polygons of two puzzle-pieces share a line segment and lie on the
different sides if and only if those puzzle-pieces fit through the common

facet, which is a common line in both puzzle-pieces.

(G2) The polygons of two puzzle-pieces share only a point and do not over-
lap except the point if and only if those puzzle-pieces fit through the
common face with codimension 2, which is a common point in both

puzzle-pieces.

Then, Figure 2.1 and 2.2 work as local pictures of two face-fitting puzzle-
pieces whose intersection is not empty. So, we take Figure 2.3 as the clas-
sification of the local pictures at a center Z of the face-fitting puzzle-pieces
whose intersection is Z. For an example, see Figure 4.8. P (M;) and P (Ms)
have full dimension since each associated hyperplane arrangement has 4 lines
in general linear position. Figure 4.9 illustrate two face-fitting puzzle-pieces
P (M) and P (M>) in a grid (for n = 8).

Now, if BP);, and BP,;, glue to a base polytope BP s, 4, the puzzle-
pieces P (M;) and P (M,) glue to a puzzle-piece P (M;#M,). Hence, using

gluing of puzzle-pieces, we can construct a new puzzle-piece.
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Construction of puzzle-pieces when k£ = 3

Consider the hyperplane arrangements in Figure 3.5. For cases (a) and (b),
let Z be the 0-dimensional puzzle-piece that is the intersection of two lines
P (M) and P (My). For case (c), note that M|a,pup is a rank 2 inseparable
matroid, say Mj. Recall that M, M3 determines a hyperplane arrangement
as in the second paragraph of 3.2.(b). Let Z be a point that is the intersection
of two lines P (M;) and P (M;3). Then, Figure 4.10 shows the local pictures
of the puzzle-pieces at Z obtained from those hyperplane arrangements in
Figure 3.5. For the explicit pictures, the puzzle-pieces of (a) look like those
in Figure 4.11. If a puzzle-piece is obtained in the way of (c) such that M,
is inseparable, it looks like one of Figure 4.12. Otherwise, it looks like 5) of
Figure 4.11 but the opposite vertex, with two dashed lines.

If two puzzle-pieces glue in such a way as their base polytopes glue to

another base polytope, their union becomes another puzzle-piece.

1. For consider an inseparable matroid N; as in Figure 3.5(a) that is
constructed by N;/A and N;/B; where A and B; are non-degenerate
flats of Ny with rank 1 such that the flats of N;/A are flats of V.
Consider another inseparable matroid N, as in Figure 3.5(b) that is

ac and Ny

constructed by Ns Bs, where A¢ and Bj are rank 2 non-
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degenerate flats of Ny. Then, the flats of Ny|4c are flats of N,. Suppose
that Ni/A = Nj|ac. Then, by Lemma 3.15, N; and N, glue to Nj# No,

hence we obtain a new puzzle-piece P (N1#N;). Moreover, N; and

N, satisfies the premises of Theorem 3.17, hence Ni# Ny comes from a

hyperplane arrangement. For the local pictures, see Figure 4.13.

. Suppose that N, is given the same, but N is given differently: N;
is constructed by Ni/A and N,
degenerate flats of N; with rank 1,2, respectively such that the flats
of Ny/A are flats of N;. Suppose that Ny/A = Ni|se. Then, Ny

pe as in 3.2.(c) where A, B¢ are non-
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Figure 4.11:
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and Ny glue to N1# N, by Lemma 3.15. N;# N, is also representable
by Theorem 3.17. The difference with above case is that the flat F
mentioned in Theorem 3.17 is allowed. The pictures for the polygons
of P (N;) that contain the line N;|p are given in Figure 4.14. The
pictures of the polygons that do not contain N;|r are already given in
Figure 4.13.
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Chapter 5

Flakes, puzzles, quilts and

p-puzzles

We fix k = 3 throughout this chapter.

5.1 Flakes, puzzles and quilts

Definition 5.1. A flake centered at a point Z = P (My) is a collection of
full dimensional puzzle-pieces X; = P (M;) with NX; = Z such that BP,,, fit
in Ay. We say that the center Z = NXj is an interior center if BP,;, is not
contained in the boundary of A¥. In other words, M, = Uﬁhl ) Uﬁ]ﬂ D Uﬁ]?)'
with a partition of S = U?_,J; such that |J;| > 1. We say that two distinct
flakes X and X’ are compatible if for any point Z of X or X', the collection

of puzzle-pieces of X and X’ that contains 7 is again a flake.

Recall that Figure 2.3 classifies the local pictures of a flake at the center,
up to symmetry. There are two generalizations of the notion of flake: puzzles
and quilts. A tiling or complete cover of A is a face-fitting subdivision of A
into base polytopes. A partial tiling is a union of face-fitting base polytopes

that are contained in A.
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Definition 5.2. A puzzle is a collection of full dimensional puzzle-pieces
X; = P (M;) such that UBPx,\ Uj_; {x; = 0} is a partial tiling of A, that

is connected in Aj.

If X ={X;|ieQ} and X' = {X/|i€ Q'} are two puzzles such that
{BPx, |i € Q} refines {Bpxg |i € Q’}, we say that X is a refinement of X'
or X is a decomposition into puzzle-pieces that is finer than X’.

The notion of quilt is weaker than that of puzzle.

Definition 5.3. A quilt is a collection of full dimensional puzzle-pieces X; =
P (M;) such that for any point Z of X; for any 4, the collection of those
puzzle-pieces that contain Z, which is denoted by Fx (Z), is a flake centered
at Z. In other words, a quilt is a collection of compatible flakes. A quilt X’
is called a sub-quilt of a quilt X if X’ C X.

Remark. A flake is a puzzle, and a puzzle is a quilt.

For a quilt X, we define a local chart at a center Z to be a grid such that
(i) Fx (Z) is depicted as a collection of polygons in the grid,
(ii) each point in a grid occupied by at most one center of the quilt, and

(iii) those points occupied by centers in the grid are connected by line seg-

ments.

Remark. The local chart is for local computations, not global ones. Never-
theless, the guide grid can be used to track puzzle-pieces that are connected,

but we do not require any point in it to be occupied by at most one center.

