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Abstract

Microtubules are polymers made of the protein tubulin and play a significant role in

various cell functions as they are present in the cytoskeleton of most eukaryotic cells. They

have a highly dynamic structure and are formed by the self assembly of the protein tubulin,

with the aid of different microtubule associated proteins. Self-assembly is the formation of an

organized structure from a series of processes. In this thesis, we seek to observe the formation

of a pattern when spherical units which are assumed as tubulins are excited externally by

an electrodynamic exciter. The angles of contact which are determined from these experi-

mental results are compared with simulations in virtual reality using a game engine software

called Unity. We perform a mechanical structural analysis on the protofilaments, based on

the configurations derived from experiments, and study the relationship between different

stresses and strains and also, study the variation of stresses relative to the curvature in the

protofilament. The mode shapes of these protofilaments are also studied by performing a

free-free modal vibrational analysis.
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Protofilament; mode shapes
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Chapter 1

Introduction

Alzheimer’s disease and cancer are two of the most researched ailments in the world. The

Alzheimer’s disease stems from the failure of neurons (nerve cells in the brain), to transmit

messages to different organs all across the body [1]. Cancer is caused due to the unmitigated

division of cells (called mitosis) which also do not follow apoptosis which is the programmed

cell death [2].

The common point in either of these diseases is the failure in the working of the cells.

These ailings are directly caused due to the malfunctioning of the human cell either because

of their untimely death or unconstrained proliferation of cells. Alzheimer’s is believed to

occur either because of the build-up of proteins like the tau protein, which cause aggregates

in cells and prevent them from executing their jobs, or the premature death of healthy cells.

The tau protein which should associate with microtubules instead links itself to another

tau protein, thereby culminating in the formation of tangles and causing rapid severing of

microtubules in the nerve cells [3]. In cancer, the tubulin protein that makes up microtubules

is found to be slightly altered [4], which promotes mitosis, further instigating the formation

of tumors.

Here, the main focus is on the role of microtubules in these and other diseases pertaining

to cells. Due to the microtubules being living, dynamic structures within the human cell

measuring up to a maximum of a couple of microns in length, studying them in vivo is an

expensive affair. The structure of microtubules vastly determines its functionality, causing

many researchers to focus on developing a computational model. We are pursuing the pos-

sibility of developing such a model by observing self assembly in microtubules - which is
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how the microtubules develop within the cell. We also seek to perform structural analysis on

the microtubule system by using a bottom up approach, to know more about their response

to different stresses applied on them. The stress-strain relationships for the protofilaments

structure are obtained so it could be used to present a predictive model that could be utilized,

instead of in vivo studies, thereby providing a cost-effective way for further research.

Self-assembly is the process in which particles in nature organize themselves into simple

or complicated structures [5]. In nature, self assembly seems ubiquitous as it can be seen in

the gathering of swarms of bees, schools of fish in the ocean and flock of birds in the sky [6].

In nature, this process is a means to make itself a stronger unit relative to its weaker form

when considered as individual units. On assembly, the structures formed are complex with

the ability to carry out higher order functions. Self-assembly of biomolecules into extended

structures is very common and provides crucial functions [7]. A perfect example of naturally

self-assembled structures are microtubules. These structures are dynamically self-assembled

nano-scale structures. Microtubules form an intrinsic part of the cytoskeleton of eukaryotic

cells and are responsible for maintaining the structure of the cytoskeleton.

The rest of this document is organized as follows: Chapter 2 provides an introduction

to the topic, providing necessary definitions and information required for understanding

the concepts used in this thesis. A general introduction to previous investigations on the

mechanical behavior of microtubules and their structure is listed, along with a summary of

prior studies on the mimicking of self assembly in microtubules and their structural analysis.

A brief overview of the existing instances of self-assembly and various models showcasing

self-assembly and the applications of self assembly concepts on microtubules is provided

in this chapter. In Chapter 3, the experiments performed on the electrodynamic exciter

to observe self assembly in microtubules are discussed, starting with protofilaments. The

experimental data are compared with simulation results obtained from the game engine,

Unity. In Chapter 4, we study the strength analysis of the structure of a protofilament,

applying the configurations obtained from the results in Chapter 3. We also explore the
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mode shapes which result due to a free vibrational analysis of the protofilament structure.

Chapter 5 provides discussions and conclusions drawn from this study, along with future

work.
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Chapter 2

Background

Before we get into the specifics of this thesis, we provide a groundwork by explaining the

pre-requisites and terms used. Organisms are generally made up of a group of organs which

perform specific functions. The organs are, in turn, a collection of tissues which are made

up of cells. Figure 2.1 shows the structural organization hierarchy maintained in the human

body.

Figure 2.1: Structural organization levels in an organism

2.1 Cells - History

Cells are the basic unit of life and can be referred to as building blocks of the structure of any

living organism. They are responsible for all the metabolic processes within a living organism.
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They are broadly divided into two main classes: 1) the Prokaryotic cells and 2) the Eukary-

otic Cells. Prokaryotic cells are small, simple cells which lack a nucleus and are generally

bacteria. The Eukaryotic cells are more complex, due to their having a nucleus, cytoskeleton,

cytoplasmic organelles. They are most commonly found in yeast, plants, animals, and human

beings. The cytoskeleton is a grid of proteinous filaments which are found in the cytoplasm

and are responsible for maintaining the cell shape and overall structural framework of the

cell. The cytoskeleton contains a network of filaments which enables it to perform these vital

functions. These filaments have been identified as actin filaments, intermediate filaments and

microtubules. Actin filaments control the shape of the cell, microtubules help in cell division,

and the intermediate filaments form the skeleton of the cell, thereby, giving it elastic and

tensile characteristics [8]. A representation of a Eukaryotic cell and its components are shown

in the Fig. 2.2.

Figure 2.2: Structure of an animal cell
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2.2 Microtubules

Microtubules (MTs) are one of the three principal fibrous components found in the

cytoskeleton of a living eukaryotic cell. Because of their tubular configuration, they have a

stiffer structure compared to the two other cytoskeletal fibers, the microfilaments and the

intermediate filaments.

The microtubule has a hollow, cylindrical rod-like structure which is made up of het-

erodimers of tubulin. As explained earlier, monomers of α-tubulin and β-tubulin bond to

form a heterodimer. These monomers are each about 4nm in diameter, making the het-

erodimer about 8nm in length. When these dimer subunits join end-to-end longitudinally,

they form protofilaments which further come together to form tubular rings. They have a

dynamic structure which continually undergoes rapid assembly and disassembly within the

cell due to the hydrolysis of GTP and interaction with other microtubule associated proteins

(MAPs).

