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Reducibility and Flows on Feynman Diagrams
(Under the Diredion of ROBERT W. ROBINSON)

A Feynman diagram of order nis arooted mixed graph on 2n vertices consisting of
a perfect matching of undirected edges (cdled V-lines) and a permutation formed by
direded edges (call G-lines). A Feynman diagram is irreducible if and only if it is
connected and can't be disconneded into two dsjoint components by removing 2 G-
lines. Three algorithms to test the reducibility of Feynman diagrams were implemented
and tested. The three algorithms are alled quedratic, pseudolinea and randomized.
Conservative flows are constructed in order to test for reducibility in all three dgorithms.
For a Feynman diagram with order n, the quadratic algorithm takes expeded time O(n?).
The pseudolinea algorithm takes expeded time O(n) for orders up to 63, but takes
expected time O(n?) for arbitrarily higher orders. The randomized algorithm takes
expected time O(n log n) for diagrams of any order, but is effedively linear for n < 2.
Testing was done on Feynman diagrams of various orders. Timing results are reported
and analyzed. For order lessthan 23, the quadratic and pseudolinea algorithms run faster
than the randomized algorithm becaise of the overheal of cheding false at-pairs in the
latter approach. For larger n, the randomized algorithm beames much faster than the
other two. The pseudolinea algorithm runs faster than the quadratic algorithm due to its
smaller constant fador, even for higher order diagrams.
INDEX WORDS: Feynman diagram, conservative flow, reducibility, pseudolinea

algorithm, quadratic algorithm, randomized algorithm
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CHAPTER 1
INTRODUCTION
1.1 BACKGROUND

Feynman diagrams were introduced into quantum field theory by Richard Feynman in
1949(3, p.8]. They are used to cdculate rates for eledromagnetic and we interadion
particle processes. The diagrams provide a onvenient shorthand for the quantum field
calculations. They are a ©de physicists use to talk to one another about their
calculations.

In a Feynman diagram each line represents the propagation of a free elementary
particle and each vertex represents an interadion of elementary particles. Feynman
diagrams provide for the theory of Quantum Eledrodynamics (QED) an equally elegant
procedure for caculation: imagine aprocessthat can be caried out by eledrons and
photons, draw a diagram, and then use the diagram to write the mathematical formula for
the quantum-mechanical amplitude for that processto occur. Roughly spe&ing, the
diagrams display the flow of eledrons and photons during a <attering process|2, p.3].

Feynman diagram expansions are used in quantum physics to expressthe energy of a
system of particles, such as free eledrons in a aystal [9]. For this and more general
systems of fermions, the graphs of order n can be viewed as a matching on 2n vertices
(edges in the matching are undireded and called V-lines) along with a permutation of the
2n vertices (represented by direded edges called G-lines). Note that a G-line may form a
loop (corresponding to a fixed point of the permutation) or join two edges which are

matched by a V-line. One of the G-lines is designated as representing the external
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momentum. Most Feynman expansions employ only conneded diagrams. For the free
eledron and more general fermion problems it is also helpful to arrange the expansion so
that only irreducible diagrams are @nsidered. Interacting fermion problems are of
fundamental importance in a wide range of research areas, including fields as diverse &
the eledronic structure theory of solids, strongly correlated eledron physics, quantum
chemistry, and the theory of nuclea matter [10, 11,12].

1.2 BASIC CONCEPTS

V-line: also cdled awavy line, or aboson line, which isan undireded edge.

G-line: also called astraight line, or afermion line, which isadireded edge.

For ead vertex in a Feynman diagram, there is one outgoing G-line, one incoming G-
line and one V-line.
order of aFeynman diagram: the number of wavy lines, usually denoted by n.

For an order n Feynman diagram, there ae exadly 2n G-lines and n V-lines. Hence,
there are 3n edgesin all in any Feynman diagram of order n.

For purposes of computation in this thesis, the vertices of an order n Feynman
diagram are named {0, 1, ..., 2n-1}, and the V-line labeled i joins the vertices 2i and
2i+1, fori =0, ..., n=1. Further, the G-lines are labeled {0, 1, ..., 2n-1} so that the one
with label j isincident from vertex j.
reducible Feynman diagram: a Feynman diagram D is reducible if and only if it is
disconneded, or it can be disconneded into two disjoint components by cutting two G-
lines. In the latter case we @l these 2 G-lines a cut-pair. Sometimes this is called G-

reducibility.



Here the connedivity refers to conredivity of the underlying multigraph
(multiple edges are dlowed) obtained by considering the G-linesto be undireded.

irreducible Feynman diagram: a Feynman diagram which is not reducible.

O=l=0
O O

flgurel.1l: An example of a Feynman Diagam of order 3

3-edge-conneded graph: an undireded graph G is 3-edge-conneded if and only if G— S
isconneded for any set Sof edgeswith | S| < 2.

contraction of Feynman diagram D: the undireded graph which is obtained by
contracting all V-lines and disregarding the diredions of all G-lines, denoted by D". The
relationship between the mntraction and the Feynman diagram is that D is irreducible if

andonly if D" is 3-edge-conneded.

disregarding
contraction diredions
 —  —

frgure 1.2: An example of contracting aV-line



spanning tree atreeT is sid to be aspanning treeof agraph G if T is a subgraph of G
and T contains all the vertices of G. On a Feynman diagram, only spanning trees which
contain all of theV-linesare of interest.

chord: if Tisaspanningtree n a grap G, then achord isan edge of G whichisnot inT.
fundamental cycle: a cycle which is formed by adding a dhord to a spanning tree (A
conrected graph G isatreeif and only if adding an edge between any two vertices in G
credes exadly one cycle.)

