SELECTED TOPICS IN NETWORK DATA ANALYSIS AND

PHYLOGENETICS

by

XIAODONG JIANG
(Under the Direction of Pengsheng Ji and Liang Liu)

ABSTRACT

Network data analysis is an essential topic in statistical learning field, with ubiq-
uitous applications in social science, physics, biology, etc. In this dissertation, we
first propose a set of novel models and algorithms to perform community detec-
tion in networks with node attributes and provide theoretical and experimental
studies. In the second part, we answered a fundamental question in network data
analysis - testing the existence of communities. The Peak dEnsity raTio (PET)
statistic is proposed to achieve this goal. An experimental study with simulated
networks and real-world benchmark data sets show that our approach can effec-
tively differentiate the presence and absence of communities. A generalized com-
munity detection method is applied to phylogenomic data for understanding the
evolutionary history of species, often described as a phylogenetic network, under a
mixture multispecies coalescence model. The generalized detection method is able

to successfully reconstruct the phylogenetic network from phylogenomic data.
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Chapter 1

Overview

Network-structured data is ubiquitous, from social network platforms to citation
networks and co-authorship relations, from protein-protein interactions to chemi-
cal molecules. Network, as a complex data structure, is very useful in describing
the relationships (edges) of objects (nodes). Traditional statistical methods en-
counter substantial challenges in analyzing such complex, dependent, and dynamic
systems; thus more flexible and sophisticated methodologies are on demand. From
a statistical learning perspective, network data analysis can be categorized into two
major classes, supervised and unsupervised learning. Community detection, one
type of unsupervised learning algorithms, attempts to identify a group of vertices
that have stronger connections compared to the nodes in other groups. Most ex-
isting community detection algorithms focus on the structural connectivity, while
neglecting the importance of node covariate. We address this problem in Chapter

2 by proposing a set of novel spectral algorithms to perform community detection



in networks with node variables, i.e., attributed networks.

While communities or clusters can be found in many real-world networks, it
is also typical to observe a network, or at least a subset of a network, that does
not contain any clusters. Thus, a more fundamental question is, does community
exist in a given network? We answered this question in Chapter 3 by proposing
the Peak dEnsity raTio (PET) statistic. We justify the framework by presenting
extensive experiments with simulated and real-world network data sets.

Network analysis with large scale, complex, and accessible biology data opened
up a new era for computational biology. The recent technological and technical
advances in biology provided great challenges and opportunities. In Chapter 4, we
build a bridge between network analysis and phylogenetics. The phylogenetic anal-
ysis aims to understand the evolutionary relationships among biological entities,
such as species and genes. The evolutionary history of species is often represented
by a phylogenetic tree, or more precisely a species tree, in which the internal nodes
are most recent common ancestors and branch lengths are species divergence times.
However, the evolution process of species may not always be characterized by a tree
structure, and some common biology processes may introduce additional pathes
to connect the tree edges, resulting in a so-called phylogenetic network. Estima-
tion and inference for phylogenetic networks suffer from computational challenges,
which cannot be solved within polynomial time. We instead argue that a phyloge-
netic network can be described by a mixture coalescent model for a set of species
trees decomposed from the phylogenetic network. We will present our proposed

models and algorithms in Chapter 4.



Chapter 2

Collaborative Spectral Clustering in

Attributed Networks

2.1. Introduction

Community detection is a fundamental question in network data analysis, with var-
ious applications in biology, social science, physics, and computer science, which
aims to cluster the nodes into groups, i.e., communities. A large number of classi-
cal community detection algorithms have been proposed in the past decades, and
many of them are built under the umbrella of Stochastic Block Model by Holland
et al. [1983] and its Degree-Corrected variant by Karrer and Newman [2011]. Such
methods include but not limited to the following different approaches, (1). New-
man [2006b]; Bickel and Chen [2009a]; Zhao et al. [2012b]; Chen et al. [2015] pro-

posed methods based on Modularity maximization, (2). Newman [2006b]; Arash A



et al. [2013] developed likelihood-based algorithms, (3). Rohe et al. [2011]; Qin and
Rohe [2013]; Jin [2015]; Ji and Jin [2016] established various spectral clustering
methods with certain normalization and regularizations.

However, most of the above methods merely model the adjacency matrix or
graph Laplacian with structural information, while ignoring the node attributes
or node covariates. In many real-world scenarios, where there are more than one
layers of information available from different sources, then statistical inference
purely dependent on one single layer, such as structural adjacency matrix, would
lead to information loss. For example, Ji and Jin [2016] analyzed the social net-
work for statisticians and identified several meaningful communities or research
groups with the structural adjacency matrix. Beyond this, we observe that spatial
information actually plays an important role in forming research communities in
coauthorship networks, such as the Bayesian Statistics community in the Research
Triangle area in North Carolina, since geographical short distance creates a con-
venient and efficient environment for researchers’ collaborations. Ji and Jin [2016]
also identified the influential papers and communities from a paper-paper citation
network, where the edges are purely constructed by the actual citation relations,
and the results are challenging to interpret in some cases.

Some recent works tried to combine the structural and covariate information
simultaneously to perform community detection. Yang et al. [2013] introduced
a Bayesian framework for clustering networks with binary-coded categorical at-
tributes; Zhou et al. [2009] used various graph clustering methods and a tuning

parameter to control the weights between the node and its attributes; Binkiewicz



et al. [2017] proposed a spectral framework to include the attribute information
with Gram matrix transformation. These methods can effectively detect the com-
munities by incorporating both structural and attribute information, but the em-
pirical performances still have room to improve, especially in unbalanced and het-
erogeneous networks.

In this chapter, we first generalize classical Stochastic Block Model (SBM)
and its Degree-Corrected variant (DCBM) to Node Attributed versions, NSBM
and NDCBM respectively. We then develop novel spectral clustering algorithms
under these two models, where each node has a p-dimensional meta covariate from
various formats such as text, image, speech, etc. The connectivity matrix Wy,
is constructed with the adjacency matrix A,., and covariate matrix X,,, and
W =(1-a)A+aK(X,X'), where a € [0,1] and K is a kernel to measure the
covariate similarities. We then perform the eigen-decomposition on the aggregated
connectivity matrix, and run a classical A-means algorithm with the element-wise
ratio on leading eigenvectors.

Our approach is different from the current literature. For example, we note
that Binkiewicz et al. [2017] used a simple Gram matrix to organize the covari-
ate information and then aggregate with graph Laplacian via a tuning parameter,
whereas we use a more general kernel method on the node covariates, combine with
adjacency matrix, then perform k-means on the element-wise ratio of the leading
eigenvectors, demonstrate the advantages of our proposed method in both theo-
retical and practical point of views in later sections. Furthermore, our approach

is distinct from the popular kernelized clustering in Langone et al. [2015] and Yan



and Sarkar [2016] in the way we perform eigen-decomposition. These methods con-
duct the eigen-decomposition directly on a kernel matrix while we perform this on
aggregated matrix with both adjacency matrix and kernels combined. These two
approaches have large differences in analyzing the corresponding eigenspace, and
we also demonstrate in section 2.5 that our approach enjoys better performance.
To conclude this section, we establish a new theoretical framework for commu-
nity detection in networks with node attributes, which could combine information
from different sources, and use tuning parameters to balance between them, then
perform spectral clustering under certain regularizations, including taking element-
wise ratio or row-normalization on leading eigenvectors. The remaining part of the
paper is organized as follows. In section 2.2, we give the necessary preliminaries
and notations and propose two new stochastic block models with node attributes.
In section 2.3, we analyze two classes of algorithms for community detection un-
der different model settings, with the theoretical analysis presented in section 2.4,
while all related proofs have been included in the supplementary materials. We

give real data examples and extensive simulations in section 2.5.

2.2. Preliminaries

We start by giving some notations and preliminaries for networks with node at-
tributes. Let G = (V, E, X) be an unweighted undirected network with n nodes
and R communities, where V' is the node or vertex set, E is the edge set, and

X is the node attribute matrix. Please note that we will use vertex and node



exchangeably throughout the article.
Notations and Definitions

We organize the necessary notation as follows.

e Adjacent matrix. Let A,., be the empirical adjacency matrix, for un-
weighted undirected network, A;; = 1 if vertex 7 and vertex j are connected,

otherwise 0. Let €),«, be the noiseless version of adjacency matrix, where

O = E[A].

e Membership matrix. Let M, «r be the membership matrix such that M (i, )
1 if the vertex ¢ is in the rth community. Each vertex belongs to only one

community, thus the row sum is always 1.

e Degree intensities of vertex. Let © be an n x n diagonal matrix with all posi-
tive diagonal entries; it models additional variabilities of the edge probability

at the vertex level.

e Degree intensities of communities. Let D be an R x R diagonal matrix with

all positive diagonal entries with ¢r(D?) = 1. Assume

M'©*’M = D
e Structural connectivity matrix between communities. Suppose P isa R X R
non-negative and symmetric matrix, and P = (p; ;) with max; ; p; ; = 1.

o Attribute design matrix. Let X, 4, be attribute design matrix, with p random

variables, without loss of generality, we assume X;. € N(uc,, aa_), where C;

7



is the membership of vertex i, C; = 1,..., R; i = 1,...,n; X;. is the ith row in

X.

e Kernel matrix. Let K, be kernel matrix, K := (k(x;, 2;))nxn, where k is
a kernel function and k(z;,z;) = (®(x;), ®(z;)), for i,5 = 1,...,n, ¢ is a

feature map.

e Attribute connectivity matrix between communities. Suppose P’ is a R x R

non-negative and symmetric matrix, then P’ = (k(Xc,, X¢;))rxr-

We now review the popular Stochastic Block Model (SBM) and its Degree-
Corrected variant (DCBM) models for network with community structure, then

give a formal definition of kernel in statistics and machine learning communities.

Definition 1 (Stochastic Block Model) A stochastic block model (SBM) with n
nodes and R communities is parameterized with the membership matrix M and
structural connectivity matriz P. The adjacency matric A = (a;j)nxn is generated
as Bernoulli(Py,g,) independently for i # j, otherwise 0, where g; is the membership

of node i.

Definition 2 (Degree-Corrected Block Model) Degree-corrected block model (DCBM)
is an extension of SBM to allow for the node heterogeneities. A DCBM is param-
eterized with the membership matrix M, structural connectivity matriz P, and di-
agonal degree intensity matriz ©. The adjacency matric A = (a;j)nxn 1S generated

as Bernoulli(0;0; P4, ) independently for i # j, otherwise 0.



The SBM model implies the node degrees follow a Poisson distribution, while
people often observe that the degrees often follow power-law distributions on real
world networks; see, for example, Newman [2006b]. It is known that the restric-
tions of SMB have negative effects on clustering, so DCBM is proposed by Karrer
and Newman [2011] to allow more flexibility on the parameters and fit the real

world networks better.

Definition 3 (Kernel) Given a kernel k and inputs x1, ..., z, € X, then the n X n

kernel matrix

K = (k(xi, 25))i
with respect to xq, ..., Ty,.

We conclude this section with some examples of kernel functions, where some
of them are used in our theoretical and real data analysis. Let x and y denote
some sample vectors of the same length, then a set of classical kernel functions are
defined as follows.