According to Kirschner and Mitchison [9], three types of microtubules help in the forma-

tion of the mitotic spindle, which are:

1. Kinetochore microtubules, found in the mitotic spindle

2. Polar microtubules, also found in the mitotic spindle

3. Astral microtubules, which protrude from the centrosomes to the periphery of the cell

Functions of microtubules

Because of their highly dynamic structure, which continually undergoes self assembly and

disassembly, they are responsible for some vital functionalities within the cell, some of which

are:

1. Organizing and maintaining cell shape

2. Intracellular transport
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3. Movement of organelles in the cell

4. Cell division in mitosis

5. Beating of cilia and flagella

Structure of a microtubule

Microtubules are made of different configurations based on the number of protofilaments, but

the most common of them is the 13-3 configuration. This architecture consists of 13 linear

protofilaments which are laterally bound with a helical start number of 3, thereby forming

a tubular spiral structure [10]. MTs can measure upto a length of several nanometers to a

few microns.

Catastrophe and Rescue

It has already been mentioned that microtubules have a very dynamic structure which

involves rapid assembling and disassembling states, which is referred to as dynamic insta-

bility. Catastrophe is the state at which the microtubules undergo deploymerization, resulting

in the shortening of the MT length. When the microtubule structure undergoes an increase

in its length due to the polymerization of tubulin dimers, this process is referred to as rescue.

2.3 Tubulin

Tubulin is a family of proteins which are the major components of microtubules, commonly

found in Eukaryotic cells. There are ongoing studies which are researching tubulin-related

proteins (TubZs) in Prokaryotic cells as well [11].

In eukaryotes, the tubulin super family has six members, which are listed below:

1. α - tubulin

2. β - tubulin
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3. γ - tubulin

4. δ - tubulin

5. ε - tubulin

6. ζ - tubulin

The α-, β- and the γ- tubulins are the most pervasive members of the tubulin family to be

present in all eukaryotic organisms. The α- and β- tubulin monomers are the ones which are

responsible for polymerization into dimers, which would subsequently aid in the formation

of microtubules. The γ - tubulins which are found in the microtubule organizing centers

(MTOCs) help initiate the formation of microtubules [12]. It is observed that δ - tubulin

links longitudinally with α - tubulin, at the minus (-) end of the microtubules, while the ε -

tubulin interacts with the plus end of the β - tubulin [13].

Tubulin dimer

The tubulin dimer can be referred to as the building block of the microtubule structure.

The α- and β- tubulins polymerize and link together to form a tubulin heterodimer. These

heterodimers chemically bind with each other in the longitudinal direction to form protofil-

aments. This tubulin subunit is created on interaction with GTP (Guanosine triphosphate)

molecules and form strong bonds which do not dissociate easily [14]. According to Lodish, the

lateral and longitudinal interactions between tubulin subunits aids the formations of micro-

tubules. Longitudinal interactions lead to the development of long protofilaments, while

lateral interactions between dimers assist in the organization of sheet or ring-like structures.

Figure 2.3: Tubulin dimers
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As can be seen from Figure 2.3, the dimers are arranged from head-to-tail in a protofil-

ament. This means that one end of the protofilament contains the α - tubulin, while the

opposite end of the protofilament contains the β - tubulin. This kind of alignment creates a

polarity in the resulting structure.

2.4 Microtubule-associated Proteins

Microtubule associated proteins are referred to as the MAPs. The function of these MAPs is

to regulate the assembly or disassembly of microtubules and aid in maintaining the stability

of the MT structure. They affect the lengths to which a microtubule could either grow or

shorten. They also help link the microtubules to other organic components like membranes

or protein complexes. Some of the MAPs are tau, EB1, MAP1, MAP2, MAP4 and +TIP.

The linking of microtubules with different MAPs gives rise to the microtubules’ ability to

perform different functions.

2.5 Microtubule Motor Proteins

Microtubule motor proteins move across the microtubules and enable them to perform intra-

cellular transport and various other cell movements. Based on the direction of movement

along the microtubule, they can be classified into plus end motors and minus end motors.

The two major classes of proteins responsible for this function are Kinesin and Dynein.

They utilize the energy derived from the hydrolysis of ATP to help walk along the micro-

tubule. Dynein moves along towards the minus end and Kinesin walks over to the plus end of

the microtubule. They are specifically responsible for the intracellular transport, positioning

of membrane vesicles and organelles, separation of chromosomes at mitosis, and beating of

cilia and flagella [15].
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2.6 Previous studies on microtubules and it’s self assembly

Cassimeris, et al., performed simulations to model an array of dynamic microtubules using

a Monte Carlo method. Their algorithm calculated the average microtubule lengths and

stability of MTs and the factors that affect these properties [16]. From the experiments

conducted by Lenz and Whitten [17], they believed that self assembled matter could be

studied by using new design principles where geometrical units form into aggregates on exci-

tation. Papadopoulou, et al. designed self replicating spheres to explore the cellular growth

and division in a macro scale, using non-robotic components and non biological material.

They placed magnets internally in the spheres to allow them to connect and disconnect with

neighboring units thereby promoting cell mitosis [18].

Motamedi and Mashhadi studied the bond interactions within each of the tubulin dimers

using Molecular Dynamics (MD) simulations, and determined the Young’s modulus and

other mechanical properties of the MTs using a finite element model [19]. They assumed

each tubulin monomer to be a sphere with a nonlinear spring connecting them to achieve

their results. Kasas et al., used a finite element model [20] assuming tubulin dimensions

from Chretien and Wade [10] to determine the mechanical properties. α- and β- tubulins

were assumed to be the same, structurally for their model. Civalek and Demir proposed

a nonlocal finite element model based on the Euler-Bernoulli beam model to analyze the

effect of buckling on MTs [21]. They applied the Winkler spring model to the elastic matrix

surrounding the microtubule and noticed an increase in the buckling loads with an increase

in the elastic matrix parameter. The GTP cap at the end of the MT helps in maintaining the

stability of the MT structure as the GTP bound tubulin helps in polymerization and arrests

catastrophe [9]. It has been observed that protofilaments with GDP (Guanosine diphosphate)

linked tubulins at the ends have an intrinsic curvature. Janosi, et al proposed that this slight

bending of the protofilament at the ends allows in the release of some built-in stress [22].

