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ABSTRACT

This dissertation proposes algorithms for data-driven nonparametric identification, model

reduction, and control synthesis of linear parameter-varying (LPV) models in the state-space

form. We make use of kernelized machine learning (ML) and multivariate analysis (MVA) tools

to develop model reduction techniques that reduce the scheduling dependency in LPV state-space

(LPV-SS) models, thereby reducing exponentially, the computation complexity of LPV controller

synthesis. Further, we formulate a regularized least squares support vector machine (LS-SVM)-

based algorithm to identify LPV-SS models using inputs, outputs, states, and scheduling variables

measurements. The technique is further extended to an instrumental variable support vector

machine (IV-SVM) approach that is able to identify LPV-SS models under generic noise condi-

tions, including cases where noise not only is colored, but is also correlated with the scheduling

variables. The proposed technique seeks to obtain an unbiased estimator of the scheduling depen-

dency functions in the face of noise-induced bias. In case the state variables are not directly

measurable, a kernelized canonical correlation analysis (CCA)-based routine is proposed to esti-

mate the states from past and future inputs, outputs, and scheduling variables measurements. This

provides a non-unique estimate of the states up to a similarity transform. Once the states are esti-

mated, previously-proposed LS-SVM-based algorithm is used in tandem with the estimated states

to identify an LPV-SS model. All techniques proposed in this work exploit the use of the so-called



kernel trick, giving extra degrees of freedom to choose different kernel functions and tune their

associated hyper-parameters. Different applications including a robotic manipulator and chemical

process models are used to verify the different algorithms developed as part of this dissertation.

INDEX WORDS: System Identification; Linear Parameter-varying Models; Kernelized
Machine Learning; Kernel trick; Least-squares Support Vector Machine;
Model Reduction.
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CHAPTER 1

INTRODUCTION AND LITERATURE SURVEY

1.1 INTRODUCTION TO LINEAR PARAMETER-VARYING MODELS

Linear parameter-varying (LPV) systems are a class of dynamical systems, in which nonlinear

models can be described using a linear dynamic relation between the inputs and the outputs.

This relation is dependent on measurable time-varying signals, which represent the varying oper-

ating conditions of the system. The ability of LPV models to capture nonlinearities in the system

dynamics by using linear dynamical relationships that are dependent on time-varying measurable

signals makes it possible to apply linear optimal control techniques to nonlinear systems repre-

sented by LPV models.

Consider a continuous-time nonlinear system Q shown in Figure 1.1. The system describes

(possibly) nonlinear dynamic relation between the measurable signals µ : R → Rµ, Rµ ⊆ Rs.

Let B be the set of all trajectories of µ compatible with Q. By introducing an auxiliary variable

θ, one can reformulate the system representation of Q as shown in Figure 1.1(b), where given

the trajectory of θ : R → Rθ, Rθ ⊆ Rl, all relations between µ are linear. By applying this

reformulation of a disconnected θ and assuming that all trajectories of θ are allowed independently

from µ, the reformulated system will have a solution set B′ = {(θ, µ)|θ : R → Rθ, µ : R → Rµ}

and the pair (θ, µ) satisfies the reformulated model equations. The behavior B′ contains B, giving a

linear, but θ-dependent description of Q. The reformulated system represents an LPV system. This

enables us to use various linear control design tools formulated in the form of convex problems for

the nonlinear system described by an LPV representation. In case θ is measurable in the considered

system, then such a controller can be directly implemented. In real world applications, there can

be several different relations between the scheduling variables θ and the measurable signals µ.
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Figure 1.1: (a) Original nonlinear system representation. (b) LPV model representation. (c)
Resulting behaviors (set of signal trajectories as the solution of the corresponding dynamical
model).

Variables θ might even be free variables with respect to Q; however, often the auxiliary variables

depend on other signals. In such a case, the resulting system is often referred to as a quasi-LPV

system [1], but, in principle, the LPV framework and control synthesis problem remains invariant;

only the representation of the nonlinear behavior becomes conservative, as indicated in Figure 1.1.

A typical LPV state-space (LPV-SS) model can be described as

qxt = A(θt)xt +B(θt)ut,

yt = C(θt)xt +D(θt)ut, (1.1)

where xt ∈ Rnx , ut ∈ Rnu , and yt ∈ Rny represent the states, inputs, and outputs at time

instant t, respectively. Operator q denotes the differential operator for continuous-time systems,

and forward shift operator for discrete-time systems, respectively. The state-space matrices are

functions of the time-varying parameters θt ∈ Rθ, Rθ ⊆ Rl, commonly known as the scheduling

variables. The scheduling variables are in turn continuous functions of measurable signals µt ∈

Rµ, Rµ ⊆ Rs, available from the system. This dependence can be written as

θt = p(µt), p : Rs → Rl. (1.2)

where s, l ∈ Z+. In the practice of control engineering, there are many applications that require

the design of a single controller that can guarantee stability and a transient response performance
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for all operating conditions of the plant. A most common approach taken in these situations is that

of gain-scheduling. In the context of LPV models, one or more scheduling variables can be used

to parameterize the space of operating points of the plant. For each operating point within this

space, the gain-scheduling approach will give a linear system. A similar parameterized controller

can then be designed that fulfills the required closed-loop objectives at each operating point and an

acceptable behavior while switching between multiple operating points [2]. A survey of different

LPV gain-scheduled controller synthesis methods is given in detail in [3], [4], and [5].

Owing to this attractive property of the LPV models that retains the linearity structure between

the inputs and outputs of the nonlinear dynamical system and can schedule the system based on

scheduling variables that parameterize the system, it is not surprising that LPV identification and

control has attracted noticeable attention in the recent past, e.g., among others, see [6–9]. LPV

models have found a wide variety of applications in the real world, ranging from aircrafts [10],

helicopter dynamics [11], after-treatment systems [12], wind turbines [13–15], automobiles [16],

servo systems [17], hypersonic vehicles [18], web service systems [19], mechatronic systems [20],

aerospace applications [21], high purity distillation column [22], robot control [23], chaos syn-

chronization [24], motion platforms [25], flight control [26], compressor [27], biomedical applica-

tions [28], and chemical processes [29], among others.

Naturally, a lot of research effort geared towards developing high fidelity LPV models has been

seen in the modeling and control community in the recent past, from converting first-principles

physics-based nonlinear lumped-parameter models into an LPV form, to developing LPV models

purely from experimental data. In the following section, we take a look at the existing state of the

art in the LPV identification and modeling literature pertaining to LPV system identification and

model reduction.

1.2 LITERATURE SURVEY ON LPV SYSTEM IDENTIFICATION

LPV modeling and system identification has a rich set of open problems that has challenged the

researchers in the control systems community recently. The primary motivation behind LPV mod-
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eling is to represent the nonlinear dynamic system using a linear-in-input-and-output model that

has a dependency on time-varying parameters. This gives the advantage of being able to apply

linear control synthesis techniques to nonlinear systems. The implication of this is that one can

extend LTI control synthesis methods to LPV systems instead of going through tedious nonlinear

control design procedures. However, to be able to design an LPV controller, one needs to have a

“good” LPV model. Such a model has: (a) low model order and low number of scheduling vari-

ables, and (b) good prediction capability.

Aspect (a) pertains to having a “reduced” LPV model. The number of scheduling variables

in an LPV model has a significant impact on the LPV controller design process, often leading

to increased computational complexity, conservatism, and overbounding in the scheduling region

[30]. In polytopic LPV systems, the complexity of controller synthesis has an exponential depen-

dence on the number of scheduling variables, directly resulting in a high computational complexity

for controller synthesis as the number of scheduling variables increases. A common objective for

deriving an LPV model is, therefore, to limit the number of scheduling variables to a few [31–33].

This elevates the problem of LPV model reduction to a significant one. Model reduction in the LPV

case refers to both a reduction in the number of state variables (model order), as well as reduction

of scheduling dependency. These two aspects of complexity are strongly related [33]. In particular,

reduction of model order can result in an increased complexity, while reduction of dependency is

often available via the introduction of extra state variables [33].

In [32], the authors proposed LPV model reduction, both in the sense of model order reduc-

tion, as well as reduction of the scheduling dependencies. The authors propose an LPV Ho-Kalman

algorithm via imposing a sparsity expectation on the model to be reduced. The authors demonstrate

their reduction algorithm on a mass-spring-damper system model. In [30], the authors demon-

strated the use of principal component analysis (PCA) for finding tighter scheduling regions to

represent the same underlying dynamical behavior in the LPV model. In [34], a model order reduc-

tion algorithm for non-stationary LPV models is presented. The authors present their technique as

an extension of balanced truncation procedure.
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Aspect (b) pertains to obtaining LPV models that can predict the outputs of the nonlinear

dynamical systems under varying operating conditions. While models based on physics can be

written into an LPV form, often these models may not be available, or might be too complex to

be used for LPV controller synthesis. This is where “data-driven” models have shown immense

potential in their use for LPV controller design. The LPV system identification community has

been actively focusing on developing efficient methods of identifying LPV models using system-

generated data.

LPV model identification has attracted a lot of attention within the system identification com-

munity in the recent past. Significant progress on the identification of LPV systems with input-

output models (LPV-IO) has been achieved. Bamieh and Giarré developed a least mean squares

(LMS) and recursive least-squares (RLS)-based algorithm for identification of discrete-time LPV-

IO models in [35]. More recently, Tóth et al. have developed: discrete-time LPV-IO identification

methods using least-squares support vector machines (LS-SVM) in [36]; an instrumental variables

(IV) method to cater to generic noise conditions [37]; an IV-based method for LPV identification

in the closed-loop [38]; a refined-IV method for direct identification of continuous-time LPV-IO

models [39]; an IV-based scheme for LPV Box-Jenkins models [40]; and an LS-SVM scheme

to identify LPV-IO models with noise-corrupted scheduling variables measurements [41], among

several others. While these, and several other recent efforts exist for the identification of LPV-

IO models, identification of LPV-SS model remains challenging with several open problems still

unresolved.

The main streams of LPV control synthesis approaches in the literature are derived from LPV-

SS representations. However, the bulk of discrete-time LPV identification and modeling is often

carried out under an IO structure. Therefore, a possible approach would be to transform available

LPV-IO models to LPV-SS form. However, such a transformation is complicated as the conversion

to equivalent SS models often results in dynamic dependence of the state-space matrices on the

scheduling variables while approximative “realizations” deform the dynamical relations between

the inputs and outputs, often leading to high output errors [42]. Allowing for such a dynamic
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dependence increases the complexity of the transformed LPV-SS model thereby making controller

synthesis more difficult or even computationally infeasible. It is for this reason that LPV state-

space models directly identified from input and output data are of prime importance.

There are two approaches researchers have taken for LPV identification, including LPV-SS

identification. A local approach is that in which so-called “frozen” LTI models are identified for

fixed values of scheduling variables and interpolation is performed to find a model at any other

measured value of the scheduling variable. Examples of local LPV-SS identification include, but

are not limited to [20, 43–46]. The other, global approach, is that of identifying the functional

dependency of the state-space matrices on the scheduling variables.

Broadly speaking, global LPV-SS identification methods can be categorized into parametric

and nonparametric methods. In parametric identification of LPV models, the assumption is made

that the scheduling dependencies of the model coefficients are known a priori [35]. However,

in practice, selecting adequate functions to parameterize these dependencies is a non-trivial task

where often one tries to include a wide array of basis functions to ensure that the process dynamics

are captured. This often leads to over-parametrization of the model coefficients [47], causing a

large variance in the estimates. On the other hand, an inappropriate selection of these functions

causes structural bias [36].

Examples of parametric LPV-SS identification include different variants of subspace identifica-

tion methods (SIM) extended from LTI systems to LPV and bilinear models with affine parameter

dependence. Verhaegen et al. first proposed a method based on gradient search in the scheduling

parameter space in [48]. The said method involved solving a nonlinear optimization problem; the

authors claimed that using subpace methods for LPV systems could ensure starting with a viable

initial condition. Later, in [49], the authors proposed a subspace-based method for multivariable

LPV-SS models. This work was limited to LPV models with affine parameter dependence on the

LPV-SS matrices. The method usually suffers from the so-called curse of dimensionality problem;

the authors proposed using only dominant rows of the data matrices for identification, in order

to overcome this curse. The authors later applied an extension of this work on the problem of
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identifying rotor dynamics of a helicopter in [11]. Kernels were later introduced to cope with

the curse of dimensionality in [50]. The authors claimed that by relying only on computations

with kernel matrices, the computation complexity of the earlier-proposed subspace method does

not grow exponentially with the number of rows in the data matrix. Thus, with the introduction

of kernel methods, the limitation of high computational complexity was addressed, making the

method more suited to higher order systems. An improved subspace-based parametric identifica-

tion method for LPV-SS models was proposed in [51]; the proposed method made use of periodi-

cally varying scheduling variables during the course of the identification experiment. The proposed

method emphasized on obtaining an observability matrix that is defined with respect to the same

state basis. However, once identified, the model was claimed to be valid for non-periodic sequences

of scheduling variables as well. Predictor-based subspace identification (PBSID) was proposed

in [52]. This method was yet another extension of LPV subspace-based identification method; it

introduced a factorization making it possible to form predictors based on past inputs, outputs, and

scheduling variables data. A similar predictor-based method was proposed and presented for open,

as well as, closed-loop identification of LPV and bilinear systems in [53]. In [54], LPV-SS model

with affine dependence was formulated as a generalized recurrent neural network model first pro-

posed in [55]. A novel indirect technique for closed-loop identification was proposed; the identified

model was later trasnformed into a quasi-LPV model. Validation was performed on an arm-driven

inverted pendulum. All of the above methods pertain to systems that can be modeled with affine

parameter-dependence, and fall under the category of parametric identification; these are usually

suitable for low-dimensional cases. For an overview of other LPV-SS identification schemes, the

interested reader is referred to [56].

An alternative approach with an attractive bias-variance trade-off is to obtain a nonparametric

reconstruction of the scheduling dependencies in LPV models. Kernel-based nonparametric iden-

tification techniques have demonstrated encouraging results for LPV-IO models in [36, 41, 47],

among others; however, very few nonparametric methods for state-space model structures have

been reported. A mixed parametric method based on LS-SVM was proposed recently in [57]. In
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this work, the state matrix A is described by a parametric model, while the state-readout matrix C

is described by a nonparametric one. The problem of selecting basis functions therefore is solved

only partially. Additionally, the work [57] focuses only on single-input single-output (SISO) LPV-

SS models.

1.3 DISSERTATION AIMS AND ORGANIZATION

The aim of this dissertation is to develop new algorithms, using tools from machine learning (ML),

to address the problems of model reduction and identification in LPV-SS models. Specifically, we

look at the problem of reducing the scheduling space in LPV-SS models in an efficient manner

using kernelized ML as well as multivariate analysis (MVA) tools. We also compare the proposed

methods with the existing method of model reduction that seeks to reduce the scheduling space.

We further propose in this dissertation, nonparametric algorithms for identification of discrete-

time LPV-SS models using kernelized LS-SVM. The proposed methods aim to identify LPV-SS

models directly from input, output, and scheduling variables data, both, with and without, the

availability of states measurements. We propose a convex optimization problem that depends only

on tuning kernel hyper-parameters to unlock the functional dependencies of the elements of LPV-

SS matrices on the scheduling variables. The use of MVA for state estimation is also explored. The

dissertation is organized as follows: Chapter 2 proposed a method for model reduction in LPV-SS

models using a kernelized PCA approach. The proposed method develops an iterative scheme to

estimate the pre-image of the reduced scheduling variable in order to estimate the original LPV

model from the reduced model. Chapter 3 proposes a method to overcome the need for solving

an iterative nonlinear optimization procedure as proposed in the previous chapter, and proposes a

much more efficient model reduction technique that makes use of kernelized MVA tools, yet gives

us a reduced affine-in-parameters LPV-SS model. This makes the model ideal for LPV controller

synthesis purpose. Chapter 4 introduces an LS-SVM-based scheme for identification of discrete-

time LPV-SS models and considers the case study of identifying the model of a chemical process

using the proposed method. In Chapter 5, the identification scheme of the previous chapter is
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extended to a more generic noise setting, giving us the ability to handle colored noise in LPV-

SS identification. Chapter 6 extends the proposed identification algorithm to the case where state

measurements are not directly available. This chapter proposes an algorithm for state estimation

in LPV-SS models when only the measurements of inputs, outputs, and scheduling variables data

are available. Finally, concluding remarks about the contribution of the dissertation and possible

future tracks of research are laid out in Chapter 7.
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CHAPTER 2

PARAMETER SET-MAPPING USING KERNEL-BASED PCA FOR LINEAR

PARAMETER-VARYING SYSTEMS 1

1Syed Z. Rizvi, J. Mohammadpour, R. Tóth, and N. Meskin: Parameter Set-mapping using Kernel-based
PCA for Linear Parameter-Varying Systems. 2014. Proc. of the 13th European Control Conference, Stras-
bourg, France: 2744-2749. c©2014 IEEE. Reprinted here with permission of the publisher.
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ABSTRACT

This paper proposes a method for reduction of scheduling dependency in linear parameter-varying

(LPV) systems. In particular, both the dimension of the scheduling variable and the corresponding

scheduling region are shrunk using kernel-based principal component analysis (PCA). Kernel PCA

corresponds to linear PCA that is performed in a high-dimensional feature space, allowing the

extension of linear PCA to nonlinear dimensionality reduction. It, hence, enables the reduction

of complicated coefficient dependencies which cannot be simplified in a linear subspace, giving

kernel PCA an advantage over other linear techniques. This corresponds to mapping the original

scheduling variables to a set of lower dimensional variables via a nonlinear mapping. However,

to recover the original coefficient functions of the model, this nonlinear mapping is needed to be

inverted. Such an inversion is not straightforward. The reduced scheduling variables are a non-

linear expansion of the original scheduling variables into a high-dimensional feature space, an

inverse mapping for which is not available. Therefore, we cannot generally assert that such an

expansion has a “pre-image” in the original scheduling region. While certain pre-image approxi-

mation algorithms are found in the literature for Gaussian kernel-based PCA, we aim to generalize

the pre-image estimation algorithm to other commonly used kernels, and formulate an iterative

pre-image estimation rule. Finally, we consider the case study of a physical system described by

an LPV model and compare the performance of linear and kernel PCA-based LPV model reduc-

tion.
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2.1 INTRODUCTION

Principal component analysis (PCA) is a mathematical tool that extracts a set of linearly uncorre-

lated variables from an observation of possibly correlated variables using orthogonal transforma-

tions. PCA is an eigenvector-based multivariate data analysis technique. The extracted variables

are called principal components and are arranged in descending order of their variance in the data,

measured by their corresponding eigenvalues. This means that the data components with very small

variance can be neglected without losing much useful information, a property which makes PCA

an extremely attractive option for dimensionality reduction purpose [58].

The ability of PCA to reduce the data dimension makes it ideal for tightening the scheduling

region in linear parameter-varying (LPV) models. LPV systems are a class of systems, in which

nonlinear models can be represented as a linear dynamic relation of the input and output variables,

where this relation is dependent on a measurable time-varying signal, the so called scheduling

variable, which expresses the varying operating conditions of the system. This allows one to apply

linear optimal control techniques to nonlinear systems represented by LPV models. However, in

practice, LPV controller design often encounters significant difficulties due to the high number of

scheduling variables and conservatism and overbouding in the scheduling region [30]. For instance,

in polytopic LPV systems, the complexity of controller synthesis has an exponential dependence on

the number of scheduling variables. Hence, a large number of scheduling signals results in a high

computational complexity for controller synthesis. Due to this, one of the objectives in deriving

an LPV model for even a highly complex system is to limit the number of scheduling parameters

to a very few as described in [31, 33, 59]. PCA has proved to be an effective tool for solving this

problem and a handful of papers have successfully demonstrated the use of PCA for finding tighter

scheduling regions for LPV systems (see [30], [60]).

With the emergence of kernel-based techniques, a new avenue of data processing appeared in

the last decade. Kernels are nonlinear functions that enable us to perform linear operations in high-

dimensional feature spaces, where it is easier to separate components in the data. These nonlinear

functions operate in the original data space and do not require mapping of the original data to
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the feature space, where the actual extraction takes place. This so called kernel trick has made

component extraction much more efficient and realizable [61]. The choice of various kernels has

further increased the flexibility of exploring different regions of the data more thoroughly. It is thus

natural to investigate the use of kernel-based PCA for attaining efficient LPV models with reduced

scheduling region.

In this paper, we explore the use of kernel-based PCA for LPV model reduction. It should be

noted that model reduction in the LPV case refers to both reduction of the number of state variables

(model order) and scheduling dependency as these facets of complexity are strongly related [33].

In particular, reduction of state order often results in an increased complexity, while reduction of

dependency is often available via the introduction of extra state variables. Here, we address the

problem of reduction of the complexity of the dependency with a proposed kernel PCA approach

while the current state order is preserved. We analyze the advantages of kernel-based PCA over

linear PCA, as well as the difficulties associated with it in obtaining a pre-image of the reduced

parameters in the feature space. The paper is arranged as follows: Section 2.2 gives an introduction

to LPV systems and formulates the problem of interest. Section 2.3 revisits the use of PCA for

LPV systems. In Section 2.4, kernel-based PCA is applied to determine a tighter LPV scheduling

region, and the mathematical advantages and pitfalls are explored. Section 2.5 considers a practical

example of a mechanical system approximated by kernel-based PCA reduced LPV model. Some

concluding remarks are made in Section 2.6. Here, we find it important to mention the use of

subscripts and superscripts for variable notation used in this paper. Unless otherwise specified, for

any given vector β ∈ Rn, we use βji to denote the jth component of the ith measurement vector βi.

2.2 PRELIMINARIES AND PROBLEM FORMULATION

Consider a nonlinear system Q shown in Figure 2.1. The system describes (possibly) nonlinear

dynamic relation between measurable signals µ : R → R s. Let B be the set of all trajectories

of µ compatible with Q. By introducing an auxiliary variable θ, one can reformulate the system

representation ofQ as shown in Figure 2.1 (b), where given the trajectory of θ, all relations between
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µ are linear. By applying this reformulation of a disconnected θ and assuming that all trajectories

of θ are allowed, the reformulated system will form a possible behavior B′. This behavior B′

will contain B, giving us a linear, but θ-dependent description of Q. The reformulated system

represents an LPV system. This enables us to use several linear control techniques and convex

controller synthesis for the nonlinear system described by an LPV representation. There can be

several diffferent relations between the scheduling variable θ and the original variables µ. Variabale

θ might be a free variable w.r.t. Q, However, often the auxillary variable depends on other signals.

In such a case, the resulting system is often referred as a quasi parameter-varying system [1].