Let Y = P (My) be a 1-dimensional sub-puzzle-piece with an inseparable
matroid My = (Sy,ry) with rank 2. Y is called open in a quilt X =
{Xi|i € Q}if Y is a line of some puzzle-piece X; such that |Sy| < n—1 and
Y is not an intersection of two distinct 2-dimensional puzzle-pieces of X.
In other words, BP,s, x BPn is not contained in U, {z; = 1} and is

n—|Sy|
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not a common facet of two distinct full dimensional base polytopes BP; and
BP,, where BP; and BP,, respectively, are base polytopes that correspond
to some puzzle-pieces X;, and X, of X.

If Y is not open, we say Y is saturated or closed in X. Y is called a
boundary puzzle-piece of X if either Y is open in X or |Sy| = n — 1, ie.,
BPys, x BPin

| is contained in U, {z; = 1}.
n—|Sy

We say that a quilt is complete if it has no open puzzle-pieces. We say
that a flake X with center Z is saturated at Z if X has no open puzzle-pieces
containing Z.

For every center Z of a quilt X, Fx (Z) can be expressed in a local chart.
The family of such local charts not only visualizes the gluing of puzzle-pieces
of X, but also describes X itself.

Lemma 5.4. Any flake X with center Z can be saturated at Z.

Proof. 1t suffices to consider Figure 2.2 for X. For the first panel of the first
line pictures, let X = {P (M;),P (M)} as seen in Figure 5.1. Let P (V)
be the line represented by a red line segment and P (N;) the line represented
by a blue line segment. With N; and N,, we can construct a hyperplane
arrangement (b) in Figure 3.5, hence a puzzle-piece P (M3) of type (b) in
Figure 4.10 fits to X through both P (N;) and P (N3) by (G1) and (G2).
Now, let P (N3) be the line represented by the dashed line segment with green
points and P (N,) the line represented by the green line segment. With N3
and Ny, we can construct a hyperplane arrangement as in (c) of Figure 3.5
such that its associated puzzle-piece P (M) looks like (c) in Figure 4.10.
P (M,) fits through P (N3) and P (N,), and we obtain a new flake that has
no open puzzle-pieces containing 7, i.e., X is saturated at Z; see Figure 5.1.
X also can be saturated as the second line of pictures of Figure 5.1. The

other cases are all similar.
O]

Let X be a quilt, Z one of its centers. Fx (Z) is depicted in a local chart.
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Extend this picture as far as possible in the same local chart such that no
two distinct centers occupy the same point on the chart. Then, the collection
of those puzzle-pieces that are drawn in the chart that way is a quilt and a
subquilt of X. This extension need not be unique, since the local chart is

only for local computations.

Definition 5.5. A quilt X is called planar if the puzzle-pieces of X can be ex-
pressed as polygons in one grid according to (G1) and (G2). This grid works
as a local chart for each point in the grid. We define a PlanarSupport (X) to
be the union of the polygons in the grid.

Quilts connected in codimension 1

Definition 5.6. For a quilt X = {X;|i € Q}, we say that X is connected in
codimension 1 if UX; is connected in codimension 1.
Let X = {X;|i € Q} be a flake with center Z that is connected in codi-

mension 1. Each full dimensional puzzle-piece of X is expressed in a local
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chart as a polygon with a vertex representing Z with two neighboring sides
with angle 60° or 120°. Since X; are connected in codimension 1, their poly-
gons are also connected in codimension 1, so we define the angle of X at Z
to be the angular defect of a vertex corresponding to Z in a local chart (see
Figure 2.3) and denote it by ZxZ. In other words, ZxZ is defined to 360°
minus (the sum of angles of two neighboring sides of the polygons at the
vertex representing 7). ZxZ takes its value 0°,60°, 120°, 180°, 240°, 300°.

A quilt X is called locally connected in codimension 1 if for any center Z
of X, Fx (Z) is a flake that is connected in codimension 1.

If a quilt X is connected in codimension 1 and locally connected in codi-
mension 1, we define the angle of X at Z to be the angle of the flake Fy (Z)
at Z and denote it by ZxZ.

The dual graph of a quilt X is a graph that has a vertex corresponding to
each full dimensional puzzle-piece, and an edge joining two full dimensional

puzzle-pieces that fit through their common facet.

If X is connected in codimension 1, its dual graph is connected. We can
add more information to the dual graph by attaching to a vertex an edge
for each open sub-puzzle-piece of the corresponding full dimensional puzzle-
piece, and by marking an arrow for each edge such that the arrow goes from
Xy = P(M) to Xy = P(My), where M; = (S,r1) and My = (S,7y) fit
through J; and J, with ry (J;) = 1 and ro (J2) = 2. We call the graph
obtained in this way the extended dual graph of a quilt. For an example, the
dual graph and the extended one of the quilt {P (M;),P (M)} in Figure 4.8

are given in Figure 5.2.

Lemma 5.7. Let X be a quilt that is connected in codimension 1 and locally
connected in codimension 1. Then for any two distinct puzzle-pieces Xy and
X1 of X, there is a sequence of full dimensional puzzle-pieces X1, X, ..., Xy =
Xo of X such that {X;|i=1,..., f} is a quilt and its dual graph is a simple
path in the dual graph of X.
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Figure 5.2:

Proof. Since X is connected in codimension 1, take a sub-quilt X’ of X that
is also connected in codimension 1 and contains X, and X; such that the
number of full dimensional puzzle-pieces is the smallest. Then, the dual
graph of X’ is a simple path. For start with X;. There is a center Z;
such that Fx: (Z)\X; is not empty and connected in codimension 1 by the
construction of X’. Write Fx: (Z) = {X;|i=1,...,m;} such that X; and
X1 fit through a line. By Figure 2.3 and the minimality of X', Zx.Z > 0
and my < 6. The dual graph of Fx/ (Z) is a simple path.

Now, suppose that Fx/ (Z) ={Xj, |i=1,...,m} with j; <--- < j,, such
that X;, and Xj,
of X', Z/x:Z > 0 and m < 6. Then, no X; with [ > j,, intersects X, with
I < j;. Indeed, suppose that X; with [ > j,, intersects X, with I’ < j;.

fit through a line. By the Figure 2.3 and the minimality

Recall that any two distinct lines in a full dimensional puzzle-piece can be
reprsented as two sides of the boundary of a polygon of Figure 4.5; see
Remark 4.5. So, X; N Xyis a point or line, either way X;, X, are contained
in a flake Fx/ (Z') that is connected in codimension 1 for some center Z'.
Then, cast away the puzzle-pieces Xy 1,..., X;_1 and construct a new quilt
connected in codimension 1 that contains X, and X; such that the number
of full dimensional puzzle-pieces is smaller than that of X’, a contradiction.
Thus, finally we end up with a sequence of full dimensional puzzle-pieces
Xi, ..., Xy = Xosuch that {X;|i=1,..., f} is a quilt and its dual graph is a
simple path in the dual graph of X; see Figure 5.3.