Kis et al. investigated the anisotropic properties of MTs by using an AFM (Atomic force

microscope) on a perforated surface [23]. They believed that the protofilaments of an MT are
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analogous to ropes of single walled carbon nanotubes and determined a relation between the

Young’s modulus and shear modulus. Experiments were conducted by Shi et al., on a single

microtubule where they observed the link between flexural rigidity and the MT length using

a laser trapping technique and dark-field microscopy [24]. An atomic resolution model of an

MT was built to determine stress-strain dependence on extension and compression, thereby

obtaining values of the Young’s modulus which was comparable to previously published data

[25]. A coarse-grained model of the MT was developed to study the mechanical properties

of the MTs by assuming different types of lateral bonding between adjacent protofilaments

[26]. Nogales et al. conducted electron crystallography studies to observe the structure of the

dimer formed by α- and β- tubulins and determined that teir structures are nearly identical

and compact [27]. Donhauser et al. developed a finite element model to evaluate the effect of

radial deformation on various MT types and found that the orientation of the protofilament

does not have any effect on the radial stiffness of the MT [28].
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Chapter 3

Protofilament self-assembly: Experiments and Simulations

Self assembly is the process in which a system undergoes various interactions within the

system to form an orderly state. It is a very prevalent aspect in most distributed systems

like physical, chemical, biological, robotic and cognitive systems. Studying this theory of self

organization provides a way to understand the emergence of order in the universe, by pro-

viding simple rules which specify the interactions at a cellular level. When these elementary

level interactions result in a pattern formation at the macro level, we gain an understanding

of the workings of the process of emergence whereby new levels of organization are cre-

ated. The Self-Assembly Lab at MIT experimented with self replicating spheres where they

explored macro-scale cell mitosis, with the help of magnetic fields and an agitating table to

facilitate cell movement, growth and division [18].

The formation of the microtubule structure is a result of the self assembly of the different

elements (like proteins), present inside the cell, due to local interactions within the Eukaryotic

cell. We designed experiments to observe this self assembly by using the attractive and

repulsive forces provided by a magnetic field. The experimental set-up, shown in Fig. 3.1,

consists of an enclosure mounted on an electrodynamic exciter which produces vibrations,

which in turn are, transmitted to the spherical units contained within the enclosure. On

excitation, these units interact with each other to form structures which will be examined

later on in this chapter.

12



Figure 3.1: Experimental set-up

3.1 Vibration shaker

The vibration source which provides input to the set-up is an electrodynamic exciter. An

electrodynamic exciter or shaker is a device which is used for vibrational or modal testing, by

creating an environment in which the components to be tested are mounted on the shaker’s

head. The endurance of the component is observed by varying the frequency at which the

set-up is made to vibrate. The exciter used in our experiments can provide up to 40 lbf pk

sine force1 and is ideally used for vibration control testing of components and self-assemblies.

The shaker is used in tandem with a power amplifier and a function generator through

which the frequency and amplitude can be input into the system. The values of the frequency

are varied while the amplitude is maintained at a set value. It has been observed that the

rate of formation of structures increases on increasing the gain to the system. Similarly, an

increase in the frequency results in an increase in the excitation to the system as well. It

1A sinusoidal force of 40 pounds for a sine test
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can be observed from the experiments, that the best way to get a varied range of vibration

outputs is by regulating either the gain or the frequency.

3.2 Enclosure

The enclosure consists of a circular platform which is fastened on to the top of the shaker’s

head and a plastic sheet which is wrapped around the base and serves as a wall to enclose

the units within it. The platform is secured to the shaker with the help of steel screws. The

platform was modeled in AutoDesk Inventor keeping in mind the dimensions of the shaker

head, and then 3D printed so that it fits perfectly on the shaker. The base of the platform

was made with plexiglass and the interesting fact about this material is that, it provides

enough bounciness in the units which accounts for a highly excited movement within the

enclosure.

Figure 3.2: Platform

3.3 Vibration Damper

A vibration damper is a device or a material which is used to absorb any unwanted vibrations

or noise. In our experiments, a thick foam padding is used which works effectively to isolate

our system.
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Figure 3.3: Different designs considered for
mimicking the dimer unit: (a) Each end
of a unit holds a single magnet which lets
them bond with other units to form straight
chains; (b) Similar to (a), but is lighter
as it uses less material during 3D printing
because of the cylindrical void; (c) Contains
three magnets in each unit with vents to
allow for the magnetic field to spread out,
thereby attracting other units which results
in chains

3.4 Development of the experimental model

Tubulin dimers measure approximately upto 8nm in length [29] and consists of both the α

and β tubulins bonded within. Because of the nano scale size of the dimers and their near

circular contour, we have assumed our units to be spherical in shape for ease of experiments.

It is known that microtubules are highly dynamic structures, and hence the units should

easily be able to associate and disassociate with each other. We exploited the effects of

a magnetic field for this purpose and used small spherical magnets inside the units. The

spherical units [30] were modeled in AutoDesk Inventor as in Fig. 3.4, and then 3D printed

by preparing the models in Preform software. After designing several models and testing

them, we finalized on the design shown in Fig. 3.5. Considering the diameter of the spherical

magnets, this model has been designed so that it can hold upto six magnets without any

interactions from within the unit itself. This design has been finalized after many trial and

error attempts as shown in Fig. 3.3.
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Figure 3.4: Design of the experimental model

Fig. 3.5 shows the outline of the design we have used for our experiments. This design has

been finalized as it could be used to form filaments when there are two magnets in each unit,

sheets when there are four magnets in each unit, and tubules when there are six magnets in

each unit.

Figure 3.5: Dimensions of the model (in inches)

16



3.5 Procedure

For our experiments, we mounted the enclosure on the vibration shaker with the help of steel

screws. We placed a thick sheet of black paper on the base of the platform to negate the

effects of the steel screws on the magnets present within the units. The black background

also provides a way to filter the noise while recording the video of the experiments. The

shaker is connected with the power amplifier and the function generator which allows us to

monitor and regulate the input frequency, amplitude and gain entered into the system. Once

the system is set-up, we switch on the power supply and start the experiment. We used 12

dimer units each with two magnets arranged in a 180◦ angle within the unit as shown in Fig.