In an order n Feynman diagram, there ae 2n vertices and 3n edges. Hence 2n-1
edges aretreeedges (n V-lines and n—1 G-lines) and n+1 edges are chords (and are all G-
lines).

1.3 OUTLINE OF THE THESIS

Quadratic, pseudolinea and randomized algorithms for determining the reducibility
of an arbitrary Feynman diagram are investigated. The thesis isorganized as follows:

Chapter 2 describes the motivation for this thesis, and proves two theorems which are
the theoreticd foundation of our agorithms. Building on the two theorems, a
conservative flow will be mnstructed on a given Feynman diagram, and then used to
check for the reducibility of the diagram.

Chapter 3 describes a quadratic algorithm to dedde the reducibility of a Feynman
diagram. The algorithm applies depth-first-seach (DFS) to build a DFS tree which
contains all the V-lines. The n+1 G-lines which are the dhords are assigned independent
current value variables (ko, ..., ky). The aurrent assgnments to the tree elges are linea
combinations of the dhord variables and can be updated by adding one chord at a time.

The ched for a Feynman diagram’ s reducibil ity is acemplished by simple operations on



an array which reards the arrent for ead G-line. It is shown in Chapter 2 that a
Feynman diagram is reducible if and only if some two of its G-lines always cary
identical current values. The whole procedure makes just one passthrough the diagram
and takes expeded time O(n?).

Chapter 4 describes a pseudolinea algorithm to detect the reducibility of Feynman
diagrams. It also applies DFS to build a DFS tree assigns independent currents to the
chords and computes the depth-first seach index (DFI) acording to the order of
discovery of the vertices. After the DFS treeis comgeted, the aurrent for ead tree elge
is calculated in reverse order of the depth-first seach index. Let r denote the size of the
array needed to represent the dord hits; for instance r = [{n+1)/640for an array of
unsigned long long int elements when these represent 64 bt values. Then the algorithm
takes expeded time O(rn), which is O(n) for arbitrarily large n but which behaves in a
linea fashion for n < 63,

Chapter 5 describes a randomized algorithm.  Instead of assigning unque
independent currents which are powers of 2 to the dhords, this algorithm generates 31 Lt
random currents to the dhords. It takes expeded time O(n) for order up to 2%, which is
far beyond the range of pradical application or even feasible testing. For arbitrary n the
number of bits assigned for a aurrent value nedls to the @(log n), giving an algorithm
with an asymptotic expeded time of O(n log n).

In Chapter 6, the performance of the three algorithms is compared and conclusions

are drawn.



CHAPTER 2
CONSERVATIVE FLOWS ON FEYNMAN DIAGRAMS

2.1 MOTIVATIONS FOR THE THESIS

We cong der network flows on Feynman diagrams. An A-flow isan assgnment ¢ : E
- A, where A is any abelian group and ¢ satisfies the mnservative law (1) below. We
denote the group operation for A by + and refer to it as addition. Our assumptions about
(A, +) are that A is nontrivial (contains at least two elements), addition is commutative
and associative, there is an additive identity which we all O, and there ae alditive
inverses given by the — operation. For any vertex v, let In(v) denote the set of edges
incident to v (ending at v), and Out(v) the set of edges incident from v (starting at v). For
a Feynman diagram, In(v) and Out(v) will each contain one G-line. In addition, one of
the two will contain a V-line. The @nvention adopted for the V-line i is to tredt it as if
direded from 2i to 2i+1, fori =0, ..., n—L

The conservation law at vertex v then takesthe form

pe) = ¢ (e) )

n(v) e0ut(v)

We say that ¢ isa conservative flow (or just aflow) if it satisfies (1) at every vertex.

In traditional network terminology our flows are network flows with no source, no
sink, and no cgpacity limitation for the edges.

In thisthesis there are threemotivations for consdering flows on Feynman diagrams.

Two arise in the gplications of Feynman diagram in quantum field expansions. In both



the red spaceexpansion and the phase spaceexpansion, values must be asigned to the
edges © asto satisfy (1) at every vertex. This is part of the process which assigns a
weight to the diagram, so in the quantum Monte Carlo calculations it will be repeaed
frequently. Therefore, the assignment of flow values neals to be as efficient as possible.

The third motivation arises from the neeal to redrict the diagrams considered in the
simulation to those that are irreducible. It will be proved in Theorem 2 that a @nneded
diagram is reducible if and only if there is me par of G-lines which are always
assigned the same value in every flow. This fact is the basis for the irreducibility
algorithms developed in the thesis. As explained by the physicists participating in the
Quantum Monte Carlo Simulation projed [4], restricting the expansion to irreducible
Feynman diagrams serves to improve the convergence behavior of the simulations.
2.2 DEPTH-FIRST SEARCH

The depth-first seach (DFS) algorithm [15] visits the vertices of a Feynman diagram
acording to the following procedure. Initially, no vertex has been visited and no edge
has been explored. Vertex O isreserved as the roct of the tree. Starting with vertex 0, the
highest precadence in the search at ead vertex is given to the V-line, then to the outgoing
G-line, and last to the incoming G-line. The depth-first index (DFI) for ead vertex
becomes its canonical name starting with vertex 0. Eadh of the n V-lines will be atree
edge along with some n—1 of the G-lines. It iseasily seen that in a @wnneded diagram the
DFI of each vertex isunique, in view of the specification of the roct vertex.