LPV systems in continuous-time are often described by a state-space representation as follows:

ẋ(t) = A(θ(t))x(t) +B(θ(t))u(t),

y(t) = C(θ(t))x(t) +D(θ(t))u(t), (2.1)

where x(t) ∈ Rnx , u(t) ∈ Rnu , and y(t) ∈ Rny represent the state, input, and output

variables at time t, respectively. The system matrix, as well as the input, output and feedthrough

matrices are continuous functions of time-varying parameters θ(t) ∈ Rl, commonly known as the

scheduling variables. The scheduling parameters are in turn a continuous function of measurable

signals µ(t) ∈ Rs, available from the system. This dependence can be written as

θ(t) = p(µ(t)), p : Rs → Rl. (2.2)

The LPV system is considered affine in the scheduling parameters if

Q(θ) =
l∑

i=1

θiQi, (2.3)

where Q(θ) is a more compact representation of the system given by

Q(θ) =

A(θ) B(θ)

C(θ) D(θ)

 . (2.4)

Now, consider the compact set Rθ ⊂ Rl : θ(t) ∈ Rθ, ∀t > 0 defined by vertices

Rθ := Co{θv1 · · · θvN}, (2.5)
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Figure 2.1: (a) Original nonlinear system representation. (b) LPV representation. (c) Resulting
beaviors

where N = 2l defines the number of vertices in the scheduling region and Co denotes minimal

convex hull. Given the fact that θ can be obtained by a convex combination of vertices θvi, and that

Q(θ) depends affinely on the scheduling parameters, it follows that the system can be represented

by a linear combination of multiple LTI systems at the vertices. Such a representation/system is

referred to as a polytopic LPV system.

Given the system (2.1), the problem of LPV model reduction can be described as follows: Find

a mapping defined by

ρ(t) = q(µ(t)), q : Rs → Rm, (2.6)

where m ≤ l, such that the system matrices in

ẋ(t) = Ã(ρ(t))x(t) + B̃(ρ(t))u(t),

y(t) = C̃(ρ(t))x(t) + D̃(ρ(t))u(t), (2.7)

approximate (2.1) sufficiently well. We use kernel-based PCA to find a tighter scheduling region,

and seek to find a relatively small m, that can approximate the original system with the one in

(2.7), without incurring a significant loss of useful information in the data.
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2.3 PCA FOR LPV MODELING

Before formulating a kernel-based PCA algorithm for parameter reduction, we quickly revisit the

standard linear PCA as applied to the LPV model reduction problem. Basic literature on PCA

can be found in detail in the literature in several manuscripts. Here, we refer the reader to [62].

To apply PCA to LPV scheduling variable data, one first needs to generate and collect data by

means of measurement or simulation, such that the data covers all regions of operation within the

operating range. Given the LPV system (2.1) and assuming that the scheduling signals have been

sampled at time instants t = 1, 2, · · · , n, scheduling parameters θi ∈ Rl for i = 1, 2, · · · , n are

computed and represented by the following l × n matrix:

Θ =
[
θ(1) · · · θ(n)

]
,

=
[
p(µ(1)) · · · p(µ(n))

]
, (2.8)

PCA can be applied either by performing a singular value decomposition (SVD) on the data matrix

Θ, or by solving an eigenvalue problem for the covariance matrix ΘTΘ. Here, we describe the pro-

cedure based on eigenvalue decomposition of the covariance matrix in order to maintain uniformity

with the kernel version of PCA in the next section. The covariance matrix is given by

C = Θ>c Θc,

where Θc = N (Θ) = Θ − Θmean is the data centered around the origin. We then solve an eigen-

value problem for the covariance matrix C, such that Cvi = λivi, where λi and vi are the ith

eigenvalue and eigenvector, respectively. The eigenvectors are then sorted in descending order of

their corresponding non-zero eigenvalues, and the m principal components for any test point θ(t)

at a given time t are extracted using

ρ(t) = q(µ(t)) = V >m p(µ(t)) = V >m θ(t), (2.9)

where Vm denotes an l × m matrix whose columns contain the first m significant eigenvectors

associated with the m significant eigenvalues. The approximation of the actual parameter θ̂(t)
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corresponding to ρ(t) can be easily computed as

θ̂(t) = N−1(Vmρ(t)), (2.10)

whereN−1(vmρ(t)) = vmρ(t) + Θmean denotes scaling back of the data by adding the mean value

of Θ along each dimension.

2.4 KERNEL PCA FOR LPV MODELING

Kernel-based PCA, more simply known as kernel PCA, is an extension of the traditional PCA

approach, in which linear dot-product operation is performed, albeit in a higher dimensional feature

space [58]. Due to the high dimension of the feature space, separation of features or components

in the data is much easily realizable. The beauty of kernel-based methods primarily lies in the

now-famous kernel trick, which allows performing linear operations in the feature space without

explicitly mapping the parameters into the feature space. This has led to various applications of

kernel PCA like feature extraction in facial recognition [63] and denoising [64], among several

others. In LPV systems, this can lead to reduced over-parametrization by reducing scheduling

variables more effectively.

Let us assume that the scheduling variables of the LPV system (2.1) are mapped into the feature

space as Φ(θ1),Φ(θ2), · · · ,Φ(θn). We also assume that the mapped parameters are centered, i.e.,∑n
j=1 Φ(θj) = 0. Since it is not possible to obtain the mean of data we do not explicitly calculate,

we will assume at this point that the data is centered in the feature space and explore an implicit

alternative to centering the data, later in this section. To perform traditional PCA on this data, we

derive the covariance matrix as follows:

C =
1

n

n∑
j=1

Φ(θj)Φ
>(θj). (2.11)

In order to select the principal components, the relation λv = Cv should hold. We can therefore

consider the following:

λ(Φ(θj) · v) = (Φ(θj) · Cv), ∀ j = 1, · · ·n, (2.12)

17



where (a·b) signifies dot product given by aTb, and that there exists coefficients αj for j = 1, · · · , n

such that

v =
n∑
j=1

αjΦ(θj). (2.13)

This means that the eigenvectors of the matrix C belong to the span of Φ(θj) for j = 1, · · · , n.

Combining (2.12) and (2.13), we obtain

λ
n∑
j=1

αj(Φ(θi) · Φ(θj)) =
1

n

n∑
j=1

αj

(
(Φ(θi) ·

n∑
u=1

Φ(θu)

)
(Φ(θu) · Φ(θj)) (2.14)

for all i = 1, · · · , n. The eigenvalue problem in (2.14) only involves dot products of mapped

shaped vectors in the feature space and does not explicitly require computing Φ(·). Now, we define

an n× n matrix K as follows:

Kij = (Φ(θi) · Φ(θj)) = k(θi, θj), (2.15)

where matrix K ∈ Rn×n is known as the Gram matrix, or kernel matrix, and k is the nonlinear

kernel function. Manipulating the right and left hand sides of (2.14) as given in [65] leaves us with

the final problem of finding the solutions to

nλα = Kα (2.16)

for non-zero eigenvalues. The solutions αr belonging to non-zero eigenvalues need to be normal-

ized by requiring that the corresponding vectors in feature space are normalized. This translates to

the condition (vr · vr) = 1. Using (2.13), (2.15) and (2.16), we obtain

1 =
n∑

i,j=1

αirα
j
r(Φ(θi) · Φ(θj)) = (αr ·Kαr) = λr(αr · αr), (2.17)

where αir denotes the ith component of αr. This translates to dividing each eigenvector αr of

K by
√
λr in order to normalize it. Lastly, for principal component extraction, we compute the

projections of the image of a test-point θ(t) at a given time t onto the eigenvectors vr in the feature
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space as

ρr(t) = (vr · Φ(θ(t))) =
n∑
j=1

αjr(Φ(θj) · Φ(θ(t)))

=
n∑
j=1

αjr k(θj, θ(t)), (2.18)

where ρr(t) is the rth component of the said projection of Φ(θ(t)) on vr. It is noteworthy to mention

that the above equation does not explicitly require the computation of Φ(θj). What is needed is only

the dot product in feature space. This can be computed by using nonlinear kernel functions k. This

way, the kernel trick allows us to project the image of a point onto the eigenvectors in the feature

space without explicitly mapping the data in the feature space.

Finally, it can be recalled that the data was initially, and rather simplistically, assumed to be

centered in the feature space. This, however, is not always the case, and care must be taken to center

the data. However, we cannot in general center the scheduling variables data in the feature space,

since we cannot compute the mean of the data that we explicitly do not calculate. We, therefore,

work around this issue and obtain a centered Gram matrix as [58]

K̃ij = K − 1nK −K1n + 1nK1n, (2.19)

where 1n ∈ Rn×n with each entry being 1/n. Kernel functions can be chosen from a variety

of different functions that exist in the literature, and have been used for classification, feature

extraction, and other applications [66]. These include the polynomial kernel given as

k(θi, θj) = (θi · θj + 1)d, (2.20)

the radial basis function kernel given as

k(θi, θj) = e−
|| θi−θj ||

2

σ2 , (2.21)

and the sigmoid kernel given as

k(θi, θj) = tanh(a θi · θj + b), (2.22)
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where d, σ, a, and b in (2.20), (2.21), and (2.22) refer to the degree of polynomial, the spread

of radial basis function, and the slope and bias in sigmoid functions, respectively. Beside these

kernels, there are a handful of other kernel functions, and the choice of a function would depend

highly on the nonlinearities associated with a given LPV system. According to Mercer’s theorem,

if a kernel function satisfies the conditions of being a continuous function of positive integral oper-

ator, then all mathematical and statistical properties of linear PCA are retained by kernel PCA as

well [58]. This essentially means that kernel PCA is in fact performing linear PCA in the feature

space. The main advantage of kernel PCA lies in its ability to extract nonlinear components or fea-

tures in a data based on the choice of a particular kernel function, without requiring any nonlinear

optimization. Rather, it does so by simply solving an eigenvalue problem.

2.4.1 ACCURACY OF THE ESTIMATED LPV MODEL

Using linear or kernel PCA, one can reduce the LPV model to have affine dependence on lesser

number of scheduling variables. The accuracy of the estimated model can be gauged from the

fraction of total data variation, calculated as

a(m) =

∑m
i=1 λi∑v
i=1 λi

, (2.23)

where m is the number of reduced parameters, and λi denotes the ith eigenvalue of the kernel

matrix K̃. In case of linear PCA, the eigenvalue is that of the covariance matrix [67]. Since the

kernel and covariance matrices are square matrices of dimensions n and l, respectively, v is con-

sequently equal to n and l for kernel and linear PCA, respectively. Therefore, by choosing the

number of scheduling parameters, a trade-off can be achieved between accuracy and complexity.

2.4.2 THE PREIMAGING PROBLEM

In the LPV model reduction problem, it is important that we are able to get the original LPV vari-

ables back by using the reduced parameters. This is because of the fact that for LPV control design,

the controller matrices are scheduled based on the reduced parameters. The control matrices how-

ever depend on the open-loop LPV system matrices which are a function of the original scheduling
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variables. Therefore, one can also say that the original scheduling variables are required for cal-

culating the new representation of the system. It is therefore of paramount importance that the

reduced parameters are able to estimate the original LPV scheduling variables back. This gives us

the motivation to solve the preimaging problem.

The kernel PCA suffers from an inability to reconstruct the original patterns in a straightforward

way. So to say, given reduced parameter vector ρi extracted from θi using kernel PCA, there is no

systematic way to reconstruct the original parameters θi, since feature space algorithms express

their solutions as expansions in terms of mapped data points. Therefore, one cannot in general

say that a preimage exists under the map Φ, for which Φ(θi) = Ψ. Moreover, this problem of

finding the preimage might be unsolvable in the general case, since the preimage might not always

exist [64]. Schölkopf et al. therefore argued in [64] that rather than finding the exact preimage,

it is possible to find an estimate of the preimage. This is done by considering the fact that we

may seek to approximate the preimage of a feature space expansion Ψ =
∑n

i=1 γ iΦ(θi) by its

estimate Ψ′ = βΦ(θ̃i), where θ̃ denotes the approximated preimage. One can, therefore, attempt to

minimize the distance between Ψ and Ψ′. Somewhat equivalently, one can minimize the distance

between Ψ and the orthogonal projection of Ψ onto the span of Φ(θ̃), i.e.,

|| (Ψ · Φ(θ̃))

(Φ(θ̃) · Φ(θ̃))
Φ(θ̃)−Ψ||2 = ||Ψ||2 − (Ψ · Φ(θ̃))2

(Φ(θ̃) · Φ(θ̃))
(2.24)

This can be achieved by maximizing

H(θ̃) =
(Ψ · Φ(θ̃))2

(Φ(θ̃) · Φ(θ̃))
, (2.25)

and once the maximum is achieved, we set the variable β as β = Ψ ·Φ(θ̃) /( Φ(θ̃) ·Φ(θ̃)). To find

the extremum, we solve

∇
θ̃
H(θ̃) = ∇

θ̃

(Ψ · Φ(θ̃))2

(Φ(θ̃) · Φ(θ̃))
= 0

= ∇
θ̃

(
∑n

i=1 γ ik(θi, θ̃))
2

k(θ̃, θ̃)
= 0 (2.26)

21



Algorithm 1 Applying kernel PCA for LPV model reduction
Step 1: Generate a set of scheduling signals using measurement or simulation, covering the expected
range of operation
Step 2: Compute the trajectories of the corresponding scheduling variables θi for i = 1, · · · , n
Step 3: Compute matrix K using (2.15)
Step 4: Center the data in feature space to find K̃ using (2.19)
Step 5: Solve (2.16) by diagonalizing K̃
Step 6: Normalize the eigenvectors using (2.17)
Step 7: For online LPV control: For each set of observed scheduling variable θ(t) at time t, get the rth

component of reduced- dimension parameter ρr(t) by using (2.18)
Step 8:
while g(θ̃) is not minimized, do

Compute preimage θ̃(t) from ρ(t) using (2.35)
end while

PREIMAGE FOR GAUSSIAN KERNELS

For the Gaussian kernel, since k(θ̃, θ̃) = 1, (2.26) becomes

∇
θ̃

(
n∑
i=1

γ ie
− ||θi−θ̃||

2

2σ2

)2

= 0, (2.27)

giving us

θ̃ =

∑n
i=1 γ i k(θi, θ̃)θi∑n
i=1 γ i k(θi, θ̃)

. (2.28)

PREIMAGE FOR POLYNOMIAL KERNELS

For polynomial kernel, (2.26) becomes

∇
θ̃

(∑n
i=1 γ i (θT

i θ̃ + 1)d
)2

(θ̃
T
θ̃ + 1)d

= 0, (2.29)

giving us

θ̃ =

(∑n
i=1 γ i k

d−1(θi, θ̃)θi

)
kd(θ̃, θ̃)(∑n

i=1 γ i k
d(θi, θ̃)θi

)
kd−1(θ̃, θ̃)

, (2.30)

where kd(·, ·) indicates a polynomial kernel function of degree d.
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PREIMAGE FOR SIGMOID KERNELS

For the sigmoid kernel, (2.26) becomes

∇
θ̃

(∑n
i=1 γ i tanh(a θT

i θ̃ + b)
)2

tanh(a θ̃
T
θ̃ + b)

= 0, (2.31)

giving us

θ̃ =

(∑n
i=1 γ isech2(a θT

i θ̃ + b)
)
θi

(
tanh(a θ̃

T
θ̃ + b)

)
(∑n

i=1 γ i tanh(a θT
i θ̃ + b)

)(
sech2(a θ̃

T
θ̃ + b)

) , (2.32)

where γ i =
∑m

j=1 ρ
jαij , with ρj being the jth component of the reduced parameter vector ρ used

to estimate the scheduling parameter [68]. Similar relations can be worked out for other kernels as

well.

A GENERALIZED ITERATIVE UPDATE RULE

To formulate an iterative update equation for the estimate θ̃, we can generalize (2.28), (2.30), and

(2.32) as

θ̃ = f(θ̃). (2.33)

Defining a new function g(θ̃),

g(θ̃) = θ̃ − f(θ̃) = 0, (2.34)

we can reduce the problem at hand to finding the root θ̃ of g(θ̃) such that g(θ̃) = 0. Note that g(θ̃)

is a vector-valued function of vector θ̃. To find the root of g(θ̃), one can use iterative root-finding

algorithms like Newton’s method. An alternative to root finding is to use a steepest descent method

with variable or fixed step size, in order to minimize g(θ̃). Steepest descent methods are similar to

Newton’s method, but they incorporate a small step-size in their convergence towards the solution

in order to ensure stability by iteratively estimating the preimage θ̃ according to the following

equation:

h(k) = −[Jg(θ̃(k))]>g(θ̃(k)),

θ̃(k + 1) = θ̃(k) + ηh(k), (2.35)
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Figure 2.2: Schematic of 2-DoF robotic manipulator

where k is the iteration index, g[θ̃(k)] is as defined in (2.34), and f(θ̃) would be formulated

according to the kernel function in use. For Gaussian, polynomial, or sigmoid kernels, f(θ̃) is

as defined in (2.28), (2.30), or (2.32), respectively. Variable η is the step size and has to be chosen.

A small η ensures stability but might take more iterations to converge, whereas a larger η might

lead to instability. Step size can also be chosen adaptively at each iteration, but that requires an

optimization routine for finding the optimal η at each iteration as follows:

η(k) = argmin
η

1

2
g>g[θ̃(k) + η(k)h(θ̃(k)]. (2.36)

Since Newton’s method requires finding the derivative of g(θ̃), which in this case would be the

Jacobian matrix Jg, an alternative to avoiding the calculation of the Jacobian would be to use other

approximate Quasi-Newton methods like Secant or Broyden’s method. The idea behind Broyden’s

method is to avoid calculating the Jacobian, or its inverse, at each iteration. It should be noted that

the success or failure of these methods are highly dependent on the nonlinearities in the data, the

number of minima in the function, and the choice of the kernel function. For our case study given

in the next section, we employed steepest descent method and obtained very good convergence

of estimates with a manageable computational time. For the algorithm to converge, one requires

a “decent” initial condition for θ̃ and an initial estimate of the Jacobian. In case of numerical

instabilities, which is rare, the algorithm simply requires a restart with different starting values. To
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summarize, the proposed kernel PCA algorithm for dimensionality reduction in LPV systems is

finally formulated in Algorithm 1.

2.5 NUMERICAL EXAMPLE

A dynamic model of a two-link planar robot is considered here with a schematic diagram of the

robotic manipulator shown in Figure 2.2. Detailed nonlinear model and the associated parameters

have been taken from [69]. The lower arm of the robot is known as the shoulder, while the upper

part is simply known as the arm, which is attached to the actuator. The two joints are connected via

a gear servo mechanism. Following the ideas in [30] and [69], the derived LPV model is presented

as follows:

A =



0 0 1 0

0 0 0 1

cdθ3 −beθ4 θ5 bθ6

−bdθ7 aeθ8 θ9 θ10


, B =



0 0

0 0

cnkmθ1 −bnkmθ2

−bnkmθ2 ankmθ1


, C =

[
I ∅

]
, D = ∅, (2.37)

where

h = ac− b2 cos2 ∆

θ1 =
g

h
,

θ2 =
g cos ∆

h
,

θ3 =
sinc(q1)

h
,

θ4 = cos ∆
sinc(q2)

h
,

θ5 =
(−b2 sin ∆ cos ∆q̇1 − (c+ b cos ∆)f)

h
,

θ6 =
−c sin ∆q̇2 + cos ∆f

h
,

θ7 =
cos ∆sinc(q1)

h
,

θ8 =
sinc(q2)

h
,

θ9 =
(ab sin ∆q̇1 + f(a+ b cos ∆))

h
,
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Figure 2.3: Accuracy of estimates (2.23) as a function of the number of scheduling parameters
m for (*) linear PCA, (o) kernel PCA with polynomial kernel, and (B) kernel PCA with sigmoid
kernel

θ10 =
(b2 sin ∆ cos ∆q̇2 − af)

h
,

where cos(∆) = cos(q1 − q2), sin(∆) = sin(q1 − q2), and I and ∅ are identity and zero matrices

of appropriate dimensions, respectively. The state vector is given by x = [q1 q2 q̇1 q̇2]T. Angles

of the two links with respect to the vertical reference make up the first two states, while angular

velocities make up the other two states of the LPV model. This LPV model has a total of 10

scheduling parameters. The objective here is to reduce the number of scheduling parameters in

order to reduce the over-parametrization in the given LPV model. The scheduling signals in this

case are the states, hence, s = 4. Number of scheduling parameters is l = 10. We seek to find,

using PCA, the smallest possible number of reduced parameters m, with m ≤ l that gives an LPV

model that approximates the original model (2.37) well.

A set of trajectories is generated with open-loop simulation of the LPV system using sinu-

soidal inputs u and scheduling parameters are computed based on the states. We apply linear and

kernel PCA on the scheduling parameters data. For the kenrel PCA, we choose a polynomial kernel

of degree 12 and sigmoid kernel with a = 0.5, b = −13, based on trial and error. Gaussian

kernel-based PCA provides an accuracy measure close to that of linear PCA with this problem,

and hence is not discussed here. We then compare the total “variation” (2.23) of the approximated
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Figure 2.4: Scheduling parameters θi (red dashed line), PCA-based approximation θ̂i (blue solid
line), and kernel PCA-based approximation θ̃ (black dotted line) with m = 1.

LPV models as a function of the number of LPV variables, m. This is interpreted as the accuracy

of the approximation, and is shown in Figure 2.3. As can be seen, kernel PCA for both kernels

gives around 78% accuracy with one scheduling parameter, much higher than 33% accuracy of

the linear PCA. From the initial measure of accuracy, we foresee that for the kernel PCA case,

LPV model with one parameter might provide a good estimate of the actual system. Using two

parameters should give an almost perfect estimate, without much loss of information. Since both

polynomial and sigmoid kernels give an almost equal measure of accuracy, we present the results

for polynomial kernel-based PCA only, since it performed comparatively better during preimage

estimation. Having reduced the scheduling parameters from l = 10 to m = 1, we re-estimate

the actual scheduling parameters using preimaging. We employ the steepest descent estimation of

(2.35) with a small and fixed step size η = 0.001. Initial estimate is chosen randomly along each

dimension, and preimaging algorithm is run. Results for a few parameters are shown in Figure 2.4.

Other parameters show a very similar trend to those plotted here. These results show a good fit

between the actual scheduling parameters (dashed line), and those re-estimated by kernel PCA-
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Figure 2.5: Scheduling parameters θi (red dashed line), PCA-based approximation θ̂i (blue solid
line), and kernel PCA-based approximation θ̃ (black dotted line) with m = 2.

based reduced data (dotted line). As observed, linear PCA (solid line) simply fails to estimate

θ1, θ7, θ8, and θ10, while showing some trend in the other parameters.

Using a different scheduling data set, we performed linear PCA and kernel PCA for m = 2.

Linear PCA does perform better when we choose m = 2, as observed in the plots shown in Figure

2.5. Estimates for θ1 and θ10 show marked improvements, while θ7, θ8 still do not re-estimate the

parameters completely. Kernel PCA performs well with both, one and two, parameters.