Gaussian kernel k(x,y) = exp{—||x — y|[*/(26%)}.

Polynomial kernel k(z,y) = (2'y + 1)¢, with d as a constant.

Cosine kernel k(z,y) = ¢o(x) o(y)/||o(x)||||o(y)||, with certain mapping func-
tion ¢.

Other interesting kernels are Spline kernel, ANOVA kernel, Graph kernel, etc.
We refer readers to Hofmann et al. [2008] as a comprehensive review on kernel
method in machine learning and statistics.

Stochastic Block Models for Network with Node Attributes. We pro-



pose two classes of stochastic block models for network with node attributes,
NSBM and NDCBM. The structural adjacency matrix follows the strategies of
SBM and DCBM, and we assume the covariate follows a mixture of some distri-
butions, while they share the same membership matrix. In other words, the nodes
in the same community have same attribute distribution, which is determined by
its membership.

Node attributed Stochastic Block Model (NSBM) with n nodes and R communi-
ties is parameterized with (M, P, f), where M and P are defined as for SBM, and
f is a mixture of R p-dimensional distributions, such as multivariate Gaussian,

Binomial, Poisson or others, with the following form

fl@)=> "1 fi(ze,)

where 1, is an indicator parameter, and f,(x;1,) is the node attribute distribution
in the r-th community. Then the adjacency matrix and node attribute matrix are

generated as follows,

a. The adjacency matrix A = (a;j)nxn is generated as
a;; ~ Bernoulli( Py, )

independently for i # j, otherwise 0, with 4,5 € {1,...,n}.

b. The n x p node attribute matrix X is generated as X;. ~ f, if g; = r, where

X;. denotes the ith row of X, and i € {1,...,n}.

10



Node attributed Degree-Corrected Block Model (NDCBM) with n nodes and R
communities is parameterized with (M, P,©, f), where M, P and © are defined
as same as DCBM, and f is a mixture of R p-dimensional distributions with same
settings as NSBM. The adjacency matrix and node attribute matrix are generated

as follows:

a. The adjacency matrix A = (a;j)nxn is generated as
a;; ~ Bernoulli(0;0; Py, )

independently for ¢ # j, otherwise 0.
b. The n x p node attribute matrix X is generated as X;. ~ f,. if g; = 7.

Similar to the comparison between SBM and DCBM models, the NDCBM
model is more capable to fit the real world network data than NSBM model. We
proposed different type of algorithms for these models. In general, the degree-

corrected version is always preferred in real world applications.

2.3. Collaborative Spectral Clustering Algorithms

We now present the Collaborative Spectral Clustering (CSC) algorithm for at-
tributed network with R underlying communities, where the input data are em-
pirical adjacency matrix A, attribute covariate matrix X, a pre-specified number
of communities R, and a value a to balance between structural and attribute

information.

11



Let’s start by showing the algorithm procedures for a network under NSBM.
The algorithm procedures are showing in Algorithm 1, where the covariate simi-

larity matrix is established with a Gaussian kernel.

Algorithm 1 Collaborative Spectral Clustering

1: procedure CSC(A, X, a, R)
2: Obtain the sum of column variance

p
62 = Z\/ar[:p.j]
j=1

3: Calculate K = (k(;., x;.))nxn, where

i = |
252

)

4: Obtain leading eigenvectors U = {uy,...,ug} of W = (1 — a)A + oK
5: Apply k-means to U.
6: end procedure

k(x;., ;) = exp(

Degree heterogeneity is very common in many real world networks and one
of the main interests of this paper. To extend CSC algorithm from NSBM to
NDCBM, we normalize or regularize the leading eigenvectors of W to remove the
degree heterogeneities. There are two main approaches that have been investi-
gated in current literature. (1). Sarkar and Bickel [2015], Joseph and Yu [2016]
established theoretical frameworks to analyze the role and impact of row normal-
ization in spectral clustering; (2). Jin [2015], Ji and Jin [2016] demonstrated the
advantages of taking element-wise ratio of eigenvectors.

Algorithm 1 demonstrates the main idea of collaborative clustering, and our

focus in this chapter are the generalized versions which are capable to remove the

12



impact of degree heterogeneities. Algorithm 2 and 3 are two extentions of CSC
found by employing two different regularization techniques, where Algorithm 2
uses row-normalization and Algorithm 3 uses the idea of SCORE in Jin [2015]
- perform element-wise ratio on the first R leading eigenvectors to remove the
heterogeneity effects. We demonstrate that these two algorithms are consistent in

both empirical and theoretical aspects.

Algorithm 2 Collaborative Spectral Clustering with Row Normalization
1: procedure CSC-RN(A, X, «, R)

2: Obtain the sum of column variance

p
62 = Z\/ar[:v.j]
j=1

3: Calculate K = (k(z;.,%;.))nxn, Where

_Hxi- — x|

k(x;., xj.) = exp( 552

)

4: Obtain leading eigenvectors U = {uy,...,ug} of W = (1 —a)A + aK
5: Obtain U* s.t.

Ui, j)

U*(Zﬂj) = 7
> -1 U2(,9)

6: Apply k-means to U*.

7: end procedure

13



Algorithm 3 Collaborative Spectral Clustering with SCORE
1: procedure CSC-SCORE(A, X, a, R)

2: Obtain
p
62 = ZVar[x.j]
j=1

3: Calculate K = (k(z;.,;.))nxn, Where

|5 — 517j~H2
202

)

k(x;.,xj.) = exp(—

4: Obtain leading eigenvectors uy,...,ugp € R* of W = (1 — a)A + aK

5: Obtain n x (R — 1) matrix of wise-ratios

E(i,r):uTH(Z),lSiSn,lSrﬁR—l

6: Apply k-means to E.

7: end procedure

2.4. Main Results

The contents of this part are organized as two folds, where we first investigate the
consistency properties of CSC algorithm under NSBM settings, while the second

part provides more theoretical guarantees within the framework of NDCBM.

14



2.4.1 Node attributed Stochastic Block Model (NSBM)

We investigate the perfect clustering property under the noiseless version of NSBM.
Lemma 1 shows the first R leading eigenvectors U has exactly R different rows

corresponding to R communities, which leads to a perfect clustering with k-means.

Lemma 1 (Perfect clustering under NSBM) Suppose P and P’ are non-singular,
non-negative, symmetric and irreducible and all eigenvalues of D((1—a)P+aP')D
are simple. Let D((1 — a)P + aP")D = UAU’ be its eigen-decomposition where A

is a diagonal matriz and U'U = UU' = Ig, then

(1) For W= (1—a)Q+aK = (1 —a)MPM' + aMP'M, we have the decom-

position
(1—a)MPM' +aMP'M = (MD'U)A(MD™'UY,

and the R nonzero eigenvalues are the diagonal entries of A and the corre-

sponding eigenvectors are the columns of MD™U.

(2) The n x R matriz MD™'U has R distinct rows, each of which corresponds
to a community specified in M, i.e., perfect clustering with €2 and X under

NSBM is achieved with CSC algorithm.

Given the perfect clustering property in Lemma 1, we then hope to derive a
probabilistic bound on the stochastic W = (1 — a)A + a K, which guarantees the
algorithm working well with empirical data. To achieve this goal, let’s first review

the following lemma under standard SBM. It provides a probabilistic bound on

15



empirical adjacency matrix with its noiseless version under SBM, which has been
analyzed in literature such as Lei and Rinaldo [2015] and Arias-Castro [2015].
We are now ready to present the first theorem, which guarantees that the

empirical W and its noiseless counterpart F(IV) are bounded in infinity norm.

Theorem 4 (Concentration bound on connectivity matriz under NSBM ) Let
W = (1-a)A+akK, then [|[W — E[W]|l < (1 —a)Cy/nvd+ ac 10% with

probability at least 1 — max{n™", nQp_pcz}

The || - ||oo represents the infinity norm, where ||z||o = max(|zy|, |2, ..., |zs])
if x = (21,29, ...,2,). Theorem 4 implies that the absolute value of W — E[W] is
bounded with probability at least 1 — max{n™", nQp_pcz}. We leave the proof to

supplementary materials.

Lemma 2 (Principal subspace perturbation bound) Let W and E(W) have eigen-
values 5\1,---,5\71 and \i, ..., \, respectively. Let the first R leading eigenvectors
corresponding to the R largest leading eigenvalues be U and U for W and E[W].
Assuming min{Ag_1 — Ar, Ag — Ar41} > 0 then there exists an orthogonal matrix

O, such that,

232 /nr max{C/nv/d, c 10%}

min{Ar—1 — Ar, Ap — Ar41}

100 —Ul|r <

The CSC algorithm performs k-means on the first R leading eigenvectors of
W, where each row is a point in RX. Each node is assigned to one cluster where

each cluster has a centroid from k-means. Let’s define C’l, e C,, as the centroid

16



of the ith node, and let C, ..., C,, be the noiseless versions. We conclude that

node 7 is correctly clustered if C; is closer to C; than any other C; for any j # 1.

Definition 5 (Mis-classification) Similar to Qin and Rohe [2013], we define the

set of mis-clustering nodes as
Z ={i:3j #i,5.t||C;OT = Cil|s > ||C;OT — O]}

where OT is a rotation matrix.

Now we present our main result under NSBM, where we build an error bound

for the k-means algorithm using first R leading eigenvectors.

Theorem 6 (Error bound of k-means on leading eigenvectors) Under NSBM with
Gaussian distributions in F, assuming min{Ag_1 — Ag, Ag — Ar41} > 0, the error

bound of k-means on the first R leading eigenvectors is

Il B 64mnrmax{C\/ﬁ\/a,C\/b%}2
N = Nmin{Ag_1 — Ag, Agp — Ag41}?

where m = max (M7 M),,.

2.4.2 Node attributed Degree-Corrected Block Model (ND-
CBM)

The theoretical analysis for CSC under NDCBM is more challenging than NSBM,

and there are limited theoretical tools in random matrix. To derive the perfect

clustering property in this scenario, we employ matrix perturbation techniques.

17



As in previous part, we also prove a perfect clustering property in lemma 3 and

concentration bound on W in lemma 4 under NDCBM.

Lemma 3 (Perfect clustering with CSC-Row-Normalization under NDCBM). CSC

algorithm achieves perfect clustering under NDCBM settings.

Lemma 4 (Concentration bound on W) Let W = (1 — o)A + oK, then ||W —

EW]|leo < (1 — a)\/4 max;_; ., 0:0;F,, log(2n/e) + ac 82 with probability at

'R
least 1 — max{1 — e, nQp_pc2}, for a constant c.
The following two theorems provide theoretical guarantees on principal sub-
space perturbation bound on W and error bound on kmeans with normalized

leading eigenvectors in Algorithm 2. Besides, we also prove a perfect clustering

property of Algorithm 3.

Theorem 7 (Principal subspace perturbation bound) Under NDCBM settings, let
W and E(W) have eigenvalues A1, ...,5\n and Ay, ..., \,, respectively. Let the first
R leading eigenvectors corresponding to the R largest leading eigenvalues be U and
U for W and E[W] respectively, and assuming min{Ag_; — Ag, A — Ary1} > 0,

then there exists an orthogonal matrix O, such that,

23/2, /nr max{ \/4 max,_; ., 0:0;F,, log(2n/e), c\/lo%}

UO—Ullr < :
I IF < min{Ag-1 — Ar, Agp — Api1}

Let U* and U* be the row-normalized version of U and U, then we have
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.....