O
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Figure 5.3:

Regular quilts

Suppose that X is a quilt that is connected in codimension 1 and locally
connected in codimension 1. Then, Fy (Z) is connected in codimension 1 for
any center Z of X. We say that X is reqular at a center Z it Zx7Z # 60°.
For two distinct codimension 2 puzzle-pieces Z, 7', we say that X is reqular

at the pair (Z,7') if the following properties are satisfied:
1. X is regular at both Z and Z'.

2. If Z and Z’ are connected by open lines P (M;/J) of X where M;, i € A
are inseparable rank 3 matroids with the same non-denerate flat J of
rank 2, then either one of /xZ, /xZ' is bigger than 120°.

Pictorially, X is not allowed to have the part like Figure 5.4.

\i\1‘20° 1 20°a/
- Y-O---o- -------------- ""¥t‘

Z = Zy VA Z1-1 =27
Figure 5.4:

Definition 5.8. A quilt X = {X,|¢ € 2} that is connected in codimension 1
and locally connected in codimension 1 is called a reqular quilt if it is regular
at all of its centers and at all pairs of its centers. A regular puzzle is a puzzle

that is a regular quilt at the same time.

Let X be a regular quilt, and Y, one of its open lines. Since Yj is an
open puzzle-piece of X, there is exactly one full dimensional puzzle-piece of
X that contains Yy, say Xo =P (My).
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Suppose that Sx, (Yp) has rank 1 in M,. Take a local chart for Y;, where
one needs to choose 2 distinct centers 7, Z5 of Y. Take any full dimensional
puzzle-piece X, of X. Then, as in Lemma 5.7, there is a shortest path in the
dual graph of X, say {Xo, X1, ..., X;n_1, Xpn = X} with X; = P (M;), i =
0,1,...,m, where X;,; is the immediate successor of X; such that X; contains
one of Zy, Zy, and two puzzle-pieces X;, X;,1 fit through their common facet
X; N X,;.1. Suppose that X; contains Z;, in which case X; does not contain
Z5. Then, in the given grid, the polygons of X; will be depicted according to
(G1) and (G2), and we see that there is an area of the given grid such that
no puzzle-piece X; has its polygon that intersecting inside of the area. We
call this area the safe zone for Yy with 21, Z5, which is depicted in the first
panel of Figure 5.5.

Suppose that Sx, (Yp) has rank 2 in My, and P (M,/J; & M;|y) is an
open puzzle-piece where J; is a rank 1 non-degenerate flat of M; such that
{Xo, X1} is a quilt with angle 120°. The safe zone for Yj is either the second
panel picture or the third panel picture.

We list below several conectures on the regular quilts with the sketch of

possible proofs.
Conjecture 5.9. Fvery planar reqular quilt is a puzzle.

Proof. (Sketch of a possible proof) Let X = {X;|i € Q} be a planar regular
quilt. Since X is planar, there is one grid that contains PlanarSupport (X);
see Definition 5.5. Sometimes in the grid the boundary of a polygon is broken.
But, such broken part happens only in the boundary of PlanarSupport (X)
because X is planar. Cut off the safe zones along the line segments in the
boundary of PlanarSupport (X) which represent boundary puzzle-pieces of
X. Since X is regular, observe that a safe zone of the second or the third
panel of Figure 5.5 is removed when the safe zones of first panel are cut off
from the grid. So, cutting off the safe zones of first panel in Figure 5.5 is
enough. Except the broken part of the boundary of PlanarSupport (X), the
shape of PlanarSupport (X) is obtained by cutting off all the safe zones along
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the boundary of PlanarSupport (X), which is regular; see Figure 5.6 for an
example where a black shaded echelon represents a removed safe zone.

Let X; and X5 be two distinct full dimensional puzzle-pieces of X. We
need to show that X; and X, fit, i.e., BPx, and BPx, meet nicely. If X;
and X, are contained in a flake at the same time, then BPy, and BPyx,
meet nicely by definition of a flake. So, suppose not. Then, because the grid
has triangular shape, there exist two distinct parallel separating lines in a
grid such that the polygons of X; and X5 do not intersect the middle area
that those two parallel lines make. Without loss of generality, assume that
those two lines in the grid are z (B) = 1 and z (B’) = 1 with |By| > |By|

and let Z and Z’, respectively be two centers of X; and X, whose points
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Figure 5.6:

in the grid are one the lines z (B;) = 1 and x (B;) = 1 with coordinates
(G, R, B) and (G', R, B') respectively; see Figure 5.7. Then, the polygons of
the puzzle-pieces of X that are contained in the middle area are connected
in codimension 1, and there exists a simple path consisting of line segments
that connect points contained in the middle area starting from the point
for Z ending at the point for Z’. In addition, such a path that does not
increase back the B-coordinates can be found because the broken part of
PlanarSupport (X) happens only in the boundary of PlanarSupport (X) not
inside, and the shape of PlanarSupport (X) is regular; see the paragraph of
Figure 4.7 for the direction.

Let Z = Zy, Zy, ..., Zy—1,Zs = Z' be the centers whose points are in the
simple path such that the coordinates Z; are (G;, R;, B;), and for a fixed
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Figure 5.7:

1 < f, Ziy1 is the immediate successor of Z;. Then, we see that By O
By O --- D2 Bfy 2 Bfand B = By 2 By = B'. Moreover, we have
BPx, C {z(B) <1} and BPx, C {z (S\B’) < 2}. Then,

BPx, NBPx, C {z(B) <1,z (S\B') <2}
But, since B 2 B’, one has 2 (S)+x (B\B') =z (B)+x (S\B') < 1+2 =3,
which means that x (B\B') < 0, x(B\B’) = 0 since z(S) = 3. Now,

B\B' # 0 implies that BPx, N BPy, C U, {z; = 0}. Hence, BPx, and
BPx, meet nicely. O
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We will see that every regular quilt for n < 7 is a puzzle in Theorem 6.4.