The tree generated by DFS will serve & the canonica spanning tree T. Each chord
along with the unique tree path joining its ends forms a fundamental cycle, and these

fundamental cycles form a basis for the circuit spaceof the diagram [8, p.159]. For eath



tree edge e we maintain the set of chords encountered for which e lies on the fundamental
cycle. The algorithms in this thesis implement the dord set maintenance in different
ways, but they all make essential use of a parent array which records the parent of each
vertex other than O in the DFS tree

2.3 CONSERVATIVE FLOWS ON FEYNMAN DIAGRAMS

For agiven Feynman diagram, we consider how to construct conservative flows onit.
For an arbitrary Feynman diagram D of order n, DFS takes time O(n) and establishes
whether or not D is conneded. Limiting attention to connected diagrams, the DFS which
follows the ordering of edges at ead vertex specified in section 2.2 is sen to discover
the vertices of D in an order which depends only on the starting vertex and not on the
labeling of the vertices. For convenience we have alopted the mnvention that the
starting vertex is labeled 0. A representation which employs arbitrary labels would need
to specify a root vertex instead. In the physical interpretation of the diagram there is a
special G-line which corresponds to an external field and which is pictured as two half-
edges. Inour representation theexternal field corresponds to the G-line which is incident
to theroat, i.e, to vertex O.

It will be seen that the irreducibility of a Feynman diagram D can be decided hy
analysis of conservative flows on D. A conrected diagram D will be irreducible if and
only if there ae no two G-lines of D which cary the same value in every conservative
flow. Inorder to prove thiswe start with two lemmas.

Throughout let A denote some nontrivial abelian group under operations + and —with
additive identity 0. For irreducibility tests A will aways be Z., , the diread sum of r copies

of Z,. For r = 32 this is implemented in C or C++ by the int data type and bitwise XOR



operator ~ for both + and — For r = 64 the unsigned long long int type will serve the
purpose, and in general r = 64d can be implemented as an array of d unsigned long long
int dlements. If E is an edge set, an A-flow is just a member of A%, the set of functions
from E to A. These form an abelian group by applying + or —to the values at eat edge.
The mnservative A-flows are the subsets which satisfy equation (1) at every vertex. We
show first that the conservative A-flows form an abelian subgroup of al A-flows on
E(D).

Lemma 2.1: The onservative A-flows on a Feynman diagram D form an abelian group
under + and —

Proof:

Figure2.1: Edgesat vertexr = 2i+1

Asaume that there ae two conservative A-flows on a diagram D and treat r is a

typical vertex of oddindex as shown in Figure 2.1. Suppose aso that for edges 1, 2,3 at r
the two assignments are iy, Iy, i3, and j1, J2, 3 respedively. Then by equation (1), we
have:

li—ip—i3=0. 2) (

ji—J2—]3 =0. 3) (

Adding (2) and (3) together, we find that the sum of the two flows stisfies the

conservative law at vertex v:
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(vt j2) — (iz+ j2) = (iz+j3) = 0.

Similarly, subtracting (3) from (2) gives:
(1—]ja) = (i2—-j2) = (is—]j3) = 0.
In the same way we seethat conservation is preserved by the sum and difference of

flows at vertices of even index, with one alge in and two out (for flow direction). Thus

the sum and difference of conservative flows on a Feynman diagram are also
conservative.

Lemma 2.2: Every assignment to the dchords of a spanning treein a Feynman diagram D

can be extended to a conservative flow on D.

Proof: let Lx be afundamental cycle with resped to some spanning treein a Feynman
diagram D, and let e be the chordin Lx.

1
\
!

\
/
/] €

€ tree edge
, A%
/ Lx Ly \

\
\

D0

=y
g
o

\
\
\

Fgure 2.2: An example of an assgnment to achord of aspanningtree

being extended to a conservative flow on D.

First, assign the chord e an independent current i. Then for ead tree elge f in this
fundamental cycle asign the aurrrent i or 4 depending on whether the diredion of f

agrees with the diredion of Lx or not. Clearly the asignment currents in this cycle ae
conservative.



11

In the same way, we can assign each chord in D an independent current, and extend it
to a conservative flow around the dord's fundamental cycle. These flows are alled
mesh currentsin circuit analysis.

By Lemma 2.1, the sum of conservative flows is also conservative. So when we ald
up al the mesh currents, we acualy obtain a conservative flow on the giaph.

Every chord is in just one fundamental cycle, so the sum of the mesh currents is a
conservative flow which extends the arbitrary flow values assgned to the chordsof D.
Theorem 1: Every assignment to the chords of a Feynman diagram D determines a unique
conservative flow on D.

Proof: We know by Lemma 2.2 that there is at least one @nservative flow on D which
extends a particular assignment to the chords. Now suppose that there ae two such flows
onD,sayfandf' .

By Lemma 2.1, sincef and f ' are both conservative flows, the differencé —f ' will
also be conservative on D.

And now we reed to show those two assgnments adually areidenticd, i.e., f—f' is0O
onevery edgeof D. Leae N={eOE(D): (f—f" ¥ # O}. If T is the spanning treefor D,
then N O E(T), since by assumptio f(e) =f ' ) if eisachord.

SinceT isacyclic, N isacyclic aso.

Supposethere is an edge' iMN. Then € isina omnneded componend ' iMN. Since
NO T,wehave T'OT.