2.6 CONCLUDING REMARKS

We have explored the use of kernel-based PCA for the purpose of dimensionality reduction of the

scheduling variables in LPV representations. Reducing the number of scheduling parameters is a

problem of paramount importance, since it directly translates to the reduction in computational

complexity for LPV controller design. In polytopic LPV systems, the number of linear matrix

inequality (LMI) constraints needed to be solved in order to perform LPVH∞ controller synthesis

is exponential in the dimension of the scheduling variables, since these conditions need to be

satisfied at each vertex of the polytope. Though parameters mapped into feature space cannot be
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systematically mapped back to the scheduling region as in the case of linear PCA, they can still be

estimated efficiently using an iterative update rule derived in this paper. While an iterative approach

to estimation is not as quick and straightforward as projecting the parameters on an eigenvector

space, the improvement in dimensionality reduction makes it a worthy trade-off. As part of a future

extension, an optimization problem can be designed that retains the affine structure of the reduced

LPV model, despite the kernelized (nonlinear) mapping of the original scheduling variables into

the feature space. Results in this paper provide encouraging insights into the use of kernel PCA

for LPV dependency reduction. These results can be exploited to formulate a controller synthesis

problem that is computationally less complex when compared to a similar synthesis based on the

original full LPV model.
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CHAPTER 3

A KERNEL-BASED PCA APPROACH TO MODEL REDUCTION OF LINEAR

PARAMETER-VARYING SYSTEMS 1

1Syed Z. Rizvi, J. Mohammadpour, R. Tóth, and N. Meskin: A Kernel-based PCA Approach to
Model Reduction of Linear Parameter-varying Systems. 2016. IEEE Trans. Control Systems Technology.
24(5):1883-1891. c©2016 IEEE. Reprinted here with permission of the publisher.
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ABSTRACT

This paper presents a model reduction method for linear parameter-varying (LPV) systems using

kernel-based principal component analysis (PCA). For LPV state-space models that are affine or

rational in the scheduling variables, and the variation of these variables is confined in a polytope,

controller synthesis can be elegantly realized by solving the synthesis problem only at the vertices

of the polytope. To exploit the computational simplicity of this approach, it is highly desirable

to obtain LPV models of systems of interest in an affine or rational form. In this respect, kernel

PCA allows to extract principal components of a given data set of scheduling variables in a high-

dimensional feature space, reducing complicated coefficient dependencies that otherwise might

not be easily reducible in a linear subspace; this gives kernel PCA an advantage over its linear

PCA counterpart. We show that high dimensional scheduling variables can be mapped into a set of

low dimensional variables through a nonlinear kernel PCA-based mapping. Since the kernel PCA

mapping is nonlinear, finding the inverse mapping in order to represent the original scheduling vari-

ables requires solving a nonlinear optimization problem; consequently, the reduced LPV model is

no longer affine in the reduced scheduling variables. To address this, we formulate an optimiza-

tion problem to obtain a reduced model that is either affine or rational in the reduced scheduling

variables. We apply the proposed model reduction method on a robotic manipulator system and

use the reduced LPV model to design a gain-scheduled controller that satisfies an induced L2 gain

performance. Numerical simulations are used to demonstrate the performance of the resulting LPV

controller on the nonlinear manipulator model. The achieved performance of the LPV controller

with the kernel PCA-based reduced model is also compared with its linear PCA-based counterpart.
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3.1 INTRODUCTION

Linear parameter-varying (LPV) systems are a class of dynamic systems, in which nonlinear

models can be described or approximated using a linear dynamic relationship between the inputs

and outputs of the system. This linear signal relation is considered to be dependent on another set of

measurable signals, the so-called scheduling variables, which represent the varying operating con-

ditions of the system. The ability of LPV models to capture nonlinearities in the system dynamics

by using linear dynamical relationships that are dependent on time-varying measurable signals

makes it possible to apply linear optimal control techniques to nonlinear systems represented by

LPV models. However, the number of scheduling variables in an LPV model has a significant

impact on the LPV controller design process, often leading to increased computational complexity,

conservatism, and overbounding in the scheduling region [30]. In polytopic LPV systems, the com-

plexity of controller synthesis has an exponential dependence on the number of scheduling vari-

ables, directly resulting in a high computational complexity for controller synthesis as the number

of scheduling variables increases. A common objective for deriving an LPV model is, therefore,

to limit the number of scheduling variables to a few [32, 33]. This elevates the problem of LPV

model reduction to a significant one. Model reduction in the LPV case refers to both a reduction in

the number of state variables (model order), as well as reduction of scheduling dependency. These

two aspects of complexity are strongly related [33]. In particular, reduction of model order can

result in an increased complexity of the dependence, while reduction of dependency is often avail-

able via the introduction of extra state variables [33]. Here, we address the problem of reduction

in the complexity of the dependency while the model order is preserved. To this end, we employ

multivariate data analysis techniques that can capture those components based on a data set and

synthesize a simplified scheduling dependency at the cost of a minimal loss of model accuracy.

Principal component analysis (PCA) is a mathematical tool that extracts a set of linearly uncor-

related variables from an observation of possibly correlated variables using orthogonal transforma-

tions. The extracted variables are sorted with respect to their variance in the data, making it then

possible to extract the components that contain the principal information, measured by their cor-

32



responding eigenvalues. This means that the data components with very small variance can be

neglected without losing much useful information, making PCA a viable mathematical tool for

dimensionality reduction [61]. The ability of PCA to reduce the data dimension makes it ideal for

reducing the number of scheduling variables, and consequently, the scheduling dependency in LPV

models. This is evident from a few papers that have successfully demonstrated the use of PCA for

reducing the scheduling variables dimension to represent the same underlying dynamical behavior

(see [12, 30]).

A new generation of data processing techniques has appeared in the literature with the emer-

gence of kernel-based methods. Kernels are nonlinear functions that enable to perform linear oper-

ations in a high-dimensional feature space, where it is much simpler to separate components in the

data. Employing what is now widely known as the kernel trick, kernel functions perform extrac-

tions in the feature space without mapping the original data to the feature space, making component

extraction much more efficient and realizable [61]. The variety in choosing kernel functions has

further increased the flexibility of exploring different regions of the data more thoroughly. The

main contribution of the present paper lies in the use of kernel-based PCA for attaining efficient

LPV models with lower dimensional scheduling variables. We examine the advantages of kernel-

based PCA over linear PCA and discuss the difficulties associated with kernel PCA in obtaining a

pre-image of the reduced variables in the feature space.

The paper is organized as follows: Section 3.2 gives an introduction to LPV systems and formu-

lates the problem of interest. In Section 3.3, we describe the use of kernel-based PCA to determine

a reduced scheduling dependency and its advantages and pitfalls. An example of an LPV model

of a robotic manipulator is considered for model reduction and LPV controller design in Section

3.4 in order to demonstrate the utilization of the proposed method. Throughout this paper, unless

otherwise specified, for a given vector βi ∈ Rn, we use the notation βi,j to denote the jth entry of

βi.
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Figure 3.1: (a) Original nonlinear system representation. (b) LPV model representation. (c)
Resulting behaviors (set of signal trajectories as the solution of the corresponding dynamical
model).

3.2 PRELIMINARIES AND PROBLEM STATEMENT

Consider a continuous-time nonlinear system Q shown in Figure 3.1. Consider that the system is

connected to its environment via the signals µ : R → Rµ, Rµ ⊆ Rs, whose entries are related to

each other via a (possibly) nonlinear dynamic relation. These signals can be considered as input

and output ports of the system. Assume that the set B denotes the set of all trajectories of µ that

are compatible withQ, i.e., valid solutions of the underlying dynamical equations. For a given time

instant t, we introduce auxiliary variables θt = p(µt), p : Rs → Rl, which reformulates the system

representation ofQ as shown in Figure 3.1(b), where given the trajectory of θ : R→ Rθ, Rθ ⊆ Rl,

substitution of θ into the representation of Q gives a linear dynamic system. Let us denote by Θ

all possible trajectories of θ that are allowed in Q. The reformulated θ-dependent linear system

will have a solution set B′ = {(θ, µ)|θ ∈ Θ, µ : R → Rµ}, and the behavior B′ contains B,

i.e., more specifically B ⊆ {µ| ∃ θ ∈ Θ s.t. the reformulated system description is satisfied},

giving a linear, but θ-dependent description of Q. The reformulated system now represents an LPV

system. A particular objective is to choose θ such that this embedding of B is as tight as possible.

In principle, the auxiliary variables θ are functions of the measurable signals µ and allow to write

the nonlinear system Q as a linear dynamic, but θ-dependent, mapping between the inputs and the

outputs; the entries of θ are also known as the scheduling variables. This enables us to use various
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linear control design tools formulated in the form of convex problems for the nonlinear system

described by an LPV representation. In case θ is measurable in the considered system, then such

a controller can be directly implemented. In real world applications, there can be several different

relations between the scheduling variables θ and the measurable signals µ. Variables θ might even

be free variables with respect to Q; however, often θ depends on other signals, in which case, the

resulting system is often referred to as a quasi-LPV system [1]. In principle, however, the LPV

framework and control synthesis problem remains invariant while only the representation of the

nonlinear behavior becomes conservative, as indicated in Figure 3.1.

Consider an LPV system in continuous-time, described by a state-space representation as

ẋt = A(θt)xt +B(θt)ut,

yt = C(θt)xt +D(θt)ut, (3.1)

where xt ∈ Rnx , ut ∈ Rnu , and yt ∈ Rny represent the states, inputs, and outputs at

time instant t, respectively. The state-space matrices are continuous functions of the scheduling

variables θt ∈ Rθ, Rθ ⊆ Rl. The dependence of the scheduling variables on the measurable

signals available from the system can be written as

θt = p(µt), p : Rs → Rl. (3.2)

An LPV state-space representation is considered to be affine in the scheduling variables if

Q(θt) = Q0 +
l∑

i=1

Qiθt,i, (3.3)

where θt,i is the ith entry of θt, and Q(θt) is a compact representation of the system Q(θt) =[
A(θt) B(θt)
C(θt) D(θt)

]
. Next, consider the compact convex set Rθ ⊆ Rl, θt ∈ Rθ, ∀t > 0, i.e., the

considered scheduling region or operating region for the system, defined by the vertices Rθ :=

Co{θv1 · · · θvN}, where Co denotes the minimal convex hull and N = 2l denotes the number of

vertices defining the polytope of the scheduling variable θt ∈ Rl. Hence, θt at any time t can be

obtained by a convex combination of the vertices as

θt =
N∑
i=1

βiθvi , with βi ≥ 0,
N∑
i=1

βi = 1. (3.4)
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Given the fact that θt can be obtained by a convex combination of the vertices θvi , and that Q(θ)

depends affinely on the scheduling variables, i.e., conditions (3.3)-(3.4), it follows that the system

can be represented by a linear combination of multiple LTI systems at the vertices. Such a repre-

sentation of the system is referred to as a polytopic LPV state-space representation [70]. The same

applies to a desired reduced LPV model of (3.1). The affine dependence condition, along with the

fact that the reduced scheduling variables vary in a polytope is important to be preserved during

model reduction as this makes it possible to represent the reduced model as a convex combina-

tion of LTI systems at the vertices of this polytope, and hence, makes controller synthesis problem

computationally tractable due to the need to solve the controller design problem only at the ver-

tices [70]. Similar tractability can be achieved when the LPV representation is rationally dependent

on the scheduling variables [71]. Therefore, given the system representation (3.1), with measurable

signals µt, and scheduling variables defined in (3.2), the problem of LPV model reduction explored

in this paper can be stated as follows: Find a mapping defined by

ρt = q(µt), q : Rs → Rm, (3.5)

wherem < l, such that the trajectories of the reduced model represented by the following equations

˙̂xt = Ã(ρt)x̂t + B̃(ρt)ut,

yt = C̃(ρt)x̂t + D̃(ρt)ut, (3.6)

can accurately follow the trajectories of (3.1) and Ã(·), B̃(·), C̃(·), and D̃(·) are either affine or

rationally dependent on the reduced variables ρt. We use kernel PCA to provide a solution for

finding lower dimensional scheduling variables ρt ∈ Rρ, where Rρ ⊆ Rm and m < l. As will be

shown, this leads to an efficient tradeoff between accuracy and complexity of the reduced model.

3.3 KERNEL PCA FOR LPV MODEL REDUCTION

In order to perform model reduction on LPV scheduling variables, one first needs to collect data

from measurements or simulations. Given the LPV model (3.1), the scheduling variables θt ∈ Rl
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are computed and collected as

Θ =
[
θ1 · · · θn

]
=
[
p(µ1) · · · p(µn)

]
∈ Rl×n

where n denotes the number of collected samples and n ≥ l. For linear PCA, a covariance matrix

of the scheduling variation is then calculated as C̄ = 1
n
ΘΘ> after centering the data around zero

mean [72]. We then solve an eigenvalue problem that gives the new lower-dimensional scheduling

variables ρt ∈ Rm,m < l, such that the resulting reduced model state-space matrices are affine

in ρt. Details on the use of linear PCA for LPV model reduction are reported in [30] and are not

repeated here for brevity.

Kernel-based PCA, more simply known as kernel PCA, is an extension of the traditional linear

PCA approach, in which the linear dot product operation is performed in a higher dimensional

feature space [61]. Kernel PCA first maps the data into a possibly high-dimensional feature space F

via a usually nonlinear map Φ : RN → F , and then takes the dot product there [64]. Due to the high

dimension of this feature space, separation of features or components in the data is much easily

realizable. The effectiveness of kernel-based methods primarily lies in the now-famous kernel trick,

which allows performing linear operations in the feature space without explicitly mapping the

parameters into the feature space. This has led to various applications of kernel PCA such as feature

extraction in facial recognition [63] and denoising [64], among several others. For LPV modeling,

the use of kernel PCA can lead to reduced complexity of the models/system representations by

reducing the number of scheduling variables.

Let us assume that the scheduling variables of the considered LPV description (3.1) are mapped

into the feature space as Φ(θ1),Φ(θ2), · · · ,Φ(θn), where n is the number of samples. At this point,

we also assume that the mapped parameters are centered, i.e.,
∑n

j=1 Φ(θj) = 0. To perform tradi-

tional PCA on this data, we derive the covariance matrix as

C̄ =
1

n

n∑
j=1

Φ(θj)Φ
>(θj). (3.7)
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In order to select the principal components, the relation λv = C̄v should hold. We can, therefore,

deduce the following

λ(v · Φ(θi)) = (C̄v · Φ(θi)), ∀ i = 1, · · · , n, (3.8)

where (a · b) = a>b denotes dot product. Note that (3.7) implies that there exist coefficients αw for

w = 1, · · · , n, such that the eigenvectors of C̄ belong to the span of Φ(θj) for all j. Substituting

v =
∑n

w=1 αwΦ(θw) and (3.7) in (3.8), we get [61]

λ
n∑

w=1

αw(Φ(θw) · Φ(θi)) =
1

n

n∑
j=1

n∑
w=1

αw (Φ(θj) · Φ(θw)) (Φ(θj) · Φ(θi)) , (3.9)

for i = 1, · · · , n. Next, we define a Gram or kernel matrix K ∈ Rn×n as

Kij = (Φ(θi) · Φ(θj)) = k(θi, θj), (3.10)

where k(·, ·) is a nonlinear kernel function; later, we shall elaborate on the choice of these kernels.

Substituting (3.10) in (3.9) and writing it in matrix form, we obtain nλα = Kα for non-zero

eigenvalues, where α = [α1 · · ·αn]>. Each solution αr corresponding to the non-zero eigenvalue

λr is needed to be normalized. We skip the details here for brevity and refer the interested reader

to [61]. Lastly, for principal component extraction, we compute the projections of the image of a

test point θt onto the eigenvector vr in the feature space as

ρt,r = (vr · Φ(θt)) =
n∑
j=1

αr,j(Φ(θj) · Φ(θt))

=
n∑
j=1

αr,j k(θj, p(µt)) = q(µt), (3.11)

where ρt,r is the projection of Φ(θt) on vr, and is the rth entry of ρt. It is noteworthy to mention

that the above equation does not explicitly require the computation of feature space map Φ(θj),

but requires only the characterization of the dot product in the feature space which can be defined

using a kernel function k. Kernel functions can be chosen from a variety of different functions.

These include the polynomial kernel given as

k(θi, θj) = ((θi · θj) + 1)d, (3.12)
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the radial basis function kernel given as

k(θi, θj) = exp

(
−|| θi − θj ||

2

σ2

)
, (3.13)

and the sigmoid kernel given as

k(θi, θj) = tanh(a(θi · θj) + b), (3.14)

where d, σ, a, and b in (3.12), (3.13), and (3.14) refer to the degree of polynomial, the spread of

radial basis function, and the slope and bias in sigmoid functions, respectively; these are essentially

tuning parameters chosen by the user [66]. We shall further discuss choosing of appropriate kernel

functions in the case study presented in the next section.

We recall that the data was initially assumed to be centered in the feature space, which is

not always true. Since one cannot, in general, center the data because of the unavailability of

feature maps, the centered Gram matrix can be calculated by replacing Φ(θi) with Φ̃(θi) :=

Φ(θi)− 1
n

∑n
i=1 Φ(θi) and deriving the Gram matrix again as detailed in [73]; here, we reproduce

the centered Gram matrix as

K̃ = K − 1nK −K1n + 1nK1n, (3.15)

where 1n ∈ Rn×n with its each entry being 1/n.

3.3.1 ACCURACY OF THE ESTIMATED LPV MODEL

The accuracy of the estimated model can be gauged from the fraction of total data variation calcu-

lated as

a(m) =

∑m
i=1 λi∑m̄
i=1 λi

, (3.16)

where m is the number of reduced variables, and λi denotes the ith eigenvalue of the kernel matrix

K̃ in (3.15);m can be chosen by the user based on significant eigenvalues. Variable m̄ is equal to n

and l for kernel and linear PCA, respectively. The rationale for using this accuracy measure comes

from [73], which states that the first m principal components, i.e., projections on eigenvectors,
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carry more variance than any other m orthogonal directions. It is, therefore, logical to measure

accuracy in terms of the variance (energy) represented by the corresponding m eigenvalues.

3.3.2 THE PRE-IMAGING PROBLEM

For linear PCA, the reduced LPV model is affine in the new scheduling variables ρt, as shown

in [30]. Kernel PCA, however, suffers from two problems when it comes to reconstructing the

original scheduling variables. Firstly, given the reduced variables ρt, there is no systematic way of

reconstructing the original variables θt, and the problem of finding the “pre-image” of the reduced

scheduling variable in the input space is unsolvable in the general case. Schölkopf et al. argued

in [64] that instead, it is often feasible to find an estimate of the pre-image θ̃t. Secondly, to find the

estimate θ̃t, one has to solve a nonlinear optimization problem [64] whose convergence depends

highly on factors such as initial conditions and the choice of kernel function [74]. Moreover, run-

ning an optimization problem to find θ̃t at each sampling instant t in real-time is not practical for

online control implementation due to heavy computation power needed for such an approach.

Since in most cases, θ̃t denotes an estimate of θt, we can write the following for the kernel

PCA-based reduced model

Q̃(ρt) =

Ã(ρt) B̃(ρt)

C̃(ρt) D̃(ρt)

 ≈
A(θ̃t) B(θ̃t)

C(θ̃t) D(θ̃t)

 = Q(θ̃t). (3.17)

Using (3.3) and (3.17), we can relate the reduced model to the full-order LPV model as follows:

Q̃(ρt) ≈ Q(θ̃t) = Q0 +
l∑

i=1

Qiθ̃t,i = Q0 +
l∑

i=1

Qifi

(
ρt, θ̃t

)
, (3.18)

where f(ρt, θ̃t) is a nonlinear pre-image function as derived in [74].

3.3.3 OPTIMIZING THE REDUCED LPV MODEL FOR CONTROLLER SYNTHESIS

The reduced model in (3.18) depends on ρt through a nonlinear function. In our problem statement

in Section 3.2, we aimed at finding a reduced model with affine or rational dependence on ρt; this

was desired for ease of controller synthesis detailed in the next section. Now, suppose that the

kernel PCA-based reduced model is represented by state-space matrices Ă(ρt), B̆(ρt), C̆(ρt), and
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D̆(ρt) that have affine dependence on ρt. According to Apkarian et al. [70], the vertex property

implies that for such an LPV representation, the state-space matrices for any ρt belong to a matrix

polytope as Ă(ρt) B̆(ρt)

C̆(ρt) D̆(ρt)

 ∈ P := Co


Ăvi B̆vi

C̆vi D̆vi

 , i = 1, · · · , 2m
 ,

where m is the number of scheduling variables, and Ăvi denotes the matrix corresponding to Ă(ρt)

at the ith vertex of the polytope. Therefore, for any given ρt, the system matrices can be described

as a convex combination of the matrices at the vertices of the polytope. For a polytopic LPV

system with affine dependence, we only need to solve the controller synthesis problem, detailed

in the next section, with respect to the vertices of the polytope of scheduling region to ensure

closed-loop system stability and quadratic H∞ performance for all variations of ρt within the

polytope. Scherer showed in [71] that a similar property for LPV controller synthesis holds if the

defining state-space matrices of the LPV model depend rationally on ρt. In such a case, a linear

fractional representation is admitted by the system. In both cases, the controller synthesis problem

needs to be solved with respect to the vertices of the polytope and stability and quadratic H∞

performance satisfied at each vertex means that it is satisfied for any ρt within the polytope. The

same holds true for the performance and stability of the closed-loop system. If, on the other hand,

the dependence is not affine or rational, then performance is not guaranteed for any ρt; our best

bet in that case is to solve the controller synthesis problem over a fine grid across the polytope.

A coarse grid will lead to degraded performance while a fine grid will lead to a massive increase

in computational complexity. By performing kernel PCA-based model reduction, we have reduced

the number of vertices of the polytope from 2l to 2m; henceforth, we need to make sure that the

dependence is affine or rational in order to exploit this reduction. This will enable us to solve the

controller synthesis problem only at these reduced number of vertices. To ensure affine or rational

dependence on ρt, we avoid pre-imaging by recasting the projection w.r.t. the system matrices as
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Algorithm 2 Applying kernel PCA for LPV model reduction
Step 1: Obtain a set of measurable signals using measurements or simulations, covering the desired range
of operation.
Step 2: Compute the trajectories of the corresponding scheduling variables θt for t = 1, · · · , n.
Step 3: Compute the kernel matrix K using (3.10).
Step 4: Center the data in the feature space to find K̃ using (3.15).
Step 5: Diagonalizing K̃, normalize eigenvectors α, and save α for projecting scheduling variables θt and
extracting ρt.
Step 7: Compute ρt for t = 1, · · · , n using (3.11).
Step 8: Solve the optimization problem (3.19) and obtain a reduced LPV state-space model.

min
Ri,Pi,Si i=0,1,··· ,m

1

n

n∑
t=1

‖Q(θt)−R(ρt)‖2
F , (3.19)

where Q(θt) is as defined in (3.3), ‖·‖F represents the Frobenius norm, m is the number of reduced

scheduling variables, n is the total samples, and

R(ρt) = R0 +
m∑
i=1

Riρt,i =

Ă(ρt) B̆(ρt)

C̆(ρt) D̆(ρt)


for an affine approximation, or

R(ρt) =

{
P0 +

m∑
i=1

Pi (ρt,i)
j

}−1{
S0 +

m∑
i=1

Si (ρt,i)
j

}
=

Ă(ρt) B̆(ρt)

C̆(ρt) D̆(ρt)


for a rational approximation, where j ∈ Z+ is a non-negative integer. This gives the state-space

matrices Ă, B̆, C̆, and D̆ of the reduced LPV model. It is important to note that this optimization

problem is solved offline. If the considered scheduling trajectories in defining the data-driven map-

ping have sufficient information content about all the operating regions of the modeled system,

then the reduced model is expected to provide a good estimate of the actual model with m < l.