For n = §,9, it remains as a conjecture.
Conjecture 5.10. Every regular quilt when n = 8,9 s a puzzle.

Proof. (Sketch of a possible proof) Assume n = 9. Let X be a regular quilt.
Take any two distinct full dimensional puzzle-pieces Xy and X; of X. Take
a shortest path X' := {Xj,..., X;} connecting X; and X; = X,. Draw first
a polygon of Xj in a grid and keep locating a polygon of each X; in order.
The size of the grid is 6 which is too small for X’ to be not planar: wherever
the polygon of X is located, X’ should have regular shape, otherwise its
minimality is violated. Indeed, locate a polygon of Xy in the leftmost corner
of a grid as in Figure 5.8. Since X is a regular quilt, X; cannot make a turn
with 60° in view of the inner boundary of PlanarSupport (X’), but a turn
with 120°, since otherwise the minimality of X’ would be violated. Once a
120° turn is made, by the same reason, X; cannot make a turn even with
120° anymore. Hence, X’ is a regular planar quilt. Then, by Conjecture 5.9,
X' is a puzzle, which means that X, and X; fit. Therefore, X is a regular

quilt. The cases for n = 8 are similar. O
Conjecture 5.11. Fvery complete quilt for n = 8,9 is a puzzle.

Proof. Let X be a complete quilt. Z is an interior center of X if and only if
/x 7 = 0°. Since X has no open puzzle-piece, if Z is not an interior center,
then /xZ = 180° or 240°. So, X is regular at every center and every pair of

centers. Hence, X is a regular quilt, and a puzzle by Theorem 5.10. O

5.2 [-puzzle

Definition 5.12. We say that a partial tiling UBP,,, is a partial cover of Ag
if UBPy;, D Ag and BP )y, NintAg # 0 for all BPy,. A (-puzzle is a puzzle

X = UX; that comes from a partial cover of Ag for some weight vector 3.
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The following theorem is a corollary to Theorem 4.3.

Theorem 5.13. Let UV, be a stable variety, UBP; the polyhedral decom-
position of A into the base polytopes BP; that are associated to V;, UX; the
corresponding B-puzzle. Then there is a 1-1 correspondence between the strata
of UV, the strata of UBP;\ Uj_, {x; = 0}, and the strata of UX;.

Lemma 5.14. Any [-puzzle is a sub-quilt of a reqular quilt.

Proof. (Sketch of a possible proof) Let X = {X;|i € Q} be a f-puzzle. X
is connected in codimension 1 since UBPy, covers A% which is a convex
polytope. Suppose that X, = P (M) for My = (S, rg) is a 2-dimensional
puzzle-piece of X and a line Yy = P (My/A @ My|a) is a open puzzle-piece
of X with ro (A) =1, i.e., Sx, (Y) = A with |A| > 2 and 5 (A) = 1. We will

85



separate two cases and prove that X is a regular quilt for each case, which
is a long argument. After that, for the case ry (A) = 2, we will show that X
is a part of a regular quilt.

Let Z = P (Ma® Mp @& M) be a point on Yy such that Sy, (7) = B,
AUBUC = S is a partition of S, where Mp denotes a matroid = U|1D‘ with
ground set D. Then, ry (C) > 1 since M, is inseparable and 7o (AU B) = 2.
One has 5 (C) > 1, otherwise BPyx, C {z(C) <p(C)<1,z(AUB) <2}
has codimension 1.

Moreover, not both 5 (A) > 1 and S(B) > 1 hold true at the same
time. Suppose not: S(A) —1,5(B) — 1,(C) —1 > 0. Note that there
exists a point Py = (p1, ..., pn) € BPz\ U, {x; = 0} that is not contained in
Usea {x, = 1}. Consider a point P. = (¢, ..., ¢,) such that g, = p, + ‘276‘ for
aEA,qb:pb—ﬁ ﬁ There exists 0 < e <€ 1
such that ¢, < (a), ¢ > 0, g. > 0, hence 0 < ¢; < (i) for all i = 1, ..., n.
By the following equality, one has P, € Ag:

S = YarY e
=1

acA beB ceC

S () (2
= Y patd mt D pe

acA beB ceC

= 3

for b € B, and q. = p. —

Also, note that:

Yt > D> pa=ro(A)

acA acA
o < D> pp=ro(B)
beB beB
Y g < D pe=ra(C)
ceC ceC
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which implies that P, ¢ BPx,. Now, using Corollary 2.9, one can check that
P, should be contained in the interior of BPy, where X is a 2-dimensional
puzzle-piece of the p-puzzle X that contains Y. This contradicts that Y
is an open puzzle-piece of X. Hence, one of the inequalities 5(A) > 1 and
B (B) > 1 is not true.

(a) Suppose that 5 (A) > 1, then § (B) < 1 for any rank 1 non-degenerate
flat B C A° of My. The line P (My/B @& My|p) is an open puzzle-piece of X,
since otherwise Y7 = Xy N X, for some 2-dimensional puzzle-piece X; where
BPx, C {z(B°) <2}, but 5(B) <1, so we have:

BPx, C {z(B°) <2,2(B) <pB(B) <1}

If 5(B) < 1, BPy, is a empty set, otherwise BPx, is contained in a codi-

mension 1 polytope, which is a contradiction.

(i) For any non-degenerate flat J of M, that strictly contains A, since
ro(J) > 19(A) = 1 and A is a flat, one has ro(J) = 2. Then,
the puzzle-piece Y1 = P (My|; & My/J) is an open puzzle-piece. In-
deed, if Y1 = Xy N X for a 2-dimensional puzzle-piece X; = P (M)
with M; = (S,r1), one has m (J°UA) = 2 since M;/J¢ = My,
and 71 (J°UA) = rayge (A) + 11 (J) = Tag, (A) +1 =1+1 =2
But, J\A = (J°U A)° is a rank 1 flat of My/A & My|4 and not both
B(A) > 1 and B(J\A) > 1 hold true at the same time. Then,
B (J\A) < 1 since we already have 5(A) > 1. Now, BPy, is con-
tained in {z (J\A) < B(J\A) <1,z (J°U A) < 2} which has at least
codimension 1. This contradicts that BPy, has full dimension, hence
Y] is an open puzzle-piece of X. Moreover, at the point Yy N Y;, the
angle Zx, Yy NY; is 240°.