Amin{)\R,l - )\R: )\R - )\R+1}

U0 — U*||r <

where A = min{min{||Us.||2, [|Us.||2}} is the length of the shortest row in U
and U

Theorem 8 (Error bound of k-means on normalized leading eigenvectors) Under
NDCBM and mizture of Gaussian node attributes, assuming min{Ag_1 — Ar, Ag —

Ari1} > 0, the CSC algorithm gives a bound on mis-classification error as follows

1Z]| g 64mnr max{ \/4 max,_, ,0:0;F,, log(2n/e), c\/lo%}ﬂ

.....

N — AN min{Ag_1 — Ar, Agp — Ary1}>

We now add additional theoretical analysis for CSC with SCORE under ND-
CBM.

Lemma 5 (Perfect clustering with CSC with SCORE under NDCBM). CSC' al-

gorithm achieves perfect clustering under DCBM settings.

To conclude this section, we have provided a new theoretical framework for
community detection under newly developed NSBM and NDCBM models, where
we use the recent random matrix theory and matrix perturbation techniques to
build a series of concentration bounds, and guarantee the algorithmic perfor-

marnces.
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2.5. Simulations and Real World Data Analysis

In this part, we have provided interesting real data examples and extensive sim-
ulation studies, showing the empirical consistent performance of our proposed

methods.

2.5.1 Simulations

We have conducted extensive simulation studies to investigate the performances
of competitive spectral clustering algorithms in different cases, where we consider

the following algorithms

(1) CASC algorithm in Binkiewicz et al. [2017].
(2) CSC-RN in Algorithm 2.

(3) CSC-SCORE in Algorithm 3.
Each simulation experiment contains the following steps:

1. Structure Information. We first fix Py, the community connectivity ma-
trix, and generate O(i,7) = 6; with certain strategies for 1 < i < n. Generate
A;; ~ Bernouli(0,;6,Py;), where k and [ are community labels for ¢ and j re-
spectively. Let Ny = (Vp, Ep) be the giant component of N = (V, E), and Ay

be the adjacency matrix of Nj.

2. Attribute Information. We sample the n X p design matrix, X, from mixture
Gaussian distribution, with the same block/membership structure as the

adjacency matrix.
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4. Clustering. Apply the candidate algorithms with 500 replicates, and mea-
sure the oracle performance - the best Hamming Error (HE) from extensive

parameter grid search.

Experiment 1. In this experiment, we will investigate how these methods
perform in 2-community DCBM samples as the community size ratio N; : Ny €
{9 : 10,8 : 10,7 : 10,6 : 10,5 : 10} , where N is the number of nodes in the
k-th community, and total number of nodes n = 1200, and let P be a symmetric
matrix where diagonal 0.75 and off-diagonal 0.25. The experiment has three parts,
1(a)-1(c).

Experiment 1(a). In this experiment, we generate 2-community networks with
low heterogeneity effect, §; ~ U(0, 1). This experiment setting is similar to NSBM
and our two proposed algorithms perform almost uniformly well as the network
becomes unbalanced, see details in Figure 2.1. On the other hand, CASC algorithm
could achieve small Hamming Error with balanced networks but gradually gets
worse as network becomes unbalanced.

Experiment 1(b). In this experiment, we generate 2-community networks with
higher-heterogeneity effects, 6; = 0.02 + 0.48 x (i/n)?, which is more common and
realistic in real networks. This scenario is much harder and we can tell that all
algorithms become worse as the network shifts from balance to unbalanced, see
the second plot in Figure 2.1.

Experiment 1(c). In this experiment, we take binary 6; with equal probability,
(61,02) = (0.02,0.5), which indicates that there are a number of low-degree nodes

as well as high-degree nodes in the 2-community networks. This simulation set-
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ting is very similar to Experiment 1(b), and our algorithms still maintain a clear

advantage over CASC.

300

160

0

0.9 08 07 0.6 05 0.5 0.9 0.8 07 06 05

Figure 2.1: Comparison of CSC algorithm with CASC in Experiment 1.
(a), (b) and (c) from left to right. White colored box refers to CASC, pink color refers to CSC,
and orange color for CSC with SCORE. Under all simulation settings, both CSC and CSC with
SCORE are very stable, and uniformly better than CASC in terms of the Hamming Errors.

Experiment 2. In this part, we investigate their performances in unbalanced
DCBM samples with different connecting probability ratios taking values between
0 and 1, ie., 5—; € {0.9,0.8,0.7,0.6,0.5,1/3} for i # j, with Py, = 1. We
generate 0; = 0.02 + 0.48 x (i/n)? with heterogeneity effects. In this experiment,
we investigate their performances in balanced 2-community NDCBM samples with
different connecting probability ratios. The community structure becomes blurred

or blended as the connecting probability ratio becomes near to 1, thus it is harder

to recover the community labels. The simulation results in Figure 2.2 shows that
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our algorithms are still very stable and consistent, performing uniformly better

than CASC method.

Ty

Figure 2.2: Comparison of CSC algorithm with CASC in Experiment 2.
Community detection becomes easier from left to right, and our algorithms (pink and orange
colored boxes) are uniformly better than CASC (white box).

Experiment 3. In this part, we investigate the methods’ performances in
NDCBM samples with different heterogeneous 6;’s. Following the Experiment 3
in Jin [2015], we have three parts 3(a) — 3(c).

Experiment 3(a). In this experiment, we investigate their performances in 2-
community NDCBM samples with §; = 0.02+0.48x (i/n)?, for v € {0.5,1,1.5,2,2.5}.
The results in Figure 2.3 show our algorithms always perform better than CASC
under all scenerios.

Experiment 3(b). In this experiment, we are interested in the performances
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in 2-community NDCBM samples with log(f;) ~ N(0,0%), 1 < i < n, where
o = 0.2 x [1,v/2,v/3,2,4/5]. The results in Figure 2.3 demonstrates that these
three algorithms have similar performance but ours still maintain clear advantages
over CASC.

Experiment 3(c). In this experiment, we assume the balanced 2-community
NDCBM samples with binary 6; with equal probabilities. The number of low-
degree and high-degree nodes would become larger as the binary values become

more separated, and we set these values vary in this way

(61,65) € {(0.02,0.5), (0.05,0.5), (0.1,0.5), (0.2,0.5), (0.3,0.5)}

Figure 2.3 shows a similar results as Experiment 3 (a) and (b).

2.5.2 Real World Data Analysis

We analyze the Paper-Paper citation network data in Statistics community from
Ji and Jin [2016]. The data set is based on all published papers from 2003 to the
first half of 2012 in four of the top statistical journals: Annals of Statistics (AoS),
Biometrika, Journal of American Statistical Association (JASA), and Journal of
Royal Statistical Society (Series B) (JRSS-B). For more details of this data set,
we refer the readers to the website of Ji and Jin [2016].

Data Preprocessing. We first build the adjacency matrix A for Paper-Paper
citation network with n = 3248 journal articles, where A;; = 1 if paper 7 cites

paper j or vice versa, and A;; = 0 otherwise. To establish an attribute matrix
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Figure 2.3: Comparison of CSC algorithm with CASC in Experiment 3
(a), (b) and (c¢) from left to right. Both CSC (pink box) and CSC with SCORE (orange box)
are very stable, and uniformly better than CASC (white box) in terms of the Hamming Errors.
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X, we first obtain the abstracts for each paper, then use a bag-of-words model to
retrieve the frequency of each word. Prior to constructing the paper-word matrix,
a set of extensive data cleaning steps such as removing numbers, punctuations,
stop words, white space, etc., was conducted. We then use tf-idf algorithm, one
of the most popular term-weighting schemes in the context of information retrieval
and text mining, to formalize the ultimate attribute matrix X, where we intend
to reflect how important a word is to an abstract in a collection of papers.
Results. We comprehensively run our algorithms with different pre-specified
community numbers, from 2 to 6, then list the top 5 papers by degree in each
community. The results are more interpretable compared to simply performing
community detection with adjacency matrix. Due to the space limit, we show and
compare only two results with community number R = 3 with « = 0 and o = 0.8.
For the first case, the results using CSC with SCORE are shown in Table 2.1. It is
easy to tell that only the second group has a clear interpretation - the lasso related
community, and the other two are somehow mixed together with communities such

as Dimension Reduction, Functional Data Analysis, Bayesian Statistics, etc.
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However, when we shift our direction a little to the attribute information,
an interesting result appears when using a = 0.8. Table 2.2 shows three clear
communities from our algorithm, Bayesian Statistics, Nonparametrics and lasso
related topics. The result is more interpretable and understandable than the case
with o = 0. Readers might also be interested in another extreme case: what are
the results when o = 17 In fact, this scenario cannot help us to identify the hub
papers because we do not use any actual connectivity relations - no intellectual
but all plain literal level information has been employed, which conflicts with our
original intentions. Thus, we do not recommend to use this extreme case when

dealing with scientific collaboration networks.
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2.6. Discussion

In this chapter, we propose a set of novel algorithms for community detection
in networks with node attributes, where the attributes or covariates could be
generated from different information sources such as text, image, video, etc. A
theoretical framework with recent results in random matrix theory and matrix
perturbation techniques is developed under NDCBM. We then provide extensive
simulation studies to compare our methods with the competing CASC algorithm,
showing that ours have great advantages especially in networks with unbalanced
communities or degree heterogeneities. In fact, the Gram matrix under CASC
setting is actually a special case of our kernel methods, and the main shortcom-
ing of Gram matrix is the error accumulation as network becomes unbalanced
with weak signals. The classical SCORE method in Jin [2015] has proved that
taking element-wise ratio on leading eigenvectors has great benefits for removing
heterogeneity effects, and this advantage is maintained in our method, but we
do not observe any significant difference between row-normalization and element-
wise ratios approaches based on the simulation results. In practice, both CSC
and CSC-SCORE can achieve satisfying accuracy in unbalanced and moderate
heterogeneous networks.

A key issue in our algorithms is the choice of tuning parameter, which is also
an open question in many unsupervised learning algorithms. Instead of proposing
a method to choosing an optimized value of a, we interpret it as a pre-specified
belief of the weights for different information sources. For instance, in our real data

example, one paper does not necessarily cite all papers in its community, but its
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corresponding covariate (paper abstract in this case) would definitely have high
connectivity with most papers within the community. Thus, if we use a higher
value of «, the result will favor paper abstract information compared to actual
citations. Another issue in such algorithms is the choice of community number R,
which is also largely an open question in this area. Some researchers suggested
to use scree plot-style method in Ji and Jin [2016] or cross validation techniques
in Chen and Lei [2017] to choose the optimal number of communities, but we do
not focus on this aspect in this work. For the future directions, the above open

questions, along with network dynamics, would be worth more attention.
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Chapter 3

Testing Existence of Community

3.1. Introduction

Community, one of the most critical topology structure in networks, is usually
defined as a group or cluster of nodes that have higher and denser connections
compared to between-group relations. The community has different interpreta-
tions in different disciplines. In a social network, a community may refer to a
cohort of students who study in the same department or a group of players in the
same sports team. In biology, a community of proteins may have specific func-
tionalities compared to another collection of proteins. In political science, Adamic
and Glance [2005] studies the linking patterns and discussion topics of political
bloggers to understand the community structure. Figure 3.1 shows two examples
of communities. The Zachary’s karate club network data in Zachary [1977] in the

left panel is a social network of friendships between 34 members of a karate club
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Figure 3.1: Examples of communities. Left: two communities in Zachary’s karate
club. Right: two small communities (hubs) surrounding by backgrounds in politi-
cal books network

at a US university in the 1970s. Two communities are outlined with different
colors. The Political Books network data in the right panel shows a network of
books about US politics published around the time of the 2004 presidential elec-
tion on Amazon.com, the edge represents co-purchasing of the same buyers. Zhao
et al. [2011] extracted two major communities surrounding by background nodes,
where the grey nodes refer to the backgrounds and green/red colored nodes are
two communities or hubs.