The proposed model reduction method is summarized in Algorithm 2.

3.4 ROBOTIC MANIPULATOR EXAMPLE

The dynamic model of a two-link planar robotic manipulator is considered here with its configura-

tion shown in Figure 3.2. Detailed nonlinear model and the associated parameters have been taken
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from [69]. The lower arm of the robot is known as the shoulder, while the upper part is simply

known as the arm, to which the actuator is attached. The two joints are connected via a gear servo

mechanism. Following the ideas in [30, 69], a LPV state-space model is derived. For the sake of

brevity, we denote the scheduling variables θt and ρt simply as θ and ρ, dropping the time index.

The state-space matrices of the derived LPV model are given as

A(θ) =



0 0 1 0

0 0 0 1

cdθ3 −beθ4 θ5 bθ6

−bdθ7 aeθ8 θ9 θ10


, B(θ) =



0 0

0 0

cnkmθ1 −bnkmθ2

−bnkmθ2 ankmθ1


, C = I4×4, D = O4×2,

(3.20)

where

h = ac− b2 cos2 ∆,

θ1 =
g

h
, θ2 =

g cos ∆

h
, θ3 =

sinc(q1)

h
,

θ4 = cos ∆
sinc(q2)

h
,

θ5 =
(−b2 sin ∆ cos ∆q̇1 − (c+ b cos ∆)f)

h
,

θ6 =
−c sin ∆q̇2 + cos ∆f

h
,

θ7 =
cos ∆sinc(q1)

h
, θ8 =

sinc(q2)

h
,

θ9 =
(ab sin ∆q̇1 + f(a+ b cos ∆))

h

θ10 =
(b2 sin ∆ cos ∆q̇2 − af)

h
,

where variables θ = [θ1 · · · θ10]> represent the time-varying scheduling variables and km is

the motor constant linking current to torque and is taken as unity. For details about the model

constants, see [30,69]. The state vector is given by x = [q1 q2 q̇1 q̇2]>. Angles of the two links with

respect to the vertical reference frame give the first two states, while the angular velocities make

up the other two states. Motor torques for the two joints make up the two control inputs u for this

plant. This LPV model has a total of l = 10 scheduling variables. The objective here is to reduce
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Table 3.1: Accuracy measure for different kernels as a function of number of scheduling variables m.

kernel fcn parameters accuracy (%)
m = 1 m = 2 m = 3 m = 4 m = 5 m = 6 m = 7 m = 8 m = 9 m = 10

d = 2 65.55 82.09 86.57 90.79 92.88 94.84 96.42 97.88 98.85 99.32
d = 4 87.89 92.74 95.98 97.50 98.10 98.61 98.93 99.20 99.39 99.51
d = 5 91.41 95.03 97.70 98.82 99.20 99.44 99.55 99.66 99.74 99.79

polynomial d = 6 93.04 97.01 98.37 99.34 99.64 99.74 99.82 99.86 99.89 99.91
d = 7 94.19 98.57 99.33 99.69 99.90 99.94 99.96 99.97 99.98 99.98
d = 8 94.36 98.88 99.57 99.76 99.93 99.97 99.98 99.99 99.99 99.99
d = 9 94.44 99.06 99.70 99.85 99.95 99.98 99.99 99.99 100 100
σ = 5 49.96 74.49 83.77 89.20 93.08 95.24 96.70 97.70 98.49 98.94

RBF σ = 10 63.93 84.12 91.66 95.23 97.21 98.22 98.91 99.38 99.63 99.77
σ = 15 67.17 86.03 93.21 96.44 98.06 98.80 99.34 99.66 99.82 99.89

κ = 0.05, b = 0.01 70.09 89.01 96.40 99.63 99.98 100 100 100 100 100
sigmoid κ = 0.05, b = 0.05 70.55 89.30 96.69 99.92 99.99 99.99 99.99 100 100 100

κ = 0.05, b = 0.1 71.14 89.66 97.06 99.99 99.99 100 100 100 100 100
κ = 0.1, b = 0.1 71.43 91.76 99.82 100 100 100 100 100 100 100

the number of scheduling variables in order to reduce the over-parametrization in the given LPV

model. The measurable signals µ in this case are the states, and hence, s = 4. Using PCA, we seek

to reduce the number of variables to m, with m < l, such that the reduced LPV model can achieve

an efficient trade-off between accuracy and complexity.

Figure 3.2: Configuration of the 2-DoF robotic manipulator

A set of trajectories is generated with open-loop simulation of the LPV model using sinusoidal

inputs u and the resulting scheduling variables are computed using the states. We apply linear and

kernel PCA on the scheduling variable data and then compare the accuracy criterion (3.16) of the

approximated LPV models as a function of the dimension of reduced variables.
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3.4.1 CHOOSING THE KERNEL FUNCTION

The general question of how to choose a kernel function is still an open problem [75]. Jolliffe et al.

argued in [72] that finding the first eigenvector w.r.t. the centered data, in this case, Θc = C(Θ) =

Θ−θmean, can also be formulated as finding the direction which exhibits the most variance w.r.t. the

data. The next eigenvectors form an orthonormal basis where each eigenvector satisfies a similar

property w.r.t. the remaining subspace. Schölkopf argued in [61] that the same reasoning can be

applied in case of kernel PCA. Owing to this, we measure the direction with maximum variance

using the corresponding eigenvalues formulating the accuracy measure (3.16). Different kernel

functions are used on the collected data. The accuracy measure obtained as a function of number

of components extracted shows that polynomial kernels provide the maximum measure of accuracy

for m = 1 or m = 2 components. Different values of kernel parameters are searched over a fine

grid. Polynomial kernel of degree 2 gives an accuracy of 65.5%; degree 7 gives an accuracy of

around 94%, after which, increasing the degree of the polynomial kernel shows little improvement.

Radial basis function (RBF) gives a maximum accuracy of 67% after tuning the kernel parameter

σ over a fine grid. Sigmoid kernel provides around 71% accuracy after fine-tuning its parameters.

Detailed results for various kernels with the tuned parameters are tabulated in Table 3.1. Accuracy

results for polynomial, RBF, and sigmoid kernels as functions of extracted componentm are shown

in Figure 3.3, where it can be seen that the polynomial kernel is the only kernel that provides better

than 90% accuracy for m = 1; this occurs for polynomial kernel of order d = 5 and higher. We

finally choose a 7th order polynomial kernel for model reduction. We once again recall that there

is not a single way of “optimally” choosing a kernel function, and the problem of kernel selection

remains an open and most commonly, application specific problem [75]. The results obtained for

kernel PCA with the chosen degree 7 polynomial kernel are shown in comparison with linear PCA

in Figure 3.4. Higher accuracy is clearly observed in case of kernel PCA for m ≤ 5.

Once the reduced scheduling variables are obtained, cost function (3.19) is minimized to obtain

an affine reduced model. As we will see later, for the given robotic manipulator example, the

resulting affine reduced model provides a high accuracy in terms of predicting open-loop model
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Figure 3.3: From left to right: Accuracy plots as functions of number of scheduling variables m
for (a) polynomial kernel (b) radial basis function kernel and (c) sigmoid kernel. In each case, the
y-axis shows the kernel parameters.

output and controller performance. Therefore, we do not attempt to fit a rational reduced model.

Once the model reduction is performed, the reduced models are then simulated using a fresh set of

sinusoidal torque input signals, different from the signals used for training. Figure 3.5 shows the

states of the open-loop robotic manipulator over a period of 10 seconds. It should be noted here

that by a “full-order” LPV model, we refer to the LPV model with all the original 10 scheduling

variables. The output of the full-order LPV model (solid blue line), linear PCA-based reduced

LPV model (red dashed line), and the kernel PCA-based reduced LPV model (black dotted line)

are compared. All three models were excited with the same sinusoidal inputs and both reduced

LPV models use m = 1 scheduling variable. These results illustrate that the time response of the

open loop kernel PCA-based reduced model with a single scheduling variable mimics the response

of the full order LPV model. The output of the linear PCA-based reduced model diverges from the

full order model output after a few seconds. We define the Best Fit Ratio criterion as

BFR := 100% ·max

(
‖x− x̂‖2

‖x− x̄‖2

, 0

)
, (3.21)

where x̂ represents the simulated states of the approximated model while x̄ is the mean value of

the states of the original system denoted by x, and ‖·‖2 denotes L2 norm, respectively. Monte-

Carlo simulations are run for 50 different trajectories of the input torque with randomly generated

magnitudes and frequencies, different from the signals used for data collection and training; mean

BFR value of each state is computed over the 50 runs. The mean BFR values for the states are then
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Figure 3.4: Accuracy of the approximation (3.16) as a function of the number of scheduling vari-
ables m for linear PCA (*) and polynomial-based kernel PCA (B).
averaged over the four states and tabulated in Table 3.2, in which kPCA and lPCA denote kernel

and linear PCA, respectively.

To examine the closed-loop performance of LPV controllers designed based on the full-order,

as well as reduced LPV models, we explore LPV controller design in the next subsection.

3.4.2 LPV CONTROLLER DESIGN

The LPV controller design configuration is illustrated in Figure 3.6 (a). The polytopic gain-

scheduled controller Kc(ρ) is designed based on the reduced LPV model G(ρ). Variables z, w,

and y denote controlled outputs, external disturbance, and measurements. We design Kc(ρ) such

that it satisfies an induced L2 gain performance and is described as

Kc(ρ) :


ζ̇t = AK(ρ)ζt +BK(ρ)yt,

ut = CK(ρ)ζt +DK(ρ)yt.

(3.22)

This control methodology is specific to LPV models that have affine dependence on the scheduling

variables ρ with the scheduling variables ranging within a fixed polytope and available for mea-

surement [70]. We define the induced L2 gain and the induced L2 gain performance as follows.

Definition 1 (Induced L2 gain for LPV systems) [70]: For the closed-loop LPV system shown

in Figure 3.6 (a), the energy-to-energy gain, or induced L2 gain, from external disturbance w to

controlled outputs z is defined as
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Table 3.2: Open-loop simulation Monte-Carlo statistics for linear and kernel PCA
m = 1 m = 2 m = 3 m = 4 m = 5

ker. lin. ker. lin. ker. lin. ker. lin. ker. lin.
BFR (%) 84.13 62.31 89.08 71.53 93.71 78.41 96.06 85.15 97.67 91.22

Figure 3.5: States of the robotic manipulator full order LPV model (solid blue line), linear PCA-
based reduced LPV model (red dashed line), and kernel PCA-based reduced LPV model (black
dotted line) for m = 1.

‖Twz‖i,2 = sup
ρ

sup
w 6=0

‖z‖L2
‖w‖L2

, (3.23)

where i denotes that the norm is “induced”. This gain indicates the worst-case output energy ‖z‖L2
over all bounded energy disturbances ‖w‖L2 for all admissible values of ρ.

Definition 2 (Induced L2 gain performance) [70]: The closed-loop LPV system of Figure 3.6 (a)

has an induced L2 gain performance less than γ if there exists a symmetric positive-definite matrix

X such that 
A>cl(ρ)X +XAcl(ρ) XBcl(ρ) C>cl (ρ)

? −γI D>cl(ρ)

? ? −γI

 ≺ 0, (3.24)

for all admissible trajectories of ρ, where Acl, Bcl, Ccl, and Dcl are the closed-loop state-space

matrices. This holds true for systems with fixed values of ρ. In the case of a polytopic LPV system,
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Figure 3.6: (Left) Generalized configuration of closed-loop system composed of reduced LPV
model, LPV controller, and design weights; (right) Control of the robotic manipulator using an
LPV controller Kc(ρ) based on the reduced LPV model.

the matrix X in the inequality (3.24) is found by solving a finite number of linear matrix inequal-

ities (LMIs). The vertex property implies that for polytopic LPV representation with affine depen-

dence on ρ, the inequality (3.24) holds for all trajectories of ρ within the polytope, if it holds true at

the vertices (for proof, see [70]). Therefore, we can achieve a closed-loop L2 gain performance γ if

(3.24) holds true at all vertices ρvi of the polytope of scheduling variables. One can see the benefit

of model reduction at this point; for a reduced LPV model with a lower number of scheduling

variables and affine dependence, the number of LMIs that need to be solved in order to design an

LPV controller based on a reduced model decreases exponentially. In case of the reduced robot

model, we need to solve only two LMIs.

The design objective is for the measured output y, which consists of the first two states, i.e.,

the two joint positions, to track the desired reference trajectories given by r. For controller syn-

thesis based on polytopic LPV models, the plant input and output matrices, B and C, need to be

independent of the scheduling variables (for details, see [70]). This is not the case for the manipu-

lator example considered here; both the full order LPV model (3.20) and the reduced model have

an input matrix B̆(ρ) that is a function of ρ. This restriction can be worked around as shown in

Figure 3.6 (a), by augmenting the plant with a low pass filter Wu(s) having sufficiently large band-

width [70]. A first order filter is selected for this purpose. FiltersW1(s) andW2(s) are loop-shaping

filters, where W1(s) is selected to be a first order low pass filter with a pole close to the origin in

order to minimize the steady-state tracking error, and W2(s) is chosen as a static gain. These filters

are selected and tuned by trial and error, seeking the minimization of the induced L2 gain from the
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Figure 3.7: Reference trajectory (blue solid line) in comparison with controlled outputs based on
linear PCA-based reduced model (red dashed line) and kernel PCA-based reduced model (black
dotted line).

external disturbance wt = [ rt,1 rt,2 wt,1 wt,2 ]> to the controlled outputs zt = [ zt,1 zt,2 ]> in order to

enforce the performance requirement ‖Twz‖i,2 < γ.

Using the kernel PCA-based reduced LPV model with m = 1 scheduling variable, the LPV

controller matrices at the vertices of the polytope are obtained using the MATLAB robust control

toolbox command hinfgs. An 8th order controller is designed and a minimum value of γ = 0.11

is obtained. The designed controller is then placed in the control loop (see Figure 3.6 (b)) to control

the robotic manipulator model. Reduced scheduling variables are obtained using (3.11) in order to

schedule the controller Kc(ρ). Process noise w is added to the system input such that a signal-to-

noise ratio (SNR) of 20dB is maintained. A saturation limit of |ui| < 30 N-m, for i = 1, 2, is

imposed on the controller outputs in order to mimic the physical constraints on the motor torques

at the two joints. For the sake of comparison, a similar controller is designed based on linear PCA-

based reduced model with m = 1. An optimal value of γ = 0.18 is achieved after tuning the filters.

Figure 3.7 shows the reference tracking results. Reference trajectories are chosen to be different

from the trajectories used in the data-driven kernel PCA reduction. These reference trajectories are

represented by blue solid line; linear and kernel PCA-based controlled outputs are shown by red

dashed and black dotted lines, respectively. Figure 3.8(a) shows the controller outputs for the linear

and kernel PCA cases. Figure 3.8(b) shows a magnified view of the linear and kernel-PCA based
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Figure 3.8: From left to right: (a) Outputs of the gain scheduled controllers designed using linear
PCA-based reduced model (red dashed line) and kernel PCA-based reduced model (black dotted
line); (b) Close-up view of controller outputs.

controller outputs using red dashed and black solid lines, respectively. The results demonstrate

efficient reference tracking achieved by the controller designed using kernel PCA-based reduced

model, and shows improvement over its linear PCA counterpart. The improvement is observed,

not only in terms of reduced rise time and settling time, but also in terms of an overall reduction in

chattering, as seen in Figure 3.8.

3.5 CONCLUDING REMARKS

In this paper, we have explored the use of kernel-based PCA for dimensionality reduction of

the scheduling variables in LPV modeling. Reducing the number of scheduling variables directly

results in reduction of computational complexity for LPV controller design and implementation.

Kernel PCA has been known to be efficient in extracting components of data because of its ability to

perform extraction in a high dimensional feature space; it does so using nonlinear kernel functions.

This makes the reduced LPV model nonlinear in the reduced scheduling variables. We overcome

this problem by solving an optimization problem and obtaining an affine or rational representation

with respect to the reduced scheduling variables. We infer that the reduced model is suitable for

controller design purpose. In the case of the robotic manipulator example considered in this paper,
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kernel PCA has been able to reduce the number of scheduling variables from l = 10 to m = 1,

thereby reducing significantly the number of LMIs to be solved for LPV controller synthesis, as

well as the controller implementation time. Closed-loop simulations show promising reference

tracking, disturbance attenuation and improved settling time. While exploitation of the kernel trick

provides us with increased degree of freedom, and if properly tuned, better model reduction results

and less expensive controller design, the trade-off is observed in terms of the rigorous tuning.

Kernel hyper-parameters require efficient tuning. Usually, these hyper-parameters can be searched

over a grid. It is noted that this tuning is done offline and does not need to be carried out during

online control. Results in this paper provide encouraging insights into the use of kernel PCA for

LPV dependency reduction.
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CHAPTER 4

A KERNEL-BASED APPROACH TO MIMO LPV STATE-SPACE IDENTIFICATION AND

APPLICATION TO A NONLINEAR PROCESS SYSTEM 1

1Syed Z. Rizvi, J. Mohammadpour, R. Tóth, and N. Meskin: A Kernel-based Approach to MIMO LPV
State-space Identification and Application to a Nonlinear Process System. 2015. Proc. of the 1st IFAC
Workshop on Linear Parameter-Varying Systems, Grenoble, France: pp. 85-90. c©IFAC 2015. Reproduced
here with permission of the IFAC. Original version can be found using the Digital Object Identifier (DOI):
10.1016/j.ifacol.2015.11.118
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ABSTRACT

This paper first describes the development of a nonparametric identification method for linear

parameter-varying (LPV) state-space models and then applies it to a nonlinear process system.

The proposed method uses kernel-based least-squares support vector machines (LS-SVM). While

parametric identification methods require proper selection of basis functions in order to avoid

over-parametrization or structural bias, the problem of variance-bias tradeoff is avoided by esti-

mating the functional dependencies of the state-space representation on the LPV scheduling vari-

ables using measured input and output data under the LS-SVM framework. The proposed for-

mulation allows for LS-SVM to reconstruct and uncover static, as well as dynamic dependencies

on scheduling variables in multi-input multi-output (MIMO) LPV models. This is achieved by

assuming that the states are measurable, which is a common scenario during online control of

many chemical processes described by lumped parameter models. The proposed method does not

require an explicit declaration of the feature maps of the nonlinearities of the assumed model

structure; instead, it requires the selection of a nonlinear kernel function and tuning its parame-

ters. The developed identification method is applied to a continuous stirred tank reactor (CSTR)

model under realistic noise conditions. Another numerical example along with the CSTR system

illustrates the performance of the proposed algorithm under both static and dynamic dependence

on the scheduling variables.
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4.1 INTRODUCTION

Linear parameter-varying (LPV) models provide a powerful framework for identification of non-

linear systems. Under this framework, nonlinear models can be represented as a linear dynamic

relation of the input and output variables; the relation is itself dependent on measurable time-

varying signals, commonly known as scheduling variables. These scheduling signals express

the varying operating conditions of the system. Thus, LPV models represent an intermediate

stage between linear time-invariant (LTI) and nonlinear systems, while preserving many attractive

attributes of LTI systems. This simplicity of LPV models allows one to apply linear optimal

control techniques to nonlinear systems represented by LPV models, opening up the possibility

of applying powerful LPV control synthesis tools. In particular, in process systems, it has often

been observed by control engineers and modeling practitioners that the dynamics of the process

is well captured by linear models at any given operating condition. The concept of LPV models,

therefore, comes in very handy in order to extend the LTI models over a wide range of varying

operating conditions.

As a natural consequence of this property, LPV identification has attracted a lot of attention in

the past decade [5], with different identification schemes developed for both LPV input-output and

state-space models [35, 36, 50, 51, 76–78].

For LPV state-space model identification, to the best of authors’ knowledge, most techniques

in the literature fall under the category of parametric approaches. In parametric approaches, the

scheduling dependencies of the model coefficients are described as a linear combination of basis

functions that need to be chosen a priori. However, the selection of these basis functions remains

difficult since overestimating the number of basis functions leads to over-parameterized models

and hence a large variance in the estimates despite the low order of the model. On the other hand,

an inappropriate selection of these functions is known to cause structural bias (see [36]). For LPV

state-space and bilinear models, parametric methods are based on various subspace approaches,

which are extensions of the well-accepted subspace identification methods used for LTI systems.

These methods usually require a high computational demand due to the enormous dimension of
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the data matrices involved (the growth is polynomial in the state dimension and exponential in

the scheduling variables). Verhaegen et al. proposed a solution to overcome this curse of dimen-

sionality on the expanse of approximation of the data equations and identify LPV state-space

models with affine parameter dependence [49]. Other subspace-based methods were later pub-

lished in [46, 51, 52, 79].

Nonparametric methods provide an alternative way to avoid the bias-variance tradeoff by

obtaining nonparametric reconstruction of the scheduling dependencies in LPV models. In partic-

ular, with the emergence of kernel-based techniques, a new avenue of nonparametric identification,

classification, and data processing has appeared in the last two decades. Kernels are functions that

enable us to perform linear operations in high-dimensional feature spaces, often mapping nonlinear

dependencies very efficiently using the so-called kernel trick [61]. This has sprouted the use of

kernel-based techniques for solving different problems under the umbrella of LPV system identifi-

cation, ranging from LPV model reduction [74] to estimating coefficient dependencies in LPV I/O

models [36]. Verhaegen et al. incorporated kernel methods in their earlier subspace-based tech-

nique in order to reduce high dimensional data matrices (see [50]). The identification approaches

published in [36, 41, 80] reported efficient kernel-based methods employing LS-SVM for LPV

I/O models; the results showed consistent estimates of the coefficient dependencies with a very

attractive bias-variance tradeoff. A mixed parametric method for LPV state-space identification

was proposed recently in [57]. The authors described the C matrix using a nonparametric LS-

SVM-based model, while the A matrix was described by a parametric model. The model structure

was assumed to be in companion reachability canonical form (CR-CF), and the coefficients were

estimated using an iterative routine.

In this work, we specifically aim to use the properties of LS-SVM for LPV modeling of

nonlinear process systems. Many chemical processes, including high purity distillation columns,

exhothermic and non-isothermal chemical reactors, and batch systems are inherently nonlinear.

Due to their nonlinearities, they cannot be efficiently stabilized and monitored with controllers and

estimators designed on the basis of linearized models around an operating point. Sources ranging
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from the Arrhenius temperature dependence of reaction rates, radiative heat transfer phenomena, to

complex reaction mechanisms cause for the highly nonlinear behaviors in chemical processes [81].

Increasingly, limitations of traditional linear control and modeling methods have become apparent

in dealing with nonlinear chemical processes as processes are required to operate over a wide

range of conditions. Multi-input multi-output (MIMO) LPV state-space models can fill this gap

by modeling the processes with a linear dynamic relation between the process inputs and outputs,

where the relation itself is a nonlinear function of time-varying parameters. This way, several linear

control techniques can be easily applied to systems represented by an LPV model.