(ii) For any non-degenerate flat J of M, with ro (J) = 1 such that J # A,
e, JNA=0,Y) =P (My|;® My/J) is an open puzzle-piece. For
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suppose that Xy N X; = Y] for some 2-dimensional puzzle-piece X; =
(S,r1) of X. B (J) < 1since J is a non-degenerate flat of M|, & My/J
and not both § (A) > 1 and 5 (J) > 1 hold true at the same time. Then,
BPx, is contained in {z (J) < B (J) < 1,2(J°) < 2} since ry (J¢) = 2.
This is again a contradiction, so Y] is an open puzzle-piece of X. The

angle Zx, Y NY; is 300°.

Remark. As a result of (ii), for any rank 1 flat F' of My, S(F) < 1. In
addition, if Y; is not an open puzzle-piece of X, J := Sy, (Y1) has rank

7o (J) = 2 and does not intersect A.

Suppose Y} = Xy N X for some 2-dimensional puzzle-piece X; = P (M) of
X with M; = (S,r1). Then, A; := J¢is a rank 1 flat of M;. Consider any
line Y5 of X that intersects Y; and let J; := Sx, (Y2). By Lemma 2.1, either
J1 2 Ay with ry (J1) =2 or 1 N A; =0 with ry (J;) = 1.

(i)

(iv)

Suppose that J; 2 Ay with r (J;) = 2. J;\A; is a non-degenerate flat
of M (Y1) = My|;®&M,/J, and also a flat of M such that ro (J1\A4;) =1
and J1\A; # A. So, B(J1\A1) < 1 by the previous argument. If Y5 =
P (M|, & M;/Jq) is not an open puzzle-piece of X, write Yo = XoNX3
for some 2-dimensional puzzle-piece X3 = P (M) with Mz = (S,r3).
The point Y] N'Y; of X3 is the intesection of two lines of X3, say Ys
and Y3, where Y3 is different from Y; since Y; is an open puzzle-piece
of X. Then Sy, (YoNY3) = Ay. Let Jy := Sx, (Ys). Then, J, = A; or
Jy = JEU Ay by Lemma 2.1. In either case BPy, C {x (Jf U A;) < 2}.
But, 8 (J1\A;) <1 forces BPx, to have a positive codimension, which
is a contradiction. So, Y5 is a open puzzle-piece of X. Then, the angle
of the flake X; U X5 at Y1 NYs is 180° if J;\A; is a degenerate flat of
My, 120° otherwise.

Suppose that J; N A; = () with 71 (J;) = 1. J; is a non-degenerate flat
of M (Y1) = Myl; & M,/ J, and also a flat of My such that ro (J;) =1
and J; # A. So, 6(J;1) < 1 by the previous argument, which means
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that Y5 is a open puzzle-piece of X. The angle of the flake X; U X, at
Y1 NY; is 240° if J;1\A; is a degenerate flat of My, 180° otherwise.

Remark. For any rank 1 flat F' # Ay of M, , 5 (F') < 1. In addition, if Y5 is
not an open puzzle-piece of X, J; := Sx, (Ys) has rank r; (J;) = 2 and does
not intersect A;.

If X;41 glues to X, X, inherits the properties of above two remarks. This
makes the [-puzzle X regular at every point and every pair of points. The
dual graph of X is a tree and in the extended dual graph of X, X is one

and only one sink; see Figure 5.9.

X3

X X

Figure 5.9:

(b) Recall the setting given in the early part of this proof. If there is
a center Z such that §(A) > 1, the argument (a) says everything for that.
So, we may suppose that 5 (A) < 1 for all such A. Now, fix Z. Simi-
larly as in (a), X is regular at every point. To prove that X is regular
at every pair of points, suppose that there is a 2-dimensional puzzle-piece
Xy = P (M) with M; = (S,7) and a line Y] = P (M,|;, ® M,/J;) where
J1 = B¢ is a non-degenerate flat of M; with rank r; (B¢) = 2, such that
YinYy =2 =P (Ms® M@ Mg). Then any non-degenerate flat F' of
M|y, ® My/Jy is a rank 1 flat of M; which is contained in A, for which
we use Figure 2.3. So, we have §(F) < B(A) < 1, which implies that
P (M,/F & M|r) is an open puzzle-piece; see Figure 5.10. Therefore, X is
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regular at any pair of points (7, Z’). Since Z is arbitrary, X is regular at

every pair of points. Thus, any S-puzzle is a regular quilt.

Now, go back to the early stage of this proof and suppose that Yj is an
open puzzle-piece of X such that Y is contained in a full dimensional puzzle-
piece of X, say Xy and 79 (A) = 2. Let Z =P (MA\BGBMB @MAC) be a
center on Yy. Similarly as in above argument, there are two cases: either
B (B) <1lor f(A\B) <1 while 8(C) > 1 is always true.

(c) Suppose that 5 (B) < 1. Then, near Z, X looks like Figure 5.11. So,

Figure 5.11:

X is regular at Z and every pair (Z, Z’) for any center Z'.

(d) Suppose that 5(A\B) < 1. Near Z, X looks like the first panel of
Figure 5.12. Then, X can be extended to a quilt that is regular at Z and
every pair (Z,Z') by saturating with the puzzle-pieces obtained in Figure
4.11 as seen in the second panel of Figure 5.12. [
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Figure 5.12:
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Chapter 6
Extension of a regular quilt

We fix k = 3 throughout this chapter.

Definition 6.1. Let Xy = P (M,) with My = (S5, 79) be a full dimensional
puzzle-piece. Xy or My is called simple if ro (F) = 1 implies |F| = 1, i.e,
there is no flat F' of rank 1 with |F| > 1. This is equivalent to saying that
every singleton set is a flat since we assume the matroids of puzzle-pieces to
be loopless. For a flat J of M, we say that J is a simple incidence relation
if My|, is simple.

X is called irrelevant or almost simple if there is at most one flat F' of
rank 1 with |F| > 1.

Irrelevancy is defined the same way for 1-dimensional puzzle-pieces.

X is called planar if all of its open puzzle-pieces can be depicted in one
local chart as a part of the boundary of a polygon in Figure 4.5. X is called

planar up to wrrelevancy if Xy is planar after ignoring irrelevant lines.