Investigation of community structures can help researchers to understand the
internal connectivity and external association of the units (nodes) in their studies.

In the past decades, we witnessed dramatic methods in this field, to understand
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the structure, evolution, and dynamics of communities in networks. We usually
refer to the methodologies, procedures, or algorithms to discover communities as
community detection methods.

Community detection is an important research question in machine learning
and network data analysis fields. Researchers from different disciplines have pro-
posed various of algorithms, such as spectral clustering methods (Jin [2015]; Ji
and Jin [2016]; Bickel and Chen [2009b]), maximum likelihood-based approaches
(Newman [2006b]; Zhao et al. [2012a]), deep learning based techniques in Chen
et al. [2019], and many others. However, a more fundamental question we may
ask is, does community or cluster exist in the observed network? If there is no
community in the network, any detection method would not be legitimate. From
a statistical perspective, a hypothesis testing framework is desirable to answer this
question. There are scattered examples to study the testing problems in networks.
Earlier works, such as Radicchi et al. [2004] and Lancichinetti et al. [2011], treat
this problem from the definition of community and proposed a set of heuristic
algorithms to identify and assess the community patterns. Recently, Wang and
Bickel [2017] presented a likelihood ratio test approach to test the heterogeneity
in networks with block structure, Banerjee and Ma [2017] derived an optimal test
statistic under stochastic block model in a spectral approach. On the other hand,
some more recent works try to formulate the problem by counting different types
of sub-structures in the network. These sub-structures include triangles, triplets,
quadrilateral, k-cliques, etc. For example, Gao and Lafferty [2017] proposed a test

statistic with expected densities of edges, vees, and triangles, to test the number
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of clusters in a given network, they also provided proof for asymptotical normality
under both null and alternative hypotheses. Jin et al. [2018] designed a testing
statistic with graphlet counting, where graphlet usually refers to the small con-
nected non-isomorphic induced subgraphs of a large network. Most of the existing
works can assess the significance of a given subset of the network, or determine the
number of communities, while they are not designed for testing the existence of
communities which could appear anywhere in the network. We, on the other hand,
proposed a different but effective approach to tackle this problem with local peak
hunting and search. Our method operates by investigating local peaks with higher
densities in a network, and test the significance of the largest order statistic of
these peaks. Kolaczyk [2009] argued that the global clustering coefficient, or tran-
sitivity, is a test statistic to evaluate the existence of clusters in networks. A null
distribution is simulated by permuting the observed network to random graphs.
We will show detailed comparison between this approach (GlobalCC, short for
global clustering coefficient) and our new proposed algorithm.

The rest of this chapter is organized as follows. Section 3.2 contains the fun-
damental definitions and assumptions to be used throughout this chapter. We
present the PET test statistic and discussions in Section 3.3. We use extensive
experiments to compare the performance of our method and others under differ-
ent settings in Section 3.4. The results with ten real-world network data sets in

different categories are summarized in Section 3.5.
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3.2. Preliminaries

We present the necessary definitions and mathematical notations in the following

numbered list.

1. Let G = (V,E) be an undirected and unweighted graph with node set V
and edge set E. Let |E| and |V| denote the number of edges and nodes

respectively. The binary symmetric adjacency matrix is then denoted as A.

2. Let deg(v;) denote the degree of node i, i.e., the total number of edges
connecting node ¢. It simply equals the row or column sum of ajacency

matrix A if there is no self-connections.

3. We define G; as a sub-graph of G, which consists of a center node v; and all

its first-order neighbors.

4. Erdos-Rényi Random Graph. A Erdds-Renyi random graph with n
nodes is defined as G(n,p), with 0 < p < 1, where each possible edge has
probability p of existing independently. For any particular node, the distri-

bution of degree, degv;, is binomial.

5. Clustering Coefficient. Clustering coefficient, or transitivity, is a global
measure to assess the degrees to which nodes that can form a cluster struc-
ture. It’s usually defined as the ratio of the number of triangles and the

number of triplets.
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3.3. PET Statistic

The idea of testing the existence of a cluster or community is to identify the
signal while removing the noise as much as possible. We observe, from many
empirical studies, the networks with community structures usually exhibit extreme
local densities, i.e., the distribution of the largest order statistics of density is
different from the networks without clusters. We refer to such high-density local
sub-networks as peaks, and our goal is to detect the existence of such peaks.
The concept of peak hunting is developed and analyzed in Rodriguez and Laio
[2014], where they designed a search-and-find density peaks strategy to formulate
an algorithm for general purpose clustering analysis. The idea in Rodriguez and
Laio [2014] is to iteratively search and find the peaks with higher local densities and
assign the cluster assignments by comparing certain distance metrics. Inspired by
this approach, we characterize the problem of testing global community existence
with a Peak dEnsity raTio (PET) statistic. The principle of PET statistic is
to identify the largest signal in a given network and compare with the random
counterpart given by Erdds-Renyi random networks. Given a sub-network G; =
(V;, E;), which is constructed with a center node v; and its first-order connected

neighbors, the local density d;, is defined as the ratio of number of edges to the

number of nodes, i.e., d; = ||€Z\|' Other local density measures are also suitable to
our framework, examples including (a). graph density, defined as %, (b).

local transitivity, a local version of clustering coefficient that defined in Section
3.2, and (c). higher-order clustering coefficient defined in Yin et al. [2018].

The hypothesis testing problem can be formulated as follows,

37



Hy: the network contains no community

H,: the network contains at least one community

The procedure to calculate PET statistic is described as follows

1.

4. Calculate the simulated p-value p =

For each node v; in G, calculate density of the subgraph formed with center

node v; and its first order neighbors, denote as d = (dy, ..., d,,)

Calculate PET statistic for a network as the ratio of the largest d and the
mean of vector d, i.e., w = max{d}/d, or d(,)/d, where d,, denotes the n-th

(or largest) order statistic.

Estimate the empirical connecting probability p = T%nff) Simulate N Erdds-

Renyi network samples with G(n,p), and calculate the ¢ statistic for each

network sample, denote as a vector W.

>0 wsw)
N

In many real large networks, the signal may not appear in the last order statis-

tic, so a k-rank procedure can be adopted as follows. Instead of examining the

distribution of the largest local density, we may investigate the top k largest val-

ues and their simulated p-values given a null distribution of the random network.

Meanwhile, the cost by adding more order statistics to consider is the trade-off

between Type I and Type II errors, depending on the specific strategies. For exam-

ple, if we looked at the top three peak densities and calculated three corresponding

p-values, strategies to determine the significance could be (1). Majority vote, the

majority of the above tests being significant leads to a conclusion of significance,
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(2). Union, all tests being significant leads to a significance, and (3). Intersect, at
least one significant test is enough. Based on our observation with many real-world
networks, the last strategy or the 1-rank test is sufficient in balancing Type I and

Type II errors.

3.4. Simulation study

We implement an extensive simulation study to show the performance of PET
statistic under different scenarios. We consider two major settings of the observed
networks, Degree-Corrected Block Model (DCBM), and Backgrounds Model (BG).
For the first setting, we fix the between community connecting probability as
log(n)/n in a network with n nodes. We further define the measure of signal-
to-noise ratio (SNR) as the ratio of within-community connection probability to
between-community connection probability. Abbe [2017] presented a comprehen-
sive reviews for the exact recovery of classical clustering algorithms, and most of
the algorithms can achieve exact recovery when the connecting probability is at
least Q(log(n)/n), thus we use log(n)/n as the baseline probability for between-
community connections. For the second setting, the background model, we assume
that there is only a fraction of the nodes that form a community while all other
nodes are backgrounds, which means the connection within the small group is
dense, and all the rest of the connections are relatively weak, i.e., with probability
of log(n)/n.

We compare our method to two additional benchmarks, one is the algorithm
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proposed in Kolaczyk [2009], GlobalCC, while another is a variant of PET statistic

with local clustering coefficient (PET_LCC, short for PET statistic with local

clustering coefficient). We present the detailed experiment settings in the following

numbered lists.

1.

DCBM. This is the most frequent and realistic scenario in real life network
data. Three different types of heterogeneity distributions are considered.
(1). Binary. The 6; is assumed to have two values with equal probabilities.
We test three different cases, (0.01,0.5), (0.02,0.5), and (0.05,0.5). (2).
Polynomial. We random sample 6; from 0.02 + 0.48 x (i/n)"® and 0.02 +
0.48 x (i/n)?, where i € {1,2,...,n}. (3). Pareto. Pareto distribution is one
type of power-law probability distribution, which is usually used to describe
the wealth in society. We consider three different shape and scale parameters,
i.e., Pareto(4,0.375), Pareto(4,0.275), and Pareto(4,0.175), where a is the
shape parameter and b is the scale parameter in Pareto(a,b). For three
scenarios above, the choice number of nodes and SNR is the same as in SBM

setting.

BG. We first simulate the background network with different sizes (same
as SBM setting) with the connection probability being log(n)/n. We then
simulate a small community of size being 5%, 10%, 15%, and 20% of the total
nodes n. Furthermore, we assume the small window follows an SBM setting,
and the heterogeneity parameter follows a uniform distribution. SNRs and

the total number of nodes follow the same setting as in SBM and DCBM.

We create two sample adjacency matrix in Figure 3.2 to show difference among
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three model settings above. The DCBM setting exhibits severe degree diversities.
BG is the most challenging scenario where the signals only live in a small window
of the network. We present the experiments results in the next three sections. In
each setting, we first evaluate the performance of three methods when the null
hypothesis is true, i.e., when the SNR equals to 1, and the simulated network
has no community structure - we then check the Type I errors. Secondly, we
compare the performance by calculating the empirical power of the tests given the
alternative hypothesis is true. We generally prefer the methods that have good
control over Type I error while having relatively good performance on the Type II

error, or empirical power.

Figure 3.2: From left to right: examples DCBM and Block Model with Back-
grounds
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3.4.1 Results under DCBM

The DCBM model adds extra heterogeneity parameters, #;, to each node in the
network; nodes with higher # have larger probabilities to connect with other nodes.
In the social network, the nodes with larger 6 value are viewed as opinion leaders.
DCBM is more flexible and close to the network data in real life. Such degree
incongruity generally introduces difficulty when identify the network topology, see
more detailed theoretical analysis of this phenomena in Jin [2015]. We assess
these test statistics in DCBM samples with different heterogeneity levels. Three
heterogeneity distributions of 6 are considered: binary, polynomial, and Pareto
distribution. Figure 3.3 shows two density plots with samples from polynomial
and Pareto distribution. The Pareto distribution is one type of power-law type
distributions, which usually exhibits high heterogeneity and is used to describe the
wealth in society. The 6 sampled from both polynomial and binary cases is less
heterogeneous.