It is clea that in an arbitrary non-trivial treethere must be & least 2 end-vertices, that
is, vertices with degree =1. Let v be such an end-vertex of T' , and le€' ' be the elge

T' av, say oriented toward v without lossof generality.
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~. € — treeedee

T e N ____ chord
AN
\
e" \Y;
/

Figure 2.3: An example of paft osubtreeT' inaFeynman diagram

Now for any other edge, say e, which is not in N and is conneded with v, we have
f' ) =f(e) by the definition of N.

Thus S (f - f')e) =f(e)-f'(€)#0, whie S (f-f)e=0.

nv) e0ut(v)

Hence f —f ' isn't conservative on vertew. This is a @ntradiction, sincef —f "' is
conservative on all vertices.

ThusN=@,s0f-f' =0onall edgeg.e,f=1".

This completes the proof of Theorem 1.

Reall that DFS on a given Feynman diagram D generates a caonica spanning tree.
The anonical spanning tree will include all n V-lines since those ae dways explored
first in the DFS. The spanning tree has 2n-1 edges in all, so n-1 of them are G-lines.
The dords of D are the remaining n+1 G-lines which are not in the c@nonical spanning
tree.

The mmplete topology for a conneded Feynman diagram can be specified by two
matrixes Oy (u, v) and O, (X, v), where u{0, ..., 2n-1} represents a G-line,

X{O, ..., n-1} represents a V-line and vi{O, ..., n} representsa chord. As noted ealier,
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we label a G-line which originates from vertex v as v, and label a V-line by the even

vertex divided by 2. We also adopted the mnvention that V-line x carries current gx from

vertex 2x towards vertex 2x+1 (for x =0, ..., n-1). The resulting Oy(u, v) and Oy(X, V)
take on values O, +1, —1 only. The spanning tree generated by the DFS now uniquely

determinesthe (Og, Oy) pair.

The onstruction of (g, Oy) is handled by adaptations of the mnservative law. The

independent “current” variables (ko, ... , kn) here are 1o be asigned only to chords becaise

the spanning treewill include all of the V-lines.

The arrents k, and gy asociated with the G-lines and V-lines respedively [4], are
determined by the diagram’s topology, based on the aurrent conservation rule & ead
vertex. In this way the pair (0y, Oy) is constructed so that when currents on the tree

edges are alculated by the rules then the resulting flow is conservative on D. In fad,
every conservative flow on D is obtained unquely by (4), which is equivalent to

Theorem 1.

ki= So,uvk,  ad K= S o,(xvk, (4)

2.4 THE REDUCIBILITY OF FEYNMAN DIAGRAMS

As mentioned ealier, the third motivation for considering conservative flows arises
from the need to restrict the Feynman diagrams used in the simulation to those that are
irreducible.

Since aFeynman diagram D is irreducible if and only if it can't be disconneded into
two dsjoint components by cutting at most 2 G-lines, D is irreducible if and only if the

contraction D is 3-edge mnnected. We now need to prove that: a conneded diagram is
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reducible if and only if there is osme pair of G-lines which are always assgned the same
value in every conservative flow.
Theorem 2: A conneded Feynman diagram D is reducible if and only if there ae some
two G-lines ey, &, such that ¢(e;) = ¢(ey) for every conservative A-flow on D.
Proof:
First we show that if a wnneded Feynman diagram D is reducible then there ae
sometwo G-lines ey, &, such that ¢(e1) = ¢(e,) for every conservative A-flow on D.
Since D isreducible, D — {ey, &5} is disconneded for some two G-lines e;, & S0 ey,
e area cu pair which partitionsall verticesin D into 2 digoint sets, say Vi and V.

Vl V2

’—/ﬁ—/’
— & |

Fgure2.4: A partition of theverticesof D into 2 disjoint setsV; and V>
by acut par e, &

Since the G-lines of D form a permutation, the G-line e; lies in a directed cycle C of
G-lines. In order for { e, &} to dsconned D, they must disconned C, which means that
e dsolieson C. If, say, e isoriented from V; to V, then e, must be oriented from V, to
Vi sinceit isthe only other edge between the two setsand C — e;isadireded peth starting
in Vzand ending in V.

It is a standard result of network flow theory that the net flow from Vi to V; is the

sum of the net flow out of the vertices in Vi [6, Lemma 4.2.1]. For a conservative flow
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the net flow out of any vertex is 0, so the net flow from V; to V5 is 0. In this case, the net
flow from Vi to V2 is ¢(e1) — ¢(e:), 0 ¢(e1) = ¢(ey) for any conservative flow on D.

Seoond, we prove that if e; and e; are different G-linesin diagram D such that ¢(e;) =
¢(ey) for every conservative A-flow on D, then D must be areducible diagram. To
proceeal by contraposition, assume that D is irreducible and that e; and e, are different G-
linesin D.

That means D — { e, &} is conneded, so we could build upa new spanning tree say
T, inwhich e; and e, are chords.

Let's assign ¢(e1) = 0, ¢(ex) # 0, and Oto all other chords. By Lemma 2.2, every
assignment to the dords of a spanning tree in D can be extended to a conservative flow
on D. Then there eists a amnservative flow ¢ which has these assgnmentsto e; and e,
and for which ¢(ey) # ¢(e2). This contradicts our assumption ¢(e;) = ¢(e).

That completesthe proof of the Theorem 2.