3.4. The units were placed in the mesh shown in Fig. 3.6 to reduce the possibility of bias.

and are released into the enclosure when it is vibrating at a set frequency and amplitude.

The video recording is started as the units are released into the vibrating environment, and

the test matrix in Table 3.1 is filled. The units vibrate within the enclosure and when the

magnetic attraction comes into play, they start forming structures.

Figure 3.6: Mesh used to introduce randomness while entry of the units into the enclosure
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Table 3.1: Test matrix of experiments

Frequency Gain Amplitude Time to form PF structure (s)
20 Hz Half 0.5 Vpp 24
20 Hz Full 0.5 Vpp 12.2
40 Hz Full 0.5 Vpp 28.79

3.6 Results: Experiments with units of 2 bonding sites

A recording of each experiment from when the units start grouping into chain formation is

taken and certain number of frames are extracted from the video recording. These frames

are further refined using several image processing techniques in MATLAB. We used black

backgrounds while recording the experiments, to counteract the noise generated due to dif-

ferent colors in the extracted frames. As the units used in our experiments are spherical

units, we developed a code in MATLAB to detects circles from images. The 2D Cartesian

coordinates of the centers of the identified circles along with their radii, were extracted from

the images with the help of this code, whose results are shown in Fig. 3.7. A total of 60

frames were selected at random from the recordings and then analyzed to extract the angles

of contact between each of the units, after the structures are formed. These frames were

extracted keeping in mind that the structure of the PF could be observed clearly for further

analysis.
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Figure 3.7: Image after applying image processing techniques in MATLAB

Calculating the angles of contact

Using the 2D Cartesian coordinates obtained from the Image processing techniques in

MATLAB, we make use of the dot product for finding the cosine inverse angle using the

equation

~A. ~B = |A| · |B| · cos θ (3.1)

=⇒ θ = cos−1
~A. ~B

|A| · |B|
(3.2)

This gives us the angle (in degrees) between the two centers of the circles, subtended at the

origin which is depicted in the picture below in Fig. 3.8.
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Figure 3.8: Angles subtended by the circles at the origin

Most common configurations

Once all the data of angles are collected from the above calculations, we use a grouping

technique called k-means clustering to sort the data. In this method, all the observations

are grouped into ‘k’ clusters, where each cluster is depicted by the centroid of the set of

observations within that cluster. The k-means algorithm works by assuming k number of

centroids at random locations in space and then arranges the input data into the relevant

clusters based on distance between the individual data point and the nearest centroid of

the cluster. The centroid is then reevaluated based on the mean of all the data points in

that cluster. This method is continued until all the data points remain with their respective

clusters. Using this approach, we grouped our data into ten clusters which are tabulated in

Table 3.2.

20



T
ab

le
3.

2:
M

ea
n

an
gl

e
va

lu
es

of
th

e
10

cl
u
st

er
s

of
an

gl
es

in
d
eg

re
es

C
lu

st
er

#
A

n
gl

e
1

A
n

gl
e

2
A

n
gl

e
3

A
n

gl
e

4
A

n
gl

e
5

A
n

gl
e

6
A

n
gl

e
7

A
n

gl
e

8
A

n
gl

e
9

A
n

gl
e

10
A

n
gl

e
11

F
re

q

1
1.

05
1.

21
1.

23
1.

39
1.

61
1.

76
1.

96
2.

05
1.

98
1.

82
1.

77
17

2
0.

99
1.

04
1.

69
1.

99
2.

36
2.

47
2.

74
2.

78
2.

75
2.

85
1.

77
12

3
2.

54
2.

04
2.

78
2.

59
2.

45
1.

97
1.

58
0.

67
0.

52
0.

8
1.

44
4

4
5.

96
7.

81
5.

6
5.

45
5.

15
2.

6
0.

73
0.

31
1.

03
0.

04
0.

77
1

5
9.

76
0.

31
0.

14
0.

09
0.

84
1.

55
1.

83
2.

01
1.

46
1.

41
1.

03
1

6
0.

83
0.

67
0.

87
1.

5
1.

82
1.

85
1.

23
0.

58
1.

11
1.

54
1.

4
4

7
2.

08
2.

02
1.

94
1.

95
1.

67
1.

62
1.

21
0.

86
0.

51
0.

57
0.

35
6

8
1.

1
1.

38
1.

4
1.

15
0.

86
0.

43
0.

52
0.

58
0.

95
1.

44
1.

92
9

9
2.

85
2.

76
2.

03
2.

25
1.

8
1.

78
2.

09
2.

4
2.

69
2.

95
2.

5
5

10
8.

27
2.

78
1.

69
4.

54
4.

69
5.

12
5.

24
5.

15
4.

76
4.

75
4.

76
1

21



Based on the mean angles shown in Table 3.2, 10 different configurations of the protofil-

aments were developed from these clusters which are shown in the Fig. 3.9.

Figure 3.9: Configurations of units with 2 bonding sites

Table 3.3: X coordinates of the units for the experiments

X values 0 4.05 8.1 12.15 16.2 20.25 24.3 28.35 32.4 36.45 40.5 44.55
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To better visualize these ten different configurations obtained experimentally, we use

curve fitting technique to construct a curve which could provides for a best fit to the series

of data points. We used quadratic and cubic polynomials to smooth the data and improve the

appearance of the plots. The curve fitting was done in MATLAB with the help of the least

squares curve fit which minimizes the error between the original data and values predicted

by the polynomial. The initial X and Y values from our data are shown in Tables 3.3 and

3.4, and the resulting polynomials after curve fitting are organized in Table 3.5.

Table 3.5: Curve fitting results based on X and Y coordinates

Cluster # Best fit polynomial
1 0.0000219x2 + 0.0336x− 0.0752
2 −0.000375x2 + 0.0621x− 0.1989
8 0.000077x3 − 0.0057x2 + 0.1273x− 0.1677
7 0.00016x3 − 0.0129x2 + 0.2689x− 0.219
9 −0.0000779x3 + 0.0053x2 − 0.071x+ 0.2094
3 0.000023x3 − 0.0015x2 + 0.0493x− 0.0903
6 −0.00097x2 + 0.0488x− 0.0154
4 0.000077x3 − 0.0041x2 + 0.0664x− 0.0572
5 0.000589x2 + 0.02x+ 0.0795
10 0.0000536x2 + 0.0853x− 0.0956

The models after curve fitting was done, are superimposed over the original experimental

results and are shown in the Fig. 3.10. These polynomials provide us with a way to charac-

terize the curves of the 10 configurations, obtained from the experiments performed on the

electrodynamic shaker. This data allows us to compare the results of the curvature of these

10 configurations with the ones obtained from the simulations run in Unity 3D which will

be discussed in Section 3.8.
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Figure 3.10: Curve fitting values superimposed on the Experimental data (original)

3.7 Results: Experiments with units of 4 bonding sites

The earlier set of experiments were conducted with 12 spherical units, each containing 2

bonding sites, i.e., two magnets per unit. These experiments demonstrated the formation of

chains of units connected end to end which we refer to as protofilaments. In nature, protofila-

ments join laterally to form sheets which further develop a curvature, thereby forming tubes.

