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ABSTRACT

Let G be areductive algebraic group scheme defined over the finite field F,, with Frobenius
kernel GG;. The tilting modules of G are defined as rational G-modules for which both the
module itself and its dual have good filtrations. In 1997, J. E. Humphreys conjectured that
the support varieties over the Frobenius kernel (G; of tilting modules with regular highest
weight should be given by the Lusztig bijection between cells of the affine Weyl group and
nilpotent orbits of G, when p > h, where h is the Coxeter number. We present a conjecture
for the support varieties of tilting modules when G = G L,,. Our conjecture is equivalent to
Humphreys’ conjecture for p > h = n and regular weights, but our formulation allows us
to consider small p or singular weights as well. We obtain results for several infinite classes
of tilting modules, including the case p = 2, and tilting modules whose support variety
corresponds to a hook partition. In the case p = 2, we prove the conjecture by S. Donkin for
the support varieties of tilting modules.
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CHAPTER 1

INTRODUCTION?

1.1 COHOMOLOGY

Cohomology is a powerful tool which allows us to study the maps between algebraic objects
and to determine how simple objects fit together to form more complicated structures. One of
the most useful innovations in representation theory is the support variety, which is defined
using cohomological operations. Support varieties were first defined for modules over finite
groups by Carlson [3] in the early 1980’s and have been a key to learning more about the
representation theory of finite groups. The theory of support varieties was later extended
to the Frobenius kernel of an algebraic group scheme G (denoted G;) by Friedlander and
Parshall [9]. For Gy, support varieties are intimately connected with the geometry of the
restricted nullcone N(g) which can be identified with the spectrum of the cohomology of
the restricted Lie algebra g of G.

The tilting modules of GG are rational G-modules for which both the module itself and its
dual have good filtrations. These modules are an integral part of the representation theory
of G. There are connections between the theory of tilting modules and the theory of Young
modules for symmetric groups [7, 8] when the underlying root system for G is of type A,.
Even more importantly, knowing the characters of the indecomposable tilting modules is
equivalent to the determination of the characters of the simple modules for G' [15, E.10]. The

latter problem has a conjectural answer for large p through the Lusztig Conjecture, which

!Portions of the following chapters have been submitted to Advances in Mathematics,
10/24/2007, under the title On the Support Varieties of Tilting Modules.



connects the characters of the simple modules for G and the combinatorics of Kazhdan-
Lusztig polynomials. Therefore, the character theory of tilting modules is connected to the

Kazhdan-Lusztig combinatorics of the affine Weyl group of G.

1.2 HUMPHREYS' CONJECTURE

In [13, §12], J.E. Humphreys stated a conjecture for the support variety of an indecomposable
tilting module when the highest weight of the module is regular (which implies that p > h,
where h is the Coxeter number), for arbitrary reductive G. The basic idea is that the support
variety only depends on the Kazhdan-Lusztig two-sided cell region of the affine Weyl group
W, to which the weight belongs. Let O, denote the nilpotent orbit corresponding to the
two-sided cell of w € W), via the Lusztig bijection, and let C' be the set of integral weights

in the bottom alcove.

Conjecture 1.2.1 (Humphreys). Let A € X(T)y be a regular weight in w - C' for some
w € W,; then the support variety of the indecomposable tilting module of highest weight X is

the closure of O,,.

The aforementioned conjecture requires that the weight be regular, because it is not
evident how to determine to which cell region the singular weights should belong. Humphreys’
Conjecture has been shown to be true for quantum groups by Ostrik [20] (for type A,) and
Bezrukavnikov [1] (in general), by using the validity of the Lusztig Conjecture for quantum
groups. Since we do not yet know that the Lusztig Conjecture is true for algebraic groups,
Humphreys’ Conjecture is still open in this setting. This means that any calculation of the
support variety of a tilting module for G which agrees with Humphreys’ Conjecture is more
supporting evidence for the Lusztig Conjecture for algebraic groups.

A calculation of the support varieties of tilting modules is also closely related to the
calculation of support varieties for indgA = H°()\) for A € X(T),, which was completed
by Nakano, Parshall, and Vella in [19] for algebraic groups (cf. [20] and [2] for the quantum

group case). This important result is essential to any tilting module calculation.



This dissertation centers on an attempt to compute support varieties of tilting modules
for algebraic groups of type A,. We have a new conjecture (see Conjecture 3.1.2) which
predicts the support varieties of indecomposable tilting modules T'(\) for all primes p and
all dominant weights A (regular or singular). This new conjecture agrees with Humphreys’
Conjecture for type A, in the cases where they overlap, and with Donkin’s Conjecture for
p =2 [8, §6], with a small correction from the published version. The nontrivial proof of the
agreement with Humphreys’ Conjecture involves Greene’s Theorem— an elegant result from
the combinatorics of posets [11].

This conjecture comes along with two new ways of calculating the cell regions for type A,,.
One of them involves root system structures and is very useful for calculating lower bounds on
support varieties. The other is a new generalization of the Robinson-Schensted corresponence
to the affine Weyl group. It involves a variation of Young tableaux. Other attempts at this
generalization can be found in [21] and [24]. Our new method is an applicable algorithm
which associates a finite tableau to each element w € W),; the shape of the tableau is the
partition corresponding via the Lusztig bijection to the cell containing w. Compare [21]
which associates an infinite tableau to each element w, and [24], whose generalization is not
easily applicable to any elements in W, not in the finite Weyl group.

The new conjecture and methods for calculating the cell regions allow us to determine
the support varieties for several important classes of tilting modules. We prove that the
conjecture is true for tilting modules whose highest weights lie in cell regions corresponding
to hook partitions. We also calculate the support varieties of all indecomposable tilting
modules when p = 2, thus proving Donkin’s Conjecture. This is very strong evidence that
our conjecture is correct for singular weights, since every weight is singular for p = 2 and
n > 1. Furthermore, we calculate the support varieties for a large infinite class of tilting
modules whose highest weights lie in a set of alcoves which intersects every cell region. In
addition, we reduce the problem to the restricted region, thereby making the problem finite

for given n.



CHAPTER 2

BACKGROUND

2.1 NOTATION

The conventions and notation throughout this paper will generally follow those in [15] or [14].
Let k£ be an algebraically closed field of characteristic p > 0. Let G = GL,,,1 be considered
as a reductive algebraic group scheme, defined and split over the finite field I, with root
system @ of type A,. We fix a base of simple roots A = {ay, ag, ..., a, }; the positive roots

with respect to this basis are denoted ®*. In the e-basis, we have
Ot ={e—¢€:1<j}

Let p= 3> copr .
For any I C A, let L; denote the standard Levi factor of the parabolic subgroup P; of G

corresponding to I, with root system ®;. Let ®; be the set of positive roots of L;. To each

I C A, we can assign a partition (1) of n + 1 as follows: We have
= A XA, XX Ay

for some {iy,1a,...,0t},i; € Z,i; > ij41 > 1 for all j. Define n(I) = (i1,42,....%, 1, ..., 1) F
n+ 1.

Let T' be a maximal split torus, and let B be a Borel subgroup containing 7' corresponding
to the negative roots. Let X (7') be the set of integral weights of G. The inner product on
X(T) will be denoted by (, ). Let &Y = « be the coroot corresponding to v € ®. The set of

dominant integral weights is defined as

X(T),y={ e X(T): 0<(\a) forall a €A}

4



In the e-basis, a dominant weight A is a nonincreasing sequence of n + 1 integers. We will
often have occasion to use A 4 p in the e-basis. When A is a dominant weight and n is odd,
this will be a strictly decreasing sequence of half-integers. For convenience, we prefer to work
with integers. If n is odd, define £ to be a sequence of n+ 1 numbers equal to 1/2; otherwise,

let £ =0. Then A + p — £ is a strictly decreasing sequence of integers, with
(Atp o) =A+p—§a’)

for all a € .
Let W be the Weyl group corresponding to ® and W, be the affine Weyl group with
translations scaled by p. We will consider the dot action of W, on £ = X(T") ® R defined by

w-A=wA+p)—pfor A€ X(T). Write N = {1,...,n+ 1}.