So checking for a connected Feynman diagi@méducibility can be acomplished
by simple operations on the Oy array: from Theorem 2 the diagram is G-reducible if and

only if at least two of its G-lines cary identicd current, i.e., by equetion (4) if and only if
for some pair of G-lines (u, u' ), withu, U'J{0, ..., 2n-1} and u < u' , one ha®y(u, k) =
Oy(u', k) for k=0, ..., n. In practice, since &0y array isa2n x (n + 1) array, adireded
seach for two identicd rows has time mmplexity ©(n). In order to improve the

performance, we represented ead row of Oy by an array of r = [{n+1)/64CJunsigned long

long int elements and seached for identical rows by hashing. This can easily be

managed, so that the expecied number of collis ons between rows that are not identical is
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0(1). Thus the expeded number of hash operations is O(n). Each hash operation takes
time O(r), so the total expected time for the process of seaching for identical rows by

hashing is O(rn). This is O(n?) for arbitrary n, but behaves linealy for n < 63,



CHAPTER 3
A QUADRATIC ALGORITHM
3.1 ALGORITHM DESCRIPTION

Fom the discussion in the chapter 2, we use hashing techniques to ched the

reducibility for any given Feynman diagram. Oy, Oy are also computed for convenience

of physicists, who are used to generating conservative flows based on 0y and O,.

As noted before the algorithm is incorporated into a singleDD#eSaize
Feynman diagram. Then D is represented by its associated array wout[], defined as
follows:. for ead vertex i, let wout[i] be the vertex to which i is adjacent by its outgoing
G-line.

Initialize the matrix pair (g, Oy) to zero. The chords areindexed O, ..., nin the order

in which they are first explored and each chord is assgned a unique independent power

of 2 at the same time. Suppose that the chord of index j, which is also the G-line of index
i, is labeled as the G-line (i, wout[i]). The alumn of index j in Oy and Oy corresponds
to the fundamental cycle of chords j. When chord j is discovered, the non-zero values of
[i, j] entry £ of the Oy and Oy arays are determined. The etry £ is st to +1 if

DFI[wout[i]] < DFI[i] and to —1 if DFI[wout[i]] > DFI[i]. Notethat DFI isa 1:1 map
and for n > 1, wout[i] = 1 (cdled a self-loop in D) implies that D is reducible, so the

algorithm halts at oncein that case.

17
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@) If the e = -1, repeded applicaion of the parent function to wout[i] until i is

reated will generate Oy entry for all of the tree @lges on the fundamental cycle of index

J. Thej entry of each corresponding row in Qg is &t to 1if it’s oriented away the root by
computing the DFI function, set to —1 if it’s oriented toward the roct. And also will
generate O, entry of all the V-lines on the fundamental cycle of index j.

@) If the entry ¢ = +1, the procedure is varied by starting with i and backing
down the DFS tree b wout[i] and setting Oy entriesto +1 if it’s oriented away the roat by
computing the DFI function, set to —1 if it’s oriented toward the roat. And also will
generate O, entry of all the V-lines on the fundamental cycle of index j.

In both cases, for the index t of V-line which is labeled as (t, parent[t] ), if t is even,
set 0,[t/2,j] to—1,if tisodd, set 0,[(t-1)/2, j] to +1.

The maximum power of 2 which can be represented in a single variable of integer
type is implementation dependent. For us it was 2% in the data type of unsigned long
long int. For an order n Feynman diagram there ae n+1 chords. Thus to compute the
reducibility of a Feynman diagram whose order is less than 64, we can diredly assgn a
unique independent current to each biord. But for diagrams of order 64 or more, we reed
an array of unsigned long long int to represent independent currents with values of 2°*or
more. The current on each treeedge is thencaculated asalinearcombination of then+1
chord currents.

For example, in order to cdculate the reducibility of a diagram of order 1023, we

need to use an array of 16 unsigned long long int to represent the unique independent



19

currents of the 1024 chords. Each element in that array represents 64 Lts, one bit per
chord.
3.2 ANALYSIS OF TIME COMPLEXITY

The oorrectness of the quadratic algorithm is clealy supported by Theorem 1 and

Theorem 2. The whole procedure can adually all be done & part of the initial DFS, so
that when the search is finished on the caonical wout[v], the Oy and O, arrays are

completed. The algorithm makes just one passthrough the diagram. When encountering
a dhord, we nedl to transverse the fundamental cycle, so in the worst case we may badk
up the whole spanning tree  So the time for DFSis O(n?).

In the DFS, we dso assign independent current to ead chord, in the same time
calculated the currentsfor treeedges which existin the fundamental cycle formed by that
chord. For diagrams of lower order, we can directly assgn a unique independent
unsigned long long int current to each bord. For the order greaer than 63 diagrams, we
need use ar unsigned long long int array, say B[], to represent the aurrent value. Since
the chord of index m is the j™ bit in B[i], wherej = mmod 64 and i = m/ 64. Since we
acomplish the omputation for tree @lges in the same DFS procedure, even for those
higher order diagrams, we know that if the tree path for the dord m contains the tree
edge of index v, then v obtains a @ntributed current by m just 1 bt operation. That
means for a Feynman diagram of any order, the asignment computation takes constant
time for eat chord and treeedge on thechord's fundamental cycle.

As mentioned in the chapter 2, we use hashing techniques to carry out the check fo
of G-reducibility which takes expeded time O(rn) where r = [{n+1)/64L] This behaves

linealy for order upto 63, but is O(n?) for arbitrarily large n.
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So the overall time complexity for the qualratic algorithm is O(n?) in expeded time

for arbitrary n.