For the next set of experiments, we used the units with four bonding sites to observe the

formation of sheets like structures as in Fig. 3.11.
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Figure 3.11: Sheet Configurations we seek to observe

With the same experimental set-up as in Fig. 3.1, we turn on the power supply and

release the units into the enclosure through the mesh which introduces randomness during

entry. Video recordings of the experiments were collected and the recordings were observed

for common patterns. A few of the configurations observed are shown in the Fig. 3.12.

Figure 3.12: Sheet Configurations for units with four bonding sites
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It can be seen from the configurations that the units do form sheets. As can be noticed

from Fig. 3.13(b), the units try to join at their ends to form a tube. But due to factors like

the weight of the units and gravitational forces, it has been observed that the single layered

sheet breaks into two and collapses on one another, thereby forming aggregates.

Figure 3.13: Sheet Configurations for units with 4 bonding sites

As we couldn’t counteract for gravity at that time, we focused on the results with units

with two bonding sites which connect together to form protofilaments.

3.8 Simulations in Unity 3D

Unity is a cross-platform game engine which has an built-in physics engine which enables

users to run 2D and 3D, highly realistic and high-performance simulations on a computer.

It provides a platform for recreating a real system in a virtual environment and hence, was

chosen to execute our simulations on. The experiments performed for studying self assembly

in microtubules involved many logistics, like 3D printing the tubulin units, purchasing spher-

ical magnets, designing and 3D printing the enclosure, setting up the electrodynamic shaker,

etc. Simulations in Unity provide for a simpler way to recreate the results of our experiments

with better accuracy and little possibility of error, cutting down setup time and cost. As the
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simulations are a more effective way to obtain results when compared to the experiments,

we seek to obtain a correlation between these two methods in this study.

Aggarwal et al. employed molecular dynamics simulations to study the assembly pro-

cess using wedge shaped monomers which are capable of bonding laterally and vertically

to develop artificial microtubules. Their results explain the optimal range of interaction

strengths to realize artificial tubule formation. It was observed that tubules bind on colli-

sion, thereby breaking and forming new bonds [31].

Spoerke et al. utilized molecular simulations to understand intermolecular interaction

strengths and changes in molecular shape which controls assembly in microtubules. They

modeled α/β-tubulins as tubule-forming wedge-dimers and also employed a compacted angle

of 15◦ to resemble bent tubulin [32].

Zakharov et al. employed simulations using a coarse grained Brownian dynamics approach

where monomers interact with their neighboring subunits at four contact points and catas-

trophes in the microtubule arise owing to the fluctuations in the number of protofilament

curls [33].

Parameters

The version of Unity used for the simulations is Unity 2018.2.10 and was run on a Windows

10 PC with a configuration of 4.01GHz Clock Speed (i7-6700K), 64 GB RAM, NVIDIA

Quadro K2200 GPU and high speed solid-state drive.

As we were trying to recreate the same environment conditions as that of the experiments,

the entire population of the units considered is 12. Each of these units, as can be seen in Fig.

3.14, is spherical and represent a single tubulin protein. We have used the spherical shape to

promote formation of the protofilament structure. They have two bonding sites, set at 180◦

apart from each other so as to enable lateral bonding to enable the formation of chain-like

protofilaments, as found in the experimental results.
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Figure 3.14: Tubulin unit, with cube shaped bonding sites set laterally at 180◦ apart

The red base shown in Fig. 3.15 acts as the vibrating platform for the simulations and

measures 1.8 × 20 (d × h) units. The units measure 2 × 2 × 2 (l × b × h) units, while the

cubic bonds are set at 0.3× 0.3× 0.3 (l × b× h) units.

Figure 3.15: Platform for simulations

Functionality of the simulator

The simulations were run in Unity 3D, using a custom made program in C#, developed

by Sarma OVS, et al in the DICE lab at UGA College of Engineering for studying the self

organization in microtubules, as an extension of his Master’s level thesis [34]. The simulation

set-up is shown in Fig. 3.16. The platform is excited by the physics engine based on the

frequency and displacement amplitude parameters. There are spring joints applied to the

platform to keep it in place and a random force is applied to impart vibratory motion into
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the platform. Each of the spherical units have two cubes laterally arranged on either side

180◦ apart, which mimic the magnets used in the experiments.

Figure 3.16: Platform for simulations

The simulation starts when the 12 spherical units are dropped into the enclosure, from a

fixed height of 20 units. When the base starts vibrating, the units inside are taken into an

excited state. Due to the interaction of the cubical bonds when they are in close proximity

with bonds of neighboring spherical units, the formation of chain like protofilaments are

observed. Once there is a bond association between two units, the bond flag turns true, and

the bond becomes inactive, i.e does not accept linkage with any other units through that

bond. Once all the units are linked with one another, we capture images of their structures

to analyze the angle of contact subtended by the units with one another.

3.9 Results: Simulations in Unity

Once the images are extracted from the recorded videos, they are processed in MATLAB

using image processing techniques to find circles. An algorithm based on Circular Hough
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Transform (CHT) is used for identifying circles in the images because of its robustness in

presence of noise and shifting illumination. The X, Y Cartesian coordinates of the centers

of the identified circles, along with their radii are obtained from this algorithm. We then

calculate the angles of contact using Eq. 3.2 and apply the k-means clustering technique

which is explained in detail in Section 3.6, to obtain the most commonly observed structural

configurations. The mean angle values of the ten most commonly observed configurations

are listed in Table 3.6. The Y values are calculated from the X values in Table 3.3 and

angles from Table 3.6, using the tangent function and are tabulated in Table 3.7. Similar to

the experimental results, curve fitting polynomials are matched to the results obtained from

Unity and are shown in Fig. 3.18. These values are then compared with those calculated

from the experimental results to look for similarities. As can be seen in Fig. 3.19, both

the simulation and experimental values have similar curvatures for the ten protofilament

configurations.