2.2  ORBIT THEORY

Let AV be the variety of nilpotent elements in g = Lie(G) = gl,,,1(k). The group G acts on
N by conjugation. The G-orbits are parameterized by partitions of n + 1. We will use the
exponent notation for partitions, where (rfl, rgz, ...) denotes the partition with r; appearing
d; times. Let 7 = (r{", 752, ...) be a partition of n + 1. We will use O, to denote the G-orbit
of N which contains the element in Jordan canonical form with d; blocks of size r; for all i.

The elements of W, are partitioned into sets called two-sided cells or cells for short (cf.
[18]). For w € W), let h(w) denote the partition of n + 1 such that O = O,. Here,
O, is the nilpotent orbit corresponding to the two-sided cell containing w via the Lusztig
bijection, as in Conjecture 1.2.1. We will use the combinatorial work of [24] as a reference
for calculating cells. See Section 3.2.1 for the details.

For the reader’s convenience, we quote the definition of dominance order on partitions.
Let 7, o be partitions of n + 1, and write 7 = (my, ....,m), 0 = (01, ...,05). We have 7 > o if

forall1<m <n+1,

m m
E U] 2 E ;.
J=1 J=1



With this order we can calculate the (Zariski) closure of an orbit of G in N [6, 6.2]:
o0.=Jo,
o<m
We will need a least upper bound property for the dominance ordering on partitions,
paraphrased from the French in [25, III, 3.3] below. Note that this property does not hold

for arbitrary posets.

Lemma 2.2.1. Let P = {r', 7% ..., 7'} be a set of partitions of n+ 1. There exists a unique

minimal partition o of n + 1 such that o > 7 for all .

2.3 TILTING MODULES

For A € X(T)y, let H°(A) = indGA (respectively, Hf (\) = indj, | A, where B(L;) is a
Borel subgroup of L; containing 7). These will be referred to as the “induced modules”.
The simple G-module of highest weight A will be denoted L(\). The Weyl modules are
V(A) = H(—woA)* for A € X(T),. Here wy is the long element in W and —* denotes taking
the dual module. A G-module M has a good (resp. Weyl) filtration if there exists a filtration
of M such that all the subquotients are induced modules (resp. Weyl modules).

A (partial) tilting module is defined to be a module with both a good filtration and
a Weyl filtration. See [15, I1:E] for a discussion on tilting modules for G, and [22] for a
discussion of the origins and application of the theory of tilting modules for hereditary
algebras. The indecomposable tilting modules are indexed by their highest weights, which
must be dominant. We will denote the indecomposable tilting module over G (resp. L) with
highest weight A by T¢(A\) = T'(A) (resp. 11, (A)). Tilting modules satisfy the following basic

properties:
(i) If M, N are tilting modules, then M ® N is a tilting module.

(ii) If M is a direct summand of a tilting module N, then M is a tilting module.



(iii) If NV is a tilting G-module, then N |, is a tilting L;-module for any Levi subgroup
Ly.

2.4 SUPPORT VARIETIES

Let A be a finite k-group scheme and let

H?*(A,k) if char k # 2
R p—t

H*(A, k) if char k = 2.
According to [10], the cohomology ring R is a commutative, finitely generated k-algebra.
For finite dimensional M € A-mod, define the support variety Va(M) as follows. Yoneda
composition defines an action of R on Ext% (M, M). Let J = J4(M) be the annihilator ideal
in R for this action. Set V(M) equal to the maximum ideal spectrum of R/.J.

We can consider G, L; as algebraic group schemes (not finite) over k. For an algebraic
group scheme H over k, let ' : H — H® be the Frobenius morphism. Set H; = ker F.
Now H, is a finite k-group scheme, so we can consider support varieties of H;-modules. The
Lie algebra h = Lie(H) is a restricted Lie algebra with p-mapping z — 2. In [23, (1.6),
(5.11)] it is proven that Vi, (k) is homeomorphic to N () := {x € b : 2! = 0}. We will use
this identification frequently without explicit mention. Note that if M is an H-module, then
Vi, (M) is an H-stable subvariety of N;(h) under conjugation.

Support varieties behave nicely with respect to many module operations. We will use the
following properties (cf. [19, 2.2]). Let M, N be H-modules, and K a closed subgroup of H,

then
(i) Vi, (M) NVp, (N) = Vg, (M @ N);
(ii) VH1(M) UVH1(N) = VH1(MEBN);

(iil) Vi, (k) N Vg, (M) = Vi, (M | k);



(iv) Let 0 — M; — My — M; — 0 be a short exact sequence of H-modules. If 33 is

the symmetric group on three letters and o € X3, then Vg, (M,q)) € Vi, (Myz)) U

Vir,(My3))-

In general NVp(g) is a G-stable subvariety of N' and when p > h, N' = Ni(g). If p < h,

then Vi(g) = O,y where n+1=pd+7r,0 <r < p 5 3.1]. For I C A, we have a Levi

decomposition g = uj @ [; ® u; where [; = Lie(L;). We have G - Ni(I;) = O N Ni(g) and
G - ur = Oy where —' denotes the dual partition [17, 2.2].

For each G-module M, Vg, (M) is a G-stable subvariety of N (g), so Vg, (M) = |J O
for some set {7’} of partitions of n + 1 which are pairwise incomparable. Note that each 7*
must be dominated by (p?,r).

We will frequently use [19, (6.2.1) Thm.] due to Nakano, Parshall, and Vella, which
computes the support variety of an induced module. For A € X(T),, let &\ = {a € O :
(A p,aY) € pZ}. Since P is of type A, there exists w € W such that w(®,) = ®; for some
I CA.

Theorem 2.4.1 (Nakano-Parshall-Vella). For A € X(T'),, choose I C A so that w(®,) = ®;

for some w € W. Then Vg, (H°(X)) = G - ur = Og(py.

2.5 NOTCH TABLEAUX

We will consider a tableau to be a Young diagram with the boxes filled with integers, with
one distinction: we do not require the rows of the diagram to be nonincreasing in length. We
will call these tableaux notch tableauz. Note that re-arranging the order of the rows yields a
traditional tableau. We obtain a partition as the shape of a notch tableau, where the parts
of the partition are given by the lengths of the rows of the diagram. We re-arrange the parts
to be in nonincreasing order if necessary. The partition whose parts are the column lengths
is the transpose of the partition whose parts are the row lengths, just as for traditional

tableaux. See Section 4.5 for examples of notch tableaux.



2.6 VISUALIZING CELLS IN THE AFFINE WEYL GROUP OF TYPE A,

The affine Weyl group W, of type A, can be visualized by looking at its action on the
n-dimensional Euclidean space E = X (T') ® R, via reflections through hyperplanes corre-
sponding to root vectors, and translations. Let Cgr be the bottom alcove of F, defined as
the set {A € E:0 < (A+p,a”) < pforall « € dT}. Let C be the set of dominant inte-
gral weights in Cg. Then for any w € W, w - Cg is an alcove. Since the closure of Cg is a
fundamental region for W, we can label the alcoves by the elements of W,. We will usually
identify each element with its alcove. Throughout this thesis, we only consider alcoves that
are contained in the dominant chamber.