In this paper, we present a nonparametric kernel-based identification method for MIMO LPV

state-space models with measurable states; this is a common situation in several lumped parameter

models of process systems in which the states are directly accessible for measurement. We employ

LS-SVM in order to explore the coefficient dependencies on the scheduling variables with a good

variance-bias tradeoff. We finally validate the proposed technique on the model of an ideal con-

tinuous stirred tank reactor (CSTR). The paper is arranged as follows. The problem formulation

is presented in Section 4.2. The LPV state-space model is formulated in an LS-SVM setting and

identification algorithm is derived in Section 4.3. Numerical examples are provided in Section 4.4,

where a discussion about the results is also given. Concluding remarks are finally made in Section

4.5.

4.2 PROBLEM FORMULATION

Consider an LPV system represented by the following discrete-time state-space model with inno-

vation noise model

xk+1 = A(pk)xk +B(pk)uk +K(pk)ek,

yk = C(pk)xk + ek, (4.1)

where k denotes discrete time, matrices A(pk) ∈ Rn×n, B(pk) ∈ Rn×nu , K(pk) ∈ Rn×ny , and

C(pk) ∈ Rny×n are functions of time-varying scheduling variables pk ∈ Rnp , and ek ∈ Rny is a
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stochastic white noise process. In addition, x and y represent the model states and sensor measure-

ments, respectively. Assuming that the states are available for measurement, we aim at employing

nonlinear kernel functions under the LS-SVM framework in order to estimate the functional depen-

dencies of the state-space matrices on the scheduling variables. We can rewrite (4.1) as

xk+1 = (A(pk)−K(pk)C(pk))︸ ︷︷ ︸
Ã(pk)

xk +B(pk)uk +K(pk)yk,

yk = C(pk)xk + ek, (4.2)

which can be reformulated as follows

xk+1 = W1Φ1(pk)xk +W2Φ2(pk)uk +W3Φ3(pk)yk,

yk = W4Φ4(pk)xk + ek, (4.3)

where W1,2,3 ∈ Rn×nH and W4 ∈ Rny×nH are unknown weighting matrices, while matrices

Φ1(pk) ∈ RnH×n, Φ2(pk) ∈ RnH×nu , Φ3(pk) ∈ RnH×ny , and Φ4(pk) ∈ RnH×n represent unknown

feature maps. Variable nH represents dimension of, a possibly infinite dimensional feature space.

The problem, therefore, boils down to finding the state-space matrices dependencies WiΦi(pk) for

i = 1, · · · , 4, given the data {uk, yk, xk, pk}Nk=1, where N is the number of data points (samples).

4.3 KERNEL-BASED LPV STATE-SPACE MODEL IDENTIFICATION

The estimates of the LPV state-space matrices in the form of WiΦi(pk) can be obtained by mini-

mizing the following cost function

J =
1

2

4∑
i=1

||Wi||2F +
1

2

N∑
k=1

e>k Γek, (4.4)

over W1,2,3,4, where ‖·‖F denotes the Frobenius norm, and Γ = diag(γ1, · · · , γn) is a diagonal

weighting matrix on the residual errors ek, and is known as the regularization matrix. The afore-

described optimization problem can be solved by introducing Lagrange multipliers and substituting

the inner product ΦiΦ
>
i using an a priori chosen nonlinear kernel function as shown in [36]. This
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is expected to give us a nonparametric estimate of the coefficients function matrices representing

the state-space matrices of the original LPV model. We define the Lagrangian function as

L(W1,W2,W3,W4,α,β, e) =

J −
N∑
j=1

α>j {W1Φ1(pj)xj +W2Φ2(pj)uj +W3Φ3(pj)yj − xj+1}

−
N∑
j=1

β>j {W4Φ4(pj)xj + ej − yj} , (4.5)

where αj ∈ Rn, βj ∈ Rny are the Lagrange multipliers at discrete time j. Due to the convexity of

the problem, the global optimum is obtained when the derivatives are equal to zero as follows

∂L
∂αj

= 0⇒ xj+1 = W1Φ1(pj)xj +W2Φ2(pj)uj +W3Φ3(pj)yj, (4.6a)

∂L
∂W1

= 0⇒ W1 =
N∑
j=1

αjx
>
j Φ>1 (pj), (4.6b)

∂L
∂W2

= 0⇒ W2 =
N∑
j=1

αju
>
j Φ>2 (pj), (4.6c)

∂L
∂W3

= 0⇒ W3 =
N∑
j=1

αjy
>
j Φ>3 (pj), (4.6d)

∂L
∂W4

= 0⇒ W4 =
N∑
j=1

βjx
>
j Φ>4 (pj), (4.6e)

∂L
∂ej

= 0⇒ βj = Γej, (4.6f)

∂L
∂βj

= 0⇒ yj = W4Φ4(pj)xj + ej. (4.6g)

Substituting (4.6a)-(4.6g) in (4.3), we can write the following

xk+1 = W1Φ1(pk)xk +W2Φ2(pk)uk +W3Φ3(pk)yk

=


N∑
j=1

αjx
>
j Φ>1 (pj)

︸ ︷︷ ︸
W1

Φ1(pk)xk +


N∑
j=1

αju
>
j Φ>2 (pj)

︸ ︷︷ ︸
W2

Φ2(pk)uk

+


N∑
j=1

αjy
>
j Φ>3 (pj)

︸ ︷︷ ︸
W3

Φ3(pk)yk, (4.7)
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yk =


N∑
j=1

βjx
>
j Φ>4 (pj)

︸ ︷︷ ︸
W4

Φ4(pk)xk + Γ−1βk︸ ︷︷ ︸
ek

. (4.8)

Replacing the inner-product Φi(pk)
>Φi(pj) by a kernel function k̄i(pj, pk), we further define

kernel matrices Ω and Ξ as

[Ω]j,k =
3∑
i=1

z>i (j)k̄i(pj, pk)zi(k),

[Ξ]j,k = x>j k̄
4(pj, pk)xk, (4.9)

where zi(k) =


xk, i = 1

uk, i = 2

yk, i = 3.

While a wide variety of kernel functions exists in the literature to choose from, commonly used

kernels include the Radial Basis Function (RBF), polynomial or sigmoid kernels among many

others (see [61]). A typical RBF kernel, also known as the Gaussian kernel, is represented by

k̄i(pj, pk) = exp

(
−
‖pj − pk‖2

2

2σ2
i

)
, (4.10)

where σi is a free kernel parameter, and ‖·‖2 represents the 2-norm. We can now write (4.7)-(4.8)

in a compact form as follows

Xk+1 = αΩ, (4.11)

Y = βΞ + Γ−1β, (4.12)

where Ω ∈ RN×N and Ξ ∈ RN×N are kernel matrices as defined above, α = [α1 · · ·αN ] ∈ Rn×N

and β = [β1 · · · βN ] ∈ Rny×N are the matrices containing the Lagrange multipliers, Xk+1 =

[x2 · · ·xN+1] ∈ Rn×N and Y = [y1 · · · yN ] ∈ Rny×N contain the states and outputs for the N

samples, respectively. The solution to the above equations can be obtained as follows

α = Xk+1Ω−1, (4.13)

vec(β) =
(
IN ⊗ Γ−1 + Ξ> ⊗ Iny

)−1
vec(Y ), (4.14)
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Figure 4.1: Example 1: Elements (functions) a11, a12 and a21 of the state matrix as a function of
scheduling variable pk and its delayed sample pk−1. Solid blue line represents the original elements
while the circled red line indicates their estimates.

where ⊗ denotes the Kronecker product and vec(·) denotes vectorization function, which stacks

subsequent columns in a matrix below one another; matrices IN and Iny represent identity matrices

of dimensions N and ny, respectively. The solution (4.14) is obtained using the solution to the

classical sylvester equation [82]. Once trained, the estimate of the state-space matrices can be

calculated by using (4.6b)-(4.6e) as

Ãe(·) = W1Φ1(·) =
N∑
k=1

αkx
>
k k̄

1(pk, ·), (4.15a)

Be(·) = W2Φ2(·) =
N∑
k=1

αku
>
k k̄

2(pk, ·), (4.15b)

Ke(·) = W3Φ3(·) =
N∑
k=1

αky
>
k k̄

3(pk, ·), (4.15c)

Ce(·) = W4Φ4(·) =
N∑
k=1

βkx
>
k k̄

4(pk, ·), (4.15d)

where subscript e denotes estimate. Once estimates of Ã, C,K are obtained, estimate Ae =

Ãe + KeCe can be calculated accordingly. This gives a nonparametric estimate of the state-space

matrices. It is noteworthy here that the parameter matrices Wi or the basis functions Φi(·) are not

accessible explicitly. What we are able to estimate via nonlinear kernel functions is WiΦi(·).

Identification of LPV models with dynamic dependence on the scheduling variables
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Figure 4.2: Example 1: Elements a22, b11 and b21 of the LPV state-space matrices as a function of
the scheduling variable pk. The solid blue line represents the original functions while the circled
red line indicates their estimates

Next, we consider the case, where the state-space matrices of the LPV model have dynamic

dependence on the scheduling variables. Such an LPV state-space model can be described by

xk+1 = A(pk, ñ)xk +B(pk, ñ)uk +K(pk, ñ)ek,

yk = C(pk, ñ)xk + ek, (4.16)

where A(pk, ñ) = A(pk, · · · , pk−ñ) signifies the dependence of A on ñ past values of the

scheduling variables. Substituting ek = yk − C(pk, ñ)xk in the equation for xk+1, we can rewrite

the above set of equations as

xk+1 = Ã(pk, ñ)xk +B(pk, ñ)uk +K(pk, ñ)yk,

yk = C(pk, ñ)xk + ek, (4.17)

where Ã(pk, ñ) = A(pk, ñ) −K(pk, ñ)C(pk, ñ). Following the same procedure as before, we

arrive at the following equation for the states xk for k ∈ {1, · · · , N}

xk+1 =
3∑
i=1

{(
N∑
j=1

αjz
>
i (j)Φ>i (pj, ñ)

)
Φi(pk, ñ)zi(k)

}
,

yk =

{
N∑
j=1

βjx
>
j Φ>4 (pj, ñ)

}
Φ4(pk, ñ)xk + Γ−1βk, (4.18)
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Figure 4.3: Example 1: States x1, x2 of the LPV system model. The solid blue and the circled red
lines represent the original and simulated state response of the estimated model, respectively.

where zi(k) is defined as before. The kernel matrices Ω and Ξ can then be written in a modified

form as

[Ω]j,k =
3∑
i=1

z>i (j)k̄i(p(j, ñ), p(k, ñ))zi(k).

[Ξ]j,k = x>j k̄
4(p(j, ñ), p(k, ñ))xk. (4.19)

The RBF kernel is calculated as follows

k̄i(p(j, ñ), p(k, ñ)) = exp

(
−‖p(j, ñ)− p(k, ñ)‖2

2

2σ2
i

)
, (4.20)

where p(j, ñ) =
[
p>j p

>
j−1 · · · p>j−ñ

]>. Other kernels can be defined in a similar way. By applying

the kernel function over a dynamic range of present and past values of the scheduling variables,

dynamic coefficient dependencies of the state-space matrices on the scheduling variables can be

mapped. In the next section, we examine the performance of the developed algorithm by means of

different nonlinear examples with static and dynamic dependence on the scheduling variables.

4.4 NUMERICAL EXAMPLES

The following examples are considered
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Table 4.1: Example 1: Monte-Carlo simulation results for example 1: BFR values for the under-
lying coefficient functions.

Fcn Mean (BFR) STD (BFR)
a11 89.24% 0.532
a12 88.01% 0.718
a21 93.01% 0.098
a22 92.05% 0.188
b11 87.22% 1.102
b21 92.54% 0.021

4.4.1 EXAMPLE 1

The following numerical example of a second order discrete-time LPV state-space model is con-

sidered.

xk+1 = A(pk, pk−1)xk +B(pk)uk + ek,

with

A(pk, pk−1) =

p3
k + p2

k−1 pk tanh(pk−1)

p3
k + pk−1 p2

k

 , B(pk) =

 sat(pk)

sin(2πpk) + cos(2πpk)

 ,
where

sat(pk) =


−0.5, pk < −0.5

0.5, pk > 0.5

0 otherwise.

As can be noticed, elements a11, a12 and a21 have a dynamic dependence on pk, while a22, b11

and b21 depend only on pk. A total of 1200 samples of scheduling variables pk ∈ [−1, 1] are gener-

ated as pk = sin(0.5k). Input signals uk are generated randomly. The generated data is divided into

900 and 300 samples for training and validation, respectively. Gaussian white noise ek is added

such that an output signal-to-noise ratio (SNR) of 25 dB is maintained. RBF kernel is chosen with

its parameters tuned as σi = 0.45 ∀i and Γ = diag{300, 300}. The proposed LS-SVM algorithm

is run and the Lagrange multipliers are estimated. Validation is performed on the validation data;
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Figure 4.4: An ideal continuous stirred tank reactor

we define Best Fit Ratio (BFR) as

BFR := 100% ·max

(
‖x− x̂‖2

‖x− x̄‖2

, 0

)
,

where x̂ and x̄ represent predicted states and mean value of the states, respectively. An average

output BFR of 92.05% with a standard deviation of 1.54 is achieved for 100 runs of the Monte-

Carlo simulation. BFR statistical information for the underlying functional dependencies of the

coefficients over p ∈ [−1, 1] is tabulated in Table 4.1. Estimated elements a11, a12, and a21 of the

state-space matrixA that have dynamic dependence on the scheduling variable are shown in Figure

4.1. Other functions, namely a22, b11 and b21 are shown in Figure 4.2; the estimated functions do not

show dependency on time-shifted scheduling variables, and are hence, plotted in a two-dimensional

plot. Figure 4.3 shows predicted states as compared to the actual ones. The BFR values, as well

as the approximated functional dependencies shown in the figures, demonstrate the remarkable

ability of the proposed kernel-based method to estimate nonlinear dependencies, with both static

and dynamic dependence, with a great accuracy.

4.4.2 EXAMPLE 2: A CONTINUOUS STIRRED TANK REACTOR

In the second example, the model of an ideal continuous stirred tank reactor (CSTR) is con-

sidered. Schematic diagram of the CSTR process is shown in Figure 4.4. It shows the chemical

reaction, under ideal conditions, that converts an inflowing liquid to a product; this reaction is

non-isothermal as described in [83]. A heat coolant-based exchanger is used in order to control the
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temperature inside the reactor. The first principles-based model is described as

Ċ2 =
Q1

V
(C1 − C2)− k0e

− EA
RT2C2,

Ṫ2 =
Q1

V
(T1 − T2)− UHE

AHE
(T2 − Tc) +

∆Hk0

ρcρ
e
− EA
RT2C2. (4.21)

A typical control objective is to regulate the concentration and the temperature in the reactor,

denoted by C2 and T2, respectively. To this end, variables Q1 and Tc, which represent the flow of

inflowing liquid and the temperature of the coolant, respectively, are used as manipulatable control

signals. Steady-state operating conditions as described in [84] and [83], are tabulated in Table 4.2.

The authors in [83] show that introducing a step-disturbance in the inflowing rate of the liquid

shows different behavior in the dynamics of the controlled variables T2 and C2 in terms of both

the time constant and the relative gain when operating at different values of the inflowing liquid

concentration C1. Since the raw material can be obtained from different sources, the concentration

C1 can have differing values ranging from 50% to 150% of the nominal value. The dynamics

differs not only in the values of the time constant and the relative gains, the response also shows

a change in the sign of the gain exhibiting non-minimum phase behavior. It is evident that a PID

controller designed for the nominal value of C1 might easily fail to stabilize the plant. Hence, LPV

modeling naturally appears to be a logical representational choice, using the concentration C1

as the scheduling variable. It is assumed that the reactor is mixed ideally, that the density and the

physical properties of the process remain constant, that the reaction is first order with a temperature

relation according to Aarrhenius law, and that the temperature increase in the coolant over the coil

can be neglected. It is also assumed that the inflow and outflow rates, Q1 and Q2, are kept equal to

each other.

For the aforedescribed system, a pseudo random binary sequence (PRBS) of the two inputs are

used to excite the CSTR model. A trajectory of slowly varying scheduling variable,C1, is generated

ranging from 50% to 150% of the nominal value given in Table 4.2. Gaussian white noise is added

such that SNRs of 20dB and 30dB are maintained for T2 and C2, respectively. An RBF kernel is

selected for training and regularization, and kernel parameters are tuned to be Γ = diag{104, 104}

and σ = 620. Both σ and Γ are tuned after a fine grid search over possible combinations of
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Table 4.2: Example 2: Steady-state values of variables and constants for the CSTR model
V Reactor volume 5 m3

C1 Concentration of the inflowing liquid 800 kg/m3

C2 Concentration in the reactor 213.69 kg/m3

Q1 Inflowing rate 0.01 m3/s
Q2 Outflowing rate 0.01 m3/s
k0 Pre-exponential term 25s−1

EA Activation energy of reaction 30,000 (J/kg)
T1 Temp. of inflowing liquid 353 K
T2 Temp. in the reactor 428.5 K
Tc Coolant temperature 300 K
ρ Density 800 kg/m3

cρ Specific heat 1000(J/kg.s)
∆H Heat of reaction 125,000 J/kg
UHE Heat transfer coefficient 1,000 (J/kg.s)
AHE Surface area of heat exchanger 1 m2

h Liquid level 5 m
R Gas constant 8.31 (J/mol.K)

parameter values. An adequate sampling time of 60s is chosen, and the model is simulated to

generate input and output samples. Collected data is divided into training and validation sets and

the proposed LS-SVM routine is run. Trained model is then validated on noise-free validation data

and results are shown in Figure 4.5; an output BFR of 85.04% is achieved. The scheduling variable

trajectory is also shown in Figure 4.5. While LPV modeling based on orthogonal basis functions

(OBF) have shown comparatively higher BFR values for validation data in [83], the OBF method

uses a polynomial interpolation of order 8. As opposed to that, in the present method, the state

order is not increased, and a good approximation is achieved with a second order LPV state-space

approximation.

4.5 CONCLUDING REMARKS

This paper has introduced a non-iterative and nonparametric identification scheme for LPV state-

space models whose states are available for measurement, a situation often occurring in process

systems, where the states are directly measurable. The proposed technique is an extension to the

LS-SVM identification method for LPV models in an input-output form introduced in [36]. We

utilize a dual optimization scheme that lowers the variance of the estimates and is able to uncover
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Figure 4.5: (Top to bottom): Concentration in reactor C2; error in C2 estimation; reactor temper-
ature T2; error in T2 estimation; concentration of inflowing liquid C1. Variable C1 represents the
scheduling variable. Solid blue lines represent the actual values while dotted red lines represent the
predicted ones.

the structural dependency of a MIMO LPV model without over-parametrization. Both static and

dynamic dependence of the state-space matrices on the scheduling variables have been explored

under noisy conditions. As a case study, nonlinear model of an ideal CSTR has been considered

and the proposed model is used to fit identification data, giving encouraging prediction results

when subjected to a fresh set of validation data. The proposed method, which requires only a

proper choice of a kernel and tuning of the respective kernel parameters is able to map nonlinear

dependencies, thereby providing a model that can be used to design LPV controllers.
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CHAPTER 5

AN IV-SVM-BASED APPROACH FOR IDENTIFICATION OF STATE-SPACE LPV MODELS

UNDER GENERIC NOISE CONDITIONS 1

1Syed Z. Rizvi, J. Mohammadpour, R. Tóth, and N. Meskin: An IV-SVM-based Approach for Identifica-
tion of State-Space LPV Models under Generic Noise Conditions. 2015. Proc. of the 54th IEEE Conference
on Decision and Control, Osaka, Japan: pp. 7380-7385. c©2015 IEEE. Reprinted here with permission of
the publisher.
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ABSTRACT

This paper presents a nonparametric identification method for state-space linear parameter-varying

(LPV) models using a modified support vector machine (SVM) approach. While most LPV iden-

tification schemes in the state-space form fall under the general category of parametric methods,

regularization-based SVMs provide a viable alternative to model scheduling dependencies, without

the need of specifying the dependency structure and with an attractive bias-variance trade-off. In

this paper, a solution is proposed for nonparametric identification of LPV state-space models in

terms of least-squares SVMs (LS-SVM) and is then extended in a way that the proposed estima-

tion is robust to errors in the noise model estimation. The so-called instrumental variables (IV)

method has been used in linear system identification for quite some time, and has recently seen its

application in the identification of both nonlinear and LPV systems in the input-output (IO) form.

The IV method reduces the bias in estimated LPV state-space models in case the noise model is not

estimated properly or is unknown. In the proposed method of this paper, the attractive bias-variance

trade-off properties of LS-SVMs are combined with statistical properties of IV-based methods to

give robust estimates of the functional dependencies. Numerical examples are provided to com-

pare the performances of the proposed IV-based technique with the LS-SVM-based LPV model

identification methods.
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5.1 INTRODUCTION

Linear parameter-varying (LPV) models offer an efficient framework for modeling nonlinear sys-

tems by representing the nonlinear model as a linear dynamic relation of the input and output

variables where the relations themselves are dependent on the measurable time-varying signals,

commonly known as the scheduling variables. This way, the scheduling signals take into account

the varying operating conditions of the system. This simplicity of LPV models allows for the appli-

cation of several linear control techniques to nonlinear systems represented by LPV models and

opens the door for the application of powerful LPV control synthesis tools. Naturally then, LPV

identification has attracted a lot of attention in the past decade [5], with different identification

schemes developed for both input-output (IO) and LPV state-space models [36, 51, 77, 85].

Most identification methods in the literature for LPV state-space models fall under the cate-

gory of parametric approach, where the scheduling dependencies of the state-space model matrices

are assumed to be parameterized with respect to known basis functions [35]. This leads to over-

parametrization of the model coefficients, causing a large variance in the estimates. On the other

hand, an inappropriate selection of these functions is known to cause a structural bias [36]. For

LPV state-space and bilinear models, parametric methods are mostly based on various subspace

approaches. These methods usually require a high computational demand due to the enormous

dimensions of the data matrices involved. The authors in [49] proposed a tractable way to reduce

this curse of dimensionality for LPV state-space models with affine parameter dependence. A few

more subspace-based methods were later published in [51, 52] among others.

Nonparametric methods provide an alternative that can avoid the bias-variance trade-off by

obtaining nonparametric reconstruction of the scheduling dependencies in LPV models. With the

emergence of kernel-based techniques, a new avenue of nonparametric identification, classifica-

tion and data processing has appeared in the last two decades. Kernels are functions that enable us

to perform linear operations in high-dimensional feature spaces, often mapping nonlinear depen-

dencies efficiently using the so-called kernel trick [61]. This has sprouted the use of kernel-based

techniques for solving various problems under the umbrella of LPV system identification [36, 74].
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The identification approaches in [36,41,86,87] reported efficient kernel-based methods employing

least-squares support vector machines (LS-SVM) for LPV-IO and state-space models; the results

showed consistent estimates with an attractive bias-variance trade-off. An iterative mixed para-

metric method for LPV state-space identification was proposed recently in [57], in which the

authors described the C matrix using a nonparametric LS-SVM model, while the A matrix was

described by a parametric model.