Configurations obtained from our experiments and simulations are comparable with the

results of Pearce et al. where they observed the shape evolution of microtubules by computa-

tional methods [35]. Vandelinder et al. utilized biomolecular motors to develop nano-fluidic

transporters and observed self assembly, where they observed different curved microtubule

configurations which help to strengthen our protofilament configurations obtained [36]. Below

are some images obtained from the experiments and simulations:

Figure 3.17: Left: Image from experimental methods; Right: Image from simulation methods
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Table 3.8: Curve fitting results based on X and Y coordinates after simulations

Cluster # Best fit polynomial
1 0.000597x2 − 0.0062x+ 0.068
2 0.000543x2 + 0.0074x− 0.0.0122
8 0.000334x2 + 0.0028x+ 0.1309
7 0.000495x2 + 0.0073x+ 0.0892
9 0.000456x2 + 0.0051x+ 0.0828
3 −0.000378x2 + 0.0346x− 0.0512
6 −0.000738x2 + 0.0459x− 0.1028
4 0.0000908x2 + 0.01556x+ 0.0482
5 0.000395x2 + 0.000502x+ 0.1169
10 −0.000131x2 + 0.0273x+ 0.076

Figure 3.18: Simulation results superimposed with curve fitting polynomials
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Figure 3.19: Results: Experiments vs simulations

35



Chapter 4

Structural Analysis of a Protofilament using FEA

In Chapter 2, it has been mentioned that microtubules play a critical role in maintaining

the structural framework of a cell, and hence, we analyze the strength of these structures as

a way to learn about them. Tubulin dimers can be considered as the fundamental units of

a microtubule; and as the dimers bind together due to the synergy of tubulin with different

MAPs, along with the chemical interactions with GTP and GDP, protofilaments are formed.

The bonding between these dimers within the protofilament are considerably stronger than

the bonds between protofilaments laterally [23]. Hence, we modeled the structure of a typical

protofilament to study how it responds to different kinds of loads in a finite element analysis

method.

Janosi et al observed from their study of microtubules with electron micrographs, that

they were made of 10 to 16 protofilaments, with either 13 or 14 protofilaments in 90% of

the cases in their study. They have made observations that the change in the lateral bond

strength between protofilaments plays a role in the polymerizing and deploymerizing of

the MTs and also, that tere is a particular correlation between protofilament number and

curvature at the MT tips [37].

Zhang et al used a structural mechanics model of a microtubule to observe the config-

uration effect on the Young’s modulus, Shear modulus, bending stiffness and persistence

length of the microtubules. They also noticed from their experiments that the protofilament

number within a microtubule ranges from 12 to 15 and that the Young’s modulus is fairly

independent of the different microtubule configurations and stays at a constant value of 0.83

GPa [38].

36



Shahinnejad et al. developed a 3D finite element model and investigated the mechanical

properties of axonal microtubule bundles by studying the strain-stiffening behavior of these

bundles under uniaxial tension and torsional loading [39].

4.1 3D modeling of the protofilament geometric structure

Considering the different vital microtubule functions happening in a cell, there has been a

lot of recent studies targeted at investigating the mechanical properties of the microtubule.

However, there has been a dearth of quantitative information of the microtubules at the

molecular level. The aim of this study is to analyze the stresses and the effect of the protofil-

ament curvature by means of a static structural analysis using finite element methodology.

We attempt to focus on the mechanical behavior of the protofilaments as a means to under-

stand the microtubules at a more basic level.

The basic unit of a microtubule is the tubulin dimer which bonds longitudinally to other

dimers thereby forming protofilaments. We assume the tubulin monomer to be spherical

in shape for developing our 3D model [30]. Chrétien et al. observed that the number of

protofilaments varied from twelve to seventeen, with sixteen and seventeen protofilaments

being in the minority and thirteen being the majority population [10]. Our protofilament

model consists of 12 tubulin units modeled as spheres of diameter 4.05µm and fixed at one

end, while free at the other end.

Figure 4.1: Protofilament

The response of this protofilament model to different loading cases has been studied by

using a finite element analysis approach. The basic steps involved in FEA is the modeling

of the components, assignment of the material properties, solving the equations and post

processing of the results. Modeling of the components is achieved by drawing it in a CAD or
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a solid modeler package, which could later be imported into a FEM software. We used ANSYS

Workbench for our FEA simulations, which is a global leader in engineering simulations which

is widely used to predict how product designs behave in real-time scenarios. Once the 3D

geometry is created, the material properties are entered into the FEM system to apply to the

component. Meshing of the component, which is the core of the FEA method is performed

next and boundary conditions are applied following which the system is solved according to

the constitutive equation as per the problem description.

4.2 Physical - Mechanical properties of the protofilament system

Material properties which were observed with previously conducted experimental and com-

putational studies around the world have been summarized in Table 4.1.

Table 4.1: List of different properties of microtubules based on prior studies

Property Value Method
Young’s modulus 1.2GPa [40]
Young’s modulus 1.85 GPa [41]
Young’s modulus 1.5 GPa [42],[43]
Young’s modulus 0.8 - 0.85 GPa [38]
Young’s modulus 0.5 - 2 GPa [44], [24]
Shear modulus 1.4 MPa [23]
Shear modulus 0.163 - 6.421 MPa [45]
Density 1470 kg/m3 [46]
Length 1 ∼ 8 µm [46]
Poisson’s ratio 0.3 kg/m3 [46]

Material properties

The α and β tubulin dimers are protein elements which we modeled as an isotropic elastic

material with the material properties as shown in Table 4.2.
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Table 4.2: Material properties used for our model

Property Value
Density 1470 kg/m3

Young’s modulus 1.85 GPa
Poisson’s ratio 0.3
Tubulin diameter 4.05 µm
Beam (circular c/s) diameter 0.2025 µm

Geometry

The geometry for our system was modeled directly in the ANSYS DesignModeler software in

which 2D geometry can be created, edited and converted to 2D or 3D models. The protofil-

ament is fixed at the left end and is free at the right end. Each of the spheres in Fig. 4.2,

represents a tubulin unit, and are bonded to each other which does not allow for any sliding

or separation between edges of the spheres. Each tubulin sphere measures 4.05 µm and the

entire protofilament measures upto 48.6 µm with a volume of 417.42 µm3.