The cells partition the elements of W,; we will define a corresponding partition of £. In
order to do so, we need a definition. Let w € W), be given. As in [15, II 6.1], there exists a

unique integer n, for each o € ® such that
nep < A+ p,a’) < (ng +1)p
for all A € w - Cr. We define the lower closure of the alcove w - Cr to be the set
INeEE np < (A+p,a’)<(n,+1)p for all a € ®}.

One should compare this to the definition of upper closure [15, I 6]. Note that the lower
closure of an alcove can contain integral weights, even if the interior of the alcove does not
(i.e. if p < h). Given any A € E, there exists a unique w € W), such that A is in the lower
closure of w - Cg (cf. [15, IT 6.11]).

Now, we define a partition of E into cell regions via an equivalence relation: Given
A\ i€ B let w,y € W, be such that A is in the lower closure of w - Cg and p is in the lower
closure of y - Cg. Then A\ and p are in the same cell region if and only if w and y belong to
the same cell. So the weights which are in the lower closure of an alcove will belong to the
same cell region as the alcove. In this thesis, we show that this is the correct region in which

to place the singular weights.
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It is easy to describe the cell regions in Ay geometrically (cf. [24, p. 30]). We will describe
their intersection with the dominant chamber. Consider R3) = Cg, the bottom alcove. This
alcove corresponds to the identity element of W), which is always the unique element in its

cell region. This cell region is described geometrically as
R(g) :{)\E E:0< <)\+,0,<O£1+Oéz)v> <p}.

If p > 3, then R(3 contains integral weights. Next we look at R(y1). This cell region is

described geometrically as
Rony={ eE:p<(A+p,(a14+a)),0 < (A+p,a) <pfor some i € {1,2}}.

For any p, R,1) contains integral weights. This region consists of the lower closure of all the
alcoves inside and adjacent to the boundary of the dominant chamber, except the bottom

alcove. Finally, consider R ;). This cell region is described geometrically as
Rainy={ € E:p< (A +p,o) forall i e {1,2}}.

For any p, R(1,1,1) contains integral weights. This region consists of the lower closure of alcoves
in the dominant chamber translated by pp.

In this thesis, we discuss a similar geometric description for any dominant cell region in
any dimension. We will have three different methods of calculating this geometric description.
One method is a very useful way of associating a notch tableau to an alcove, where the shape
of the tableau gives h(w), the partition associated to the cell of the alcove. Note that we
have labeled our cell regions in A, above with the partitions of n +1 = 3. The other two
methods arise from the fact that we can associate to any cell region certain hyperplanes
which separate the cell region from Ck or certain hyperplanes which do not separate the cell

region from Cg. This distinction is surprisingly subtle.



CHAPTER 3

TwoO-SIDED CELLS AND A NEW CONJECTURE

3.1 A CONJECTURE FOR THE SUPPORT VARIETIES OF TILTING MODULES

We start with a method for calculating the cell regions geometrically. Let A € X(T) be

given. Define

Uy ={a€d": (A+p,a’) <p}

To each o € ®* there corresponds a hyperplane H, = {u € F : (u+ p,a”) = p}. The
elements in ¥, are the roots for which H, does not lie between w - Cr and Cr where A is in
the lower closure of w- Cg. If A and p are in the lower closure of the same alcove w - Cg, then
for all & € ®* such that (A + p, ") < p we have (u+ p, ") < p. So in this case, ¥, =V, .

Now, we define ¢(\) as the minimal partition such that ¢(\) > w(I) for all I C A
satisfying @7 C W,. Such a partition exists by Lemma 2.2.1.

Equivalently, ¢()); is the maximal cardinality of a subset X C N with (A p, (e;—¢;)¥) <p
for 1,7 € X,i < j; in general, 22:1 ¢(\); is the maximal cardinality of a disjoint union of
subsets X1, ..., X; € N such that for each 1 <1 <, we have (A\+ p, (e; —¢;)) <pfori,j €
Xj,i < j. Such a subset X, corresponds to a set of simple roots I; = {€; —¢; : i < j,i,j € X;}
with (ID}t C W,. This construction will create the parts of ¢(\) in nonincreasing order (cf.
Section 3.3).

Suppose that ¥, = @} for some I C A. For any J C A such that @j C V,, we must

have J C I, which implies that 7(J) < 7(I). Therefore, in this case c¢(\) = 7 ({).

Lemma 3.1.1. For all p and all X € X(T)+, Oy € Ni(g).

11
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Proof. Recall that N;(g) = O,y where n+1 = pd+r. Let I C A with @ C U,. If 3 € ¢+
with the height of (3 greater than p — 1, then (A + p, 3¥) > p because \ is dominant. So the
roots in W, must all have height less than p. Therefore, ®; cannot contain an irreducible
subsystem with rank bigger than p — 1, which implies that 7(I) < (p?,7). The minimal

partition dominating all such 7(I) must therefore be less than or equal to (p?, 7). O

Now, we formulate a conjecture for the support variety of any indecomposable tilting
module for G = GL,.;. Note that A\ may be either regular or singular, in contrast to

Humphreys’ Conjecture 1.2.1, and thus this conjecture also covers p < h.

Conjecture 3.1.2. Let A € X(T')1. Then Vg, (T(X)) = Ogn).

Note that we have Vi, (T'(\)) € N1(g) = O(pa,y; compare Lemma 3.1.1.

3.2 COMBINATORICS AND CELL REGIONS

3.2.1 DETERMINING THE CELLS USING I’y

A geometric method for calculating the cell regions in type A, is given by Shi in [24] and
quoted in [20]. We will paraphrase the relevant portion.

Let A € X(T')4 be a regular weight, with A € w - C for some w € W,,. Let
Dy={a€d": (A+pa’)>p}

This corresponds to considering the set of roots a such that the hyperplanes H,, do lie between
w - Cgr and Cg (the reader can contrast this with ¥,). We say that i,7 € {1,2,..,n+1} =N
are A-connected if £(e; —¢€;) € I'y. A subset of N is A-connected if its elements are pairwise
A-connected.

We can define a partition of n + 1, s(\), by letting s(\); be the size of the largest
A-connected subset of N; s(A); + s(A)2 be the size of the largest subset of N which can
be written as a disjoint union of exactly two A-connected sets, and in general > " s(\); is

defined as the size of the largest subset of N which can be written as a disjoint union of exactly
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m A-connected sets. This construction will create the parts of s(\) in nonincreasing order
(cf. Section 3.3). A A-connected subset S of N corresponds to R = {¢; —€; : i < j,i,j € S},
and there exists y € W and I C A such that y(®}) = R (cf. [16, 2.7]). This implies that
s(A) is the least partition which dominates all 7(I), for all I C A satisfying y(®;) C Ty for

some y € W. Recall that h(w) is defined in Section 2.2. It is shown in [24, 6.3] that

Note that this method, as given, does not require A to be regular: I"y is still well-defined
if A is singular. This is not explicitly mentioned in either [24] or [20], although [20] uses it
implicitly. If A is singular then s(\)! = h(w) where w - Cg is the alcove which contains A in

its lower closure. We will frequently use this extension of Shi’s work in the sequel.

3.2.2 DETERMINING THE CELLS VIA TABLEAUX

We now present another way of calculating the cell regions, which is a generalization of the
Robinson-Schensted algorithm to the case of the affine Weyl group of type A,. We have the
following technical assumption on S C ®* which will be satisfied by all the sets to which we

associate tableaux.
Assumption 3.2.1. Fori < j<m, ife; — €, €S, thene; —€,, € S.

If X € X(T)4, then U, satisfies Assumption 3.2.1. If (A + p, (¢; — €,)") > p for j < m,
then (A + p, (€; — €,)") > p for all i < j.
We can construct a notch tableau Dg with n + 1 boxes which satisfies the following

condition:
Condition 3.2.2. Ifi,j are numbers in the same column of Dg, then ¢, —¢; € S.