CHAPTER 4

A PEUDOLINEAR ALGORITHM

4.1 ALGORITHM DESCRIPTION

The algorithm works in the following way:

1.

Applying DFS on a given Feynman diagram with order n to generate aunique
spanning tree. The dhords are assigned to the 0", 1%, 2" .. ., n™ power of 2
currents in the order encountered in the DFS. This ensures all chords have
been assigned a unique independent current. In the process of DFS, we also
recrding the depth first index, i.e., DFI function and parent function when
remembers each vertex’s parent in the DFS.

Calculate inverse depth seach index INDFI function ac®rding to the DFI
function.

According to the INDFI function, we compute the aurrent of each tree elge in
inverse depth seach index order. Start with the highest depth-first seach
index which must be an end-vertex of the spanning tree gererated in step 1, the
current of the tree elge connected with that end-vertex can be alculated as a
linea combination of the aurrents on the two chords conneded with that end-
vertex. In the same manner, we cancompute the aurrent on al the tree edgs
in the spanning tree ead one & a linear combination of currents on chords or

ontreeedgesdready determined.

Snce the pseudolinea algorithm uses the same power of 2’'s assignments to the

chords as the quadratic algorithm, so when the order of the Feynman diagram goes

21
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beyond 63it must also use the strategy of representing independent currents with values
of 2°*or more with an array of unsigned long long int. But for diagrams of order below
64, ead chord can just be assigned an unsigned long long int current value.
4.2 ANALYSIS OF TIME COMPLEXITY

In general, DFS takes time O(n+m), where n is the number of vertices and m is
number of edges in a given graph. For Feynman diagrams, the number of edges is
exactly 3n, so DFS takestime O(n).

For the part to calculate the aurrent for ead tree edg on the gererated panning
tree, for diagrams of order smaller than 64, we diredly assgn a unique independent
unsigned long long int current to each bord. So the aurrents of tree edgs will just be a
linea combination of those unsigned long long int values. Hence this part also takes
time O(n). But for diagrams of order greater than 63, we use an array of unsigned long
long int to represent the aurrents. Then the aurrents on tree edgsare catulated by linea
combinations of two corresponding unsigned long long int array currents. Hence it
takes time O(n?) sincethe length of each array is O(n).

To test for reducibility, we use hashing techniques as in Chapter 3. This take
expected time O(rn) where r = [{n+1)/640]

Hence he entire pseudolinear algorithm takes expeded time O(rn). It behaves

linealy for order less than 64, but is O(n®) for arbitrarily large n.



CHAPTER 5
A RANDOMIZED ALGORITHM
5.1 ALGORITHM DESCRIPTION

In order to design a more dficient algorithm, we need to make some changes to the
pseudolinea algorithm. The objedive of the modifications is to ensure that the aurrents
assigned to the chords wil | not excead 2°°. To avoid the limit number of the power of 2's
assignments, we use a31 bit random number generator - linea congruential generator
(LCG) to randomly generate a awrrent to ead chord. So ead chord can be diredly
assigned a aurrent. And the asdgnments of tree e@lges can be @lculated as a linea
combination of those chordsin the inverse dedth seaich index order.

Since we now assign edges with random numbers, it may happen that two chords
have been assgned the same random number. If this happens we should report it as a
false cut-par. Although the probability isvery very low, we still need to verify whether a
cut-pair is true or not ead time when the program reports it. In order to remember the
cut-pair, we maintain a markEdge array for ead G-line, initializes to —1 for eat edge.
If after first calculation, we find a aut-pair, then we mark the corresponding entry in the
markEdge to 0 respedively. We gply the DFS again on the given diagram, which is
now modified by removing the ait-pair from the diagram. If the remaining diagram has
become disconneded, the ait-pair is a true, so the given diagram must be reducible.
Otherwise the ait-pair is false. If none of the aut-pairs is true then the diagram is

irreducible.

23



24

5.2 ANALYSIS OF TIME COMPLEXITY

In order to control the impad of DFS verification of reported cut-pairs, we show that
the number k of bitsin the current group A= Z% should grow at the rate k = [2log, n[]

Let D be aconnected Feynman diagram of order n and supposethat { e;, e} isa set of
two G-lines which are not a cut-pair for D. We know from the proof of Theorem 2 that
flow values for e, & can be asgned independently, and the rest of the flow is then
determined by exadly n—1 additional independent assignments to G-lines. Thus if
assignments are made & random from the abelian group A, then the probability that e, &
are asigned the same value is exadly 1/ |Al. Since the number of pairs of G-lines is

@(n?), we have by the lineaity of expectation that the aserage number of false ait-pair

reports from a random conservative flow is O(n® / |A]). When A = Z¥% , the time needed
for a +operation on member of Ais @(k). Since|A| = 2%, choosing k = [(Plog, nUassures

that the average number of false aut-pair reports becomes O(n? / n®) = O(1). Each false
cut-pair report requires a DFS for verification, taking time O(n). Thus we have O(n) =
o(nlog n) totd expecied timefor verifyingfase aut pars. Thisis negligible mmpared to
the ®(n log n) time needed for a DFS with flow assignments. The time for such a DFS is
A(nk) in general, because there ae @) " operations, and each  operation takes time
&(K). In our algorithm k is chosen so that k = ®(log n).

For any disconnected Feynman diagrams, the program will halt as on as its
disconnededness is deteded before finding a ait-pair. So in that case the randomized
algorithm takes time O(n log n).