While regularization-based SVMs provide an attractive bias-variance trade-off for efficient

nonparametric identification, these methods suffer from severe restrictions imposed on noise,

where the obtained estimates would be truly unbiased w.r.t. the noise only when writing the esti-

mation problem into a regression form and the resulting noise process is white [86]. In order to

obtain unbiased estimates for more generic noise conditions, instrumental variables (IV) have

been employed in LTI identification theory in [88], and recently in the context of nonparametric

identification for nonlinear ARX models in [86] and LPV IO models in [86].

In this paper, we present an LS-SVM-based nonparametric identification method for multi-

input multi-output (MIMO) LPV state-space models. We further derive an IV-based SVM opti-

mization problem to model the coefficient dependencies on the scheduling variables in the presence

of colored noise, often correlated with the scheduling variables. The paper is arranged as follows.

The problem is formulated in Section 5.2. An LS-SVM identification algorithm is formulated in

Section 5.3. Section 5.4 discusses the conditions on the instruments and on the LPV structure of

the noise. Section 5.5 formulates the proposed IV-based algorithm. Performance of the proposed

method is demonstrated on a numerical example in Section 5.6. Concluding remarks are made in

Section 5.7.

5.2 PROBLEM FORMULATION

We now set to formally formulate the problem at hand, i.e., identifying a discrete-time LPV model

in the state-space form that can handle the presence of colored noise, as well as noise that is

possibly correlated with the scheduling variables. Consider an LPV system represented by the
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following discrete-time state-space model

x(k + 1) = A(pk)x(k) +B(pk)u(k) + v(k),

y(k) = C(pk)x(k) + z(k), (5.1)

where k ∈ Z denotes the discrete time instant, and matrices A(pk) ∈ Rn×n, B(pk) ∈ Rn×nu , and

C(pk) ∈ Rny×n are functions of time-varying scheduling variables p(k) ∈ Rnp , denoted as pk

for better readability. Variables v(k) ∈ Rn, z(k) ∈ Rny are zero-mean, quasi-stationary stochastic

noise processes, not necessarily white, but independent from u(k). We aim at employing nonlinear

kernel functions under the LS-SVM framework in order to estimate the functional dependencies of

the state-space matrices on the scheduling variables. We can formulate the problem by writing the

LPV state-space model (5.1) as follows

x(k + 1) = Wxϕ
>
x (k) + εv(k),

y(k) = Wyϕ
>
y (k) + εz(k) (5.2)

where εv(k), εz(k) are residual errors on the states and outputs, Wx = [W1 W2] ∈ Rn×2nH and

Wy = W3 ∈ Rny×nH are weighting matrices, and ϕ>x (k) ∈ R2nH×1 and ϕ>y (k) ∈ RnH×1 are

unknown regressors given by

ϕ>x (k) = [(Φ1(pk)x(k))> (Φ2(pk)u(k))>]>,

ϕ>y (k) = Φ3(pk)x(k). (5.3)

In addition, nH represents the dimension of a possibly infinite-dimensional feature space. From

(5.2)-(5.3), we can gauge that A(pk) = W1Φ1(pk), B(pk) = W2Φ2(pk), and C(pk) = W3Φ3(pk).

We assume that the states are available for measurement, a possibility often encountered in applica-

tions like chemical processes. Estimating dependencies without state measurements is the subject

of our ongoing research and is not covered in this paper. The problem, therefore, reduces to finding

the dependency ofWxϕ
>
x (k) andWyϕ

>
y (k) on pk given the data {u(k), x(k), y(k), p(k)}Nk=1, where

N is the number of samples.
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5.3 AN LS-SVM APPROACH FOR LPV-SS IDENTIFICATION

The estimates of the LPV state-space matrix functions can be obtained by minimizing the following

cost function

J (Wx,Wy, εv, εz) =
1

2

(
‖Wx‖2

F + ‖Wy‖2
F

)
+

1

2

(
N∑
k=1

ε>v (k)Γεv(k) +
N∑
k=1

ε>z (k)Ψεz(k)

)
,

(5.4)

where ‖·‖F denotes the Frobenius norm, and Γ = diag(γ1, · · · , γn) and Ψ = diag(ψ1, · · · , ψny)

are diagonal weighting matrices on the residual errors εv(k) and εz(k) in (5.2); these weighting

matrices are known as the regularization parameters. The above optimization can be solved by

introducing Lagrangian multipliers and substituting the inner product Φ>i Φi using an a priori

chosen nonlinear kernel function as shown in [36]. We define the Lagrangian as

L(Wx,Wy,α,β, εv, εz) = J (Wx,Wy, εv, εz)

−
N∑
j=1

α>j
{
Wxϕ

>
x (j) + εv(j)− x(j + 1)

}
−

N∑
j=1

β>j
{
Wyϕ

>
y (j) + εz(j)− y(j)

}
, (5.5)

where αj ∈ Rn, βj ∈ Rny are the Lagrange multipliers at the discrete time j. In order to solve

for the global optimum, saddle points are obtained by solving the Karush-Kuhn-Tucker (KKT)

conditions as follows

∂L
∂Wx

= 0⇒ Wx =
N∑
j=1

αjϕx(j), (5.6a)

∂L
∂Wy

= 0⇒ Wy =
N∑
j=1

βjϕy(j), (5.6b)

∂L
∂αj

= 0⇒ εv(j) = x(j + 1)−Wxϕ
>
x (j), (5.6c)

∂L
∂βj

= 0⇒ εz(j) = y(j)−Wyϕ
>
y (j), (5.6d)

∂L
∂εv(j)

= 0⇒ αj = Γεv(j), (5.6e)

∂L
∂εz(j)

= 0⇒ βj = Ψεz(j). (5.6f)
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Substituting the relations (5.6a)-(5.6f) into (5.2), we can eliminate the primal decision variables

and write

x(k + 1) = Wxϕ
>
x (k) + εv(k) =

{
N∑
j=1

αjϕx(j)

}
︸ ︷︷ ︸

Wx

ϕ>x (k) + Γ−1αk︸ ︷︷ ︸
εv(k)

, (5.7)

y(k) = Wyϕ
>
y (k) + εz(k) =

{
N∑
j=1

βjϕy(j)

}
︸ ︷︷ ︸

Wy

ϕ>y (k) + Ψ−1βk︸ ︷︷ ︸
εz(k)

. (5.8)

Replacing the inner product Φ>i (pj)Φi(pk) by a kernel function k̄i(pj, pk), we define kernel

matrices Ω and Ξ as

[Ω]j,k = ϕx(j)ϕ
>
x (k) =

2∑
i=1

z>i (j)k̄i(pj, pk)zi(k), (5.9)

[Ξ]j,k = ϕy(j)ϕ
>
y (k) = x>(j)k̄3(pj, pk)x(k), (5.10)

where zi(k) = x(k) and zi(k) = u(k) for i = 1, 2, respectively; the function k̄i(·, ·) denotes a

nonlinear kernel function. While a wide variety of kernel functions exist in the literature to choose

from, commonly used kernels include the Radial Basis Function (RBF), polynomial and sigmoid

kernels among many others [61]. A typical RBF kernel, also known as the Gaussian kernel, is

represented by

k̄i(pj, pk) = exp

(
−
‖pj − pk‖2

2

2σ2
i

)
, (5.11)

where σi is a free kernel parameter and ‖·‖2 represents the Euclidean norm. By using (5.9) and

(5.10), we can write (5.7)-(5.8) in a more compact form as

X = αΩ + Γ−1α,

Y = βΞ + Ψ−1β,

where Ω ∈ RN×N and Ξ ∈ RN×N are the kernel matrices, α = [α1 · · ·αN ] ∈ Rn×N and

β = [β1 · · · βN ] ∈ Rny×N are Lagrange multipliers, and X = [x(1) · · ·x(N)] ∈ Rn×N and

Y = [y(1) · · · y(N)] ∈ Rny×N contain the states and outputs for the N samples. The solution to
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the above equations can be obtained as follows

vec(α) =
(
IN ⊗ Γ−1 + Ω> ⊗ In

)−1
vec(X), (5.12)

vec(β) =
(
IN ⊗Ψ−1 + Ξ> ⊗ Iny

)−1
vec(Y ), (5.13)

where ⊗ denotes Kronecker product and vec(·) denotes vectorization function, which stacks sub-

sequent columns in a matrix below one another; matrix IN represents identity matrix of dimension

N . The solutions (5.12)-(5.13) are obtained using the solution to the classical Sylvester equation.

Once estimated, the estimate of the state-space matrices can be calculated by using (5.6a)-(5.6b)

as

Â(·) = W1Φ1(·) =
N∑
k=1

αkx
>(k)k̄1(pk, ·), (5.14a)

B̂(·) = W2Φ2(·) =
N∑
k=1

αku
>(k)k̄2(pk, ·), (5.14b)

Ĉ(·) = W3Φ3(·) =
N∑
k=1

βkx
>(k)k̄3(pk, ·), (5.14c)

giving us a nonparametric estimate of the state-space matrices. It is noteworthy that the parameter

matrices Wi or the basis functions Φi(·) are not accessible explicitly. What we estimate via non-

linear kernel functions is WiΦi(·).

Remark 5.1 It is noteworthy here that since the objective function (5.4) and constraints (5.2)

constitute a convex primal problem with linear equality constraints, strong duality holds, and there

exists no duality gap between the dual solution (5.12)-(5.13) and the solution to the primal problem.

5.4 NOISE MODEL ESTIMATION AND INSTRUMENTAL VARIABLES

Consider that there exists Wx0,Wy0 such that the following holds true for the true data-generating

LPV system (5.1):

x(k + 1) = Wx0ϕ
>
x (k) + v0(k), (5.15a)

y(k) = Wy0ϕ
>
y (k) + z0(k). (5.15b)
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It was shown in [86] that LS-SVM-based optimization can provide consistent estimates under the

assumption that Wx0,Wy0 are bounded smooth functions and the condition that there is an absence

of correlation between ϕx(k) and v0(k), e.g., when v0 is a white noise process. The same holds

true for correlation between ϕy(k) and z0(k). This is not often the case in practice with sensor

and actuator noise; noise is mostly colored and often correlated with the scheduling variables.

To address the identification problem in the presence of colored noise, one could increase the

complexity of the noise model; this, however, would lead to an increase in the complexity of the

estimation and might in many cases, lead to a non-convex optimization problem. The so-called

instrumental variable (IV) methods have provided a viable alternative by providing estimates that

are robust to noise model estimation errors. Suppose that the colored noise v(k), z(k) have the

following LPV structure

v(k) =
∞∑
i=0

fi(pk, k) · e(k − i), (5.16a)

z(k) =
∞∑
i=0

gi(pk, k) · e(k − i), (5.16b)

where e(k) represents zero-mean white noise. The IV-based solutions provide unbiased estimates

as long as the scheduling variables pk are independent from e(k) and the LPV filters (5.16a)-(5.16b)

represent monic infinite impulse response (IIR) filters that are asymptotically stable. Recently,

a nonparametric IV solution has been derived for nonlinear ARX models in [86] that provides

unbiased estimates irrespective of the noise model. The idea follows the IV for linear systems

in [88], which states that one can circumvent the problem of biased estimates due to noise modeling

errors by introducing so-called instruments ζx and ζy such that

E{v0(k)ζx(k)} = E{z0(k)ζy(k)} = 0, ∀k ∈ Z. (5.17)

Consequently, we can introduce the instrument in the LS-SVM optimization problem derived in

the previous section.

77



5.5 IV-SVM MODIFICATION

5.5.1 THE IV-SVM SCHEME

We now modify the cost function (5.4) such that the condition (5.17) is met; we do this by intro-

ducing instruments ζx(k), ζy(k) ∈ R1×2nH . While the regressors ϕx(k), ϕy(k) depend on the past

samples of states and inputs, the instruments can be chosen by the user. The modified cost function

can be written as

I(Wx,Wy, εv, εz) =
1

2

(
‖Wx‖2

F + ‖Wy‖2
F

)
+

1

2

(
N∑
k=1

‖Γεv(k)ζx(k)‖2
F +

N∑
k=1

‖Ψεz(k)ζy(k)‖2
F

)
,

(5.18)

The Lagrangian will now be defined as

L(Wx,Wy,α,β, εv, εz) = I(Wx,Wy, εv, εz)

−
N∑
j=1

α>j
{
Wxϕ

>
x (j) + εv(j)− x(j + 1)

}
−

N∑
j=1

β>j
{
Wyϕ

>
y (j) + εz(j)− y(j)

}
. (5.19)

Like before, the stationary points for the Lagrangian are obtained by solving the KKT conditions

as follows

∂L
∂Wx

= 0⇒ Wx =
N∑
j=1

αjϕx(j), (5.20a)

∂L
∂Wy

= 0⇒ Wy =
N∑
j=1

βjϕy(j), (5.20b)

∂L
∂αj

= 0⇒ x(j + 1) = Wxϕ
>
x (j) + εv(j), (5.20c)

∂L
∂βj

= 0⇒ y(j) = Wyϕ
>
y (j) + εz(j), (5.20d)

∂L
∂εv(j)

= 0⇒ εv(j) =
(
2ζx(j)ζ

>
x (j)Γ>Γ

)−1
αj, (5.20e)

∂L
∂εz(j)

= 0⇒ εz(j) =
(
2ζy(j)ζ

>
y (j)Ψ>Ψ

)−1
βj. (5.20f)
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Next, like before, we eliminate the primal decision variables by substituting (5.20a)-(5.20f) into

(5.2) and obtain the following:

x(k + 1) = Wxϕ
>
x (pk) + εv(k)

=

{
N∑
j=1

αjϕx(pj)

}
︸ ︷︷ ︸

Wx

ϕ>x (pk) +
(
2ζx(k)ζ>x (k)Γ>Γ

)−1
αk︸ ︷︷ ︸

εv(k)

, (5.21a)

y(k) = Wyϕ
>
y (k) + εz(k)

=

{
N∑
j=1

βjϕy(j)

}
︸ ︷︷ ︸

Wy

ϕ>y (k) +
(
2ζy(k)ζ>y (k)Ψ>Ψ

)−1
βk︸ ︷︷ ︸

εz(k)

. (5.21b)

The kernel matrices Ω and Ξ are defined as before, and (5.21a)-(5.21b) can be written in compact

form as

X = αΩ + (Γ>Γ)−1αZx, (5.22)

Y = βΞ + (Ψ>Ψ)−1βZy, (5.23)

where

Zx = diag

((
2ζx(1)ζ>x (1)

)−1
, · · · ,

(
2ζx(N)ζ>x (N)

)−1
)
, (5.24)

Zy = diag

((
2ζy(1)ζ>y (1)

)−1
, · · · ,

(
2ζy(N)ζ>y (N)

)−1
)
. (5.25)

The solution to (5.22)-(5.23) can be obtained as follows

XZ−1
x = αΩZ−1

x + (Γ>Γ)−1α, vec(α)

=
(
IN ⊗ (Γ>Γ)−1 + (ΩZ−1

x )> ⊗ In
)−1︸ ︷︷ ︸

DIVx

vec(XZ−1
x ), (5.26)

Y Z−1
y = βΞZ−1

y + (Ψ>Ψ)−1β, vec(β)

=
(
IN ⊗ (Ψ>Ψ)−1 + (ΞZ−1

y )> ⊗ Iny
)−1︸ ︷︷ ︸

DIVy

vec(Y Z−1
y ). (5.27)
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Remark 5.2 By choosing the regularization parameters as γ1 = · · · = γn and ψ1 = · · · = ψny ,

one can, albeit at the cost of introducing conservatism in the estimation, simplify the solution to

(5.22)-(5.23) by avoiding the calculation of inverses in DIV
x and DIV

y . Equations (5.22)-(5.23) can

then be written in a simplified manner with a simpler solution as

X = αΩ + αZxγ
−2
1 =⇒ α = X

(
Ω + Zxγ

−2
i

)−1︸ ︷︷ ︸
D̂IVx

, (5.28)

Y = βΞ + βZyψ
−2
1 =⇒ β = Y

(
Ξ + Zyψ

−2
i

)−1︸ ︷︷ ︸
D̂IVy

. (5.29)

Thus, calculation of the inverses DIV
x ∈ RNn×Nn and DIV

y ∈ RNny×Nny is replaced by calculating

the inverses of matrices with much smaller dimensions, i.e. D̂IV
x ∈ RN×N , D̂IV

y ∈ RN×N .

5.5.2 SELECTION OF THE INSTRUMENTS

To ensure unbiased estimates, the instruments ζx(k) and ζy(k) should be uncorrelated to the noise

signals v(k) and z(k); in other words, condition (5.17) should hold true. As described in [88],

the chosen instrument should be correlated with the regression variables, in this case, ϕx(k) and

ϕy(k), but should be uncorrelated with the noise processes. Most instruments used in practice are

generated by passing the past inputs through a filter; this is true in the LTI case where instruments

can be generated using a least squares (LS) estimated model, while estimated LS-SVM-based

nonlinear models have been used to generate instruments in the nonlinear [86] and LPV [86] cases

in the input-output form. While the choice of an instrument generally remains an open problem,

and depends highly on the structure of the system and the noise model, following the general

principles outlined in [88] and later adopted in [86], we choose the instruments as

ζ>x (k) = [(Φ1(pk)ξ1(k))> (Φ2(pk)ξ2(k))>]>, (5.30)

ζ>y (k) = Φ3(pk)ξ1(k), (5.31)

where ξi(k) = x̂(k) and ξi(k) = u(k) for i = 1, 2, respectively. Variable x̂(k) denotes noise-free

states. Since we usually do not have access to noise-free measurements, x̂(k) can be considered to
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Algorithm 3 IV-SVM algorithm for LPV state-space identification
Initialize: iter = 0
1: Given D = {u(k), x(k), y(k), p(k)}Nk=1, obtain an initial estimate Â(pk), B̂(pk), and Ĉ(pk) by
obtaining Lagrange multipliers α(0),β(0) using LS-SVM solution (5.12)-(5.13) as proposed in Section
5.3; this model is labeled asM0.
2: Simulate the developed model in Step 1 to get estimates x̂(k).
3: iter = 1
while α and β do not converge according to (5.34) do

4: Define the instruments ζx(k), ζy(k) as (5.30)-(5.31); compute (5.32)-(5.33) to obtain the matrices
Zx, Zy.
5: Estimate the Lagrange multipliers αiter,βiter using IV-SVM solution (5.26)-(5.27) and solve
(5.14a)-(5.14c) to obtain the modelMiter.
6: UsingMiter, generate the estimates x̂(k).
7: iter← iter + 1.

end while

be estimates of x(k). The inner-product ζi(k)ζ>i (k) (i = x, y) in (5.24)-(5.25) can now be replaced

by kernel functions, giving us Zx and Zy as follows:

Zx = diag

((
2

2∑
i=1

ξ>i (1)k̄i(p1, p1)ξi(1)
)−1

, · · · ,
(
2

2∑
i=1

ξ>i (N)k̄i(pN , pN )ξi(N)
)−1

)
, (5.32)

Zy = diag

((
2ξ>1 (1)k̄3(p1, p1)ξ1(1)

)−1
, · · · ,

(
2ξ>1 (N)k̄3(pN , pN )ξ1(N)

)−1

)
. (5.33)

In case the chosen kernel function k̄i is an RBF kernel, k̄i(pj, pj) = 1; however, we refrain from

making this simplification in (5.32)-(5.33) since the derived expression is generic and may pertain

to the choice of any kernel function, not necessarily RBF. The estimates of the state-space matrices

Â(·), B̂(·) and Ĉ(·) can then be computed by using (5.14a)-(5.14c) in which α and β are the

Lagrange multipliers obtained from the IV-SVM update (5.26)-(5.27), and x(k) and u(k) denote

the recorded noisy states and inputs, respectively. The estimates x̂(k) used for the calculation of

Zx and Zy can be considered to be those obtained from the developed SVM-based model, and can

be improved iteratively until the solutions α, β converge according to the following criterion:

Oiter =
∥∥αiter −αiter−1

∥∥
F

+
∥∥βiter − βiter−1

∥∥
F
≤ ε, (5.34)

where ε is a small number chosen for the stopping criterion of the iterative procedure. Detailed

steps needed to implement the IV-SVM routine are described in Algorithm 3.
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Figure 5.1: Example 1: (Left) Functional dependencies of elements {a11} and {a22}, {b21} on
the scheduling variables pk as estimated by IV-SVM. The plot shows mean (red) and standard
deviation (dotted black) data over the Monte-Carlo simulations; original functional dependencies
are shown by dotted blue line. (Right) Functional dependencies estimation comparison between
LS-SVM (dotted black), IV-SVM (solid red), and original functions (blue solid).
5.6 SIMULATION RESULTS

The following numerical example of a second order discrete-time LPV state-space model is con-

sidered.

x(k + 1) = A(pk)x(k) +B(pk)u(k) + v(k),

A(pk) =

1
6
p2
k p3

k + pk

0 1
8
p3
k

 , B(pk) =

 sat(pk)

sin(q) + cos(q)

 ,
where q = 2πpk, and

sat(pk) =


−0.5, pk < −0.5

0.5, pk > 0.5

0 otherwise.

The signal v(k) represents a colored noise correlated with the scheduling variable pk and given

by

v(k + 1) =

0.95pk 0

0 0.95pk

 v(k) +

 −0.3p3
k

−0.15pk

 e(k),
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Table 5.1: Monte-Carlo simulation results for output BFR
Mean (BFR %) Std. (BFR %)

LS-SVM 86.22 0.8247
IV-SVM 97.72 0.1596

where e(k) ∼ N (0, σ2
e) is a white noise sequence. Given the measurements of states x(k), we are

interested only in the estimation of A(pk) and B(pk), and hence, only Lagrange multipliers α are

sought; estimation of C(pk) would follow the same procedure for the estimation of β as outlined

in the previous section. A total of 1000 samples of scheduling variables pk ∈ [−1, 1] are generated

such that pk = sin(0.8k). Uniformly distributed random inputs u ∈ [−1, 1] are generated. White

noise e(k) is generated with standard deviation σe = 0.15, and v(k) is calculated. This results

in an average SNR of 12dB over the two states. Data is divided into 700 and 300 samples for

estimation and validation, respectively. An RBF function is chosen for the kernel functions k̄i with

σ1 = σ2 = 0.7 for both the LS-SVM and the IV-SVM cases. Regularization parameters γ1,2 are

tuned to 2400 and 3200 for the two cases by searching over a grid space of hyperparameters in

order to maximize the following best fit rate (BFR) in each case

BFR := 100% ·max

(
‖x− x̂‖2

‖x− x̄‖2

, 0

)
,

where x̂ represents simulated states of the estimated model and x̄ denotes sample mean value of

the states.

The proposed LS-SVM and IV-SVM algorithms are run and the Lagrange multipliers are esti-

mated in each case. The performance of the algorithms is assessed on noise-less validation data set

and average BFR values are calculated for the two states. BFR statistics over 50 runs of Monte-

Carlo simulations are tabulated in Table 5.1.