Figure 3.4 and Figure 3.5 shows the results under DCBM with relatively weak
heterogeneity effects, i.e., binary and polynomial type of #. GlobalCC cannot
control the Type I error in both cases with different parameter settings, while
PET_CC has the best performance over Type I error. Our PET statistic dominates
PET_CC uniformly in all sized networks and SNRs. However, if we consider the
Type I and II error trade-off, the PET_CC is recommended for large networks with
large SNRs.

Figure 3.6 shows a different pattern than the results in previous settings. Glob-

alCC has better control over the Type I error, compared to previous simulation
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Figure 3.3: Density plots of samples from Pareto (left) and polynomial (right)
distributed 6

settings, in large heterogeneity cases, even though it’s still the worst one over the
other two. The PET_CC is the worst player under this setting - it can control
the Type I error as low as zero, in the meanwhile, it has the worst performance
in terms of the empirical power in all settings. Our PET statistic has the right

balance between Type I error and empirical powers.
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Figure 3.6: Performance comparisons over three test statistics with different SNR
under DCBM model with Pareto 6

46



3.4.2 Results under BG

The performance of GlobalCC, PET, PET_LCC with different window sizes is
shown for different network sizes in Figure 3.7. First, none of the methods works
well in that the type I error is out of control, except for PET in the first and second
panels, suggesting that detection of one community from a noisy background is
an extremely challenging problem. It probably should not be surprising that the
high-density subgraphs in large networks with no community can be easily taken
as a community. Second, combined with our observations for the SBM and DCBM,
GlobalCC should not be used at all in any setting. Third, the PET works somehow
better than the other two methods, even though it is far from ideal and leaves a
lot of space for improvement in future studies.

In some cases of the simulation study, the Type I errors are not controlled well,
which is due to the fact that the Erdés-Renyi network samples are approximation
but not the true null distribution when 6 is not 1, we choose Erdés-Renyi model

for its simplicity and computation convenience.
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Figure 3.7: Performance comparisons over three test statistics with different SNR
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3.5. Real Data Analysis

We implement three test statistics with ten real-world network data sets (which
contains real community structures) from seven different disciplines including So-
cial, Transportation, Biology, Politics, Electricity, Academia collaborations, and
Novel.

For Social and Academia data sets, UK Faculty in Nepusz et al. [2008] and
Network Scientist in Newman [2006a], the node represents the researcher/faculty,
and the edge is the corresponding social interaction measures. The three Biology
network data sets, Yeast in Von Mering et al. [2002], Dolphin in Lusseau et al.
[2003], and C. Elegans in Watts and Strogatz [1998] are protein-protein interac-
tion, New Zealand dolphin living community, and neural network of C. Elegans.
The transportation network, US Airports, described the connecting associations
between 755 US airports in 2010. The Politics network, Political Blogs in Adamic
and Glance [2005], presented the linking relationships among 1,490 bloggers from
different political parties. The Electricity network, Power Grid in Watts and Stro-
gatz [1998], is a sparse network representing the topology of the Western States
Power Grid of the U.S. We also included two networks from novels. The Les Mis-
erables in Knuth [1993] describes the co-appearance network of characters in the
novel Les Miserables, and David Copperfield in Newman [2006a] is a network of
common adjectives and nouns in the novel David Copperfield by Charles Dickens.

A summary statistics as well as our testing results (p-values) are presented in
Table 3.1. The results agreed with the observations in simulation study - in net-

works with relatively high heterogeneities, the PET_CC cannot discover the signal
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in all sized networks; All real-world data sets in our study have distinct commu-

nities according to the literature, PET test can perfectly produce the significance,

but PET_CC did not.

Data #Node | #Edge Type PET | PET_CC
UK Faculty 81 YU Social 0.02 0.38
Yeast 2,617 | 11,855 Biology 0.00 1.00
Dolphin 62 159 Biology 0.02 1.00
C. Elegans 297 | 2,152 Biology 0.00 1.00
US Airports 755 4,677 | Transportation | 0.00 1.00
Political Blogs 1,490 | 16,726 Politics 0.00 1.00
Power Grid 4,941 6,594 Electricity 0.00 0.95
Network Scientist 1,589 | 2,742 Academia 0.00 1.00
Les Miserables 7 254 Novel 0.00 1.00
David Copperfield 112 425 Novel 0.00 0.35

Table 3.1: Results of test statistics with 10 real world network data in 7 different
disciplines
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Chapter 4

A Mixture Coalescent Model for

Phylogenetic Networks

4.1. Preliminaries

Phylogenetics is a discipline studying the evolutionary history and process of bi-
ological entities such as species, populations, individuals or genes. Phylogenetic
trees are usually constructed to describe the evolutionary history of species. Fig-
ure 4.1 shows an example of a rooted species tree for three life domains, Bacteria,
Archaea, and Eukaryota. Each node in the species tree with descendants repre-
sents the inferred most recent common ancestor of those descendants, and the edge
(branch) lengths can be interpreted as time estimates of evolution.

A species tree reflects the pattern of branching of species lineages via the pro-

cess of speciation. Figure 4.2 shows a simple species tree involving only two species.
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Figure 4.1: A speculatively rooted tree for rRNA genes, showing the three life
domains: bacteria, archaea, and eukaryota. Wikipedia [2019]

The ancestral species |

Speciationtime

| Width: population size |

Figure 4.2: Tllustrative concept of species tree.

Each species is parameterized by (7,6). The branch length 7 in a species tree rep-
resents the divergence time and the branch width 6 is the species population size.
The ancestral species evolves to two separated populations (i.e., species 1 and 2)
with different sizes in Figure 4.2.

A gene tree is a phylogenetic tree constructed from a single gene from each of
the species under study. Figure 4.3 shows an example of gene tree construction

from DNA sequences of four species. The terminal nodes (S1, S2, S3, and S4)
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represent single genes from four species, and the interior nodes represent genetic
divergence events that ultimately go back to a DNA or RNA replication event.
Such events may correspond to but typically precede speciation events (Maddison
[1997]). The branch length in a gene tree represents the divergence time of gene,
while the branch width is not specified. The speciation events in species trees
are always later than the corresponding genetic events (which trigger speciation
events) in gene trees. Many algorithms can build gene trees from sequence data,
such as Distance methods (Li [1981]), maximum likelihood methods (Felsenstein
[1983]; Guindon et al. [2005]; Stamatakis [2014]), and Bayesian approaches (Drum-
mond and Rambaut [2007]). Earlier works in Pamilo and Nei [1988] show that a
gene tree does not necessarily agree with the actual evolutionary pathway of the
species (species tree).

Ancestral sequence (XYZW)

Site 1 2 34
S1 A - AA
S2 AAAA —m
S3 AGGA
S4 AGGA S1 S2 S3 S4
A A A A
A G G
A A G G
A A A A

Figure 4.3: Illustrative concept of gene tree.

It is well known that gene trees are estimated from sequence data, while there
are mainly two approaches to estimate the species trees, directly compute from
DNA sequences or infer from gene trees. The first approach works by first con-

catenate DNA sequences from different genes to a super gene; then a species tree
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is constructed from the given super gene. This approach is problematic for in-
consistency when the assumption of homogeneous gene trees is seriously violated
(Kubatko and Degnan [2007]). Furthermore, the tree produced by the concate-
nation method is a tree of sequences, other than a tree of species. The second
approach, estimate species tree from gene trees, is preferred in current literature,
see Liu and Pearl [2007]; Edwards et al. [2007]. An illustrative example of the
estimation process from DNA sequence data to gene trees, then from gene trees
to species trees is presented in Figure 4.4, three gene trees with different topol-
ogy are constructed from different DNA sequence data, then a species tree can be

estimated from the given gene trees.

gene 1 S, —
Ss S1 82 S3

= AN AN

S; S, Ss S, species tree

gene 2

2
N

gene 3

11
ﬂ

Ss S, S S, =

Figure 4.4: Tllustrative example of gene tree and species tree estimation

The Bayesian hierarchical model is the most attractive approach to achieve the
goal in Figure 4.4, and many efficient algorithms are proposed in recent years, such
as MP-EST in Liu et al. [2009] and NJst in Liu and Yu [2011a]. Figure 4.5 shows
the overview of such hierarchical structures, P(G|S) represents the probability of

gene trees conditional on a given topology of species trees, and P(D|G) represents

o4



the probability of DNA sequences given a set of gene trees. Thus we can fit this
structure to a Bayesian hierarchical model, as showing in Figure 4.6. The Bayesian

estimation of species trees can be written as

f(S1G) = [ F(GID)f(S]|G)dG

G

@cies tree

coalescence
process

Gene trees

S, S, S Si S5 S, Si Ss S mutation
I | P(IG) | [process
— S1 — S1 S1

— S, _— S, Sz
— S, —_— S, S sequences

Figure 4.5: Hierarchical structure for gene tree and species tree estimation

Species tree

T
Inference coalescence |/

Gene trees

- .
Inference mutation Prob(D|G)
I ]

DNA sequences

Figure 4.6: Bayesian inference for DNA sequences, gene trees, and species trees
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4.2. Introduction

The phylogenomic analysis is emerging as a powerful tool for testing evolution-
ary hypotheses. The evolution of genetic markers, referring to a gene or DNA
sequence with a known location on a chromosome that can be used to identify
individuals or species, is a complex stochastic process. This process is primar-
ily driven by two interacting forces - mutation and natural selection. Mutation
randomly occurs in each genetic marker and provides novel materials on which
selection may act. Meanwhile, individuals within and between populations evolve
interactively, forming a complex evolutionary structure that involves vertical and
horizontal evolution. Consequently, phylogenomic data are collections of heteroge-
neous genetic markers evolving interactively on a complex evolutionary structure.
Since traditional phylogenetic models using a continuous time Markov chain for
nucleotide substitutions are inadequate to reflect the underlying complex evolu-
tionary structure, the past decade has witnessed a growing interest of develop-
ing unified evolutionary models by integrating the substitution process with the
stochastic processes rooted in population genetics.

Madison, in their seminal paper (Maddison [1997]), has described several bi-
ological scenarios that can lead to conflicts between the genealogies of individual
genetic markers and the phylogeny of species, forming a biological foundation
for mathematical models unifying vertical and horizontal evolution. Particularly,
random drift, which is modeled by a coalescence process, is the driving force of
vertical evolution resulting in incongruent genealogies, and other biological fac-

tors, including horizontal gene transfer, hybridization, recombination, etc., are the
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major contributors to horizontal evolution. Although the Madison paper focuses
on the biological causes of incongruent gene trees, the scenarios described in this
chapter have a revolutionary implication that genetic markers may evolve from
multiple species trees. Figure 4.7 shows an example of hybridization may result
in multiple species trees; the blue colored region in the first tree refers to a hy-
bridization between species A and C, and there is 60% of B’s genome are from
species A and 40% from species B. Consequently, the tree structure contains loops
and upgrade to a network. To tackle this problem, researchers have proposed
many estimation methods to infer the network structure, such as Jin et al. [2006];
Solis-Lemus and Ané [2016], etc. Given the frequent vertical evolution and large
parameter space, this approach suffers from computation and inconsistency prob-
lems in practice. We, however, argue that the single species tree is not sufficient to
describe the evolution process, the complex network structure is not straightfor-
ward to properly estimate, and a mixture model with multiple species trees should
be established. In Figure 4.7, the first phylogenetics network with one hybridiza-
tion can be decomposed into two species trees, and each species tree has a certain
probability, 60% and 40% in this case.