So for the aurrent assignments the randomized algorithm takes time O(n log n) if D

may not be mnneded and expeded time @(n log n) if D conneded. For orders up to 2%,
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we can leave k fixed at 31, so the expeded time for the randomized algorithm is
effedively linea in this range. Note that 2" is much larger than is needed for our
applications, and larger than any value used for timing tests.

As in Chapter 3 and 4, hashing is used to test for the potential cut-pair. Since e&h
current isrepresented in @(log n), but the time to compute a single hash value will also be
@ (log n), so the expeded time for the hashing is now O(n log n) for arbitrary n. For n <
2'° we just use 31 hits for eadt current value, so the expected time for hashing becomes
linea in thisrange.
5.3LINEAR CONGRUENTIAL GENERATOR

As a pradical matter, the 31 hts provided by nonnegative values of the int data type
in C/C++ are sufficient for the range of the order needed for Monte Carlo simulations
(n< 30) and dso for the large numbers wsed in our timing tests (n < 1023).

In order to generate rearperfed 31 bt random numbers, we adopted Otmar Lendl’s
padkage PRNG [14] which is a wllection of algorithms for generating pseudorandom
numbers as a library of C functions, released wunder the URL
(http://mww.gnu.org/copyleft/gpl.html).

We use the linea congruential generator (LCG) of PRNG dtility. The following lists
the generator plus a few recommendations on the parameters by PRNG.

» Definition:

yn=a*y {n-1} +b(modp) n>0
* Name: “lcg(p, a, b, y_0)".

* Properties:

- Period lengths up p are possible
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- Strong linea properties

- Thequality of the PRN depends very strongly on thechoiceof the parameters

- prng_is_congruential is TRUE

- prng_can_sedal is TRUE. The parameter of prng_seed will beused asy {n-1} in
the next cdl to get_next.

- prng_can fast sub and prng _can fast con are TRUE. Requesting these
subsequence may be show if large skips are involved and b isnot O.

» Parameter seledion: If p is a power of 2, then a mod 4 = 1 and b odd will guarantee
period length = p. If p is prime and b = 0 then any prime-roat modulo p as a will
guaranteeperiod lengthp—1. (y_0#0)

Asrecmmmendation, we use the following parameters

modulo p multiplicator a

23— 1=2147483647 , 95070&376)

The 31bit random number generator is working as following
Define aglobal integer prev, which reards the previous random number, initialized
to 1.
Call myrand() function each time to randomly generated a 31 bit random number
function int myrand()
long long a=950706376
int p=2147483647

inty



y=(int)((a*prev)%p)
prev=y
return'y

End function
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CHAPTER 6
EXPERIMENTAL COMPARISON AND CONCLUSIONS
6.1 COMPARISON OF THE THREEALGORITHMS

The quadratic algorithm, the pseudolinea algorithm and the randomized algorithm
are all implemented separately so that their efficiencies could be mmpared. For testing
purposes, the Feynman diagrams were produced by using a random Feynman diagram
generator program. Every new graph is presented as an array of adjacency list rather than
an n x n matrix because ar n x n array would need to alocate contiguous gacein main
memory for n x n elements, which is @(#%). However, with the aray of adjacency lists,
the spaceallocaion is @(n) for Feynman diagrams.

The diff erence between the quadratic algorithm and the pseudolinea algorithm is that
the first approach finishes all computation in once depth-first seach. Ead time
encountering a dord, we neel assign the an independent current to that chord, also
assign the same aurrent to all tree @lges existing in the fundamental cycle formed by that
chord. In order to do that we need back up the spanning tree each time to accomaplish th
assignments. But the second approac separates the ass gnment for chords and tree edgs
into two procedures. First it applies the depth-first search to build upthe spanning tree
and identifies the chords and tree e@lges, in the same time it also assigns an independent
current to ead chord. After DFS, the pseudolinea algorithm calculates the assignment
for eat tree elges by alinea combination of currents of chords or tree elges which are
arealy determined in inverse depth seach index order. So for the lower order diagrams,
two approadhes should have no much difference in the time mmplexity. But when the
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order increases, the seaond approadh must shows advantages and run faster compared to
the first approach. But when the order greater than 63, since by the implementation
limitation on the power of 2's assignments, to assign an independent current to the 64"
chord or higher, we neal to use an array of unsigned long long int to represent the
unique independent current of each chord. Soin that case the pseudolinea agorithm will
be adual a quadratic one, but just with a smaller constant fador comparing with the
quadratic algorithm.

In fad, the randomized algorithm is a revision of the pseudolinear algorithm. By
avoiding wsing the power of 2's assignments, it uses a 31 [t random number generator -
linea congruential generator (LCG) to randomly generate a wrrent to ead chord. This
modification avoids the use of an array of unsigned long long int assignments for the
higher order Feynman diagram, whose order greaer than 63. But it may hgppen that two
chords obtain a same random number, although the probability is very very impossible.
But we ill need to verify a at-pair is true or not when each time it’s reported. That’s
the extra overhead of the third approadh comparing with the first two agorithms. So we
expect that when the order of Feynman diagram is low, the randomized algorithm will
not show any advantage compared to the quadratic and pseudolinear algorithm. But
when the order increases, this approacd will show its grea efficiency.