Elements of the identified state-space matrices using IV-SVM show remarkable accuracy. The

BFR values for the functional dependencies of these elements evaluated over the interval [−1, 1] are

tabulated in Table 5.2. Figure 5.1(a) shows three of these dependencies, namely, elements a11, a22,

and b21, with the dashed line showing mean functional value over all Monte-Carlo runs and the

dotted black line showing the standard deviation. The improvement in output BFR values for the
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Figure 5.2: Validations results for LS-SVM estimation (left) and IV-SVM estimation (right)
showing states of the original (solid blue) and identified (dashed red) LPV models.

Table 5.2: Monte-Carlo simulation results: Functional dependencies as estimated by the proposed
IV-SVM-based method

Function Mean (BFR %) Std. (BFR %)
a11(pk) 79.775 0.015
a12(pk) 99.099 0.052
a21(pk) 96.012 0.078
a22(pk) 86.501 0.044
b11(pk) 97.315 0.101
b21(pk) 97.508 0.025

IV-SVM is reflected in the estimation of these functions as well. In Figure 5.1(b), we compare

the mean functional values as estimated by the LS-SVM and IV-SVM algorithms. Owing to the

colored nature of the noise, and the fact that the considered noise is correlated with the scheduling

variables, some functional estimates like a22 in the LS-SVM case show a visible bias. Validation

results for the two states are shown in Figure 5.2 for the two approaches.

5.7 CONCLUDING REMARKS

This paper has presented a nonparametric identification scheme for LPV state-space models

under generic noise conditions. The proposed technique makes use of the nonparametric LS-SVM

method that has shown encouraging estimation results for input-output LPV models, and further
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incorporates the so-called “instruments” to induce robustness to noise modeling errors. Instru-

mental variables have proven to be effective in the LTI context and recently seen their extension to

nonlinear ARX and polynomial LPV models. To gauge the performance of the proposed method,

we have considered simulation studies with a high level of output noise, which was not only

colored but also correlated with the scheduling variables. The results have shown encouraging

improvements compared to LS-SVM based estimation methods in terms of providing unbiased

estimates. Developing IV-SVM-based identification methods for LPV state-space models without

the availability of state measurements is the focus of our ongoing research.
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CHAPTER 6

STATE-SPACE LPV MODEL IDENTIFICATION USING KERNELIZED MACHINE LEARNING 1

1Syed Z. Rizvi, J. Mohammadpour, R. Tóth, and N. Meskin: State-space LPV Model Identification Using
Kernelized Machine Learning. 2016. Submitted to Automatica.
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ABSTRACT

This paper presents a nonparametric method for identification of MIMO linear parameter-varying

(LPV) models in the state-space form. The states are first estimated up to a similarity transfor-

mation via a nonlinear version of canonical correlation analysis (CCA) operating in a repro-

ducing kernel Hilbert space (RKHS). This enables to reconstruct a minimal dimensional inference

between past and future input-output and scheduling variables, making it possible to estimate a

state-sequence consistent with the data. Once the states are estimated, an LS-SVM-based identifi-

cation scheme is formulated, allowing to capture the dependency structure of the dynamic relation

on the scheduling variables without requiring an explicit declaration of these often unknown depen-

dencies; instead, it only requires the selection of nonlinear kernel functions and the tuning of the

associated hyper-parameters.
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6.1 INTRODUCTION

Linear Parameter-Varying (LPV) model identification has attracted a lot of attention within the

system identification community in the recent past. Although a significant progress on the identifi-

cation of LPV systems with input-output (IO) models has been achieved [35,36,56], identification

in an LPV state-space form remains challenging with several open problems.

The main streams of LPV control synthesis approaches in the literature are derived from LPV

state-space (SS) representations. However, the bulk of discrete-time LPV identification and mod-

eling is often carried out under an IO structure. Therefore, a possible approach would be to trans-

form available LPV-IO models to LPV-SS form. However, such a transformation is complicated

as the conversion to equivalent SS models often results in dynamic dependence of the state-space

matrices on the scheduling variables while approximative “realizations” deform the dynamical

relations between the inputs and outputs, often leading to high output errors [42]. Allowing for

such a dynamic dependence increases the complexity of the transformed LPV-SS model thereby

making controller synthesis more difficult or even computationally infeasible. It is for this reason

that LPV state-space models directly identified from input and output data are of prime importance.

Broadly speaking, LPV identification methods can be categorized into parametric and non-

parametric methods. In parametric identification of LPV models, the assumption is made that the

scheduling dependencies of the model coefficients are known a priori [35]. However, in prac-

tice, selecting adequate functions to parameterize these dependencies is a non-trivial task where

often one tries to include a wide array of basis functions to ensure that the process dynamics are

captured. This often leads to over-parametrization of the model coefficients [47], causing a large

variance in the estimates. On the other hand, an inappropriate selection of these functions causes

structural bias [36]. Examples of parametric LPV-SS identification include subspace identifica-

tion methods published in [49, 51, 53]. These methods pertain to systems that can be modeled

with affine parameter-dependence, and are usually suitable for only low-dimensional cases. For an

overview of other LPV-SS identification schemes, see [56]. An alternative approach with an attrac-

tive bias-variance trade-off is to obtain a nonparametric reconstruction of the scheduling depen-
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dencies in LPV models. Kernel-based nonparametric identification techniques have demonstrated

encouraging results for LPV-IO models in [36, 41, 47], among others; however, very few nonpara-

metric methods for state-space model structures have been reported. A mixed parametric method

based on least-squares support vector machine (LS-SVM) was proposed recently in [57]. In this

work, the state matrix A is described by a parametric model, while the state-readout matrix C is

described by a nonparametric one. The problem of selecting basis functions therefore is solved only

partially. Additionally, the work [57] focuses only on single-input single-output (SISO) LPV-SS

models. In our recent work [87], we proposed an LS-SVM-based LPV-SS identification method for

multi-input multi-output (MIMO) systems. Further improvement was presented in [89] by incor-

porating instrumental variables, making the technique robust to the presence of colored noise. A

limiting factor in both of these works was the assumption of the availability of state measurements,

which, most often, is not the case in practical situations.

In this paper, we present an LS-SVM-based nonparametric method for MIMO LPV-SS model

identification. The proposed technique works in two steps; first, LS-SVM-based nonlinear canon-

ical correlation analysis (CCA) is used to estimate the states of the data-generating system from

inputs, outputs, and scheduling variables data. The estimated states are then used with the mea-

sured data to identify the state-space matrices of an LPV-SS model of the data-generating system

with no assumption made a priori on the scheduling dependency structure. The main contribution

of this paper lies in the unique formulation of kernelized CCA and LS-SVM for identification pur-

poses such that the linearity structure of LPV state-space models is retained. The paper is arranged

as follows. The problem is formulated in Section 6.2. The use of correlation analysis for the esti-

mation of the states is derived and explained in Section 6.3. Section 6.4 details the LS-SVM-based

identification algorithm. To demonstrate the capabilities of the developed approach, a simulation

study is provided in Section 6.6. Finally, concluding remarks are made in Section 6.7.
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6.2 PROBLEM FORMULATION AND PRELIMINARIES

Consider an LPV system represented by the following discrete-time state-space innovation noise

model

xk+1 = A(pk)xk +B(pk)uk +K(pk)ek, (6.1a)

yk = C(pk)xk +D(pk)uk + ek, (6.1b)

where k ∈ Z denotes discrete-time, andA(pk) ∈ Rn×n,B(pk) ∈ Rn×nu ,K(pk) ∈ Rn×ny , C(pk) ∈

Rny×n, and D(pk) ∈ Rny×nu are smooth functions of time-varying scheduling variables pk ∈ P ⊂

Rnp with P being compact. Variables uk ∈ Rnu , yk ∈ Rny , and xk ∈ Rn represent the inputs,

outputs, and states of the system at time k, while ek ∈ Rny is a stochastic white noise process. By

substituting ek = yk−C(pk)xk +D(pk)uk in (6.1a), we can re-write the above set of equations as

xk+1 = Ã(pk)xk + B̃(pk)uk +K(pk)yk, (6.2a)

yk = C(pk)xk +D(pk)uk + ek, (6.2b)

where Ã(pk) = A(pk) − K(pk)C(pk), and B̃(pk) = B(pk) − K(pk)D(pk). Similar to the LTI

case, (6.2) must be asymptotically stable in the deterministic sense (even if asymptotic stability

of (6.1) is not required), otherwise identification of (6.1) is ill-posed due to the divergence of the

variance of the resulting stochastic process. Our aim is to develop a kernelized LS-SVM approach

to estimate the functional dependencies of the state-space matrices on the scheduling variables,

given only the measurements of D = {uk, yk, pk}Nk=1, where N is the number of samples.

6.3 A KCCA-BASED APPROACH FOR STATE ESTIMATION

To achieve the aforedescribed objective, first we aim at reconstructing an estimate of the state

sequence {xk}Nk=1 compatible with D.
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6.3.1 CANONICAL CORRELATION ANALYSIS

Canonical correlation analysis (CCA) is a statistical method mainly used to determine linear rela-

tions among several variables. Given two sets of variables, u ∈ Rnu and y ∈ Rny , with N samples

of each collected in U ∈ RN×nu and Y ∈ RN×ny , CCA aims at finding vectors vj ∈ Rnu and

wj ∈ Rny in order to maximize correlation between projected variables Uvj and Y wj , also known

as variates [90]. This leads to the following constrained optimization problem

max
vj ,wj

v>j U
>Y wj, s.t. v>j U

>Uvj = w>j Y
>Y wj = 1.

The optimization solved in the dual form leads to a generalized eigenvalue problem. For more

details, see [91]. CCA only uses second order information to identify the relation between data sets,

an important consequence of which is that CCA and its regularized versions are easily kernelizable

and can handle nonlinear relationships [92].

6.3.2 REGULARIZED KERNEL CCA FOR LPV STATE ESTIMATION

Kernelized CCA can find nonlinear relations between the inputs and outputs of the data-generating

LPV model (6.1). This is done by modifying the linear CCA presented above and incorporating

kernel functions to map the nonlinearly varying scheduling variables into an reproducing kernel

Hilbert space (RKHS), where classical CCA is applied [93]. The goal here is to estimate, from

a finite set of inputs, outputs, and scheduling variables data, the states associated with (6.1). The

main idea behind this is that the states are the minimal interface between the past and future input

output and scheduling variable data; therefore, the states are expected to be the representative of

the past behavior needed to determine the future behavior [91].

Define the past scheduling variables p̄dk ∈ Rdnp and future scheduling variables p̄dk+d ∈ Rdnp

w.r.t. time instant k as

p̄dk := [ pk−d · · · pk−1 ]>, (6.3a)

p̄dk+d := [ pk · · · pk+d−1 ]>, (6.3b)
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 yk
yk+1

...
yk+d−1

 =


C(pk)

C(pk+1)Ã(pk)

...

C(pk+d−1)

d∏
l=2

Ã(pk+d−l)


︸ ︷︷ ︸

(Odf �p)(k)

xk

+



D(pk) 0 ··· 0

C(pk+1)B̃(pk) D(pk+1) ···
...

...
...

. . .
...

C(pk+d−1)

d−1∏
l=2

Ã(pk+d−l)B̃(pk) C(pk+d−1)

d−2∏
l=2

Ã(pk+d−l)B̃(pk+1) ··· D(pk+d−1)


︸ ︷︷ ︸

(Hdf �p)(k)

 uk
uk+1

...
uk+d−1



+



0 0 ··· 0

C(pk+1)K(pk) 0 ···
...

...
...

. . .
...

C(pk+d−1)

d−1∏
l=2

Ã(pk+d−l)K(pk) C(pk+d−1)

d−2∏
l=2

Ã(pk+d−l)K(pk+1) ··· 0


︸ ︷︷ ︸

(Ldf �p)(k)

 yk
yk+1

...
yk+d−1

+

 ek
ek+1

...
ek+d−1

 ,

(6.4)

where d denotes the number of past and future samples. Past and future inputs and outputs ūdk ∈

Rdnu , ȳdk ∈ Rdny , ūdk+d ∈ Rdnu , and ȳdk+d ∈ Rdny are defined in a similar way. Further, we also

define z̄dk =
[
ūdk
ȳdk

]
, z̄dk+d =

[
ūdk+d
ȳdk+d

]
∈ Rd(nu+ny). The future outputs of the LPV innovation form

(6.2) can be written in the observability form2 (6.4), described compactly as

ȳdk+d = (Odf � p)(k) · xk + (Hd
f � p)(k) · ūdk+d + (Ldf � p)(k) · ȳdk+d + ēdk+d, (6.5)

where (Odf � p)(k) ∈ Rdny×n is the time-varying d-step forward observability matrix3 at time k

along the scheduling trajectory p, (Hd
f � p)(k) ∈ Rdny×dnu is a forward Toeplitz matrix based on

the Infinite Impulse Response (IIR) coefficients of (6.2), and (Ldf � p)(k) ∈ Rdny×dny is a lower

2It should be noted here that, in (6.4), we use a left precedence for multiplication, e.g., for k = d= 4,∏d
l=2 = Ã(pk+d−l) = Ã(p6)Ã(p5)Ã(p4).

3The notation (Odf � p)(k) corresponds to the evaluation of Odf along p at time instant k and is used as
a shorthand to express the dynamic dependence of the corresponding matrix functions, e.g., Odf at time k
depends on the instantaneous and future sample values of the scheduling variables, i.e., pk, ..., pk+d−1.

92



triangle matrix. Variable ēdk+d denotes a segment of the sample path of ek. Without the loss of

generality, it is assumed that (6.2) is structurally observable in the deterministic sense4

Definition 6.3.1 The LPV-SS representation (6.2) with state-dimension n is called structurally

observable, if there exists a scheduling trajectory p ∈ PZ, such that the n-step observability matrix

(Onf � p)(k) is full (column) rank for all k ∈ Z.

Let P ⊆ PZ be the set of all scheduling trajectories p such that rank
(
(Onf � p)(k)

)
= n for all

k ∈ Z. Then, in order to guarantee that Odf is injective in (6.5), it is assumed that d is chosen such

that d ≥ n and p ∈ P in the given data set D. In other words, we assume that the to-be-estimated

model representation is observable along the given trajectory of p on all intervals of length d, which

corresponds to a persistency of excitation (PE) condition on p. Dropping the dynamic dependence

argument for notational ease, the state sequence statistics can be given by

xk =
(
Odf (k)

)† ((
I − Ldf (k)

)
ȳdk+d −Hd

f (k)ūdk+d

)
−
(
Odf (k)

)†
ēdk+d, (6.6)

where (·)† indicates the Moore-Penrose pseudo-inverse. Since e is an independent and identically

distributed (i.i.d) zero-mean process, the expected value of the last term on the right-hand side will

be zero, giving us, in the conditional mean sense, the following state estimates

x̂k =
(
Odf (k)

)† [
−Hd

f (k) I − Ldf (k)

]
︸ ︷︷ ︸

ϕf(p̄
d
k+d)

z̄dk+d. (6.7)

Note that due to injectivity of the linear map Odf (k), (6.7) can be used for an unbiased data-based

estimate of any state trajectory compatible with (6.1) for any arbitrary u, sample path e and any

p ∈ P . Note that (6.7) is a non-minimal variance estimator; however, its asymptotic properties

are determined by an equivalent linear time-varying Kalman filtering problem [94]. A similar

expression can be derived for the past outputs giving us

ȳdk = (Odp � p)(k) · xk−d + (Hd
p � p)(k) · ūdk + (Ldp � p)(k) · ȳdk + ēdk, (6.8)

4If the assumption of structural observability is not satisfied, then (6.2) is not state-minimal and under
some mild assumptions on the class of functional dependencies of the associated matrix functions, there
exists a structurally observable LPV-SS realization of the underlying system with equivalent IO map.

93



whereOdp is a d-step constructibility matrix, similar toOdf , but formulated backwards in time, such

that (Odp � p)(k) depends on pk−d, ..., pk−1. Likewise,Hd
p is a backward d-step Toeplitz matrix. We

follow a similar path to estimate the states from the above expression and obtain

x̂k−d =
(
Odp(k)

)† [
−Hd

p(k) I∗
]

︸ ︷︷ ︸
ϕp(p̄dk)

z̄dk . (6.9)

Even if both ϕf(p̄
d
k+d) and ϕp(p̄dk) are unknown mappings (defined by the to-be-estimated matrix

functions), the relations (6.7) and (6.9) allow the use of CCA for the estimation of x̂k. As these

maps at least have polynomial dependence on p̄dk+d and p̄dk in case of affine dependence of the

original matrix functions of (6.1), a tailor-made kernelized formulation of CCA is required for the

underlying estimation problem. To develop this formulation, we define the past and future data sets

Φp,Φf ∈ RN×nG as

Φp :=
[
ϕp(p̄d1)z̄d1 · · · ϕp(p̄dN)z̄dN

]>
, (6.10a)

Φf :=
[
ϕf(p̄

d
1+d)z̄

d
1+d · · · ϕf(p̄

d
N+d)z̄

d
N+d

]>
, (6.10b)

where ϕp : Rdnp → RnG×d(nu+ny) and ϕf : Rdnp → RnG×d(nu+ny) represent unknown feature maps

that respectively map the past and future scheduling variables into an RKHS Gk̆ defined uniquely

by a symmetric and positive definite kernel function k̆ : Rdnp × Rdnp → R (for details, see [95]);

variable nG represents the dimension of this possibly infinite-dimensional feature space. The kernel

function, with arguments in the input space Rdnp , corresponds to an inner product in the RKHS as

[
ϕp(p̄dk)

]>
i

[
ϕp(p̄dj )

]
i

= k̆
(
p̄dk, p̄

d
j

)
.

Now the CCA problem corresponding to the equivalent representation (6.2) becomes

max
vj ,wj

v>j Φ>f Φpwj s.t. v>j Φ>f Φfvj = w>j Φ>p Φpwj = 1, (6.11)

where vj ∈ RnG , wj ∈ RnG with j ∈ {1, . . . N} are directions in the feature space Gk̆, along

which the projections of the future and past data have maximum correlation. Problem (6.11) above

represents the kernel CCA problem of Bach and Jordan [93], a particular disadvantage of which
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is the lack of regularization. An improved and regularized version based on LS-SVM was later

introduced in [90], the primal version of which, adapted to the case of the LPV-SS model (6.2), is

given as

max
vj ,wj
J (vj, wj, s, r) = γ

N∑
k=1

(
skrk − νf

1

2
s2
k − νp

1

2
r2
k

)
− 1

2
v>j vj −

1

2
w>j wj,

s.t. sk = v>j ϕf(p̄
d
k+d)z̄

d
k+d, rk = w>j ϕp(p̄dk)z̄

d
k , (6.12)

for k = 1, ..., N, where γ, νf , νp ∈ R+ are positive hyper-parameters needed to be chosen. The

main advantage of this improved CCA lies in the introduction of the last two terms in the cost

function, which help to regularize vj, wj , making sure they do not become arbitrarily large. Writing

the above problem in a dual form, we define the Lagrangian as given in (6.13), where ηj =

[η1
j · · · ηNj ]> ∈ RN and κj = [κ1

j · · ·κNj ]> ∈ RN are Lagrange multipliers. The optimality condi-

tions are obtained via solving the Karush-Kuhn-Tucker (KKT) conditions, i.e., finding the deriva-

tives ∂L
∂vj
, ∂L
∂wj

, ∂L
∂sk
, ∂L
∂rk
, ∂L
∂ηkj

, ∂L
∂κkj

and equating them to zero, which are not shown here due to the

space limitations.

L(vj, wj, s, r, ηj, κj) = J (vj, wj, s, r)

−
N∑
k=1

ηkj

(
sk − v>j ϕf(p̄

d
k+d)z̄

d
k+d

)
−

N∑
k=1

κkj

(
rk − w>j ϕp(p̄dk)z̄

d
k

)
, (6.13)

Using these conditions to eliminate the primal decision variables vj, wj, sk, rk, and substituting

λj = 1/γ, the above problem can be simplified to a regularized generalized eigenvalue problem as

Kppκj = λj(νfKff + I)ηj, (6.14a)

Kffηj = λj(νpKpp + I)κj, (6.14b)

where Kff = ΦfΦ
>
f and Kpp = ΦpΦ>p are kernel matrices associated with the chosen kernel

function k̆ generating Gk̆. Replacing the inner product of the feature maps of Gk̆ with k̆ implies that

the elements of the kernel matrices are

[Kff ]l,m = z̄d >l+dk̆(p̄dl+d, p̄
d
m+d)z̄

d
m+d, (6.15a)

[Kpp]l,m = z̄d >l k̆(p̄dl , p̄
d
m)z̄dm. (6.15b)
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Kernel functions can be chosen from a variety of different functions, including, but not limited

to polynomial kernels k̆(pi, pj) = ((pi · pj) + 1)q, and radial basis function (RBF) k̆(pi, pj) =

exp
(
− || pi−pj ||

2

σ2

)
. Parameters q ∈ N and σ ∈ R+ denote the degree of the polynomial and the

spread of the RBF function; these are essentially tuning parameters chosen by the user [61]. Thus,

by solving (6.14b), one can find the primal decision variables vj = Φ>f ηj and wj = Φ>p κj , which

were obtained by solving the KKT conditions ∂L
∂vj

= 0, ∂L
∂wj

= 0. This solution is then used to

parameterize the observability-form-based estimate of the state evolution of (6.1) w.r.t. D.

As Kpp, Kff ∈ RN×N , the regularized generalized eigenvalue problem (6.14b) can have up to

2N different solutions ηj, κj, j = 1, . . . , 2N . Using these solutions, we can find the primal decision

variables vj = Φ>f ηj and wj = Φ>p κj . Since each of these solutions gives a direction in the feature

space correlating past data with the future data, each solution can give us one component, i.e., the

jth component, of the state variable that ties the past behavior to the future. Therefore, the estimate

of a compatible state vector at time instant k follows using the jth solution to the KCCA problem

as

x̆jk = v>j ϕf(p̄
d
k+d)z̄

d
k+d. (6.16)

Substituting above the earlier solved KKT condition gives vj = Φ>f ηj , and replacing the feature

space dot-product ϕ>f (·)ϕf(·) with a kernel function k̆(·, ·), we obtain

x̆jk = η>j


z̄d >1+dk̆(p̄d1+d, p̄

d
k+d)

...

z̄d >N+dk̆(pdN+d, p̄
d
k+d)

 z̄dk+d. (6.17)

Similarly, wj = Φ>p κj gives the estimated jth component of the state vector at time k − d as

x̆jk−d = w>j ϕp(p̄dk)z̄
d
k = κ>j


z̄d >1 k̄(p̄d1, p̄

d
k)

...

z̄d >N k̄(pdN , p̄
d
k)

 z̄dk . (6.18)

Remark 6.1 All 2N solutions of the regularized generalized eigenvalue problem (6.14b) in terms

of normalized eigenvectors can be analytically calculated via the following economical singular
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value decomposition (SVD) νfKff + I 0

0 νpKpp + I


−1 0 Kpp

Kff 0

=WΣ

V1

V2


>

(6.19)

where Σ is a diagonal matrix containing all non-zero singular values, and the corresponding solu-

tions are ηj = [V1]j and κj = [V2]j with [·]j denoting the jth column of the resulting matrices.