Figure 4.2: Protofilament model designed in ANSYS DesignModeler

The tubulins are connected to each other by means of a beam of circular cross-section of

radius 0.2025 µm. The beam material is the same as that of the tubulin material.

Mesh

We used the proximity and curvature size function to generate the mesh for the model, with

a minimum element size of 0.4 µm. The smaller the element size for the mesh, the higher

is the accuracy of the results. This has been observed by conducting a mesh convergence

study: first for a cantilever beam, and then for the straight protofilament model, applying
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the material properties as in Table 4.2. Mesh convergence determines the number of elements

required for the model to produce analysis results, which do not vary much by changing in

the mesh size.

Mesh convergence study of cantilever beam

For this study, we considered the BEAM188 element which has at least six degrees of freedom

at each node, including translations in x, y and z directions and rotations about x, y and z

directions citeansys. As this element is based on Timoshenko beam theory, it is well-suited for

linear, large rotation and large strain nonlinear applications, and hence, we chose this element

for solving our FEM problem. We first modeled a beam of rectangular cross-section (seen

in Fig. 4.3) in ANSYS DesignModeler, assigned the material properties, generated a mesh

containing 25 elements and applied a bending force of 10N on one end while keeping the other

end fixed. Deflection results obtained from these computations were then compared with

similar simulations conducted in ANSYS APDL using BEAM188 specifically. The results

(seen in Fig. 4.4) were shown to be identical, which meant that we could proceed to solve

our models in ANSYS Mechanical for further simulations as it has a better user interface.

Figure 4.3: Model dimensions for convergence study
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Figure 4.4: Response to bending in APDL: (a) Line view of the cantilever (b) 2D view of the
cantilever; (c) Response to bending in ANSYS Mechanical

Now, we consider varying number of elements to check for mesh convergence. The number

of elements in the mesh and the deformation values when the model is subjected to a bending

force of 10N are tabulated in Table 4.3. Based on the values in the below table, we plotted the

number of elements vs the bending deflection values to obtain a convergence chart as shown

in Fig.4.5. It can be seen from the convergence chart that the deflection values get saturated

without much fluctuations, as the mesh is made finer by increasing the number of elements in

the mesh. Thus, we can conclude that the smaller the element size, the accurate the results

are. Another key point to note is that as the mesh size is made finer, the computational time

also increases along with the accuracy which is a major deciding factor in choosing the mesh

size for our computations.
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Table 4.3: Inputs to check for Mesh Convergence

No. of elements Deformation (µm) % change in elements % change in deformation

225 148790 12 0.013442

252 148810 7.14 0.01344

270 148830 13.33 0.013438

306 148850 98.69 0.06718

608 148950 13.16 0.0067

688 148960 81.69 0.0403

1250 149020 20 0.0067

1500 149030 145 0.0403

3675 149090 120.41 0.0201

8100 149120 212.96 0.0268

25350 149160 639.65 0.0201

187500 149190 - -
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Figure 4.5: Convergence study chart for cantilever beam

The bending deflection results obtained from the analytical solution (δ = PL3/(3EI))

as 0.1494 m closely matches to the 0.14912 m obtained from our results. The deformation

due to tension calculated analytically (PL/(AE)) is 25.946 µm, and is in alignment with the

25.839 µm obtained from our simulations. This shows that our approach is in line with the

analytical solutions.

Mesh convergence study of straight protofilament

After the successful checking of convergence study for the cantilever beam, we extend the

same approach towards the straight protofilament model shown in Fig. 4.2. As seen in the

convergence study for cantilever beam, we can see that the change in deformation values

starts to settle down as the number of elements in the mesh are increased. The minimum

element size corresponding to the maximum number of elements shown in Table 4.4, is 0.3 µm
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Table 4.4: Inputs to check for Mesh Convergence for straight PF model

No. of elements 2527 2551 3164 4981 6631 10107 16050 29212 56198

Deformation (µm) 0.058158 0.069269 -0.04882 0.01279 0.08344 -0.28884 0.040087 -0.02297 0.025587

Figure 4.6: Convergence study chart for straight protofilament model at the right end

Loading conditions

We applied three major types of loadings for our simulations:

1. Tension: A tensile force varying between 0.01 µN and 15 µN was applied in multiple

computations as shown in the figure below:

Figure 4.7: Tension applied on protofilament model

2. Bending: A bending force varying between 0.01 µN and 10 µN was applied in multiple

computations as shown in the figure below:
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Figure 4.8: Bending force applied on protofilament model

3. Torsion: A torsional moment varying between 0.01 µN.µm and 20 µN.µm was applied

in multiple computations as shown in the figure below:

Figure 4.9: Torsional moment applied on protofilament model

Protofilament configurations

The geometry considered for our simulations until now is a straight protofilament where

the tubulin dimers are joined end to end at 180◦ angle between each of them. The angles

of contact obtained from our experiments from Table 3.2 are used here to construct ten

different protofilament configurations. These different PF configurations are now subjected

to the same boundary conditions discussed in Section 4.2, and studied to observe the variation

of the stresses relative to the protofilament curvature.

4.3 Finite element analysis of protofilament structure

In this section, we present a FEM model to study the mechanical behavior of the micro-

tubules under different loading conditions. Analysis involved the application of a uniform

force or moment on the free end of the protofilament model as illustrated in figures 4.7-4.9.

A computer with Windows 10 operating system, Intel Core i7-6700K CPU @ 4.00 GHz and

64 GB RAM was used to carry out a static structural analysis in ANSYS R© software version

19 (ANSYS Inc., Canonsburg, PA, USA). The mean angles of contact determined in Table
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3.5 are used to calculate the orientations and positions of the tubulin in each of the protofil-

ament configuration. The eleven protofilament configurations under study are demonstrated

in Fig. 4.10.