To ted this hypothesis, we have done the time testing on Feynman diagrams of
different orders. Table 6.1 shows the average testing times in seconds per 10000
diagrams for the same order diagrams by the threealgorithms with orders ranging from 2
to 40. We could seethat for diagrams of order smaller than 23 the pseudolinea apgoad

doesn’t show many advantages compared to the quadratic gpproadch. And the randomized
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algorithm runs slower because the overheal of verifying a true at-pair. When the order
greder than 23, the different trends of three dgorithms are clealy shown. The quadratic
algorithm runs most slowly among the three algorithms, whereas the randomized

algorithm runs most fast.

Table 6.1: Average times in seconds per 10000diagrams with order

dbween 2 to 40 or threealgorithms

Orde Quadratic Reudoli near Randomized
Agorithm Agorithm Linea Algorithm
2 1.31100 1.52500 2.83700
3 1.52400 1.72400 3.80650
4 1.66133 1.86467 3.56067
5 1.92917 217917 3.56233
6 2.25500 2.41000 3.85400
7 2.45585 2.59118 4.19883
8 2.68000 2.82534 4.30000
9 2.88902 3.01653 4.60648
10 3.11000 3.25500 4.90000
11 3.39536 3.45953 5.22132
12 3.88400 3.81400 5.43000
13 4.20774 4.08857 5.55446
14 4.36568 4.75302 6.01999
15 4.62250 5.06000 6.25000
16 5.10934 5.02134 6.37067
17 5.54485 5.62419 6.22734
18 6.07206 5.67006 7.46466
19 6.24485 6.06435 7.04891
20 6.66333 6.50660 7.26000
21 7.19965 6.91965 7.48645
22 7.99721 7.48021 7.72561
23 8.44516 7.62856 7.45186
24 8.88800 7.94800 7.79200
25 9.43333 8.39583 7.92913
26 9.85443 8.55863 8.14653
27 10.49856 9.23856 8.09096
28 10.97625 9.47825 8.65185
29 11.69699 10.19869 9.05269
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30 12.31500 10.67000 8.78500
31 12.74156 1118636 9.05176
32 1372946 1152530 9.20000
33 14.17967 12.07307 9.09127
34 1516408 1242138 9.74957
35 1565743 13.80823 9.75893
36 16.60268 1391458 1027778
36 16.60268 1391458 1027778
37 17.39019 1417739 9.65079
38 1811385 14.85215 10.02545
39 18.75325 1529515 10.57525
40 1951337 16.14667 10.82667

The Figure 6.1 perfedly illustrates the run-time increasing trends for the lower order
Feynman diagrams for those threeapproactes.

We also test the higher order Feynman diagrams. The results of timing experiments
in Table 6.2 shows the average times in seconds per 10000diagrams with order between
2 and 1023for the threealgorithms. It indicates that when the order greder than 30, the
randomized approach shows its advantages and efficiency compared to the other two
approaches. And it also indicates that when the order of given diagrams greder than 63,
the pseudolinea algorithm will be a quadratic time cmplexity, but it has a smaller
constant fadtor comparing to that of the quadratic dgorithm. The timing result shows
that the average testing time for the quadratic goproach, which starts from 1.31100
seaonds per 10000diagrams of order 2 up to 3034.90000seconds for diagrams of order
1023 increases more dramatically than pseudolinea one, which starts from 1.52500
sends up to 658.64999 seconds. With the order n readed 1023 the randomized
algorithm was almost 4.4 times faster than the pseudolinea algorithm, and 20 times

faster than the quadratic algorithm.



Table 6.2: Average imes in seconds per 10000diagrams with order

between 2 and 1023for threedgorithms
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Orde Quadratic Reudoli near Randomized
Agorithm Agorithm Linea Algorithm
2 1.31100 1.52500 2.83700
10 3.11000 3.25500 4.90000
20 6.66333 6.50660 7.26000
30 12.31500 10.67000 8.78500
40 1951337 16.14667 10.82667
50 28.02500 22.78330 13.30000
60 38.70000 30.19000 15.09000
70 77.00000 64.16666 15.28330
80 74.16670 69.33340 16.26667
90 78.00000 75.00000 19.95000
100 81.66660 76.66660 18.16660
150 13083333 11500000 27.50000
200 180.00030 13333330 26.66660
250 25833300 16250000 41.66670
300 334.16670 19500000 45.00000
350 45499970 22166670 70.83300
400 54000011 23333330 62.00000
450 689.99997 27000000 60.00000
500 800.00030 30000030 73.33330
550 92583330 33000030 91.66666
600 107000000 34000000 90.00000
650 134328000 39000000 97.50000
700 161000000 36166700 72.33330
750 165000000 42500000 11250000
800 200000300 506.66600 120.00000
850 238000000 53833400 127.50000
900 244500000 55500000 15000000
950 288166700 60166700 15833400
1000 286667000 616.66700 13333330
1023 303490000 65864999 15349997

The Figure 6.2 demonstrates the advantages of the randomized algorithm congbare
to the quadratic and pseudolinea approadies for higher order diagrams. Thus, our

asymptotic analysis of the threealgorithms is clealy supported by the timing test results.
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6.2 CONCLUSION

In this thesis, three algorithms were explored to determine the reducibility of
Feynman diagrams. All three algorithms give @rred results. When the orders of the
diagrams are low, the quadratic algorithm works as well as the pseudolinea algorithm.
The randomized algorithm runs more slowly than the other two approaches becaise of its
overhead of chedking potential cut-pairs. When the order of diagrams increases, the

randomized approach shows its advantages and efficiency.
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