Gene flow may also result in multiple species trees, as showing in Figure 4.8.
In Case 1, gene flow occurs between two sister species. Some genes evolve along
the underlying species tree, while some genes split at a more recent time when
gene flow occurs. Thus, gene trees are generated from two species trees with
different branch lengths. In Case 2, when gene flow occurs, the corresponding

genes evolve on a different species tree, so there are two underlying species trees.
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Figure 4.7: Hybridization result in multiple species trees.

Thus, horizontal gene transfer, like gene flow, may result in multiple species trees

and different branch lengths.

/BN

Case 1 Case 2

Figure 4.8: Gene flow result in multiple species trees.
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Instead of estimating a single species tree or constructing a phylogenetic net-
work, we propose a mixture model framework to estimate multiple species trees.
We assume there are k different distributions for k species trees, where the gene
trees are sampled. Given the multilocus data (including multiple loci, where a locus
refers to a fixed position on a chromosome), we first construct gene trees with the
state-of-the-art maximum likelihood-based algorithm, specifically, RAxML (Ran-
domized Axelerated Maximum Likelihood) in Stamatakis [2014]. These gene trees
are then clustered to different groups with a pre-specified number of clusters k.
We then estimate the species trees with the gene trees from each of these clusters.

A long-standing and open problem in clustering analysis is how to choose the
best k, the number of clusters. We further design a sequential testing framework
to select the best k.

The rest of this chapter is organized as follows. Section 4.3 present the main
algorithms to build multiple species trees and the sequential test to select the best
number of clusters. We implemented extensive simulations to justify our methods
in Section 4.4, while the findings with real-world data sets from the tree of life are
discussed in Section 4.5. The discussion and future works in Section 4.6 close this

chapter.

4.3. Methods and Algorithms

We first introduce two main algorithms, SCOT (Spectral Clustering on Trees) and

STOCK (Sequential Test on Choosing k), where SCOT can build multiple species
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trees given a set of gene trees, while STOCK can select the optimal number of

species trees from gene trees.

4.3.1 SCOT: Spectral Clustering on Trees

The spectral based community detection algorithm can be naturally generalized
to the current context. We build a network of gene trees by calculating the pair-
wise gene tree distances, and the distance matrix can be further converted to an
adjacency matrix of a network. Figure 4.9 shows an illustrative example of gene
trees in different clusters (we name them clouds). We omit the process of building

gene trees from sequence data but focus on the procedure from gene trees to build

Cloud 1 Cloud 1

multiple species trees.

Figure 4.9: Illustrative diagram of gene trees in multiple phylogenetics clouds

Nonparametric distance metrics are widely used in phylogeny analysis, and we
use the Robinson-Foulds distance (RF distance for short) in Robinson and Foulds
[1981] to calculate the pairwise distance among gene trees. The RF distance is

defined as follows. It removes each tree branch to get two seperated partitions,
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the distance is defined as the summation of A and B. A refers to the number of
partitions of data implied by the first tree but not the second tree, and B refers to
the number of partitions of data implied by the second tree but not the first tree.
Robinson and Foulds proved that the distance is a metric in Robinson and Foulds
[1981].

Algorithm 4 presents the procedure to cluster the gene trees to k groups. After
obtaining the similarity matrix S, we calculate the element-wise ratio matrix of
the first £ eigenvectors of S. A k-medoid algorithm is used to cluster the rows of
ratio matrix to k groups. The key idea of taking element-wise ratio is inspired by
Jin [2015], and it has been proved to remove all heterogeneity from the underline

network - the network with all gene trees.

Algorithm 4 SCOT (Spectral Clustering on Trees)

1: procedure SCOT({gt1,...,gti,...,qtn}, k)

2: Input: n gene trees {gti,...,gt;, ..., gt,} and the number of clusters k
3: Calculate pairwise distance matrix D,,«p,
4
)

Obtain similarity matrix S,x, = max (D) — D, and set diagonals to 0.
Perform Eigen Decomposition on S,y, = UAU’, then obtain
the first k leading eigenvector matrix U,y = (U1, Uz, - . ., Ug)-

6: Obtain the element-wise ratio matrix R,y x—1) of Upxr,

N g U

Apply k-medoid on R,y -1y and return C' = {C4,...Cj,...,Cy},
where C; contains the gene trees in the jth cluster.

8: end procedure

where Rnx (k—1) —

=
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4.3.2 STOCK: Sequential Test on Choosing &

We further propose the sequential algorithm, STOCK, in Algorithm 6 with helper
algorithm in Algorithm 5. The helper algorithm presents the procedure to run a
single test, where Hjy assumes [ clusters while H; claims [+ 1 clusters. We first run
SCOT algorithm to cluster the observed gene trees to [ and [+1 groups respectively,
denote as C! and C'*!. We then build species trees with NJst algorithm in Liu
and Yu [2011a] for each cluster in C' and C**'. The test statistic is defined as the
ratio of sum mean distance (SMD), where the SMD is the distance of gene trees
to the corresponding species trees in their cluster.

The goal of Algorithm 6 is to determine the optimal number of clusters based
on the observed gene trees. We started from k = 1 versus k = 2 and sequentially
move to next test if the preceding test is rejected until a test k = [ versus k = [+1

is not rejected. Thus, we choose [ as the optimal value of the number of clusters.
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Algorithm 5 Test (testing Ho: k =1 versus Hy: k=1+1)

1: procedure TEST({gt1,...,9tn}, k)

2: Input: n gene trees {gti, ..., gt,}, number of clusters k

3: Run SCOT({gt1,...,gtn},1) to obtain C' = {Cy,...C;,...,C;}

4: Run NJst algorithm in Liu and Yu [2011b] with gene trees in each cluster
C; to construct [ species trees, denote as SP' = {SPy,...SP}.

5: Run SCOT({gt1,...,gtn},l + 1) to obtain C'** = {Cy,...C},...,Cryy}

6: Run NJst algorithm in Liu and Yu [2011b] with gene trees in each cluster
C; to construct [+ 1 species trees, denote as SP'™ = {SP,,...SP}.

7 Obtain test statistics ¢

_ SMD(C', 5P
o SMD(C'+1, SPi+1)

l
SMD (C!,SP") = ZDz'st(gt € Cj, SP))

j=1

" RE (gt:. SP;
Dist (gt € C;, SP;) = > ¥ RF (gt;, SP))

1

where SM D represents the Sum of Mean Distance, and n; is the number
of gene trees in jth cluster.
8: Output: test statistic ¢, SP!
9: end procedure
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Algorithm 6 STOCK (Sequential Test on Choosing k)

1:
2
3:
4:
5

10:

11:
12:
13:
14:
15:

procedure STOCK

Input: {gt1,...,gt,}, number of null samples M, p-value threshold p
for [ in 1 to n do:
Obtain ¢ and SP' with Algorithm 5 with {gt1,...,gt,} and [
Simulate null distribution and obtain M-length array of test statistics
T = (t1,..cs tm, -, tar) in the following loop.
for m in 1 to M do
For each species tree in SP' = {SP,...SP;,...,SP}, simulate
n; gene trees with coalescence model, denote as gtampe-
Apply SCOT to gtsampie with & =1+ 1, and obtain
OZ—H — {08,1,...Csvj,...,c&l_;,_l}

sample

Run NJst algorithm to each Cj; to construct [ + 1 species trees

SpP = {SP,1,...SPs41}

sample

1 1
Obtain test statistics t,, = SMS(]Z%C ";];lll )

sample™ L sample
end for
Obtain the p-value as percentage of t,, which is greater than t.
end for
If p-value < p, stop and return k =1

Else: return k£ =n

16: end procedure
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4.4. Simulation Study

We implement extensive simulations to show the robustness and consistency of
our methods. Simulation in Section 4.4.1 shows that SCOT algorithm can effec-
tively and precisely cluster the gene trees, and reconstruct the true species trees,
with high accuracy. Simulation in 4.4.3 illustrates that, without knowing the true
number of clusters or species trees k, the STOCK algorithm can recover the true
number. In both simulations, many factors including the distance between true
species trees, topology, branch length, population size, sequence generation error,

etc., have been considered.

4.4.1 Simulation 1 - SCOT can recover the underlying clusters

The goal of simulation study in this section is to justify the performance of SCOT
algorithm in two ways, (1). how accurate the SCOT algorithm cluster the gene
trees, and (2) how well the estimated species trees from each clusters compared
with the true species trees. For the first goal, we use Hamming Distance to measure
the clustering error given the true cluster assignment; for the second goal, we use
Minimum Dispersion to measure how the estimated species trees deviate from the
true species trees.

Criteria 1. Hamming Distance

Hamming distance is a metric to measure the clustering quality. In information
theory, the Hamming distance between two clustering results, the true assignment,

and the clustering assignment, is the number of positions at which the correspond-
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ing assignments are different. In other words, it measures the minimum number of
substitutions required to change one vector into the other or the minimum number
of errors that could have transformed one into the other.

Criteria 2. Minimum Dispersion

Minimum Dispersion measures the deviation between estimated species trees
and true species trees. Assume the k true species trees are SP, ..., SP;, and the
estimated k species trees are SP1, ..., SPj, the Minimum Dispersion is defined as
the minimum pairwise RF distance between true and estimated species trees. For

example, when k=2, the minimum dispersion is defined as

HllIl{DZSt(SPl, Spl) + DZSt(SPQ, S/:PQ)7 DZSt(SPh SAP2> + DZSt(SPQ, SApl)}

The Minimum Dispersion implies that the ideal clustering results would have zero
dispersion, while larger value delivers worse performance.

We consider two scenarios, (a). simulation without sequence generation, and
(b). simulation with sequence generation. The scenario (b) is more challenge
because of the present of gene tree estimation errors. For each scenario, we use
two different population sizes, i.e., § = 0.01 and 0.05. Larger population size
makes the estimation of species tree more difficult.

(a). Simulations without sequence generation. In this simulation study,
we first define k true species trees, then simulate n gene trees from each species
tree with coalescence model, so the total number of gene trees is nk. The SCOT
algorithm with pre-defined number k then apply to the nk gene trees and calcu-

late the corresponding Hamming Distance and Minimum Dispersion. To justify
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SCOT’s performance on the different number of true species trees, we implement

simulations with true k = 2, 3,4 with various of topologies.

1. k= 2. We select three different combinations of pair true species trees from
the four topologies in Figure 4.10. Species Tree 1 is paired with each of the

other three species trees, as the two true species trees.

2. k= 3. From Figure 4.10, we use Species Tree 1, 2, and 3 as the first group
of true species trees, and Species Tree 1, 2, and 4 as the second group of true

species trees.

3. k =4. We choose 4 species trees in Figure 4.10 as the true species trees.