Lemma 6.2. Fizn <9. Let X = {X;|i € Q} be a regular quilt, Yo an open
puzzle-piece of X. If Yy is irrelevant, it can be saturated with a full dimen-
sional irrelevant puzzle-piece Xog so that {Xoo} U {X;|i € Q} is a reqular
qualt.

Proof. Yy is a line of some full dimensional puzzle-piece Xg = P (M) of
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X with My = (S,r9). Then, J := Sx, (Yy) has rank 1 or 2 in M,. If J
has rank 1, consider hyperplanes B;, i € S, on P? such that only nontrivial
incidence relation is codim Njec; B; = 2. In other words, only nontrivial flat
of the corresponding matroid M; is J. Then, My/J = M,|; and two puzzle-
pieces P (My) and P (M;) glue through the line Yy = P (My/J © My|;) =
P (M|; @ My/J). Observe that there are at least 4 lines in general linear
position since |J| > 2, so M; is inseparable and Xy, has full dimension.
Moreover, X is irrelevant. At every point Z on Yy, the angle /x/Z = 180°,
where X' = {Xoo} U {X;|i € Q}. X’ has no open line passing through Z.
Hence, X' is regular.

If J has rank 2, consider hyperplanes B;, i € S, on P? such that only
nontrivial incidence relation is codim Njc; B; = 1. By the similar argument,
there is an irrelevant full dimensional puzzle-piece Xyg so that X’ is a regular

puzzle. ]

Corollary 6.3. Fix n < 9. If a reqular quilt X contains only irrelevant

puzzle-pieces, X can be extended to a complete quilt.

Remark. Lemma 6.2 says that irrelevant puzzle-pieces are irrelevant to gluing
puzzle-pieces to a regular puzzle. Therefore, it makes sense to consider gluing

of puzzle-pieces up to irrelevancy.

Theorem 6.4. Fvery regular quilt X for n < 7 is a puzzle and can be

extended to a complete puzzle.

Proof. Fix n < 7, and let X be a regular quilt. In the following pictures
of puzzle-pieces M, a solid line segment for the line = P (M/J) is drawn
doubled as many times as the cardinality |J| of J. The colors play a role of

labelling.

(a) If n = 4, note that U} is only one inseparable matroid with cardinality
4 ground set. Equivalently, there is only one hyperplane arrangement that

has 4 lines in general linear position. Also, A3 is only one full dimensional
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Figure 6.1:

base sub-polytope of itself. So, there is only one quilt, which is obviously a

puzzle.

(b) If n = 5, see Figure 6.1 for a grid. Any interior center P (M, & Mp & M)
takes a point in a grid with coordinate (|A|,|B|,|C|) up to the permutation
group S3. So, there is no interior center by Figure 6.1. Using Figure 2.3, one
can check that X is a subquilt of one of the three quilts given in Figure 6.2

(up to symmetry) that are actually puzzles.

KA A& A

Figure 6.2:

(c) If n = 6, see Figure 4.6 for a grid. Observe that there is at most one

Interior center.

(i) If there is one interior center for X, using Figure 2.3 one can check that
X is, up to decomposition and up to symmetry, a subquilt of one of the

five complete quilts X given in Figure 6.3. In other words, there exists
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a quilt X’ that is obtained by decomposing and gluing puzzle-pieces of
one of the quilts given in Figure 6.3 such that X is a sub-quilt of X".
Those five quilts X are actually puzzles since all of them are, up to
symmetry, decompositions of one of the flakes given in Figure 6.4; see
Figure 4.13 and 4.14 for the decomposition of a puzzle-piece that is in
use. If follows that X is a puzzle and can be extended to a complete

puzzle. Maximally decomposed puzzles are given in Figure 6.5.

A& Ko K
[TINSN TN /75

A A5

Figure 6.3:

Figure 6.4:

(ii) Assume that there is no interior center for X. Then, all puzzle-pieces of

X are irrelevant puzzle-pieces. By Corollary 6.3, X can be extended to
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a complete quilt. Indeed, there is only one maximally decomposed quilt
X for this case. Its local pictures are depicted in Figure 6.6 together

with its dual graph. Also X is a decomposion of a flake, hence it is a

) )
NEA  NDA

Figure 6.6:

puzzle. So, X is a puzzle and can be extended to a complete puzzle.

(d) If n = 7, see Figure 6.7 for a grid. Observe that X has at most 3 interior

centers. If X has 3 interior centers, a triangle or a rhombus would take those

3 interior centers. Figure 6.8 classifies such regular quilts as sub-quilts of

complete quilts up to decomposition and up to symmetry. Moreover, each

complete quilt X in Figure 6.8 is a decomposition of a flake centered at some
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interior center, hence X is a puzzle. Therefore, X is a puzzle that can be
extended to a complete puzzle.

If X has 2 interior centers, a rhombus, a pentagon, or a hexagon can
take those 2 interior centers as in Figure 6.9. In this case, the quilt X has
simpler form than above case. By computation by hands, one can see that
Figure 6.8 classifies such X up to decomposition and up to symmetry. If X
has 1 interior center, similarly one has the same result. It follows that X is
a puzzle and can be extended to a complete puzzle.

If X has no interior centers, by Corollary 6.3, X can be extended to a
complete quilt. Similarly as above, by computation by hands, one can check

that such a complete quilt that has no interior centers is a puzzle.

AN
FAVAN
JAVAVAN
VAVAVAVAN

O

For n = 8,9, we have a conjecture that is a weaker statement than The-

orem 6.4.

Conjecture 6.5. Fvery regular quilt X for n = 8,9 can be extended to a

complete quilt.

Proof. (a) Fix n = 8, see Figure 4.9 for a grid. We will show that any

open puzzle-piece of a regular quilt X can be saturated to give a new regular
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quilt. Then, since there are only finitely many puzzle-pieces, eventually the

saturating process must terminate, which means that we will end up with a

regular quilt with no open lines, i.e, a complete quilt.

Note that if an open line Y; of a regular quilt has less than three interior

centers on itself, then there is no compatibility issue when saturating Yj.
Indeed, since Yy has at most two interior centers, choose a grid and a line
segment for Yy so that those interior centers take end points of the line
segment of Yy in a grid. Then, because no full dimensional puzzle-piece can

take a point in the safe zone for Yy, whatever we fit to Yj, there is no conflict

for Y} to be saturated to give a new regular quilt.