Figure 4.10: The eleven protofilament configurations obtained from Experimental results
discussed in Section 3.6

4.4 Results: Structural analysis of protofilaments

It is understood from Table 4.5 that the protofilament configurations 2, 4, 9 and 10 have the

higher curvatures and configurations 0, 6, 7 and 8 have the least varying curvatures.
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Table 4.5: Curvatures of all the PF configurations under study

PF # Radius of curvature (µm) θ Curvature (K)

1 398.1916 0.1119 0.0025

2 23.2494 -1.9171 -0.043

8 15.6004 -2.8566 -0.0641

7 3.9274 -11.3444 -0.2546

9 92.1154 0.4837 0.0109

3 235.474 0.1892 0.0042

6 9.0355 -4.9306 -0.1107

4 8.2872 5.3788 0.1207

5 148.228 0.3008 0.0067

10 162.1201 0.2757 0.0062

Figures 4.11, 4.12 and 4.13 show the deformation of the protofilaments relative to the

tension, bending and torsion respectively. It can be seen in Fig. 4.14 (a) that the deformation

due to tension for the: configuration 0 which is a straight PF, is the least; and that for

configuration 4 which is the highest curved PF models, is the highest. It can be inferred

from Fig. 4.11, that the deformation of the model due to tension increases on increase in the
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curvature of the PF. There is an inverse relation between the slope of the curves and the

rate of change in the deformation, which means that as the slope of the PF configuration

decreases, the deformation due to tension also increases non-linearly at a slightly higher rate.

From the bending - deflection graph in Fig. 4.12, we can see that the deformation is lowest

for the PF having highest curvature, and the deformation keeps increasing with decrease in

curvature. The plot clearly shows that the minimum deformation is observed for PF # 10

and is highest for PF# 8 which can be observed in Fig. 4.12 as well. It is also observed that

when there is a very low force applied on the PF, there is a proportional small change in

length of the PF. In other words, as the magnitude of force applied increases, the deformation

increases proportionately, which can be seen in the plot where, when a bending force of 0.01

µN is applied, all the eleven protofilament models do not show much increase in deformation.

Closer inspection of this plot shows that there is not a significant change in deformation at

low loads, which could mean that curvature of the protofilament does not make a significant

impact at lower bending loads.

The torsion-deflection curve shown in the Fig. 4.13, indicates that the deflection is the

lowest for the PF#0, which has the lowest curvature. It is also seen that the rate of change

of length of the protofilament increases with the decrease in the slope of the curves. The

highest deformation occurs to PF#10, which has one of the higher curvatures among the

eleven PF models. Also, the curvature does not have a noticeable effect on the deformation

at low torsional moments.

The distribution plot in Fig. 4.14 illustrates that the deformation is the least at the left

end and is the maximum at the right end, which shows an increasing trend in the deformation

due to different loading conditions which makes sense, as the left end is fixed. These results

are in line with Jong Won et al. [47].
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4.5 Modal analysis of Protofilament structure

A free-free modal analysis is applied to the beam model of a single protofilament, as shown

in Fig. 4.15 to observe the mode shapes formed, along with their respective frequencies. The

material of the beam is the same as used in the structural analysis and is listed in Table 4.2.

Figure 4.15: (a) Protofilament beam model; (b) Mesh: Min. element size = 0.4 µm

Results

The results of the modal analysis are shown in Fig. 4.16. From the plot, it is evidently

clear that the frequencies of the mode shapes increase with an increase in the mode shape

number. The first few mode shapes have a very low natural frequency when compared to

the very high frequency values seen in higher mode shapes. It can be seen that all the

different protofilament configurations follow a similar increasing trend in the frequencies

with increasing mode shape numbers. This increasing trend is observed by the Civalek et al.

[46] as well, where they performed free vibrational analysis on microtubule structures based

on Differential Quadrature theory, with varying boundary conditions. The first three mode

shapes occur at either zero or closer to zero frequencies and then starts to rise up. Thus,

we can say that the first five mode shapes observed are trivial results. The zig-zag pattern

observed in the mode shapes vs frequency graph, is similar to the observations made by

Havelka et al. where they studied the deformation pattern of vibrating microtubules using

an atomistic approach and determined that the tubulin-tubulin bond strength is vital for

the mchanics of the MTs [48].
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Chapter 5

Conclusions and Future Work

A self assembly study was conducted to observe the dynamic self assembly of protofilament

structures in a microtubule, by running experiments manually in a lab, with the help of a

vibration shaker. Ten most commonly occurring protofilament configurations were identified

and contrasted with results obtained from physics simulations designed in Unity. On compar-

ison, the results from the simulations show a high similarity with the experimental results,

based on the type of protofilament structures observed. This provides us with an alternative

approach to studying self organization in complex systems, keeping in mind the physical

and financial constraints associated with conducting experiments specifically in biological

systems. A mesh convergence study was carried out on the FEM model of a straight protofil-

ament configuration, to verify that the optimal minimum element size for the geometric

mesh is 0.4 µm. The response of the ten commonly occurring configurations along with the

straight protofilament configuration, to different loading conditions like bending, tension and

torsional loading were observed in this study, and a common trend where small curvatures

do not affect the deformation values of the protofilaments was detected. The deformation

under loading on the protofilament structure follows the deflections observed in cantilever

beams, as the value increases progressively from the fixed end to the free end.

However, we were not equipped to conclude on the effects of curvature on the vibrational

properties of the protofilaments, as the mode shapes obtained do not show a clear relation-

ship. But we were able to determine that higher mode shapes vibrate at higher frequencies

and there was an exponential increase in the frequency after the first few mode shapes which

vibrated at extremely low frequencies.
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Future Work

There is a lot of scope to further research in the self organization in microtubules by experi-

menting with different shapes like wedge shaped dimers, instead of the spherical shaped units

used in this thesis. The rules of self assembly needs to be extended from the protofilament

structures, to the formation of rings and whole microtubule structures. We plan to advance

the FEM model to a ring structure, and analyze it’s structural properties when bending, ten-

sion and torsional loading are applied. The FEM model is also extended to the microtubule

structure as a whole to study it’s load bearing capacity and the influence of curvature. Also,

as the microtubules act as carriers for MAPs to walk on, there are loads acting along the

length of the microtubule. We plan to analyze the effect of these induced stresses on the MT

structure.
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Appendix A

Mathematical Notations

ks: Axial spring constant

P : Load

L: Length of the structure

A: Cross - sectional area of the structure

E: Young’s modulus

I: Moment of Inertia

T : Tension

M : Moment

δ: Deformation
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Appendix B

Abbreviations

MT: Microtubule

MAP: Microtubule associated protein

MTOC: Microtubule organizing center

GTP: Guanosine triphosphate

GDP: Guanosine diphosphate

PF: Protofilament

FEA: Finite element analysis

FEM: Finite element modeling

ATP: Adenosine triphosphate

AFM: Atomic Force Microscope
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