(b). Simulations with sequence generation. We extend simulation (a)
to more complex scenarios by adding sequence generation. The estimation error
from sequence to gene trees is not neglectable, so instead of applying SCOT di-
rectly to gene trees from the coalescence model, we first simulate sequence data
from the gene trees with Seq-gen tool, then use RAXxML to produce gene trees
(RAXML _bestTree) from sequence data, the SCOT algorithm is then applied to
the RAXML gene trees. The setting in the section can test the robustness of
SCOT algorithm by tuning many factors including site information fraction, se-
quence length, etc. Similar to simulation (a), we still consider different number
of true species trees and various of topologies, thus we simply use the species tree

settings in simulation 1(a).
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4.4.2 Simulation Results

We organize the results in this section as follows, Figure 4.11 shows the hamming
error and min dispersion plots with £ = 2 under Simulation (a) and (b), Figure
4.12 displays same type of plots with £ = 3, and Figure 4.13 reports the results
with £ = 4.

For all simulations, we observed that adding the sequence generation step can
bring to much noise and influence the algorithm performance.

The results in Figure 4.11 are very inspiring. Group 1 is the most challenging
case, where we change the order of tips A and C to formulate two true species
trees. Even though the hamming error in four subgroups is not perfect, we can
still recover the true species trees with very small dispersion. For both Group 2
and 3, the Dispersions are all zero, which means we can perfectly recover the true
species trees.

The clustering analysis is more challenging with a larger number of true clus-
ters. Figure 4.12 shows the results with £ = 3. Both Hamming Error and Min
Dispersion become worse than k = 2 case, while SCOT algorithm can still recover
the true species tree topologies with low error and dispersion.

Figure 4.13 presents the results when & = 4. The SCOT algorithm still main-
tains satisfied performance with relatively low Hamming Errors and Min Disper-

sions in all cases.
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4.4.3 Simulation 2 - STOCK can recover the number of clus-

ters

In this section, we implement a set of simulations to test the robustness to select
the number of true species trees. We first define k true species trees, then simulate
n gene trees from each species tree with coalescence model, so the total number of
gene trees is nk. The STOCK algorithm will be implemented to all gene trees and
select the best number of species trees with p-value threshold as 0.05. We replicate
this procedure for 20 times and calculate the percentage that we select the true k.
We implement these simulations for two scenarios, k£ = 2 and 3, and the results
are listed in Table 4.1. For both two and three true species trees cases, without
sequence generation, the STOCK algorithm can recover the true number of clusters
when 6 = 0.01, while can only recover part of true numbers when 6 = 0.05. With
sequence generation, the performance is also not satisfied for k = 3 scenario.
Even though the results are not impressive from Table 4.1 - in many cases we
cannot recover the exact number of clusters, our test can recover the fact that the
number of clusters is not one in most cases. 4.2 shows the percentage that STOCK
algorithm get multiple clusters. In 75% cases, we can correctly recover that the
number of clusters is not one, while in more challenging cases, such as the first

row in 4.2, the algorithm produces a single species tree when 6 = 0.05.
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True species trees

No Sequence generation

Sequence generation

K 0=0.01|6=0.05 #=0.01|6=0.05
Tree 1 and 2 1 0.25 1 0.65
Tree 1 and 3 1 0.90 0.65 1
Tree 1 and 4 1 1 0.85 1
Tree 1, 2 and 3 1 0 0.15 0.20
Tree 1, 2 and 4 1 0 0.95 0.05

Table 4.1: The percentage of correctly recover the number of true clusters

K True species trees | No Sequence generation | Sequence generation
0=0.01|6=0.05 #=0.01]6=0.05
Tree 1 and 2 1 0.25 1 0.65
Tree 1 and 3 1 0.90 1 1
Tree 1 and 4 1 1 1 1
Tree 1, 2 and 3 1 1 1 1
Tree 1, 2 and 4 1 1 0.40 0.80

Table 4.2: The percentage of correctly recover the multiple clusters

4.5. Multiple Species Trees are Found in the Tree

of Life

We further implement our algorithms to seven data sets in the tree of life and
detect multiple species trees in three of them. A summary statistics table can be
found in Table 4.3. We conclude that our algorithm detected multiple species trees
in four data sets, while the other three data sets have single species trees. From
a biological point of view, it’s reasonable to detect single gene trees in species of
bird, mammal, and vertebrate, because the gene flow and hybridization are rare

compared to other data sets.
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Data Source #Loci | #Species | Missing Species | Predicted k
Bird Jarvis et al. [2014] 9,943 48 Yes 1
Fish Cui et al. [2013] 1182 27 No 3
Mammal | Liu et al. [2017] 5,162 90 Yes 1
Metazoa | Whelan et al. [2015] 225 21 No 2
Vertebrate | Shen et al. [2017] 1,087 18 No 1
Yeast Salichos and Rokas [2013] | 1,070 23 Yes 3
Plant Cai et al. [2019] 467 103 Yes 3

Table 4.3: Summary statistics of data sets in the tree of life

To visualize the multiple species trees, we used Sumtree.py algorithm in Suku-

maran and Holder [2010] to show the evolution process in a single tree structure.

Figure 4.14 presents the consensus tree for the Fish data set. Fach internal branch

has a bracket on it with the proportion of supports from each estimated species

trees. In other words, if the bracket only contains a single number - it should be

1, meaning that all species trees support this local topology. If the bracket has

more than one numbers, each number represents the corresponding support from

certain species trees. We save the consensus trees for the other three data sets

that have multiple species trees to Appendix.
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4.6. Discussion and Future Works

Species tree estimation is essential to understand the evolution process. The theory
of a single species tree is not adequate and sufficient to explain the incongruent
trees from many real-world data sets. Given the various vertical and horizontal
evolution process, a more sophisticated representation method is necessary and
desirable. We claimed the existence of multiple species trees and proposed a set of
new algorithms to estimate such trees and present in a new consensus species tree.
We implemented extensive simulations to verify our claim, which shows that the
newly proposed methods can detect the existence of multiple species trees with
high accuracy in different signal-to-noise levels. We also analyzed seven data sets
from different species and families, and multiple species trees are detected in four
data sets.

We are currently testing with more real-world data sets from a broader range of
orders and families, with hope to further explore the existence of multiple species
trees in diverse of species. In the meanwhile, a more efficient algorithm is desirable

to extend our hypothesis to larger and more complex data sets.
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4.7. Appendix

4.7.1 Proofs for main results under NSBM

Lemma 6 (Perfect clustering under NSBM) Suppose P and P’ is non-singular,
non-negative, symmetric and irreducible and all eigenvalues of D((1—a)P+aP')D
are simple. Let D((1 — a)P 4+ aP")D = UAU’ be its eigendecomposition where A
is a diagonal matrix and U'U = UU' = Ix. Perfect clustering with Q) and X under
NSBM is achieved with CSC algorithm.

Then

(1) For W= (1-a)Q+aK =(1—a)MPM +aMP'M, we have the decom-

position
(1—a)MPM' +aMP'M = (MDflU)A(MD*IU)’,

and the R nonzero eigenvalues are the diagonal entries of A and the corre-

sponding eigenvectors are the columns of MD~'U.

(2) the n x R matrix MD'U has R distinct rows, each of which corresponds to

a community specified in M.

Proof 1 Without loss of generality, we start from a K-community undirected and
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unweighted network G = (E, V), let W = (1 — )2 + oK,

(1—-a)Q+aK = (1—a)MPM +aMP'M
= M((1—a)P+aP M
(4.1)
=MD 'UANU'D'M

= (MD'U)AN(MD™'U)

Proposition 1 (Concentration bound of binary symmetric random matrices) Let
A be the adjacency matriz of a random graph on n nodes in which edges occur
independently. Set E[A] = P = (pij)ij=1,..n, and assume that nmax;; p;; < d for

d > cologn and cy > 0. Then, for any r > 0 there exists a constant C' = C(r, co)

such that

|A-P|,<CVd

r

with probability at least 1 —n~".

Proof 2 Please refer to the proof of Theorem 5.2 in Lei and Rinaldo [2015], and
Lemma 2 in Arias-Castro [2015].

Theorem 9 (Concentration bound on connectivity matriz under nSBM ) Let W =
(1—a)A+akK, then ||W — E[W]||e < (1 —a)Cy/nVd+ac 10% with probability

at least 1 — max{n~", 712]?7”2}

Proof 3 Let W = (1 — a)A + oK (X, X), where A is the adjacent matriz, K is
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Kernel matriz, and X 1is the node attributes, then

W = EW][lo = |I(1 —a)A+ aK (X, X) = E[(1 — a)A+ aK(X, X)][|

< (1= a)[|A = E[A]l|ec + ol [K(X, X) = BIK(X, X)][|

(4.2)
< (1= a)Vn[|A—=E[A]|ls + o [K(X, X) — E[K(X, X)]||
=T+ 1
For T, given the results in Lemma 1, we arrive at
Tr = (1 - a)vnl|A - E[A]]]
(4.3)

<(1- a)C’\/ﬁ\/a

For Ty, Yan and Sarkar [2016] provides a tight bound for the empirical Kernel
matriz and its population counterpart, given X distributed in mizture of gaussian,

which leads us to

Ty = af||Kr(X, X) — E[Kr(X, X)]||e

o (4.4)

p

< ac

with probability at least 1 — n2p*pcz, where p is the dimension of X, ¢ and p > 0

are constants.
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Then we combine Ty and Ty with triangle inequality to have the follows

W —EW]||le <Ty + T

. (4.5)
< (1—a)CynVd+ acy | in

with probability at least 1 — max{n~", n2p_p02}

Lemma 7 (Principal subspace perturbation bound) Let W and E(W) have eigen-
values 5\1, e A\, and Aly s M. Let the first R leading eigenvectors corresponding
the largest R leading eigenvalues being U and U for EIW| and W respectively, then

there exists an orthogonal matriz O, such that,

23/2\/ﬁmax{0\/ﬁ\/a,c 10%}

min{Ag—1 — Ar, A — Ar41}

U0 - Ul|r <
Proof 4 Simply apply Davis-Khan Theorem.

212 /nr||W — E[W][s
min{—)\l, )\R - )‘R-i-l}

232\ /nr max{C'\/nv/d, c 10%}

min{Ag_1 — Ar, Agp — Ap41}

||UO—U||F§

Theorem 10 (Error bound of k-means on leading eigenvectors) Under NSBM
with Gaussian distributions in F, the error bound of k-means on the first R leading

eigenvectors s
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64mnr maX{C’\/ﬁ\/E,cx/lo%}z
ZI|/N <
|| ||/ - Nmin{)\R,l—)\R,)\R—)\RH}Q

where m = max (MTM),,.

Proof 5 Binkiewicz et al. [2017] established a sharp bound on erros of k-means
algorithm with principal subspace perturbation bound (as in Lemma 7), then we

have the following inequalitiy holds
8M 4 9
1Z11/N < =200 - Ul

With the results in Lemma 7, we arrive at the following mis-clustering bound

with probability 1 — «

64mnr max{C/n\Vd, ¢,/ 10%}2
ZI|/N <
1ZII/N < Nmin{Ag_1 — Ar, Agp — Ap41}?