We construct Dg inductively. At each step, the numbers in Dg are strictly increasing

across the rows and down the columns. For the first step, start with a box containing 1:
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For the second step, we place a box containing 2 under the first box if e, —ea =1 € S

Otherwise, we place a box containing 2 to the right of the first box

At the ith step, we will specify in which column and row to place a box containing i. We
will place the box in the leftmost column such that Condition 3.2.2 holds. Note that Condition
3.2.2 is satisfied trivially if we start a new rightmost column with the box containing ¢. Let
7 be the index such that we are placing the box containing ¢ in the jth column. If j = 1, we
start a new row directly below the previous bottom row with the box containing . Otherwise,
let r be the number in the bottommost box in the (j — 1)th column. We claim that the row
containing r has exactly j — 1 boxes. Assuming the claim, we will place the box containing 7
directly to the right of the box containing . Note that there cannot be any boxes in the jth
column below the box containing i, since there are no boxes in the (j — 1)th column below
the box containing r and each row is built from left to right.

To see the claim, we work by contradiction. If the row containing r has more than j — 1
boxes, then there would be a box directly to the right of r, in the jth column, containing
some number ¢ > r. We have €, — ¢; ¢ S since we can place the box containing ¢ in the jth
column, which implies that €, —¢; ¢ S by Assumption 3.2.1. Note also that the numbers
above r in the (j — 1)th column are less than 7, so €, — ¢; ¢ S for any s in the (j — 1)th
column, by another application of Assumption 3.2.1. This implies that we can place the box
containing ¢ below 7 in the (j — 1)th column, which is a contradiction. So the row containing
r has exactly 7 — 1 boxes. Finally, note that we have placed the box containing ¢ at the end
of a row and the bottom of a column, so the numbers in the boxes are still strictly increasing
across the rows and down the columns.

The notch tableau Dg gives us a partition of n+ 1 whose parts are the lengths of the rows

of Dg. Call this partition o(Dg). In order to apply this algorithm to a weight A € X(T),,
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we use S = U,. We denote Dy, by D,. It will be shown below that (D)) = h(w) for A in

the lower closure of w - Cg.

3.3 EQUIVALENCE OF THESE APPROACHES

We now have three different ways to start with a weight A (equivalently, an element w € W,
such that X is contained in the lower closure of w-Cg) and obtain a partition: we have o (D))
using the algorithm to obtain a notch tableau, s(\)" using I'y, and ¢(\) using V.

In this section, we will show that, in fact, these methods always give the same answer.
Thus we can use any of these methods to distinguish to which cell an element of w or its alcove
belongs, using the labeling of the cells by partitions via the Lusztig bijection. Furthermore,
we can use any of these methods in our conjecture to compute support varieties of tilting
modules.

We will need the following combinatorial result from [11, Thms. 1.5, 1.6]. Given a poset
P, a chain is a subset of P which is totally ordered; an antichain is a subset of P which

contains no chains of length two.

Theorem 3.3.1 (Greene). Let P be a finite poset. Fori > 1, let d; be the size of the largest
subset of P which can be partitioned into i chains; let c/Z\l be the size of the largest subset of
P which can be partitioned into i antichains. Also, let dy = cfo = 0. Define partitions m,c by
m =d; —d;—1 and 0; = c/i\, — d/z_\l Then m; > w41 and o; > 0;4q for all © > 1. In addition,

we have m = ot.

Note that in the course of this proof, we will show that ¢(\) and s(\)" are in fact con-
structed from a partial order in the manner described in Theorem 3.3.1. Thus we know that

their parts are constructed in nonincreasing order, as claimed in Sections 3.1 and 3.2.1.

Theorem 3.3.2. Let A € X(T),. Let w € W, be such that X\ is in the lower closure of
w - Cg. Then o(D,) = s(A\)! = ¢(\) = h(w), where we use the extension of the definition of

s(\) to singular weights as in Section 3.2.1.
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Proof. First, we show that o(D,)" = s()\). By definition, o(D,)" is the partition whose parts
are the lengths of the columns of D).

For m € N, define S™ = {i : i occurs in a box in the first m columns of D,}. We have
1S =" o (Dy).
j=1

By Condition 3.2.2, S™ is a subset of N which is a disjoint union of m A-connected sets, for
all m. Comparing the definition of s(\), we have s(\) > o(D,)".

Thus it suffices to show that s(\) < o(D,)". We proceed by contradiction. Suppose s(\) £
o(Dy)". This would mean there exists an index m such that 3 7", o(Dy)5 < >0, s(A);. This
in turn implies that there exists a set R C N such that R is a disjoint union of m or fewer
A-connected sets, and |R| > |S™|.

Write S™ = {s1 =1, S9, ..., 8, } with s; < s;51; write R = {ry,ro, ..., ry1, ...} with r; < 749,
We claim that 744 ¢ S™, but S™ U {ry1} is a disjoint union of m or fewer A-connected
subsets with cardinality ¢ 4+ 1. Assuming the claim, we have a contradiction: r;;; must be
A-connected to some number in S™ because S™ is already a disjoint union of m (and no
fewer) A-connected subsets. This implies that the box containing r;,; would be placed in one
of the first m columns of D), which is a contradiction.

It remains to show the claim. We use induction by showing that {si, ..., S;, 71, ., Ter1}
is a disjoint union of m or fewer A-connected subsets, with s; < 7;,1, for all i < ¢. Along
the way, we will also show that {si,...,s;, 741} is a disjoint union of m or fewer \-connected
subsets for all ¢ < t. The basis step may be argued thusly. We have s; = 1 < r; by the
construction of D,. Suppose r; € R is A-connected to 7: we want to show that r; is A-
connected to s; = 1. We have €., —¢,, & Wy; that is, (A + p, (¢, — €,)") > p. Since A is

dominant, this implies that
<>\ + P, (61 - ET]')V> = <)‘ + P, (61 - 67‘1)V> + </\ + P, (67“1 - Erj)v> Z D.

So r; is A-connected to 1 = s;. This implies that {s1,72,...,711} is a disjoint union of m or

fewer A-connected sets, and s; = 1 < 1y is clear. Finally, to show that {s;, 7} is a disjoint
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union of m or fewer A-connected sets we consider the two cases m = 1 or m > 1. For
m > 1, the condition is satisfied vacuously; for m = 1, we must have {sq,rs,...,71} to be
A-connected, so that {sy, 72} is A-connected.

For the inductive step, assume that {s1, ..., S;, 711, Tiz2, .., Te41} 18 a disjoint union of m
or fewer A-connected subsets, and that the same property holds for {s1, ..., s;, 741 }. We claim
that s;11 may be characterized as the least integer such that {s1,...,s;} U{s;11} is a disjoint
union of m or fewer A-connected subsets with cardinality ¢ + 1. It is such an integer, by the
definition of S™. It is the least such integer, because we have listed the integers in S™ in
increasing order. Since r;;; is such an integer by induction, we have s;11 < r;y;.

Now the same argument as in the basis step shows that for r; > r;;4, if r; is A-connected
to r;41, then r; is A-connected to s;+1. Thus, {s1, ..., Sit1, Ti+2, Tit3, ..., 41} 1 a disjoint union
of m or fewer A\-connected subsets with 7,19 > 7,41 > $;41, and {s1, ..., Sit1, 7542} has the
same property. So o(D,)" = s(\).

Next, we show that ¢(\) = s(\)* — that is, using I'y or ¥, yields the same the partition.
For this portion of the proof, we will rely on notation and results from [24]. In the notation
of [24, p. 97], o(w)" = s(\)". We want to show that ¢(\) = o(w)".