Now, see Figure 6.9. We saturate Y with the puzzle-pieces constructed
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Figure 6.9:

in Figure 4.10. It is easy to see that the new quilt is regular since the number
of lines is 8 and there is not enough room for the new quilt to have irregular
shape. Observe that actually it suffices to consider the case of the third line
pictures of Figure 6.10 up to decomposition and symmetry, since the number
of points on each side of X is 2 or less. In Figure 6.12, one of puzzle-pieces
has 3 points on its side, but it doesn’t make a difference. Figure 6.10 and
Figure 6.11 explain enough how the quilt X is extended to a regular quilt by
saturating Yy for the similar cases.

If an open line Y has at least three interior centers on itself, it may be
possible that there is a compatibility issue when saturating Y. Now, since
n = 8, there is at most 3 interior centers on Y. Similarly as in above, it
suffices to check the case as seen in Figure 6.13. The first line pictures show

the local pictures of X, the second pictures are the local pictures of the
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Figure 6.10:

Figure 6.11:

same puzzle-piece that we glue with in order to saturate Y. The third line
pictures show the local pictures of the resulting puzzle-piece. It is also easy
to check that the new one is regular. For our better understanding, we do
one more example in a slightly different way. Suppose that X is given with
its local pictures as the first line pictures of Figure 6.14. We saturate Y, with
a puzzle-piece that is slightly different from that of Figure 6.13. In this case
the puzzle-piece we glue with has only two green lines, and it is easy to see
that there is no compatibility issue as seen in Figure 6.15, and we obtain a

new regular quilt as in Figure 6.16.
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(b) For n =9, see Figure 5.6 for a grid. The number of interior centers
that an open line Yy = P (Ny) can have is still at most 3. A newly added
case we need to check is when |Ny| = 6 as depicted in Figure 6.17. It suffices
to consider the case in Figure 6.18 up to decomposition and symmetry, since
the number of points on each side of X is 2 or less.

Write F' = {7,8,9}, J; = {1,2}, Jo = {3,4} and J3 = {5,6}. Let X; =
P (M), Xy =P (M), X3 =P (Ms) be puzzle-pieces as seen in Figure 6.18,
and Y7, Y5, Y5 open lines of X that are contained in X7, X5 X3, respectively.
We want to construct a hyperplane arrangement H (M,) whose puzzle-piece
Xy := P (M,) glues to X, through Yy without compatibility issue. There are
4 possibilities for the point arrangement for each Y;, ¢« = 1,2, 3 as follows:
rank 1 flats of M (Y;), i = 1,2, 3, are given in Table 6.

If two of M (Y;) have the same non-trivial rank 1 flat, say M (Y;) and
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Figure 6.15:

M (Y;) have a flat {8,9}, construct a hyperplane arrangement as in Figure
6.19, and glue its puzzle-piece X, to Xy as in Figure 6.20. Now, at Z3,
Y3 can be saturated with a planar puzzle-piece of type (a) in Figure 3.5 and
4.10. The new quilt is regular.

If at least one of M (Y;) has a non-trivial rank 1 flat, but none of them
have the same non-trivial flat, we can construct a hyperplane arrangement
as in Figure 6.21. Glue the puzzle-piece X, obtained from this hyperplane
arrangement through Y. Similarly as above, one can check that the new
quilt is regular, and X is extended to a regular quilt.

Else if none of M (Y;) have a non-trivial rank 1 flat, it is easy to see that
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the quilt X is extended to a regular quilt.
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Figure 6.18:

[ MM [ M(Y) M (Y3)
117,8,9,3456 | 7, 8,9, 1256 | 7,8, 9, 1234
2| 7,89, 3456 7, 89, 1256 7,89, 1234
31| 8,79, 3456 8, 79, 1256 8, 79, 1234
4| 9,78, 3456 9, 78, 1256 9, 78, 1234

Table 6.1:
7 ________ 7
20 Y
Figure 6.19:

Figure 6.20:

-
(

9

Figure 6.21:
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Chapter 7
Surjectivity of the reduction map

Fix k = 3 and F = C. Consider the moduli spaces of weighted stable hy-
perplane arrangements and reductions maps p1g : My (3,n) — Mg (3,n)
with weights # < 1. We show that there exists a counter-example to the

surjectivity of the reduction map p1 3 when n = 10.

Theorem 7.1. There exists a B-puzzle for A3, that is not extended to a

complete puzzle.

Proof. Consider the hyperplane arrangements #H (M;), ¢ = 0,1,2,3 as in
Figure 7.1. Their puzzle-pieces X; = P (M;) are depicted with a choice of
boundary lines in Figure 7.2. Their non-degenerate flats F' with |F'| > 2 are
given in Table 7.1 and the describing inequalities of BP, are given in Table
7.2, where % cy.c,, With ¢; € S ={0,1,...,9} denotes >, = (¢;).

My || 7890, 127890, 347890, 567890

M, 78, 3456, 34567890

My 78, 90, 1256, 12567890

M; 90, 1234, 12347890
Table 7.1:

Then, {Xo, X1, Xa}, {Xo, X1, X3} and { Xy, X, X3} are puzzles. Indeed,
Xy fits to X, ¢ = 1,2,3. Also, X; and X, fit since BPyx, C {x3456 < 1},
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H(Mo) H(M,)

Figure 7.1:

/
/

P (M) P(M)

Figure 7.2:

BPx, C {z12567890 < 2} implies BPx, N BPx, C {x3456 < 1, Z12567800 < 2},

and the following inequality means that x5 < 0, x5 = O:
3+ T56 = Ts + T56 = T3456 + T12567800 < 1 + 2

Hence BP,;, and BP,;, meet nicely, which means that X; and X, fit to-
gether. Similarly, X; and Xj fit together, so do X5 and X3. Therefore,
{Xo, X1, Xo, X3} is a puzzle; see Figure 7.3 for the local pictures.