Relying on the rank revealing property of the SVD, an economical realization, i.e., automatic state-

order selection, can be achieved by only taking into account those x̆jk which are associated with the

n̂ most significant singular values. Note that from the stochastic point of view, without regulariza-

tion, the reconstructed state sequences are independent and the magnitude of their autocorrelation

reveals their significance in the canonical relationship.

Therefore, given d measurements of inputs, outputs, and scheduling variables, a state sequence x̆k,

compatible with the system, can be estimated by determining the maximum correlation between

ϕf(p̄
d
k+d)z̄

d
k+d and ϕp(p̄dk)z̄

d
k in the CCA sense. The notion of compatibility corresponds to the fact

that the state is estimated up to a linear map or state transformation T : Rnp → Rn̂×n, such that

x̆k = (T � p)(k) · x̂k, where x̂k is the conditional mean in terms of (6.7) and n̂ is the order of the

estimated model. The state transformation T has dynamic dependence on p [42] and with n̂ ≥ n it

is injective. Hence, x̆k corresponds to the estimate of the state sequence of an equivalent realization

of (6.2) as

x̆k+1 = (Ãe � p)(k)x̆k + (B̃e � p)(k)uk + (Ke � p)(k)yk,

yk = (Ce � p)(k)x̆k + (De � p)(k)uk + ek,

where subscript e denotes the estimate and TÃ = ÃeT , TB̃ = B̃e, TK = Ke, C = CeT , and

D = De.

It can be argued here that the states of the LPV system summarize all information from the

past behavior needed to predict the future behavior. In that sense, the past input and output data

z̄dk =
[
ūd >k ȳd >k

]> forms a non-minimal state representation of the system. This well-known fact
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of the LTI system theory also holds in the LPV case, i.e., for any finite dimensional LPV-SS repre-

sentation (6.1) with up to meromorphic scheduling dependencies, it is possible to give an LPV-SS

realization with a state vector z̄dk which has an equivalent IO map in almost everywhere sense (i.e.,

all compatible trajectories are equal, except a subset of trajectories with measure zero due to pos-

sible singularity of the matrix functions). To illustrate this fact, we next show that the future output

behavior is a function of past data z̄dk , p̄
d
k, and uk, pk.

Lemma 6.3.1 Let (6.2) be structurally observable and d ≥ n. Then, there exists a function f :

Rdnu×dny×dnp → Rny such that for any trajectories p ∈ P , u ∈ (Rnu)Z and e ∈ (Rny)Z

ȳdk+1 = f(uk, pk, z̄
d
k , p̄

d
k) (6.20)

Proof 1 As (6.2) is observable along any p ∈ P , using (6.8), we have

ȳdk+1 = (Odp � p)(k + 1) · xk−d+1 + (Hd
p � p)(k + 1) · ūdk+1 + (Ldp � p)(k + 1) · ȳdk+1 + ēdk+1,

(6.21)

Substituting (6.2a) into (6.21) above gives

ȳdk+1 = (Odp � p)(k + 1) ·
{
Ã(pk−d)xk−d + B̃(pk−d)uk−d

+K(pk−d)yk−d
}

+ (Hd
p � p)(k + 1)ūdk+1 + (Ldp � p)(k + 1)ȳdk+1 + ēdk+1. (6.22)

Using (6.8) in (6.23), we obtain

ȳdk+1 = (Odp � p)(k + 1) ·
{
Ã(pk−d)ϕp(p̄dk)z̄

d
k + B̃(pk−d)uk−d

+K(pk−d)yk−d + ēdk
}

+ (Hd
p � p)(k + 1)ūdk+1 + (Ldp � p)(k + 1)ȳdk+1 + ēdk+1. (6.23)

Since uk−d, yk−d, and pk−d are entries of the vectors z̄dk and p̄dk, and as the diagonal of Ldp is zero,

we can replace z̄dk+1, p̄dk+1 with z̄dk , p̄dk, and add uk, pk to the arguments of the right hand side,

giving us

ȳdk+1 = f
(
uk, pk, z̄

d
k , p̄

d
k

)
. (6.24)

Stated simply, the future inputs and outputs of the system modeled by the LPV model can be

mapped to the past inputs and outputs via the states acting as the intermediate variables.
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6.4 MATRIX FUNCTION ESTIMATION VIA LS-SVM

Once we have obtained an estimate of the state sequence {xk}Nk=1, we can form an extended data

set D̆ = {uk, yk, x̆k, pk}Nk=1 to estimate the matrix functions in (6.2). We parameterize our LPV-SS

model as

x̆k+1 = Wxϕ
>
x (pk) + εk, (6.25a)

yk = Wyϕ
>
y (pk) + ςk, (6.25b)

where x̆k is the estimate of xk, εk and ςk are residual errors on the states and outputs, respectively,

Wx = [W1 W2 W3] ∈ Rn×3nH and Wy = [W4 W5] ∈ Rny×2nH are weighting matrices. The

functions ϕ>x (pk) ∈ R3nH×1 and ϕ>y (pk) ∈ R2nH×1 are defined by

ϕ>x (pk) =
[(

Φ1(pk)x̆k
)> (

Φ2(pk)uk
)> (

Φ3(pk)yk
)>]>

,

ϕ>y (pk) =
[(

Φ4(pk)x̆k
)> (

Φ5(pk)uk
)>]>

,

where Φ1,Φ4 : Rnp → RnH×n, Φ2,Φ5 : Rnp → RnH×nu , and Φ3 : Rnp → RnH×ny are unknown

feature maps that map the scheduling variables to a high dimensional (RKHS)Hk̄ defined uniquely

by the kernel functions k̄i : Rnp×Rnp → R with i ∈ 1, . . . , 5. From (6.25a)-(6.25b), we can gauge

that Ã(pk) ∼ W1Φ1(pk), B̃(pk) ∼ W2Φ2(pk), K(pk) ∼ W3Φ3(pk), C(pk) ∼ W4Φ4(pk), and

D(pk) = W5Φ5(pk), where ∼ stands for an equivalent function under a state transformation. The

problem in this paper, therefore, reduces to finding the dependency of WiΦi(pk) on pk given the

data D̆. To achieve this, we aim to minimize the following cost function

min
Wx,Wy,ε,ς

I(Wx,Wy, ε, ς) =
1

2

(
‖Wx‖2

F + ‖Wy‖2
F +

N∑
k=1

ε>k Γεk + ς>k Ψςk,

)
(6.26)

over Wx,Wy, where ‖·‖F denotes the Frobenius norm. Variables εk and ςk are residual errors

on the state sequence and the outputs, respectively, and are defined in (6.25a)-(6.25b). Matrices

Γ = diag(γ1, · · · , γn) and Ψ = diag(ψ1, · · · , ψny) are diagonal positive weighting matrices on

these residuals, and are known as regularization matrices. This problem can be solved in the dual
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form by introducing the Lagrangian as

L(Wx,Wy, α, β, ε, ς) = I −
N∑
j=1

β>j
(
Wyϕ

>
y (pj) + ςj − yj

)
−

N∑
j=1

α>j
(
Wxϕ

>
x (pj) + εj − x̆j+1

)
,

(6.27)

where αj ∈ Rn, βj ∈ Rny are the Lagrange multipliers at time j. The optimal solution is obtained

by solving the KKT conditions, i.e., equating the partial derivatives ∂L
∂Wx

, ∂L
∂Wy

, ∂L
∂αj

, ∂L
∂βj
, ∂L
∂εj
, ∂L
∂ςj

to

zero, given as

∂L
∂Wx

= 0⇒ Wx =
N∑
j=1

αjϕx(pj), (6.28a)

∂L
∂Wy

= 0⇒ Wy =
N∑
j=1

βjϕy(pj), (6.28b)

∂L
∂αj

= 0⇒ εj = x̆j+1 −Wxϕ
>
x (pj), (6.28c)

∂L
∂βj

= 0⇒ ςj = yj −Wyϕ
>
y (pj), (6.28d)

∂L
∂εj

= 0⇒ αj = Γεj, (6.28e)

∂L
∂ςj

= 0⇒ βj = Ψςj. (6.28f)

Substituting these conditions in (6.25a)-(6.25b), we can eliminate the primal decision variables

and obtain the following

x̆k+1 =

{
N∑
j=1

αjϕx(pj)︸ ︷︷ ︸
Wx

}
ϕ>x (pk) + Γ−1αk︸ ︷︷ ︸

εk

, (6.29a)

yk =

{
N∑
j=1

βjϕy(pj)︸ ︷︷ ︸
Wy

}
ϕ>y (pk) + Ψ−1βk︸ ︷︷ ︸

ςk

. (6.29b)

By replacing the inner-product Φ>i (pk)Φi(pj) by a kernel function k̄i(pj, pk) and defining

[Ω]j,k =
3∑
i=1

z>i (j)k̄i(pj, pk)zi(k), (6.30a)

[Ξ]j,k =
5∑
i=4

z>i (j)k̄i(pj, pk)zi(k), (6.30b)
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where

zi(k) =


x̆k, i = 1, 4

uk, i = 2, 5

yk, i = 3.

We can now write (6.29) in a compact form as follows

X̆k+1 = αΩ + Γ−1α, (6.31a)

Y = βΞ + Ψ−1β, (6.31b)

where Ω ∈ RN×N and Ξ ∈ RN×N are kernel matrices as defined above, α = [α1 · · ·αN ] ∈ Rn×N

and β = [β1 · · · βN ] ∈ Rny×N are the matrices containing the Lagrange multipliers, X̆k+1 =

[x̆2 · · · x̆N+1] ∈ Rn×N and Y = [y1 · · · yN ] ∈ Rny×N contain the estimated states and outputs for

the N samples, respectively. The solution to the above equations can be obtained as:

vec(α) =
(
IN ⊗ Γ−1 + Ω> ⊗ In

)−1
vec(X̆k+1), (6.32a)

vec(β) =
(
IN ⊗Ψ−1 + Ξ> ⊗ Iny

)−1
vec(Y ), (6.32b)

where matrices IN and Iny represent identity matrices of dimensions N and ny, respectively. For

a given solution to (6.32a)-(6.32b), the estimate of the state-space matrices can be calculated by

using the KKT conditions in (6.25a)-(6.25b) as

Ãe(·) = W1Φ1(·) =
N∑
j=1

αjx̆
>
j k̄1(pj, ·), (6.33a)

B̃e(·) = W2Φ2(·) =
N∑
j=1

αju
>
j k̄2(pj, ·), (6.33b)

Ce(·) = W4Φ4(·) =
N∑
j=1

βjx̆
>
j k̄5(pj, ·), (6.33c)

Ke(·) = W3Φ3(·) =
N∑
j=1

αjy
>
j k̄3(pj, ·), (6.33d)

De(·) = W5Φ5(·) =
N∑
j=1

βju
>
j k̄5(pj, ·). (6.33e)

This gives a nonparametric estimate of the SS matrices.
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Table 6.1: Monte-Carlo simulation results.
n̂ Mean (BFR %) Std. (BFR %)

SNR 25dB 4 87.21 1.021
8 89.93 0.351

SNR 20dB 4 86.41 1.002
8 87.19 0.072
9 86.92 1.203

6.5 TUNING OF THE HYPER PARAMETERS

Both the state trajectory estimation in terms of the KCCA problem and the estimation of the matrix

functions of the SS representation require the choice of hyper-parameters for the definition of the

associated kernel functions and other regularization parameters. To formulate a data-driven choice

for these parameters, let τ be a vector containing the elements of νf , νp, γ1, . . . , γn, ψ1, . . . , ψny and

the parameters of the kernels associated with these estimation steps. Let us denote the resulting

model M(τ) as the solution of the specified state and matrix function estimation problems in

Sections 6.3 and 6.4 using the estimation data set D and a fixed choice of τ . Additionally, let Dval

be an independent data set generated by (6.1) and define

BFR(τ) = 100% ·max

(
1− ‖yk − ŷk(τ)‖2

‖yk − ȳ‖2

, 0

)
, (6.34)

as fitness score or best fit rate (BFR) between the actual output trajectory y ofDval, its mean ȳ, and

the simulated5 output ŷ of the identified model M(τ) w.r.t. the inputs and scheduling trajectory

of Dval. We seek to maximize the objective function BFR over τ . This results in a nonlinear

optimization problem with a quadratic cost function, which can be seen as an inference problem

between the data sets D and Dval under the given parametrization of the estimation problems in

terms of τ .
5Alternatively, one can formulate a similar objective function w.r.t. the predicted output ofM(τ) using

the predictor form (6.2).
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6.6 NUMERICAL EXAMPLE

The following numerical example of a single-input multi-output discrete-time data-generating

system is considered

xk+1 = A(pk)xk +B(pk)uk +K(pk)ek,

yk = C(pk)xk + ek.

where

A(pk)=



sat(pk) 1 0 0

1
2

p3k
8

4
10

1
5

3
10

0
p2k
5

1
8

0 0 1
2

1
5


, B(pk) =



p4k
5

0

1
5

0


,

C(pk)=

p2k5 1 0 0

0 0 1 0

 ,

K(pk)=



tanh(pk)
3pk

0

0 0

0 sin(2πpk) + cos(2πpk)

0 1


,

and sat(pk) is a saturation function with limits at ±0.5 and unity slope. Given the measurements

uk, yk, and pk inD, we want to estimate the matrix functionsA, . . . ,K. The data-generating system

with initial condition x0 = [0 0 0 0]> has been simulated with uniformly distributed input signal

uk ∼ U(−1, 1) and normally distributed measurement noise ek ∼ N (0, σ2
e ) to generate a data set

D = {uk, yk, pk}Nk=1 with N = 1100 and pk = sin(0.3k), where σ2
e has been chosen to guarantee a

20dB signal-to-noise ratio (SNR). The data is divided into 800 and 300 samples for estimation D

and validation Dval, respectively. Polynomial kernel is chosen for the state estimation step and the

past and future window size of d = 4 is selected while for the matrix function estimation problem

RBF kernels are employed. Other kernels have also been tested and the selection is made based on
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Figure 6.1: Singular values obtained by solving the SVD problem (6.19).

the maximization of the cost function (6.34). The proposed kernel CCA-based algorithm is run and

the state sequence is estimated. The order of the system is selected by solving the SVD problem

(6.19). A plot of the first 30 singular values σ̃j, j = 1, ..., 30, is shown in Figure 6.1. We observe

a significant gap between the first four singular values and the next four that follow them. Using

the extended data set D̆ = {uk, yk, x̆k, pk}Nk=1, we then run the LS-SVM identification algorithm

of Section 6.4 based on different choices of system order to estimate the state-space matrices. An

RBF kernel is chosen to find an estimate of the matrix functions. The optimal choice of the hyper-

parameters τ is obtained by solving the auto-tuning problem (6.34) on a validation data set Dval.

This nonlinear optimization problem is solved using the fmincon solver in MATLAB. For inde-

pendently generated data sets, the estimation is repeated 100 times in a Monte-Carlo study and the

fitness score statistics are tabulated in Table 6.1. We observe that by selecting the order to be n̂ = 8,

a slightly higher fitness rate is obtained compared to n̂ = 4. For n̂ = 9 and onwards, no significant

improvement is observed in terms of accuracy of the simulated outputs. This is also corroborated by

the singular values plot shown in Figure 6.1. Unfortunately, for n̂ > 4, the hyper-parameter tuning

problem becomes numerically challenging and hence only a gridding based solution is feasible.

For n̂ = 8, the tuned values of the hyper-parameters are as follows: νf = 1000, νp = 8500,

deg = 2, σ1,2,3,4 = {0.7, 10.15, 0.02, 7}, γ1,2,...,8 = {2700, 600, 700, 800, 500, 1400, 1500, 800}

and ψ1,2 = {5500, 50}. Parameter deg denotes the degree of polynomial kernel selected for state

estimation part and σi denotes the RBF kernel parameter for the second phase of the identification.

Figure 6.2 shows, for a single run of simulation, the simulated outputs of the identified model

(dashed red line) as compared to the original noise-free outputs of the data-generating system (solid

blue line). Once tuned, the Monte-Carlo simulation statistics show a consistent performance of the
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Figure 6.2: Simulated output response of the estimated LPV model in the given example computed
on Dval (blue) and the noise free response of the original system (red); for the sake of clarity, only
100 of the validation data points are shown here.

proposed KCCA-LS-SVM identification algorithm. Lagrange multipliers α and β are calculated

based on (6.32a)-(6.32b) and the state-space matrices are estimated. Obtained average BFR values

given in Table 6.1 demonstrate consistent performance of the proposed LPV model identification

algorithm.

6.7 CONCLUDING REMARKS

This paper has presented a nonparametric method for identification of LPV-SS models. The pro-

posed technique relies only on the inputs, outputs, and scheduling variables data measurement.

Assuming structural observability, the states of the data-generating system are estimated up to

a similarity transform by using correlation analysis between the measurements of the past and

future inputs, outputs, and scheduling variables. Once estimated, an LS-SVM-based nonparametric

scheme is used to identify the underlying LPV model. The proposed scheme solves a convex opti-

mization problem and provides encouraging results on a MIMO state-space numerical example

with challenging nonlinearities in the presence of noise. The main contribution of this paper lies in

formulating the kernel CCA and LS-SVM solution for this identification problem by preserving the

linearity structure in parameter-dependent state-space models. Since LPV-SS models are important
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for LPV control synthesis purposes, we believe that this work has the potential to pave the way for

efficient low-order LPV modeling and control synthesis.
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CHAPTER 7

CONCLUDING REMARKS

In this dissertation, the use of machine learning and multivariate analysis to solve some key prob-

lems in the area of LPV model reduction and identification in the state-space form has been

explored. The advent of kernel-based methods has introduced a plethora of tools that can solve

problems in nonlinear regression, classification, and data analysis by performing linear operations

in a high dimensional Hilbert space, or an RKHS. These properties of kernelized ML have been

exploited in this dissertation in order to find tighter scheduling space and reduce the scheduling

dependency in LPV-SS models. Comparison of results with linear PCA-based LPV model reduc-

tion has revealed superior dimensionality-reduction and data variance retention by making use of

the same number of principal components, provided that the kernel hyper-parameters are tuned

properly. An offline-solved optimization problem ensures that the reduced model maintains an

affine dependence on the reduced scheduling variables, despite the nonlinear mapping of the

kernel function. Closed-loop simulations have demonstrated that the attained reduced LPV model

is viable for LPV control synthesis.

Further, identification of discrete-time LPV-SS models using kernelized ML has been explored

in this dissertation. An LS-SVM-based algorithm is proposed that formulates the identification

problem as a primal-dual convex optimization problem. What remains is the tuning of kernel hyper-

parameters, for which, an auto-tuner has been proposed. If the order of the system is low and

number of hyper-parameters is limited to a few, a grid-based search can also be performed. In case

when states of the system are not directly accessible to measurements, the use of kernelized CCA

is proposed. An algorithm is formulated using an LS-SVM-based regularized version of CCA that
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estimates the states of the system using only the measurements of past and future inputs, outputs,

and scheduling variables.

7.1 FUTRUE RESEARCH DIRECTIONS

Data-driven LPV model reduction and identification is a research area with immense potential in

the practical area of nonlinear control. Accurate LPV models with low number of state variables

and low dimensional scheduling variables is a key to designing low-complexity LPV controllers.

While we have proposed algorithms and methods to reduce the scheduling space and to unlock

the functional dependencies in LPV-SS models, there is room for further research. Possible future

directions include:

(1) Method to automate the selection of kernel functions based on trends in the system-generated

data;

(2) A more efficient way of auto-tuning the hyper-parameters;

(3) Improvement of identification method that maximizes not only the BFR criterion but also

the frequency response matching over a wide bandwidth;

(4) Incorporation of frequency-response matching in the proposed model reduction algorithm;

and

(5) Reduction of redundancy while estimating the states of the data-generating system. Due to

regularization in KCCA, while estimating the states of the LPV-SS model, we end up with

2N solutions to the generalized eigenvalue problem (6.14) instead of N solutions. Every

solution obtained has a very similar pair. This is the reason we see a better BFR by fitting

an 8th order model to the data generated by a 4th order system, as can be seen in Table

6.1. A future direction can be to explore how to get rid of this redundancy while retaining

regularization.
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While solving nonlinear problems by virtue of linear dot product in a high-dimensional RKHS

gives us added degrees of freedom in terms of mapping the nonlinearities in a system, the choice of

kernel functions attempting to approximate those nonlinearities is non-trivial. The so-called kernel

trick is instrumental in unlocking these nonlinear scheduling dependencies; however, the measure

of its success depends heavily on choosing the right kernel function and the tuning of its associated

hyper-parameters. According to Schölkopf [75], choosing a kernel function still remains an open

problem. Once chosen, tuning the kernel parameters remains a nonlinear optimization problem.

In this dissertation, we have mostly, either searched for the parameters over a grid or tuned it

by seeking to maximize the BFR criterion. An attempt to find a closed-form solution, or a near-

optimum solution to this problem in a more efficient manner would be a worthy research problem

to explore. Other directions of future improvement includes incorporating in the identification or

model reduction routine, a penalization on frequency response mismatch. While the BFR provides

us with a fitness score based solely on the measured time-response of the original and estimated

models, it does not explicitly operate in the frequency domain. This, we believe is worth exploring

and should define a possible future track of this research. Lastly, as stated above, regularization in

KCCA leads to redundancy in solution when solving the generalized eigenvalue problem (6.14) in

order to obtain state estimates. Solving this issue will result in reducing the order of the identified

model.
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[16] S. Baslamisli, I. Köse, and G. Anlaş, “Gain-scheduled integrated active steering and differen-

tial control for vehicle handling improvement,” Vehicle System Dynamics, vol. 47, no. 1, pp.

99–119, 2009.

[17] F. Wijnheijmer, G. Naus, W. Post, M. Steinbuch, and P. Teerhuis, “Modelling and LPV control

of an electro-hydraulic servo system,” in Proc. of the 2006 IEEE Conf. on Computer Aided

Control System Design, 2006, pp. 3116–3121.

[18] L. Fiorentini, A. Serrani, M. Bolender, and D. Doman, “Nonlinear robust adaptive control

of flexible air-breathing hypersonic vehicles,” Journal of Guidance, Control, and Dynamics,

vol. 32, no. 2, pp. 402–417, 2009.

111



[19] M. Tanelli, D. Ardagna, and M. Lovera, “LPV model identification for power management

of web service systems,” in Proc. of the 2008 IEEE Intl. Conf. on Control Applications, 2008,

pp. 1171–1176.

[20] B. Paijmans, W. Symens, H. Brussel, and J. Swevers, “Identification of interpolating affine

LPV models for mechatronic systems with one varying parameter,” European Journal of

Control, vol. 14, no. 1, pp. 16–29, 2008.

[21] J. Barker and G. Balas, “Comparing linear parameter-varying gain-scheduled control tech-

niques for active flutter suppression,” Journal of Guidance, Control, and Dynamics, vol. 23,

no. 5, pp. 948–955, 2000.
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