Let @ denote a modulo n + 1. We will consider the representation of W, as permutations
acting on Z on the right: see [24, p. 67]. We define the action by letting the Coxeter generator
s; act by the transposition (7,7 + 1) for 1 < i < n and letting the Coxeter generator s,
act by the product of transpositions (1,0)(n + 1,n 4 2), and extending to all of Z by setting
(i+n+1w=(i)w+n+1foralliecZ weW, For each w € W, we can define a partial
order <, on Z by setting i <1, j if 7 = j or for some uy, uy € Z with (u1,us) = (4,7) we have
Uy < ug and ugw =t > ugw L

As in [24, 6.1], write kj} for the unique integer which satisfies:

kiip < (A +p, (6 —€)") < (ki + 1)p.
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Thus we have €¢; — ¢; € W, if and only if k:;’j’ = 0. Hence ¢()); is the maximal cardinal of a
subset X C N with k7 = 0 for 4,j € X,i < j; in general, 22:1 ¢(\); is the maximal cardinal
of a disjoint union of subsets Xi,..., X; € N with £ =0 for ¢,j € Xj,i < j,1 <1 < H.

By [24, Lemma 6.3.2], we have ki = 0 if and only if for all u;,u, € Z with {uy, U3} =
{5, 3}, U < Uy = ujw ' < upw~!. This lemma implies that each X; above corresponds to
an antichain in the partial order <, so that ¢(\) is defined using antichains in <, in the
form of ¢ in Theorem 3.3.1.

Now, o(w) is defined using chains in the partial order <, in form of 7 in Theorem 3.3.1.

t

Thus we can apply Theorem 3.3.1 to obtain ¢(\) = o(w)".
Finally, we have h(w) = s(\)! by [24, 6.3]. 0



CHAPTER 4

CALCULATIONS

4.1 LowgRr AND UPPER BOUNDS

4.1.1 LOwWER BOUND

A major advantage of the approach using ¥, is its amenability to the calculation of a lower
bound for the support variety of a tilting module. In fact, we get almost exactly what we need

by simply looking at the restriction of the tilting module to a well-chosen Levi subgroup.
Lemma 4.1.1. Let I CA and A € X(T),.

(a) If (AN +p,a¥) <p foralla € I, then Vi, (Tr, (X)) = Ni(1p).

(b) Tr,(N) is a direct summand of T(X) |1, for all I C A.

Proof. For part (a), if (A + p,a") < p for all @ € I, then A and 0 belong to the same facet
for L; (cf. [15, IT 6]). This implies that T;,(A\) = H} (\) [15, E.1]. Since A and 0 belong to

the same facet for L;, we have
‘/(LI)1<H2[()\)) - ‘/(LI)1<H2] (O)) - ‘/(L]h(k) = N1<[I)

For part (b), since A is a weight of T'()\), there exists a vector vy € T(\) [z, of weight
A. Because T'(\) |p, is a tilting module for Ly, it is the direct sum of indecomposable
tilting modules for L;. Each component of vy in this direct sum will be a weight vector of
weight A\. Thus we may assume that vy € Ty, (u) for some p € X(T')4, where Tp,(p) is an
indecomposable summand of T'(\) |z,. This implies that A < u. Now, similarly, there must
be a vector v, € Ty, (1) of weight p; and since T, (@) is a direct summand of T'(\) | ,, this

means that p is a weight of T'(A). This implies that u < A; so u = A, O

19
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Theorem 4.1.2. Let I C A and A\ € X(T), with ® C Wy. Then G - N1(ly) C Vg, (T(N)).
Thus, for all I such that ®F C Uy, Oxqy C Vi, (T(N)).

Proof. First, note that I and \ satisfy the hypothesis of Lemma 4.1.1(a). Using Lemma 4.1.1,

we calculate as follows:

Nl(ll) = Vv(LI)l(TL[(A)) - ‘/Y(Ll)l(T(A) lLI) = VGI (T()‘)) N ‘/Y(Ll)l(ki) - VG1 (T()‘))
Since Vi, (T'(X)) is closed under conjugation by G, the result is proved. 0

In particular, if there exists an I such that ® C ¥y and ¢(\) = «(I), then this theorem
shows that O, C Vi, (T'(A)). Thus one inclusion of the conjecture is proven in this case.
Note that this case obtains for all A when n < 4, and appears from initial computations
to be a common case for larger n. In general, we have |J;_, On C Vg, (T(\)) where {7}
is a set of pairwise incomparable partitions less than ¢()\). Each 7/ = n(I’) for some I'
such that ®f; C W,. This reduces the problem of finding a lower bound of the support
variety to showing that the variety is irreducible. For another reduction of the problem, see

Theorem 4.4.1.

4.1.2 UprPER BouNnD

The following proposition is the basis for all the upper bound calculations in this paper.
Proposition 4.1.3. Let A\, u € X(T'); satisfy \—p € X(T')4. Then Vg, (T'(N)) C Ve, (T'())-

Proof. Consider T () ® T(A — p), which is a tilting module over G. If T'()) is a direct
summand of this module, then Vi, (T'(\)) C Vg, (T (1) ® T(A — w)); this implies the lemma.
So it suffices to show that T'(\) is a direct summand. There exists a vector in this tensor
product of weight A = 1+ A — p; in particular, there exists vy € T'(7y) of weight A for some
T'(~y) which is a direct summand of T'(u) ® T'(A — ). We have A < . Since v is a weight in
the tensor product, we can write v = 3 + 2 where v; is a weight of T'(1) and s is a weight

of T(A— ). Sov1 < pand v < A — p; this implies that v < A. So A = . O
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4.2 COMPUTATIONS

4.2.1 WHEN Uy = &/ FOR SOME [ C A

Given any partition 7 of n + 1, there exists at least one set of simple roots I C A such that
7(I) = 7; and given any such set of simple roots I with m(I) < (p?,r), there exists a weight
A in X(T)4 such that ¥, = ®F. In fact, if I # A, then there are infinitely many such .
So we are considering an infinite class of tilting modules whose highest weights lie in a set
of alcoves which intersects every cell region corresponding to partitions = < (p?,r). We can
prove our conjecture for this class of tilting modules.

Throughout this subsection, let A\ € X(T'),, with Uy = &} for some I C A. Thus ¥} is

a complete set of positive roots for some Levi subgroup of G.

Theorem 4.2.1. If A € X(T); and ¥y = ®F, then Vi, (T(N)) = Oy

Proof. We start by showing that Vi, (T'(A)) € Ocy). We will construct a weight p € X(7)

satisfying the following properties:
(i) A—p e X(T)y;
(ii) ®, 2 A,, x A, X ... X A, where (ny + 1,ng +1,....,ns + 1,1Y) = ¢(\)5
(iii) pe X(T)4.

For the moment, suppose such a weight exists. Let S C A be such that w(®,) = ®g for

some w € W. Using Theorem 2.4.1, we have Vi, (H°(1)) = G - ug = Or(syt = Ocn).

Since A and p satisfy the hypotheses of Proposition 4.1.3, Vi, (T'(N\)) € Vi, (T'(1)). By
definition, we have a filtration of T'(1) with successive subquotients H(ju1), ..., H°(u;)
where the p; are each strongly linked to p (cf. [15, IT 6]). Thus we have ®,, = w;(®,)
for w € W and for all j, so Vg, (H°(i;)) = Vg, (H°(1)) by Theorem 2.4.1. Recall that if
0 — M; — My — M3 — 0 is a short exact sequence of H-modules, then for o € ¥3 (the

group of permutations of {1,2,3}), we have Vi, (M,q)) € Vi, (My2)) U Vi, (My(3)). By an
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induction argument, this result applies to finite filtrations, so we have

Vo (T(1)) S Ve, (H" (1)) = O

Thus it will suffice to show that u exists.