This puzzle X cannot be extended to a complete puzzle. Indeed, consider
the open puzzle-piece Yy = P (My/{7,8,9,0}) of X, that is represented
by multiple green lines and let Z;, ¢ = 1,2,3, be three points on Y, with
Sy, (Z1) = {1,2}, Sy, (Z2) = {3,4}, Sy, (Z35) = {5,6}. If X is extended to
a complete puzzle, Yy should be saturated with some 2-dimensional puzzle-
piece Xy = P (M,). In other words, M, is an inseparable matroid of rank
3, and S\ {7,8,9,0} = {1,2,3,4,5,6} is a non-degenerate flat of M, such
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My || BPa, = {7800 < 1, 2127890 < 2, T347890 < 2, Ts67800 < 2}.
M, BPu, = {@7s < 1, 23456 < 1, T3456 7800 < 2}
My BPu, = {a7s < 1,290 < 1, 71256 < 1, T12567890 < 2}
M BPar, = {zo0 < 1, 21234 < 1, 19347890 < 2}

Table 7.2:

Figure 7.3:

-----

is a point in H (M,) which is the intersection of Z (12), Z (34) and Z (56);
see the first panel of Figure 7.4.

Zs3

Zs

e
/ 12 \
12 56 34 34 56
Figure 7.4:

Suppose that for a flat ' € {{1,2},{3,4},{5,6}}, Z(F) N Z(789) is
a point in H (My), say F = {1,2}, then for other flats F' = {3,4},{5, 6},
Z (F"YN Z(789) = 0, since otherwise the lines Z (7),Z (8),Z (9) coincide
at two distinct points, hence Z (7) = Z(8) = Z(9). Then, ry(S) = 3 =
241 =r,(123456) + r4 (789), which implies that My = (S, r4) is separable,
a contradiction. So, the lines Z (34) and Z (56) have three distinct points
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on themselves. Then, {3,4} and {5,6} are non-degenerate flats of M, by
Lemma 3.10, and X} locally looks like the second panel of Figure 7.4. By the
classification theorem of a flake (see Figure 2.3), X, and X, fit through their
common facet, and X and X3 also fit through their common facet. So, one
has Ms|pi2567sy = Ma/{3,4} and Ms|q 03478 = Ma/{5,6}; see Figure
7.5. Ms|125678 = M/ {3,4} implies that Z (7) N Z (8) N Z (34) is a point

Figure 7.5:

that is different from Z (12) N Z (789). Then the lines Z (7) and Z (8) pass

through two distinct points at the same time, hence Z (7) = Z (8). However,

M;|123478y = My/{5,6} implies that Z (7) N Z (8) N Z (56) = 0, which is

a contradiction since Z (7) N Z (8) N Z (56) = Z (7) N Z (56) is a point. For

other choice of F' = {3,4},{5,6}, we get contradictions in the same way.
Suppose that Z (F)NZ (789) is empty for any flat F' € {{1,2},{3,4},{5,6}}.

Then, one has:

Miliasersy = Ma/{1,2}
Mslposersy = Ma/{3,4}
Ml 23478y = May/{5,6}

which implies that the lines Z (7) and Z (8) coincide at two distinct points,
so Z(7) = Z(8) = Z(78). Then, r3(78) = 2 from Table 6.2. However, the
following equation tells that Ms|q 23478 7# Ma/{5,6}, which is a contra-
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diction.
TMy/{5,6} (78) =14 (5678) — 14 (56) =2 —1=1#2=r3(78)

Therefore, X cannot be extended to a complete puzzle.

Now, we will show that X is a S-puzzle. For let:

)

then, BPy, NintAgz # () for i = 0,1,2,3. Indeed, for Xy, let:

Y

e~ =
= =

11
=(1,1,1,1,1,1,—, -
B <7777774747

One can decrease vy, vg, Vg, Vg by 0 < € < 1 and increase vy, ..., vg by % SO

that the new point is still contained in BPx, and also in intAgz. For Xj, let:
1111111111
v = ( —————————— > S BPX1

One can decrease v7, vg, Vg, Ug and v3, vy, V5, Vg by 0 < € < 1 and increase
vy, Uy by % so that the new point is contained in both BPx, and intAg. The
other cases are similar.

Moreover, U?_BPx, covers Ag. For suppose that there exists a point
v € Ag\ U} BPx,. This means that v violates at least one inequality for
each base polytope. Observe that then since vr7ggg < Prgoo = 1, one has
Usgs6 > 1, V1256 > 1, V1934 > 1 for BPx,, BPx,, BP,, respectively. Whatever
is violated out of 3 inequalities 127890 < 2, T347890 < 2, Tse78090 < 2 for BPyy,,

one reaches a contradiction because:

3 =vi27890 + Usasg > 2+ 1=3 or
3 = Usarg90 + V156 > 2+ 1 =3 or
3= Us67890 + U1234 > 2+1=3.
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Therefore, Ag\ U}, BPy, is empty, which means that U}_,BPx, covers Ag.
O

Corollary 7.2. When n = 10, there exists a weight vector 3 such that the
reduction map p15: M1 (3,10) — Mg (3,10) is not surjective.

Proof. Fix n = 10. Let Xq, X1, X5, X3 be the puzzle-pieces obtained in The-
orem 7.1.Then, the codimension 1 puzzle-pieces Y; := X; N Xy, ¢ = 1,2,3
have exactly 3 distinct point loci on themselves. Consider the varieties
Vo, Vi, Vo, V3 that give puzzle-pieces Xy, X1, Xo, X3, respectively. Recall that
there is a one-to-one correspondence between the strata of the log canonical
model of a hyperplane arrangement and that of its corresponding puzzle-
piece. Let Wy, W5, W3 be the 1-dimensional subvarieties of Vi, Vs, Vs, re-
spectively, that give the puzzle-pieces Y7, Ys, Ys. Let Wi, W3, W3 be the 1-
dimensional subvarieties of V[ that give Y7, Y5, Y3, respectively. Observe that

Wi, Wi
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¢t = 1,2,3 are 1-dimensional hyperplane arrangemnts that are all
isomorphic to P! with 3 distinct points. Because (P!, 3pts) has no moduli,
Vo, Vi, © =1, 2,3 uniquely glue to a variety.

Recall that any element of Mz (3,n) gives a partial cover of Ag, and this
correspondence is commutative with reduction maps. If py 5 : My (3,10) —
Mg (3,10) is surjective, there must exist a tiling of A = A such that A is
an extension of Ag, in other words, there must exist a complete puzzle that
is an extension of the S-puzzle that corresponds to the given partial cover of
Ag. But, in Theorem 7.1, we see that the S-puzzle XU X; U X5 U X3 is not
extended to a complete puzzle, a contradiction. Hence, p1 4 : My (3,10) —

Mg (3,10) is not surjective for 3 given in Theorem 7.1. []
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