4.7.2 Proofs for main results under NDCBM

The theoretical analysis for CSC under NDCBM is more challenging than NSBM,
due to the limitation of available theories in the random matrix. To derivate the
perfect clustering property in this scenario, we employ the cutting-edge matrix

perturbation techniques.

Lemma 8 (Perfect clustering with CSC-Row-Normalization under NDCBM). CSC

algorithm achieve perfect clustering under NDCBM settings.
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Proof 6 We apply the matrix perturbation techniques to prove the following state-
ments.

(1). Perfect clustering when okC is a perturbation to (1 — «)SQ.

Let W = (1 —a)Q+ ak =W, +Ws, and (1 — )2 = VAV'. We anticipate
the eigenvalue of W changes from \; to A\; + 5\1-, the eigenvector changes from v;
to v; + v;, then for the eigenvectors corresponding to the non-zero eigenvalues, we

have,

~

(Wl + WQ)('Ui + lA)Z) = ()\z + )\1)(’01 + IA}Z)
Given the fact that Wiv; = \jv;, and remove the second order terms, we have
WQUi + W1@Z = )\ﬂA}l + S\ivi

We also have
n
'lAJZ' = E (.Uj’Uj
j=1

since Wy is a real and symmetric matriz, where w; is the coefficient and v; is

the jth eigenvector of Wh. Insert this equation into Eq.(*), we arrive at

WQUi + Z wj)\jvj = )\1 Z w]'Uj -+ 5\2'1)7;

j=1 j=1

We then multiply v} to both sides results to

n n
! ! B . ! . . A . ! .
vWhv; + E WiA VU = N E VW5V + Aviv;

J=1 J=1
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Notice that in the last equation equals to 1 and the second term in the left-hand
side and the first term in the right-hand side cancel each other. Thus we have

~

>\z’ = U;WQUi

With the similar technique, multiply v; to both sides of Eq. (*), resulting

n n
U}WQUZ' + E (J.Jk)\k’l);’l)k = )\z E v}wkvk
k=1 k=1

which evaluates to
U;-WQ"UZ' + CUj)\j . )\Z'(JJ]'
where we can find that

VWav;
wW,; =

TN N

then we have
VWav;

When R = 2, i.e., a network with two communities, 1,7 = 1,2, then we have

N A%

A1 — Ao

V2

and

N 'UiWQ'UQ
Vo =
Ay — Ay

U1
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And we have

. vy Wiy
U1 + V1 =1 +
AL — A

n
= V1 + My E Qﬂ}g
=1

V2

= V1 + MaCly

And

UinUQ
Ao — A\

n
= V2 + mi E 91"01
=1

Vg + 1A)2 = Vg + V1
= Vg +Mmycu;

n
where c =Y 16,
Let’s assume

/
vy = (0121, 0229, ..., On2y)

and

vy = (0191, 0212, .., Onyn)’

Then fori=1,...,n, we have

* T; + mycy;

e \/(902 + macy;)? + (y; + moca;)?
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which 1s free of 0;.

(2). Perfect clustering when (1 — «)Q) is a perturbation to ak.

With the similar techniques as in (1), let W = (1 —a)Q+ak = Wy +Ws, and
Wy = UAU'. We anticipate the eigenvalue of YW changes from X\; to \; + \i, the

eigenvector changes from w; to u; + u;, then for the eigenvectors corresponding to

the non-zero eigenvalues.

Then the perturbated eigenvector ; is

. w W,

U; = E Uj
— N — A
JFi

When R = 2, i.e., a network with two communities, 1,7 = 1,2, then we have

i = u’2W1u1u
1= —)\1 D 2
and
G — U,IIW1U2u
2 = N — \; 1
And we have
N U/QW1U1
U+ U =U + ————U
1 1 1 A= Ao 2
= U1 + Mo Z QZ‘UQ (44)
i=1

= U1 + MaClUa
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And

where ¢ =1 6;

Let’s assume

and

Then fori=1,.

is free of ;.

wy Wi ug

Ay — A

= Uz +Mmy Z Osuq (4.5)
i=1

U2+ﬂ2:u2+

= Uz + MiCUy

!/
Uy = (‘91$1,92$27 "‘79n$n>

Vg = (91y1, 02y, ..., enyn>/

..,n, we have

r; +macy;
V(@i + macy;)? + (yi + macr;)?

* p—
Uil -

Proposition 2 (Spectral bound on adjacent matriz of general random graph) Let

G be a random graph with A being a binary adjacent matriz, and E(A);; = pi;.

Then

|A—E(A)x < 4iir11ax pijlog(2n/e)

..... n

with probability at least 1 — €.
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Proof 7 Please refer to Theorem 1 in Chung and Radcliffe [2011]

Lemma 9 (Concentration bound on W) Let W = (1 — o)A + oK, then ||W —

7777 P

EWl|leo < (1 - a)\/4 max;_; ., 0;0;F,, log(2n/e) + ac £P with probability at

least 1 — max{1 — ¢, n%p~"<"}

Proof 8 Let W = (1 — a)A + aK (X, X), where A is the adjacent matriz, K is

Kernel matriz, and X is the node attributes, then

W = EW][lo = |I(1 —a)A+ aK(X, X) = E[(1 — a)A+ aK(X, X)][|

< (1= a)[|A = E[A]l|ec + of [K(X, X) = BIK(X, X)][|

(4.7)
< (1= a)Vn[|A = E[A]|ls + o [K(X, X) — E[K(X, X)]||
= Tl +T2
For T, given the results in Lemma 2, we arrive at
Ty = (1 - a)Vnl|A - E[A]l]
(4.8)

<(1-a),/4 max 0:0; Py,q, log(2n/¢)

..... n

T has the same probabilistic bound as 1. Thus we arrive at

W — E[W]||ee <T1 + T
log p (4.9)
<(1-a),/4 max 0i0;Py,q, log(2n/e€) 4 ac
i=1,..., n p
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with probability at least 1 — max{1l — e, n2p—*<"}

Theorem 11 (Principal subspace perturbation bound) Under NDCBM settings,
let W and E(W') have eigenvalues My oy A and M, .oy \n. Let the first R leading
etgenvectors corresponding the largest R leading eigenvalues being U and U for

E[W] and W respectively, then there exists an orthogonal matrix O, such that,

U0 —Ullp < -
H HF — mln{AR_1 — AR, AR — /\R+1}

Let U* and U* be the row-normalized version of U and U, then we have

) _ 171l <
|U*O = U"||r < Amin{Ag_1 — Ar, Ar — Ar41}

where A = min;{min{||Us.||2, [|Us.||2}} is the length of the shortest row in U

and U.

Proof 9 We will prove the first part and the second part holds naturally. By

applying the variant of Davis-Khan theorem in Yu et al. [2015], we have

232 fnr||W — E[W]||s
min{Ag—1 — Ar, Agp — Ar41}

’lUé_U||F <

(4.10)

-----

min{Ag—1 — Ar, A — Ap41}

Theorem 12 (Error bound of k-means on normalized leading eigenvectors) Under
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NDCBM and mixture of Gaussian node attributes, the CSC algorithm gives a bound

on mis-classification error as follows

64mnr max{ \/4 max,_; ., 0i0; P, log(2n/e), c\/b%p

Z||/N <
1ZIl/N < AN min{Ag_1 — Ar, Ar — Ar41}?

Proof 10 Similar to the proof in Theorem 2.

We now add additional theoretical analysis for CSC-SCORE algorithm under
NDCBM.

Lemma 10 (Perfect clustering with CSC-SCORE under NDCBM). CSC' algo-

rithm achieve perfect clustering under DCBM settings.

Proof 11 We apply the matriz perturbation techniques (similar to lemma 6) to
prove the following statements

(1). Perfect clustering when o is a perturbation to (1 — a)S2.

Let W= (1 —a)Q+ak =W, +Ws, and (1 — )2 = VAV'. We anticipate
the eigenvalue of W changes from \; to \; + ;\,-, the eigenvector changes from v;
to v; + U, then for the eigenvectors corresponding to the non-zero eigenvalues, we

have,

~

(Wl + WQ)(Ui + 1}2) = (>\z + )\1)(1)1 + f)z)

Given the fact that Wiv; = \v;, and remove the second order terms, we have

Wav; + Wri; = \id; + A
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We also have
n
vV, = E ijj
i=1

since W is a real and symmetric matriz, where w; is the coefficient and v; is

the jth eigenvector of Wi . Insert this equation into Eq.(*), we arrive at

WQUi —+ Z (A)j)\j/Uj = )\Z Z CL)j'Uj + Xﬂ)i

j=1 7=1

We then multiply v, to both sides results to

v;Wau; + ij)\jvz’-vj =\ Z viwjv; 4+ Al
j=1 j=1
Notice that in the last equation equals to 1 and the second term in the left-hand

side and the first term in the right-hand side cancel each other. Thus we have

)\i = UZ/-WQUZ‘

With the similar technique, multiply v} to both sides of Eq. (*), resulting

n n
U;»WQ’UZ‘ + E wk/\kv;vk = /\z E v;wkvk
k=1

k=1

which evaluates to
’U;-WQ’UZ‘ + (A)j)\j = )\ij
where we can find that

U} W2 V;

A=\

(,Uj:
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then we have
U;- WQUi

A=\

@i = 'Uj

When R = 2, i.e., a network with two communities, i, = 1,2, then we have

!/
. upWouy
A1 — A

V2

and

R Vi Wats
Vg =

SV

thus the element-wise ratio B results

Vg + Do

v + U1
U’lVVz’Ug

Vo + Ao (%1

viWauy

R T (4.11)
vy +my Yoy i

v Amy Y OFvy

ve + myc(f)vy

v1 + mac(0) vy

Let’s assume

/
U1 = (elxla 921‘27 sy 071‘”71)

and

Vg = (01y1, 92y2, oo Hnyn>,
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Then fori=1,...,n, we have

- 0;x; + moc(d HZyi (4.12)

which s free of 0;.

(2). Perfect clustering when (1 — «)QY is a perturbation to akC.

With the similar techniques as in (1), let W = (1 —a)Q+alC = Wy + W, and
Wy = UAU'. We anticipate the eigenvalue of W changes from \; to \; + 5\2-, the
eigenvector changes from w; to u; + u;, then for the eigenvectors corresponding to
the non-zero eigenvalues.

Then the perturbated eigenvector ; is

quuZ
Ai —)\

A

U; =
J#i

When R = 2, i.e., a network with two communities, 1,7 = 1,2, then we have

Uy =
A — Xy )\z
and
R u1W1u2
Uy =
Ao — )\1
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thus the element-wise ratio B results

Ug + Usg
Uy + Uy

14%
U + u1 i\iQu

uy + u2W1)\u21u (413)
U + My Zi:l GZul

Uy + Mme Z?:l Qiu2

us + myc(0)uy

uy + moc(0)usg

Let’s assume

/
Uy = (91$1, 921’2, ey enxn)

and

Vg = (91y1, 02y2, e ‘9nyn)/

Then fori=1,...,n, we have

yi + myc(0)z;

Ei —
x; + mac(8)y;

(4.14)

15 free of 0;.

4.7.3 Additional results for multiple species trees in the tree

of life
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Figure 4.15: Consensus tree for multiple species trees in Metazoan data
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Figure 4.16: Consensus tree for multiple species trees in Plant data
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