Consider the notch tableau D,. The shape of this tableau gives ¢(\) reading across the
rows, and ¢(\)* reading down columns. We build a new tableau E), using the shape of Dj,
but with different numbers inside. Fill the top left box of E), with an arbitrary integer x.
Now, fill the first row with the consecutive decreasing numbers x— 1,z —2, .... For the second
row, start with « — p in the leftmost box. Note that x — p must be strictly less than the least
number on the first row, because no row can have more than p boxes. Fill the second row
with the consecutive decreasing numbers x —p— 1,z —p— 2, .... Continue in this fashion: for
the ith row, start with z — (i — 1)p in the leftmost box, which will be strictly less than the
least number in the row above. Fill the row with consecutive decreasing integers, in order.

Now, we have constructed p 4+ p — &: this is defined as the vector whose coefficients
in the e-basis of X(7T') are given by reading the integers across the rows of E) in order.
Because these numbers are strictly decreasing, it follows that p is dominant. We have ®, =
A, X Ay, X ..o X A,,, by construction. One can see this by reading down the columns, and
remembering that (u + p, ) = (u+p—& aV) for all a € .

It remains to show that A — p € X (T'),. This is equivalent to A\+p—& — (u+p— &) €
X(T)4; we can check this condition by looking at inner products with simple roots. We
want to show that (A +p—& — (u+p—€),q;) > 0 for all a; € A, which is equivalent
to A+ p,af) > (u+p—§,a)) for all a; € AL If o € U, then we have (A + p, ) > p
by definition of Wy, and (u + p — &, ;) < p by construction. If «; € ¥, then we have
(A + p,a)) > 1 because A is dominant. We claim that (u + p, ;) = 1, so the condition
holds for such «;. In order to verify the claim, we will prove that if o; € ¥, then the boxes
containing ¢ and 7 + 1 are next to each other in the same row of D). This follows from the
fact that if o; € W), then the box containing i + 1 does not start a new row in D), and is

placed at the right end of the current bottommost row in D, during the construction. We
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prove this by induction. For ¢ = 1, this can be verified from the construction. Now, suppose
by induction that this is true for all ¢ < m for some m, and suppose that «,, € ¥,. Consider
the diagram D), with only the boxes containing numbers less than or equal to m. We will
show that the box containing m + 1 is placed at the end of the current bottommost row in
D). Let [ be the number in the bottom row, leftmost column. By induction, m was placed
in the bottom row (possibly m = [ started this row), so either ¢, —€,, € ¥, or [ = m. Either
way, we have €; — €,,11 € W, for all 7 in the bottom row, since ¥, is a root system. This
means that we cannot place m + 1 below any boxes on the current bottom row, so it cannot
start a new row. Note that by induction, we must have ¢_; — ¢ &€ W, (otherwise [ would
have been placed on the previous bottommost row), so €, — €,,11 & W, for all s < [. This
means we can place m + 1 in the bottom row directly to the right of m. This proves the
claim, and allows us to conclude that (¢ + p, ;) = 1.

For the lower bound, note that we have ¢(\) = 7(I) by the remark before Lemma 3.1.1.

Thus, the results of Section 4.1.1 imply that Oy C Vi, (T'(N)).

4.2.2 HOOK PARTITIONS

A partition is called a hook partition if it has at most one part bigger than 1. If X is a weight
for which ¢()\) is a hook partition, we show how the variety of T'(\) can be calculated using
the results of Section 4.1 and the notch tableau D). The following theorem provides an upper
and lower bound for the support variety of any indecomposable tilting module. When ¢(\)

is a hook partition, the lower bound and upper bound agree and we have equality.

Theorem 4.2.2. Let A € X(T) be such that ¢(\) = (c1,¢2,...,¢) with ¢, > 0. Let 0 =
(n+1—(t—1),1¢Y) et 7 = (¢;,1"F1=¢)). Then o is the least hook partition dominating

c(X) and T is the greatest hook partition dominated by c(\).

(a) For any \ € X(T), we have O, C Vg, (T()\)) C O,.
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(b) If c(X) is a hook partition, then Vg, (T'(X)) = Ocy)-

Proof. Since ¢; > 1 for all i > 1, we have ¢(\) > 7, and any hook partition greater than 7
must have first part larger than ¢, so 7 is the greatest hook partition dominated by ¢(\).

To show that o > ¢(\), we can calculate using the fact that ¢; > 1. We have

m t m
Zci:n—i-l— Zcign—l—l—(t—m):Zai.
i=1 i=m+1 =1

Any hook partition which dominates ¢(A) must not have more parts than c(\), so it must
have less than or equal to t parts. The hook partitions are ordered linearly by the dominance
ordering, and their order is determined by how many parts they have. Since ¢ has t parts,
it is the least hook partition dominating c(\).

(a) As in the proof of Theorem 4.2.1, for the upper bound it suffices to construct a weight

1 which satisfies three conditions:
(i) A—peX(T);
(ii) @, = A, x Ay, X ... X Ay, where (ng+1,n2+1,....,ns+1,1Y) > o (that is, ny +1 > t);
(iii) pe X(T)4.

We build a new tableau F)\, using the shape of D) as in Theorem 4.2.1, but with a slightly
different technique. First, fill down the first column of E\ with z,z — p,x — 2p, .... To fill
in the other boxes, we proceed inductively. Suppose all boxes which correspond in D, to
numbers less than s have been filled in F), and the box corresponding to s has not yet been
filled. Suppose the box corresponding to s — 1 is filled with the integer m. Then fill the box
corresponding to s with m — (A + p, (€501 — €)Y).

Working in this way, we can fill all the boxes. Now, we have constructed u + p — &: this
is defined as the vector whose coefficients in the e-basis of X (7') are given by reading the
integers across the rows of E), in the order given by the tableau D).

We need to verify the three conditions above. The second condition is verified from

the construction, as in the proof of Theorem 4.2.1. Note that we only need to look at
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the first column of E) for this. To show the first condition holds, it suffices to show that
A+p—€—(u+p—9&,q)) >0 for all a; € A. For all a; € A, we want to show that
A+ p,af) = AN+p—¢&a)) > (u+p—& ). In fact, equality holds unless ¢ + 1 is in
the first column of D). In this case, i + 1 > 1 so there exists j in the first column of D,
directly above i 4 1. Observe that (u+p —&, (¢, — €41)") =p < (A +p, (€; — €i41)"). Also,

since none of the numbers strictly between j and 7+ 1 are in the first column of D), we have

(1+p—& (6 —€)") = A+ p. e — &)"). We have

(ntp—&aj)=(ntp—&(g—er))—(ntp—&(g—e))
=p—(u+tp—E&(g—a))
=p—(A+p(g—a))
< At p (g —eir)’) = At (g —a)”)

= (A +p,a).

Finally, we need to show that u € X (7). We have (u+p—¢,a)) = (A +p, ;) > 0 for any
1 such that ¢+ 1 is not in the first column of D). If i+1 > 1 is in the first column of D), then
there exists j in the first column of D, directly above i + 1. We will argue by contradiction
to show that in this case (u+ p — &, ;) > 0. As above, (u+p — &, (6 — €4+1)") = p. If
ot p— € (6 — e1)¥) <0, then (it p— €, (& — )¥) > p. Since A+ p, (g — )¥) >
(w+p—E& (65— €)Y), this would mean that (A + p, (¢; — ¢;)¥) > p. However, in this case
some number smaller than ¢+ 1 would have been placed directly below j in the construction
of D), a contradiction. So x4 is dominant.

For the lower bound, we want to apply the results of Section 4.1.1 to imply that
Ve, (T(N)) 2 O,. In order to do this, we need to find a set I C A such that ®} C ¥, with
m(I) = 7. Note that if 7 = (1,1, ..., 1), then we can take I = (). Otherwise, the shape of D,

has a maximal row (not necessarily unique) with length equal to ¢; > 1.
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Let j be the number in the rightmost box of this row in D). When this box was placed
on the diagram, at the jth step, we compared j to at least ¢; — 1 numbers less than j before
placing it. Thus, (A+p, (€(j—c,+1) —€;)") < p. We can therefore take I = {a(j_c, 41y, ..., -1}

(b) In the case that ¢()\) is a hook partition, we have ¢(\) = (¢1,1,...,1) =7 = o; so the

result of (a) reduces to equality. O

4.2.3 THE CASE p=2

In the introduction, we noted that if p < h then the interior of the alcoves contain no integral
weights. As a result of this, certain cell regions will no longer contain integral weights. For
example, Cg is always a cell region by itself and will not contain integral weights whenever
p < h. For smaller p, there will be fewer and fewer cell regions containing integral weights. In
fact, the cell regions containing integral weights will be exactly the cell regions corresponding
to partitions dominated by (p?,7). Compare Lemma 3.1.1, and note that these partitions
correspond exactly to the orbit closures which can appear as the support varieties of tilting
modules.

This behavior limits the possible support varieties of tilting modules for small p, which
actually simplifies the problem. In fact, the lower and upper bounds proven in this disserta-

tion are powerful enough to allow us to prove the conjecture when p = 2.

Theorem 4.2.3. When p = 2, we have Vg, (T'(A\)) = Oy for all X € X(T').

Proof. We know that Ve, (T(A)) € Ni(g) = Opary where n+ 1 = 2d + r. All partitions of
n + 1 which are dominated by (2%,17) are of the form (2™, 1"*1=2™)) These partitions are
linearly ordered by the dominance ordering. The linear ordering of these partitions implies
that Vi, (T'(A\)) must be an irreducible variety. Therefore, Oy C Vg, (T())) by Theorem
4.1.2 and the remarks afterward.

Write Vg, (T(A)) = O, where 7 is a partition of n + 1. We have 7 > c¢()\). Write
c(\) = (2m,1(+1=2m)y By Theorem 4.2.2(a), we have Vg, (T(\)) € O, where o = (m +

1,100 “So Vg, (T(N)) € O, N Oga 1y Thus, 7 < o. This means that YT <
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ijl o;j = m+ s for all s. So when m < s, we must have 7, < 1; that is, 7 has at least

n+ 1 — (2m) parts equal to 1. So 7 < ¢(A), and the result is proved. O

4.3 COMPARING CONJECTURE 3.1.2 TO DONKIN’S CONJECTURE

In [8, §6], S. Donkin states a conjecture for the support varieties of tilting modules for p = 2
where the highest weight of the tilting module is a polynomial weight. A weight A € X (T,
is a polynomial weight if all coefficients of the weight in the e-basis are nonnegative. We
paraphrase the relevant portion of [8, §6]. For A € X (T'), where X is a polynomial weight,
let A be a partition of n + 1 defined as follows: let a; be the number of coefficients of A in
the e-basis which are equal to 4. Then \ is the partition formed by reordering (ag,ay, ...)
in nondecreasing order. We say that a partition p of n 4+ 1 is a refinement of a partition
7w = (m, Ty, ..., m) if there exist pu! F m,p® = w9, ..., ut b 7 such that u is equal to the

concatenation of the pf, reordered if necessary.

Conjecture 4.3.1 (Donkin). Let p =2, and let A € X(T')y be a polynomial weight, and u

a partition of n+ 1. Then O, C Vg, (T(N\)) if and only if pu is a refinement of .

As stated this is is not correct. One can take G = GL3 and A = (1,1,1) in the e
basis (i.e. the determinant representation). Then T'(1,1,1) = L(1,1,1) is one-dimensional
so Ve, (T(1,1,1)) = Ni(g) = Op,1). But according to Donkin’s Conjecture as stated, A =
(3) and Oy C Vi, (T(1,1,1)). After an e-mail communication with Donkin, we have the

following correction:

Conjecture 4.3.2 (Donkin). Let p =2, and let A € X(T)y be a polynomial weight, and u
a partition of n+1. Then O, C Vg, (T(N)) if and only if u is a refinement of A and all parts

of i are less than or equal to 2.

We will now show that this corrected conjecture is equivalent to Conjecture 3.1.2 for

p = 2. This means that Theorem 4.2.3 proves Donkin’s Conjecture.



28

For z € Q, let |x]| denote the greatest integer less than or equal to z. Write A =

(71, o, ..., m); and let
t
Ur
m=3[3]

Now define d(\) = (2™,17) F n + 1. Note that d()) is a refinement of .

Lemma 4.3.3. The conclusion of Conjecture 4.3.2 is equivalent to Vi, (T'(X)) = Oqn).

Proof. We want to show that O, C T(/\) if and only if 4 is a refinement of \ with all parts
less than or equal to 2. We have O, C Oyy) if and only if g < d()) in the dominance order.
First, let u < d(\). Since d(\) = (2™, 17), we have p = (2°,19) with s < m. This implies that
p is a refinement of d(\), which implies that p is a refinement of X. So p is a refinement of
with all parts less than or equal to 2. Conversely, note that if  is a refinement of A with all

parts less than or equal to 2, then p = (2°,19) for some s. Each part m; of A can contribute

to p at most |Z] parts equal to 2, so s < m. Therefore p < d(\). O

Theorem 4.3.4. Let p = 2 and let A € X (1), be a polynomial weight. Then d(\) =
¢(N). Thus, Donkin’s Conjecture is equivalent to Conjecture 3.1.2 for p = 2, and Donkin’s
Congecture holds by Theorem 4.2.3.

Proof. We work by induction on n. If n = 1, we split into two cases. If a; € ¥, then
(A + p,af) = 1since p = 2, so A = se; + sep for some nonnegative integer s. So d(\) =
(2) = ¢(A) in this case. Otherwise, if oy ¢ Wy, then A\ = se; + tep for some s # t. So
d(A) = (1,1) = ¢(A) in this case.

Now, suppose that the conclusion holds for all ranks less than n, and we will show it
holds for n. Note that ¥, C A since p = 2. We split into two cases again. If ¥, = A, then
A+ p,a)) =1 for all a; € A. This means that A = s 37" ¢; for some nonnegative integer
5.9 A= (n+1)and d(\) = (24,1") = ¢(\) where n + 1 =2d +7, 0 <7 < 2.

Otherwise, fix an ¢ such that a; ¢ Uy. Set [ = {«; : j < i} and J = {a; : j > i}. Write
A = (A, ..., Apg1) in the e-basis; let A\; = (A, ..., \;) and let A\; = (N, ..., \y11). Note that

since a; € Uy, we have a; € K for any K C A such that &} C ¥,. So ¢()\) is the partition
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formed by concatenating c¢()\;) and c¢(\;) and reordering if necessary. Since A\; # Aij1, A is
the partition formed by concatenating A\; and A; and reordering if necessary; thus d(\) is
formed similarly from d(\;) and d(\;). By induction, d(A\;) = ¢(A;) and d(A;) = ¢(As). Thus
d(X) = c(N). m

4.4 REDUCTION TO THE RESTRICTED REGION

In this section, we prove that it suffices to look at weights in the restricted region X (7'); =
{Ne X(T) : (\,a¥) < pforall @ € A} in order to calculate the support varieties of all
indecomposable tilting modules. This reduces the problem to a finite number of weights for

any given n.

Theorem 4.4.1. If Vi, (T'(11)) = Ocny for all pu in the restricted region, then Vg, (T'(\)) =
Oy for all X € X(T);.

Proof. Suppose the condition holds for all weights in the restricted region. For the upper
bound, let A € X(T'); be given, and let u be a weight in X (T'); satisfying:
<)\+,0,0é;/> if o € Wy,

(n+p o) =
D if o; & W),

Note that ¥, = W, so c¢(i) = c¢(N). We have A — p € X(T)4, so by Proposition 4.1.3,
Ve (T(N)) € Ve, (T(11)) € Ocy = Ocny- Thus, the upper bound holds.

For the lower bound, we will argue by induction on n. For n = 1, if A ¢ X(T); then
c(A) = (1,1) and O 1) = {0} C Vi, (T()\)). Now, suppose the hypothesis is true for all
s < n, and the conclusion holds for all s < n. We will show the conclusion holds for n.

First, note that if A € X(7")+ but A is not in the restricted region, then there exists
a; € A such that o; ¢ U,. Fix such an i. Set [ = {«a; : j < i} and J = {o; : j > i}.
Write A = (A, ..., A,) in the fundamental weight basis; let A\ = (A, ..., A\i—1) and let A; =
(Ais1, -, An). Note that since a; € Uy, we have a; € K for any K C A such that ;. C ¥,.

So ¢() is the partition formed by concatenating ¢(A;) and ¢(A;) and reordering if necessary.



30

By our induction hypothesis, V(z,), (7%, (Ar)) contains a nilpotent matrix with Jordan
block sizes given by c(Ar). Similarly, V(1 ), (T%,(Ar)) contains a nilpotent matrix with Jordan
block sizes given by ¢(\;). Let K = IUJ; these two results imply that V{1, (77, (\)) contains
a nilpotent matrix with Jordan block sizes given by the concatenation of ¢(A\;) and c¢(Ay).
Let A be an (n+ 1) x (n+ 1) nilpotent matrix in Jordan form with block sizes given by the
concatenation of ¢(A;) and ¢(Ay).

By Lemma 4.1.1(b), T, (A) is a direct summand of T'(\) | k. As in the proof of Theorem

4.1.2, we have

Ve (T(N) 2 G- A= Og.

4.5 EXAMPLES

Throughout this section, we will use the following five examples to demonstrate the various
theorems and explain subtleties which arise in proving upper and lower bounds in general.
The first three examples are representatives of large classes of weights A such that T'(\) can
be computed. In the last two examples, we cannot calculate the support variety of T'(\)
using the methods in this dissertation.

A word about the notation: we write, for example, A + p = (b, ba, ..., b,); this should be
interpreted as “X is a weight such that (A + p, ;') = b; for all 1 < ¢ < n”. This notation

allows us to ignore the £ term.

(4.5.1) The complete subroot system case. Take p = 5and n = 7. Let \y+p = (4,5,2,2,7,3,5).
The tilting module T'(\;) is a representative of the largest class of tilting modules for

which the variety can be calculated using the methods in this paper.
(4.5.2) The hook partition case. Take p =7 and n = 7. Let \y + p = (14,13,2,2,1,2,87).

(4.5.3) The p =2 case. Takep=2andn =9. Let \3+p = (1,1,4,1,1,1,3,1,2). This example

will be used to demonstrate the general proof for p = 2.
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(4.5.4.1) A subtle upper bound case. Take p =5 and n = 4. Let Ay + p = (1,4, 4, 1).

(4.5.4.2) A subtle lower bound case. Take p =5 and n = 5. Let A5 + p=(3,1,1,1, 3).

4.5.1 USING TABLEAUX AND COMPLETE ROOT SYSTEM

Let S = U,,. We have U, = {ay, a3, a4, a5, a3 + a4 }. We can find the partition c¢(A;) by
looking at the structure of Wy,. If we let I = {1, a3, ay, g}, then we have ¥, = ®}. So
c(A1) = w(I) = (3,2%,1). We can also get this result using the notch tableau construction
given in Section 3.2.2.

Since a; € S, the tableau after two steps is

Since € — €3 = oy + s € Uy, Condition 3.2.2 will be satisfied if the box containing 3 is put

at the bottom of the first column, so this is what we do:

2]
3

Since €3 — €4 = a3 € V,,, Condition 3.2.2 will not be satisfied if we place the box containing
4 in the first column; however, we can place the box containing 4 in the second column

because €2 — €4 = s + a3 € Uy,

—_

Condition 3.2.2 will not be satisfied if the box containing 5 is placed in either the first or
second column. It must be placed starting a new third column and according to the stated
construction, we must attach it to the right of the bottommost box in the second column.

This gives us:

—_

2
314]5]

Continuing in this manner, we can construct Dg; when finished, it looks like this:

12
314[5]
67

8]
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We can read off the partition from this notch tableau: o(D,) = (3,22, 1).
Now we can use A; to demonstrate the proof of Theorem 4.2.1. Let z = 15, and recall

that p = 5. Then F), is the following notch tableau:

15[14
10[9]8]
514

0]

Thus, p+ p — & = (15,14,10,9,8,5,4,0) in the e-basis, or p+ p = (1,4,1,1,3,1,4) in

the notation for this section. The interested reader can check that ®, = A3 x Aj,; thus

Ve, (T(M)) € Ougay = Ogny. For the lower bound, we can apply Theorem 4.1.2 with
I =1,.
4.5.2 HOOK PARTITION

Consider A = \y. To calculate the support variety, we will demonstrate the proof of Theorem

4.2.2. Constructing D, yields

41516

|oo|\1 3 [\3|,_.|

Here ¢(\) = (4,1%). Recall that p = 7, and let z = 35. Following the proof of Theorem

4.2.2, we have FE) as

21[19[17[16

Thus, p+ p — & = (35,28,21,19,17,16, 14, 7) in the e-basis, or p+ p = (7,7,2,2,1,2,7)

in the notation for this section. The interested reader can check that ®, = Ay thus

Ve, (T'(M)) € Opiasy = Oy For the lower bound, we can apply Theorem 4.1.2 with

I = {Oég, Qy, Oé5}.
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4.5.3 THE CASE p=2

Now, consider the case of A\3. Constructing D, yields

2]

5
7
9

|500®A>oo+—x

Here ¢(A3) = (2%,1%). We have t = 6 in Theorem 4.2.2, which gives Vg, (T'(X3)) € Os.15). In

fact, using the fact that p = 2, we have

Ve (T(A3)) € Ogs15) N Ni(g)

N

0(5’15) N 0(25)

N

0(24712)

C Ocing)

by a dominance order calculation. For the lower bound, we can apply Theorem 4.1.2 with
I= {ala Ay, G, Ckg}.
4.5.4

Finally, we demonstrate some of the subtleties involved in extending the results in this

dissertation to all indecomposable tilting modules.

UPPER BOUND

Unfortunately, Proposition 4.1.3 is not strong enough to provide the upper bound we want

for all indecomposable tilting modules. Consider the case of A\4. Constructing D) yields

2]

1
3
4

5]
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Here c¢(\4) = (22,1), and ¢(\)! = (3,2). In order to use Proposition 4.1.3 to obtain a tight
upper bound on the variety, we would need to find a dominant weight p such that \y — p is

dominant, with ®, = Ay x A;. A brute force check shows that such a weight does not exist.

LoweRr BounD

Consider an example where the lower bound given by Theorem 4.1.2 is not quite big enough.

Constructing D) for A = A5 yields

112]3]5]

We have ¢(X\s5) = (4,2). Let I = {ag,a3,a4} and Iy = {ay, a9, oy, a5 }: these satisfy

(ID}; C W, for i = 1,2. Thus Theorem 4.1.2 gives

Oy U Ox(ry) = Oa12) U Oz € Vi, (T(As))

There is no I such that 7(I) = (4,2) and ® C ¥(\;5); therefore, we cannot get a tight
lower bound from Theorem 4.1.2. Other methods will be needed to calculate the support

variety of this tilting module.
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